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Abstract.

We propose a protocol to prepare thermalized states storing relevant amounts of
information about their past, and we study their resilience and the conditions under
which we can profit from them. This protocol is based on the existence of an integrable
stage in the preparation process, which makes it possible to record these amounts
of information in the expected value of the corresponding integral of motion. By
means of numerical calculations on the paradigmatic Dicke model, we show that it
is possible to lead a quantum system onto a highly chaotic region, in which the
eigenstate thermalization hypothesis is fulfilled and hence we find thermalization,
without erasing this information. Notwithstanding, we also propose the existence of a
quantum mechanism that mimics the high sensitivity to initial conditions trademark
of classical chaos, and thus constitutes a powerful tool for information erasure. Its
efficiency is rapidly increased with the number of particles, and hence the proposed
protocol is only applicable to small quantum systems. It is induced by avoided level
crossings in the transition from integrability to chaos, and it is switched on when the
system goes through this transition with finite rapidity. We also show that the same
mechanism contributes to hide this information from equilibrium measurements when
the system follows the same path in the adiabatic limit.

Keywords: Quantum thermalization, Connections between chaos and statistical physics.
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1. Introduction

We are used to assuming that thermal equilibrium is due to the effective erasure of
all the information about previous conditions of the system. This is what happens in
classical statistical mechanics. Due to chaos and ergodicity, any trajectory samples the
whole available region of the phase space; and because of extreme sensitivity to initial
conditions, it becomes impossible to trace back its past, and even to demarcate a region
in which the initial state was likely to be. In such circumstances, the expected values of
observables in isolated classical systems are well described by microcanonical averages,
(©) = i © [ a0l gi) - LePUOLIIE =0

T mdpdgd[E — H(p,q)]

where H(p, q) is the Hamiltonian, (p, q) represents all the momenta and coordinates of

the system, and M indicates that the integration is done over the complete phase space.
The scenario is completely different in the quantum realm. The wavefunction of

any isolated quantum system evolves as

[(8)) = >_ ¢;(0) exp(—iEt/h) |Ej) (2)

j
where {|E;)} are the eigenstates of the Hamiltonian, and ¢;(0) = (E;[¢(0)) = ¢;
represent the initial condition. The expectation value of any quantum observable O
in this state is:
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And therefore its long-time average is equal to:

(0) = tim = ["dt (|0 w(1) = | (B O|B). @)
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if the spectrum has no degeneracies, that is, if E; # E;, V i # j.

Even though both Eqgs. (1) and (4) apply to isolated systems, in which the energy,
E is constant, there are significant differences between them. The first one is correct
only in strongly chaotic —ergodic and mixing— classical systems, and its only relevant
parameter is the conserved energy, E. The second one is valid for any isolated quantum
system (with no degeneracies in the sequence of energy levels), and depends on all
the coefficents |c;|° = [(E;]¢(0))]?, that is, on a very large, maybe infinite, set of
numbers linked to the initial condition. Hence, although Eq. (4) constitutes an effective
equilibrium state, around which the system stays most of the time [1, 2], it seems to
contradict the first sentence of this paper. To reach this quantum equilibrium state,
the time evolution has erased the relative phases between the coefficents ¢; = (E;[1(0))
—this process is usually called dephasing [3]—, but it keeps all the information stored
in a very large set of numbers, |c;|*.

Notwithstanding, it is well known that the information stored in the coefficents \cj\Q
is not necessary to account for the expected values of relevant observables under many
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circumstances. On the contrary, a microcanonical average,

OE),,=v > (F05), (5)
E'€[E,E+AE)
where A is the number of energy eigenstates inside a small energy window, AFE, provides
a good description for physical observables in quantum chaotic systems [4].

The equivalence between Eqs. (4) and (5) is sustained by the Eigenstate
Thermalization Hypothesis (ETH), which is expected to hold in chaotic quantum
systems [3, 5, 6, 7, 8, 9]. This hypothesis does not refer to how the time evolution erases
the information stored in the initial condition, but to the shape of the matrix elements
(E,| O |E,) present in Eq. (4). In particular, the ETH establishes that in thermalizing
systems, that is, in quantum isolated systems for which the microcanonical average, Eq.
(5), provides a good description, the matrix elements of physical observables in the basis
of Hamiltonian eigenstates read

(Em| O|E,) = O(E)dum + ¢ 5 fo(E, w) R, (6)

where E = (E,, + E,)/2 and w = E,, — E,. O(E) and fo(E,w) are smooth functions;

in particular O(E) is expected to be equal to the microcanonical average, <O(E)>ME

S(E) is the thermodynamic entropy, and R, is a random variable with zero mean and

unit variance. Applied to the diagonal elements present in Eq. (4), (E,| O|E,), Eq. (6)
establishes that

(| O|B,) = (0(B)), + A, 7)

where E can be understood as a macroscopic coarse-grained energy, and A, is a random
noise whose width decreases fast with the system size. In its stronger version, the ETH
establishes that all the values of A, become negligible in the thermodynamic limit; for
its weaker version, it suffices that most A,, fulfill this condition [10, 11].

Due to the difficulty in performing exact calculations in large quantum systems,
it is not clear whether the strong version of the ETH is necessary, or it is enough to
fulfill its weaker version. Furthermore, it has been recently shown that the presence
of correlations in the sequence of A, increases the probability of finding atypical non-
thermalizing initial conditions [12, 13]. Anyhow, the most important consequence of
the ETH becomes visible if Eq. (7) is introduced in the expression for the exact time
average of observables, Eq. (4),

(0) = Xleil’ (Bl O1B;) = 3 lesl* (O(By)),,, + X lesl A ®)

As the argument in <O(E)>ME is not a microscopic, but a macroscopic coarse-grained
energy, we can approximate the former expression to:

(0) = (0(0),,, + I, 0

if the distribution of coefficents |¢;|* is narrow enough to make |¢;|* # 0 only within
a window with macroscopically negligible width. This expression shows that, if ETH
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is fulfilled and thus the fluctuations A, are negligible, the information stored in the
coefficents |cj|2 15 not relevant for the expected values of physical observables. This
implies that the mechanisms of thermalization are totally different in the classical and
the quantum realms. Clasically, the information stored in the initial condition is erased
by chaos; in the quantum realm, this information might be still present, but it would be
irrelevant for the expected values of observables in equilibrium. In other words, the fact
that quantum equilibrium values coincide with microcanonical averages is not enough
to infer that these states have no information about their past —the ETH just hampers
the possibility of reading such information by means of equilibrium measurements.

The ETH can be thus understood as a sufficent condition for thermalization.
Notwithstanding, it is important to emphasize that it is not necessary. On the contrary,
it is possible to obtain thermalization in systems in which the conditions for the ETH
do not hold [14]. For example, let us imagine that we prepare a quantum state in which
the distribution of coefficents |cj|2 is narrow and smooth. Then, it is straightforward to
see that

> lel* (B O1E;) = (0(B)),, . (10)

independently of the values of (E;| O |FE;). In such a case, the mechanisms for classical
and quantum thermalization are very similar. However, as the distribution of coefficents
|c]-|2 depends on the initial condition, it seems possible to design preparation protocols
in which this scenario does not hold.

In this paper, we propose a protocol to prepare thermalized states storing relevant
amounts of information about their past, and we show that this information can be
tracked by means of adequate measurements. Its key element is the existence of an
intermediate integrable stage in the preparation process. However, we unveil that this
information is quite fragile. The transition from integrability to chaos is accompanied
by an efficent mechanism of information erasure, induced by avoided level crossings,
that enhances the sensitivity to initial conditions. Furthermore, we show that the
same mechanism hides the information which is still stored in the coefficents |cj|2
when the protocol is performed adiabatically, so that we cannot read it by means
of equilibrium measurements, even within an integrable region. A remarkable fact is
that the mechanism of information erasure is the consequence of changing the system
Hamiltonian fast enough, and therefore can be overcome if such changes are slowed down.
In contrast, the extreme sensitivity to initial conditions, trademark of classical chaos,
implies that the corresponding information erasure cannot be avoided, and therefore the
main results of this paper cannot be reproduced in a classical numerical experiment.
We note here that the problem of recovering quantum information under different
circumstances is object of current research, for example when a quantum measurement
damages a time-reversed protocol [15, 16].

The paper is organized as follows. In Section 2 we introduce all our numerical tools,
including the model we work with. In Section 3 we perform a first set of numerical
experiments, showing that we can prepare thermalized states storing relevant pieces
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of information about their past within a highly chaotic region. We also discuss how
this information can be recovered. In Section 4 we perform another set of numerical
experiments to study the mechanisms of information erasure. Finally, in Section 5 we
briefly discuss all these results.

2. Numerical tools and notation

2.1. The Dicke model

All the numerical experiments discussed in this work are based on the Dicke model. It
was introduced in 1954 by R. H. Dicke [17], and is the object of current experimental
research [18, 19, 20, 21, 22, 23|. It describes the interaction of N two-level atoms of
splitting wy with a single bosonic mode of frequency w. Its Hamiltonian reads

2
H:wOJZ—FwaTa—k\/—)\NJm(aT-I—a), (11)

where ) is the coupling constant, a and a' are the usual anihilation and creation
operators for the bosonic field, and J is an angular momentum accounting for the
collective atomic dynamics. As [H,J?] = 0, we restrict ourselves to j = N/2, which
deals with the recent experimental realizations [18, 19, 20, 21, 22, 23]. The parity
Il = exp(in[j + J. + a'a]) also commutes with the Hamiltonian.

The rich phenomenology of this model provides an excellent framework to study
thermalization and information storage in isolated quantum systems. First of all, it has
thermal [24, 25, 26], quantum [27, 28] and excited-state quantum phase transitions
[29, 30, 31, 32]. Hence, the Dicke model is an excellent test model to study how
thermalization is affected by a phase change. For our purposes, it is even more interesting
that it exhibits a crossover from integrability to chaos, in terms of the coupling constant,
A, the ratio of atomic and photonic frequencies, wy/w, and the energy, FE. It has an
approximate integral of motion,

J. + wON (a—l—aT>J

\/ 1+ (a + at)?
valid in the low-energy region of the strong coupling regime, A > |/wwy/2 [33, 34].

Jl

(12)

Within this region, the energy spectrum is very approximately divided in bands labelled
by an extra quantum number m' = —j, —j +1,..., j, given by the corresponding value
of (J.); the larger the coupling A and the ratio wy/w, and the smaller the energy, the
better this aproximation. The transition to chaos happens when this integral of motion
ceases to exist. Detailed analysis of this crossover from integrability to chaos and its
consequences can be found in [35, 36, 37].

The Dicke model has also a classical version which provides a good description of
its thermodynamic limit, N — oo; it is possible to define an effective Plack constant,
hoff = 2/N [38]. This limit makes it possible to perform a direct comparison between
classical and quantum dynamics. As a consequence, it has been recently shown that
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classical Lyapunov exponents, trademark of chaos, also play a very important role in
the scrambling of quantum information [39, 40].

Throughout this paper we consider w = wy = h = 1. With this choice, both the
quantum and the classical versions of the Dicke model are strongly chaotic if A > 1/2
and E/j > —1 [33, 34, 36].

2.2. Numerical protocols

The aim of this paper is to study the information encoded in different equilibrium
states of the quantum version of the Dicke model. To do so, we track the time evolution
of particular initial states, keeping the system thermally isolated. All our numerical
experiments rely on changing the coupling constant of the Dicke model, A(t), to lead
the system from a chaotic onto an integrable region, or viceversa. We do this change in
two different ways: adiabatically and with finite rapidity. We proceed as follows.

Adiabatic evolution.- We assume that the conditions for the adiabatic theorem hold
[41], and therefore the populations of the instantaneous eigenstates remain constant
during this part of the protocol. This is possible because there are no real level crossings
when changing \ —the integral of motion giving rise to the quantum number m/, given
in Eq. (12), is only approximate, and thus it is not possible to find degenerate energy
levels [42, 43]. Hence, if the state is

) = ch |E(Alto])) (13)

at the initial time ¢y, then its time-evolved state, |1(t)), at any further time ¢ is given

by
P(t)) = Z cie” %W | E; (M), (14)

where ¢;(t) is the phase that each coefficent ¢; acquires as a consequence of the adiabatic
time evolution, and |E;(A[t])) denotes that each eigenstate is continuously changing.
This phase only depends on the geometry of the energy levelst,

o:(7) = [ dtE;(®) (15)

If we assume a linear protocol between an initial value of the coupling constant, \;, and
a final value, Ay, that is A(¢) = A\; + (Ay — A;) t/7, then the acquired phases are
T A
INE,(N), (16)

% =3 PEEDYY
where E;(\) is the value of the j-th eigenvalue of the Hamiltonian H(\).
As there is no way to analytically solve the integral in Eq. (16) —we would need

the exact expression, E;(\), for each energy level—, we get an approximation of the
phases ¢; instead, by discretizing the integral given in Eq. (16) in finite steps with
1 As our protocol consists in changing just one parameter, the net contribution of the geometrical

Berry phase [44] is always zero, and therefore the only relevant contribution is given by the dynamical
phase. See, for example, [45] for a detailed discussion of a similar protocol.
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AN = 1072, We use 7 = 10° s, considering the experimental realization of the Dicke
model discussed in [46], in which the frequencies w and wy are given in MHz.

FEvolution with finite rapidity.- Solving the time dependent Schrodinger equation
resulting from a time-dependent coupling constant, A(t), is highly demanding, specially
for large characteristic times. An effective way to simulate this process consists in
changing the coupling parameter by sudden, very small quenches, A\, — \,i1, with
A1 = A+ AN, (JAN < 1), and letting the system relax after each quench. This
implies that the time elapsed by the protocol is equal to the product of the number
of quenches, N,, and the relaxation time after each quench, 7\, 7 = N,7\. All the
numerical experiments shown in this paper are performed with 7, = 10® us. We have
checked that similar results are obtained with larger values of 7.

2.8. Notation

To facilitate the interpretation of the results presented in this paper, we summarize here
the notation we use in the following sections.

Symbol || Meaning

<O> Expected value of Oin a particular state.

<O> (t) || Expected value of O in a time-evolving state.

<O> Long-time average of the expected value of Oin a time-evolving state.
oo

Table 1. Summary of the notation using in this paper

~

The theoretical expression for <O> is

o0

(0 = tim ~ [t (o] Olu(e) (17)

T—00 T

However, as it is not possible to derive analytical expressions for this magnitude in the
Dicke model, we rely on numerical estimates throughout all this paper,

(0) =~ % > (0) (r + jdt), (18)

for a large amount of time steps, N, and large values for 7 and dt compared with the
characteristic time scales of the systems. We take the experimental realization of the
Dicke model proposed in [46] as a reference, so we consider that the characteristic time
scales are given in ps. Therefore, values for 7 and 4t of the order of seconds are enough
to obtain a good estimation of <O>OO for any physical observable 0.
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3. Thermalization and information

3.1. Preparation process

Our first step is to prepare two different equilibrium states to begin our numerical
experiments. Both of them are based on the same idea: we start with the ground state
of the Dicke model for a particular value of the coupling constant, \;; then, we quench
it to a different value, A\; = A, and finally we let the system relax at the final value of
the coupling constant, A, during a very large amount of time, 7 = 10%s. Following this
scheme, we prepare two different initial states:

State |11).- We start from the ground state of the Dicke model at A = 1.879 and
quench it to A = 1.

State |15).- We start from the ground state of the Dicke model at A = 3.56 and
quench it to A = 2.2.

As we will discuss later in detail, these two states are characterized by a totally
different distribution of coefficents |cj|2. This is because the first preparation process
leads the system onto a highly chaotic region, whereas the second one leads the system
onto an approximately integrable region. This is the key element to observe important
differences in theremalization, as we will discuss in the next sections.

3.2. Time evolution and equilibrium states

To perform a first test of thermalization, we adiabatically lead both |¢4) and [¢s) to
the same value of the coupling constant, A = 0.8. Both preparation processes are
designed to reach the same value of the final energy, £//j = —0.19, which lays within
the chaotic region of the Dicke model, both in its classical [36] and the quantum [47]
versions. Results are shown in Fig. 1, for a system composed by N = 40 atoms. In
this figure we show the time evolution of four different observables, a'a, (a + aT)2, J?
and J., at the final stage, A = 0.8. The red curve displays the result obtained with
the first state, |¢1(t)), and the green curve, the result obtained with the second state,
|12(t)). The black dotted line represents the microcanonical average, Eq. (5), calculated
with N = 41 levels centered at the mean energy, F/j = —0.19. We can see that both
preparations give rise to indistinguishable results, fluctuating around the microcanonical
average with the same width. Taking into account that we are working with a pretty
small system, with N = 40, these results suggest that both states are thermalized, and
therefore that the differences between their preparation processes have been ruled out.

At this point, it is worth to remark that had we performed the same protocol with
the classical version of the Dicke model, we would have obtained the same qualitative
results. As we have pointed out above, the classical version of the Dicke model is highly
chaotic at A = 0.8 and E/j = —0.19. Hence, any trajectory is expected to explore
the whole surface of constant energy, independently of its initial condition, under these
circumstances. This means that long-time averages of physical observables are expected
to give the same results for any initial condition. Hence, results displayed in Fig. 1 are
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Figure 1. Time evolution of the expected values of a'a [panel (a)], (a + a)2 [panel
(b)], JZ [panel (c)], and J. [panel (d)], at A = 0.8. Red solid lines represent the result
obtained with |11 (t)); greed solid lines, the result obtained with |12(¢)), and the black

dotted line the microcanonical average, Eq. (5).

compatible with the same qualitative behavior happening in the classical realm.

Our second test consists in adiabatically leading both preparations from the
situation displayed in Fig. 10° s at A = 0.8, to the
integrable region, \; = 0.8 — Ay = 2.5. In Fig. 2 we show what we observe in an
intermediate stage of the adiabatic evolution§, at A = 2.2. Here, we observe a number
of remarkable facts:

(i) The results obtained with [i1(t)) (red lines) and |1)5(t)) (green lines) are totally
different, not only regarding their averages, but also their fluctuations.

(11) Only |1y (¢)) is close to the microcanonical average (black dotted line).

(iii) Fluctuations in both J? and J. are very small. The fact that J.(¢) is almost
constant in time indicates that we are in an approximately integrable region. This is
consistent with the results published in [33, 34]. The energy for both |¢;) and |¢s) is
E/j = —6 at A = 2.2, and this point in the parameter space of the Dicke model lies
within the approximate integrable region.

1, after evolving during 7 =

Again, a comparison with the same experiment performed with the classical version

§ As our protocol consists in approximating the integral in Eq. (16) in discrete steps with A\ = 1072
and 7 = 10%, the results shown in Fig. 2 can be understood as the first 20 s of the relative phases
acquired at \ = 2.2.
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Figure 2. Time evolution of the expected values of a'a [panel (a)], (a + a)2 [panel
(b)], J2 [panel (c)], and J. [panel (d)], at A = 2.2. Red solid lines represent the result
obtained with [i1(¢)); greed solid lines, the result obtained with |i¢2(¢)). The black
dotted line display the microcanonical average, Eq. (5); the blue dotted line, the result
of applying the generalized microcanonical ensemble, (21), to the state |11(t)), and the
magenta dotted line, the result of applying the same ensemble to [¢2(t)).

of the Dicke model may shed some light on these results. Now, we are in an approximate
integrable region. This means that every trajectory is attached to an integrable torus,
and therefore long-time averages are expected to depend on the corresponding initial
conditions. A first consquence of this fact is that the microcanonical average, which
covers all the integrable tori, cannot be classically recovered. A second, and more
subtle, consequence is the following. Let us imagine that we repeat the same experiment
a large number of times. Due to the extreme sensitivity of initial conditions within the
chaotic region, any tiny experimental uncertainty will be exponentially amplified during
the protocol. Therefore, we can expect each realization of the experiment to finish in a
different integrable torus, independently of the details of its preparation process. Hence,
we cannot expect to identify the preparation process from which we start by means of
equilibrium measurements at this stage of the experiment. And thus, we expect classical
results to be totally different from the quantum results shown in Fig. 2.

All these results have been obtained with a single system size, N = 40. Hence, we
can wonder how the differences between Figs. 1 and 2 change with the system size. To
delve into this question, we shown in Fig. 3 some results obtained with four different
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Figure 3. Mean relative differences between long-time and microcanonical averages,
using the four observables shown in Figs. 1 and 2, as a function of the system size, N.
Red symbols show the results with [¢1); green symbols, the results with |12). Panel
(a) is obtained at A = 0.8; panel (b), at A = 2.2.

number of atoms, N = 10, N = 20, N = 30, and N = 40. In both panels we show
how an average difference between long-time and microcanonical averages for a set of
physical observables,

AO _ 24: ‘<OZ> B <O>ME‘ (19)

change with system size. We work with the same observables plotted in Figs. 1 and
2, 01 = a'a, Oy = (a' +a)?, O3 = J?

x?

and Oy = J.. In panel (a) we show the
results obtained at A = 0.8, that is, at the same value used to obtain Fig. 1. We can see
that the relative differences between long-time and microcanonical averages remain very
small for both [¢1) and [i)5), showing no clear trends when increasing the system sizes.
But the results shown in panel (b), corresponding to A = 2.2, are completely different.
Those obtained from i) are very similar to the ones shown in panel (a). But this is
not what happens with |1)9). In this case, the relative differences between long-time
and microcanonical averages are very large and show no signatures of decreasing when
increasing the system size. Hence, and even though it is not possible to deal with much
larger systems with current computational capabilities, these results suggest that the
non-thermalizing behavior of |i)5) may survive in the thermodynamic limit.

3.3. How much information is encoded in the equilibrium states?

The explanation of the differences between the results shown in Fig. 2 and what
is expected for a classical system lays in the coefficents |cj|2, which remain constant
during all the adiabatic process. To delve into this fact, we take into account that J. is
now a very approximate constant of motion. Therefore, standard thermalization is not
expected because both the energy and .J, are conserved by the unitary evolution. Under
such circumstances, equilibrium states are usually well described by the Generalized
Gibbs Ensemble (GGE) [48], which depends on two intesive thermodynamic magnitudes:
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the standard (inverse) temperature, 3, and a generalized temperature, -y, associated to
JL,

1 /
PGGE = EefﬁHﬂJz- (20)

This ensemble can be understood as a generalization of the canonical (or Gibbs)
ensemble, formulated for systems in contact with a thermal bath. If [H,J.] = 0, J.
is diagonal in the eigenbasis of the Hamiltonian.

Although GGE provides a very accurate description of equilibrium states in
integrable systems, we find two important caveats regarding its application to our
numerical experiments. First, our system remains thermally isolated, and its size is not
large enough to guarantee the equivalence between Gibbs and microcanonical ensembles.
Second, J! is only an approximate constant of motion. Therefore, J. is not exactly
diagonal in the eigenbasis of the Hamiltonian, and hence Eq. (20) may include (small)
non-diagonal terms. As a consequence, and even though a generalization of the GGE
to isolated systems has been derived [49], we propose a different ensemble to account
for the role played by J.. We follow the ideas proposed in [50, 51], to build an ensembe
based on: (a) as in the standard microcanonical ensemble, only a small window, AFE,
around the conserved energy, E, is populated; (b) the population of the energy levels
inside this window is obtained by maximizing the entropy of the resulting ensemble,
pau, conditioned to (J2) = Tr[pgaJL]. These ideas lead to

1

IOGM(E7 7) = E Z ei’YJ;’n ‘En> <En‘ ) (21)
n|En€[E,E4+AE]

where J. |, = (E,|J.|E,), and Z = X5, c(p,B+AE] e =n. Note that this ensemble
does not really depend on J., but on a slightly different magnitude:
Jo =D (Bl J.|En) 6mn |Em) (Bl - (22)
By definition, this operator is always diagonal in the eigenbasis of the Hamiltonian, and
therefore it always fulfills [H, J,] = 0, so then <jz>oo = <jz> (t), Vt. Hence, when J! is
a very approximate constant of motion, J, ~ jz, and therefore the parameter v in Eq.
(21) accounts for the role that J. plays in the equilibrium state. On the contrary, within
a chaotic region, v accounts for the role played by the artificial constant of motion, J,.
It has been shown that although these kind of artificial constants of motion can be
always built in chaotic quantum systems, they do not provide a valuable description of
equilibrium states [52]. Anyhow, it is worth remarking that the standard microcanonical
ensemble is recovered when v = 0; in such a case, the equilibrium state keeps no
information about the expected value of the second constant of motion, either J. or J,.
On the contrary, v # 0 indicates that the equilibrium state depends on it.
In all the panels of Fig. 2 we display the results of applying Eq. (21). Blue dotted
lines are calculated with the value of v obtained from |¢;), v = —6.46 - 1072; magenta
dotted lines display the result for [i)s), 7o = 3.78. In both cases, the microcanonical
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energy window is composed by N = 41 energy levels centered at E/j = —6, and ~ is
calculated by solving

Tr [pan (B, 7) 2] = (D)o - (23)
Note that pea(F,7v) exactly reproduces (J.

1)o by definition. Hence, to determine

whether this ensemble provides a better description of equilibrium states that the
standard microcanonical ensemble or not, we must study other observables, as it is
done in panels (a), (b) and (c) of Fig. 2.

We obtain two remarkable results:

(i) Eq. (21) provides very accurate results for both |¢;) and |i)s), and the four
physical observables.

(1) 71 is close to zero. This means that the first preparation procedure keeps almost
no information about J.. On the contrary, v, is very large. This means that the second
preparation procedure only populates the energy levels with very small values of (J!).
Specifically, v = 3.78 implies that the population of energy levels with (J!) = —j = —20
is 43.8 times larger than the poulation of energy levels with (J.) = —j+1 = —19. Taking
into account that the initial states of both preparation procedures —the ground state
of the Dicke model at A = 1.879 for |¢1), and the ground state at A = 3.56 for [ig)—
have (J) = —j = —20, this means that the information about the initial value of (J.)
is still present in |1y), even though it seemed thermalized at A = 0.8, and it stayed for
a very long time within a strongly chaotic region.

To get a more complete picture, we study how long-time averages of physical
observables change with A as the adiabatic protocol from \; = 0.8 to A\ = 2.5 is done.
In Fig. 4 we show the results for a'a and J’; the results for the other two observables,

(a + aT)2 and J? follow the same pattern. Time averages are obtained using 200 different
values of time from ¢t = 0 to t = 20 s, after a relaxation time equal to 7 = 10° s —the
same values we have displayed in Figs. 1 and 2. We also show the microcanonical
average, Eq. (5), and the generalized microcanonical average, Eq. (21).

Panels (a) and (c) of Fig. 4 show that the standard microcanonical ensemble
provides an accurate description for the results obtained with |¢)1). The description
obtained with the generalized microcanonical ensemble, Eq. (21), is slightly better, but
given the small size of the system, N = 40, this fact can be a consequence of finite-
size effects. On the contrary, panels (b) and (d) show that the description provided
by the microcanonical ensemble is far from good for [is). If A € (0.8,1.8), both the
time average, and the microcanonical and generalized microcanonical ensembles give the
same results. But important differences emerge at larger values of the coupling constant.
Both time average and the generalized microcanonical ensemble show oscillations that
become very important when A > 1.9. And, as expected from panels (a) and (c), the
microcanonical ensemble does not account for them.

These oscillations also appear in parameter 7 of Eq. (21). This is shown in panel
(a) Fig. 5. We can distinguish three different regions in this plot. For 1.4 < A\ < 1.9,
both +; and 7, are roughly equal to zero, and show almost no fluctuations. For lower
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Figure 4. Comparison between time averages of relevant observables, and the

predictions of both the standard microcanonical ensemble, Eq. (5), displayed with
black dotted lines, and the generalized microcanonical ensemble, Eq. (21), displayed
with blue dotted lines when it is obtained from [¢1), and with magenta dotted lines
when it is obtained from |¢5). Time averages are plotted with red lines for |¢1), and
with green lines for |t5). Panel (a) shows the results for afa and |¢1); panel (b), the
results for a'a and |1)5); panel (c), the results for J! and |t1), and panel (d), the results
for J, and |¢2).
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Figure 5. Panel (a), values for parameter v in Eq. (21), for |[¢1) (red line) and |i)2)
(green line). Panel (b), size of the time fluctuations in (J7.) (¢), given by Eq. (24).
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values of A, mainly for 0.9 < A < 1.3 we can see larger fluctuations in both v, and s,
despite the high degree of chaos. This is probably linked to the excited-state quantum
phase transition, happening in the Dicke model at £/j = —1 for A > 0.5, a value reached
around \ ~ 1.2 with our protocol, and which induce non-analytical changes in both the
density of states and the expected values of observables [29, 30, 31, 32]. Finally, for
larger values of A\, 1.9 < A\ < 2.5, we can see that ~; is always close to zero, whereas 7,
suffers from strong fluctuations, ranging from v ~ —2, to v ~ 4.

In panel (b) of the same figure we show the size of the fluctuations in time of (J!) (¢),
in order to estimate the degree of integrability of the time evolution. In particular, we
show

200

o( ) = J 55 > (7 (018) = (1) )% (24)

k=1
that is, an estimate of the variance of the fluctuations in time of (J.) (¢). It is worth
to remark here that this average is performed over a period of 20 s, which is very long
considering that the frequencies w and wy are given in MHz, as discussed above. As
o(J]) = 0 in the integrable limit, in which [H, J!] = 0, we can see how the time evolution
is slowly becoming more chaotic as the coupling constant is decreased in the region
1.4 < XA < 2.5. Then, the time fluctuations of (J.) (¢) fast increase up to A = 1, below
which they remain approximately constant. This suggest that full chaos is developed at
this value of the coupling constant, and that the great majority of the transition from
approximate intregrability to chaos takes place between A = 1.4 and A = 1.

We can link the fluctuations in the parameter v in the region 1.9 < A < 2.5,
which lies within the approximate integrable region, to the changes in the values of
(E,| J.|Ey,) as the coupling constant A is modified by the protocol. This is illustrated
in Fig. 6. We plot there the evolution of five energy levels with positive parity|| for
a small region close to A = 2.2. We highlight in red the most populated energy level,
that is, the eigenstate for which |¢;|> = [(E,| v(0))[° is maximum; this eigenstate is
‘Ef:,5>, where the superindex + indicates that it is the 195th energy level with positive
parity. In panel (a) of this figure we show the evolution of the energy values for each
one of these eigenstates; in panel (b), the corresponding values of (E,|J.|E,). Let us
focus our attention in what happens around A\ ~ 2.2027. At this point, ‘Ef@5> and

‘Efz,4> have almost the same energy —they experiment an avoided level crossing. We
can see in panel (b) of Fig. 6 that they swap the values of (E,|J.|FE,) at this value
of the coupling constant: <Ef§5‘ J!

Efz,5> changes from —20 to —16, and the opposite

happens for ‘Ef;4>. As a consequence of this fact, we would observe a change from
(J.) (t) = —20 to (J.) (t) = —16 when crossing A = 2.2027 in a numerical experiment
with an initial condition equal to ‘E$5>. We can see in panel (b) of Fig. 4 that this
very same phenomenon happens in our numerical experiment, even though the initial
condition is not equal to ’Ef@5>, but it spreads over a large number of eigenstates. This

I As [H(X),II] = 0, VA, the transitions between eigenstates with different parity are forbiden, and
therefore real crossings between eigenstates belonging to different parity sectors imply no consequences.
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Figure 6. Avoided level crossings around A = 2.2. Panel (a) shows the values of five
energy levels as a function of \; the red line indicates the most populated energy level.
Panel (b) shows the expected value of (J.) in the corresponding eigenstates.

happens because all the energy levels with (E,| J. |E,) = —20 experiment the same kind
of avoided level crossing at A = 2.2027, and all of them change to (E,| J.|E,) = —16
at this particular value of the coupling constant. It is worth to note that this is an
exceptional phenomenon; the great majority of avoided level crossings involve one or
just a few energy levels. As a consequence, passing through different avoided level
crossings normally entails jumps to different values of the quantum number m’. And
therefore, the time-evolved wavefunction, [15(t)), becomes a supperposition of different
values of j’ after passing through a number of them, so its behavior becomes similar to
the microcanonical ensemble. However, it is worth noting that this fact does not entail
the erasure of the information about J, encoded in the initial state. This information
is still there, but it is hidden due to the re-shuffling of the values of (J!). We will come
back to this point in the next section.

To delve into this conclusion, we display in Fig. 7 the Peres lattices for J. and
different values of A\. These lattices were introduced by A. Peres in 1984 to describe
the onset of chaos [53]. They consist in diagrams representing the expected value of
observables in the eigenstates of the Hamiltonian, in this case (E,|J.|E,). In the
integrable limit, this diagram gives rise to a regular pattern, because J. approximately
commutes with the eigenstates, [J., |E,) (E,|] ~ 0, and every eigenstate is characterized
by the corresponding quantum number, m/. On the contrary, in the chaotic region
[JL,|En) (En|] # 0, and the same diagram shows an erratic pattern. In Fig. 7 we show
results for A = 2.2, 1.8, 1.4, and 1. The energy levels between the red (green) lines
are those which represent the 90% of the wavefunction of 1) (|19)). The diagram
corresponing to A = 2.2 shows that the Dicke model is approximately integrable within
the energy region at which the adiabatic evolution takes place. The plot for A = 1.8
shows that integrability is starting to break down at this value of the coupling constant;
although the pattern is still ordered, we can see deviations from the expected values
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Figure 7. Peres lattices for (J.) and different values of A: panel (a) shows A = 2.2;
panel (b), A = 1.8; panel (¢), A = 1.4, and panel (d), A = 1. Black dotted lines
indicate the expected values for a perfect integrable system, (J.) = —j, —j +1,...,].
The population of the energy levels between the two vertical red lines sum the 90% of
the state |11). The vertical green lines indicate the 90% of the state |12).

of JL if [J,|E,) (E,|] = 0 (shown as black dotted lines). The scenario is completely
different for A = 1.4 and A = 1. For this last case, (E,|J.|E,) conform a cloud of
points, with no traces of regularity.

This figure reinforces our previous statement claiming that avoided level crossings
force |1)5) to behave like the standard microcanonical ensemble before reaching a highy
chaotic regime, which we can settle now between A = 1.4 and A = 1. Furthermore, panels
(a) and (d) also provide an explanation for the different behavior of |1;) and [¢9) around
A = 2.2. The first one is obtained by quenching system to the scenario displayed in panel
(d). As J! is no longer a constant of motion for that value of the coupling constant, there
are no forbiden transitions between the initial and final Hamiltonians, and therefore the
coefficents |c]-|2 become approximately random, and do not keep information about the
initial value of J.. On the other hand, |1)5) is obtained by a quench to A = 2.2, displayed
in panel (a). In this case, J is still a very approximate constant of motion. Therefore,
the transitions from the ground state of the Dicke model at A = 3.56 to eigenstates of
the same model at A = 2.2 with (E,| J.|E,) # —20 are forbidden, and therefore the
resulting distribution of coefficents \cj\Q is regular and stores a lot of information about
the initial value of J,. As the rest of the evolution is adiabatic, this information is not
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Figure 8. Panel (a) distribution of coefficents |cj|2 = P(E,), where P(E,) is the
probability of obtaining E,, when measuring the energy, for the state |¢1) and N = 20.
Panel (b), the same distribution for the state |i)2) and N = 20. Panel (c), energy
width of both |¢1) (red squares) and |¢9) (green circles) as a function of the system
sizes. The solid lines display the main trend, o o N~1/2. Panel (d), diagonal entropy
for both |11) (red squares) and |¢2) (green circles), as a function of the system size.
The red solid line represents the main trend for |¢1), Sdiag x log N, and the green

solid line, the main trend for |1)s), Sdiag o log V/N.

erased, even though it is not visible when the system is chaotic and the ETH scenario
holds. A first conclusion is that |1)1) is much better thermalized than |1q), although this
difference cannot be determined by equilibrium measurement within a chaotic region.

A complementary test for this claim is given in Fig. 8. In panels (a) and (b) we show
the distribution of coefficents |¢;|* for 1) and |1)5); in both cases, N = 20. We can see
clear differences between these two histograms. The shape of the first one suggests that
the eigenstates of the Dicke model at A\ = 1 have been randomly populated in a small
window around the mean energy F, as a consquence of the quench. On the contrary,
the distribution for |¢2) show a clear pattern: the eigenstates with (E,|J. |E,) # —10
are not populated at all (note that we display a case with N = 20 in these two panels),
and the population of the levels with (E,|J.|E,) = —10 is a smooth function of the
energy. To study the consequences of these facts and how they change with the system
size, we display the width, og, of these distributions in panel (c), and their diagonal
entropy, Sgiae = — X, lc;|” log|c;|?, in panel (d). We can sce that op oc N~/ in
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both cases, as expected for thermalizing systems. Thus, the faliure of thermalization
observed for [¢5) at A = 2.2 is not related to the energy width of the state, but to
the selective population of different eigenstates as a consequence of the quench. This
claim is reinforced by the results for the diagonal entropy, displayed in panel (d). We
can see that this magnitude grows with log N for [t1), and with log /N for [t/5). This
means that the second preparation process always populates a smaller number of energy
levels than the first one, due to the conservation of J. during the quench. Thus, even
though it is not possible to simulate very large systems with the current computational
capabilities, we can conjecture that the differences between [i1) and [i)5) survive in the
thermodynamic limit.

4. Information erasing mechanism

The main result of the previous section is that it is possible to prepare a thermalized
state, within a chaotic region, which stores a relevant amount of information about
its past, information that emerges by adiabatically leading the system to a particular
integrable region. But it is easy to see that this claim suffers from two important
shortcomings. First, it has been inferred from just one numerical experiment. Second, no
real time evolution has been performed; we have just simulated an adiabatic evolution.
As we have pointed out above, this is what we expect if the time-dependent process
is slow enough... but, what does this exactly mean? Is it possible to perform such a
slow experiment? In other words, is it possible to complete our proposal under realistic
experimental conditions?

To deal with this question, we work with |¢5) to carry out a cyclic processes
A=22— A=1— \= 22 with finite rapidity, and to study the differences between
the initial and the final states, both at A = 2.2. As we have discussed in the previous
section, the initial state of this protocol, |15(0)), verifies (15| J. [th2) = —j, and therefore
its equilibrium properties are well described by the generalized microcanonical ensemble,
Eq. (21), with a large value of 7. This means that it stores a large amount of information
about the preparation process. As this protocol requires much more computational effort
than the one performed in the previous section, we work with a smaller systems, with
N =6 and N = 8 atoms, and we focus on the energy and just one observable, a'a,
which is diagonal in the Fock basis and therefore easy to calculate. That is, our aim is
to study the differences between the initial and final values of the energy and <aTa>oo as
a function of the duration of the process, 7. To perform a kind of ensemble average, we
work with 10 different realizations of the same process, characterized by its duration, 7.
Before the cycle starts, we let the system relax at A = 2.2 during a time 7; = 10% + r;
us, where r; is a Gaussian random number of mean p = 0 and variance ¢ = 1. That is,
we build an ensemble of equivalent processes of durantion 7, relying on 10 initial states
differing only in a tiny part of their relaxation times before the cycle starts.

Results are shown in Fig. 9. In panel (a), we show the energy at the end of the
cycle, E'/j, as a function of the time elapsed by the protocol, for both N = 6 (magenta
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Figure 9. Final values of E/j (upper panel) and the scaled difference between <aTa>oo
and the prediction of the microcanonical ensemble, A 41, (lower panel), after an
average of 10 cycles A = 2.2 = A =1 — X = 2.2, started from [¢)2), and versus
the characteristic time of the process. Magenta circles show the results for NV = 6, and
red squares results for N = 8. In panel (a), the greed dashed line shows the initial value
for the energy E/j = —6. In panel (b), the green dashed line shows the initial value
for the expected value of the number of photons, corresponding to A4y = 0, and the
blue dashed line shows the value obtained by a microcanonical average, corresponding
to A(aTa> =1.

circles) and N = 8 (red squares). We find no surprises in this part of the figure. If the
protocol is fast, the system is heated and the final energy is larger than the initial one,
E/j = —6 (shown with a green dashed line in the figure); if it is slow, there is almost no
dissipation and therefore the protocol approaches its adiabatic limit. We can also see
that energy dissipation clearly grows with the number of atoms. For N = 6, it suffices
a cycle time of 7 = 10 s to get rid of any dissipation; for N = 8, a much larger amount
of time, 7 = 100 s, is required to obtain a similar result.

In panel (b) of the same figure, we show the results for the expected value of the
number of photons, <aTa> . As this number is extensive, we display a scaled difference

[e.9]
betweem this expected value and the microcanonical average,

(e~ (o),
Bete) = {aTa) (0) = Ty )

where (afa represents the microcanonical average of the number of photons, and
ME

<aTa> (0) the initial value of this observable. That is, A<
of the number of photons equals the microcanonical average at the end of the cycle, and

oty = Lif the equilibrium value
A (ata) = 0 if this equilibrium value equals its initial value at the end of the protocol. As
a visual reference, we display A<‘”“> = 1 with a blue dashed line, and A, ; y = 0 with a
green dashed line. The results shown here are more challenging that the ones displayed
in panel (a). We can see that for very short times <aTa> approximately coincides with
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the microcanonical average, as expecetd for a chaotic classical system. In this case, due
to extreme sensitivity to initial conditions, a small difference in the initial state should
be exponentially increased in the chaotic part of the protocol. Hence, its backward part
should be totally different for each initial condition, and an average over a large number
of them should coincide with the microcanonical average. It is worth to emphasize
that this classical scenario does not depend on the time elapsed by the protocol —it
occurs because the system passes through a highly chaotic region, independently of the
protocol durantion 7. Results shown in panel (b) of Fig. 9 show that this is not what
happens in our numerical experiment. As the protocol is slowed, both the cases with
N = 6 and N = 8 atoms start to deviate from the microcanonical average, gradually
recovering the initial values of the photon number. We can see that 7 = 100 s is enough
to obtain <aTa>oo = <aTa> (0) for N = 6. This means that the ten different trajectories
end with the same number of photons that they had at the beginning of the protocol,
even though the system stays during a very long time within a highly chaotic region.
We can also see that the larger the number of atoms, the more difficult to reach this
limit. For N = 8 we require a protocol durantion larger than 7 = 1000 s to recover the
initial value of the number of photons.

From Fig. 9 we can gather two conclusions. First, the main results of the previous
section are recovered if the durantion of the process, 7, is large enough. And second,
there exists an information erasing mechanism that depends on the value of 7. Contrary
to what happens in classical mechanics, where the information about the details of the
initial state is ruled out as soon as the system enters in a chaotic region, this mechanism
appears as a consequence of the changes in the system Hamiltonian during the protocol,
and its efficency decays as its durantion is increased. To delve into this point, we perform
a stringent fast numerical experiment, with 7 = 3s and N = 8. As it is shown in Fig.
9, energy dissipation is not very large for this protocol durantion, but the final value
for <aTa>OO is very close to the microcanonical ensemble, meaning that the information
about the details of the preparation process is ruled out at the final stage of the cycle;
a fit to Eq. 21 gives rise to v ~ 0. We complete the cycle, A\ =22 > A=1—> =22,
with 1000 different initial conditions, and study the sensitivity to their details. In
particular, we analyze the variability of <aTa>oo

Main results are displayed in Fig. 10. Panel (a) shows a level diagram of a selection
of the most populated energy levels as a function of A. Vertical dashed lines indicate
the values of A\ at which avoided level crossings occur within the approximate integrable
region. As we have pointed out above, in each of these points, two eigenstates swap
their properties. It is important to remark that they are not exactly degenerate because
the quantum number m’ is not exact [42, 43]. Panel (b) shows the standard deviation

of U(tﬁa) s

ey = 2 ((ala) ~Tara))’. (26)

]:1 )

where the sum is over N = 1000 different realizations, <aTa> _represents the expected
CX>7]
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Figure 10. Panel (a), 21 selected energy levels for a system with N = 8 atoms. Panel
(b), standard deviation of <aTa>oo, among N = 1000 different realizations.

value of a'a in the j-esim realization, and (afa) is the average over all the N = 1000
realizations,

@l = 5 3 {al)

Jj=1

27
o (27)

We highlight the following facts. First, all the realizations give rise to almost
the same value for <aTa> up to the value of A\ at which the first avoided crossing

occurs, A ~ 2.13. And second, T (ot abruptly changes every time an avoided crossing

a
takes place. This is because the pl?obability of non-adiabatic transitions is abruptly
enhanced when two energy levels approach each other [54], and it depends on many
factors, including the relative phases in the wave function. This means that two slightly
different initial conditions, with the same energy level populations, \cj\Q, but different
relative phases, behave in a totally different way at each avoided crossing. It is worth
noting that the behavior would be totally different if the system were exactly integrable.
In such a case, [H,J.] = 0, and all the transitions between energy levels with different
quantum numbers m’ = (J.) would be forbidden. Therefore, even though level crossings
would become real under such circunstances, no transitions between the crossing levels
would happen, and hence no changes in <aTa>oo (or any other observable) would be
expected.

All these facts imply that slightly different initial conditions behave in a very
different way at every avoided level crossing. Therefore we can conclude that avoided
crossings constitute an efficent mechanism of information erasing. The microscopic
differences in the relative phases of the wavefunction are amplified in these critical

points, and they become visible in macroscopic equilibrium measurements, like <aTa>
(o]

—each realization gives rise to a different value for <aTa> . As a consequence, after the
o

wavefunction goes through a few number of avoided crossings, it becomes very difficult to
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trace back its past; equilibrium values, like <aTa>oo, do not provide enough information.
In other words, our results show that avoided crossings enhance the sensitivity to initial
conditions and contribute to rule out the fine details of the initial condition.

These results provide a common scenario accounting for the adiabatic behavior,
shown in Figs. 4 and 5, and real protocols with finite rapidity, displayed in Figs. 9 and
10. Avoided level crossings contribute to hide the information about the initial condition
that remain stored during the whole protocol. Even though non-adiabatic transitions do
not occur in the adiabatic limit, and therefore the distribution of coefficents |c; |* remains
unchanged, the swapping of the properties of anti-crossing eigenstates at every avoided
level crossing imply that instantaneous eigenstates with different values of (E, | J. |E,)
become populated, and, as a consequence, the unchanged distribution of coefficents
|c]-|2 eventually provides a good sampling of the microcanonical shell, giving rise to
v~ 0in Eq. (21), and hence making equilibrium states compatible with the standard
microcanonical ensemble. At the same time, the very same avoided level crossings
enhance the probability of non-adiabatic transitions if the protocol is performed at
finite rapidity, and they also increase the differences between slightly different initial
conditions, like the ones used in Fig. 10. This means that, if the protocol is not very
slow, the information about the initial state is erased as soon as the system goes through
a number of avoided level crossings, so that all the levels within the microcanonical shell
become populated. If the protocol is much slower, this mechanism of information erasure
does not act, but the same avoided level crossings contribute to hide the information
stored in the coefficents |cj|2, from equilibrium measurements. We note here that non-
equilibrium fluctuations relations might be sensitive to this information [46, 55].

Two remarks are important at this point. First, whereas the classical butterfly effect
always occurs, the consequences of avoiding crossings are only relevant if the process
is fast enough: all the non-adiabatic transitions can be removed if the characteristic
time of the process is sufficently large [54]. This is what we observe in Fig. 9: the
larger the characteristic time, the less efficient the information erasing mechanism is.
Second, results in Fig. 10 show that this mechanism acts mainly nearby the integrable
region, in contrast to the classical butterfly effect, which happens within the highly
chaotic region. Therefore, it seems not linked to the quantum butterfly effect [56],
which has been also found in the Dicke model [39]. We conjecture that this is a generic
feature. As we have pointed out above, an exact integrable system has real crossings,
due to the exact conservation rules [42, 43], but passing through them does not entail
relevant consequences because of the very same conservation rules. However, as soon
as integrability is broken, these conservation rules do not hold anymore, exact crossings
become avoided crossings, and all non-adiabatic transitions become allowed. Hence, the
information erasing mechanism is switched on as soon as integrability is broken. We
note here that eigenstate deformations, giving rise to such avoided level crossings, have
been recently proposed as a very senistive probe for the onset of quantum chaos [57].
Notwithstanding, it is also worth remarking that avoided level crossings, and therefore
non-adiabatic transitions, also play a very relevant role within the highly chaotic region.
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However, their consequences in the expected values of observables are less important,
as we can see in panel (b) of Fig. 10: for A < 1.4, o,y is clearly smaller than for
larger values of \. We can infer an explanation from the results shown in Fig. 7. This
figure focus on the expected values of J. in the eigenstates of the system at several
values of A, but a very similar picture is obtained if one works with <aTa> instead.
In an almost integrable region, the regular structure shown in Peres lattices entails
abrupt changes when non-adiabatic transitions take place, because they imply jumps
from one line, characterized by certain values of the physical observables, to a different
one, characterized by totally different values of the same physical observables (see, for
example, panels (a) and (b) of Fig. 7). On the contrary, the same non-adiabatic
transitions have almost no observable consequences in a highly chaotic region. As it is
shown in panel (d) of Fig. 7 and it is stated in the ETH, neighboring eigenstates give
rise to almost the same values of (E,| O |E,), being O any physical observable, and
therefore equilibrium expected values (O) are not sensitive to non-adiabatic transitions.
Therefore, we can conclue that the information erasing mechanism also takes place
in highly chaotic region, even though it is much easier to detect when integrability is
slightly broken. Finally, it is worth noting that, the larger the system size, the larger
the number of avoided crossings, and therefore the more efficent information erasing
mechanism, as it is shown in panel (b) of Fig. 9 That is, our results suggest that it
is possible to prepare a state like |t5) in small quantum systems, but becomes almost
impossible if the system is large. More research is needed to explore the consequences
of shortcuts to adiabaticity [58].

5. Discussion

Let us imagine that we obtain an equilibrium state like the ones displayed in Fig. 1, as
the result of a simulation or an experiment. Our first, naive, impression is that it is just
an equilibrium state, storing no other information than its energy (or temperature). We
have shown in this work that it may not be the case, if we are dealing with a not-so-
large quantum system. An adiabatic protocol towards an integrable region can reveal
a hidden piece of information stored in it. This means that, even though it looks like
a perfectly thermalized state, only a specific subset of its eigenstates is populated.
That is, this equilibrium state is really closer to the GGE than to the standard
canonical or microcanonical ensembles, although it lays within a highly chaotic region.
The eigenstate thermalization hypothesis, the mechanism explaining thermalization in
isolated quantum systems, entails that this fact bears no consequences in the equilibrium
values of physical observables, but non-equilibrium processes might not be oblivious to
it and might give rise to anomalous work statistics [46, 55].

We have also shown that an efficent information erasing mechanism takes place if
one parameter of the Hamiltonian is changed, and that the efficency of this mechanism
is increased with the number of particles. This implies that, under realistic experimental
conditions, it is very difficult to reproduce this result —except in quite small quantum
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systems. This mechanism is linked to avoided level crossings, and is switched on as soon
as integrability is broken. It implies that slightly different initial conditions give rise to
different expected values of physical observables, specially when the system lays within
an approximate integrable region, and therefore the ETH does not hold. A remarkable
fact is that this very same phenomenon contributes to blur the consequences of reaching
the adiabatic limit, in which this mechanism of information erasure does not hold.

These results uncover the differences between classical and quantum thermalization
in isolated systems. In both cases, chaos plays a relevant role, implying equilibrium
values of physical observables to be well described by means of the microcanonical
ensemble, for which the (macroscopic) energy is the only relevant parameter. However,
a relevant amount of information may still be present in quantum thermalized states,
especially if the system is not very large. By contrast, classical thermalization always
implies the erasure of such information.
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