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 a b s t r a c t

Accurate number-of-clusters estimation (NCE) is a central task in many clustering applications, particularly for 
prototype-based 𝑘-centers methods like 𝑘-Means, which require the number of clusters 𝑘 to be specified in ad-
vance. This paper presents CRB-NCE, a general cluster cohesion rule-based framework for NCE integrating three 
main innovations: (i) the introduction of tail ratios to reliably identify decelerations in sequences of cohesion 
measures, (ii) a threshold-based rule system supporting accurate NCE, and (iii) an optimization-driven approach 
to learn these thresholds from synthetic datasets with controlled clustering complexity. Two cohesion measures 
are considered: inertia (SSE) and a new, scale-invariant metric called the mean coverage index. CRB-NCE is 
mainly applied to derive general-purpose NCE methods, but, most importantly, it also provides an adaptable 
framework that enables producing specialized procedures with enhanced performance under specific conditions, 
such as particular clustering algorithms or overlapping cluster structures. Extensive evaluations on synthetic 
Gaussian datasets (both standard and high-dimensional), clustering benchmarks, and real-world datasets show 
that CRB-NCE methods consistently achieve robust and competitive NCE performance with efficient runtimes 
compared to a broad baseline of internal clustering validity indices and other NCE methods.

1.  Introduction

Clustering is a central tool in many exploratory data analysis and 
machine learning applications, as the ability of clustering algorithms to 
divide data into homogeneous groups can be extremely useful in prepro-
cessing, dimensionality reduction, or establishing target categories for 
applied analyses. In this sense, a key distinction exists in cluster analy-
sis between realistic clustering, which seeks to identify the actual groups 
structure inherent in the data (e.g. biomolecular categories [1], phylo-
genetic ensembles [2], mental disease subtypes [3], brain tissues [4], 
etc.), and constructive clustering, which creates clusters for interpretive 
or computational convenience, regardless of whether they reflect inher-
ent divisions [5].

Thus, especially in a realistic context and once the data have been 
found to be clusterable [6], the goal of cluster analysis is to produce a 
coherent partition with as many clusters as there are inherent groups 
in the data, such that the clusters effectively capture those groups [7]. 
Achieving this relies heavily on accurate number of clusters estimation 
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(NCE), as most clustering algorithms yield varying numbers of clusters 
𝑘 depending on hyperparameter choices. This is particularly true for 
prototype-based 𝑘-centers algorithms, such as 𝑘-Means and its variants, 
which require 𝑘 to be prespecified. As a result, NCE often becomes a core 
part of the clustering process itself and remains a challenging, active 
research area (see e.g. [8–10]). This continued interest is largely driven 
by the widespread use of 𝑘-centers algorithms across diverse domains 
(see e.g. [11–13]), a trend that may be reinforcing due to their scalability 
[14,15].

1.1.  Related work

The most widely adopted approach to the NCE task proceeds by pro-
ducing a sequence of candidate partitions through a preselected clus-
tering algorithm to explore the search space for the 𝑘 parameter. The 
value of 𝑘 that optimizes a reference internal cluster validity index (ICVI 
[16]) computed on this sequence is then taken as the estimated number 
of clusters. Most ICVIs combine diverse models or measures of cluster 
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cohesion (also called compacity) and separation, typically associating 
clustering quality with tightly grouped, spherical, and isolated clusters. 
This association has led some authors to note that using ICVIs for NCE 
implicitly assumes that the best-quality partition must simultaneously 
exhibit the correct number of clusters [17]. However, several studies 
suggest that such coincidence occurs only exceptionally [18,19]. More-
over, some modern ICVIs considering only cohesion information seem 
to achieve better NCE performance than those also using separation in-
formation (see e.g. [8]), suggesting that cohesion may be more relevant 
for NCE than separation.

There are other approaches to the NCE task [20]. One is based on 
clustering stability [21], where an index is computed for each 𝑘 in a 
given search space, assessing the similarity between partitions obtained 
from different non-disjoint subsamples of the data. The compared par-
titions should be most similar for the correct 𝑘, since for other values 
different random substructures would be merged or split across parti-
tions. Although this approach has the virtue of not assuming any notion 
of what a quality clustering should be-as ICVIs do-it is far more compu-
tationally demanding. Another approach to NCE uses correlation-based 
indices, under the idea that distances or dissimilarities between objects 
should correlate with those between clusters for the correct number of 
clusters [22]. Other approaches, such as the elbow method [8] or VAT 
[23], tend to be subjective or rely on visual inspection and are not con-
sidered here.

1.2.  Contributions

This paper presents a general cohesion rule-based procedure for 
number of clusters estimation (referred to as CRB-NCE, or CRB) that 
integrates several novel components: First, it introduces tail ratios to 
weigh differences in a cluster cohesion measure sequence, improving the 
robustness of related ratios such as that in [24]. The cohesion measures 
considered are inertia (SSE) and the mean coverage index, the latter 
also proposed here as a scale-invariant alternative for modeling cohe-
sion, following ideas from [25–27]. Second, the CRB procedure itself, 
which relies on a small set of threshold-triggered rules to exploit tail ra-
tios for NCE purposes, building to some extent on the decision criterion 
in [8] (see also Eq. 9). Particular NCE procedures arise from any choice 
of cohesion measure and threshold values. Third, an optimization-based 
approach is proposed to learn these thresholds from synthetic datasets. 
Gaussian data spanning a wide range of clustering complexity conditions 
are used to obtain general-purpose CRB-NCE procedures. However, spe-
cialized CRB-NCE procedures with enhanced performance under partic-
ular conditions or algorithms can be derived by tailoring the learning 
data and obtaining adapted thresholds.

An extensive computational study was conducted to compare CRB 
procedures with a baseline of NCE methods in the context of prototype-
based clustering, first on synthetic Gaussian data similar to those used 
to fit CRB’s thresholds, and then on benchmark, real-world, and high-
dimensional synthetic Gaussian datasets. An additional experiment il-
lustrates the performance gains enabled by specialized CRB procedures. 
The results show that CRB methods achieve competitive and robust per-
formance across all scenarios1.

Alongside its accuracy and robustness, the above mentioned adapt-
ability is arguably CRB’s most significant feature. For example, in 
datasets with partially overlapping clusters, ICVIs often lose accuracy 
as cohesion and separation trends are distorted by ambiguous bound-
aries. In such cases, CRB’s ability to be tailored to specific conditions 
can enable improved NCE performance, as illustrated in Section 5.4. 
Thus, CRB-NCE differs in nature from ICVIs: its rule-based structure is 

1 Detailed results of this study are presented in the attached Supplementary 
Materials file, containing Tables SM1-SM18. Besides, the code allowing to repli-
cate the generation of synthetic data, the fitting process of the presented CRB-
NCE methods, and the results of this study is available at the paper’s GitHub 
https://github.com/sir-xabier/crb-nce.

not designed to measure clustering quality, but rather to accurately esti-
mate the number of clusters (the task for which it is explicitly trained), 
potentially under highly specific conditions.

This paper is structured as follows: Notation and the baseline ICVIs 
are introduced in Section 2. Coverage indices are formulated in Sec-
tion 3. The CRB method is exposed in Section 4. Section 5 describes the 
computational study and its results. Conclusions are shed in Section 6.

2.  Cluster cohesion and separation in ICVIs

Along this work, objects 𝑋 = {𝑥1,… , 𝑥𝑁} to be clustered are as-
sumed to lie in a 𝐷-dimensional continuous space, i.e. 𝑥𝑖 ∈ ℝ𝐷, 𝑖 =
1,… , 𝑁 . A prototype-based clustering algorithm then produces a clus-
tering or partition 𝑃𝑘 = {𝐶1,… , 𝐶𝑘}, where ∅ ≠ 𝐶𝑗 ⊆ 𝑋, 𝑗 = 1,… , 𝑘. Cen-
troids 𝑝𝑗 ∈ ℝ𝐷 are obtained by averaging each cluster 𝐶𝑗 ’s elements. The 
Euclidian metric in ℝ𝐷 is denoted by 𝑑. Symbols 𝑝(𝑖) and 𝑁(𝑖) are used to 
respectively denote the centroid and the size of the cluster 𝐶(𝑖) to which 
object 𝑥𝑖 belongs.

Next, the definition of the benchmark ICVIs for the computational 
study of Section 5 is recalled2, emphasizing their reliance on cluster 
cohesion (usually assessed through its negative notion of cluster disper-
sion) and separation components, respectively denoted by 𝐷𝑖𝑠𝑝 and 𝑆𝑒𝑝. 
Typical application of an ICVI 𝐹  to the NCE task departs from a sequence 
of partitions 𝑃 (𝑋) = (𝑃𝑘)𝑘̄𝑘=𝑘 provided by a clustering algorithm, where 
𝑘 ≥ 1 and 𝑘 ≤ 𝑁 respectively denote the initial and final number of clus-
ters of the partitions in the sequence. Then, a sequence 𝑆(𝐹 ) = (𝐹𝑘)𝑘̄𝑘=𝑘 of 
ICVI values is obtained by applying 𝐹  to each partition in 𝑃 (𝑋). Finally, 
a certain decision criterion is applied on 𝑆(𝐹 ) to produce the estimated 
number of clusters 𝐾̂ ∈ [𝑘, 𝑘].

Inertia or sum of squared errors (SSE), the loss function of the 𝑘-
Means algorithm,

𝑆𝑆𝐸(𝑃𝑘) = 𝑆𝑆𝐸𝑘 =
𝑁
∑

𝑖=1
𝑑(𝑥𝑖, 𝑝(𝑖))2, (1)

is possibly the most extended cluster cohesion measure, acting as the 
𝐷𝑖𝑠𝑝 component of many ICVIs. The Calinski-Harabasz (CH, [29]) index 
is then defined as the ratio of between-clusters dispersion and within-
cluster dispersion,

𝐶𝐻𝑘 =
𝑆𝑒𝑝𝑘∕(𝑘 − 1)
𝐷𝑖𝑠𝑝𝑘∕(𝑁 − 𝑘)

, (2)

where 1 < 𝑘 < 𝑁,𝐷𝑖𝑠𝑝𝑘 = 𝑆𝑆𝐸𝑘 and 𝑆𝑒𝑝𝑘 =
∑𝑘

𝑗=1 𝑁𝑗𝑑(𝑝𝑗 , 𝑝)2, with 𝑝
denoting the mean of 𝑋. The decision criterion is given by 𝐾̂ =
argmax𝑘 𝑆(𝐶𝐻). The Davies-Bouldin (DB, [30]) index consist of the av-
erage similarity between each cluster and its most similar one,

𝐷𝐵𝑘 = 1
𝑘

𝑘
∑

𝑗=1
max
𝑙≠𝑗

𝐷𝑖𝑠𝑝𝑗 +𝐷𝑖𝑠𝑝𝑙
𝑆𝑒𝑝𝑗,𝑙

, (3)

where 𝑘 > 1 and 𝐷𝑖𝑠𝑝ℎ = 1
𝑁ℎ

∑

𝑥𝑖∈𝐶ℎ
𝑑(𝑥𝑖, 𝑝ℎ), 𝑆𝑒𝑝𝑗,𝑙 = 𝑑(𝑝𝑗 , 𝑝𝑙), and 𝐾̂ =

argmin𝑘 𝑆(𝐷𝐵). The Silhouette Coefficient (SC, [31]) is a ratio of clus-
ters’ cohesion and separation

𝑆𝐶𝑘 = 1
𝑁

𝑁
∑

𝑖=1

𝑆𝑒𝑝𝑘(𝑖) −𝐷𝑖𝑠𝑝𝑘(𝑖)
max{𝑆𝑒𝑝𝑘(𝑖), 𝐷𝑖𝑠𝑝𝑘(𝑖)}

, (4)

where 𝑆𝑒𝑝𝑘(𝑖) = min𝐶ℎ≠𝐶(𝑖)
1
𝑁ℎ

∑

𝑥𝑗∈𝐶ℎ
𝑑(𝑥𝑖, 𝑥𝑗 ) and 𝐷𝑖𝑠𝑝𝑘(𝑖) =

1
𝑁(𝑖)−1

∑

𝑥𝑗∈𝐶(𝑖)∕𝑗≠𝑖 𝑑(𝑥𝑖, 𝑥𝑗 ), for each 𝑥𝑖 ∈ 𝑋 and 1 < 𝑘 < 𝑁 . It is 

2 Two other baseline NCE methods used in the computational study of Sec-
tion 5 are not described here due to their more complex and lengthy definition 
and because they do not lie within the cluster cohesion-separation framework 
applied here: one is a stability-based method, reval [28], and the other is a 
correlation-based index, NCI [10].
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also 𝐾̂ = argmax𝑘 𝑆(𝑆𝐶). The Tang-Sun (TS, [32]) index, a variation of 
the Xie-Beni index [33], measures a ratio of intra-class similarity and 
inter-class differences,

𝑇𝑆𝑘 =
𝐷𝑖𝑠𝑝𝑘 +

1
𝑘(𝑘−1)

∑𝑘
𝑗=1

∑

𝑙≠𝑗 𝑆𝑒𝑝
2
𝑗,𝑙

1∕𝑘 + min𝑗≠𝑙 𝑆𝑒𝑝2𝑗,𝑙
, (5)

for 𝑘 > 1, where again 𝑆𝑒𝑝𝑗,𝑙 = 𝑑(𝑝𝑗 , 𝑝𝑙) and 𝐷𝑖𝑠𝑝𝑘 = 𝑆𝑆𝐸𝑘, and 𝐾̂ =
argmin𝑘 𝑆(𝑇𝑆). A more modern variant of Xie-Beni is given by the Triple 
Center Relation (TCR) index [34], defined as

𝑇𝐶𝑅𝑘 =
1
𝑁𝐷𝑖𝑠𝑝𝑘

𝑁
𝑘−1

∑𝑘
𝑗=1 𝑑(𝑝𝑗 , 𝑝)2 ⋅

1
𝑘(𝑘−1)

∑𝑘
𝑗=1

∑

𝑙≠𝑗 𝑆𝑒𝑝
2
𝑗,𝑙 ⋅min𝑗≠𝑙 𝑆𝑒𝑝2𝑗,𝑙

, (6)

where 𝑘 > 1, 𝐷𝑖𝑠𝑝𝑘 = 𝑆𝑆𝐸𝑘, 𝑆𝑒𝑝𝑗,𝑙 = 𝑑(𝑝𝑗 , 𝑝𝑙) and 𝐾̂ = argmin𝑘 𝑆(𝑇𝐶𝑅).
The five previous indices feature both cluster cohesion and sepa-

ration components and are thus associated with the measurement of 
clustering quality. The following ICVIs instead consider only a cohesion 
component and are either focused on model selection purposes or were 
directly proposed for the NCE task. The Bayesian information criterion 
(BIC, [35,36]) is a complexity-penalized form of the log-likelihood of 
the present partition,

𝐵𝐼𝐶𝑘 =
𝑘
∑

𝑗=1
𝑁𝑗

(

ln
𝑁𝑗

𝑁
− 𝐷

2

(

ln
2𝜋𝐷𝑖𝑠𝑝𝑘
𝐷(𝑁 − 𝑘)

+ 1
))

, (7)

where 𝑘 < 𝑁,𝐷𝑖𝑠𝑝𝑘 = 𝑆𝑆𝐸𝑘, and 𝐾̂ = argmax𝑘 𝑆(𝐵𝐼𝐶). The Curvature 
(CV, [24]) method uses ratios of successive differences of inertia,

𝐶𝑉𝑘 =
𝐷𝑖𝑠𝑝𝑘−1 −𝐷𝑖𝑠𝑝𝑘
𝐷𝑖𝑠𝑝𝑘 −𝐷𝑖𝑠𝑝𝑘+1

, (8)

with 𝐷𝑖𝑠𝑝 = 𝑆𝑆𝐸 and 𝐾̂ = argmax𝑘 𝑆(𝐶𝑉 ), 1 < 𝑘 < 𝑁 . Finally, the Vari-
ance Last Reduction (VLR, [8]) index compares clusters standard devi-
ation to that of a uniform distribution with the smallest variance so far 
observed,

𝑉 𝐿𝑅𝑘 =
√

√

√

√

𝐷𝑖𝑠𝑝𝑘
𝑁−𝑘
𝑘2∕𝐷

min𝑗=1,…,𝑘−1
𝑗2∕𝐷
𝑁−𝑗𝐷𝑖𝑠𝑝𝑗

, (9)

for 1 < 𝑘 < 𝑁 and 𝑉 𝐿𝑅1 = 𝛾, where 𝐷𝑖𝑠𝑝𝑘 = 𝑆𝑆𝐸𝑘 and 𝛾 < 1 is a thresh-
old such that 𝐾̂ = max{𝑘|𝑉 𝐿𝑅𝑘 ≤ 𝛾} (𝛾 = 0.99 is suggested in [8]).

3.  Coverage indices

Coverage indices are introduced here as an alternative to inertia for 
measuring cohesion, avoiding both its negative description in terms of 
dispersion and its scale-dependent behavior. This will also later enable 
to check the robustness of the proposed CRB-NCE method under varia-
tions of the underlying cohesion measure.

The intuition behind the notion of coverage used here is that the 
degree to which a cluster 𝐶𝑗 ∈ 𝑃𝑘 covers or represents the objects 𝑥𝑖 ∈ 𝑋
with 𝐶𝑗 = 𝐶(𝑖) may vary across those objects. Some will be more central 
to the cluster, while outlying objects may also exist. Following [27], 
coverage is seen as a gradable property, measured in degrees rather than 
as a binary condition, i.e. the key question is not whether an object is 
covered, but how much it is covered. Thus, coverage is to be assessed on 
its own scale, which can be taken as any closed interval 𝐼 = [𝑎, 𝑏] ⊂ ℝ, 
with 𝑎 < 𝑏, where 𝑏 denotes maximum or full coverage and 𝑎 minimum 
or complete lack of coverage. Intermediate values in (𝑎, 𝑏) then reflect 
partial coverage levels.

A definition of coverage in the context of prototype-based clustering 
is proposed next3. Here, centroids are regarded as the source of cluster 

3 Any specific coverage model should be linked to the structural features of 
the clustering method that produces the assessed partition. For instance, in 

coverage, so the closer an object is to its centroid, the higher its cov-
erage level. This implies an inverse relationship between the distance 
𝑑(𝑥𝑖, 𝑝(𝑖)) and the coverage level of 𝑥𝑖. An exponentially decaying func-
tion is suitable for modeling coverage levels that diminish rapidly as 
𝑥𝑖 moves away from 𝑝(𝑖), so that objects in well-separated clusters are 
scarcely covered by other clusters’ centroids. Thus, the coverage level 
𝑢𝑖 ∈ 𝐼 of an object 𝑥𝑖 ∈ 𝑋 by its cluster 𝐶(𝑖) is defined as

𝑢𝑖 = 𝑎 + (𝑏 − 𝑎)𝑒−𝑟
(

𝑑(𝑥𝑖 ,𝑝(𝑖))∕𝑠
)𝑚
, (10)

where 𝑟, 𝑠, and 𝑚 are positive parameters that provide flexibility in mod-
ulating the exponential decay. The scale parameter 𝑠 defines the unit 
of distance in terms of 𝑑; the amplitude parameter 𝑟 sets the coverage 
level 𝑢𝑖 = 𝑎 + (𝑏 − 𝑎)𝑒−𝑟 for unit distance 𝑑(𝑥𝑖, 𝑝(𝑖)) = 𝑠; and the exponent 
𝑚 adjusts the shape of the decay for 0 < 𝑑(𝑥𝑖, 𝑝(𝑖))∕𝑠 < 1. In practice, set-
ting 𝑠 as the length of a major diagonal of the smallest 𝐷-dimensional 
hypercube 𝐻 ⊂ ℝ𝐷 containing 𝑋 together with 𝑟 = 2 ln 10 gives good re-
sults4, leading to a coverage level of 𝑢𝑖 = 𝑎 + (𝑏 − 𝑎) ⋅ 10−2 at distance 𝑠
for any choice of 𝑚. Hence, regarding the choice of 𝑠, if data is min-
max normalized, then 𝐻 = [0, 1]𝐷 and 𝑠 =

√

𝐷; under standardization, 
𝐻 = [−2.5, 2.5]𝐷 can be assumed, and then 𝑠 = 5

√

𝐷. In this work, we 
explore values 𝑚 ∈ {1, 2}, with which the right-hand side of Eq. 10 be-
comes related to the mountain function introduced by Yager in [25] for 
density estimation when selecting prototypes from a grid (using 𝑚 = 1), 
and later applied in [26] (with 𝑚 = 2) in the context of subtractive clus-
tering.

Next, the production of a coverage index of a partition 𝑃𝑘 from the 
coverage levels 𝑢𝑖 of all 𝑥𝑖 ∈ 𝑋 is addressed. This index aims to reflect 
how well the objects in 𝑋 are globally covered by the clusters in 𝑃𝑘. We 
then first focus on providing a comprehensive framework capturing the 
essential features any such global index should verify.

Let u = (𝑢1,… , 𝑢𝑁 ) ∈ 𝐼𝑁  be referred to as the coverage vector, and 
let a (resp. b) denote an 𝑁-dimensional vector with all its components 
equal to 𝑎 (resp. 𝑏). The task of producing a coverage index can be stated 
as that of defining a suitable operator 𝐹 ∶ 𝐼𝑁 → 𝐼 mapping u into an 
index value 𝐹 (u) ∈ 𝐼 . Any operator 𝐹  verifying the following six condi-
tions will be referred to as a coverage index (CI):

(CI1) 𝐹  is continuous.
(CI2) 𝐹  is non-decreasing.
(CI3) 𝐹  is symmetric.
(CI4) min(u) ≤ 𝐹 (u) ≤ max(u), for all u ∈ 𝐼𝑁 .
(CI5) 𝐹 (u) = 𝑎 if and only if u = a.
(CI6) 𝐹 (u) = 𝑏 if and only if u = b.

Conditions CI1-CI3 provide a sound general behavior in terms of 
smoothness, monotonicity, and symmetry. Specifically, CI1 prevents 
abrupt changes in the index from small variations in u; CI2 ensures 
that increasing any coverage level 𝑢𝑖 cannot decrease the index; and CI3 
guarantees invariance under permutations of objects in 𝑋, making the 
index independent of object ordering. This last condition rules out non-
ordered weighted means, whose weights are tied to specific positions 

prototype-based methods (such as 𝑘-centers algorithms), it makes sense to de-
fine coverage in terms of the proximity of 𝑥𝑖 to its cluster’s prototype, i.e. the 
centroid 𝑝(𝑖), in terms of the same distance 𝑑 used by the method. In distribution-
based methods (e.g., Gaussian mixtures), this proximity would be more appro-
priately measured via the Mahalanobis distance associated with the cluster’s 
covariance matrix. In graph- or density-based methods (e.g., spectral clustering 
or DBSCAN), coverage may instead be better modeled through graph-theoretic 
notions [7], such as an object’s centrality within its cluster’s subgraph.
4 The value 𝑟 = 2 ln 10 is chosen to associate fractional powers of 10−2 with 

the corresponding fractions of distance 𝑠, based on the idea that the maximum 
plausible distance in the standardized/normalized data, i.e., 𝑠, has to correspond 
to a small covering level-above 𝑎 by only a proportion of 10−2 of the length 
(𝑏 − 𝑎) of the covering interval 𝐼 = [𝑎, 𝑏]. In this way, for example, the distances 
𝑠, 𝑠∕2, 𝑠∕3, etc., are associated with the proportions 10−2, 10−1, 10−2∕3, etc.
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of the coverage vector. Condition CI4 imposes the averaging nature of 
the index, avoiding extreme conjunctive and disjunctive behaviors. Fi-
nally, CI5 and CI6 define the index’s boundary conditions, respectively 
reserving the extreme valuations 𝐹 (u) = 𝑎 and 𝐹 (u) = 𝑏 for the cases in 
which all objects have minimum or maximum coverage (i.e., u = a or 
u = b, respectively). These two conditions also impose a compensative 
behavior, forcing the index to balance all information in u, thus exclud-
ing operators such as the median, which would output 𝑎 (resp. 𝑏) as soon 
as ⌊𝑁∕2⌋ + 1 entries equal 𝑎 (resp. 𝑏).

Although various specific CIs can be defined under this framework, 
possibly the most natural choices are those associated to standard 
means, such as the arithmetic, harmonic, or geometric mean. In this 
paper, the use of the arithmetic mean is explored due to its simplicity 
and familiarity. Thus, the mean coverage index (MCI) of the data 𝑋 with 
respect to partition 𝑃𝑘 is defined as

𝑀𝐶𝐼𝑘 = 1
𝑁

𝑁
∑

𝑖=1
𝑢𝑖. (11)

It is straightforward to verify that the MCI satisfies all conditions (CI1)-
(CI6).

Clearly, a partition in which objects lie closer to their respective clus-
ter centroids, i.e. one with more cohesive clusters, is associated with a 
higher MCI value. The MCI can then be interpreted as a cohesion mea-
sure that assesses cluster cohesion positively, rather than through its 
negative notion of dispersion, as inertia does. Moreover, although MCI 
and inertia are negatively correlated, MCI offers a distinct perspective on 
cohesion due to its formulation based on exponential decay, as well as its 
bounded and scale-invariant nature. For instance, when all objects co-
incide with their centroids, MCI reaches its maximum value 𝑏, whereas 
inertia drops to 0. As objects move away from centroids, MCI approaches 
𝑎, while inertia grows unbounded. Moreover, adding new objects to 𝑋, 
even if equally well-covered as those already present, causes inertia to 
increase indefinitely, whereas MCI remains stable.

4.  A cohesion rule-based procedure for NCE

A sequence of cohesion measurements usually exhibits a monotonic 
behavior as the number of clusters 𝑘 of the partitions increases. For this 
reason, cohesion measures such as SSE or MCI are not directly applica-
ble to the NCE task on their own, i.e. without being further processed 
into more suitable indices, as the ICVIs presented in Section 2 do. In 
this section, we introduce the proposed cohesion rule-based method for 
number of cluster estimation (CRB-NCE, or simply CRB). This denom-
ination reflects two key features of the method, which are described 
below.

Firstly, and similarly to the BIC, CV, and VLR indices (see Eqs. 7-9), 
the CRB method relies only on a cluster cohesion component, without 
incorporating a cluster separation one. In fact, CRB can be viewed as 
an extension or refinement of the CV method (see Eq. 8), as it also uses 
ratios of differences between successive cohesion measurements. How-
ever, unlike CV, CRB additionally incorporates second-order differences 
and considers two ratios simultaneously, rather than just one. Moreover, 
it employs a more sophisticated type of ratio, referred to as a tail ratio. A 
tail ratio essentially compares the 𝑘-th element in a sequence of differ-
ences to the remaining ℎ-th elements, for ℎ > 𝑘. As will be shown below, 
tail ratios provide more robust and precise evidence for determining the 
correct number of clusters 𝐾.

Secondly, CRB uses a rule-based decision criterion to estimate 𝐾
from the sequence of tail ratios. To some extent, this resembles the de-
cision criterion used in VLR (see text below Eq. 9), in that it employs 
thresholds (rather than sequence maxima or minima as most ICVIs do) to 
determine the estimation 𝐾̂. Thresholds are useful, if not essential, given 
that CRB operates with two ratios. Furthermore, as will be illustrated in 
Section 5.4, thresholding enables fine-tuning of the CRB method to bet-
ter adapt it to the particular characteristics of the data on which the 
NCE task is being performed.

Finally, let us remark that CRB is applicable to any monotonic cohe-
sion measure: the examples in this section illustrate the method using 
the proposed MCI, but we will also apply CRB to SSE sequences in the 
computational study of Section 5.

4.1.  Tail ratios

Let 𝑆(𝐹 ) = (𝐹𝑘)𝑘𝑘=𝑘 be a sequence of values of a monotonic cohesion 
measure 𝐹 . The first order difference of 𝑆(𝐹 ) is denoted by Δ1

𝑘 = 𝐹𝑘+1 −
𝐹𝑘, with 𝑘 = 1,… , 𝑘̄ − 1. If 𝐹  is increasing, it is Δ1

𝑘 ≥ 0 for all 𝑘. If 𝐹
is decreasing, for convenience we switch the sign of the sequence Δ1

so that it is positive, i.e. assign Δ1
𝑘 = −Δ1

𝑘 for all 𝑘. The second order 
difference is then computed from Δ1 as Δ2

𝑘 = Δ1
𝑘+1 − Δ1

𝑘, 𝑘 = 1,… , 𝑘̄ − 2. 
A sharp drop in both Δ1 and Δ2 at a given 𝑘 indicates a deceleration in 
𝑆(𝐹 ) and suggests that 𝑃𝑘+1 yields comparatively more cohesive clusters 
than previous partitions. The ratio of successive differences, defined as 
𝑅𝑞
𝑘 = Δ𝑞

𝑘∕Δ
𝑞
𝑘+1, is useful for identifying such drops in Δ𝑞 , 𝑞 = 1, 2: the 

larger the ratio, the sharper the associated drop. This is precisely the 
intuition behind the CV index, which is defined as 𝐶𝑉𝑘 = 𝑅1

𝑘 using 𝐹 =
𝑆𝑆𝐸, as shown in Eq. 8. It is therefore natural to consider estimating 
the number of clusters 𝐾 as 𝐾̂ = 𝑘 + 1, where 𝑘 maximizes 𝑅𝑞

𝑘 (see e.g. 
the decision criterion of the CV index below Eq. 8).

Although this line of reasoning is basically sound, observation of 
diagrams such as those in Figs. 1 and 2(c1) reveals some patterns that 
may be useful in improving the estimation of 𝐾:

1. Relatively high values of the ratios 𝑅𝑞 appear by chance, since the 
differences Δ𝑞

𝑘 fluctuate quite randomly as 𝑘 grows above 𝐾 due to 
the existence of random substructures.

2. The magnitudes |Δ𝑞
𝑘| for 𝑘 ≥ 𝐾 tend to remain below a certain bound, 

considerably smaller than the magnitudes observed for 𝑘 < 𝐾.
3. Magnitudes |Δ𝑞

𝑘| similar to those attained just before a random drop 
tend to be observed again shortly after.

4. It is unlikely that a random sharp drop occurs in both Δ1 and Δ2 for 
the same 𝑘 > 𝐾.

Item 1 above entails that the argmax of ratios 𝑅𝑞 may lack robustness as 
an estimator of 𝐾, especially when 𝑘̄ is quite greater than 𝐾 (see Fig. 1 
as well as the behavior of CV in the 𝑘̄ panel of Fig. 3 and Table SM2). 
Items 2 and 3 point out that comparing a certain Δ𝑞

𝑘 with all Δ
𝑞
ℎ such that 

ℎ > 𝑘 can bring in a more robust behavior (see Fig. 1). Item 4 suggests 
that simultaneously considering ratios on both differences can further 
enhance the efficacy of an estimator (see Fig. 2).

To leverage these observations, we define the first and second order 
tail ratios as

𝑇𝑅Δ1
𝑘 =

Δ1
𝑘

maxℎ=𝑘+1,…,𝑘−1 Δ
1
ℎ

, 𝑘 = 1,… , 𝑘 − 3, (12)

𝑇𝑅Δ2
𝑘 =

Δ2
𝑘

minℎ=𝑘+1,…,𝑘−2 Δ
2
ℎ

, 𝑘 = 1,… , 𝑘 − 3, (13)

in such a way that the tail ratio 𝑇𝑅Δ𝑞
𝑘 weighs the difference Δ

𝑞
𝑘 against 

the remaining values Δ𝑞
ℎ in its right tail, i.e., for ℎ > 𝑘. In the case of 

𝑇𝑅Δ1, each Δ1
𝑘 is compared to the maximum value in its tail. A high 

value of 𝑇𝑅Δ1
𝑘 indicates both that a sharp drop in Δ1 is about to occur 

and that the magnitude |Δ1
𝑘| prior to the drop is not reached again. For 

𝑇𝑅Δ2, a similar comparison is made between Δ2
𝑘 and its tail, but here the 

minimum value in the tail is used, since a deceleration in the growth of 
the sequence 𝑆(𝐹 ) is associated with a negative second-order difference. 
Therefore, a high positive value of 𝑇𝑅Δ2

𝑘 typically signals that 𝑆(𝐹 )
is decelerating at 𝑘 + 1 and that no deceleration of similar magnitude 
occurs afterward.

Hence, a high value of either 𝑇𝑅Δ1
𝑘 or 𝑇𝑅Δ2

𝑘 suggests that 𝑘 + 1
may be the correct number of clusters. Preliminary experimental results 
indicate that 𝑇𝑅Δ1 tends to be more reliable than 𝑇𝑅Δ2 (see left panel of 
Fig. 1), and thus a natural first choice for an estimator of 𝐾 would be 𝐾̂ =
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Fig. 1. Example 1: Comparison of the behavior of ratios 𝑅1, 𝑅2 and tail ratios 𝑇𝑅Δ1, 𝑇𝑅Δ2, using 𝐹 = 𝑀𝐶𝐼 and the synthetic Gaussian test data described in 
Section 5.1 (540 datasets, each with a different number of clusters 𝐾, and corresponding sequences 𝑆(𝐹 ) of length 𝑘̄ = 35 obtained via 𝑘-Means). In this example, 
the ratios are set to 100 at 𝑘 = 𝐾 and scaled proportionally for 𝑘 ≠ 𝐾. Left: 95th percentile (interpolation tends to occur at both extremes) of ratio values for each 
difference 𝑘 −𝐾 across the test datasets. Ratios tend to exceed their value at 𝐾 for 𝑘 < 𝐾, specially for the second-order ratios 𝑅2 and 𝑇𝑅Δ2. For 𝑘 > 𝐾, however, 
tail ratios consistently produce smaller values than 100 and also than the corresponding ratios 𝑅1 and 𝑅2. Center: Percentage of test datasets for which each ratio’s 
value at 𝑘 −𝐾 exceeds 100. 𝑇𝑅Δ1 shows a slightly greater tendency than 𝑅1 to underestimate 𝐾, whereas 𝑅1 shows a much stronger tendency to overestimate.
Right: Percentage of test datasets for which the ratios’ argmax estimator is triggered at each 𝑘 −𝐾. The estimator is considerably more accurate for 𝑇𝑅Δ1 than for 
𝑅1, note the value at 𝑘 −𝐾 = 0 on the top broken axis.

𝑎𝑚1 + 1, where 𝑎𝑚1 = argmax𝑘 𝑇𝑅Δ1
𝑘. We refer to this estimator as the 

default estimator (DE). When 𝑎𝑚1 coincides with 𝑎𝑚2 = argmax𝑘 𝑇𝑅Δ2
𝑘, 

the DE gains additional support. Let us refer to the equality 𝑎𝑚1 = 𝑎𝑚2 as 
the combined argmax (CA) condition. However, when CA does not hold, 
due to the DE’s tendency to underestimation (see Fig. 1) it is possible that 
alternative values 𝑘 ≠ 𝑎𝑚1 for which 𝑇𝑅Δ1

𝑘 is relatively high provide a 
more accurate estimate 𝐾̂ = 𝑘 + 1 than DE. We refer to this third case as 
the alternative estimator (AE). The next section addresses how to combine 
and operationalize these three options DE, CA, and AE to produce an 
improved estimator of 𝐾.

4.2.  CRB Method: Exploiting tail ratios for NCE

The CRB method is presented here using the running example in 
Fig. 2 to facilitate understanding and illustrate its features. These exam-
ples use 𝐹 = MCI as the base cohesion measure to also illustrate it, but 
completely similar patterns would have been reached by using 𝐹 = 𝑆𝑆𝐸
instead.

Thus, consider a 2-D dataset 𝑋 such as that shown in Fig. 2(a1), 
with 𝐾 = 4 well-separated clusters. The 𝑘-Means algorithm is applied 
on 𝑋 after standardization, producing a partition 𝑃𝑘 with 𝑘 clusters. 
A coverage vector u𝑘 is obtained from 𝑃𝑘 by using Eq. 10 with 𝐼 =
[0, 1] and 𝑚 = 1. 𝑀𝐶𝐼𝑘 = 𝑀𝐶𝐼(u𝑘) then provides the mean coverage 
of 𝑋 by partition 𝑃𝑘. A sequence 𝑆(𝑀𝐶𝐼) = (𝑀𝐶𝐼𝑘)𝑘𝑘=𝑘 is produced 
by varying 𝑘 between 𝑘 = 1 and a prefixed 𝑘. Figs. 2(b1)-(d1) respec-
tively show the resulting monotonically increasing sequence 𝑆(𝑀𝐶𝐼)
for 𝑘 = 20, the first and second order differences of 𝑆(𝑀𝐶𝐼), and 
the corresponding first and second order tail ratios sequences ob-
tained by Eqs. 12 and 13. Particularly, notice that both 𝑇𝑅Δ1

𝑘 and 
𝑇𝑅Δ2

𝑘 reach their maximum at 𝑘 = 𝑎𝑚1 = 𝑎𝑚2 = 3. Thus, the CA con-
dition holds, and the estimation provided by the DE, 𝐾̂ = 𝑎𝑚1 + 1 =
4, is correct. This combination of CA and DE (to be referred to as 
CA+DE) tends to be highly accurate in datasets with well-separated 
clusters.

However, the more the clusters overlap, the less likely the CA con-
dition holds, and the more likely that the DE underestimates 𝐾 (see 
Figs. 1 and 4). To see how to address this issue, consider first the ex-
ample in Fig. 2(a2)-(b2): Although due to 2 pairs of overlapping clus-
ters the dataset might appear to contain 6 groups, it actually consists 
of 𝐾 = 8 clusters (see the actual centers signaled by red crosses). Notice 
that the CA condition does not hold in this case, and 𝑇𝑅Δ1 reaches its 

maximum at 𝑘 = 5, so the DE would now produce 𝐾̂ = 6 ≠ 𝐾. Neverthe-
less, 𝑇𝑅Δ1 attains a relatively high value at 𝑘 = 7, and thus a correct 
estimation would instead be obtained if the AE is triggered at 𝑘 = 7
providing 𝐾̂ = 𝑘 + 1 = 8 = 𝐾. Consider also the example in Fig. 2(c2)-
(d2): Again, although the dataset may seem to contain just 2 groups, 
it actually features 𝐾 = 5 quite overlapped clusters. In this case, both 
tail ratios reach their maximum at 𝑎𝑚1 = 𝑎𝑚2 = 1, so the CA condi-
tions holds and CA+DE would produce 𝐾̂ = 𝑎𝑚1 + 1 = 2 ≠ 𝐾. However, 
the value of 𝑇𝑅Δ1

𝑎𝑚1  is much lower than in Fig. 2(d1), and 𝑇𝑅Δ1 at-
tains a relatively high value later at 𝑘 = 4, and thus a correct esti-
mation would instead be obtained if the AE is triggered and provides 
𝐾̂ = 𝑘 + 1 = 5 = 𝐾. These examples suggest that a more demanding con-
dition should be added to the CA one, allowing AE to be triggered 
instead of CA+DE when either CA or this more exigent condition is 
not satisfied. Moreover, a further criterion is required to determine 
when the "𝑇𝑅Δ1 attains a relatively high value" premise of the AE is
met.

Therefore, rather than relying on a single estimator to derive 𝐾̂, it 
may be more effective to combine multiple indicators through carefully 
defined conditions. This is the approach in the design of the proposed 
CRB method. In particular, it involves setting thresholds on 𝑇𝑅Δ1 val-
ues to establish minimum evidence levels required to activate each es-
timator. As discussed above, higher 𝑇𝑅Δ1

𝑘 values indicate sharper and 
more definitive decelerations in the cohesion sequence, and can thus 
be interpreted as stronger evidence for the corresponding estimation
𝐾̂ = 𝑘 + 1.

The CRB method is detailed in Algorithm 1. It defines a three-step 
estimation procedure based on two thresholds, 𝛿1 and 𝛿2. First, if the 
CA condition holds and the evidence level 𝑇𝑅Δ1

𝑎𝑚1 > 𝛿1 is met (solid 
red line in Fig. 2), the DE 𝐾̂ = 𝑎𝑚1 + 1 is returned immediately. Sec-
ond, if CA does not hold or the evidence is insufficient, the method 
looks for the largest 𝑘 such that 𝑇𝑅Δ1

𝑘 > 𝛿2 (dotted red line in Fig. 2). 
If such a 𝑘 exists, the AE is used and 𝐾̂ = 𝑘 + 1 is returned. Finally, 
if no 𝑘 satisfies the AE condition, the DE 𝐾̂ = 𝑎𝑚1 + 1 is returned
(see Fig. 2(a3)-(b3)).

The computational or time complexity of Algorithm 1 is practically 
negligible, and similar in any case to the application of any of the ICVIs 
exposed in Section 2. Specifically, the computation of the differences 
Δ1 and Δ2, as well as that of their right-tail maxima and minima can be 
accomplished in a single loop with complexity order 𝑂(𝑘̄). The same ap-
plies to the computation of both tail ratios and the positions of their
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Fig. 2. Example 2: Application of tail ratios to the NCE task using Algorithm 1. 2-D synthetic Gaussian blob datasets were generated as described in Section 4.3.2, 
with blob centers marked by red crosses (blobs correspond to colors). The data is clustered using the 𝑘-Means algorithm with 𝑘 = 20. The solid and dotted red 
lines respectively represent the CRB-MCI thresholds 𝛿1, 𝛿2 in Table 2. Left: (a1) Dataset with 𝐾 = 4, 𝑆𝑡𝑑 = 0.15; (b1) Sequence 𝑆(𝑀𝐶𝐼); (c1) First- and second-order 
differences of 𝑆(𝑀𝐶𝐼), note the logarithmic scale on the y-axis; (d1) Tail ratio sequences 𝑇𝑅Δ1 and 𝑇𝑅Δ2. CA+DE is triggered, producing 𝐾̂ = 4. Center: (a2)-(b2) 
Dataset with 𝐾 = 8, 𝑆𝑡𝑑 = 0.23; CA does not hold, and thus CA+DE is not triggered despite 𝑇𝑅Δ1

𝑎𝑚1 > 𝛿1. Instead, AE is activated, yielding 𝐾̂ = 8; (c2)-(d2) Dataset 
with 𝐾 = 5, 𝑆𝑡𝑑 = 0.34; CA+DE is not triggered because 𝑇𝑅Δ1

1 < 𝛿1. AE then produces 𝐾̂ = 5. Right: (a3)-(b3) Dataset with 𝐾 = 13, 𝑆𝑡𝑑 = 0.5; CA holds, but neither 
CA+DE nor AE are triggered. DE is used instead, producing 𝐾̂ = 13; (c3)-(d3) Flat 𝑆(𝑀𝐶𝐼) of a dataset with 𝐷 = 500, 𝐾 = 4, 𝑆𝑡𝑑 = 0.15; 𝑇𝑅Δ1 values are low, so 
only DE can be used and yields 𝐾̂ = 4 in this case. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)

maxima. When conditions for the application of CA+DE does not 
hold, the consideration of AE again requires 𝑂(𝑘̄) operations. Thus, 
the complexity of Algorithm 1 is just 𝑂(𝑘̄). Besides, when 𝐹 = 𝑆𝑆𝐸
or 𝐹 = 𝑀𝐶𝐼 , the computation of the cohesion sequence 𝑆(𝐹 ) requires 
𝑂(𝑁𝐷𝑘̄ +𝑁𝑘̄) = 𝑂(𝑁𝑘̄𝐷) operations to, first, obtaining the distance (in 
a 𝐷-dimensional space) between each of the 𝑁 objects 𝑥𝑖 and the 
associated centroid 𝑝(𝑖) for each of the 𝑘̄ partitions in the sequence 

𝑃 (𝑋) = (𝑃𝑘)𝑘̄𝑘=1, and secondly computing 𝐹𝑘 (which requires the addition 
of 𝑁 values) for each 𝑘 = 1,… , 𝑘̄. Finally, obtaining 𝑃 (𝑋) requires 𝑂(𝑘̄𝐶)
operations, where 𝐶 denotes the complexity of the considered cluster-
ing algorithm. Typically, the complexity of this last step dominates the 
whole process, but this does not produce any correlative complexity dif-
ference between ICVIs and CRB, as ICVIs also require the computation 
of sequences 𝑃 (𝑋).
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Algorithm 1: Cohesion Rule-Based (CRB) procedure for NCE.
Input:Sequence 𝑆(𝐹 ), thresholds 𝛿1, 𝛿2 > 0, boolean 
F_is_decreasing Output:𝐾̂ Compute sequence Δ1(𝐹 ), the 
first-order difference of 𝑆(𝐹 ) if F_is_decreasing then
Δ1(𝐹 ) = −Δ1(𝐹 );
Compute sequence Δ2(𝐹 ), the first-order difference of Δ1(𝐹 )
Compute sequences 𝑇𝑅Δ1 and 𝑇𝑅Δ2 using Eqs. (12) and (13) 
Compute 𝑎𝑚1 = argmax 𝑇𝑅Δ1 and 𝑎𝑚2 = argmax 𝑇𝑅Δ2 Assign 
𝐾̂ = 𝑎𝑚1 + 1 (DE) if 𝑎𝑚1 = 𝑎𝑚2 and 𝑇𝑅Δ1

𝑎𝑚1 > 𝛿1 then return
𝐾̂ (CA+DE);
else

for 𝑘 = 1 to 𝑘 − 4 do
if 𝑇𝑅Δ1

𝑘 > 𝛿2 then 𝐾̂ = 𝑘 + 1 (AE);
return 𝐾̂

4.3.  Optimizing CRB thresholds

The CRB procedure in Algorithm 1 provides flexibility to apply dif-
ferent estimators of 𝐾 in view of the available evidence, as determined 
by the thresholds 𝛿1 and 𝛿2. Therefore, carefully choosing the value of 
these thresholds is paramount for the effectiveness of CRB. To this aim, 
here an evolutionary optimization approach have been applied based 
on synthetic data.

4.3.1.  Optimization procedure
The specifics of the optimization process are as follows: A training 

and a validation sample, each with 𝑇  synthetic datasets 𝐷𝑡, 𝑡 = 1,… , 𝑇 , 
are generated to feed a genetic algorithm. Each 𝐷𝑡 features a known 
number of clusters 𝐾𝑡 > 1. Next, for each 𝑡, a clustering algorithm al-
lowing to specify the desired number of clusters 𝑘 to be obtained is run 
on 𝐷𝑡, varying 𝑘 from 𝑘 = 1 to a given upper limit ̄𝑘. This produces a se-
quence of partitions (𝑃 𝑡

𝑘)
𝑘̄
𝑘=1. A cohesion measure 𝐹  is then computed on 

each 𝑃 𝑡
𝑘, yielding a cohesion sequence 𝑆𝑡(𝐹 ) = (𝐹 𝑡

𝑘)
𝑘̄
𝑘=1. 𝑆𝑡(𝐹 ) can then be 

input into Algorithm 1, producing for any given choice of 𝛿1 and 𝛿2 an 
estimation 𝐾̂𝑡, which can be compared with 𝐾𝑡. The genetic algorithm 
thus evolves a population of individuals composed of real-coded chro-
mosomes with components 𝛿1 and 𝛿2. The individuals’ fitness is evalu-
ated by a combination of accuracy (𝐴𝑐𝑐) and root mean squared error 
(𝑅𝑀𝑆𝐸),

𝑓 (𝛿1, 𝛿2) = 𝐴𝑐𝑐 − 𝛼 ⋅ 𝑅𝑀𝑆𝐸 = 1
𝑇

𝑇
∑

𝑡=1
(𝐾̂𝑡 = 𝐾𝑡) − 𝛼

(

1
𝑇

𝑇
∑

𝑡=1
(𝐾̂𝑡 −𝐾𝑡)2

)1∕2

(14)

where (𝐾̂𝑡 = 𝐾𝑡) = 1 if 𝐾̂𝑡 = 𝐾𝑡 and 0 otherwise. Parameter 𝛼 determines 
the fitness balance between 𝐴𝑐𝑐 and 𝑅𝑀𝑆𝐸. A population of 𝑝𝑜𝑝 indi-
viduals is randomly initialized and evolved through cxBlend crossover, 
Gaussian mutation, and SPEA2 selection according to individuals’ fitness 
in the training sample. To avoid overfitting and local minima, all indi-
viduals remaining after selection are evaluated in the validation sample, 
the mean validation fitness is computed, and the population is randomly 
restarted each time this mean validation fitness does not improve for 𝑊
consecutive iterations, or when convergence is declared due to the stan-
dard deviation of the selected individuals’ training fitness being lower 
than a certain tolerance 𝜀. The algorithm finishes after 𝑅 restarts or 
𝑛_𝑖𝑡𝑒𝑟 iterations. The returned solution is given by the individual with the 
best validation fitness throughout the whole process. In this work, we 
have used 𝛼 = 10−7, crossover and mutation probabilities of 0.3 and 0.9, 
respectively, 𝑊 = 5, 𝜀 = 10−10, 𝑅 = 30, and 𝑛_𝑖𝑡𝑒𝑟 = 500, although many 
other configurations were also tried5.

5 Specifically, we chose 𝛼 small enough that the 𝑅𝑀𝑆𝐸 component only 
serves to break ties among individuals with the same 𝐴𝑐𝑐. As described in Sec-

Table 1 
Levels of complexity factors used to define the scenarios for synthetic 
dataset generation. Each scenario corresponds to a combination of one 
level from each factor, for a total of 33 = 27 scenarios.
 Factor  K  D  Std
 Levels  2–5, 6–9, 10–25  2, 3–9, 10–50  0.1-0.19, 0.2-0.29, 0.3-0.5

4.3.2.  Synthetic data generation
Before describing the details of the synthetic data generation pro-

cedure, let us remark that the thresholds 𝛿1 and 𝛿2 resulting from this 
optimization process are those that enable the correct estimation of the 
actual number of clusters of the greatest possible amount of training and 
validation datasets. In this sense, it is important to stress that the CRB 
procedure using these thresholds is optimized for the context or condi-
tions defined by the features of the training and validation data fed to 
the genetic algorithm. Therefore, in order to deliver a CRB procedure 
that can adequately perform the NCE task in different, general condi-
tions, the characteristics of the data with which it is fitted have to be 
equally general.

Consequently, the data used to feed the genetic algorithm is com-
posed of synthetic datasets featuring a mix of conditions in terms of the 
complexity factors number of clusters 𝐾, data dimensionality 𝐷, and 
level of cluster overlap, which is controlled through the clusters’ stan-
dard deviation 𝑆𝑡𝑑. A total of 27 = 33 complexity scenarios are obtained 
by crossing the 3 levels defined for each of the 3 factors. These levels 
correspond to the ranges shown in Table 1. 10 datasets are generated 
in each scenario, for a total of 270 datasets, thus gathering an extensive 
sample of clustering problems with different characteristics and com-
plexity.

The generation of the datasets in these 27 scenarios proceeds as fol-
lows: For each dataset of a given scenario, values of 𝐾 and 𝐷 are ran-
domly drawn from the corresponding ranges shown in Table 1. The pa-
rameter 𝑆𝑡𝑑 is however chosen from its range in a uniformly increasing, 
nonrandom manner. For instance, the first dataset generated in a sce-
nario for which 𝑆𝑡𝑑 ∈ [0.1, 0.19] has 𝑆𝑡𝑑 = 0.1, the second 𝑆𝑡𝑑 = 0.11, 
and so on until the tenth, that has 𝑆𝑡𝑑 = 0.19. Then, the centers or means 
of the 𝐾 clusters are located at the center of 𝐾 hypercubes randomly se-
lected without replacement from a grid of 𝐾𝐷 unit-length hypercubes. 
For instance, for 𝐾 = 3 and 𝐷 = 2 this grid is composed of the hy-
percubes [0, 1]2, [0, 1] × [1, 2], [0, 1] × [2, 3], [1, 2] × [0, 1],… , [2, 3]2. Then, 
𝑆𝑡𝑑 times the minimum distance between any pair of the 𝐾 centers is 
taken as the standard deviation of all the clusters’ isotropic Gaussian 
distributions, from which approximately 500∕𝐾 instances are drawn for 
each of the 𝐾 clusters, such that each dataset is composed of 𝑁 = 500
instances. This procedure guarantees separated centers so that the com-
plexity of the NCE task due to the level of clusters overlap can be mod-
ulated through the 𝑆𝑡𝑑 parameter6 (see Fig. 2 for illustrative examples 
of the overlap levels in the generated datasets).

This process is applied to generate independent training and vali-
dation samples with 𝑇 = 270 datasets each. Three clustering algorithms 
are then run on each dataset of both samples to generate sequences of 

tion 4.3.2, the training and validation samples comprise 2430 sequences; thus, 
𝛼 = 10−7 ensures the desired effect, since 1∕2430 ≈ 4E − 4 and 𝑅𝑀𝑆𝐸 < 1E2. 
Similarly, 𝜀 = 10−10 and 𝑊 = 5 provided sufficient exploration of the current op-
timum’s neighborhood before restarts, while 𝑝𝑜𝑝 = 500, 𝑅 = 30, and 𝑛_𝑖𝑡𝑒𝑟 = 500
offered a good balance between exploration and execution time. These parame-
ters were tuned until the training and validation results stabilized across differ-
ent random seeds.
6 As is well known, the probability that a value 𝑥 randomly drawn from a 

𝑁(𝜇, 𝜎) distribution lies within the interval |𝑥 − 𝜇| ≤ 2𝜎 is about 95%. There-
fore, since the distance between the closest centers is defined as one 𝑆𝑡𝑑 unit, 
clusters will tend to be well-separated when 𝑆𝑡𝑑 < 0.2; moderately overlapped 
when 0.2 ≤ 𝑆𝑡𝑑 < 0.3; and quite overlapped when 0.3 ≤ 𝑆𝑡𝑑 < 0.5, though not 
to the point of becoming fully indistinguishable.
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Table 2 
Optimized thresholds 𝛿1 and 𝛿2 of the 
CRB procedure for different cohesion 
measures.

 F 𝛿1 𝛿2

 SSE  10.61968002  2.557468209
 MCI  4.851226028  2.724030522
 MCI2  10.21417873  2.533375136

partitions (𝑃 𝑡
𝑘)

𝑘̄
𝑘=1, 𝑡 = 1,… , 𝑇 : 𝑘-Means, Agglomerative Clustering and 

𝑘-Medoids, applied using their default scikit-learn [39] and scikit-learn-
extra implementations. For each 𝑘, the clusterings provided by 𝑘-Means 
and 𝑘-Medoids are those with the best value of inertia among 10 k-
Means++ initializations, which are shared by both algorithms. All 
datasets are standardized before the application of the clustering algo-
rithms.

Moreover, three choices of the upper limit 𝑘̄ are used to also al-
low adaptation to the effect of different sequence lengths on NCE per-
formance: Since the learning datasets’ number of clusters ranges from 
𝐾 = 2 to 𝐾 = 25, a first choice is a fixed value of 𝑘̄ = 35, that covers all 
datasets and allows a moderate upper tail above the actual 𝐾 for those 
datasets with a higher 𝐾. To consider the effect of extending this tail, 
a second choice sets 𝑘̄ = 50. Finally, an adaptive or variable sequence 
length setting, referred to as ̄𝑘 = 𝑉 𝑎𝑟, is tried, in which for each dataset 
𝑘̄ depends on 𝐾 as follows: if 𝐾 ≤ 5, then 𝑘̄ = 15; else, if 𝐾 ≤ 9, then 
𝑘̄ = 25; otherwise 𝑘̄ = 35. This Var setting reflects a situation in which 
some approximate a priori information exists on the actual 𝐾.

As a result, both the training and validation sample consist of 2430 
(270 datasets × 3 clustering algorithms × 3 upper limits 𝑘̄) different se-
quences (𝑃 𝑡

𝑘)
𝑘̄
𝑘=1. Three cohesion measures 𝐹  are then applied on these 

partitions to produce sequences 𝑆(𝐹 ) that can be input into Algorithm 1: 
SSE, MCI using 𝑚 = 1 in Eq. 10, and MCI using 𝑚 = 2 (referred to as 
MCI2). The boolean 𝐹 _𝑖𝑠_𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 is set to False for MCI and MCI2, 
and True for SSE. Finally, 3 runs of the exposed genetic algorithm are 
carried out, one for each of the considered cohesion measures. The re-
sulting thresholds 𝛿1, 𝛿2 of the corresponding CRB procedures are shown 
in Table 2.

5.  Computational study

This study focuses on assessing the performance of the proposed CRB 
procedures at the NCE task, comparing it to that of a baseline of NCE 
methods. To this aim, three experiments are carried out: A first one an-
alyzes CRB methods’ performance on similar conditions to those consid-
ered in optimizing their thresholds, thus using an extensive test sample 
composed of Gaussian blobs synthetic datasets. The second experiment 
instead evaluates the performance of CRB methods on real-world and 
clustering benchmark synthetic datasets, thus studying their generaliza-
tion ability to different conditions from those to which they were fitted. 
A third experiment is devoted to compare the performance of the CRB 
and the baseline methods on high-dimensional data. Finally, a fourth 
experiment analyzes whether the performance of specialized CRB pro-
cedures can improve on that of the base, reference CRB procedures.

5.1.  Synthetic gaussian datasets

In this experiment, CRB and baseline ICVIs are applied to estimate 
the actual number of clusters 𝐾 of synthetic Gaussian data with sim-
ilar conditions to the training and validation samples on which CRB’s 
thresholds were optimized. To this aim, a test sample is built through 
the same steps described in Section 4.3.2, with the only difference that 
now the number of observations 𝑁 of the datasets is not fixed, but varies 
in 2 levels: 𝑁 = 500 and 𝑁 = 10000. Thus, a total of 54 complexity sce-
narios are obtained crossing the levels of factors 𝐾,𝐷 and 𝑆𝑡𝑑, given 
in Table 1, and those of 𝑁 . As above, 10 Gaussian blobs datasets are 

generated in each scenario, for a total of 𝑇 = 540 datasets. Of course, a 
different random seed is used so that a test sample totally independent 
from the training and validation samples described above is obtained.

Sequences of partitions with 3 different lengths 𝑘̄ = 𝑉 𝑎𝑟, 35, 50 are 
then obtained by applying the Agglomerative Clustering, 𝑘-Means, and 
𝑘-Medoids algorithms on this test sample, with the same considerations 
as in Section 4.3.2. Notice that when using the Euclidean distance, these 
algorithms tend to provide spherical clusters that are more or less well-
represented by their centroids, although differences on the resulting 
clusterings and such a goodness of representation are expected due to 
the particularities of each algorithm. This allows studying the perfor-
mance of NCE methods under different conditions of prototype validity 
of the clusters’ centroids, while still providing approximately spherical 
solutions matching the methods’ assumptions. We consider only shallow 
clustering algorithms since the application of deep algorithms (see e.g. 
[37]) to generate the sequence of partitions would not produce any dif-
ference in the comparative assessment of the NCE methods’ performance 
in relation with shallow algorithms.

Thus, a total of 4860 (540 datasets × 3 algorithms × 3 lengths) par-
tition sequences are obtained, on which NCE methods are applied to 
estimate 𝐾. The considered baseline ICVIs are the 8 indices exposed in 
Section 2 plus the correlation-based index NCI [10]. Three CRB estima-
tors are applied using Algorithm 1, corresponding to the cohesion mea-
sures 𝐹 = 𝑆𝑆𝐸,𝑀𝐶𝐼,𝑀𝐶𝐼2 and the respective thresholds in Table 2. 
The application of any of these methods produces an estimation 𝐾̂ for 
each sequence. The estimators’ performance is then assessed by measur-
ing the percentage of sequences %Acc for which 𝐾̂ coincides with the 
actual number of clusters 𝐾.

Table 3 shows the resulting %Acc across the 4860 sequences of the 
test sample. Due to this relatively high number of sequences and the 
variety of conditions under which they are produced, this %Acc should 
constitute a considerably robust estimator of each method’s NCE per-
formance. Then, a first observation is that the 3 CRB methods, i.e. SSE, 
MCI and MCI2, obtain a rather clear superior performance to that of 
the baseline ICVIs: CRB methods correctly estimate 𝐾 for at least 4% 
more sequences in absolute terms than BIC, the best performing base-
line ICVI. In turn, MCI leads within CRB methods, with roughly a 2% 
improvement on SSE and MCI2, and a 6% on BIC, which corresponds to 
308 correctly estimated sequences more. Besides, let us stress that tail 
ratios-based CRB methods attain around a 10% improvement on the 𝑅1

ratio-based CV estimator, further supporting the performance difference 
exposed in Fig. 1. Finally, notice also that the six best performing meth-
ods in Table 3, i.e. BIC, CV, VLR, SSE, MCI and MCI2, do only consider 
a cluster cohesion component, in contrast with CH, DB, SC, TS and TCR, 
which also incorporate a separation one.

It is possible to assess the statistical significance of these seemingly 
different performances by applying nonparametric statistical tests (see 
[38]). To this aim, the 4860 test sequences are grouped into the 54 
complexity scenarios from which the corresponding test datasets were 
drawn, with 90 sequences (10 datasets × 3 algorithms × 3 sequence 
lengths) in each scenario. In this way, scenarios can be regarded as 
blocks of similar experimental conditions, so that the omnibus Friedman 
test7, a non-parametric equivalent of two-way ANOVA, can be applied 

7 The Friedman test, as well as the subsequent post-hoc Holm’s test, is based on 
translating the %Acc performances of the estimators at each scenario into ranks, 
in such a way that the worst performing index obtains rank 1, the second-worst 
gets rank 2, and so on until the best performing one is reached, which would 
obtain rank 10 in the absence of ties. Average ranks are assigned in case of 
ties (e.g. if exactly two estimators are tied as the best ones in a given scenario, 
both get rank 9.5 at that scenario). Next, the mean rank across all scenarios 
is computed for each estimator. The null hypothesis of similar performance of 
the compared methods, under which the corresponding mean ranks should tend 
to be equal, can then be tested using the Iman-Davenport test statistic and the 
associated p-value.
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Table 3 
Aggregated NCE performance on the synthetic Gaussian dataset test sample for the three CRB methods (SSE, 
MCI, and MCI2) and the baseline ICVIs, expressed as percent accuracy %Acc over the 4860 test sequences. 
Best result is bolded.
 CH  DB  SC  TS  BIC  CV  VLR  TCR  NCI  SSE  MCI  MCI2
 61.81  36.32  44.63  30.12  72.24  67.63  68.87  26.73  41.44  76.56  78.58  76.65

Table 4 
Analysis of ranks and %Acc performances on the 54 test scenarios spanning different complexity factors conditions 
(see Table SM1 of the Supplementary Materials file for the detailed %Acc results by scenario). The associated non-
parametric Friedman test is highly significant (F-distributed Iman-Davenport statistic is 78.50 with 11 and 583 d.f., 
𝑝 < 1.11E-16). Best results per row are bolded.

 CH  DB  SC  TS  BIC  CV  VLR  TCR  NCI  SSE  MCI  MCI2
 Mean Rank  6.85  3.79  5.26  2.83  8.76  7.29  7.95  2.33  3.91  9.25  10.4  9.42
 # Top Rank  18  2  5  0  20  6  18  0  0  20  35  21
 # Top Rank (No Tie)  4  0  0  0  2  1  2  0  0  0  10  1
 Median %Acc.  78.3  27.2  36.7  21.7  78.3  72.8  80  18.9  36.1  85.6  90  85
 %Acc. IQR  74.1  50.8  57.5  48.6  49.2  47.8  54.2  45.9  42.2  40  41.7  40

using the NCE methods as treatments, and the scenario-level %Acc of 
each method (across the corresponding 90 sequences) as responses.

As Table 4 shows, the result of the Friedman test is highly significant 
(𝑝 ≈ 0) and allows concluding that there are performance differences be-
tween the 12 compared methods. Indeed, the three CRB methods obtain 
the highest mean ranks, and particularly MCI achieves the top perfor-
mance in 35 of the 54 scenarios, with no ties in 10 of them, and attains 
a %Acc greater or equal than 90% in at least half of the scenarios. For 
comparison, BIC, the best performing baseline ICVI in Table 3, achieves 
the top position in 20 scenarios, leading outright in only 2 of them and 
obtaining a median %Acc of 78%. Interestingly, CH leads with no ties in 
4 scenarios and obtains the same median as BIC, despite its mean rank 
being quite lower than that of BIC. This suggests that quite abrupt dif-
ferences in the performance of CH occur along the different complexity 
conditions, which is corroborated by its %Acc IQR, by far the great-
est among all methods. On the other extreme, SSE and MCI2 exhibit 
the lowest %Acc ICR, pointing to a robust performance under different 
complexity conditions. Moreover, as above, methods considering both 
cohesion and separation components (SC, CH, DB, TS, TCR) obtain lower 
mean ranks than those only including a cohesion component (CRB, BIC, 
VLR, CV).

Post-hoc tests based on the above mean ranks are then conducted 
to check for significant pairwise differences in relation to MCI’s perfor-
mance, using the Holm’s adjustment of p-values to control the experi-
mentwise Type I error probability. Table 5 shows the result of these tests, 
allowing us to conclude that, at least in the context of Gaussian data, 
MCI achieves a significantly better NCE performance than all baseline 
ICVIs at significance level 𝛼 = 0.01, except for BIC, for which signifi-
cance is achived with 𝛼 = 0.1. Differences between MCI and the other 2 
CRB methods (SSE and MCI2) are not significant.

As just mentioned, some differences seem to exist in the robustness of 
the compared methods performance under variations of the test datasets 
complexity conditions. Fig. 3 allows delving into this matter with more 
detail, taking advantage of the factorial design of the test data. Several 
observations arise from these factor-level results:

• Sequence lengths ̄𝑘 seem to have little or no influence on the methods 
performance, except for NCI, TCR and CV. This last suffers a clear 
decline as ̄𝑘 grows, further exposing the lack of robustness of the 𝑅1

ratio mentioned in Fig. 1. Instead, CRB methods based on tail ratios 
present a stable behavior.

• The varying validity of centroids as cluster representatives, which 
depends on the choice of clustering algorithm, affects the methods 
performance in quite different ways. On one hand, all methods ex-
cept CH obtain their worst result with 𝑘-Medoids, although the drop 
observed at this algorithm for CRB methods, CV and NCI is more 

Table 5 
Statistics 𝑍, p-values and Holm’s adjusted p-values for 
the pairwise comparisons of MCI versus the rest of con-
sidered NCE estimators, using average ranks computed 
by %Acc (see Table 4). Both p-values and adjusted p-
values are superscripted when significant at the signif-
icance levels 0.1∗, 0.05∗∗ and 0.01∗∗∗.

 Comparison  Z  p-value  Adj. p-value
 MCI vs TCR  11.57 0∗∗∗ 0∗∗∗

 MCI vs TS  10.85 0∗∗∗ 0∗∗∗

 MCI vs DB  9.47 0∗∗∗ 0∗∗∗

 MCI vs NCI  9.30 0∗∗∗ 0∗∗∗

 MCI vs SC  7.35  1.95E−13∗∗∗  1.36E−12∗∗∗
 MCI vs CH  5.06  4.25E−07∗∗∗  4.70E−05∗∗∗
 MCI vs CV  4.43  9.41E−06∗∗∗  4.71E−05∗∗∗
 MCI vs VLR  3.46 .00052∗∗∗ .00209∗∗∗

 MCI vs BIC  2.31 .02097∗∗ .06291∗

 MCI vs SSE  1.60  0.10931  0.21862
 MCI vs MCI2  1.36  0.17349  0.21863

pronounced. On the other hand, all methods obtain their best result 
with 𝑘-Means, except CH, and NCI and CV, which respectively obtain 
it with 𝑘-Medoids and Agglomerative Clustering.

• The data dimensionality 𝐷 strongly impacts all methods’ perfor-
mance, very unevenly in this case: CRB methods, BIC and CV slightly 
improve when going from 𝐷 = 2 to 𝐷 ∈ [3, 9], and then worsen in 
higher dimensional datasets; however, TS, TCR, DB and SC instead 
show a consistent improvement as 𝐷 grows, while CH, NCI and VLR 
show the opposite trend, specially CH, which goes from being the 
best estimator for 2D data to being the second-worst one (after NCI) 
when 𝐷 ∈ [10, 50].

• The effect of the number of clusters 𝐾 is less pronounced, although 
the performance of some methods such as TS, DB and SC clearly 
deteriorates as 𝐾 grows. CRB methods show a slight decline instead, 
and a distinct lead for low 𝐾. Remarkably, the performance of NCI 
consistently improves with 𝐾.

• An increase in dataset sizes 𝑁 tends to positively affect all methods, 
particularly CRB ones, with MCI, CV and TS being the most benefited 
estimators.

• Clusters overlap appears as the single most influential complexity 
factor: all methods performance worsens sharply as 𝑆𝑡𝑑 grows, al-
though that of SSE, MCI2, TS and to some extent also DB seems to 
deteriorate at a slower rate. Notably, CRB methods, specially SSE 
and MCI2, stand out for their leading ability to estimate 𝐾 in the 
presence of highly overlapped clusters.
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Fig. 3. %Acc performances of the NCE methods by level of the complexity factors data dimensionality 𝐷, number of clusters 𝐾, cluster size 𝑁 , clusters overlap 𝑆𝑡𝑑, 
clustering algorithm and sequence length 𝑘̄. Results across 1620 (4860 / 3 levels) sequences are averaged for each level. SSE results overlap with those of MCI2. 
Except for 𝐷 = 2, CRB methods (SSE, MCI, MCI2) outperform all baseline ICVIs in all considered conditions. Detailed results can be seen in Tables SM2-SM7 of the 
Supplementary Materials file.

Fig. 4. Test sample NCE performance conditional to activation (solid lines, left axis) and frequency of activation (dashed lines, right axis) of the three estimators 
CA+DE, AE and DE combined in Algorithm 1 for the CRB methods using either SSE, MCI or MCI2 as base cohesion measure, across varying cluster overlap levels 
𝑆𝑡𝑑.

• CRB methods outperform all baseline ICVIs at virtually all levels of 
all complexity factors.

Furthermore, the performance of CRB appears to be quite robust 
also across different base cohesion measures 𝐹 . Although MCI achieves 
somewhat better results than SSE and MCI2 in this Gaussian test sam-
ple, the performance variation between the former and the latter ones is 
rather small. These differences can nonetheless be attributed to the di-
verse activation frequencies and accuracy rates attained, for each 𝐹 , by 
the three CRB estimators CA+DE, AE and DE, as shown in Fig. 4. The 
highly accurate CA-DE activates more frequently in the case of MCI, 
while SSE and MCI2 rely more on the moderately accurate AE, even in 
the case of highly overlapped clusters. In turn, for high 𝑆𝑡𝑑 MCI compen-
sates the smaller activation rate of the AE resorting to the less accurate 
DE and keeping an excellent accuracy of CA-DE, which explains its only 
slightly inferior performance for overlapped clusters in comparison to 
SSE and MCI2.

5.2.  Real-world and synthetic benchmark datasets

The test data used above replicate the characteristics of the data em-
ployed to optimize the CRB thresholds 𝛿1 and 𝛿2. Now, real-world and 
clustering benchmark synthetic datasets fully unrelated to those train-
ing conditions are considered as test data, while we still apply the CRB 
methods derived from the thresholds in Table 2. The 𝑇 = 40 datasets 
that compose this new test sample are presented in Table 6. Synthetic 
datasets in this sample span a wide range of cluster structure complexity 
conditions: anisotropy, noisy data, imbalanced clusters, varying densi-
ties, presence of outliers and shapes. Certain datasets combine several 
of these conditions at the same time.

Regarding the configuration of this experiment, the same considera-
tions as in the previous section apply, with three exceptions: First, now 
only the 𝑘-Means algorithm is used to partition the data, since the effect 
of the different algorithms has already been assessed, and most ICVIS 
obtained their best results with 𝑘-Means; furthermore, the consideration 
of a new NCE baseline method, see below, also influences this choice. 
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Table 6 
Real-world and synthetic clustering benchmark datasets, with their number of clusters 𝐾, dimension-
ality 𝐷 and size 𝑁 . Superscripts in the Dataset column indicates the dataset origin: 1 = [39]; 2 = 
[40]; 3 = [41]. Column Type refers to the typology of the datasets in terms of their clusters’ structure 
complexity condition: A = anisotropy; D = varying density; I = size imbalance; N = noise; O = 
outliers; R = real-world; S = shapes.
 Dataset  K  D  N  Type  Dataset  K  D  N  Type
 aniso1  3  2  500  A  aml283  5  2  804  O, I
 varied1  3  2  500  D  balance2  3  4  625  R
 cure-t0-2000n-2D3  3  2  2000  D, I  breast2  2  9  277  R
 dpb3  6  2  4000  D, I  bupa2  2  6  345  R
 dpc3  6  2  1000  D, I  cleveland2  5  13  297  R
 2d-10c3  9  2  2990  D, I, A  digits1  10  64  1797  R
 2d-4c3  4  2  1261  D, I, A  ecoli2  8  7  336  R
 2d-4c-no43  4  2  863  D, I, A  glass2  7  9  214  R
 2d-4c-no93  4  2  876  D, I, A  ionosphere2  2  33  351  R
 sizes13  4  2  1000  I  iris2  3  4  150  R
 sizes23  4  2  1000  I  led7digit2  10  7  500  R
 sizes33  4  2  1000  I  pima2  2  8  768  R
 sizes43  4  2  1000  I  sonar2  2  60  208  R
 sizes53  4  2  1000  I  vowel2  11  13  990  R
 2d-3c-no1233  3  2  715  I, A  wdbc2  2  30  569  R
 zelnik23  2  2  303  N  wine2  3  13  178  R
 zelnik43  4  2  622  N  yeast2  10  8  1484  R
 cure-t2-4k3  5  2  4200  N, D  olivetti-faces1  40  4096  400  R
 cluto-t8.8k3  8  2  8000  N, D, I, S  circles1  2  2  500  S
 2d-20c-no03  20  2  1517  O, D, I, A  moons1  2  2  500  S

Table 7 
NCE performance by clustering structure complexity condition, measured by %Acc across those datasets in Table 6 featuring 
each condition (the number of averaged results is shown between parentheses next to each condition label). Global %Acc 
and RMSE across all datasets is reported at the bottom part of the table. Time refers to average run time expressed in seconds 
per dataset, including the ̄𝑘 = 50 executions of 𝑘-Means. Best results per row are bolded.
 Condition  reval  CH  DB  SC  TS  BIC  CV  VLR  TCR  NCI  SSE  MCI  MCI2
 Anisotropy (6)  50  0  66.7  66.7  16.7  0  16.7  0  33.3  0  50  33.3  50
 Density (11)  36.4  0  45.5  36.4  9.1  0  0  0  18.2  0  54.5  27.3  54.5
 Imbalance (16)  31.3  12.5  62.5  50  12.5  37.5  6.3  12.5  37.5  0  50  25  50
 Noise (4)  0  0  25  0  0  0  0  0  0  0  25  50  50
 Outliers (2)  0  0  50  0  0  50  0  0  0  0  0  0  0
 Shapes (3)  33.3  0  0  0  0  0  0  0  0  33.3  33.3  33.3  33.3
 Real-World (17)  29.4  35.3  11.8  35.3  41.2  0  11.8  0  5.9  11.8  41.2  29.4  29.4
 %Acc  35  20  35  42.5  27.5  15  10  5  22.5  7.5  47.5  27.5  40
 RMSE  4.6  23.4  24.7  12.6  9.1  23.2  24.7  25.1  20.2  26.8  5.7  12.3  4.7
 Time  3343  1.16  1.57  4.05  1.5  1.1  1.07  1.08  1.1  6.39  1.07  1.13  1.15

Second, only sequences of length 𝑘̄ = 50 are formed now, as the effect 
of this parameter has been shown to be scarcely relevant, at least for 
CRB methods, and the inclusion of a dataset with 𝐾 = 40 clusters makes 
it unfeasible to consider 𝑘̄ = 𝑉 𝑎𝑟 or 𝑘̄ = 35 sequence lengths. Third, an 
stability-based NCE method, reval [28], is added to the previous bench-
mark of ICVIs. This method could not be used in the previous experi-
ment because its available implementation does not enable the usage of 
𝑘-Medoids, and also because its time complexity made it unfeasible to 
recurrently apply it on datasets with 𝑁 = 10000.

Aggregated results of the ICVIs, reval, and CRB methods in this test 
sample-both by cluster structure condition and globally-are presented in 
Table 7. Detailed results by dataset are provided in Table SM8. Remark-
ably, some indices that performed poorly on the previous Gaussian data, 
such as DB, SC, and TS, now show leading results under diverse condi-
tions including anisotropy, imbalanced clusters, and real-world data, 
as well as relatively moderate (DB, TS) or high (SC) global %Acc rates. 
Conversely, cohesion-based ICVIs that performed well on Gaussian data, 
such as BIC, CV, and VLR, now yield rather poor results. Notably, this 
trend does not apply to the CRB methods-especially SSE and MCI2-which 
instead exhibit consistently good performance across almost all condi-
tions, achieving leading results for several condition such as varying 
densities, noisy clusters, complex shapes and real-world data. In par-
ticular, SSE attains the best global %Acc rate, correctly identifying the 

actual number of clusters for almost half of the datasets in the sam-
ple, despite its complexity and broad range of conditions. Nonetheless, 
Table 7 also highlights potential limitations of the CRB methods, partic-
ularly for data with imbalanced clusters or clusters containing outliers. 
In the latter case, however, the results may be inconclusive due to the 
small number of averaged instances (just 2). Furthermore, as indicated 
by the global RMSE values, even when incorrect, CRB methods tend to 
produce estimates of 𝐾̂ much closer to the actual 𝐾 than most methods, 
which often overestimate it substantially (see also Table SM8). Indeed, 
only reval achieves a smaller RMSE than SSE and MCI2, although the 
difference with the latter is negligible, while reval attains a lower global 
%Acc and requires roughly three orders of magnitude longer execution 
times. In this regard, the observed runtimes of the CRB methods are 
relatively lower than, or comparable to, those of most ICVIs, consistent 
with the discussion of the computational complexity of Algorithm 1 in 
Section 4.2.

5.3.  High-dimensional synthetic gaussian data

In this section, we explore the performance of CRB methods rela-
tive to the baseline under high-dimensional (HD) conditions. To assess 
the HD capabilities of the NCE methods using controlled data suitable 
for clustering-and consistent with the isotropy assumption of both ICVIs 
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Fig. 5. Accuracy rates (solid lines, left axis) and frequency of activation (dashed lines, right axis) of the CRB-MCI2 estimators on the HD test sample across levels of 
dimensionality 𝐷, cluster overlap 𝑆𝑡𝑑, number of clusters 𝐾 and clustering algorithm.

Fig. 6. High-dimensional test %Acc performances of NCE methods by level of the complexity factors data dimensionality 𝐷, number of clusters 𝐾 and clusters 
overlap 𝑆𝑡𝑑. Results across 810 (2430 / 3 levels) sequences are averaged for each level. Results of SSE and MCI2 superpose, and outperform all baseline ICVIs in 
nearly all considered conditions. Detailed results can be seen in Tables SM9-SM13 of the Supplementary Materials file.

and clustering algorithms-we generate a new test sample from synthetic 
Gaussian blob datasets following the same procedure as in Section 5.1, 
with two exceptions: 1) The ranges of the complexity factors in Table 1 
are modified as follows: the third level of the 𝐾 factor is now 10-15 
instead of 10-25; 𝑆𝑡𝑑 uniformly varies over the ranges 0.1-0.145, 0.15-
0.195, and 0.2-0.25; and, most importantly, the datasets’ dimensional-
ity 𝐷 is fixed at 𝐷 = 200, 500, and 1000. 2) Only 𝑁 = 500 datasets are 
used. As before, 10 datasets are generated for each of the 27 scenar-
ios resulting from all combinations of the three factors, yielding a total 
of 𝑇 = 270 datasets and 2430 test sequences (𝑃 𝑡

𝑘)
𝑘̄
𝑘=1 after applying 𝑘-

Means, Agglomerative Clustering, and 𝑘-Medoids with 𝑘̄ = Var, 35, 50. 
It is worth noting that this test sample constitutes a highly complex 
NCE benchmark due to the absence of dimensionality reduction or data 
representation techniques, and because the clustering algorithms used 
are known to struggle in producing cohesive partitions under HD con-
ditions. Scenarios with high values of 𝐷,𝐾, and 𝑆𝑡𝑑 pose particularly 
challenging conditions.

The baseline of NCE methods for this experiment consists of the same 
9 ICVIs as in Section 5.1, since the available implementation of reval 
does not support the use of the 𝑘-Medoids algorithm. Due to their re-
liance on cohesion and/or separation components, all baseline methods 
can be expected to find strong difficulties in the exposed test sample be-
cause of the uniformization of distances caused by the curse of dimen-
sionality. CRB methods are no exception. As shown in Figs. 2(c3)-(d3), 
under HD conditions the base cohesion sequences 𝑆(𝐹 ) used by CRB 
tend to be nearly flat across the partitions produced by the clustering 
algorithm. Consequently, 𝑇𝑅Δ1 values are uniformly low, making it dif-
ficult to trigger the CA+DE and AE and reducing the accuracy of the 
DE. This situation worsens as dimensionality increases, or as the number 
of clusters and their overlap level grow, as shown in Fig. 5. It is worth 
emphasizing that CRB’s performance degradation is also related to the 
impact of dimensionality on clustering algorithms, and variations in that 
impact influence the severity of this degradation. Indeed, the same fig-

ure shows that 𝑇𝑅Δ1 sequences with lower values (and thus lower AE 
activation frequency) but maxima more aligned with the true number of 
clusters 𝐾 (and thus more accurate AE and DE estimates) are obtained 
with Agglomerative Clustering than with 𝑘-Means, while 𝑘-Medoids pro-
duces even lower 𝑇𝑅Δ1 values and the weakest correlations between its 
maxima and 𝐾.

Table 8 shows that, consistent with these observations and the dif-
ficulty of this HD NCE benchmark, all considered methods achieve 
rather modest performance in absolute terms, with global %Acc rates 
not exceeding 40%. Although most methods-except CH, TCR, and NCI-
show competitive results in the least complex condition (𝐷 = 200, 𝐾 ≤
5, 𝑆𝑡𝑑 < 0.15), performance tends to drop sharply as dimensionality, 
number of clusters, or overlap increase, due to the compounding effects 
of the curse of dimensionality and inter-cluster blending. Nonetheless, 
while the performance of CRB methods also tends to decline, SSE and 
MCI2 stand out for their consistency and resilience across increasing 
complexity, whereas all other methods-except perhaps SC-degrade more 
rapidly. Indeed, as shown in Fig. 6, both SSE and MCI2 consistently rank 
among the top performers across all scenarios, particularly for medium 
ranges of 𝐾 and moderate to severe overlap, demonstrating robustness 
compared to most baseline methods.

5.4.  Specialized CRB procedures

The experiment described in this section aims to explore and il-
lustrate the possibility of devising specialized CRB procedures, that is, 
specifically fitted to operate under particular conditions rather than un-
der general ones. As mentioned in Section 4.3.2, the scope of CRB is 
determined by the characteristics of the training and validation sam-
ples used to optimize the thresholds 𝛿1 and 𝛿2. Therefore, specialized 
CRB procedures are to be derived by carrying out such optimization on 
data with specific conditions. These more specific conditions may al-
low the optimization process to find thresholds that provide a better 
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Fig. 7. Test performance improvement rates enabled by specialized CRB procedures fitted only considering specific sequence lengths 𝑘̄, clustering algorithms and 
levels of the complexity factors 𝐷,𝐾 and 𝑆𝑡𝑑. The reported %Variation is obtained as the relative difference between the %Acc of specialized (Sp) and reference (Ref) 
CRB procedures, i.e. %Variation = 100 ⋅ (%Acc𝑆𝑝 −%Acc𝑅𝑒𝑓 )∕%Acc𝑅𝑒𝑓 . Most rates are positive, thus indicating the potential of specialized procedures to enhance the 
performance of reference procedures under specific conditions. Detailed results can be found in Tables SM14-SM18 at the Supplementary Materials file.

Table 8 
Detailed %Acc performance of the NCE methods across the 27 complexity scenarios of the high-dimensional synthetic Gaus-
sian test sample. Each scenario is described by its unique combination of levels or ranges of the complexity factors number 
of clusters 𝐾, data dimensionality 𝐷 and clusters overlap 𝑆𝑡𝑑. At the top part of the table, each %Acc value averages per-
formance across 90 sequences. Global %Acc at the bottom part presents the overall accuracy across the whole test sample 
(2430 sequences). Best results per row are bolded.
 D  K  Std  CH  DB  SC  TS  BIC  CV  VLR  TCR  NCI  SSE  MCI  MCI2
 200  2–5  0.1-.15  46.7  84.4  96.7  93.3  93.3  85.6  90  46.7  32.2  90  91.1  90
 200  2–5  0.15-.2  50  25.6  76.7  61.1  70  71.1  53.3  7.8  25.6  82.2  83.3  83.3
 200  2–5  0.2-.25  36.7  4.4  62.2  18.9  23.3  53.3  3.3  0  18.9  65.6  55.6  66.7
 200  6–9  0.1-.15  20  68.9  83.3  81.1  73.3  78.9  46.7  41.1  28.9  80  76.7  80
 200  6–9  0.15-.2  0  12.2  56.7  34.4  10  57.8  0  1.1  13.3  67.8  58.9  67.8
 200  6–9  0.2-.25  0  0  20  10  0  20  0  0  6.7  38.9  23.33  38.9
 200  10–15  0.1-.15  13.3  42.2  60  46.7  36.7  53.3  20  30  13.3  57.8  62.2  57.8
 200  10–15  0.15-.2  0  0  6.7  3.3  0  13.3  0  0  0  13.3  13.3  13.3
 200  10–15  0.2-.25  0  0  0  0  0  10  0  0  0  4.4  1.1  4.4
 500  2–5  0.1-.15  10  30  80  65.6  50  70  20  12.2  20  73.3  64.4  73.3
 500  2–5  0.15-.2  13.33  2.22  46.7  18.9  13.3  53.3  0  0  10  63.3  45.6  63.3
 500  2–5  0.2-.25  16.67  0  23.3  2.2  0  23.3  0  1.1  8.9  24.4  21.1  24.4
 500  6–9  0.1-.15  3.33  10  53.3  34.4  23.3  53.3  0  1.1  6.7  54.4  46.7  54.4
 500  6–9  0.15-.2  0  0  13.3  3.3  0  16.7  0  0  5.6  24.4  14.4  24.4
 500  6–9  0.2-.25  0  0  0  0  0  6.7  0  0  3.3  0  0  0
 500  10–15  0.1-.15  0  4.4  35.6  12.2  0  40  0  0  10  36.7  30  36.7
 500  10–15  0.15-.2  0  0  0  0  0  0  0  0  3.3  0  5.6  0
 500  10–15  0.2-.25  0  0  0  0  0  0  0  0  3.3  3.3  0  3.3
 1000  2–5  0.1-.15  36.7  8.9  83.3  35.6  20  72.2  6.7  0  25.6  74.4  51.1  74.4
 1000  2–5  0.15-.2  43.3  0  46.7  2.2  0  51.1  0  0  13.3  48.9  37.8  48.9
 1000  2–5  0.2-.25  30  0  28.9  0  0  26.7  0  0  8.9  27.8  20  28.9
 1000  6–9  0.1-.15  3.3  0  26.7  3.3  0  28.9  0  0  6.7  34.4  28.9  31.1
 1000  6–9  0.15-.2  0  0  0  0  0  7.8  0  0  2.2  7.8  6.7  7.8
 1000  6–9  0.2-.25  0  0  0  0  0  0  0  1.1  1.1  0  1.1  0
 1000  10–15  0.1-.15  0  0  10  0  0  20  0  0  5.6  20  16.7  20
 1000  10–15  0.15-.2  0  0  0  0  0  0  0  0  3.3  0  0  0
 1000  10–15  0.2-.25  0  0  0  0  0  0  0  0  3.3  0  0  0
 Global %Acc  12  10.9  33.7  19.5  15.3  33.8  8.9  5.3  10.4  36.8  31.7  36.8

fitness, once these are freed from the need of establishing a trade-off 
between accurately estimating 𝐾 in sequences with a certain condition, 
say a high 𝑆𝑡𝑑, and in sequences with a different condition, say a low 
𝑆𝑡𝑑. However, it may also be the case that the balance found in general 
conditions cannot be improved under those more specific conditions, or 
that such an improvement leads to overfit.

The experiment proceeds by repeatedly applying the optimization 
process exposed in Section 4.3.1, each time using the training and val-
idation samples described in Section 4.3.2 filtered by specific levels 
of factors 𝐾,𝐷, 𝑆𝑡𝑑, clustering algorithm, and 𝑘̄. For example, opti-
mization is run first on the 810 sequences with 𝐾 ∈ [2, 5], then with 
𝐾 ∈ [6, 9], 𝐾 ∈ [10, 25], 𝐷 = 2, etc. Each run yields a pair of specialized 
thresholds 𝛿1, 𝛿2, and the corresponding specialized CRB procedure is 

then applied on the test sample used in Section 5.1, similarly restricted 
to the 1620 sequences (now with both 𝑁 = 500 and 𝑁 = 10000 datasets) 
meeting the same filter. In all other matters this experiment follows 
the setup in Section 5.1. Finally, the resulting %Acc is computed and 
compared to that obtained on the same sample using the general CRB 
thresholds from Table 2 (i.e., %Acc values shown in Fig. 3 and Tables 
SM2-SM7).

The results of this experiment are presented in Fig. 7. Notice that 
most of the reported relative %Acc variations between the specialized 
and reference CRB procedures are positive. This indicates that special-
ized CRB procedures generally perform better than reference CRB ones 
under the specific conditions to which the former were fitted. How-
ever, this improvement is uneven across the different factors and levels.
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Indeed, in some cases, the variation rates are quite small or even nega-
tive, either signaling conditions already prioritized in the balance of the 
general optimization, so that little or no room for improvement could 
be found, or for which the improvement found leads to overfit. For in-
stance, sequence lengths 𝑘̄ were assessed in Section 5.1 as having little 
impact on CRB methods’ performance, and thus it is plausible that spe-
cialization on certain 𝑘̄ can only render a small improvement, if any. 
On the other extreme, clusters overlap, determined by factor 𝑆𝑡𝑑, was 
assessed as highly influential, and thus specialization may provide rel-
evant improvements. These examples allow explaining the behavior of 
variation rates in the respective cases of Fig. 7. In the case of 𝑆𝑡𝑑, partic-
ularly, the differences in the rates behavior between SSE and MCI2, on 
the one hand, and MCI, on the other hand, can be attributed to the dif-
ferent trade-offs reached when fitting the respective base procedures: 
a balanced one in the case of SSE and MCI2, and one prioritizing se-
quences with 𝑆𝑡𝑑 ∈ [0.1, 0.29] in the case of MCI.

6.  Conclusions

Several conclusions can be drawn from this work. Firstly, the no-
tion of covering and its quantification through covering indexes provide 
an operative, positively defined, and scale-invariant alternative to SSE 
for measuring cluster cohesion. Moreover, tail ratios offer more robust 
and accurate indicators of the correct number of clusters than standard 
difference ratios. In turn, the CRB procedure, which layers three dif-
ferent estimators within a rule-based framework, enables the effective 
exploitation of tail ratios, further enhancing their benefits. Importantly, 
CRB thresholds optimized on synthetic data spanning a wide spectrum of 
dataset and cluster conditions yield robust and competitive NCE perfor-
mance that generalizes beyond the training conditions to substantially 
different settings and across various cohesion measures. Indeed, while 
the results presented in Section 5.1 show that CRB methods outperform, 
with statistical significance, all baseline ICVIs across the range of con-
ditions used in their training set, the results in Section 5.2 demonstrate 
that CRB methods can successfully generalize to markedly different sce-
narios, achieving competitive and consistent performance on both real-
world and synthetic data across a wide range of cluster structure com-
plexities not included in their training set. To some extent, this also 
extends to HD data, where CRB performance deteriorates but still sur-
passes that of most baseline ICVIs, as shown in Section 5.3. Beyond this 
expected decline under HD conditions, the experimental results also re-
veal that CRB methods may show limitations or reduced accuracy in 
certain clustering contexts, such as anisotropic data, imbalanced clus-
ters, and datasets with outliers. Finally, possibly the most relevant and 
promising contribution of the CRB framework is its ability to produce 
specialized NCE procedures tailored to specific clustering scenarios, e.g. 
highly overlapped clusters, as evidenced by the results in Section 5.4.

The CRB-NCE approach can be further developed in several ways. 
Future work to this aim shall address its extension to more general 
clustering contexts (e.g. non-Gaussian data, non-prototype-based algo-
rithms), the consideration of more general cohesion measures (such as 
coverage indices based on MEOWA operators [42]) and optimization 
mechanisms (e.g. neural networks, particularly rule-oriented ones such 
as ANFIS [43]), the development of additional rules or estimators to 
be incorporated into Algorithm 1, the exploration and exploitation of 
specialized CRB procedures, and even also the adaptation of the CRB 
approach to other clustering tasks, such as clusterability [6] or cluster 
quality analysis [17–19].
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