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Abstract We consider the O(1/m) and the spin-
independent momentum-dependent O(1/m?) quasi-static
energies of heavy quarkonium (with unequal masses). They
are defined nonperturbatively in terms of Wilson loops. We
determine their short-distance behavior through O(a?) and
O(a?), respectively. In particular, we calculate the ultrasoft
contributions to the quasi-static energies, which requires the
resummation of potential interactions. Our results can be
directly compared to lattice simulations. In addition, we also
compare the available lattice data with the expectations from
effective string models for the long-distance behavior of the
quasi-static energies.

1 Introduction

The near-threshold dynamics of quark—antiquark systems
with large masses can be described by a properly general-
ized nonrelativistic (NR) Schrodinger equation. Such equa-
tion can be derived from first principles using effective field
theories (EFTs) like potential NRQCD (pNRQCD) [1,2] (for
reviews see [3,4]). This EFT systematically exploits the non-
relativistic scale hierarchy m > mv > mv? ..., where v
is the heavy-quark velocity in the center of mass frame. In
the case of unequal heavy-quark masses, we will assume
mp ~ my ~ m.

In this paper we will mostly work in the weak-coupling
regime, where the EFT can be schematically summarized as
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Here, m, = mimy/(m1 + my), ¢ (r) represents the quarko-
nium wave function, p is the momentum operator conjugate
to the distance vector r between the heavy quarks and Vj is
the color-singlet potential. We denote the color-octet poten-
tial by V,. The potential Vi consists of the static potential
V' © and its relativistic corrections, which are suppressed by
inverse powers of the heavy-quark masses. For the general
case of unequal masses we have
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where the spin-independent (SI) 1/m? potentials are
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with L1 = r x p;, Lo = r x pp, and py, p2 being the
momenta of the heavy quarks in the center of mass frame. In
what follows we will not consider spin-dependent potentials.

The potential in Eq. (1) is obtained by matching pNRQCD
to NRQCD [5-7]. There are several ways to perform this
matching in practice. In general, the resulting expressions
for the relativistic corrections to the potential at different
ordersin the 1/m expansion, also referred to as (higher-order)
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‘potentials’, depend on the matching scheme. Nevertheless
physical observables are of course unaffected. For a detailed
discussion see Ref. [8].

In this paper we focus on the potentials obtained from
Wilson-loop matching.! This scheme requires certain gauge
invariant NRQCD and pNRQCD Green functions in position
space to be equal at a given order in 1/m. On the NRQCD
side these Green functions correspond to rectangular Wilson
loops with chromo-electric/-magnetic field operator inser-
tions. The potentials are Wilson coefficients of pNRQCD
operators. Appropriate correlation functions of these opera-
tors are then matched onto the Wilson loops to determine the
potentials. For details on the Wilson-loop matching we refer
to Refs. [14—16]. In the static limit, i.e. at lowest orderin 1 /m,
the potential reduces to the original Wilson-loop expression
for the static potential V(?) [17]. The Wilson-loop expres-
sion for the 1/m potential was obtained in Ref. [14], for
the 1/m? potential without light fermions in Refs. [15,16],
and including light fermions in Ref. [8]. The corresponding
expressions in terms of Wilson loops for the ST momentum-
dependent 1/m? potentials, Vp2 and Vy 2, were first derived
in Ref. [18]. The latter reference, however, missed the 1/m
potential,> which we also study in this paper.

Only (off-shell) soft modes, i.e. those modes with energies
and momenta of order 1/r, contribute to the potential in the
Wilson-loop scheme. This is achieved by Taylor expanding in
powers of 1/m before integrating over the gauge and light-
quark degrees of freedom. Thus, soft modes are properly
accounted for, but ultrasoft modes still need to be eliminated.
At weak coupling this is achieved by evaluating the Wilson
loops strictly in perturbation theory. Hence, the only physical
scale left in the Wilson-loop calculation of the potential is
1/r.

Still, the definition of the potential in terms of Wilson
loops naturally suggests its generalization beyond perturba-
tion theory. We will refer to this generalized potential as the
quasi-static energy.> To distinguish it from the potential V
we will use the symbol E for the quasi-static energy. The def-
inition in terms of Wilson loops has the same form for both
quantities, but E is evaluated nonperturbatively, for instance
through lattice simulations. Varying the distance r allows us
to move continuously from the extreme weak-coupling limit
(r — 0)tothe strong-coupling regime (r — o0) of the quasi-

! In the on-shell matching scheme for the equal mass case they can be
found in Ref. [9] with N>LO precision in the pNRQCD power counting,
except for the static potential, which is given in Refs. [10,11]. Previous
partial results are given in Refs. [12,13]. The expressions in the unequal
mass case have been derived in Ref. [8].

2 As well as the SI momentum-independent 1/m? potential V,, which
we do not consider here.

3 In analogy to the potentials, we refer to the different (higher-order
relativistic correction) terms in the 1/m expansion of the total quasi-
static energy Eg, cf. Eq. (10), as the ‘quasi-static energies’.
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static energies. They are therefore ideal observables to study
the interplay between both regimes in a controlled manner.

Atlong distances, the quasi-static energies are suitable for
the study of nonperturbative QCD dynamics, e.g. by compar-
ing different models with lattice simulations. In this regime
there is a direct connection to the strong-coupling version
of pNRQCD, as (omitting possible ultrasoft modes of chi-
ral origin and treating V© as small compared to the soft
scale) the total quasi-static energy corresponds to the Hamil-
tonian operator that describes the heavy quarkonium bound
state; see Refs. [14—16]. The determination of the quasi-static
energy might therefore, for example, enable predictions of
the higher excitations of bottomonium and charmonium. For
a recent attempt in this direction, see Ref. [19].

Even at short distances, the regime we will focus on in
this paper, the behavior of the quasi-static energies cannot
be obtained from a strictly perturbative computation in the
strong coupling ¢ = o alone. The reason is that the so-called
ultrasoft scale AV = VO(O) — VO ~ Cra/@2r) < 1/r
is generated dynamically by the exchange of an arbitrary
number of Coulomb gluons. Including the ultrasoft effects
requires a proper resummation of such potential interactions.
Typically this is done with the help of EFTs, but it can also
be done using a diagrammatic approach, as we will show.
Thus, in addition to the perturbative soft part Vi, the quasi-
static energy Ej also includes ultrasoft contributions, which
are inaccessible in perturbation theory, even at weak cou-
pling. Therefore it differs from the potential, which enters
the Schrodinger equation that describes heavy quarkonium
dynamics. Still, both objects are obtained by expanding in
powers of 1/m before the integration over the relevant gauge
or light-quark dynamical modes.

In Ref. [8], we determined the soft contributions to the
quasi-static energies up to O (> /m) and O(a?/m?). For the
complete results at short distances we also need the ultra-
soft contributions. We will compute them in this paper for
the 1/m and the ST momentum-dependent 1/m? quasi-static
energies (Ey, Ey2). Adding soft and ultrasoft contributions
we obtain the 1/m quasi-static energy with O(a>) precision
and E\p, Ey> with O(a?) precision. We also discuss the pos-
sible resummation of large logarithms for these quantities.

Our results can be directly confronted with the most recent
lattice data from Refs. [20—22].* One motivation for such
a comparison is to perform quantitative checks of ultrasoft
effects. The static energy E©) starts to be sensitive to the
ultrasoft scale only at O(a*), i.e. N3LO [24,25]. The high o
suppression makes it difficult to study ultrasoft physics with
this observable. For the quasi-static energies E(1:0), g©.D

4 For older simulations see Ref. [23].

5 For lower space-time dimension this happens at lower orders in the
loop expansion. For instance in 2 4 1 dimensions ultrasoft effects occur
already at NNLO [26].
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and E(D ultrasoft effects already contribute at NLO, for
E29 and E©? even at leading nonvanishing order. They
are therefore a good testing ground for both the ultrasoft
physics and the reliability of the weak-coupling prediction at
a given distance r. This is important for several reasons. For
example to give support to perturbative analyses of the heavy
quarkonium spectrum that include ultrasoft contributions at
weak coupling [27-29]. It is also crucial for determinations
of the strong-coupling constant o from lattice simulations of
the static energy [30], as they rely on the correct treatment of
ultrasoft effects over the whole range of (short) distances they
probe. Finally, we would also like to remark that in A" = 4
supersymmetric Yang—Mills theories the static energy E© is
also sensitive to ultrasoft effects starting at NLO; see [31-34].
Preliminary results from lattice simulations for this quantity
have been reported in [35]. They qualitatively agree with
the perturbative predictions (including the ultrasoft contri-
butions) at small distances. A more detailed analysis would,
however, be welcome.

2 The quasi-static energy and its relativistic corrections

We will use the following definitions for the Wilson-loop
operators and their vacuum expectation values. The angu-
lar brackets (.. .) stand for the average value over the QCD
action, W for the rectangular static Wilson loop of dimen-
sions r x Tw,

WO = Pexp {—igyg dz”Au(Z)} ; (6)
VXTW
(P...Wo)
)= — 7
(. o) 0

where P is the path-ordering operator. Moreover, we define
the connected Wilson-loop average

(01(1) 02(2)))e = (O1(11) O2(12))) = (O1(11)) (O2(12))
®)

of operator insertions 01, O> in the Wilson (static quark)
lines at times #; and t, with Ty /2 > 11 >t > —Tw /2. We
also define the short-hand notation

lim = lim lim , ©)]
T—o0 T—o00 Ty —00

where Ty is the time length of the Wilson loop and 7' the
upper limit of the time integrals in the definitions below. By
taking first the 7wy — oo limit, the averages (- - -)) become
independent of Ty and thus invariant under global time trans-
lations; see Refs. [15,16] for details.

The total color-singlet quasi-static energy is defined as
the sum of the kinetic terms and the nonperturbative gener-
alization of the potential in terms of Wilson loops. It reads

Es(r,p, PR, S1,S2)

2 2 (1,0
p Py o, E
=~ + RO = 4
2my  2M mq my

EQO g2 pD 1
+—+—+ +(9(—>, (10)
Wll m2 minyp

EO.D

where PR is the center of mass momentum operator, p =
—iVy, M = m1 + m», the reduced mass m, = mymo/M,
and

EO(r) = lim %m(WD) (11)
—00

is the static energy [17]. The formal definitions for the
higher-order quasi-static energies to O(1/m) can be found in
Ref. [14] and to O(]/mz) in Refs. [8,15,16]. Here we recall
the ones relevant for the present work. At O(1/m) we have

A0 _ L !
EYVV(r) = —3 Tli)moo A drt (gE1(1) - gE1(0))e.  (12)

The SI momentum-dependent 1/m? potentials are
parametrized in complete analogy to Egs. (3)—(5) and given
by

/ . . T . .
E2O0) = L¢#/ 1im | de (g (1)gE] 0)).. (13)
p 2 T—o0 Jp
QO b (i gpipd
ELZ (r)_2(d—1)<8 drr)
T .
x lim | dr*(gE (1)gE](0))., (14)
T—o00 0

T

EpV@) =i## lim | di?(gE (OgESO))e.  (15)

EGV () = e L 1 (5’7 - dffff)

T .
x lim [ dre*((gE}(1)gES (0))e, (16)

T—o0 Jo

whered = D — 1 =3+ 2¢,t = r/r and E, is the chromo-
electric field-strength operator to be inserted on the Wilson
line associated with the static quark (n = 1) or on the Wilson
line associated with the static antiquark (n = 2). The cou-
pling g in the above expressions will be replaced by the bare
coupling gp in the actual calculations carried out in the next
section. We do not consider spin (S 2)-dependent or momen-
tum (p;,2)-independent quasi-static energies in this paper.
The potential Vg, which enters the Schrodinger equation
that describes heavy quarkonium dynamics, is determined
by expanding in powers of 1/m before integrating over any

@ Springer



681 Page4of 18

Eur. Phys. J. C (2017) 77:681

gauge and light-quark dynamical degrees of freedom. For the
ultrasoft scales this implies AV > p?/m. Concerning the
ultrasoft contributions to the energy of a physical bound state
of dynamical heavy quarks such a 1/m expansion would be
incorrect, as according to the Virial theorem AV ~ p2/m.
This is the reason why ultrasoft modes are removed from the
potential. They are retained in the quasi-static energy, which
can therefore be (formally) regarded as the heavy quarkonium
energy in the quasi-static limit: AV >> p?/m.

The relation between the total (singlet) quasi-static energy
E and the potential in the Wilson-loop scheme Vs w is

Es(r) = Vo,w(r) + 8 Esus(r), 7)

where 6 E ys denotes the ultrasoft contribution to the quasi-
static energy. The analogous splitting into the corresponding
(soft) potential and ultrasoft contribution is understood for
each of the quasi-static energies E() in Egs. (11)—(16).

In order to compute the potential Vs w (r) in perturba-
tion theory, the ultrasoft contribution must be completely
subtracted. The latter can be achieved in dimensional reg-
ularization by expanding in the ultrasoft scale AV before
performing the loop integrations. As AV « « this means we
simply have to ensure a strictly perturbative calculation in
«. Thus, only the soft scale 1/ is left and the loop integrals
become homogeneous in that scale. The potentials then take
the form of a power series in & g2 (and, eventually,in AV,
when working beyond the order we work at in this paper). In
summary we have

Vs,W(r) = Es(r)lsoft- (18)

We have presented the results for the potential Vs w up to
O(a/m) and O(a?/m?) in Ref. [8].

In the weak-coupling regime ultrasoft degrees of free-
dom, with energies and momenta of order AV = V{,(O) —
VO ~ Cyua/r, contribute to the quasi-static energies
through § E ys. These contributions to the Wilson loops cor-
respond to the contributions from the lower (ultrasoft) energy
regions in an asymptotic expansion of the loop integrations
according to the method of regions [36]. This implies that
(some of) the loop integrals are sensitive to the ultrasoft scale.
In analogy to Eq. (18) we write

SEsus(r) = Es(r)us. (19)
Next, we explain how to compute § E ys in detail.

2.1 Ultrasoft calculation

In Ref. [8] we obtained the NLO soft color-singlet contribu-

tion to Eqgs. (12)—(16). In contrast, the ultrasoft contribution
to the NLO quasi-static energies cannot be calculated within

@ Springer

conventional perturbation theory. As the ultrasoft scale is
only generated dynamically, it requires the resummation of
LO potential (Coulomb) interactions.

In the Wilson-loop calculation the ultrasoft scale AV ~
Caa/r is generated by the ratio of the resummed (expo-
nential) LO expressions for the rectangular color-octet Wil-
son loop in the numerator and the color-singlet Wilson
loop in the denominator in the definition of the quasi-static
energies in Egs. (12)—(16), cf. Eq. (7). This leads to a
factor exp(—iAVt), where t is the (positive) time inter-
val spanned by a (ultrasoft) gluon exchange between the
quarks, in the otherwise perturbative calculation. As will be
explained below this exponential factor can be effectively
treated as a position-space quark—antiquark-pair propagator
in our diagrammatic approach to the ultrasoft computation,
similar to the singlet and octet (bound-state) propagators in
pNRQCD [1,2].

To achieve a clean and systematic separation from the
soft contribution within dimensional regularization, we fol-
low the method of regions [36]. That is, we assign a defi-
nite energy and momentum scaling to the degrees of free-
dom involved in the ultrasoft calculation and consistently
expand according to the power counting. In our case the rel-
evant degrees of freedom are the ultrasoft gluon with four-
momentum g"* ~ AV and potential gluons with energy
ko ~ AV and three-momentum k ~ 1/r > AV. The Wil-
son lines themselves can be interpreted as static (anti)quarks
interacting with both types of gluons. Modes with soft ener-
gies ~ 1/r are insensitive to the ultrasoft scale and therefore
decouple from the ultrasoft modes. They are not needed for
the ultrasoft contribution to the NLO quasi-static energies.
In this calculation only one ultrasoft gluon and a (infinite)
number of potential gluons are involved. The couplings of
the ultrasoft gluon yield a factor « relative to the LO, whereas
any additional potential gluon exchange does not change the
power counting. )

To compute the correlator ((E}(1)E](0))). with two
chromo-electric field operators (a,b € {1,2}) we use a
(non-standard) diagrammatic approach. The relevant (‘con-
nected’) diagrams for the ultrasoft part of the quasi-static
energies in Egs. (12)—(16) are displayed in Figs. 1 and 2.
Vertical lines represent potential gluons, which do not prop-
agate in time (after expansion in the ultrasoft momentum).
Potential gluon interactions that will be resummed are not
displayed. We will come back to this later. The ultrasoft gluon
is depicted as horizontal, diagonal or curvy line. Before we
comment on the selection criteria for these diagrams, we
describe how to construct and evaluate them.

The procedure is as follows. We first locate the vertices
of the ultrasoft and potential gluons at specific times. As

6 At higher orders there can be mixed contributions with soft and ultra-
soft modes.
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(1a) (1b) (2a) (2b) (1a) \;Zlb) (2) (2b)
. ¥
(2¢) | (3a) (3b) | (3¢) < (2) (3a) (3b) (3¢)
o o
(3d) (3e) (3f) : (38) (3d) (3¢) (3f) (3g)
5 SO AU B WY W 5y i A
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Fig. 1 Connected (2-Wilson-line irreducible) diagrams with one ultra-
soft gluon exchange contributing to E[(fs’o) and ESS’O). Left-right mirror
graphs are understood. Dotted lines represent the A?, wiggled lines the
A components of a gluon. The time axis in these diagrams extends from
left to right. The crosses symbolize the chromo-electric operator inser-
tions at times O and ¢ on the upper Wilson line (solid). Vertical lines
are associated with potential gluons. The ultrasoft gluon is depicted as
diagonal, horizontal or curvy line. We adopt the NRQCD convention
for the fermion flow (little arrows on the Wilson lines) explained in
Fig. 3. Diagrams (1), (2¢), (3¢), (3 f), (3g) vanish in Coulomb gauge
as they are proportional to scaleless integrals

a consequence there is a priori no energy conservation at
these vertices. The two vertices for the chromo-electric field
operator insertions on the static quark (Wilson) lines are fixed
at times O and 7, respectively. The time coordinates of the
other vertices have to be integrated over. The energies in
the potential gluon propagators are expanded out and do not
contribute at NLO.” The integration over these energies can
therefore be carried out immediately yielding delta functions
of time intervals. Many of the time integrations can now be
performed trivially. The result is that vertices connected by
potential gluons are all located at the same time. This has
been indicated already in our graphs in Figs. 1 and 2, where
time proceeds from left to right.

The vertices for the chromo-electric operator insertions
are the same as the ones given in Ref. [8] and shown in
Fig. 3. For the Wilson-line interaction of an A0 gluon, the

7 Strictly speaking, there are higher-order terms in the potential energy
expansion contributing in the Feynman gauge diagrams (3e), (3 f) and
(3g), but they cancel in the sum.

Fig. 2 Connected diagrams with one ultrasoft gluon exchange con-
tributing to EI(JIS"I). Left-right mirror graphs are understood. As
explained in the text, the diagrams are in one-to-one correspondence,

and in fact equal, to the ones of Fig. 1

NE.

o kv b o

—ikiTeei(kotlo+qo)t ikOTaef’WkuH()Jrqo)l ig[T, Tll]e*i(/\'()ﬂ(ﬁqtﬁpn)f

Fig. 3 Feynman rules for an E’(¢) operator insertion (denoted by a
cross in the diagram) on a static quark (Wilson) line. Dotted and wavy
lines represent A and A gluons, respectively. All momenta (k, /, ¢, p)
are incoming. Note that, in contrast to the usual convention for Wilson
lines, we treat the antiquark (lower Wilson line) as a particle living in
the anti-representation of SU(3), i.e. the fermion flow (little arrows) of
the antiquark is the same as for the quark. The corresponding Feynman
rules for the antiquark are then obtained by replacing g — —g and
T¢ — (T* )T

quark and gluon propagators, and the gluon self-interactions
we can use standard NRQCD Feynman rules at leading order
in 1/m. In particular the static quark propagator in position
space is nothing else than a 6-function of the time difference.
We emphasize, however, that, according to the method of
regions, we have to expand the potential gluon propagators
in the energy and ultrasoft momenta.

The way we implement the resummation of potential
gluon interactions, which actually generates the ultrasoft
scale, in our diagrammatic calculation is probably best

@ Springer
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Fig. 4 Sample diagram (3d) ¢ 0 ¢
S (2.0

contributing to § E ;s and

SF E} ’SO), with time labels on the

upper Wilson-line vertices and

indicated potential

three-momentum flow. The

thick red lines mark the time

interval, where the static quark lp

Tp +k
pair is in a color-octet state

explained at a concrete example. Let us consider diagram
(3d) in Fig. 1. In Fig. 4 we have depicted it with time labels
for the vertices on the upper Wilson line and indicated a
possible choice for the potential three-momentum flow. The
momentum k is the Fourier conjugate to the distance r. After
expansion and integration over the energies associated with
the potential propagators the two vertices on the lower Wilson
line are fixed at times —¢ and 0, respectively. We have high-
lighted the time interval, where the static quark—antiquark
system is in a color-octet state, because the ultrasoft gluon
has been radiated off, by thick red static quark (Wilson) lines.
During this time interval it is crucial to take into account the
exchange of an infinite number of potential Coulomb glu-
ons, between the two Wilson lines. The resummation of such
Coulomb interactions yields the LO expression for the aver-
age of a rectangular Wilson loop with extensions t, —t; > r
in the color-octet configuration, see e.g. Ref. [2]:

tl tQ t1 tz tl t2 tl t?

+ + + +..

= Oty —ty) e~ Ve (2t0),
(20)

The analogous expression with the octet static potential
VU(O) (r) replaced by the singlet static potential VO (1) holds
for the color-singlet configuration. Outside the red marked
time interval in Fig. 4 this exponential, however, exactly
cancels with the singlet Wilson-loop average in the denom-
inator of ((E‘i (t)E{ (0))), whereas inside the octet time
interval we can assign a resummed ‘propagator’, 0(f, —
1) exp[—i AV (t — t1)], to the static quark pair.
In Feynman gauge we thus have

T _ )
lim [ dr g} " ((E{(OE]0))] i

T—o0 Jo

C3Cr dPq [ dip [ d%
gB( 2 ) Jenp ey | an

« o—ikr 90 p'(p! +k7) (/Oodt/ ei(qo+AV)z’>
q* p*e+K* \Jo

oo .
x (/ dr 1" e’<q0+AV)’> (21)
0
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CZCF ddp pi .
:_2 6 A—_C C2 5 ¥ ,—ipr
gB( > ) Jem g
5 dk K/ ik dPq qo i
(2m)d k* Q2m)P g2\ —go — AV +i0
i 14+n
ra - 22
X[ ( +n)<—mr—AV*40) } @
C3Cr sp (—i)'tH!
6 A 2 4-2D _1—=+
=— —C4C2 )2 T
gB( 2 A F) d nt

x ripd P20 Ay P13 gin <?>

X F<3 — g)F(D—4)F(D - DI'G+n-— D),
(23)

where D = d + 1 = 4 + 2¢, g denotes the ultrasoft four-
momentum, gp is the bare version of the coupling, and
we have multiplied by 2 to add the left-right mirror graph
exploiting time reversal symmetry. We only kept the leading
order in the ultrasoft momentum expansion. Higher orders
would come with higher powers of « and are beyond the
order we are interested in. For the same reason, we only need
the LO expression

2
D-3
AV = %CAn%—§r3—Dr <T) TOwEh @

in D dimensions and we can replace the bare coupling gp by
the renormalized g as gg = g + O(g%).

A few practical comments on this example are in order:
After performing the last two time integrations we have writ-
ten Eq. (22) in a suggestive form in terms of momentum space
building blocks. The analogous form can be directly obtained
for all diagrams in Figs. 1 and 2 by assigning the expression
in square brackets to the momentum space quark-pair ‘prop-
agator’ between the two crossed vertices and i /(—go — AV)
to the other quark-pair ‘propagators’ between an uncrossed
and a crossed vertex, and using momentum space Feynman
rules for the vertices and gluon propagators otherwise.

In Coulomb gauge all diagrams with an A® ultrasoft gluon
vanish, because the q integral is scaleless after the ultrasoft
momentum expansion. To change from Feynman to Coulomb
gauge in the diagrams with an A ultrasoft gluon we only have
to replace 8’/ — 8 — g'q/ /q? in the numerator of the A
gluon propagator. It is easy to see that, due to the ultrasoft
momentum expansion, this will result in nothing more than
an additional overall factor (D —2)/(D — 1) for the Coulomb
gauge diagrams. In other words, due to gauge invariance, the
sum of all diagrams with an ultrasoft A gluon must be equal
to 1/(D —2) times the sum of all diagrams with an ultrasoft A
gluon. Note that in order to check this explicitly, it is crucial
to use the D-dimensional expression for AV in Eq. (24).
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Also, from our calculation in Eqgs. (22) and (23) and the
Feynman rules in Fig. 3 it should be clear that the diagrams
(3d) in Figs. 1 and 2 yield exactly the same result and in fact
all diagrams in Fig. 1 equal their counterpart in Fig. 2. As
we will see below this is related to Poincaré invariance. We
therefore conveniently define the quantity

B T . .
W, = lim dr " ((gE} (1) gE7{(0)))
T—o0 Jo

T

drt" {((gE

clus

= lim {(OZESO))e]ys. (25)

T—o0 Jo

with n = 1,2 for the 1/m and 1/m? quasi-static energies,
respectively. We can then write the ultrasoft contributions to
the SI quasi-static energies in Eqs. (12)-(16) as

SELS () = —5 YWY, (26)
aE(i ?}S r) = f & WY, 27)
co e
SEE U0 = 50— (5’1 - dr’r/) Wi (28)
8E“ ”S(r) =it WY, (29)
SELS ) = — (5’1 dii ff) Wi (30)

From these equations we can directly read off

SE{S () =28EZ (), (31)
SE gy )s(r) = 28E (). (32)

This verifies Poincaré invariance; see Ref. [37]. It requires
that, given that there is no ultrasoft contribution at O(oz2 / mo),
the O(a?/m?) ultrasoft part of the total energy of the quark—
antiquark system must be proportional to 1/ mf =1/ m% +
1/ m% + 2/(m1m2). The corresponding relations for the soft
potentials at the same order were checked in Ref. [8].

From the sum of all relevant ultrasoft one-loop diagrams
we obtain the total bare result

+1—n

Wi =-—

g5 Cr (D —2)m PP

D L
x F(E) AVP=" I (n+1— D) (5'-/ + )

(D—3)(D—n—1)(D? - D(n+5)+n+2)>
) (n+ D +2) ’
(33)

in both Coulomb and Feynman gauge with AV as given in
Eq. (24). We emphasize that the connected diagrams in Figs. 1
or 2 are not the only diagrams contributing to Eq. (33). In our

definition a ‘connected’ graph cannot be split into two (lower
loop) Wilson-loop diagrams by cutting the quark and the anti-
quark line at the same time, i.e. by a vertical cut through the
diagram. We also have to take into account disconnected (2-
Wilson-line reducible) one-loop diagrams as well as (prod-
ucts of) tree-level diagrams from the ((E; (0O)) ((Elj7 0)))
term in the definition of the connected Wilson-loop aver-
age, Eq. (8). Their net effect is, however, only to remove
the terms proportional to C% and C% from the connected
diagram contributions as explained in detail in the next sec-
tion. Keeping this in mind it is straightforward to check that
the diagrams given in Figs. 1 and 2 give the complete Cr
contribution we are interested in: Every additional diagram
with one ultrasoft gluon exchange you can draw, is either
disconnected or redundant, in the sense that it is one of the
diagrams with additional Coulomb interactions, which we
automatically take into account by our resummation. The
individual contributions (ox Cr) to W' from each diagram
in Figs. 1 and 2 are given in Appendix A in Coulomb and
Feynman gauge, respectively.

We can now use Eq. (33) together with the LO expression
Eq. (24) for AV in the ultrasoft contributions Eqs. (26)—
(29) and add the bare results for the corresponding potentials
in Ref. [8] to obtain finite expressions for the quasi-static
energies. With the bare coupling

2.,2¢ YE \ €
2 2 g v (e Bo 1
= 1+ — —=, 34
§ =8 ( 4 (471 ) 4 e) (34

expressed in terms of the MS renormalized coupling o =

a(v) = , we find

EX0¢) = vAO) 4 sEL ()
_ a?CyCF
B 4r2

47 49
. YE
+ ISCA 18 rny+ 2P0 In(e vr)i“,
(35)

8
1+ 2| 20, n(Chae’)
27| 3

EGV ) = V20 0) +SES ()

2 US
a’CyuC 1
S i In(Cpae’®) + - ¢, (36)
3mr 4

2,0 2,0 2,0
EZY ) = VEP o) +8EG V()
2
CuC
= —u{Zln(CAaeyE) — 1}, (37)
3nr

1,1 1,1 1,1
EGV ) = Vol +8EL )

c 3
= L 2 ca(2m(Cane’s) = 2
3 2

r

+ ﬁo(% In(e”Evr) + %)] } (38)
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ESLV ) = Vi) + 8BS )

L2, US

aCFr o

1-—— 2CA 4ln(CAoee7’E) —1
2r 37

1 3
+ ,30<Z 5 ln(e”Evr)>] }

after setting ¢ — 0.

(39)

2.2 Cancellation of C % and C % terms

As already mentioned in the previous section, the Feynman
diagrams we depict in Figs. 1 and 2 are the connected (2-
Wilson-line irreducible) diagrams relevant for our ultrasoft
calculation. It is clear that most of these diagrams are accom-
panied by a number of disconnected diagrams, which differ
from the connected diagrams only by the order of the ver-
tices on the quark lines. For each connected diagram in Figs. 1
and 2, let us define a diagram ‘family’, which also includes
its disconnected relatives.

Regarding the associated color factor, within each family
the connected diagram contains a maximally non-Abelian
term, i.e. a term that is linear in the fundamental Casimir
constant Cr. The color factor of the disconnected diagrams
consists of terms with at least two powers of Cr. Summing
all diagrams of a family and subtracting the corresponding
((EL(1)))((E{(0))) term in the definition of the quasi-static
energies according to Egs. (8) and (25), all terms o< C¥, with
n > 2 cancel and only the maximally non-Abelian term
survives. This mechanism is very much reminiscent of the
well-known non-Abelian exponentiation [38—40] of the static
potential. For the case of the quasi-static potentials/energies
we are lacking, however, a general proof. We have therefore
checked the cancellation of the C 12; and C% terms present
in the diagrams with one ultrasoft loop explicitly for each
family. In the following we will explain how this works for
two diagram families, whose connected graphs are displayed
in Fig. 1. From this it should be clear how to show the can-
cellation also for the other families. In particular, all state-
ments in this section can be straightforwardly extended and
are therefore equally valid also for the diagrams in Fig. 2,
which contribute to § E 8 ’Sl).

Let us first introduce the notion of a color-stripped dia-

gram. We write e.g.
CaCFr :
2 ) I\
The graph on the RHS symbolizes the original Feynman
diagram with removed (fundamental, anti-fundamental or
adjoint) color generators. The red zigzag line represents the

ultrasoft gluon.
On the level of such color-stripped diagrams we have

Figure 1 (2¢) = <C'12: -
(40)
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T T-T.

This can be seen easily as follows. The only difference
between the two graphs on the LHS is the lower quark prop-
agator. Labeling the vertex of the ultrasoft gluon with the
lower quark line by the time ¢’ this propagatoris 0 (¢ < ) and
0(t" > t) in the two diagrams, respectively. After Coulomb
resummation some of the 6-functions actually come from
the octet bound-state propagators and all diagrams with an
ultrasoft gluon have a factor exp(—i AV |t’ —t”|) in common,
where in this case ”” = 0. For the purpose of this section we
can, however, effectively assign a 6-function to each static
quark line in the color-stripped graphs. In the sum of the two
one-loop diagrams the 6-functions drop out. As we assume
t > 0 by definition, the upper ‘quark propagator’ 6(¢t > 0)
can also be dropped. Furthermore, by shifting the potential
three-momentum k we have (with ¢ being the ultrasoft four-

momentum, d = D — 1)
/dd / tkr l(q/+kj)
2 k+q?

1

_ f dlq % oA / ak 1’2_2 ke 42)
in the integrand of the two one-loop diagrams. Thus we are
left with the product of the two tree-level diagrams on the
RHS, which will eventually cancel with the corresponding
term from ((E/, ()))((E; (0)))). Note that in this case the LO
in the ultrasoft momentum expansion (|q| <« |k| ~ 1/r)
vanishes due to the antisymmetric g-integrand. The NLO in
this expansion is nonzero and represents the contribution at
the order we are interested in.

With these preliminaries it is straightforward to show the
cancellation of the C 12, and C 13; terms for most of the other
diagram families, and we can tackle already the most com-
plicated case, namely the family 3e. Without the maximally
non-Abelian C%C r term the sum of the diagrams in this
family can be written as

o(TIT -

o) T TS

9 F

(43)
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1T-1T-T w

N N -

+

N
+ // + \\\\ +
caC2 (N
+ ) \X /
——
+ X \\ +

1)

(44)

Exploiting again the static quark line 6-functions, we have
used the equalities

TR TT

(45)
and their analogs for the graphs, where the ultrasoft gluon is

(46)
up-down mirrored, in Eq. (44) to write the C% term as a sum
of products of one-loop and tree-level diagrams with a single
insertion of an E-field operator. Recall that in our notation
the operator insertion vertex on the left is always located at
time 0 and the one on the right at time ¢ with > 0. The two
expressions on the RHS of Eqs. (45) and (46) are therefore
unequal. The CIZ, term of Eq. (44) will be directly canceled
by the corresponding C % term from the ((E‘i ®))) ((E{ )
part of the definition of the quasi-static energies.

The cancellation of the C 13, term is a bit more subtle. First
we note that

IR ARS
+‘WZTX_§__’ @7)

by combining the 6-functions from the upper and lower
static quark lines. Also, (after shifting a potential three-
momentum) we directly have

With the equalities in Eqgs. (45)—(48) and their analogs for
the mirror graphs we can write the C% term of Eq. (44) in
factorized form:

SIghil
DT LT
X

Apart from the overall factor 1/2 this is what one might
naively expect for the C% term from <<Ei1 (t)))((E'{ (0))) at
NLO in the ultrasoft loop expansion. On the first sight there
therefore seems to be miscancellation of the C% terms. Let
us however take a closer look at Eq. (49). Similar to Eq. (47)
the expressions in round brackets can be factorized further
and we are left with

—C%|><|><§.
(50)

Now, recall that in the definition of ((E;(z)E{(0))) there is
the singlet Wilson-loop average in the denominator. At LO
we simply have (W) =exp(—i VsTw), but at the NLO in the
ultrasoft loop expansion we obtain

I T 1T

(5D

_Cr
2

(49)

as an additional contribution to the quasi-static energies.
Thus the total C% term from the ((E} (t)E{ (0))) vanishes.
It is easy to see that the same happens separately for the C13,

term associated with ((E"1 () (E{ (0))). There we have two
times Eq. (50) plus two times the RHS of Eq. (51) from the
expansion of the two denominators in ((E"1 (t)))((E{ 0))).
This completes the proof of the cancellation of the C % and
C13, terms related to family 3e.

Analogous proofs hold for families 3 f and 3g. Adding
the contributions to W,lf from diagram families 3e, 3 f
and 3g the LO terms in the ultrasoft momentum expan-
sion, i.e. terms ~ a3 AV ~17"=4 cancel, but a contribution
~ a3AVIT =2~ g4 en=3 which is the order of our
interest, survives. We note that the diagram families (2c, 3e,
3 f, 3g) discussed above actually vanish in Coulomb gauge.

@ Springer
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For the families with an ultrasoft A gluon (3d, 4a, 4b, 5a)
relevant also in Coulomb gauge the proofs are, in fact, even
simpler than the ones presented here and straightforward to
do with the above techniques. We have thus shown ‘non-
Abelian exponentiation’ of the 1/m and 1/m? quasi-static
energies at one ultrasoft loop.

3 Resummation of large logs

Our finite-order results for the quasi-static energies in
Egs. (35)-(39) depend on the factorization/renormalization
scale v. Setting v ~ 1/r large logarithms associated with the
soft scale are resummed in the running coupling «(v). For
the complete resummation of large logarithms, also ultrasoft
logarithms have to be resummed. In this section we discuss
how this can be achieved.

The bare potential (in the Wilson-loop scheme) can be
written in terms of the renormalized potential and its coun-
terterm as

Vsp = Vs +6Vs. (52)

The counterterm §Vy for the potentials in terms of Wilson
loops can be determined at leading order from the (IR) 1/¢
terms of the soft contribution computed in Ref. [8]. It can
also be obtained (at leading order) from our ultrasoft cal-
culation in the present paper. Indeed the 1/€ terms of both
computations match, which guarantees that we obtain finite
results in Egs. (35)—(39). At leading order the structure of
the counterterm is (cf. Eq. (55) below)

1
SV ~ —a" x F(r?), (53)
€

where n and F depend on the specific potential V. This infor-
mation by itself is not enough to obtain the leading-log (LL)
running for each potential in the Wilson-loop scheme. Still,
this problem can be bypassed at LL, since EFT arguments
tell us that the structure of the LO overall counterterm should
be (note that v here refers to v,;)

1
§Vs ~ —a()V3 x GV, vy, (54)
€

where G is a function of the singlet/octet static potentials,
and V4 = 1 at this order.

Let us now link this discussion to previous determinations
of the counterterm & V5 in the direct context of EFTs. If the
counterterm is determined in an EFT calculation in terms of
the Wilson coefficients of the EFT it is possible to resum the
ultrasoft logarithms into the potentials by solving the asso-
ciated renormalization group equations (RGEs). Since our
derivation of the quasi-static energies is based on the method

@ Springer

of regions rather than on an EFT, we have a priori no RGEs
at hand to resum such logarithms. Using the EFT, the coun-
terterm and the associated RGE for the next-to-leading-log
(NLL) ultrasoft running of Vs were obtained in Ref. [4113 (the
LL ultrasoft running of V was obtained in Ref. [48]). These
expressions are suitable for the potentials in the on-shell or
Feynman/Coulomb gauge off-shell matching schemes. How-
ever, as explained in Ref. [8], the counterterm of Ref. [41]
fails to cancel the divergences of the individual potentials in
the Wilson-loop matching scheme. Therefore we proposed a
modified counterterm, which removes the divergences from
the individual potentials at LO for that scheme [8]. Such a
counterterm directly follows from the computation and the
knowledge of the structure of the counterterm in Eq. (54),
as we discussed above. We conjecture that the structure of
this counterterm is preserved at NLO. Adding the NLO piece
according to Ref. [41] gives the following expression for the
counterterm in the Wilson-loop matching scheme (W):

SV = (rz(AV)3 _ b [p, [p, Vf’(O)ﬂ

2m?
1 ) i ) S .
LAV —{{f J,Av’”
oz P AVE S 1 AV
1 ) d
+ (AV)2(3d —5) +4AV ((r—AV ) + AV
2m, dr

+((r5av) +AV>2D

1 a) a2 (10 47
* [ECFV/%[ 3r 3672 <?TF"f_CA<?+2”2)>]
a’(v)
(4m)? |

1 2
+672CFV’§§'BO (55)

At LO this is correct, because 8V w correctly reproduces
the UV divergence of the ultrasoft contribution to all quasi-
static energies we have calculated. At NLO and beyond it
is only a conjecture, because in our approach we have no
proper control on (potential) operator mixing effects in the
RGE. We will nevertheless use the resulting expressions as
an educated guess for the renormalized NLL potentials Vs w.
We hope that an EFT analysis will eventually settle this issue.
The RGE then reads

d
v Vows = Bri. (56)

where

8 Confirmation of the counterterm in the context of vNRQCD [42] was
obtained in Refs. [43,44] for the O(1/m) and O(1 /mz), potentials. The
running of the static potential was computed at LL in Ref. [45] and at
NLL in Ref. [46] and confirmed in Ref. [47].
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1
By, = Cr <r2(AV)3 s [p, [p, Vf”]]
r

Y Ry ey
1

4 av) 4 av
(rarav)+av)
) 2a(v)

o
SN
SN

2m

+

2m,

d 2
+<<V—AV +AV>
dr

2
(v) 47
+2 o ( 3 TPy — CA<? + 2n2>> + (9(053):| :

(57)

|
[4@ V)2 +4AV (
|

Here and in the following the Wilson-loop scheme for the

potentials is understood and we drop the corresponding sub-

script W for brevity. We also set the pNRQCD Wilson coef-

ficient V4 = 1, which is consistent at LL [45] and NLL [46].
We write the running potential as

Vs,RG(r; Vus) = Vs(r; v) + 8VS,RG(F; Y, Vys), (58)
with 6 Vs rG (75 v, vus = v) = 0. We now only consider the

1/m and the 1/m? SImomentum-dependent potentials. Solv-
ing the RGEs and truncating at the appropriate order in o we

obtain
Caa(v)\’
2r

8V1£1C;0)(r; v, Vys) =2 (
x (1 422 (a] + 280 1n(ueVE+%r))> F(0: vg),

4
(59)
Caa(v)
3V(22RG(r V, Vys) = T
(1 + 4( %) (al +2Bo ln(VeyE+2r)>> Fvs ),
(60)
Caa(v)
BV o (73 vy V) = —
(1 + 4( v) (gl + 2P0 IH(VEVEIV))) F; vus),
(61)
C
5V(21 llz)(;(ﬁ v, Vyg) = A(:(V)
(1 + 4( v) (a1 + 280 ln(vey5+2r)>> F(v; vus),
(62)
2C
5\/19 g (v, vyy) = %(U)
(1 i 4( V) (al + 280 ]n(‘)e)’flr))) F(v; vus),
(63)

where
2 a(vys)
F(v; UMS)_CF,B_{EI W—(a(vw)—a(\)))
881 1 1 2
(64)

We computed the MS renormalized (Wilson-loop) potentials
at v,s = v in Ref. [8]. For convenience we quote the results
here:’

CrCaa®(e™VE/r)

(L,0) ... —
\% (r, U) - 47‘2
89 49 4
{1 T (36CA 36 1 T 3Caln (wem))}’
(65)
CaCra® (2 1
Vlfzz’o)(r; V) = —An—fa (3 +3n ("WVE)) ’ (66)
CaCra® (11 8
(2 0) ALF
21 YE , 67
(r:v) = e ( 373 n (rve )> (67)
—YE
YDy = —cp 20
P r
23 2 2
{l-i— (18CA_§ an—}-?)CAln(vreVE))}
(68)
Cra(e VE/r)
VD s vy = CEHEID
97Cx 1 8
* {1 = ( 36 +gTrns —3Caln (WVE))} '
(69)

Including the resummation of ultrasoft logarithms the total
quasi-static energy then reads
EsrG(r) = Vs RG(r; Vus) + 8 Eus(r; vuy), (70)

and similarly for the individual quasi-static energies we dis-
cuss in this paper. The corresponding MS renormalized ultra-
soft parts are

1,0
SEGY (5 vus)

_ () (vs)CrCh {ln (CA a(v)) _ Z} , (D
3nr? Vus? 8
5E(% (SS(VQ Vus)
__@Wau)Cra {m (CA“(”’) - Z} ™
3nr VusT 4

9 Though not relevant for this work, we would like to point out a typo
in the first line of Eq. (5.24) of that reference, where C ot /2 should read
Cra/4.
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2,0
SE s (s Vi)

_ _2ama(us)CrCa [ (CA a(V))

7
-1, 73
+3 (73)

3rr Vyust

1,1
3E;(>2,U)s (s Vus)

_ _ 2a()a(vs)CrCa In Caa(n)\ 7 aa
3mr Vsl 4
SEI(JIZ”IGS (r; vus)
_ _Aa()a(vys)CrCa In Caa(v) N 7 C0s)
3nr VysT 8

Formally, these ultrasoft contributions are independent of v,
as in pNRQCD the soft scale has already been integrated
out. In practice they do depend on v once we allow for the
running of o (v). This, however, affects the result only beyond
the order to which the ultrasoft computation has been carried
out. For a meaningful evaluation of the (RG improved) quasi-
static energies v &~ 1/r and v,y & Cac/r must be chosen.

4 Comparison with lattice data

Monte Carlo lattice simulations of the 1/m and 1/m?>
SI momentum-dependent quasi-static energies have been
performed over the years [21-23]. The data for the SI
momentum-dependent 1/m? contributions is usually dis-
played in terms of the following linear combinations of the
quasi-static energies:'°

Ep(r) = —%E{‘;”(r) —Ep" (). (76)

E.(r) =—E5V (), (77)
2

Eq(r) = JE" ) + EZY (). (78)

E(r) = E3" (), (79)

Therefore, we will directly confront our results with these
quantities in the following section. On the lattice side we
will use the most recent results, obtained in Refs. [21,22],
also for the comparison with the 1/m quasi-static energy.

4.1 Short distances

Lattice data is very scarce at short distances. It is also worth
mentioning that at short distances one can easily see finite
discretization effects in the lattice data. On top of that, due to
possible power-like divergences in the lattice simulation, we

10 I the literature often the notation Vj, V., etc. is used. We stick,
however, to the notation Ej, E, etc. to distinguish the quasi-static
energies studied here from the potentials that appear in the Schrodinger
equation.

@ Springer

cannot compare with the lattice data in absolute values. We
are thus forced to consider differences between quasi-static
energies computed at different distances. We then choose
to normalize our results to the lattice point at the shortest
available distance for each observable. This leaves us with at
most three independent lattice points (in fact only two for Ej,
and E.) for distances smaller than 0.5 rog ~ 0.8 GeV, which
is already at the borderline for our weak-coupling results to
be reliable. Therefore, the whole discussion in this section
will stay at the qualitative level.

The analytic results we present in the plots of this sec-
tion are based on Eqs. (35)—(39). For the resummation of the
ultrasoft logarithms we will use the results of Sect. 3. We
will first define the different curves shown in these plots and
discuss them in comparison with the available lattice data
afterwards. The different colors of the lattice data points in
our plots (with hardly visible error bars) indicate different
B values (blue: B = 5.85, green: B = 6, brown: § = 6.2),
see Refs. [21,22]. For E19 | E, and E. Egs. (35)—(39) give
the first two (LO and NLO) nontrivial terms, whereas for
E; and E, they only yield the first (NLO) nontrivial term in
the weak-coupling expansion. The scale dependence of the
coupling constant is uncanceled beyond NLO. We use this
fact to grasp the dependence of our predictions on higher-
order corrections. On the one hand we produce curves with
a fixed, r-independent factorization scale v. For these, we
take as a reference scale the shortest distance of the avail-
able lattice points, and vary v around this value. For E (1O
E; and E,, we take v = x/0.153990 r(;l and for Ej; and
E. we take v = x/0.371627 ral. Here and in the follow-
ing the parameter x always represents a number of order 1.
On the other hand we also produce curves with v = x/r.
The obvious motivation of this is to resum logarithms of
vr.'! This is however not sufficient to resum all large log-
arithms, as there are also ultrasoft logarithms. In order to
perform a complete resummation of logarithms, we have to
use Eqgs. (58)—(75) and count a(v) ~ «(v,s), so that the
resummation kernel F (v, v,s) ~ 1. With this counting the
O(a?) term in the expression for the 1/m and the O(«) term
in the expression for the 1/m? quasi-static energies, repre-
sents the results with LL accuracy. Our complete expressions
for the quasi-static energies according to Eq. (70) represents
an educated guess of the NLL expression and we use it as
an estimate of the next order. The dependence on v and v,
cancels in the theoretical expression at NLL but not beyond.
Again, this residual dependence may give hints on the size of

1 Setting v = 1/r may introduce problems with renormalons (see the
discussion in Ref. [49]), which we do not explore here. The first reason is
that a complete analysis of the renormalon structure of these potentials
is missing (besides the trivial fact that El(é’o) depends on the leading
pole mass renormalon). Moreover, we are at low orders in the weak-
coupling expansion and indications of renormalons, even if existing,
cannot be clearly distinguished from other uncertainties.
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Fig. 5 Comparison to the lattice data for E (L.0) (). The solid lines
correspond to the LO (orange) and NLO results (black) at fixed scale
v = 2 x 1/0.263821 ro_l. The dashed lines correspond to the LO
(orange) and NLO (black) setting v = 3/r. The dotted lines correspond
to the LL (orange) and NLL results (black) setting v, = 2Caa(v)/r
andv =3/r

higher-order terms. We will generate lines with v = x /r and
Vus = XusCaas(v)/r, with x ~ x5 ~ 1. Note that the RG
improved expressions reduce to the ‘fixed-order’ expressions
in Egs. (35)—(39) when fixing v = v,; in Egs. (58)—(75).

We first consider the 1/m quasi-static energy at LO and
NLO. We observe that the uncertainties are quite large. This
is reflected in a strong scale dependence, which could be
expected as we are evaluating our result at very low scales and
already the LO is O(«?). Even using the one-loop or two-loop
expression for the running « produces sizable differences.
Nevertheless, it is comforting that we can find reasonable
values of v such that the curves match the lattice data quite
well (v =~ 3.4/0.264 r(;l ~ 5.2 GeV for the NLO and
v &~ 1.6/0.264 r(;l ~ 2.4 GeV for the LO), even though
the difference between LO and NLO is relatively large. To
illustrate this difference we show curves for the LO and NLO
results with fixed v = 2 x 1/0.263821 ro_1 ~ 3 GeV in
Fig. 5. We also show the corresponding curves with v =
3/r. They hardly differ from the choice v = 2/r and lie
below the lattice points, but are still consistent with them
within the expected uncertainties. The effect of setting v >
2/r is making the series more convergent: The difference
between LO and NLO becomes smaller compared to the fixed
scale results as observed in Fig. 5. However, v < 1/r is a
too small scale and the perturbation series blows up (which
may be due to renormalons). A systematic resummation of
all large logarithms requires setting v,; ~ Caa(v)/r and
v ~ 1/r. The additional resummation of ultrasoft logarithms
further improves the convergence (LO and NLO curves are
closer), but the curves also lie further below the lattice points;
see Fig. 5. Just like for the ‘fixed-order predictions’ with r-
dependent factorization scale, we have to choose relatively
large values of v to avoid unphysical behavior.

OOO:V

~0.05¢

~ -0.10}

2 -0.15F
= ~0.20 ) |
_0305‘ e e
040 045 050 055

r/ro

Fig. 6 Comparison to the lattice data for Ej,. The solid lines correspond
to the LO (orange) and NLO results (black) at fixed scale v = 2 x
1/0.371627 ry ! The dashed lines correspond to the LO (orange) and
NLO results (black) setting v = 4/r. The dotted lines correspond to
the LL (orange) and NLL results (black) setting v,; = Coa(v)/r and
v=4/r

Next we consider Ep. The situation here is far from opti-
mal, as illustrated in Fig. 6. We have one less lattice data
point (the one at shortest distance) than for E (1.0) " which
makes the region, where we can compare with the lattice
data, even smaller. There are also visible finite size effects
in the lattice data, when comparing the points for different
values of §. This indicates that a global negative shift of our
lines would be appropriate in the comparison with the lattice
data. We do not implement this shift explicitly in Fig. 6, but
it is understood in the following discussion. With fixed v the
agreement is reasonable. For v ~ 1.5 x 1/0.371627 r, ! the
NLO result agrees well with the data and so does the LO
result, as there are only small differences between the two
curves. Choosing v ~ 1/r deteriorates the agreement. As
for the 1/m quasi-static energy, setting v < 1/r causes the
perturbation series to blow up (maybe due to renormalons)
as the scale becomes too small. The complete resummation
of logarithms yields strongly scale-dependent results. If one
takes v, = Caa(v)/r and v = 4/r the agreement with the
data is very good at NLL but the difference from the LL pre-
diction is very large. Also, we observe a strong dependence
of the result on x,; (not displayed) in the range between one
and two. In any case the uncertainties are large.

For E, the situation is similar to E}, as far as the number
and location of the lattice points are concerned; see Fig. 7.
Note that there are again sizable finite size effects in the
lattice data. So, it would be reasonable to add a global shift
upwards to all our lines when making the comparison with
data. Working at fixed order with fixed scale the slope is
smaller than predicted by the data, as can be seen in Fig. 7
for x = 2. Setting v ~ 1/r does not help much, until we set
v & 1/r, where the NLO result gets quite close to the lattice
data (unlike in the previous cases here we can set v quite low).
However, it still shows a huge difference from the LO result.
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Fig. 7 Comparison to the lattice data for E.. The solid lines correspond
to the LO (orange) and NLO results (black) at fixed scale v = 2 x
1/0.371627r, ! The dashed lines correspond to the LO (orange) and
NLO (black) results setting v = 1/r. The dotted lines correspond to
the LL (orange) and NLL (black) results setting v,; = Coa(v)/r and
v=1/r

Similarly, the resummation of ultrasoft logarithms does not
improve the situation, unless we choose x ~ x,; & 1, where
one can get good agreement with the data. Nevertheless, once
more the scale dependence is large.

We now turn to E; and E,. They are linear combina-
tions of E£22,0) (r)and El(é’o) (7). This makes them particularly
interesting, as they vanish at O(«). Previous lattice deter-
minations obtained zero slopes within uncertainties [23].
Nevertheless, in a dedicated series of works [21,22], the SI
momentum-dependent quasi-static energies have been com-
puted with increased precision on the lattice and a nontrivial
behavior has been found at short distances. A nonzero slope
is also predicted by our computation of the quasi-static ener-
gies. Therefore, it is very interesting to check whether they
follow the same pattern, as we will do in the following.

For E; the agreement, if we choose a r-independent scale
v, is bad. The hardly visible slope of the corresponding curve
in Fig. 8 is by far not enough to match the lattice data. The
asymptotic behavior is, however, correct (in sign) assuming
that the ultrasoft log dominates, which is not the case for
the value of v used in Fig. 8 though. If we set v = 2/r the
agreement is much better. (It gets even better for x ~ 1).
The resummation of ultrasoft logs for reasonable values of
x and x,s (optimally x ~ 2 while 2 > x,; > 1) further
improves the agreement. However, the observed scale depen-
dence varying x between one and two is relatively large.

The situation for E, is similar. Setting v constant the agree-
ment is bad, as can be seen in Fig. 9. If we set v = 1/r the
agreement is much better (optimal for x ~ 0.83). One can
also find good agreement if we resum the ultrasoft logs for
reasonable values of x and x,;. Again, the uncertainties due
to scale variations in the r range where lattice data is available
are sizable and prevent a more quantitative analysis.
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Fig. 8 Comparison to the lattice data for E,. The solid black line cor-
responds to the NLO result at fixed scale v = 2/0.263821ry ! The
dashed black line corresponds to the NLO result setting v = 2/r. The
dotted lines correspond to the LL (orange) and NLL (black) results
setting v, = Caa(v)/randv =2/r
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Fig. 9 Comparison to the lattice data for E,. The solid black line cor-
responds to the NLO result at fixed scale v = 2/0.263821ry ! The
dashed black line corresponds to the NLO result setting v = 1/r. The
dotted lines correspond to the LL (orange) and NLL (black) results
setting v, = Caa(v)/randv = 1/r

Overall, we find that for all studied observables our predic-
tions can be made compatible with the available lattice data.
With this statement we mean that for (more or less) reason-
able values of the factorization scale we can get reasonable
agreement with the lattice data, and/or that the expected size
of higher-order corrections is large enough to accommodate
the difference from the lattice data. We cannot make quan-
titative statements though. Whereas adjusting the factoriza-
tion scale or incorporating the resummation of logarithms can
improve the agreement with the lattice data in some cases, we
do not observe a general pattern for all potentials. Estimates
of higher-order effects from scale variations produce large
effects, related to the fact that we have evaluated our predic-
tions at quite low scales (large distances). Also, as already
mentioned, the lattice data is rather scarce. Still, we find it
quite remarkable that the asymptotic behavior (the sign of
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Fig. 10 Comparison of the lattice data with the predictions from effec-
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Fig. 11 Comparison of the lattice data with the predictions from effec-
tive string theory at long distances for £}, and E.

the slope) predicted by the ultrasoft logarithms o In(C )
in E4 and E, complies with the lattice data.

4.2 Long distances

It is also interesting to consider the long-distance behavior
of the quasi-static energies. Their behavior cannot be pre-
dicted by QCD using analytic tools. Still, it can be simu-

roEq(r)

—067058710 12 14 16 18 20 22
r/To

I'g Ee(f)

09708710 12 14 16 18 20 22
r/ro

Fig. 12 Comparison of the lattice data with the predictions from effec-
tive string theory at long distances for £; and E,

lated by computations in the discretized version of QCD,
i.e. on the lattice. One can then compare these numerical
results with model predictions. Here we focus on the effective
string theory predictions for the 1/m and the SI momentum-
dependent quasi-static energies obtained in Ref. [50]. For
the SI momentum-dependent quasi-static energies, they are
actually equivalent to the predictions obtained first with the
minimal area law [18].12 The latter, however, misses the 1/m
potential. The string model gives the following results at lead-
ing order in the 1/(r Aqcp) expansion:

ECO = L in(r?) + i, (80)
2
ro
Ep(r) = Ee(r) = = 81)
ro
Ec(r) = Eq(r) = — = (82)

6

These expressions only depend on the string tension o.'> The
string tension can be obtained from fits to the static poten-

12 Other models share the same behavior in the long-distance limit; see
the discussion in Ref. [51].

13 The dependence on ) that appears in E10) vanishes when com-
paring with lattice simulations as we will only compare differences of
static energies evaluated at different r.
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tial at long distances. The number we use is taken from [52]
and reads o = 1.3882r§. Therefore, the above expressions
are in fact predictions. On the lattice side, to obtain absolute
normalizations is problematic. Hence, just like at short dis-
tances we compare energy differences. We choose to normal-
ize our prediction to the longest distance (rightmost) lattice
point available, where the above models are expected to work
best. The comparison with the lattice is shown in Figs. 10, 11
and 12. There is qualitative agreement between the lattice and
the effective string theory predictions.'* On the other hand
it is evident that the agreement is far from perfect and the
slopes demand for corrections to the leading string behavior.
Such corrections can in principle be computed in the same
way as for the static potential, where they give rise to the
Liischer term [53]. It would be interesting to see if the analo-
gous computations for the quasi-static energies (in case they
happen to be free of new constants) improve the agreement
with the lattice data.

5 Conclusions

In this paper we have determined the short-distance behav-
ior of the nonperturbative generalizations of the 1/m poten-
tial and of the 1/m? SI momentum-dependent heavy-
quarkonium potentials, in terms of Wilson loops (as defined
in Sect. 2.1), with O(a?) and O(«?) accuracy, respectively.
We refer to these objects as quasi-static energies. Our results
can be found in Egs. (35)—(39). For our (NLO) computation
it is crucial that the quasi-static energies start to be sensitive
to the ultrasoft scale ~ C4a/r. Therefore, their calculation
requires a resummation of an infinite number of potential
interactions to account for the ultrasoft effects.

We have computed these ultrasoft contributions to the
quasi-static energies in a diagrammatic approach. This
included Feynman graphs with one ultrasoft and up to three
potential loops. We expect that a proper EFT setup will sig-
nificantly simplify such computations. At the same time this
would allow for a systematic RG analysis beyond LL preci-
sion. With our method we were able perform the correct LL
resummation of ultrasoft logarithms, but we can only provide
an educated guess for the NLL results.

Our results should reproduce the short-distance limit of
lattice simulations of the same quasi-static energies. Some of
these were evaluated long ago in Ref. [23], and more recently
in Refs. [20-22]. We have performed a preliminary compari-
son with the lattice data [20-22] at short distances in Sect. 4.1.
As there is not enough lattice data at short distances, we were
unable to perform a quantitative analysis. We had to compare

14 In Fig. 11 it is obvious that there are still sizable finite size effects
as there is no good scaling between the lattice data points for g = 5.85
(blue) and B = 6 (green).

@ Springer

atrather low scales. This causes large uncertainties from scale
variations. Within these uncertainties we can find qualitative
agreement with the data. Itis quite remarkable that the sign of
the slopes obtained by the lattice simulations agrees with the
asymptotic behavior predicted by our weak-coupling analy-
sis. Whereas for three of the considered quasi-static energies,
the behavior is dominated by the soft LO contribution, for
two of them the sign of the slope is dictated by the ultra-
soft contribution. This makes them particularly interesting.
Those quasi-static energies vanish at O(«), but are nonzero
at O(a?). Earlier lattice simulations predicted an approxi-
mately zero slope for them in the short-distance limit. The
most recent simulations show a nonzero behavior consistent
with our results, albeit within large uncertainties.

We also compare the lattice data with the expectations
from effective string models at long distances. We find qual-
itative agreement, but there is obvious room for improve-
ment. In the long term one could try to study (qualitatively)
how the short- and long-distance predictions (for a specific
model) combine.
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Appendix A: Results for the ultrasoft diagrams

For each diagram X in Fig. 1 (and equivalently in Fig. 2) we
have computed the object W,f( " according to Eq. (25), in
both the Coulomb and the Feynman gauges. The bare results
in Feynman gauge (FG) read

n

ij c -
WlaFg = (_i)n+17F g28" AvP—=1(D — 1)z ~P/?
D
s F<2> ra=nn, (83)
ij c .
Waid = —(=)"H == g2 Ay Pl =Pl
D
XF<2>F(1—D+n)’ 84)
WjaFl(!, = (—i)n+1CACF 84((D _ 3)f'if-j _ 5i.i>r3—D

x AVPT"H(D = 2)27Pr 7P
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x ['(D—=3)'2~D+n), (85)
Wird = (=)™ 1CaCrp g*s =P AVP 2D — 2)
x 27 Px'=Pr(D-3)r2—D+n), (86)
Wil = (=" CaCF g* 1/ 3P Ay P2
2_D7T1_D
X ———I'(D—-1DI'2—-D+n), (87)
n—+1

Wikd = ==y ChCr g (D=5 (D=3 +57 )

n
—2D ]‘71)—”—3I4 D_1 7TD
x 6 3D Sin( )

x T (2 - ?) r'*(D-3)r3—D+n), (88)

W — =iy CECp g081 0720 AV P34 P 1=
D D

X sin (2) r <2_2) r2(D—3)'3—D+n),

(89)

W3,Cég = —(—i)"t'CiCr g6((D )~ 5ij)r672D

n

—n—3~1— _3D

"(7)r(-3)
xsin(—|I'|2——= | I""(D-3)"3—D+n),

2 2
90)
Wdeg = — ()" C3Cp g/ 0P Ay P
417DT[173TD . D D
X ——— sin| — | "3 — —
n+1 2 )
x '(D—4TI'(D—-1)I'3—=D+n), o)

3e,ij . NiAf 4— —n—
W el (—l)n-HC%CF g6rtrjr4 ZDAVD n—>5

n,FG
4Pz =% /xD D
X —————————gsin| — | I 2— —_—
(n+1DHn+2) 2 2

x I'*(D—-2)L3—D+n)
x [(D —2)AV*r? —=2(D —n —4)(D —n - 3)],

(92)
J pigd 4=Dy1=%
W;{JG/ = (-2 cy g6rtr]r4—2DAVD_n_5m
. D D 5
xsin(— | (2-=)r3op-2)
2 2
XL DEG =D, 93)
Wasd =Wkl 00
wj‘;g = —(=)"'C3Cp gt P3P Ay LA
22—3D 1-2D D b
x T (T2 Y« 2 (2= 2
n+1 2 2
x I'*(D—3)['(D—2)I'(4— D +n), 95)
W:,bl*llé = _(_i)n-’_lC%CF ggf‘if-jrg_3DAVD—n_4

2473D 1-2D D D
x L sin? v r2{z—-=
n+1 2 2

xI'(D—-4)I'(D-3)I'(D—-2)I'(4— D +n),

(96)
WS“F’G/ — (i) Cp g8 124D Ay DS
24—4D I_STDF 1 D b
X 7T n+1) i3 (PPN (-2
I'(n+3) 2 )

x I'? (3— B) r’(D—4r*(D—2)I'(5—D+n)
5 .
97)

where D =d 41 =44 2¢ and t = r/r. Using Eq. (24) the
sum of the W’fPfJG gives the gauge invariant result in Eq. (33).
In Coulomb gauge (CG) we obtain

WXl _ D—2_ x.ij
n,CG - D _ 1 n,FG

for X ={la,2a, 2b, 3a, 3b, 3¢, 3d, 4a, 4b, 5a},
(93)

W)dg =0 for Y ={1b,2c,3¢,3f, 3g). (99)

n

The fact that the sum of the Wf C’é gives again the gauge
invariant result in Eq. (33) is a strong cross check of our
computation.
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