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Prefaio

Sobre esta tesis
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animo a que me den sus comentarios. A los segundos espero ofrecerles un texto agradable de leer
tanto en forma como en contenido.
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investigación, aśı como las técnicas y métodos usados para resolver los problemas que abordamos
y las conclusiones más importantes a las que se ha llegado. Esta parte es, o pretende ser, general
y rigurosa. En la segunda parte se incluye el texto ı́ntegro de las publicaciones a las que ha dado
lugar la investigación. Mi idea es que una primera lectura debeŕıa centrarse en la primera parte y,
sólo en caso de un interes más profundo y especializado se debeŕıa acudir a la segunda.

Y, ¿qué seŕıa una memoria de tesis sin sus correspondientes agradecimentos?

Agradecimientos

Como ya he dicho antes, el trabajo al que ha dado lugar esta memoria ha sido realizado en la
Universidad Carlos III de Madrid, que a partir de ahora denotaré como charlie, y bajo la paciente
supervisión de la profesora Rosa Maŕıa de la Cruz. A ella quiero agradecerle que me pusiese en
tratos con semiconductores y heteroestructuras, ajenos a mı́ antes de mi llegada a Leganés, y con
los que he compartido muy buenos momentos –y otros no tan buenos.



En n años en la charlie, como bien te puedes imaginar, no he tratado sólo con mi directora.
Mucha gente de este y otros departamentos han pasado por mi vida, y espero que se queden. No,
me niego a dar listados de nombres, que seguro que resultan incompletos –aunque sé que es una
vieja artimaña. Aśı que los dividiré en tres grandes grupos, y quien estas ĺıneas lea sabrá donde
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Pese a estar realizada en la charlie, esta tesis será defendida ante el departamento de F́ısica
Teórica I de la Universidad Complutense de Madrid, complu a partir de ahora. De alĺı, tengo que
reconocer, han salido la mayor parte de los amigos que sé que no van a desaparecer ya de mi vida,
si después de tantos años aún no lo han hecho. Pero no es a ellos a los que me quiero referir aún.
Ahora deseo aludir a esos jovenzuelos, y alguno no tanto, con los que no he compartido las aulas,
y a los que he conocido después de que yo saliese de la casa. Śı, sois vosotros, y sé que alguno de
entre los que estoy pensando tendrá que coger el puntero, tal y como yo recoǵı el último que se
lanzó.

Śı, ya llego a vosotros, hemos pasado tantas cosas juntos que es dif́ıcil recordar cómo nos conoci-
mos. Y tampoco importa. Creo que me habéis aguantado bastante, preguntando continuamente
por las evoluciones de la niña entre cerveza y cerveza.

Aún me queda mi familia. Nombrados quedáis. Espero que consideréis que la espera ha
merecido la pena.

Me falta un nombre, y éste no se me olvida ni le pienso omitir. Quiero agradecer a Javi por
estar a mi lado, y por confiar en mı́, y por saber la cantidad de veces que no se me puede tomar
en serio, y por darme el empujón apropiado para seguir y... bueno, el resto se lo digo a él fuera de
estas páginas.

Pensandolo mejor, a mi también me hace ilusión ver mi nombre. Gracias a Agust́ın, Alberto,
Andreas, Ángel, Antonio, Carlos, Carmen, Charo, Clement, Dani, Domingo, Elena, Felipe, Isabel,
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Silvia Noemı́ Santalla Arribas
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1. Introdui�on

1.1 Heteroestruturas semiondutoras de baja dimensionalidad
En 1973 Leo Esaki obtuvo el premio Nobel por su contribución al desarrollo de dispositivos

electrónicos semiconductores que empleaban el efecto túnel. Dichos dispositivos fueron creados
empleando una tecnoloǵıa de reciente desarrollo: la epitaxia de haces moleculares (Molecular Beam

Epitaxy, MBE) [Esa ].

La idea, publicada en 1970 por Esaki y Tsu, fue el crecimiento, mediante capas sucesivas
de unas decenas de Åmstrongs de espesor, de una estructura de super-red cuasi-unidimensional.
Cuando la diferencia de potencial establecida hace a la enerǵıa de los electrones entrar en resonancia
con la estructura, la transmitividad del dispositivo es elevada y, por tanto, también la intensidad
de la corriente que la atraviesa. Al incrementar dicha diferencia de potencial, la enerǵıa de los
electrones deja de estar en resonancia y la intensidad decae. Este fenómeno, de notable interés
tecnológico, se conoce como resistencia diferencial negativa [ET ].

Dicha contribución, que es uno de los primeros ejemplos de un fenómeno cuántico a escala
macroscópica, no hubiera sido posible sin el rápido desarrollo de las técnicas de crecimiento cristal-
ino controlado que se desarrollaron a lo largo de los años 60.

El término epitaxia (del griego “epi”, superficie, y “taxis”, orden) denota el crecimiento so-
bre un cristal de una nueva capa de material que adopte, en la intercara, la misma estructura
cristalina. Si la capa es del mismo material, se denomina homoepitaxia, y si es un material dife-
rente, heteroepitaxia. Las técnicas más empleadas hoy en d́ıa son la deposición qúımica en fase
vapor (Chemical Vapor Deposition, CVD) y la epitaxia de haces moleculares (MBE). Esta última
permite la deposición de capas atómicas una a una (ALMBE).

Mediante dichas técnicas se pudieron explorar las primeras heteroestructuras de baja dimen-
sionalidad, las super-redes (superlattices) y los pozos cuánticos (quantum wells), a lo largo de los
años 70 y 80. En estos últimos, los electrones están confinados a moverse en un plano. El momento
en la dirección transversal al pozo, kz, está cuantizado y sólo puede tomar valores en nπ/Lz, donde
Lz es la anchura del mismo. Suponiendo que los electrones son libres dentro del pozo, su enerǵıa
vendrá dada por la expresión E = �h2m(k2x + k2y + k2z), donde kx y ky pueden tomar cualquier
valor. De esta manera, la densidad de estados como función de la enerǵıa vendrá dada como la
suma de una contribución por cada posible valor de kz. La figura 1.1 muestra la densidad de

—  —



2 1. Introducción

estados eléctronicos con diferentes confinamientos. Los saltos finitos en la densidad de estados de
los pozos cuánticos (2D) frente a la forma continua de los electrones libres (3D) son la clave de sus
aplicaciones tecnológicas [DWH ].
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Figura 1.1. Densidad de estados de los electrones en distintos dispositivos. La ĺınea continua gris claro marca

los electrones libres con movimiento en todo el espacio (3D). La ĺınea a trazos indica los saltos que da la densidad

de estados de los electrones en un pozo cuántico (permite el movimiento libre en 2D). La ĺınea punteada se refiere

a hilos cuánticos, donde los electrones sólo tienen un grado de libertad. Por último, la ĺınea oscura continua

denota el espectro discreto de los electrones en un punto cuántico (0D) [Hep ℄.
A finales de los años 80 los pozos cuánticos y las super-redes eran dispositivos bien establecidos.

La mejora en las técnicas de crecimiento epitaxial permitió el desarrollo de heteroestructuras de
dimensión menor. Los hilos cuánticos (quantum wires) son estructuras en las que los electrones
están confinados a moverse en una única dimensión espacial [KHB ]. De esta manera, dos de las
componentes del momento están cuantizadas: kx = nxπ/Lx, ky = nyπ/Ly.

Un punto cuántico (quantum dot , QD) es una estructura en la que los electrones están confi-
nados en las tres direcciones espaciales. Por lo tanto, los estados permitidos están completamente
discretizados y los niveles de enerǵıa están cuantizados. Se comportan, por tanto, como “átomos
artificiales” donde los saltos energéticos están dictados por el tamaño del mismo.

Ya en 1932, Rocksby [Roc ] insertó impurezas de CdSe en una matriz de vidrio, que formaban
microcristales con una frecuencia de absorción óptica muy bien definida, funcionando como filtros
de color. En 1984, Ekimov y Onushenko [EO ] confirmaron que dichos microcristales presentaban
efectos de confinamiento cuántico. El concepto de punto cuántico aparece en el trabajo de Arakawa
y Sakaki en 1982 [AS ], que predijeron teóricamente la posibilidad de crear láseres con puntos
cuánticos. Hoy en d́ıa, dichos láseres son parte habitual de muchos dispositivos de electrónica
doméstica (lectores de DVD).

Las posibilidades tecnológicas de los puntos cuánticos y otras heteroestructuras de baja di-
mensionalidad son descritas en la siguiente sección, mientras que en la sección 1.3 discutimos los
distintos modos de crecimiento. El apartado 1.4 describe los procesos f́ısicos y qúımicos mediante
los cuales se generan los puntos cuánticos en el laboratorio y en la industria. Las dificultades
teóricas a las que conduce la modelización de la formación de estas estructuras son analizadas
brevemente en la sección 1.5. Por último, este caṕıtulo finaliza con un breve resumen del contenido
de la tesis.



1.3 Modos de crecimiento de heteroestructuras 31.2 Interes tenol�ogio
La importancia tecnológica de este tipo de estructuras ha sido avalada por la comunidad

cient́ıfica en repetidas ocasiones, desde el premio Nobel de Esaki en 1973 hasta el concedido a
Alferov y Kroemer en el año 2000 [Alf ].

Las aplicaciones de los puntos cuánticos están basadas en su naturaleza cuasi-atómica, es decir:
se comportan como átomos artificiales, con niveles de enerǵıa bien definidos.

El espectro de un punto cuántico está directamente relacionado con su tamaño L. Con una
misma geometŕıa, la frecuencia más baja de absorción escala con L−2. De esta manera, si es
posible controlar el tamaño de los puntos cuánticos, es también posible controlar sus frecuencias
de resonancia. Constituye, por tanto, una forma de desarrollar láseres que trabajan en el azul.

Ya con pozos cuánticos fue posible el desarrollo de diodos láser, conocidos como láseres de
cascada. El paso de pozos cuánticos a puntos cuánticos, con las mejores condiciones del espectro,
mejoraron sensiblemente las propiedades de dichos láseres.

Las propiedades ópticas de los puntos cuánticos han llevado a considerar su utilidad en con-
versión fotovoltaica de la enerǵıa solar. Schaller y Klimov, en 2004, han publicado sobre la alta
eficiencia en la multiplicación de los portadores en nanocristales de PbSe [SK ].

Asimismo, se ha propuesto su utilización como trazadores en bioloǵıa y medicina, debido a su
respuesta óptica bien delimitada [BSN ].

Una de las áreas de aplicabilidad más prometedores es el campo de la computación cuántica
[GMD ]. Si los electrones en puntos cuánticos vecinos están en estados “entrelazados” (entangled),
debido a sus buenas propiedades de confinamiento, seŕıa posible considerarlos como qubits y realizar
operaciones sobre ellos sin decoherencia. De esta manera, usando puntos e hilos cuánticos, se podŕıa
implementar un computador cuántico real.1.3 Modos de reimiento de heteroestruturas

El crecimiento epitaxial, como se dijo anteriormente, consiste en la formación de una peĺıcula
sobre un sustrato cristalino, de manera que, en la intercara, las estructuras cristalinas coincidan.
El crecimiento se denomina homoepitaxial cuando la peĺıcula y el sustrato son del mismo material,
y heteroepitaxial cuando son de materiales diferentes.

El crecimiento heteroepitaxial puede tener lugar dentro de los siguientes modos. Si la peĺıcula
crece siempre plana, capa sobre capa, se dice que el modo de crecimiento es de Frank-van der
Merwe (FvdM) [FvdM ]. Si la peĺıcula forma islas tridimensionales sin llegar a cubrir o mojar
del todo el sustrato, se dice que el modo es de Volmer-Weber (VW) [VW ]. Existe un modo
de crecimiento mixto, en el cual la peĺıcula cubre completamente el sustrato en la fase inicial con
lo que se conoce como una capa mojada (wetting layer) plana. Si se añade más material de la
peĺıcula, ésta forma estructuras tridimensionales. Este tipo de crecimiento recibe el nombre de
Stranski-Krastanov (SK) [SK ] (ver figura 1.2).

La pregunta relevante en términos f́ısicos es determinar la razón por la que distintas hete-
roestructuras crecen según los diferentes modos citados previamente. Existen, en esencia, dos
parámetros f́ısicos que determinan el crecimiento:

a. El desajuste de parámetros de red (lattice mismatch), que provoca tensiones elásticas en los
dos materiales.
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sustrato sustrato sustrato

Frank–van der Merwer Volmer–Weber Stranski–Krastanov

Figura 1.2. Tres modos de crecimiento de heteroestructuras. Capa sobre capa o Frank-van der Merwe, creci-

miento directo de islas o Volmer-Weber y crecimiento de islas después de una capa mojada o Stranski-Krastanov.

b. Las distintas tensiones superficiales del sustrato y la peĺıcula, aśı como la enerǵıa de la intercara.
Si no existe diferencia entre los parámetros de red de los materiales, el tipo de crecimiento está

dictado por las tensiones superficiales de la peĺıcula (γp), el sustrato (γs) y la intercara (γi). Si la
suma de las contribuciones de la peĺıcula e intercara es menor que la enerǵıa superficial del sustrato,
γp + γi < γs, la configuración de mı́nima enerǵıa será aquélla en la que éste quede completamente
cubierto por la peĺıcula y crecerá plana (modo de crecimiento de FvdM). Si, por el contrario,
γp + γi > γs, el crecimiento más propicio energéticamente será la formación de islas directamente
sobre el sustrato, minimizando aśı la extensión de la intercara y aumentando la enerǵıa superficial
debida a la peĺıcula. Se trata del modo de crecimiento de VW [SB ].

La tensión superficial depende, en general, de la orientación de la cara expuesta. De este modo,
es concebible el desarrollo de un modo de crecimiento SK sólo mediante el balance energético de
tensiones superficiales [GLSD ].

Si la enerǵıa de intercara es pequeña, de manera que la primera capa de la peĺıcula cubre
totalmente el sustrato, y hay diferencia entre los parámetros de red de los dos materiales, los
mecanismos que determinan el comportamiento de la heteroestructura se hacen más complejos.

Tanto el sustrato como la peĺıcula, en este caso, desarrollan tensiones debido al desajuste entre
los parámetros de red. Estas tensiones elásticas pueden ser relajadas mediante la formación de
estructuras tridimensionales sobre la capa mojada (wetting layer), es decir: el desarrollo de un
modo de crecimiento SK. Estas rugosidades pueden ser inhibidas debido a la tensión superficial
de la peĺıcula. Si ésta es muy elevada, el modo de crecimiento puede aún ser capa-sobre-capa, o
FvdM [GLSD ].

Para grandes diferencias entre parámetros de red, la relajación de las tensiones elásticas
también puede tener lugar de forma plástica, es decir, mediante la creación de una serie de defectos
en la estructura cristalina. En este caso, se dice que el crecimiento no es coherente generándose
dislocaciones de desajuste (misfit dislocations).1.4 T�enias de obteni�on de heteroestruturas

Las técnicas más comúnmente empleadas para el crecimiento epitaxial de capas delgadas son
el sputtering , la deposición qúımica en fase vapor y la epitaxia por haces moleculares.

El sputtering es un proceso mediante el cual, en una cámara de vaćıo, se bombardea una fuente
de material con iones de alta enerǵıa. De esta manera, los átomos que están en la superficie de la
fuente salen despedidos y, mediante campos electromagnéticos, son guiados hasta que se depositan
sobre el sustrato deseado. Como principal ventaja está la de su alta velocidad de proceso, lo que
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reduce la deposición de impurezas. La composición estequiométrica de la peĺıcula coincide siempre
con la de la fuente de material, incluso si se trata de una aleación compleja. La razón radica en el
hecho de que, si bien algunos tipos de átomos serán despedidos con más frecuencia que otros, estas
diferencias se verán compensadas por una menor presencia en la fuente de este tipo de átomos.

La deposición qúımica en fase vapor (Chemical Vapor Deposition, CVD) es una técnica me-
diante la cual unos determinados precursores qúımicos, que luego darán lugar a las moléculas que
constituirán la peĺıcula, son liberados en forma de vapor en las cercańıas del sustrato. Alĺı se
produce la reacción qúımica necesaria y el compuesto resultante precipita, formando la peĺıcula.
Una de las variantes más empleada para el crecimiento epitaxial de semiconductores es la conocida
como CVD metalo-orgánica (MOCVD), en la que los precursores son compuestos orgánicos de los
elementos considerados. Su principal ventaja radica en que el proceso no se realiza en vaćıo, sino
a presiones moderadas.

La epitaxia por haces moleculares (Molecular Beam Epitaxy, MBE), es actualmente la técnica
más empleada para el crecimiento de puntos cuánticos. En ella, se hacen converger sobre el sustrato
haces lentos de átomos de los materiales correspondientes, permitiendo la deposición de las capas
atómicas una a una. Este proceso permite el crecimiento más puro, con un control exhaustivo de
la composición qúımica de la peĺıcula.

Cada uno de los componentes qúımicos de la peĺıcula se encuentra en forma sólida en una célula
de efusión. Alĺı se calientan y se generan unos flujos cuyas intensidades están determinadas por la
temperatura de cada celda. La composición de la peĺıcula es estimada en tiempo real (midiendo la
temperatura de la muestra) y este dato es gestionado por ordenador para regular las temperaturas
de cada célula. La MBE debe ser realizada en una campana de alto vaćıo. A cambio, presenta la
ventaja de poder cerrar el flujo de cualquiera de las componentes de manera rápida.

Las técnicas de crecimiento heteroepitaxial antes descritas pueden dar lugar a puntos cuánticos
auto-organizados, si los parámetros f́ısicos son los apropiados, según el modo de crecimiento de
Volmer-Weber o Stranski-Krastanov. Los principales problemas a la hora de emplear estos puntos
cuánticos en aplicaciones consiste en la no uniformidad de sus tamaños, distribución y geometrias.
Además, pueden generarse otras estructuras, como hilos cuánticos.

Otra manera de producir puntos cuánticos es mediante el empleo de técnicas litográficas. En
ellas se genera una estructura heteroepitaxial plana (pozo cuántico) y se la somete a un ataque
qúımico diferencial (etching). El tamaño más pequeño al que se puede acceder de esta forma está
en torno a los 25 nm [BV ], y el principal inconveniente es que los puntos cuánticos generados
tienen gran cantidad de defectos en los bordes. A cambio, aparecen ordenados espacialmente y con
tamaños uniformes.

La teoŕıa desarrollada en esta tesis no es aplicable a los puntos cuánticos generados mediante
técnicas litográficas, sino tan sólo a los puntos cuánticos auto-organizados generados mediante
crecimiento heteroepitaxial de materiales con parámetros de red desajustados.1.5 Aproximaiones te�orias

En esta tesis se desarrollan algunos modelos teóricos para el estudio de la transición de fase
2D-3D, en el modo de crecimiento Stranski-Krastanov, que pueden sufrir las heteroestructuras
como resultado del desajuste entre los parámetros de red del sustrato y la peĺıcula.
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A continuación introduciremos de manera intuitiva el tipo de problema f́ısico con el que nos
enfrentamos. Considérese el sustrato como una red de átomos unidos mediante muelles de una
determinada longitud natural (es decir, parámetro de red; ver figura 1.3A cadena inferior). Sobre
este sustrato se deposita una capa de material correspondiente a la peĺıcula. Sus átomos están
unidos por muelles cuya longitud natural es algo mayor (figura 1.3A cadena superior). Si el
crecimiento es coherente los átomos de la peĺıcula se situan en las posiciones designadas por el
sustrato aunque la peĺıcula tenga que comprimirse (ver figura 1.3B)

A

B C

D E

Figura 1.3. A. Dos cadenas átomicas de diferente longitud natural. B. Deformación de la cadena que representa

la peĺıcula para adaptarse coherentemete al sustrato. C. Adaptación de la peĺıcula al sustrato permitiendo

defectos. D. Crecimiento coherente, i.e.: sin defectos, manteniendo el sustrato ŕıgido pero curvándose la peĺıcula

en la dirección de crecimiento. E. Crecimiento coherente 3D con sustrato no ŕıgido: una ligera deformación del

sustrato reduce la curvatura de la peĺıcula.

Si la cadena que forma la peĺıcula no mantiene el número de átomos que tendŕıa en caso de que
se tratase de homoepitaxia, el crecimiento no es coherente y se crean defectos (ver figura 1.3C).

Volviendo al crecimiento coherente, los muelles de la peĺıcula están comprimidos. Por tanto,
la estructura está sometida a altas tensiones elásticas. Una de las posibles maneras de relajarlas
es curvando sus capas superiores o mediante la formación de islas (ver figura 1.3D). Estas islas son
los precursores de los puntos cuánticos.

Como es natural, es razonable esperar que la tensión no sólo afecte a la peĺıcula, sino que
también el sustrato se vea sometido a ella. En nuestro trabajo tendremos en cuenta este efecto,
que en general retarda la formación de las estructuras tridimensionales (ver figura 1.3E).

El problema f́ısico planteado se puede estudiar desde varios puntos de vista. Por un lado,
podemos analizar los aspectos cinéticos o los de equilibrio del mismo. Ambos aspectos pueden ser
considerados desde una perspectiva atomı́stica o continua, o incluso mediante una combinación de
ambas.

El análisis de equilibrio tiene como objetivo fundamental la búsqueda de las configuraciones
de la heteroestructura que minimizan la enerǵıa total de la misma. Es preciso tener en cuenta
tanto la enerǵıa elástica, debida a la deformación volumétrica de la peĺıcula y del sustrato, como la
enerǵıa superficial, que da cuenta del coste energético de la creación de una nueva superficie libre
en el extremo superior de la peĺıcula.
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Si el crecimiento es 2D (es decir, plano o capa sobre capa), no hay una contribución extra de la
enerǵıa superficial. En cambio, si la superficie se vuelve rugosa, el área de la superficie externa es
mayor. Este incremento en superficie libre conlleva un coste energético, debido a la mayor cantidad
de enlaces rotos entre los átomos de la peĺıcula. La enerǵıa superficial es proporcional al exceso
de área. Por supuesto, la constante de proporcionalidad, γ dependerá de la orientación de la cara
expuesta, aśı como de la configuración que adopten los átomos de la superficie. En general, la
obtención a partir de primeros principios de esta constante es un problema complejo que se conoce
como de reconstrucción superficial. En este trabajo asumiremos que dicho coeficiente es conocido,
bien por cálculos en base a primeros principios o de manera experimental.

El análisis continuo del problema estático se basa en el empleo de la teoŕıa elástica continua,
una de las primeras teoŕıas clásicas de campos en ser desarrollada [LL ]. En este enfoque, el
campo fundamental es la medida de la deformación, que viene representada mediante un campo
tensorial de segundo orden. La enerǵıa es un funcional no lineal de dicho campo. La información
sobre el material está contenida en un conjunto de parámetros: las constantes elásticas, definidas, a
orden más bajo, por un tensor de orden cuatro. Para llevar a cabo la minimización del funcional de
enerǵıa se pueden utilizar distintos tipos de técnicas: resolución de las ecuaciones de Euler-Lagrange
asociadas, métodos de minimización multidimensional clásicos, etc. Este enfoque continuo es el
empleado mayoritariamente en este trabajo.

Las estructuras cristalográficas se tienen en cuenta a partir del conocimiento de las constantes
elásticas. Los análisis continuos de este problema realizados con anterioridad [BR ] asumı́an que
los materiales analizados eran isótropos. Esta aproximación está bastante alejada de la realidad:
la mayoŕıa de los materiales semiconductores tienen enlaces atómicos de alta direccionalidad, nor-
malmente con estructura de diamante o zinc-blenda. Por tanto, es preciso estudiar la estructura
completa del tensor de constantes elásticas. Asimismo, otro aporte original de esta tesis es el estu-
dio de los efectos de un cambio de orientación del sustrato en el crecimiento de la heteroestructura.
Para dar cuenta de este cambio es preciso estudiar la transformación del funcional de enerǵıa,
mediante el cambio efectivo en el tensor de constantes elásticas.

Analizar el problema estático desde un punto de vista atomı́stico implica encontrar la confi-
guración de equilibrio de un conjunto de átomos sometidos a unas interacciones realistas. En la
imagen presentada al principio de esta sección, dicha interacción se daba en base a unos “muelles”,
presumiblemente armónicos, que uńıan los próximos vecinos. La situación real es de una comple-
jidad mucho mayor.

El primer enfoque posible para estudiar el problema estático desde un punto de vista atomı́stico
es el conocido como el campo de fuerzas de valencia (Valence Force Field , VFF) [Mar ]. No se
trata de un enfoque en base a primeros principios, sino que se obtiene una determinada forma para
la interacción atómica y los parámetros libres son fijados empleando los valores experimentales
de las constantes elásticas. Como es esperable, este enfoque está fuertemente ligado al análisis
continuo. Aun aśı, la inclusión de interacciones realistas está limitada por el número de constantes
elásticas independientes que es posible medir.

Un análisis atomı́stico en base a primeros principios (cálculos ab initio) es asequible en la
medida en la que es posible encontrar la enerǵıa de una configuración arbitraria de los átomos de
la peĺıcula y el sustrato. Obtener dicha enerǵıa es un problema formidable de mecánica cuántica,
que sólo resulta factible en base a aproximaciones. La más notable de éstas es la teoŕıa del
funcional densidad (Density Functional Theory, DFT). Esta teoŕıa se basa en el empleo de un
teorema exacto de mecánica cuántica, el teorema de Kohn-Sham [Bur ], según el cual, la enerǵıa
del estado fundamental de un conjunto de electrones bajo condiciones muy generales es un funcional
universal que depende, tan sólo, de la densidad electrónica total. Desafortunadamente, la forma
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exacta de dicho funcional universal es desconocida, y sólo se dispone de aproximaciones parciales.
Aun aśı, los resultados de dicha aproximación son muy buenos en un número muy amplio de
aplicaciones, entre las que se cuentan la estructura de materiales semiconductores como los que
analizamos en esta tesis.

Desafortunadamente, aun empleando la aproximación considerada en DFT, la obtención del
estado de equilibrio es una tarea compleja, debido al número de átomos involucrados. Un enfoque
alternativo consiste en emplear resultados de DFT obtenidos mediante un número pequeño de
átomos para establecer cuál es la interacción efectiva entre los distintos tipos de átomos y después
utilizar un modelo simplificado como, por ejemplo, el modelo de Frenkel-Kontorova (FK) [BK ].
En este modelo, los átomos de la peĺıcula se depositan sobre un potencial fijo que representa al
sustrato, y están enlazados entre ellos mediante una interacción efectiva que, en el caso más simple,
es tan sólo un muelle armónico. De esta manera, se combinan las ventajas del análisis ab initio

proporcionado por DFT y el empleo de un modelo efectivo que permite considerar un número
elevado de átomos, e incluso estudiar el ĺımite termodinámico. Por supuesto, los parámetros de la
interacción también pueden obtenerse mediante otros enfoques, como VFF.

Normalmente, los modelos de equilibrio no tienen en cuenta de manera expĺıcita los efectos de
la temperatura. En general, ésta entra de manera indirecta, a través de la modificación efectiva de
las constantes elásticas y los parámetros que determinan la tensión superficial. En rigor, no es la
enerǵıa total lo que es preciso minimizar, sino la enerǵıa libre de Helmholtz.

El enfoque cinético del problema del crecimiento epitaxial es necesario cuando la velocidad de
deposición de las part́ıculas impide el establecimiento de una configuración de equilibrio. El objetivo
de este enfoque es la obtención de las propiedades estad́ısticas de la configuración estacionaria
[PGMPV ].

Al contrario que en el caso de equilibrio, el comportamiento no depende sustancialmente de
los detalles de la interacción interatómica. En efecto, los procesos están comprendidos en diversas
clases de universalidad bien definidas. Por tanto, es usual emplear modelos altamente simplificados
en su definición, pero que dan origen a una gran complejidad en el comportamiento. Describiremos
brevemente los dos tipos básicos de modelos: atomı́sticos y continuos.

Los modelos más básicos para analizar los procesos cinéticos de crecimiento son los atomı́sticos.
Un modelo que resulta al mismo tiempo sencillo e interesnte es la agregación limitada con difusión
(Diffusion Limited Aggregation, DLA) [BS ], donde los átomos son liberados de uno en uno,
siguiendo un camino aleatorio hasta que colisionan con la superficie, agregándose a ella y quedando
fijada su posición. La figura 1.4 muestra una configuración t́ıpica DLA, con clara geometŕıa fractal.

Otros modelos, más sofisticados, tienen en cuenta otros factores, como la movilidad de los
átomos adsorbidos, la preferencia de éstos por las posiciones de la superficie en las que hay muchos
enlaces abiertos y cierta probabilidad de desorción. La mayoŕıa de los modelos operan sobre una red
(lattice) computacional, de manera similar al modelo solid-on-solid para equilibrio, en las que cada
celda puede estar tan sólo ocupada o vaćıa, con ciertas reglas probabiĺısticas de transformación.
Otros modelos, más sofisticados, prescinden de dicha red (off-lattice).

El modelo continuo más ampliamente estudiado para el estudio de procesos cinéticos de creci-
miento es el dado por la ecuación de Kardar-Parisi-Zhang (KPZ):

∂th(x, y) = ν∇2h(x, y) + ν2∇4h(x, y) + λ|∇h(x, y)|2 + η [1.1]

donde h(x, y) es la altura como función de las coordenadas del plano (x, y). Esta descripción, que no
permite la formación de marquesinas (overhangs), recibe el nombre de gauge de Monge [Kru ]. El
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Figura 1.4. Configuración t́ıpica de crecimiento de una estructura simulado mediante DLA a distintos tiempos.

significado del término ∇2h(x, y) es el potencial qúımico sobre la superficie. El número de enlaces
libres es alto para un punto que está en el fondo de un valle, es decir, un punto con un valor elevado
para ∇2h(x, y). Por tanto, ν mide la probabilidad de que un átomo en la fase gaseosa se fije a
la superficie, debido a dicho potencial qúımico. Por otro lado, ∇4h(x, y) es el laplaciano de dicho
potencial qúımico, de forma que ν2∇4h(x, y) da cuenta de la difusión de los átomos ya adsorbidos
por la superficie, debido a las diferencias de potencial qúımico entre distintas regiones.

h
(x

,y
,t

)

superficie

t1
t2 > t1

t3 > t2

Figura 1.5. Simulación de un crecimiento según la ecuación KPZ para distintos tiempos, para valores t́ıpicos de

los parámetros explicados en el texto.

El término no lineal, λ|∇h(x, y)|2 proviene de tener en cuenta que el número de part́ıculas ad-
heridas a la superficie será proporcional a la medida de ésta, dada por

√

1 + (∂xh)2 + (∂yh)2dxdy.
Desarrollando hasta segundo orden en potencias de las derivadas de h se obtiene el término prece-
dente. Por supuesto, se trata de un desarrollo para pendientes pequeñas. El último término, η,
es un ruido blanco, incluido para dar cuenta de las fluctuaciones térmicas. Se trata de un campo
aleatorio, de media cero y cuya correlación es una función delta, tanto en el espacio como en el
tiempo. La figura 1.5 muestra una simulación de la ecuación [1.1] donde se muestra el campo
h(x, y) a distintos tiempos.



10 1. Introducción1.6 Plan del trabajo
Con el objetivo de estudiar y caracterizar la transición de fase 2D-3D del modo de crecimiento

Stranski-Krastanov en las heteroestructuras semiconductoras Ge/Si e InAs/GaAs, en el caṕıtulo 2
de esta tesis desarrolla las bases de la teoŕıa elástica clásica, poniendo el énfasis en los resultados
que serán de utilidad en el resto de este trabajo. El caṕıtulo 3 describe una aproximación de tipo
campo medio para explicar la transición de fase del modo de crecimiento de Stranski-Krastanov en
heteroestructuras. Esta aproximación ha permitido analizar los fenómenos de crecimiento asociados
a diversos materiales semiconductores de interes tecnológico. En el caṕıtulo 4 se ha desarrollado
la teoŕıa elástica continua minimizando el funcional enerǵıa elástica de manera exacta a través
de las ecuaciones de Euler-Lagrange. En el caṕıtulo 5 se analiza una aproximación de carácter
semiatomı́stico para el mismo problema, basada en el modelo de Frenkel-Kontorova. Dicho modelo
se ha extendido para permitir pequeños movimientos de los átomos en la dirección de crecimiento
para dar cuenta de la transición de fase 2D-3D. Para terminar, se resumen las conclusiones a las
que se ha llegado en este trabajo y se plantean posibles ĺıneas de trabajo futuro.

Los caṕıtulos 3, 4 y 5 constan de dos partes. En la primera se describe el problema f́ısico a
estudiar y se desarrolla la teoŕıa básica a aplicar. En la segunda parte se comentan los art́ıculos
publicados, aśı como las ĺıneas de trabajo futuro. El texto ı́ntegro de dichos art́ıculos aparece
al final de esta tesis, acompañados del curriculum investigador de la candidata, donde se puede
observar otros proyectos de investigación en f́ısica teórica en los que ha tomado parte.



2. Bases del modelo el�astio ontinuo

2.1 Geometr��a de un uerpo deformado
Consideremos un cuerpo sólido no deformado, constituido por un continuo de puntos materi-

ales, y un sistema de coordenadas cartesianas externo al mismo. Para dos puntos p y q cualesquiera
del sólido con vectores de posición xxxxp = {xp

i}3i=1 y xxxxq = {xq
i}3i=1 en este sistema de coordenadas,

la distancia entre ellos vendrá dada por

s = |xxxxp − xxxxq| =
√

δij(xp
i − xq

i)(xp
j − xq

j), [2.1]

donde δij es la métrica del espacio eucĺıdeo que coincide, para un sistema de coordenadas cartesiano,
con la delta de Kronecker. Si el punto q está infinitesimalmente próximo al punto p; es decir,
xq

i = xp
i + dxi, la distancia entre los puntos pasa a ser

ds =
√

δijdxidxj. [2.2]

Si el sólido se deforma, sus puntos materiales cambian de posición respecto al sistema de
coordenadas (ver figura 2.1). En concreto, los puntos p y q pasan a tener vectores de posición
XXXXp y XXXXq, respectivamente en el mismo sistema de coordenadas. Si el punto q vuelve a estar
infinitesimalmente próximo a p, la distancia entre ellos ahora será

dS =
√

δijdXidXj. [2.3]

Consideremos la posición de un punto cualquiera del cuerpo deformado como función de las
coordenadas del punto en el cuerpo sin deformar: XXXX = XXXX(xxxx). Si la deformación es infinitesimal se
obtiene que:

dXi =
∂Xi

∂xj
dxj. [2.4]

La relación anterior se puede invertir, es decir: xxxx = xxxx(XXXX) y, por tanto,

—  —
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e1
e2

e3
xxxxp

xxxxq

ds

XXXXp

XXXXq

dS

Figura 2.1. Distancia entre dos puntos próximos del cuerpo sin deformar (minúsculas) y deformado (mayúsculas)

en el mismo sistema de referencia.

dxj =
∂xj

∂Xi
dXi. [2.5]

En definitiva, la ecuación [2.4] permite expresar el elemento de longitud del sólido deformado
(dS) en función de las coordenadas del cuerpo sin deformar, mientras que con la expresión [2.5] se
puede escribir el elemento de longitud del sólido sin deformar (ds) en función de las coordenadas
del sólido deformado [1℄. Sustituyendo la ecuación [2.4] en la ecuación [2.3], el elemento diferencial
de longitud del cuerpo deformado es

dS =

√

δij

∂Xi

∂xk

∂Xj

∂xl
dxkdxl =

√

Gkldxkdxl, [2.6]

donde Gkl es un tensor métrico definido por

Gkl ≡ δij

∂Xi

∂xk

∂Xj

∂xl
. [2.7]

Procediendo de forma similar, se puede establecer la relación entre los elementos de volumen y
superficie de los cuerpos sin deformar y deformado. Para un sólido sin deformar, sean tres vectores
infinitesimales no coplanarios drrrr, dssss y dtttt, entonces el diferencial de volumen encerrado por estos
vectores es

dv = ǫijkdridsjdtk [2.8]

donde ǫijk es el tensor completamente antisimétrico de Levi-Civita. Asimismo, cuando el cuerpo
se deforma, los vectores pasan a ser dRRRR, dSSSS y dTTTT y el volumen encerrado será[1℄ Se denominan coordenadas de Lagrange a las coordenadas del cuerpo sin deformar y coordenadas de Euler

a las coordenadas del cuerpo deformado. Estos nombres provienen de mecánica de fluidos.
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dV = ǫijkdRidSjdTk [2.9]

Teniendo en cuenta la ecuación [2.4], que relaciona un vector infinitesimal sobre el cuerpo
deformado con el mismo antes de la deformación, el elemento de volumen dado por la expresión
[2.9] se puede escribir como

dV = ǫijk

∂Xi

∂xn

∂Xj

∂xm

∂Xk

∂xl
drndsmdtl [2.10]

donde

ǫijk

∂Xi

∂xn

∂Xj

∂xm

∂Xk

∂xl
≡ Jǫnml [2.11]

siendo J ≡ det
(

∂Xi/∂xj
)

el determinante de la transformación de coordenadas del cuerpo sin
deformar a coordenadas del cuerpo deformado; por tanto, la ecuación [2.10] se reescribe como

dV = Jǫmnldrndsmdtl = Jdv [2.12]

o su inversa como
dv = J−1dV. [2.13]

Para estudiar el elemento de área dai se consideran los dos vectores infinitesimales que la
encierran, drrrr y dssss. En función de éstos el diferencial de área es

dai = ǫijkdrjdsk [2.14]

y de forma similar cuando el cuerpo está deformado

dAi = ǫijkdRjdSk [2.15]

Si se escriben los vectores del cuerpo deformado en función de los del cuerpo sin deformar
(expresión [2.4]) se obtiene

dAi = ǫijk

∂Xj

∂xm

∂Xk

∂xl
drmdsl [2.16]

y de forma similar a la expresión [2.11]

ǫijk

∂Xj

∂xm

∂Xk

∂xl
≡ Jǫnml

∂xn

∂Xi
[2.17]

que llevado a la expresión [2.15]

dAi = Jǫnml

∂xn

∂Xi
drmdsl = J

∂xn

∂Xi
dan [2.18]

o su inversa

dan = J−1 ∂Xi

∂xn
dAi. [2.19]
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El tensor de deformaciones cuantifica el cambio del elemento de longitud bajo deformaciones.

Pasamos a definirlo a partir de la variación de las distancias entre puntos materiales infinitesimal-
mente próximos. Dichas distancias vienen dadas por las expresiones [2.2] y [2.6], que corresponden
respectivamente al cuerpo sin deformar y deformado

(dS)2 − (ds)2 = (Gij − δij) dxidxj ≡ 2uijdxidxj, [2.20]

donde uij es conocido como el tensor de deformaciones de Lagrange [2℄.
A partir de la ecuación anterior se obtiene

uij ≡
1

2
(Gij − δij) , [2.21]

con Gij dado por la ecuación [2.7] [3℄.
Podemos evaluar el tensor de deformaciones de Lagrange definiendo un vector desplazamiento

uuuu (ver figura 2.2), dado por

uuuu ≡ XXXX − xxxx. [2.22]

e1
e2

e3
xxxxp

xxxxq
XXXXp

XXXXq

uuuup

uuuuq

Figura 2.2. Cuerpo deformado y sin deformar con los vectores desplazamiento de dos puntos materiales.[2℄ Se denomina también tensor de deformaciones de Green o de Green-Lagrange.[3℄ Un argumento heuŕıstico para incluir el factor 1/2 en la definición del tensor de deformaciones es el siguiente.

La diferencia de cuadrados de la expresión [2.20] se puede escribir como (dS + ds) (dS − ds). Si la deformación es

pequeña, dS ≃ ds y por lo tanto (dS + ds) ≃ 2ds. Con el desarrollo anterior, la expresión [2.20] da una relación

simple para la deformación relativa: (dS − ds)/ds = uij(dxi/ds)(dxj/ds) [Mur ℄.
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A partir del vector desplazamiento se puede escribir el tensor métrico Gij correspondiente al
cuerpo deformado como

Gij = δkl

∂
(

uk + xk
)

∂xi

∂
(

ul + xl
)

∂xj
= δij + δhi

∂uh

∂xj
+ δhj

∂uh

∂xi
+ δkl

∂uk

∂xi

∂ul

∂xj
, [2.23]

con lo que el tensor de deformaciones de Lagrange (ecuación [2.21]) queda

uij =
1

2

(

δhi

∂uh

∂xj
+ δhj

∂uh

∂xi
+ δkl

∂uk

∂xi

∂ul

∂xj

)

. [2.24]

Es posible obtener una expresión para el tensor de deformaciones en función de las coorde-
nadas del cuerpo deformado. Siguiendo un razonamiento similar al anterior se llega al tensor de
deformaciones de Euler, dado por

uEuler
ij ≡

1

2

(

δhi

∂uh

∂Xj
+ δhj

∂uh

∂Xi
− δkl

∂uk

∂Xi

∂ul

∂Xj

)

. [2.25]

Para deformaciones pequeñas, es aceptable despreciar los términos cuadráticos en el gradiente
del vector desplazamiento que aparecen en el tensor de deformaciones. Se define aśı el tensor de
deformaciones de Cauchy:

u
Cauchy
ij ≡

1

2

(

δhi

∂uh

∂xj
+ δhj

∂uh

∂xi

)

= −
1

2

(

δhi

∂uh

∂Xj
+ δhj

∂uh

∂Xi

)

. [2.26]

Se observa que las aproximaciones lineales a los tensores de deformación de Euler y Lagrange
están trivialmente relacionadas. El tensor de deformaciones de Cauchy también se puede obtener
como la parte simétrica del gradiente del vector desplazamiento, siendo la parte antisimétrica la
correspondiente a las rotaciones ŕıgidas [Nye ].2.3 Densidad de energ��a el�astia

En teoŕıa de elasticidad clásica se considera como punto de partida para las deformaciones de
un sólido su estado natural [4℄. Cuando se deforma el cuerpo ligeramente respecto a dicho estado
natural y posteriormente se libera de las fuerzas externas que lo perturbaron, éste recupera su
configuración inicial independientemente de cómo fueron aplicadas dichas fuerzas. Por tanto, el
trabajo aplicado sobre el cuerpo para deformarlo es almacenado por el mismo y liberado al volver a
su estado natural [Tru ]. Aśı pues, en la teoŕıa de elasticidad se estudian deformaciones a partir
de las cuales es posible regresar al estado original del sólido.

Existen dos planteamientos posibles para analizar la dinámica de un cuerpo elástico deformado.
Según Cauchy un sólido perfectamente elástico es aquél en el que la tensión es función de la
deformación. En este trabajo seguiremos la formulación de Green, según la cual, un cuerpo es
elástico cuando el trabajo acumulado tras una deformación es sólo función de ésta. En otras[4℄ Se considera un cuerpo en su estado natural cuando no actúan fuerzas externas sobre él y se encuentra a

temperatura constante.
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palabras, la formulación de Cauchy trabaja con fuerzas y la de Green con enerǵıas [Tru ]. En
este trabajo hemos optado por la formulación de Green debido a ventajas que quedarán expuestas
a lo largo de este caṕıtulo.

Para un cuerpo a temperatura constante, el trabajo elástico almacenado coincide con la enerǵıa
libre de Helmholtz, a la que nos referiremos como enerǵıa elástica. Si se tratase de un proceso a
entroṕıa constante, la enerǵıa elástica se correspondeŕıa con la enerǵıa interna.

Siguiendo el método de Green, la densidad volumétrica de enerǵıa elástica de un cuerpo de-
formado se puede escribir como

f ≡ f(uij). [2.27]

Dado que analizaremos, fundamentalmente, deformaciones pequeñas, la densidad de enerǵıa
libre se puede aproximar por los primeros términos de su desarrollo en serie:

f(uij) =f(0) +
∂f

∂uij

∣

∣

∣

∣

u=0 uij +
1

2!

∂2f
∂uij∂ukl

∣

∣

∣

∣

u=0 uijukl+

1

3!

∂3f
∂uij∂ukl∂umn

∣

∣

∣

∣

u=0 uijuklumn + · · · .

[2.28]

El primer término de este desarrollo es la enerǵıa libre del cuerpo en su estado natural, que
sólo depende de la temperatura y se puede considerar nula sin pérdida de generalidad. El segundo
término del desarrollo ha de ser nulo dado que el estado natural es de mı́nima enerǵıa. Aśı, la
densidad de enerǵıa libre queda

f(uij) =
1

2
Cijkluijukl +

1

6
Cijklmnuijuklumn + · · · [2.29]

donde Cijkl y Cijklmn son los tensores de constantes elásticas [5℄ de segundo y tercer orden res-
pectivamente, y se corresponden con la segunda y tercera derivadas de la densidad de enerǵıa libre
respecto al tensor de deformaciones. Considerar más términos en el desarrollo en serie llevaŕıa a
definir constantes elásticas de orden superior. Para deformaciones pequeñas se puede aproximar
la ecuación [2.29] por su primer término

f(uij) =
1

2
Cijkluijukl ∀i, j, k, l = 1, 2, 3. [2.30]

Una teoŕıa elástica de orden superior requiere llegar hasta cuarto orden para estar bien definida
matemáticamente [6℄. Las formulaciones de Lagrange y Cauchy para el tensor de deformación dan
lugar a una ambigüedad en la definición de las constantes elásticas de orden superior. La razón es la
siguiente. El tensor de deformaciones de Lagrange es no lineal desde el punto de vista geométrico,
mientras que el de Cauchy es lineal [Lei ]. Esto origina que algunos términos que son de orden n

trabajando con el tensor de Lagrange, sean de orden n + 1 cuando tomamos el tensor de Cauchy.[5℄ También se denominan constantes elásticas de rigidez o stiffness. Otra notación usada para Cijkl es cαβ ,

conocida como notación de Voight, donde α y β toman los valores de 1 a 6 en correspondencia con 11, 22, 33, 23,

31 y 12. Esta notación es posible gracias a las simetŕıas que presenta el tensor de deformaciones.[6℄ Incluyendo sólamente términos hasta un orden impar la enerǵıa no estaŕıa acotada.
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Por otra parte, las constantes elásticas de orden superior son dif́ıciles de medir experimental-
mente [LB ]. Esta dificultad de medida da a entender que su efecto es pequeño en la mayor parte
de los materiales. Uno de los pocos fenómenos f́ısicos de relevancia en los que los términos de la
enerǵıa elástica de orden superior son importantes es la dilatabilidad térmica[AM ].

En este trabajo no tenemos en cuenta estos fenómenos y, por tanto, hemos optado por restringir
la formulación hasta segundo orden, empleando el tensor de deformaciones de Lagrange.2.4 Simetr��as del tensor de onstantes el�astias

El tensor de constantes elásticas de segundo orden consta de cuatro ı́ndices contravariantes,
es decir 81 componentes. Dado que el tensor de deformaciones es simétrico (ecuación [2.24]), el
producto uijukl es invariante bajo permutaciones de ı́ndices ij ↔ ji, kl ↔ lk e ij ↔ kl. Debido a
la invariancia de este producto, las componentes del tensor de constantes elásticas deben satisfacer
la siguiente igualdad

Cijkl = Cjikl = Cjilk = Cijlk = Cklij = Cklji = Clkji = Clkij, [2.31]

con lo que sólo quedan 21 componentes distintas [7℄. Este número puede reducirse aún más debido
a las simetŕıas intŕınsecas del material.

Los cuerpos amorfos son homogéneos e isótropos. La enerǵıa, por tanto, no debe depender de la
dirección en la que se produce la deformación. En consecuencia, tan sólo existen dos combinaciones
cuadráticas en los elementos de uij que sean invariantes bajo el grupo de simetŕıas [Tru ]. Una

de ellas es el cuadrado de la traza del tensor de deformaciones,
(

δijuij

)2
, y la otra es la suma de

los cuadrados de todas las componentes, δikδjlukluij. La densidad de enerǵıa libre se escribe en
términos de estos dos invariantes como:

f =
1

2
λ
(

δijuij

)2
+ µδikδjlukluij, [2.32]

donde λ y µ son los coeficientes de Lamé [8℄. El tensor de constantes elásticas, por tanto, tan sólo
tiene dos valores independientes, Ciiii y Ciijj y un tercer valor no nulo, combinación de estos dos,
dado que Cijij =

(

Ciiii + Ciijj
)

/2. La relación entre estas constantes y las de Lamé es

λ = Ciijj µ = Cijij [2.33]

A la hora de estudiar los cuerpos cristalinos hay que tener en cuenta su grupo de simetŕıa.
Analizaremos las constantes elásticas correspondientes a un cristal cúbico, dado que los materia-
les estudiados en este trabajo pertenecen a dicho grupo de simetŕıas. Supondremos que los ejes
cristalográficos coinciden con los ejes de coordenadas.[7℄ Las 21 componentes distintas son: C1111, C2222, C3333, C1122, C2233, C1133, C1123, C2231, C3312, C1131,

C2212, C3323, C1112, C2223, C3331, C2323, C3131, C1212, C2331, C3112, C2312.[8℄ La expresión de la enerǵıa también se puede escribir en función del módulo de Young, E, y el coeficiente de

Poisson, ν. En cualquier caso sólo hay dos constantes diferentes que definen el comportamiento del material.
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Un cristal cúbico está caracterizado por una simetŕıa rotacional de orden 3 en torno a cada
una de las cuatro diagonales del cubo unidad. El efecto de estas rotaciones sobre los ejes de la base
canónica (e1, e2, e3) es:

Rotación de 2π/3 en torno al eje Tiene por efecto

R0 [111] e1 → e2 → e3 → e1
R1 [1̄11] e1 → −e3 → −e2 → e1
R2 [11̄1] e1 → e3 → −e2 → e1
R3 [111̄] e1 → −e3 → e2 → e1

Tabla 2.1. Efecto de las rotaciones de 2π/3 en torno a las diagonales de un cubo sobre los ejes del mismo,

paralelos a los ejes de coordenadas [Jos ℄.
Entre estas transformaciones no están incluidas las reflexiones en torno a ningún plano. No se

han considerado por no ser simetŕıas de un cristal cúbico con base.

Considérese un cuerpo cristalino en una orientación tal que sus ejes coinciden con los de
coordenadas y un tensor de deformaciones uij. La enerǵıa elástica quedará determinada por la
expresión [2.30]. Si se aplica la primera de las operaciones de la tabla 2.1 (R0) al tensor de
deformaciones, las componentes de dicho tensor cambiarán según el siguiente patrón:

u11 u12 u13 u21 u22 u23 u31 u32 u33
↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓ ↓

u22 u23 u21 u32 u33 u31 u12 u13 u11 [2.34]

El requisito de que la densidad de enerǵıa elástica sea invariante bajo esta transformación y
las demás del grupo reduce la cantidad de constantes elásticas independientes de 21 a 7:

Ciiii, Ciijj, Cijij, Ciijk, Cijjk, Ciiij ∀i 6= j 6= k 6= i [2.35]

donde el último de estos seis términos se subdivide en dos: C1112 = C2223 = C3331 y C1113 =
C2221 = C3332. De estos 7 valores, demostraremos a continuación, que sólo son no nulos los tres
primeros. Mediante combinaciones de operaciones descritas en la tabla 2.1, es posible obtener una
transformación que cumpla:

uii → uii ∀i uik → −uik ∀i 6= k. [2.36]

Esta transformación cambia el signo de los términos de la enerǵıa elástica en los que cada ı́ndice
no aparezca un número par de veces. La invariancia de la enerǵıa bajo esta transformación exige
la anulación de las constantes elásticas asociadas:

Ciijk = Cijik = Cijki = Cjiik = Cjiki = Cjkii = 0 ∀j 6= k. [2.37]

Como conclusión, para un cristal cúbico, donde los ejes del cristal coincidan con los del sistema
de referencia, cualquier término no nulo del tensor de constantes elásticas tendrá sólamente un
número par de ı́ndices idénticos. Los tres términos no nulos distintos son [9℄:[9℄ En notación de Voight quedan: Ciiii = c11, Ciijj = c12 y Cijij = c44.
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Ciiii ⇒C1111 = C2222 = C3333
Ciijj ⇒C1122 = C2233 = C3311 = C2211 = C3322 = C1133
Cijij ⇒C1212 = C1221 = C2121 = C2112 = C2323 = C2332 =

C3232 = C3223 = C3131 = C3113 = C1313 = C1331 [2.38]

y en consecuencia, dan como resultado la siguiente expresión para la densidad de enerǵıa elástica:

f =
1

2
C1111 (u112 + u222 + u332)+

+C1122 (u11u22 + u22u33 + u33u11) + 2C1212 (u122 + u232 + u312) .

[2.39]

Otros sistemas cristalográficos presentan distintas componentes del tensor de constantes elás-
ticas independientes [AM ] dando lugar a más términos en la expresión de la enerǵıa.2.5 Efeto de la orientai�on del ristal en la energ��a el�astia

Cuando consideramos un cristal cuyos ejes cristalográficos no coinciden con los del sistema de
referencia (debido a un giro relativo entre ambos), hemos de cambiar la expresión de la enerǵıa
elástica respecto a la dada por la ecuación [2.39]. Si el cristal es cúbico aparecen nuevos términos,
cuyos coeficientes deben ser función de las tres constantes elásticas independientes expuestas en la
ecuación [2.38].

Denotemos mediante ei los ejes del sistema de referencia externos al cuerpo. La orientación del
cristal se determina normalmente desarrollando el vector e3 en los ejes cristalográficos, en notación
de ı́ndices de Miller [AM ]. Aśı, se dice que un cuerpo está en orientación (n1n2n3) si el vector
e3 del sistema de referencia externo es paralelo al vector (n1, n2, n3) del sistema de referencia de
los ejes cristalográficos. Esta notación adolece de una ambigüedad: no especifica la posición de los
vectores e1 y e2 respecto a los ejes del cuerpo.

Inicialmente, sólo conocemos las constantes elásticas en la orientación (001) cuando e1 = (100)
y e2 = (010). Supongamos que el cuerpo rota hasta alcanzar la orientación (n1n2n3) mediante el
ángulo más pequeño (ver figura 2.3). Dicha rotación viene expresada mediante la matriz

Ri
j(n1n2n3) =































n3n21 + |nnnn|n22
|nnnn|(n21 + n22) n1n2(n3 − |nnnn|)

|nnnn|(n21 + n22) −
n1
|nnnn|

n1n2(n3 − |nnnn|)

|nnnn|(n21 + n22) n3n22 + |nnnn|n21
|nnnn|(n21 + n22) −

n2
|nnnn|

n1
|nnnn|

n2
|nnnn|

n3
|nnnn|































[2.40]

donde |nnnn| =
√

n21 + n22 + n23. Esta matriz representa un giro en torno a la dirección [n2n̄10] de

ángulo β = arccos (n3/|nnnn|). En la figura 2.3 se muestra el caso particular en el que el eje (111) del
cristal se hace coincidir con el e3 del sistema de referencia, realizando el giro en torno al eje [11̄0].
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Z

X

Y

1

5

2

3

4

1

5

2

3

4

Y

Z

X (1 1 1)(0 0 1)

[1 −1 0]β

Figura 2.3. Giro del cristal en torno al eje [11̄0] haciendo que el eje (111) coincida con el e3.

Tras haber aplicado la rotación expresada con la matriz [2.40], la correspondencia entre ejes
del cristal y ejes externos es:

e1 →

(

n22
|nnnn|

+
n3 (|nnnn|n21 + n3n22)
(

n21 + n22) |nnnn| ,
n1n2 (|nnnn| − n3)
(

n21 + n22) |nnnn| −
n1n2
|nnnn|

,−n1)
e2 →

(

n1n2 (|nnnn| − n3)
(

n21 + n22) |nnnn| −
n1n2
|nnnn|

,
n21
|nnnn|

+
n3 (|nnnn|n22 + n3n21)
(

n21 + n22) |nnnn| ,−n2)
e3 → (n1, n2, n3) [2.41]

El tensor de constantes elásticas es contravariante en sus cuatro ı́ndices. Es decir: cada uno de
ellos se transforma como un vector del cristal. Las nuevas constantes elásticas se obtienen a partir
de las antiguas mediante la transformación tensorial habitual:

C̃ijkl(n1n2n3) = Ri
mRj

nRk
pRl

q Cmnpq [2.42]

donde Cmnpq es el tensor de constantes elásticas en el sistema de referencia original.
Esta manera de especificar la orientación, nos deja libertad para realizar cualquier giro en

torno al eje e3:
R̄k

l(α) =





cos(α) sin(α) 0
− sin(α) cos(α) 0

0 0 1



 [2.43]

Aplicando esta nueva transformación al tensor de constantes elásticas obtenemos:

Khgft(n1n2n3;α) = R̄h
i(α)R̄g

j(α)R̄f
k(α)R̄t

l(α) C̃ijkl(n1n2n3) [2.44]

Y la densidad de enerǵıa elástica queda como

f(n1n2n3;α) = Kijkl(n1n2n3;α) uijukl [2.45]

Supongamos a continuación que, en el plano perpendicular a e3 el comportamiento del cristal
es isótropo. En ese caso seŕıa útil promediar la expresión anterior para todos los posibles valores
de α, obteniendo:
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f(n1n2n3) =
1

2π

∫ 2π0 dα Kijkl(n1n2n3;α) uijukl. [2.46]2.6 Tensor de tensiones
Se define el tensor de tensiones como la magnitud conjugada al tensor de deformaciones:

σij ≡
∂f

∂uij

. [2.47]

Si el tensor de deformaciones es el de Lagrange, σij se conoce como el segundo tensor de tensiones
de Piola-Kirchhoff [Fun ].

La interpretación f́ısica del tensor de tensiones es la siguiente. La componente σij se corres-
ponde con la presión ejercida sobre un elemento de superficie perpendicular a la dirección ej por
una fuerza en la dirección ei (ver figura 2.4).

e1
e2

e3

σ11 σ21σ31
σ12 σ22σ32σ13 σ23σ33

Figura 2.4. Componentes del tensor de tensiones en un sólido.

Dado que, en la aproximación en que trabajamos, la enerǵıa es cuadrática en el tensor de
deformaciones, obtenemos

σij = Cijklukl. [2.48]

Por tanto, con las igualdades anteriores, la densidad de enerǵıa elástica se puede escribir como

f =
1

2
σijuij [2.49]

Resulta interesante obtener la expresión del tensor de tensiones referida a las coordenadas del
cuerpo deformado. En este caso el tensor de deformaciones empleado debe ser el de Euler, ecuación
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[2.25], y el tensor de tensiones a que da lugar se conoce como tensor de tensiones de Euler. Aśı
pues, el diferencial de fuerza que sufre el cuerpo sin deformar en la i-ésima dirección es:

dpi = σijdaj [2.50]

donde daj es el diferencial de área perpendicular a la dirección ej. Para conocer la fuerza referida
a las coordenadas del cuerpo deformado hay que realizar el cambio de coordenadas apropiado para
un vector contravariante [2.4]:

dPi =
∂Xi

∂xk
dpk. [2.51]

donde dPi es el diferencial de fuerza en las coordenadas del cuerpo deformado. También se puede
escribir dPi como

dPi = ΣijdAj [2.52]

donde dAj y Σij son, respectivamente, el diferencial de área y el tensor de tensiones correspon-
dientes a las coordenadas del cuerpo deformado. Este tensor Σij es el tensor de tensiones de
Euler.

Igualando las expresiones [2.51] y [2.52], y considerando la relación entre los elementos de área
del cuerpo deformado y sin deformar (ecuación [2.18]) se obtiene la relación entre el segundo tensor
de tensiones de Piola-Kirchhoff y el de Euler

Σij = J−1∂Xi

∂xk
σkl ∂Xj

∂xl
. [2.53]

Finalmente, un concepto del que haremos uso en la aplicación de la teoŕıa elástica continua a
heteroestructuras es el concepto de tensión acumulada. Definimos esta magnitud como la integral
de la componente del tensor de tensiones σij (ecuación [2.48]) a lo largo del eje k. En particular nos
fijaremos en la tensión acumulada según la dirección de crecimiento de las componentes diagonales
del tensor de tensiones, por ejemplo σxx

〈σxx〉 ≡

∫

σxxdz. [2.54]
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La enerǵıa necesaria para crear una unidad de área en la superficie del sólido a temperatura

constante se denomina tensión superficial, γ, y depende, en principio, de los ı́ndices de Miller de la
cara que queda expuesta. La enerǵıa superficial se obtiene integrando este valor a toda la superficie
del sólido:

Fsup =

∫

∂
 γdA. [2.55]

Desde un punto de vista microscópico, esta enerǵıa tiene su origen en los enlaces atómicos que
quedan incompletos en la superficie del material. Los átomos de la superficie tienen menos vecinos
que los del interior. Los electrones que serviŕıan para establecer enlaces con los átomos de la capa
superior revierten en la formación de nuevos enlaces sobre la superficie. Esto da lugar a la llamada
reconstrucción de la superficie, fenómeno mediante el cual puede cambiar la periodicidad de la red
en ésta respecto a lo que dicta el volumen.

A temperaturas suficientemente altas se puede considerar que γ es independiente de la orien-
tación. Aśı, la forma de equilibrio de un sólido, mediante la cual la enerǵıa seŕıa mı́nima, es una
esfera. Si la temperatura es inferior, el valor de γ depende de manera compleja de la cara expuesta,
dando aśı origen a la gran variedad de estructuras superficiales de los cristales reales.

Para distintas orientaciones, se puede suponer en primera aproximación que la tensión super-
ficial es proporcional a la densidad de átomos de la cara externa N. A partir de una orientación
podremos obtener una estimación del valor de γ en cualquier otra orientación [Nak ] según

γ(n1n2n3) =
N(n1n2n3)
N(m1m2m3)γ(m1m2m3). [2.56]

En los casos a tratar en esta memoria, partiremos de la orientación (001) y estudiaremos
orientaciones (11n3). Para un cristal cúbico el cociente entre densidades tiene la forma:

N(11n3)
N(001) =

2
√

1 + 1 + n23 . [2.57]2.8 Energ��a total de un s�olido deformado
Finalmente, para conocer la enerǵıa total de un sólido deformado, hay que sumar las contribu-

ciones de la enerǵıa superficial y de la enerǵıa elástica; es decir

F = Fsup + Felas. [2.58]

La primera de ellas ha quedado descrita en la ec. [2.55] y para determinar la segunda contribución
hay que integrar la densidad de enerǵıa elástica (ec. [2.30]) a través de todo el volumen del sólido;
por tanto

Felas =

∫

ω

1

2
Cijkluijukldv. [2.59]
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La enerǵıa total de un sólido deformado es entonces:

F =

∫

∂
 γdA +

∫

ω

1

2
Cijkluijukldv. [2.60]2.9 Expresi�on del vetor desplazamiento

Como quedó expuesto al inicio de este caṕıtulo, las coordenadas de un punto en el cuerpo
deformado dependen de las que tuviese en el cuerpo sin deformar, XXXX = XXXX(xxxx). En esta sección
procuraremos dar una forma más concreta para el vector desplazamiento que nos permita aplicar
la teoŕıa elástica.

Sin pérdida de generalidad, siempre se pueden escribir las coordenadas de los puntos materiales
que forman el cristal deformado en función de las coordenadas del mismo sin deformar como:

XXXX =















1

ax

∫ x0 ax(x̃, y, z)dx̃

1

ay

∫ y0 ay(x, ỹ, z)dỹ

1

az

∫ z0 az(x, y, z̃)dz̃















[2.61]

donde ai(xxxx) son unas funciones que, por analoǵıa con el modelo atomı́stico, denominaremos
parámetros de red, y ai es el valor de las mismas en equilibrio. Nótese que sólo es relevante el
cociente entre estas dos magnitudes, ambas con dimensión de longitud, que podŕıamos denominar
factor de dilatación local [10℄.

Obsérvese que las integrales se efectuan sobre coordenadas del cuerpo sin deformar. Por tanto,
estamos realizando la hipótesis impĺıcita de que el punto xxxx = (0, 0, 0) no se desplaza.

Introduciendo el vector [2.61] en la ecuación [2.22] obtendremos el vector desplazamiento, a
partir del cual es posible calcular el tensor de deformaciones uij [2.24]. Para ello calcularemos por
separado las derivadas de las componentes del vector desplazamiento:

∂iu
i =

ai(xxxx) − ai

ai

[2.62]

∂ju
i =

1

ai

∫ xi0 ∂ai

∂xj
dx̃i [2.63]

donde no se aplica el convenio de suma de ı́ndices. Nótese la expresión para ∂iu
i, que denominare-

mos desajuste efectivo:

δi(xxxx) ≡
ai(xxxx) − ai

ai

[2.64][10℄ En términos matemáticos seŕıa más apropiado expresar las coordenadas del cuerpo deformado en función de

este factor de dilatación local. Sin embargo, en términos f́ısicos, resulta conveniente para los cálculos posteriores

discutir en términos de parámetros de red.
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El problema f́ısico a estudiar, crecimiento de heteroestructuras, es esencialmente anisótropo,
al ser f́ısicamente diferentes la dirección de crecimiento o vertical (z) y las direcciones transversales
a ella u horizontales (x e y). Esto nos lleva a poder hacer una aproximación más a la expresión
del vector desplazamiento y, por tanto, al tensor de deformaciones.

Consideraremos la peĺıcula deformada al crecer sobre un sustrato de distinto parámetro de red
dividida de manera natural en capas en el plano (x, y), indexadas mediante la coordenada z del
cuerpo sin deformar. Esta misma aproximación se podrá tomar para la parte del sustrato que se
deforma. Realizaremos las siguientes hipótesis sobre dichas capas:
a. En cada una de ellas, el parámetro de red horizontal es uniforme e isótropo, a(z).
b. El desplazamiento según la coordenada z de cada punto material es el mismo para puntos

sobre la misma ĺınea vertical, y vendrá dado por una cierta función u3(x, y, z), cuyas derivadas
respecto a x e y supondremos de magnitud pequeña.

El vector desplazamiento puede ahora reescribirse como:

uuuu =











a(z)

a
x − x

a(z)

a
y − y

u3(x, y, z)











=





δ(z)x
δ(z)y

u3(x, y, z)



 . [2.65]

La deformación vendrá finalmente dada por nuestra hipótesis de coherencia en la que el sustrato
y la peĺıcula tienen el mismo parámetro de red en la intercara, que situaremos en z = 0, siendo sus
valores de equilibrio distintos.





3. Aproximai�on de ampo medio

3.1 Introdui�on
A lo largo de este caṕıtulo desarrollaremos una aproximación de tipo campo medio [BDFN ]

para el estudio de la transición de fase 2D-3D en el modo de crecimiento Stranski-Krastanov de
heteroestructuras. Consideraremos una pendiente promedio como parámetro de orden, que tomará
un valor nulo en la fase de crecimiento plano, y un valor no nulo a partir del momento en el que
se desarrollan estructuras tridimensionales. Siendo meramente una teoŕıa de campo medio, no
podemos predecir la forma que tomará la peĺıcula una vez deformada.

Consideremos la expresión para el vector desplazamiento dada en la fórmula [2.65]. Hagamos
que la deformación según el eje de crecimiento, u3(x, y, z) no dependa de z, y llamémosla h(x, y).
Esta función representa la diferencia de alturas entre el punto material en el cuerpo deformado y
en el cuerpo sin deformar, por tanto, tenemos

uuuu =





δ(z)x
δ(z)y
h(x, y)



 [3.1]

Para obtener la densidad de enerǵıa elástica precisamos del tensor de deformaciones. Al
suponer que la función h(x, y) es de variación lenta, los elementos de dicho tensor que impli-
can la coordenada z serán muy pequeños y no serán tenidos en cuenta en esta aproximación. Aśı,
los elementos relevantes quedan:

uii =
1

2

(

2δ(z) + δ(z)2 + (∂ih(x, y))2) [3.2]

uij =
1

2
∂ih(x, y)∂jh(x, y) [3.3]

con i, j = x, y.

Sin pérdida de generalidad, desarrollaremos la aproximación para la orientación (001). Tomare-
mos, por tanto, la forma de la enerǵıa dada por la expresión [2.39].

—  —
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Para la orientación (001) en un cristal cúbico, la enerǵıa elástica de cada capa en el plano

(x, y) queda expresada como:

fp =

∫

Ap

[

(

c
p11 + c

p12)(δp(z)2 + δp(z)3 +
1

4
δp(z)4)+

+
1

2

(

c
p11 + c

p12)(δp(z) +
1

2
δp(z)2)(∂xh2 + ∂yh2)+

+
1

32

(

3c
p11 + c

p12 + 2c
p44) (∂xh2 + ∂yh2)2] dxdy

[3.4]

donde c
p11, c

p12 y c
p44 son las constantes elásticas independientes (ver caṕıtulo 2) de la peĺıcula,

δp(z) es el desajuste efectivo del parámetro de red de la peĺıcula, dependiente de la distancia en el
eje vertical, sobre el que hablaremos en la siguiente sección y ∂ih = ∂ih(x, y).

Nótese que esta expresión está escrita en función de las dimensiones del cuerpo sin deformar
(ver caṕıtulo 2). Es posible reescribir la expresión anterior a través de ciertos promedios sobre la
función h(x, y).

fp =

[

(

c
p11 + c

p12)(δp(z)2 + δp(z)3 +
1

4
δp(z)4)+

+
1

2

(

c
p11 + c

p12)(δp(z) +
1

2
δp(z)2)〈∂xh2 + ∂yh2〉+

+
1

32

(

3c
p11 + c

p12 + 2c
p44) 〈(∂xh2 + ∂yh2)2〉]Ap

[3.5]

donde Ap =
∫

dxdy. El promedio
〈

∂xh2 + ∂yh2〉 está definido como:

〈

∂xh2 + ∂yh2〉 =
1

Ap

∫

(

∂xh2 + ∂yh2)dxdy ≡ φ2 [3.6]

y nos sirve para introducir la variable φ2, que jugará un papel importante en lo que sigue y
llamaremos pendiente cuadrática media [1℄. El otro promedio es:

〈

(

∂xh2 + ∂yh2)2〉 =
1

Ap

∫

(

∂xh2 + ∂yh2)2 dxdy [3.7]

cuyo significado pasamos a analizar a continuación.

Si entendemos cada valor de ∂xh2+∂yh2 como una variable aleatoria, φ2 es su valor esperado.
El segundo promedio (ec. [3.7]) está relacionado con la varianza de esta variable según la ecuación:

σ2
φ2 =

〈

(

∂xh2 + ∂yh2)2〉−
〈

∂xh2 + ∂yh2〉2 =
〈

(

∂xh2 + ∂yh2)2〉− φ4 [3.8]

De aqúı obtenemos la relación:[1℄ Por simplicidad a φ se la denominará pendiente promedio de la peĺıcula o simplemente pendiente.
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〈

(

∂xh2 + ∂yh2)2〉 = φ4 + σ2
φ2 [3.9]

La varianza de la pendiente depende de la forma que la superficie adopte. Si esta forma es
un cono o una pirámide, el módulo de la pendiente es homogéneo (salvo en los puntos o ĺıneas
singulares) y, por tanto, dicha varianza será nula. En este caso, podemos afirmar que

〈

(

∂xh2 + ∂yh2)2〉 = φ4. [3.10]

Con esta aproximación a la ecuación [3.9], procedamos a escribir la expresión de la enerǵıa
elástica de la peĺıcula, integrando la expresión [3.4] a lo largo del eje z, desde z = 0 hasta z = zp,
donde zp es la cantidad total de peĺıcula depositada:

Eep =Ap
(

c
p11 + c

p12) ∫ zp0 (

δp(z)2 + δp(z)3 +
1

4
δp(z)4)dz +

+ Apφ2 1

2

(

c
p11 + c

p12) ∫ zp0 (

δp(z) +
1

2
δp(z)2)dz +

+ Apφ4 1

32

(

3c
p11 + c

p12 + 2c
p44) zp.

[3.11]

Para relajar las tensiones elásticas vamos a permitir que el sustrato se deforme, esta aprox-
imación es conocida como de sustrato no ŕıgido, a diferencia de considerar que el sustrato no
se deforma que será conocido como sustrato ŕıgido. En la mayoŕıa de nuestros trabajos hemos
utilizado la primera aproximación por ser más realista a la hora de explicar los fenómenos de
crecimiento.

La deformación del sustrato tiene una expresión más simple que la de la peĺıcula, debido a
que no se curva, por tanto en el vector desplazamiento [3.1] la tercera componente será constante
u3(x, y) = k. Aśı, podemos escribir:

uuuu =





δs(z)x
δs(z)y

k



 [3.12]

con δs(z) es el desajuste efectivo en el sustrato. Dado que se considera que el origen de alturas
está en la intercara, al sustrato le corresponden valores negativos de la coordenada z.

De forma análoga al cálculo realizado con la peĺıcula, la enerǵıa elástica de cada una de las
capas infinitesimales del sustrato vendrá dada por:

fs =

∫

As

[

(cs11 + cs12)(δs(z)
2 + δs(z)

3 +
1

4
δs(z)

4)]dxdy [3.13]

donde cs11 y cs12 son las constantes elásticas del sustrato. La región de integración es el área sin
deformar,

∫

dxdy ≡ As.
A la hora de integrar esta expresión para todas las alturas, elegimos un parámetro zs, que

denote la profundidad máxima a la que está deformado el sustrato y que explicaremos con más
detalle en la sección 3.5. De esta manera, la enerǵıa libre total del sustrato queda:

Ees = As (cs11 + cs12)∫ 0
−zs

(

δs(z)
2 + δs(z)

3 +
1

4
δs(z)

4) dz. [3.14]
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Analicemos a continuación cómo se relacionan las áreas sin deformar del sustrato y de la peĺıcula
en la intercara. Consideremos, p.ej., una red cuadrada. La hipótesis de crecimiento coherente nos
lleva a imponer que el número de átomos sea el mismo en la primera capa de la peĺıcula y la última
del sustrato. Por tanto:

As = a2
sNxNy

Ap = a2
pNxNy

[3.15]

donde Nx y Ny denotan el número de átomos en cada una de las direcciones principales. De esta
forma,

As =

(

as

ap

)2
Ap [3.16]

e incluyendo esta relación en la enerǵıa elástica del sustrato deformado nos queda

Ees =

(

as

ap

)2
Ap (cs11 + cs12) ∫ 0

−zs

(

δs(z)
2 + δs(z)

3 +
1

4
δs(z)

4)dz. [3.17]3.3 Desajuste efetivo de la pel��ula y el sustrato
La condición de coherencia implica que el parámetro de red en la intercara sea el mismo desde

el sustrato o desde la peĺıcula, a efectos de nuestro modelo significa que la función a(z) sea continua
en z = 0.

Las condiciones que se exigen a la función que representa el parámetro de red de la región de
la heteroestructura deformada son:

a. En z = −zs el parámetro de red recupera el valor del parámetro de red del sustrato en equilibrio
y la derivada es suave en ese punto

a(−zs) = as [3.18]

lim
z→−zs

a′(z) → 0. [3.19]

b. En z = zp el parámetro de red recupera el valor del parámetro de red de la peĺıcula en equilibrio
y la derivada es suave, también, en ese punto

a(zp) = ap [3.20]

lim
z→zp

a′(z) → 0. [3.21]

c. La función a(z) es continua y derivable en la intercara.

Funciones que cumplen estos requisitos son las de tipo sigmoide. En particular, para nuestro
trabajo, hemos optado por:
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a(z) = A +
B

1 + Cexp
(

− z
zp+zs

ln D
) [3.22]

donde las constantes A, B, C y D cumplen las condiciones anteriormente expuestas. La figura 3.1
muestra la forma del parámetro de red a(z).

as

ap

a
(z

)

−zs 0 zp

Figura 3.1. Parámetro de red en función de la coordenada z.

A partir del parámetro de red, definimos el desajuste efectivo (según la expresión [2.64]) para
la peĺıcula (sub́ındice p) y el sustrato (sub́ındice s) como:

δj(z) =
a(z)

aj

− 1 [3.23]

con aj el parámetro de red en equilibrio. Nótese que el desajuste es nulo en −zs y zp dado que son
los puntos donde ni la peĺıcula ni el sustrato están deformados y máximo para la intercara.3.4 Energ��a super�ial de la heteroestrutura

Para completar el cálculo de la enerǵıa de la heteroestructura, hemos de tomar en consideración
la enerǵıa superficial. Como se discutió en la sección 2.7, la enerǵıa de la superficie de la peĺıcula
es proporcional al área externa, y la constante de proporcionalidad depende de la orientación; i.e.,

Esp = γp

∫

dA. [3.24]

Nótese que se trata del área deformada. Tomaremos como expresión para el diferencial de área:

dA =

(

a(zp)

ap

)2√
1 + ∂xh2 + ∂yh2 dxdy. [3.25]

Si consideramos que las derivadas de h(x, y) son pequeñas, podemos desarrollar la ráız cuadrada
en serie de potencias:

√

1 + ∂xh2 + ∂yh2 = 1 +
1

2

(

∂xh2 + ∂yh2)+ O
(

(

∂xh2 + ∂yh2)2) [3.26]
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que, sustituyendo en la expresión para la enerǵıa de la superficie [3.24], queda:

Esp = γp

(

a(zp)

ap

)2(
1 +

1

2

〈

∂xh2 + ∂yh2〉)Ap [3.27]

Y haciendo uso de la definición de pendiente cuadrática media [3.6] y la aproximación del
cuadrado de la misma [3.10] se tiene

Esp = γpAp

(

a(zp)

ap

)2(
1 +

1

2
φ2) . [3.28]3.5 Energ��a total de la heteroestrutura en aproximai�on de ampo medio

La expresión final que obtenemos para la enerǵıa de la heteroestructura deformada será la
suma de las tres contribuciones en las que la hemos dividido considerando el sustrato no ŕıgido:
enerǵıa elástica de la peĺıcula, enerǵıa elástica del sustrato y enerǵıa superficial.

F = Ap

[

γp

(

a(zp)

ap

)2
+

+

(

as

ap

)2
(cs11 + cs12) ∫ 0

−zs

(

δs(z)
2 + δs(z)

3 +
1

4
δs(z)

4)dz+

+
(

c
p11 + c

p12) ∫ zp0 (

δp(z)2 + δp(z)3 +
1

4
δp(z)4)dz+

+

(

1

2
γp

(

a(zp)

ap

)2
+

1

2

(

c
p11 + c

p12) ∫ zp0 (

δp(z) +
1

2
δp(z)2)dz

)

φ2+
+

1
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(

3c
p11 + c

p12 + 2c
p44) zpφ4] .

[3.29]

Dado que la enerǵıa libre es proporcional a Ap, conviene definir una densidad superficial de
enerǵıa como:

f =
F

Ap
. [3.30]

Esta densidad de enerǵıa libre depende de la pendiente promedio (φ), de la cantidad de material
depositado (zp) y de la cantidad de sustrato que se deforma (zs). Supondremos una relación lineal
entre estas últimas variables, es decir:

zs = αzp. [3.31]

con α ∈ [0, 1], y podemos reescribir la expresión de la densidad superficial de enerǵıa como

f = q(zp) + r(zp)φ2 + s(zp)φ4 [3.32]
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La expresión anterior, [3.32], ha sido obtenida para la orientación (001). Para otras orienta-
ciones la dependencia funcional respecto a φ es la misma, y la diferencia vendrá dada por las
funciones q(zp), r(zp) y s(zp).3.6 Transii�on de fase

Según ha quedado establecido en la sección anterior, la densidad de enerǵıa libre de la hete-
roestructura puede ser descrita en la aproximación de campo medio, mediante la expresión [3.32].

Aplicaremos a continuación la teoŕıa de Landau de transiciones de fase [LL ] a esta densi-
dad de enerǵıa libre, para obtener el diagrama de fases de la transición 2D-3D en el modelo de
crecimiento de SK.

La variable φ, pendiente cuadrática media, juega el papel de un parámetro de orden en esta
teoŕıa. Si su valor es nulo, la heteroestructura crece plana. Si su valor es distinto de cero, el
crecimiento es tridimensional. Nótese que, en esta aproximación de campo medio, es imposible
obtener la forma que adopta la peĺıcula: si se trata de una figura geométrica simple como un cono,
una pirámide o una gaussiana, que podŕıa dar lugar a un punto cuántico, o si se trata de una
estructura rugosa invariante de escala.

Para que la expresión de la densidad de enerǵıa [3.32] tenga sentido, el coeficiente del término
de mayor grado, s(zp) debe ser positivo. De otro modo, resulta imposible minimizar la enerǵıa
libre al no estar acotada. Este término para la orientación (001) viene dado por la expresión:

s(zp) =
1

32

(

3c
p11 + c

p12 + 2c
p44) zp. [3.33]

Como se puede apreciar, es siempre positivo, debido a que las constantes elásticas son positivas.

Para obtener el valor de equilibrio del parámetro de orden, debemos derivar la expresión [3.32]
con respecto a φ e igualar a cero:

0 = 2r(zp)φ + 4s(zp)φ3 = 2φ (r(zp) + 2s(zp)φ2). [3.34]

Esta ecuación siempre tiene la solución real φ = 0. Si r(zp) > 0, esta solución corresponde
con un mı́nimo de la enerǵıa (ver figura 3.2, curva zp < zt. En caso contrario, aparecen otras dos
soluciones reales, φ = ±φ3D(zp) (ver figura 3.2, curva zp > zt. En caso de existir, estas últimas
serán los mı́nimos de la enerǵıa, y φ = 0 se convierte en un máximo local.

En la teoŕıa de Landau, esto implica que la transición de fase es de segundo orden, para un
valor del espesor de transición zt. Para zp menor que el valor de transición, la única solución φ = 0
implica que el crecimiento debe ser plano. Cuando zp > zt, el valor finito de φ implica que la
estructura es tridimensional, aunque no podamos afirmar nada más sobre su geometŕıa.

La figura 3.3 muestra la densidad superficial de enerǵıa f(φ, zp), donde es posible apreciar la
transición de fase en el momento en el que el mı́nimo para φ = 0 se convierte en un máximo local,
desarrollándose los dos mı́nimos laterales ±φ3D, que se van separando hasta alcanzar un valor
asintótico cuando zp → ∞.

Por tanto, el criterio para localizar la transición de fase es el signo de r(zp). Analizaremos a
continuación la expresión para dicho término:
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f(
φ

,z
p
)

φ

zp < zt

zp > zt

Figura 3.2. Densidad de enerǵıa en función de la pendiente para dos alturas diferentes, antes y después de la

transición a zt.

f(
φ

,z
p
)

φ
zp

Figura 3.3. Densidad superficial de enerǵıa en función de la pendiente media φ y de la cantidad de peĺıcula

depositada zp.

r(zp) =
1

2
γp

(

a(zp)

ap

)2
+

1

2

(

c
p11 + c

p12) ∫ zp0 (

δp(z) +
1

2
δp(z)2) dz. [3.35]

El primer término representa la enerǵıa superficial y es siempre positivo. El signo del segundo
término viene determinado por el de la integral. En este caso, como ap > as, δp(zp) es siempre
negativo. Al ser |δp(zp)| ≪ 1, δ2p(zp) es despreciable en una primera aproximación, y aśı el
segundo término, que representa la enerǵıa elástica, es (casi) siempre negativo. De esta manera,
es un balance entre la enerǵıa elástica y la superficial lo que da lugar a la transición de fase.

Para dar fin a esta sección, analizaremos los valores del parámetro de orden en la fase 3D. Para
ello debemos resolver la ecuación:

∂φf = 2r(zp)φ + 4s(zp)φ3 = 0. [3.36]

Siempre existe la solución φ = 0 pero, cuando el crecimiento real es 3D, dicha solución representa
un máximo local de la enerǵıa libre. La solución φ3D > 0 de dicha ecuación queda:
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φ3D =

√

r(zp)

2s(zp)
[3.37]

que, como es de esperar, depende de la cantidad de peĺıcula depositada y da el valor de la pendiente
de la heteroestructura que hace mı́nima la enerǵıa en el crecimiento 3D.3.7 Publiaiones

A partir de la teoŕıa elástica continua y las aproximaciones que hemos llevado a cabo en este
caṕıtulo, se han realizado diversas publicaciones y contribuciones a congresos. A continuación
destacaremos los puntos más relevantes de los art́ıculos, los cuales están incluidos integramente al
final de esta tesis.Coherent growth of InAs/GaAs self-assembled quantum dots

(Physica E, 17, 480-483 (2003))

En este art́ıculo se desarrolló la teoŕıa básica expuesta en este caṕıtulo. Utilizando un modelo
de sólido isótropo, se ha estudiado la dependencia del espesor de transición con el espesor de
sustrato que sufre deformación, aplicado a la heteroestructura InAs/GaAs (001). Se ha adoptado
para la dependencia del parámetro de red con la altura una función de tipo sigmoide, continua en
la intercara para asegurar la coherencia.

La comparación con los datos experimentales prueba que la aproximación de sustrato ŕıgido
es inapropiada. Al alcanzar el espesor de transición zt, el sustrato se deforma notablemente hasta
una profundidad αzt, con α ≈ 0.2.Stranski-Krastanov growth mode in Ge/Si (001) self-assembled quantum dots

(J. Crystal Growth 253, 190-197 (2003))

En este trabajo se ampĺıa el marco teórico para permitir la medida de tensiones en el material,
dado que se trata de observables sobre los que existen datos experimentales. La comparación
entre los resultados teóricos y los experimentales es satisfactoria. La heteroestructura estudiada en
este caso es GexSi1−x/Si(001), propiciando un análisis detallado del efecto de la composición en la
transición de fase 2D-3D. El espesor de transición vaŕıa, en este caso, con respecto a la composición
como 1/x.

Como en el art́ıculo precedente, también se realiza la hipótesis de sólido isótropo, y el estudio
se realiza teniendo en cuenta la deformación del sustrato.Substrate orientation e�ets on the Stranski-Krastanov growth mode

(Nanotechnology 15, S215-S219 (2004))

Se ha extendido el formalismo de los art́ıculos anteriores para estudiar sólidos no isótropos,
aśı como distintas orientaciones de la heteroestructura. Tomando como ejemplo Ge/Si(001) y
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Ge/Si(111) se han relacionado la proporción de sustrato deformado y las tensiones con el espesor
de transición, poniendo especial énfasis en el efecto de las diferentes orientaciones.

También en este caso se ha analizado el efecto de la composición de la peĺıcula, GexSi1−x,
sobre un sustrato de Si(111), obteniendo de nuevo una ley para el espesor de transición del tipo
1/x.Islanding mehanism and band edges in InAs/GaAs (11n) nanoestrutures

(Physica E 25, 456-465 (2005))

El estudio anterior se ampĺıa al análisis de diversas orientaciones de la forma (11n) para la
heteroestructura InAs/GaAs. El marco teórico se ampĺıa para medir pendientes asintóticas (para
valores altos de zp, comparables con datos experimentales).

La aportación más importante de este trabajo es la relación entre la deformación del material
y las propiedades electrónicas del mismo. Se ha analizado el efecto de las tensiones mecánicas en
la estructura de bandas, fenómeno de gran interés tecnológico.

La deformación de un material puede tener un gran efecto sobre su estructura electrónica.
Este efecto, llamado piezoelectricidad, es especialmente notable en el caso de los materiales semi-
conductores, debido a la pequeña magnitud del gap de enerǵıa entre la banda de valencia y la de
conducción. Los puntos cuánticos semiconductores son estructuras en las que se ha producido una
gran deformación respecto al material en equilibrio. Esta deformación contribuye notablemente a
la localización de los electrones, que es la principal razón de su utilidad práctica.
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4.1 Introdui�on
En el caṕıtulo anterior, la enerǵıa elástica fue minimizada en la aproximación de campo medio

y la expresión del parámetro de red como función de z se supońıa conocida. Dicha aproximación
nos permitió obtener una imagen simplificada de la transición de fase 2D-3D del modo de creci-
miento Stranski-Krastanov en función de pocos parámetros. En este caṕıtulo, mantendremos la
aproximación de campo medio pero no supondremos ninguna forma funcional para el parámetro
de red deformado, éste lo obtendremos minimizando la enerǵıa elástica mediante las ecuaciones de
Euler-Lagrange para campos [Bar ].

El cálculo está orientado a la minimización de la enerǵıa elástica

F =
1

2

∫

v

Cijkluijukldv [4.1]

despreciando la contribución de la enerǵıa superficial, siendo conscientes de que dicho término
favorece el crecimiento plano. El tensor de deformaciones adoptado será el de Cauchy,

uij =
1

2
(∂iuj + ∂jui) [4.2]

que es la parte lineal de la forma más general dada por Lagrange [1℄. Dicho tensor se obtendrá a
partir del vector desplazamiento dado por la siguiente expresión:

uuuu =













a(z)

ap
x − x

a(z)

ap
y − y

u3(x, y, z)













[4.3]

donde a(z) es el parámetro de red deformado, que sólo depende de la coordenada z del cuerpo sin
deformar. De esta manera, la enerǵıa es, en principio, un funcional de los campos a(z) y u3(x, y, z).[1℄ Nos restringimos a la parte lineal, dado que queremos que el cálculo sea anaĺıtico en la medida de lo posible.

—  —
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El cálculo se realizará sobre regiones finitas del sustrato sobre las que se impone la condición
de crecimiento coherente. Una muestra de tamaño macroscópico estará compuesta por muchas de
estas regiones finitas, cada una de las cuales puede contener una isla de crecimiento tridimensional
que daŕıa lugar, bajo las condiciones apropiadas, a un punto cuántico. El problema de las fronteras
entre estas regiones posee un gran interés, y será desarrollado en un trabajo futuro.

En la siguiente sección analizaremos, bajo la aproximación de campo medio, la dependencia
del parámetro de red con la coordenada z, considerando sustrato no ŕıgido. Realizaremos el cálculo
en la orientación (001) del sustrato, sin pérdida de generalidad. Para otras orientaciones habrá
que tener en cuenta la rotación del tensor de constantes elásticas Cijkl. Para la orientación (001),
la densidad de enerǵıa elástica queda descrita por:

f =
1

2
c11 (u112 + u222 + u332)+ c12 (u11u22 + u22u33 + u33u11) + 2c44 (u122 + u232 + u312) ,

[4.4]
donde hemos usado las constantes elásticas en notación reducida.4.2 Par�ametro de red en aproximai�on de ampo medio

Como se ha dicho, en esta sección obtendremos el parámetro de red deformado como función de
la coordenada z en aproximación de campo medio, minimizando la enerǵıa mediante las ecuaciones
de Euler-Lagrange. Por simplicidad, consideraremos la componente vertical de la deformación,
tanto para la peĺıcula como para el sustrato, independiente de la coordenada z.

Por sencillez conceptual, descompondremos la función a(z) que describe el parámetro de red
de la heteroestructura en una parte para el sustrato, as(z), cuando z < 0, y otra parte para
la peĺıcula, ap(z), con z > 0. Lógicamente, z = 0 representará la intercara. El sustrato tiene
un parámetro de red menor que el de la peĺıcula para las heteroestructuras estudiadas. De esta
manera, la hipótesis de coherencia impone que el sustrato se estire en la vecindad de la intercara.
Aśı, no existe tendencia a la deformación tridimensional en el mismo.

Los vectores desplazamiento para la peĺıcula y el sustrato serán respectivamente

uuuup =













ap(z)

ap
x − x

ap(z)

ap
y − y

h(x, y)













uuuus =











as(z)

as
x − x

as(z)

as
y − y

k











[4.5]

a partir de los cuales podemos calcular la enerǵıa elástica.
La aproximación más importante en los cálculos subsiguientes es ésta: las derivadas de h(x, y)

con respecto a x e y se supondrán constantes. Esto es equivalente a la aproximación de campo
medio considerada en el caṕıtulo anterior. Con esta aproximación, la enerǵıa elástica se puede
escribir como la integral en la coordenada z de un funcional de los parámetros de red de la peĺıcula
y el sustrato

F =

∫

dzF(ap(z), a′

p(z), as(z), a
′

s(z); z) =

∫ 0
−zs

dzFs(as(z), a
′

s(z); z) +

∫ zp0 dzFp(ap(z), a′

p(z); z).

[4.6]
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Se puede observar que ambas partes, sustrato y peĺıcula, quedan desacopladas y que el efecto de
uno sobre el otro solo se puede dar a z = 0, la intercara.

Las ecuaciones de Euler-Lagrange para la enerǵıa anterior son:

δFj

δaj(z)
=

∂Fj

∂aj(z)
−

d

dz

∂Fj

∂a′

j(z)
= 0 [4.7]

donde j denotará al sustrato con s o a la peĺıcula con p.
De la solución de cada una de las dos ecuaciones anteriores obtenemos las siguientes ecuaciones

para los parámetros de red:

a′′

j (z) = 24
aj(c

j11 + c
j12)

(A2 + B2)cj44 (aj(z)

aj

− 1

)

[4.8]

donde las dimensiones horizontales serán A× B. La solución genérica a dicha ecuación viene dada
por la expresión:

aj(z) = Nj exp(λjz) + Mj exp(−λjz) + aj [4.9]

con

λj = 2

√

√

√

√

6aj(c
j11 + c

j12)
(A2 + B2)cj44 [4.10]

dando como expresión final para el parámetro de red en toda la región

a(z) = Θ(−z)as(z) + Θ(z)ap(z) [4.11]

donde Θ(z) y Θ(−z) son las funciones de Heaviside que separan la parte de la deformación del
sustrato y de la peĺıcula en la intercara.

Las constantes en estas ecuaciones se fijan mediante las condiciones de contorno. Éstas son:
a. El parámetro de red de equilibrio del sustrato se recupera para z = −zs = −αzp, con α ∈ [0, 1),

es decir, cuando éste deja de deformarse.

as(−zs) = as. [4.12]

b. El parámetro de red de equilibrio de la peĺıcula se recupera si se deposita una cantidad infinita
de material.

lim
zp→∞

ap(zp) = ap. [4.13]

c. Condición de crecimiento coherente: el parámetro de red del sustrato en la intercara es el
mismo que el de la peĺıcula.

as(0) = ap(0) = ai. [4.14]

d. Las funciones que se obtienen para representar el parámetro de red del sustrato y de la peĺıcula
en función de la coordenada z empalman suavemente.

a′

s(0) = a′

p(0). [4.15]

De esta manera, obtenemos como solución completa para a(z) la siguiente expresión:
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a(z) = Θ(−z)

[

4 (ai − as)

sinh(λszs)
sinh(λs(z + zs)) + as

]

+ Θ(z)

[

(

ai − ap
)

exp(−λpz) + ap

]

[4.16]

donde ai representa el valor del parámetro de red en la intercara cuyo valor es:

ai =
λsas cosh(λszs) + λpap sinh(λszs)

λs cosh(λszs) + λp sinh(λszs)
. [4.17]

Hemos aplicado este resultado al crecimiento de Ge/Si(001) e InAs/GaAs(001). En ambos
casos se obtiene una forma de tipo sigmoide para el parámetro de red, justificando la elección
hecha en las publicaciones expuestas en el caṕıtulo anterior.4.3 Publiaiones y trabajos futuros

La minimización del funcional de enerǵıa elástica con respecto a sus campos ha dado lugar a
un trabajo ya publicado y abre camino, de forma inmediata, a otras dos extensiones.On the lattie parameter pro�les in the Stranski-Krastanov growth mode

(Nanotechnology 18, 315705 1-6 (2007))

Dentro de la aproximación de campo medio y considerando tanto sustrato ŕıgido como no
ŕıgido, se ha obtenido el parámetro de red horizontal de la heteroestructura utilizando la ecuaciones
de Euler-Lagrange para minimizar la enerǵıa elástica, como aparece expuesto en la sección 4.2.
Esta teoŕıa se ha aplicado a las heteroestructuras Ge/Si (001) e InAs/GaAs (001). Los cálculos
proporcionan una forma tipo sigmoide para el parámetro de red, en consonancia con la hipótesis
realizada en el caṕıtulo anterior.Otros trabajos

Como primera extensión del trabajo realizado, pasamos a considerar el estudio del efecto de las
distintas orientaciones del sustrato en la dependencia del parámetro de red de la heteroestructura
con la coordenada z. El procedimiento a seguir es una extensión lógica de lo expuesto en el caṕıtulo
2. Es preciso rotar el tensor de constantes elásticas de manera apropiada. En particular, estamos
interesados en las orientaciones de la forma (11n), debido a la abundancia de datos experimentales
al respecto.

Una extensión posterior es la minimización de la enerǵıa respecto a la tercera componente del
vector desplazamiento considerando el parámetro de red obtenido en el trabajo aqúı presentado.
Esto nos permitirá predecir el perfil de altura de las heteroestructutras y aśı las formas de las islas.
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5.1 Introdui�on
En este caṕıtulo presentaremos un modelo semiatomı́stico para el estudio de la estabilidad de

heteroestructuras y la formación de islas. El modelo que presentamos es una extensión del que
propusieron inicialmente J. Frenkel y T. Kontorova en 1938 para estudiar deformaciones plásticas
y twinning [FK ].

En el modelo original de Frenkel-Kontorova (FK) se considera una hetroestructura formada
por un sustrato ŕıgido y una capa de peĺıcula. Considerando un modelo unidimensional, el sustrato
es representado mediante un potencial sinusoidal de periodicidad as, el parámetro del sustrato
en equilibrio. Sobre este potencial se sitúan los átomos de la peĺıcula, que están ligados entre
śı mediante muelles armónicos de longitud de equilibrio correspondiente al parámetro de red del
material depositado, ap. La enerǵıa de la heteroestructura será la suma de dos términos. Por un
lado, la suma de las enerǵıas de cada átomo de la peĺıcula debido a su posición sobre el sustrato.
Por el otro lado, la suma de las enerǵıas de interacción entre los pares de átomos vecinos de la
peĺıcula.

E[xi] =
N
∑

i=1 Ks cos

(

2πxi

as

)

+
N−1
∑

i=1 Kp(xi+1 − xi − ap)2 [5.1]

donde las constantes Ks y Kp proporcionan una medida de la interacción sustrato-peĺıcula y
peĺıcula-peĺıcula, respectivamente.

Fundamentalmente, se han incorporado dos tipos de mejoras a este modelo. El primer tipo
consiste en utilizar potenciales anarmónicos para describir la interación entre los átomos de la
peĺıcula [MT ]. El segundo consiste en la extensión a dos dimensiones, cambiando el potencial
del sustrato por un potencial tipo huevera, manteniendo la enerǵıa entre átomos de la peĺıcula de
tipo armónico [BK ].

En este trabajo, inclúımos en el modelo de FK interacciones anarmónicas entre los átomos
de la peĺıcula, y extendemos el potencial creado por el sustrato en la dirección perpendicular
al mismo. Con estas modificaciones el modelo pasa a ser 1 + 1D, donde queremos denotar que

—  —
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no incrementamos la dimensionalidad del modelo, sino que realizamos una extensión vertical del
mismo.5.2 Poteniales anarm�onios entre los �atomos de la pel��ula

El estudio de los potenciales interatómicos tiene una gran tradición en la literatura [MT ]. En
términos generales, cualquier potencial debe tener una distancia de equilibrio, y una región en torno
a ella donde su comportamiento sea armónico. Además, debe cumplir las siguientes condiciones:
a. fuera de la región armónica, debe ser más fácil separar dos átomos que juntarlos y
b. la libertad asintótica, la interacción se hace nula cuando la distancia tiende a infinito.

Hay muchos potenciales que cumplen estas condiciones en la literatura, y la mayoŕıa de los
detalles en torno a ellos es irrelevante para la f́ısica de nuestro problema. Consideraremos dos de
estos potenciales: el de Mie y el de Markov [1℄ [MT ]. Las expresiones correspondientes son:

Vp(d) =
A0

µp − νp

[

νp

(ap

d

)µp
− µp

(ap

d

)νp]

[5.2]

para el de Mie y

Vp(d) =
A0

αp − βp

[

βp exp
(

−αp(d − ap)
)

− αp exp
(

−βp(d − ap)
)]

[5.3]

para el de Markov. En ambos casos, d ≡ |rrrri+1 − rrrri| es la distancia real entre átomos consecutivos
de la peĺıcula, ap es su distancia de equilibrio y A0 nos da la profundidad del pozo. Por último,
los exponentes han de cumplir µp > νp en [5.2] y αp > βp en [5.3]. En la figura 5.1 podemos ver
ambos potenciales superpuestos para determinados valores de sus parámetros.

Nótese que ambos potenciales dependen de cuatro parámetros, los cuales se han de determinar
en cada caso particular.5.3 Extensi�on vertial del modelo de Frenkel-Kontorova unidimensional

La enerǵıa de la heteroestructura comprenderá la parte referida a la peĺıcula más la correspon-
diente al sustrato. Debido a la extensión vertical del modelo unidimensional, la posición rrrri del
átomo i-ésimo será un vector de dos dimensiones ri = (xi, zi), donde xi es la coordenada en el eje
horizontal (el único grado de libertad en el modelo original) y zi la distancia entre el átomo y el
sustrato (la extensión vertical).

La enerǵıa correspondiente al sistema será, formalmente,

E[{rrrri}] =
N
∑

i=1 Vs(rrrri) +
N−1
∑

i=1 Vp(|rrrri+1 − rrrri|) [5.4]

donde Vp puede ser cualquiera de los dos potenciales anteriores, [5.2] o [5.3].[1℄ Ambos potenciales son casos generales de los potenciales de Lenard-Jones y Morse, respectivamente.
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Figura 5.1. Potenciales anarmónicos de Markov y Mie, con parámetros escogidos de manera que la posición

del mı́nimo, su profundidad y la curvatura en torno a éste son iguales. Nótese que cualitativamente tienen un

comportamiento similar.

El potencial del sustrato de FK es extendido en la dirección vertical (z) de tal manera que
para la altura de equilibrio z = zeq se recupere el potencial sinusoidal del modelo original. Las
condiciones sobre la dependencia en la altura del potencial del sustrato son similares a las de la
peĺıcula:
a. libertad asintótica en el eje Z,
b. barrera de potencial muy elevada a la altura del sustrato.
Debido a la similaridad entre las condiciones, construiremos el potencial del sustrato como alguno
de los potenciales considerados para la peĺıcula en el eje Z modulado por una función sinusoidal
en el eje X.

Eligiendo el potencial de Mie para la extensión vertical se obtiene:

Vs(x, z) =
B0

µs − νs

[

νs

(zeq

z

)µs
− µs

(zeq

z

)νs 1

2

(

cos

(

2πx

as

)

+ 1

)]

[5.5]

donde B0, µs y νs son constantes [2℄. El término modulador está calculado para que el promedio
del potencial sea cero en z = zeq. Para z < zeq este valor promedio es positivo, y es negativo para
z > zeq, aunque tendiendo a cero. Esto asegura que el estado fundamental estará siempre ligado
al sustrato. La figura 5.2 muestra este potencial para ciertos valores t́ıpicos de sus parámetros. Se
puede ver que toma valores altos cerca del sustrato y cero para grandes alturas. Hay una cadena de
mı́nimos con sus correspondientes pasillos, separados por barreras de potencial, cuya altura decrece
con z. La vista de contorno, en el plano horizontal, muestra elipses cuyos centros se corresponden
con los mı́nimos.

De esta manera, los cinco parámetros que determinan el potencial del sustrato son los sigu-
ientes: B0 marca la profundidad de los mı́nimos, cuyas posiciones vienen determinadas por as y
zeq. La concavidad en torno a los mı́nimos viene dada por los exponentes νs y µs.[2℄ Si se deseara realizar la misma extensión vertical utilizando el potencial de Markov, seŕıa el término de menor

exponente el que vendŕıa modulado por la función sinusoidal.
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Figura 5.2. Potencial del sustrato 1+1D. El plano horizontal muestra el eje de la superficie y el de crecimiento.

El eje vertical marca el valor del potencial. Nótese que la superficie está compuesta por carriles periódicos, cada

uno de los cuales culmina en un mı́nimo. Esta imagen queda completada por la vista de contorno, donde se

pueden observar las elipses correspondientes a las cuencas de cada uno de dichos mı́nimos.

La enerǵıa total, dada por la expresión [5.4], es minimizada a continuación con el fin de
obtener la configuración de equilibrio de la heteroestructura. En principio, cualquier técnica de
minimización no lineal es apropiada para el estudio de este problema. Desafortunadamente, éste
carece de solución anaĺıtica exacta, aunque existen varias técnicas aproximadas de solución, tanto
anaĺıticas como numéricas.

En la práctica, esta forma para la enerǵıa constituye una función de muchas variables con
gran cantidad de mı́nimos locales (o estados metaestables) que, un método de minimización poco
cuidadoso, puede considerar absolutos. En la siguiente sección se presentan dos técnicas aproxi-
madas de muy distinta naturaleza que dan lugar a diagramas de fases muy similares. Una de ellas
está basada en un Ansatz anaĺıtico, y la otra consiste en una aplicación numérica del grupo de
renormalización en espacio real.

Este modelo 1 + 1D es aplicable en algunas situaciones f́ısicas de interés. Considérese, por
ejemplo, un cristal de germanio mostrando la orientación (001) (ver figura 5.3). Nótese cómo los
enlaces de la última capa están fuertemente direccionados, formando cadenas unidimensionales.
En el caso de la figura, en la dirección [1, 1̄, 0]. La capa anterior tiene sus enlaces en la dirección
perpendicular. Asimismo, en superficies constituidas por surcos (furrows) ampliamente separados,
como en la orientación (112) de un cristal cúbico centrado en cuerpo, los átomos de la peĺıcula
formarán cadenas unidimensionales independientes.5.4 Diagrama de fases del modelo de FK vertialmente extendido

El objetivo de esta sección es encontrar el diagrama de fases del modelo de Frenkel-Kontorova
verticalmente extendido. Como parámetros de control tomaremos el cociente entre el parámetro
de red de la peĺıcula, ap, y el del sustrato, as, y una medida de la fuerza relativa de los enlaces
de la peĺıcula con respecto a los del sustrato. Esta medida nos la proporcionará el cociente entre
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Figura 5.3. Estructura diamante en la orientación (001). Nótese cómo los enlaces entre capas van orientándose

alternativamente en las diercciones [1, 1̄, 0] y [1, 1, 0].

las concavidades de ambos potenciales en torno a sus puntos de equilibrio, que llamaremos k. El
parámetro de orden será la rugosidad de la peĺıcula, es decir: consideraremos la transición de fase
entre crecimiento plano y crecimiento tridimensional o rugoso. Como medida de dicha rugosidad
se puede considerar la varianza en las alturas de las posiciones de los átomos de la peĺıcula. Un
valor cero indica crecimiento plano.

Como ténica anaĺıtica aproximada hemos considerado un Ansatz de la siguiente forma. Con-
sideraremos que todos los átomos toman la coordenada x correspondiente al equilibrio. En cambio,
una fracción p de los mismos abandonan la altura de equilibrio para adoptar un nuevo valor z = z1.
El resto, permanece a z = zeq, y supondremos que los átomos desviados están regularmente espa-
ciados en la cadena. Para p = 1/2, tenemos una cadena en zig-zag.
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Figura 5.4. Enerǵıa por átomo e(z1) en función de la altura de los átomos que abandonan la altura de equilibrio,

para distintos valores de k. Obsérvese cómo para k > k1 aparece un segundo mı́nimo para z1 > zeq, y que este

mı́nimo pasa a tener menor enerǵıa que la configuración plana para k > kt.

Mediante este Ansatz obtenemos, para distintos valores de p, la función e(z1) que proporciona
la enerǵıa por part́ıcula de la cadena total menos dicho valor para la configuración plana. Esta
función presenta siempre un punto cŕıtico en z1 = zeq, es decir: la configuración plana siempre es
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de equilibrio, aunque no siempre sea de equilibrio estable. La figura 5.4 muestra dicha función para
distintos valores de k, fijando el resto de los parámetros del problema. Nótese que, para k mayor
que cierto valor k1, aparece un segundo mı́nimo para z1 > zeq, pero que la enerǵıa de este mı́nimo
no es menor que la de la configuración plana hasta que k = kt, el valor que marca la transición
de fase. El mı́nimo correspondiente a la configuración plana se convierte en este momento en un
estado metaestable. De esta manera, se obtiene un diagrama de fases aproximado para la transición
de rugosidad en el modelo (ver figura 5.5).

En combinación con la técnica anaĺıtica expuesta, hemos empleado una variedad de métodos
numéricos con el fin de obtener el diagrama de fases del modelo. El método que resultó más eficaz
está basado en ideas tomadas del grupo de renormalización en espacio real.

Dicho método consiste en encontrar un potencial efectivo para el movimiento de una part́ıcula
al extremo de una cadena finita, de manera que todos los átomos de ésta encuentren siempre su
posición de equilibrio global. En el caso de una única part́ıcula, dicho potencial efectivo coincide
con el del sustrato. A partir de este punto, hemos desarrollado una formulación recursiva, que nos
da el potencial efectivo para una part́ıcula al extremo de una cadena de N átomos en función del
potencial efectivo para N−1 átomos. Encontrando los puntos fijos de dicho flujo de renormalización
obtenemos el diagrama de fases en el ĺımite termodinámico. Asimismo, integrando la relación para
distintos valores de N obtenemos interesantes efectos de tamaño finito en la estabilidad de las
distintas fases.

Aplicando este método, obtenemos el diagrama de fases que se muestra en la figura 5.5. Nótese
cómo las fronteras de fase obtenidas mediante el método anaĺıtico y el método numérico resultan
muy similares.
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Figura 5.5. Diagrama de fases en el plano ap-k en el ĺımite termodinámico, calculado de manera anaĺıtica (ĺınea

continua) y numérica (ĺınea discontinua). Obsérvese la notable coincidencia entre las dos curvas.
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En esta sección comentamos el art́ıculo sobre el modelo de Frenkel-Kontorova extendido ver-

ticalmente y hacemos una rápida revisión del plan de trabajo futuro en este campo.Vertial extended Frenkel-Kontorova model model: A real spae renormalization groupstudy
(Phy. Rev. B 72, 125412 1-8 (2005))

Este art́ıculo introduce la extensión vertical del modelo de Frenkel-Kontorova en 1 + 1D. Tras
estudiar los requisitos f́ısicos para el potencial del sustrato y de la peĺıcula, se proponen formas
concretas para éstos, basados en los potenciales de Mie. El objetivo final del análisis es obtener
el diagrama de fases de la transición de rugosidad en el modelo. Este diagrama se obtiene de
dos maneras: mediante un Ansatz anaĺıtico y mediante una técnica numérica en base al grupo de
renormalización. Los dos diagramas coinciden apreciablemente bien. Se trata de un trabajo de
diferente ı́ndole al resto de los que forman parte de esta tesis, sin aplicación directa a ningún tipo
de material.Otros trabajos

Con el fin de aplicar el modelo de Frenkel-Kontorova extendido verticalmente al análisis de
materiales semiconductores reales es preciso realizar ulteriores extensiones. La más importante es
la inclusión de potenciales a tres cuerpos que den cuenta de la alta direccionalidad de los enlaces
covalentes. En un trabajo futuro se obtendrá el efecto de dicho potencial sobre el diagrama de
fases del modelo. Es también posible, siguiendo en el mismo marco conceptual, estudiar el efecto
de la temperatura finita sobre el modelo, empleando las mismas técnicas que se han expuesto en
este caṕıtulo.

Una extensión que resulta también imprescindible es el paso a un modelo 2 + 1D, en el que el
sustrato sea bidimensional. La extensión vertical del sustrato se obtiene de la misma manera, pero
su forma en el plano (x, y) se determina mediante una combinación de ondas planas con la simetŕıa
apropiada. En este caso, las técnicas para la obtención del diagrama de fases han de extenderse,
debido a que los métodos expuestos en este caṕıtulo son esencialmente unidimensionales.





Conlusiones y trabajo futuro

Aproximación de campo medio

A partir de la teoŕıa elástica continua tomamos una aproximación de campo medio para caracte-
rizar la transición de fase 2D-3D t́ıpica del modo de crecimiento de Stranski-Krastanov de distintas
heteroestructuras semiconductoras como son Ge/Si e InAs/GaAs teniendo en cuenta los efectos
de orientación del sustrato. Desde el punto de vista teórico, se obtiene una transición de segundo
orden. Tomando como dato el valor del espesor de transición en cada una de las heteroestructuras
y una forma funcional del parámetro de red con la altura tipo sigmoide se obtiene:

• La estimación de la cantidad de sustrato que se deforma en v́ıas de conseguir que el crecimiento
sea coherente en la intercara.

• El valor asintótico de las pendientes promedios de la peĺıcula depositada.

Y en base a estos resultados, podemos predecir:

• La tensión acumulada de la heteroestructura.

• La dependencia del espesor de transición con la composición de la peĺıcula.

• La modificación de las propiedades electrónicas, bandas de conducción y de valencia, debido a
las deformaciones que sufren la peĺıcula y el sustrato.

Minimización exacta de la enerǵıa elástica

Dentro de la aproximación de campo medio, minimizamos la enerǵıa elástica como funcional
del parámetro de red y obtenemos la forma del mismo para las heteroestructuras Ge/Si(001) e
InAs/GaAs(001) obteniendo:

• La dependencia del parámetro de red con la coordenada z es tipo sigmoide, lo que viene a
confirmar la elección que hab́ıamos tomado para trabajos anteriores.

Y trabajando con esta teoŕıa planteamos como trabajo futuro:

• Buscar la dependencia del parámetro de red con la coordenada z para heteroestructuras del
tipo Ge/Si(11n) e InAs/GaAs(11n).

• Obtención de la forma de las islas que minimiza la enerǵıa elástica.

—  —
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Enfoque semiatoḿıstico

La extensión del modelo de Frenkel-Kontoroca a 1 + 1D con potenciales anarmónicos que
describen las iteracciones entre los átomos de la peĺıcula, nos ha llevado a:
• Obtener un diagrama de fases que nos marque la transición 2D a 3D para distintos valores

del desajuste y la fuerza relativa de los enlaces, obteniendo el resultado a partir de un Ansatz
análitico y un cálculo numérico.
Y abre camino a:

• Incluir en el modelo 1 + 1D un potencial a tres cuerpos entre los átomos de la peĺıcula.
• Extender el modelo 2D a 2 + 1D permitiendo aśı el estudio de heteroestructuras reales.
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Abstract

An energetic balance between surface and elastic strain energies based in continuum elastic theory is applied to evaluate
the transition thickness in InAs/GaAs (0 0 1) self-assembled quantum dots. The growth process follows a Stranski–Krastanov
(S–K) pattern, where a two–three-dimensional transition is undertaken at the so-called transition thickness. The system under
investigation is a pseudomorphological structure characterized by a coherent behavior at the substrate/3lm interface. For
the dependence of the lattice parameter with height, a sigmoidal-type function with appropriate constraints is considered.
Non-rigid substrate approximation is used in the evaluation of the transition thickness and the obtained numerical values
are compared with the experimental ones. From these results, it can be claimed that the non-rigid substrate approach is
appropriate to explain the relaxation process in the S–K growth mode.
? 2002 Elsevier Science B.V. All rights reserved.

PACS: 68.66.Hb; 68.65.−k; 61.46.+w
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1. Introduction

Since the last years, there is an increasing interest
to achieve self-assembled nanostructures which are
homogeneous in their sizes and shapes. In this chal-
lenge, strained and unstrained quantum dots (QDs)
have been fabricated using di?erent types of tech-
niques. For instance, molecular beam epitaxy (MBE)
technique used to grow mismatch materials based
in III–V and II–VI semiconductors yields Stranski–
Krastanov (S–K) structures, which are quasi-uniform
in their sizes and shapes. Although the phenomenol-
ogy of the S–K growth mode is well known [1], the
origin of the island formation mechanism is still a
subject of debate. Two models are reported in the

∗ Corresponding author. Tel.: +34-91-624-9184; fax: +34-91-
624-8749.

E-mail address: ssantall@3s.uc3m.es (S.N. Santalla).

literature which explain the islanding mechanism. One
of them suggests a continuous evolution from a Gat
3lm to three-dimensional (3D) islands [2–4], while the
second one proposes an island faceting [5] by means
of an abrupt overcoming of energetic barrier. Within
the framework of the 3rst model, many theories based
on equilibrium considerations of the balance of strain,
interface and surface energies have been developed.
Some of them use atomistic calculations for the stress
distribution inside the as-grown 3lm [6], while others
use continuum description of the elastic strain energy
[2,7,8].
Despite the large number of works on growth

process, few have been devoted to prediction of
the “transition thickness”, thickness at which the
bi-dimensional (2D) to 3D growth transition takes
place [7,9–11]. In our previous works [10,11] we
applied the continuum model to estimate the transi-
tion thickness in arbitrarily shaped InAs/GaAs (0 0 1)

1386-9477/03/$ - see front matter ? 2002 Elsevier Science B.V. All rights reserved.
doi:10.1016/S1386-9477(02)00845-7

mailto:ssantall@fis.uc3m.es


S.N. Santalla et al. / Physica E 17 (2003) 480–483 481

Fig. 1. Schematic representation of S–K growth pattern in the
non-rigid substrate scheme.

self-assembled quantum dots (SAQDs). In these
works, the relaxation process is only considered to
be undertaken on the 3lm material; this is the “rigid
substrate approximation”.
In this paper, our aim is to evaluate the transition

thickness in semiconductor SAQDs within the pre-
viously theoretical framework [10,11] when the sub-
strate is also strained. This is the “non-rigid substrate
approximation”. The paper is organized as follows. In
Section 2, a brief description of the theoretical model is
made. The implementation of the model in InAs/GaAs
(0 0 1) SAQDs is developed in Section 3. Finally,
the main conclusions of our results are presented in
Section 4.

2. Theoretical model

Herein, we develop the non-rigid substrate ap-
proximation in which the relaxation process is
undertaken by the 3lm and the substrate mate-
rials. Thus, the total free energy will consist in
three energy terms: surface, elastic strain of the
3lm and elastic strain of the substrate. Fig. 1
shows the surface description, where (x; y) repre-
sent the coordinates of the planar 3lm–substrate
interface and the function �(x; y) is the deposited
3lm thickness. �f is the top of the island, once the
2D–3D transition occurs, and �s is the substrate
thickness which is strained. We assume that only
a percentage of the substrate thickness is a?ected
by deformation; thus |�s| = ��f with �¡ 1. In this
scheme, the relaxation process is considered to take

Fig. 2. Dependence of the lattice parameter with height. Black
line is for � �= 0 (non-rigid substrate) and grey line is for � = 0
(rigid substrate).

place throughout the recovering of the lattice parame-
ter at its value without strain. We assume that the 3lm
relaxes toward its lattice constant (af ) at the top of
the island (�f ) [8,10,11], while the substrate relaxes
towards (as) at (�s) following a sigmoidal function

a(�) = A+ B=(1 + C exp(−�=(�f + �s)lnD)): (1)

Fig. 2 shows this dependence, where the constants
A; B; C and D are obtained by imposing the condi-
tions: (i) a(−�s) = as; (ii) a(�f ) = af ; (iii) a(�) →
af (1 + �) when � → ∞ and (iv) a(�) → as (1 − �)
when � → −∞. For this study, we take � = 0:001.
Attending to the energy balance, we will describe

the three terms involved within the elastic contin-
uum theory framework [12]. In this scheme, the
isotropic surface energy is considered by assuming a
small-slope picture for the surface (see Ref. [2]). As
it is well established, the isotropic elastic free energy
density for a thin layer volume is expressed in terms
of the LamNe constants (� and �) of the given layer
and the elastic strain tensor uij which is de3ned by
means of the displacement vector uh. In particular, for
the 3lm material, the displacement vector is written as
uh=r′h−rh=(x�f ; y�f ; �(x; y)), where �f =a(�)=af −1
and a(�) is the lattice parameter at the height � (see
Eq. (1)). Then, its elastic free energy density will be

ff = 2(�f + �f )(�2f + �
3
f + �

4
f =4)

+ (�f + �f )(�f + �2f =2)�
2

+ (�f + 2�f )�4=8: (2)

Here, � = ((@x�)2 + (@y�)2)1=2 is a mean slope
and it can be considered as a scalar order parameter,
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(see Ref. [2]). For the case of the substrate material,
the displacement vector is written as uh = r′h − rh =
(x�s; y�s; k) where �s = a(�)=as − 1 and k is a con-
stant. Contrary to the 3lm displacement vector, the
third coordinate can be considered constant, because
the roughness induced in the substrate region is nearly
negligible if it is compared with the induced one in
the 3lm. Then, the elastic strain energy density of the
substrate will be

fs = 2(�s + �s)(�2s + �
3
s + �

4
s =4): (3)

We de3ne a total free energy surface density in a
mean-3eld description as (see Ref. [2])

ftot = �(1 + �2=2) +
∫ �f

0
ff d�+

∫ 0

−�s
fs d� (4)

which is rewritten in terms of the slope as

ftot = q(�) + r(�)�2 + s(�)�4: (5)

For � = 0; fs = 0 and the rigid substrate approxima-
tion is recovered. In the above equation, s(�) is always
a positive function of �, while r(�) can be positive
or negative in the investigated region of small slopes
(note that �f ¡ 0 when �¡�f ). For �= 0; ftot rep-
resents the total free energy surface density for a Gat
stressed 3lm.
On the other hand, as the height � is expressed in

terms of the number of monolayers (n), our results will
be shown as a function of n; nf (total coverage) and
ns (number of substrate strained monolayers). Also, to
simplify notation, ftot will be referred hereafter as the
free energy density. Throughout the paper, the values
of LamNe constants and surface tension parameter for
the investigated system are taken from Ref. [13].

3. Results and discussion

In order to investigate the 2D–3D growth transition
in typical S–K growth mode, we analyze the stability
regions in terms of the slope �, our order parameter.
For this, the equilibrium states will be obtained by
minimizing the free energy density with respect to �.
From Eq. (5), we obtain their extreme points; i.e.,

�= 0; �= ±(−r(n)=2s(n))1=2 = �±: (6)

In Fig. 3, the free energy density is plotted as a func-
tion of the slope and the coverage. Two well de3ned
stability regimes are shown. One of them is de3ned for

Fig. 3. Free energy density as a function of the slope and the
coverage for InAs/GaAs (0 0 1) SAQDs.

Fig. 4. Slope versus coverage for di?erent values of � for
InAs/GaAs (0 0 1) SAQDs.

small values of n, where ftot has only one minimum
at � = 0, which means that the stable con3guration
of the system is plane (2D growth mode). The other
regime is de3ned for increasing values of n, where
ftot has a maximum at �=0 and two symmetric min-
ima at �±. This means that a new con3guration with
slope di?erent from zero becomes stable, which cor-
responds to the islands formation (3D growth mode).
Therefore, the 2D–3D growth transition is character-
ized by the 3rst value of n at which the minimum slope
is non-zero. This will allow us to de3ne the transition
thickness of the system.
Fig. 4 shows �+ (Eq. (6)) as a function of n and

for several values of �. From the crossing points, val-
ues ranging between 1.18 and 2:02 ML are estimated
for the transition thickness. The value of 1:18 ML is
obtained for � = 0, which corresponds with the case
of the rigid substrate approximation and it is simi-
lar to the obtained in our previous works [10,11]. For



S.N. Santalla et al. / Physica E 17 (2003) 480–483 483

� �= 0, the transition thickness values are in better
agreement with the experimental ones reported in the
literature (1.5–1:8 ML) [14]. Besides, the best agree-
ment with the RHEED experiments is obtained for
values of � ranging between 0.2 and 0.4. This means
that the percentage of substrate thickness undertaken
by strain reaches 20–40% of the total coverage. From
these results, it can be claimed that the non-rigid sub-
strate approximation applied herein is a more realistic
approach in the study of the relaxation phenomena of
heteroepitaxial growth.
Finally, reasons should be given to justify the

sigmoidal-type function for the dependence of the
lattice parameter with the height. As in the heteroepi-
taxial growth, the materials involved in the growth
process are di?erent; one expects an abrupt change in
their physical properties, just at the interface between
two materials. In particular, the lattice parameter will
su?er an abrupt change between the value correspond-
ing to the substrate material (as) and that correspond-
ing to the deposited 3lm (af ) following a Heaviside
function. However, within a coherent growth picture,
typical in pseudomorphological structures like that
investigated herein, the lattice constant of the 3lm
is readapted to the substrate lattice parameter near
the interface. After, it recovers its value in following
phases of the growth process. Consequently, at the
interface there will be a smooth change of the lattice
parameter and not an abrupt step. Thus, by imposing
the coherence criteria, it seems reasonable to take a
sigmoidal-type function to describe the dependence of
the lattice parameter with the height. Physical proper-
ties such as the Fermi level, conduction and valence
bands at the interface of two di?erent semiconduc-
tors have a sigmoidal behavior. On the other hand,
Spencer [15] describes the physical properties change
at the interface of two semiconductors in terms of a
family of functions with sigmoidal aspect.

4. Conclusion

We have determined the transition thickness of
arbitrarily shaped InAs/GaAs (0 0 1) SAQDs in the

framework of the continuum elastic theory. Coherence
growth criteria have been assumed to investigate the
lattice parameter change at the interface. For its de-
pendence with height, a sigmoidal-like function has
been taken. The approach applied herein, the non-rigid
substrate approximation yields transition thicknesses
which are in good agreement with the experimental
ones. From these results, it can be concluded that the
substrate is a?ected by the relaxation phenomenon in
the S–K growth mode.
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Abstract

Within the framework of the continuum elasticity theory, we have characterized the Stranski–Krastanov mode in Ge/

Si(0 0 1) self-assembled quantum dots by means of the transition thickness and the accumulated stress. The systems

under investigation are pseudomorphic structures with a coherent behavior at the substrate/film interface. For the

dependence of the lattice parameter with the height, a sigmoidal-type function with appropriate constraints is

considered. To evaluate the transition thickness, a minimization of the total free energy density with respect to the slope

is made. Two different regimes for the accumulated stress are obtained in the range of investigated coverage. These

regimes are directly related to the two stages of the Stranski–Krastanov mode, characterized by a second-order

transition where the slope is the order parameter. The non-rigid substrate approximation is applied in our systems

yielding transition thickness and compressive stress values which are in good agreement with the experimental ones.

From these results, it can be deduced that the substrate is affected by relaxation phenomenon in the Stranski–

Krastanov mode. In GexSi1�x=Sið0 0 1Þ heterostructures, the transition thickness is inversely proportional to the Ge
composition and the compressive stresses are smaller for decreasing misfit strain.

r 2003 Elsevier Science B.V. All rights reserved.

PACS: 62.20.Dc; 81.15.Hi; 85.30.Vw

Keywords: A1. Nanostructures; A1. Growth models; A1. Stresses; A3. Stranski–Krastanov growth; B1. Germanium silicon alloys

1. Introduction

Since the last years, the growth of Ge on Si
substrates is attracting considerable interest be-
cause of their importance for the fabrication of
optoelectronic devices (based, e.g., on strained-

layer superlattices or uniform quantum dot arrays)
as well as of Si-based high-speed transistors in
GeSi alloys. On Si(0 0 1) film growth proceeds by
Stranski–Krastanov (S–K) mode, i.e., 3D islands
nucleate on top of the wetting layer. Besides, these
Ge 3D islands grow coherent on the substrate, i.e.,
dislocation free up to lateral dimensions as large as
100 nm [1,2]. However, the suddenly switching
from 2D to 3D growth modes in the S–K systems
is still a subject of debate. According to the
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thermodynamic models, the driving force for 3D
islanding is the reduction of the elastic strain
energy which compensates the additional cost of
free surface energy [3,4]. In fact, the 3D islands
partially relax the misfit strain because upper
layers are free to adjust their interatomic distance
to the respective bulk values. In addition to the
thermodynamic explanation, there is evidence for
kinetic processes to be involved in the 3D islanding
mechanism. Temperature-dependent diffusion
processes as well as the presence of Ehrlich–
Schwoebel barriers, which are enhanced by the
strain field can promote the nucleation and growth
of the 3D islands [5,6].
Focusing on the thermodynamic point of view,

many theories based on equilibrium considerations
of the balance of strain and surface energies have
been developed. Some of them use atomistic
calculations for the stress distribution inside the
as-grown film [7], while others use continuum
description of the elastic strain energy [4,8,9].
Sasaki et al. [9] have derived an analytical equation
for the transition thickness in terms of an energy
balance between strain energy and surface energy.
They considered that only the film is strained and
obtained a value of 3.1ML for the Ge/Si system.
This transition thickness is smaller than that
obtained in RHEED experiments [10] or from
the film force measurements [11]. On the other
hand, as changes of stress are directly related to
the relief of misfit strain, quantitative information
on the reduction of the elastic energy by 3D
islanding is obtained. Therefore, to characterize
the S–K mode, it seems necessary to analyze the
2D–3D phase transition in terms of the intrinsic
stress and the transition thickness.
The aim of this paper is to evaluate the

transition thickness and the accumulated stress in
arbitrarily shaped Ge/Si(0 0 1) self-assembled
quantum dots (SAQDs) within the framework of
the continuum elasticity theory. The ‘‘non-rigid
substrate approximation’’, where the relaxation
process occurs in both substrate and film materi-
als, is taken into account. This approach was
successfully applied in InAs/GaAs(0 0 1) SAQDs
[12]. Also, we estimate the transition thickness
dependence on Ge composition in GexSi1�x=
Sið0 0 1Þ heterostructures. The paper is organized

as follows. In Section 2, a brief description of the
theoretical model is made. The implementation of
the model and discussion of the results are
developed in Section 3. Finally, the main conclu-
sions are given in Section 4.

2. Theoretical model

The base of the non-rigid substrate approximation
is to consider that film and substrate materials are
deformed by the misfit strain, so that the elastic
energy is stored within both of them. Fig. 1 shows
the surface description, where ðx; yÞ represent the
coordinates of the planar film–substrate interface
and the function yðx; yÞ is the deposited film
thickness. Johnson and Freund [13] considered that
the relaxation process takes place throughout the
film and is not limited to the island volume. Besides,
we assume that the film relaxes toward its bulk
lattice constant (af ) at the top of the island (yf )
[9,12], while the substrate relaxes toward (as) at
(�ys) [12]. We also consider that only a fraction of
the substrate thickness participates in the strain
relaxation; i.e., ys ¼ ayf with 0pao1: Then, the
fraction of the substrate thickness is proportional to
the total coverage. To describe the relaxation
mechanism, we propose a sigmoidal law which
defines the lattice dependence with the thickness, i.e.

aðyÞ ¼ A þ
B

1þ Cexp �ðy=yf þ ysÞ lnD
� �: ð1Þ

interface 
s−θ

fa

as

substrate

strained substrate

strained film θ θ(x,y)
f

non_strained

Fig. 1. Schematic representation of S–K growth pattern in the

non-rigid substrate scheme. yf is the top of the island and ys is
the strained substrate thickness.
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In our formulation, the constants A; B; C and D

are obtained by imposing the conditions: (i)
að�ysÞ ¼ as; (ii) aðyf Þ ¼ af ; (iii) aðyÞ-af ð1þ wÞ
when y-N and (iv) aðyÞ-asð1� wÞ when y-�
N: Upon these criteria, the parameter w must
satisfy the constraint w > e0=ðe0 þ 2Þ; where e0 is
the misfit strain defined by ðas � af Þ=af : For this
study, we take w ¼ 0:001; value that yields a
relative error of 0:1% for the bulk lattice para-
meters. As it is expected, when the film and
substrate relax, at a distance sufficiently far from
the interface, their respective lattice constants
recover their bulk values. Therefore, the obtained
error of 0:1% is small enough to consider that the
parameter w fits properly in the formulation.
Notice that the assumption of a sigmoidal law
for the lattice parameter entails a sigmoidal
dependence for the misfit strain. Kukta and
Freund [14] assumed a similar regularization of
the interface, where there is a narrow transition
region through which the mismatch strain changes
continuously.
To perform our model, we restrict the analysis

to the interplay between the strain elastic and
surface energies. Other relaxation mechanisms
such as the misfit dislocations are neglected.
Attending to the energy balance, we will describe
all the terms within the elasticity continuum theory
[15]. In this framework, the isotropic elastic free
energy density for a thin layer volume is expressed
as fe ¼ ðl=2Þu2ii þ mu2ij : l and m are the Lam!e
constants of the given layer and uij is the elastic
strain tensor which is defined in terms of the
displacement vector ui: In particular, for the film
material, the displacement vector is written as
uið f Þ ¼ r0ið f Þ � rið f Þ ¼ ðxdf ; ydf ; yðx; yÞÞ where df ¼
aðyÞ=af � 1: Then, its elastic free energy density is
[12]

ff ¼ 2ðlf þ mf Þ d2f þ d3f þ
1
4
d4f

� �
þ ðlf þ mf Þ df þ 1

2
d2f

� �
f2 þ 1

8
lf þ 2mf
� �

f4: ð2Þ

Here, f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð@xyÞ

2 þ ð@yyÞ
2

q
is a mean slope and

it is considered as a scalar order parameter (see
Ref. [4]). To describe the strain effect in the
substrate, let us assume that the deformation in the
growth direction is uniform through the substrate

region. Therefore, the displacement vector is
defined as uiðsÞ ¼ r0iðsÞ � riðsÞ ¼ ðxds; yds; kÞ where
ds ¼ aðyÞ=as � 1 and k is a constant. Then, the
elastic strain energy density of the substrate is [12]

fs ¼ 2ðls þ msÞ d2s þ d3s þ
1
4
d4s

� �
: ð3Þ

On the other hand, the isotropic surface energy
is written as Fsurf ¼ g

R
dA; where g is the constant

surface tension and dA is the differential surface;

i.e., dA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðryÞ2

q
dx dy: By assuming a small-

slope picture, the surface energy is given by

Fsurf ¼ g
Z
1þ 1

2
f2

� �
dx dy: ð4Þ

Accordingly, we define a total free energy
surface density in a mean-field description as

ftot ¼ g 1þ
1

2
f2

� �
þ

Z yf

0

ff dyþ
Z 0

�ys
fs dy; ð5Þ

which is rewritten in terms of the slope as

ftot ¼ qðyÞ þ rðyÞf2 þ sðyÞf4: ð6Þ

In the above equation

qðyÞ ¼ gþ
Z yf

0

2ðlf þ mf Þ d2f þ d3f þ
1

4
d4f

� �
dy

þ
Z 0

�ys
2ðls þ msÞ d2s þ d3s þ

1

4
d4s

� �
dy; ð7Þ

rðyÞ ¼
g
2
þ

Z yf

0

ðlf þ mf Þ df þ
1

2
d2f

� �
dy; ð8Þ

and

sðyÞ ¼
Z yf

0

1

8
ðlf þ 2mf Þ dy: ð9Þ

For a ¼ 0; fs ¼ 0 and all the elastic energy is
stored within the film, then the rigid substrate
approximation is recovered. As the Lam!e con-
stants are positive, sðyÞ is always a positive
function of y; while rðyÞ can be positive or negative
in the investigated region of small slopes. For f ¼
0; ftot represents the total free energy surface
density for a flat stressed film.
Respect to the stress distribution, it will be

analyzed in terms of the accumulated stress whose
slope yields the incremental stress. The accumu-
lated stress is also referred in the literature as film
force, strain-thickness or integrated stress [11,16].
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According to the condition of coherent growth, we
define the accumulated stress through the biaxial
components of the stress tensor for the substrate
and film materials; i.e.,

/sxxS ¼
Z 0

�ys

sxxðsÞ dyþ
Z yf

0

sxxð f Þ dy: ð10Þ

As it is known from the elasticity continuum
theory, the stress tensor is related to the strain
tensor by means of the Lam!e and bulk modulus
constants. With the above expressions for the
displacement vectors, we have for the substrate
material

sxxðsÞ ¼ syyðsÞ ¼ ðms þ lsÞ 2ds þ d2s
� �

ð11Þ

and for the film

sxxð f Þ ¼ ðmf þ lf Þ 2df þ d2f
� �

þ 1
2
lff

2 þ mfy
2
x ð12Þ

and

syyð f Þ ¼ ðmf þ lf Þ 2df þ d2f
� �

þ 1
2
lff

2 þ mfy
2
y: ð13Þ

Here, f is the order parameter [4] and yx (yy) is
the slope along the x (y) direction. Obviously, for
a ¼ 0; sxxðsÞ ¼ syyðsÞ ¼ 0 and the rigid substrate
approximation is recovered. Notice that Eq. (10)
can be understood as a modified Floro’s concept
of the stress thickness. As in Ref. [16], the stress
components are spatially dependent functions of
the thickness. To account on its effect over all the
QDs, we estimate that it is necessary to evaluate
the expected value of the components throughout
the film coverage.
Finally, as the height y is expressed in terms of

the number of monolayers (n) and the value of a
monolayer, our results will be shown as a function
of n; nf (total coverage), ns (monolayers of strained
substrate) and nt (transition thickness). Also, to
simplify notation, ftot will be referred hereafter as
free energy density. Throughout the paper, the
values of Lam!e constants and surface tension
parameter are taken from Ref. [17]. In particular,
for GexSi1�x alloy we have considered linear
interpolation of lattice parameters and elastic
constants C11 and C12 of Ge and Si.

3. Results and discussion

In order to investigate the 2D–3D growth
transition in typical S–K mode, we determine the
transition thickness and the accumulated stress in
Ge/Si(0 0 1) SAQDs. While the ‘‘transition thick-
ness’’ is the thickness at which the 2D–3D growth
transition takes place, changes of stress yield
information about the reduction of the elastic
energy by 3D islanding. To evaluate the transition
thickness, we analyze the stability regions of the
free energy density in terms of the slope f; the
order parameter. The equilibrium states will be
obtained by minimizing the free energy density
with respect to f: From Eq. (6), we obtain their
extrema points, i.e.,

f ¼ 0; f ¼ 7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

rðnÞ
2sðnÞ

s
¼ f7: ð14Þ

Following the Landau theory [18], the term rðnÞ
must vanish at the transition. Attending to the sign
change of rðnÞ; two well-defined stability regimes
are obtained. The first regime is characterized by
small values of the film coverages, i.e., nont: In
this region, rðnÞ > 0 and ftot has only one real
minimum located at f ¼ 0: We associate this
region with a stable 2D plane configuration (2D
growth mode). On the other hand, for n > nt;
rðnÞo0 and ftot has a maximum at f ¼ 0 and two
symmetric minima at f7: This regime can be
associated with a new configuration whose slopes
are different from zero, that corresponds to the
formation of 3D islands above the 2D structure.
Therefore, we estimate that the 2D–3D growth
transition is characterized by the first value of n at
which the slope yielding minimum value of ftot is
non-zero. This allows us to define the transition
thickness of the system. We illustrate the above
discussion in Fig. 2 by means of the f–n phase
diagram. From the Landau theory [18], the S–K
mode follows a second-order transition. In fact, if
we return to the expression of the free energy
density (see Eq. (6)), we observe that ftot is an even
function of the order parameter. In our formula-
tion, the order parameter vanishes at the transition
point. For coverages higher than this value, the
plane configuration with f ¼ 0 is astable being the
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second derivative of ftot negative. The onset of the
system is to get undulations with different slopes
until to rise a slope which minimizes the free
energy density. This could mean that the stable
configuration is characterized by a nearly uniform
profile of 3D islands being the second derivative of
ftot positive. Notice that in our model, the
fluctuations of the order parameter are neglected.
Therefore, changes in the order parameter are
related to the change in the profile of the islands.
Qualitatively, our model predicts a maximum
slope value of 0.22, which is roughly similar to
the experimental value of 0.19 obtained in Ge/
Si(0 0 1) SAQDs grown by MBE at 430�C [19].
However, for QDs grown by electron-beam
deposition at 600�C; the slope islands can reach
values as high as 0.49 [20]. Such a high slope is
correlated with the Schwoebel barriers [11], which
are not taken into account in our model. Also, the
curve of maximum slope indicates that the islands
formation is auto-limited for any given film
coverage. It is known that the strain relaxation
and surface energies, which constitute the main
driving forces in the S–K growth, are temperature
insensitive, while the islands size and density are
strongly dependent on the growth temperature and
deposition rate [21]. Therefore, we can assume that
the islands morphology is kinetically controlled.
Then, the effect of temperature would favor
the islands morphology to develop toward the

thermodynamically stable configuration. Upon
this criterium, for any coverage greater than the
transition thickness, islands with different sizes can
coexist with their 2D plane wetting layer.
Fig. 3 shows fþ (Eq. (14)) for Ge/Si(0 0 1)

SAQDs as a function of n for several values of a:
From the crossing points, values ranging between
4.01 and 5.49ML are estimated for the transition
thickness. The value of 4.01ML is obtained for
a ¼ 0; which corresponds with the rigid substrate
approximation. For a ¼ 0:1; the transition thick-
ness of 4.43ML is in good agreement with that
obtained in RHEED experiments [10]. However,
higher a yield transition thicknesses farther from
the experimental ones. Therefore, within the
framework of our model, this could be interpreted
that the fraction of substrate undertaken by strain
reaches nearly 10% of the total coverage. By
comparing with our previous results, we find that
the fraction of strained substrate in Ge/Si is
smaller than that obtained in InAs/GaAs SAQDs
[12]. This could be explained in terms of a different
value of misfit. For systems with a smaller misfit
(e.g., 4% for Ge/Si in contrast to 7% for InAs/
GaAs), it is possible that regions close to the
interface are less affected by strain. Therefore, the
fraction of strained substrate in Ge/Si system
would be smaller than in InAs/GaAs system.
The accumulated stress for a ¼ 0:1 is shown in

Fig. 4. Two different stress regimes characterized
by different slopes are obtained. The first extends
from the beginning of the film growth up to
coverages of approximately 4.4ML with a slope of
�3:06 GPa: This value belongs to the interval of
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Fig. 2. f–n phase diagram of the S–K pattern growth in Ge/
Si(001) SAQDs. The values which make minimum ftot and

make null the second derivative of ftot are shown with

continuous and dotted lines, respectively. The shaded area

represents the region where the second derivative of ftot is

negative.
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Fig. 3. Slope versus coverage for several values of a in Ge/Si
(0 0 1) SAQDs.
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compressive stresses obtained from film force
measurements in the range of temperatures 820–
970K [11]. This regime is attributed to the 2D
growth in the S–K mode. For increasing cov-
erages, a second regime characterized by a slope of
�0:95 GPa appears. This reduction of incremental
stress which induces a strain relief can be
associated with the 3D islanding in the S–K mode.
The slope value is similar to that obtained in Ref.
[11]. The accumulated stresses for a ¼ 0; 0:2 and
0:3 are also investigated. All of them show a
similar behavior as for a ¼ 0:1; but the slope
values in the two regimes are farther to the
experimental incremental stresses [11]. From the
above results, it can be deduced two features: (a)
the two stability regions of the free energy density
are directly related to the two stress regimes and
consequently, they define the two stages of S–K
mode; (b) the non-rigid substrate approximation
seems to be a realistic approach to study the
relaxation phenomenon of heteroepitaxial growth.
Fig. 5 shows the transition thickness dependence

on the Ge composition for GexSi1�x=Sið0 0 1Þ
heterostructures. This dependence follows a law
likeB1=x:When the lattice misfit or the composi-
tion of Ge is smaller, the 2D growth mode appears
mainly in the figure. As the lattice misfit increases,
the 2D–3D phase transition appears before with a
smaller transition thickness. From these results, we
can argue that the islands size would be composi-
tion-dependent. Since two different alloys with the
same coverage would have different values for the
wetting layer, consequently the islands size would
be different. On the other hand, we find that the

accumulated stress has a similar behavior with the
Ge composition. It is characterized by two
different stress regimes. The first regime defined
by a higher compressive stress is associated with
the 2D growth, while a reduction of the slope in
the second regime is attributed to the 3D islanding.
For smaller Ge composition, smaller compressive
stresses are obtained as a consequence of the misfit
reduction between film and substrate materials.
For instance, in the non-rigid substrate approx-
imation (a ¼ 0:1), slopes of �1:83 and �0:56 GPa
are obtained in Ge0:5Si0:5=Sið0 0 1Þ heterostructure
for the first and second regimes, respectively. The
high values of compressive stress could induce the
Ge atoms to overcome diffusion barriers in the
Ge/Si system better than in the GexSi1�x=Si
heterostructure. Thus, the atomic exchange can
be strongly accelerated in the compressed Ge
layers, where the stored elastic energy should
favor atomic mobility [22].
Finally, some arguments should be given to

justify the sigmoidal-type function for the depen-
dence of the lattice parameter with the height.
These arguments are mainly based on the regular-
ization of the interface proposed by Kukta and
Freund [14]. As in the heteroepitaxial growth, the
materials involved are different; one expects an
abrupt change in their lattice parameters, just at
the interface between two materials. However, for
coherent growth, the lattice constant of the film is
readapted to the substrate lattice parameter near
the interface such as it recovers its equilibrium
value at a distance sufficiently far from the
interface. Consequently, at the interface there will
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Fig. 5. Transition thickness as a function of the composition x

for the GexSi1�x=Sið0 0 1Þ heterostructure.
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be a smooth change of the lattice parameter
leading to a continuous change in the misfit strain.
Notice that a sigmoidal dependence represents a
smooth regularization of the step transition for the
misfit strain. Kukta and Freund [14] assumed
other functional dependence for the mismatch
strain, but with similar characteristics to the
sigmoidal function in the transition region across
the interface. This region can be viewed as an
interface phase which has properties different from
those of the bulk phases of the film and substrate.
The authors adopted the regularized interface
scheme in order to determine the island morphol-
ogy as a free-boundary problem, where the shape
is not restricted in any way. Notice that in our
model, the QDs morphology is arbitrary; there-
fore, the regularization of the interface seems an
appropriate method. On the other hand, Spencer
[23] claimed that the macroscopic results would be
independent of the choice of the functional form of
the transition region and the parameter which
defines the size of this region. Indeed, the author
proposed a wide range of possible boundary-layer
models with the constraint that the functional
forms verify the correct properties above and
below the interface. In our case, the sigmoidal law
reproduces accurately the misfit strain far away the
interface. Furthermore, experimental and com-
puted data of strain relaxation show a sigmoidal-
type dependence with the height in semiconductor
heteroepitaxial systems [24]. Therefore, our choice
for functional form seems adequate to account for
the dependence of the lattice parameter with the
thickness.

4. Conclusion

We have analyzed the S–K phase transition in
arbitrarily shaped Ge/Si(001) SAQDs. For this, we
have determined the transition thickness and the
accumulated stress in the framework of the
continuum elasticity theory. Coherency growth
criteria are assumed to investigate the lattice
parameter change at the interface. For its depen-
dence with the height, a sigmoidal-like function is
taken. The assumption of this functional form is
based on the regularized interface scheme and

experimental data of strain relaxation. Two
different regimes for the free energy density as
well as for the stress distribution are obtained.
These regimes are directly related to the two stages
of the S–K growth mode. Furthermore, the
incremental stress is higher in the wetting layer
than in the 3D islands. Attending to the 2D
rotational symmetry of the free energy density, the
2D–3D transition in S–K mode is a second-order
transition, where the slope f is the order
parameter. The non-rigid substrate approximation
is applied in our systems yielding successful results
for the transition thickness and compressive stress
values. Then, the substrate is affected by the
relaxation phenomenon in the S–K mode. Indeed,
for systems with smaller misfit, the fraction of
strained substrate seems to be lesser than for
systems with higher misfit. In GexSi1�x=Sið0 0 1Þ
heterostructures, the transition thickness is Ge
composition dependent and the compressive stres-
ses are smaller for decreasing misfit strain. Finally,
the regularization of the interface with a sigmoidal
law will serve to analyze the morphology of
semiconductor SAQDs in future.
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Abstract
Within the framework of the continuum elasticity theory, we have
investigated the substrate orientation effects on the Stranski–Krastanov
growth mode in Ge/Si heterostructures. To do this, we have estimated the
transition thickness and accumulated stress in Ge/Si(111) low-dimensional
systems and we have compared these with the values obtained previously for
Ge/Si(001) heterostructures. The systems under investigation are
pseudomorphic structures with a coherent behaviour at the substrate/film
interface. For the dependence of the lattice parameter on the height, a
sigmoidal-type function with appropriate constraints is considered. To
evaluate the transition thickness, a minimization of the total free energy
density with respect to the slope is made. Two different regimes for the
accumulated stress are obtained in the range of investigated coverage. These
regimes are directly related to the two stages of the Stranski–Krastanov
mode. Although increasing Miller indices in the substrate induces a delay in
the 2D–3D phase transition with a greater wetting layer, the relief strain
mechanisms seem similar to those of Ge/Si(001) heterostructures. The
non-rigid-substrate approximation applied in the Ge/Si(111) system also
yields successful results for the transition thickness and compressive stress
values, the fraction of strained substrate being roughly double in Ge/Si(111).
In GexSi1−x /Si(111) heterostructures, the transition thickness is inversely
proportional to the Ge composition and the compressive stresses are smaller
for decreasing misfit strain. This feature is similar to that of the
GexSi1−x /Si(001) system.

1. Introduction

As is well established, one of the parameters which greatly
influences the Stranski–Krastanov (SK) growth mode in
low-dimensional strained heterostructures is the substrate
orientation. A change in the Miller indices of the substrate
allows us to control the strain relaxation in the heteroepitaxial
systems, consequently inducing modifications in the onset of
the SK growth mode, or even, in some cases, the inhibition of
this mode. For instance, RHEED and STM measurements of
InAs grown on GaAs(011) and GaAs(111) surfaces revealed
that the growth is always two dimensional, i.e., layer by layer,
and strain is relieved by the formation of misfit dislocations [1].
However, when InAs epitaxial layers were grown on high-

index substrates such as (113) and (115) GaAs, the PL
spectra indicated a delay in the three-dimensional growth
mode onset [2]. On the other hand, appropriate changes
of substrate orientation induce different morphologies of the
islands for the same epitaxial film. This phenomenon is
observed by STM in Ge/Si(001) and Ge/Si(111) quantum
dots (QDs) [3]. Although there are extensive experimental
results on the substrate orientation effects, to our knowledge
there are not enough theoretical studies. Therefore, the aim of
this work is to investigate the islanding mechanism dependence
on the substrate orientation for arbitrarily shaped Ge/Si QDs.
The importance of these low-dimensional strained systems for
fabrication of optoelectronic devices is reported elsewhere [4].
Figure 1 shows the schematic pattern of several bilayers (BL) of
a single material with ‘diamond structure’ such as Ge in (111)
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Figure 1. Schematic pattern of a generic material with a diamond structure on (111) orientation, where black and grey spheres represent
next-neighbour atoms in the crystal. The left-hand panel shows the 3D view, z being the growth axis. The right-hand panel is the top view of
the pattern.

orientation. In fact, for Ge, 1 BL is approximately 2.3 ML [3],
since 1 ML = 0.141 nm.

Within the framework of the continuum elasticity theory,
we have characterized the SK growth mode in terms of the
transition thickness and the accumulated stress for increasing
Miller indices of the substrate and we compare this with
the SK growth pattern obtained previously in Ge/Si(001)
heterostructures. Assuming a coherent behaviour at the
substrate/film interface, we propose a sigmoidal law which
defines the lattice dependence on the thickness to describe
the relaxation mechanism. Also, the non-rigid-substrate
approximation is taken into account, where film as well as
substrate are strained. The validity of this approach was
previously shown in the low-dimensional heterostructures
investigated in [5, 6]. On the other hand, we estimate
the transition thickness dependence on Ge composition in
Gex Si1−x /Si(111) heterostructures. In this study, kinetical
aspects of the SK growth mechanism are not considered.
The paper is organized as follows. In section 2, a brief
description of the theoretical model with special attention to the
transformation relations for the stiffness tensor under a rotation
is given. The implementation of the model and discussion of
the results are developed in section 3. The main remarks and
conclusion of this work will be given in section 4.

2. Theoretical model

The non-rigid-substrate approximation is based on the
hypothesis that film and substrate materials are deformed by
the misfit strain. Therefore, the elastic energy is stored within
both of them.

The surface description for the SK pattern scheme is
similar to that described in [5, 6]; so, we only recall here
the major premises. In the model, we denote by θ(x, y)

the deposited film thickness, where (x, y) represent the
coordinates of the planar film–substrate interface. Also, we
consider that only a fraction of the substrate thickness (θs)
participates in the strain relaxation; i.e., θs = αθf , with
0 � α < 1, θf being the top of the island.

To describe the relaxation mechanism, we propose a
sigmoidal law which defines the lattice dependence on the
thickness; i.e.,

a(θ) = A +
B

1 + C exp(−( θ
θf +θs

ln D))
. (1)

The constants A, B, C and D are obtained by imposing
appropriate constraint conditions:

(i) a(−θs) = as(1 + χ);
(ii) a(θf) = af(1 − χ);

(iii) a(θ) → af when θ → ∞ and
(iv) a(θ) → as when θ → −∞.

For this study, we take χ = 0.001.
From the continuum elasticity theory, the elastic free

energy density for a thin volume layer is expressed as [7]

fe = 1
2 Ci jkl ui j ukl (2)

where Ci jkl is the stiffness tensor and ui j is the strain tensor
defined in terms of derivatives of the displacement vector. For
cubical crystals such as Ge and Si, the non-null unique stiffness
constants are c11, c12 and c44 [7]. The expressions for the film
and substrate displacement vectors are taken from [6]. Then,
the non-null strain tensor components for the film are

ufxx = δf + 1
2δ2

f + 1
2 θ2

x (3a)

ufyy = δf + 1
2δ2

f + 1
2 θ2

y (3b)

ufxy = ufyx = 1
2θxθy (3c)

and for the substrate

usxx = usyy = δs + 1
2δ2

s (4)

where θx and θy are the slopes along the x and y directions. δf

and δs are the effective misfits, defined by δf = a(θ)/af − 1
and δs = a(θ)/as − 1, af and as being the film and substrate
lattice constants without strain, respectively.

On the other hand, Ci jkl is a four-rank tensor and
consequently, follows the transformation relation

Cmnop = ami anj aokaplCi jkl (5)

where aαβ (∀α, β ∈ {x, y, z}) are the rotation matrix elements.
Therefore, the stiffness tensor for the (111) orientation

is obtained from that of the (001) orientation in terms of the
transformation law (equation (5)), the rotation matrix being

[a] =



1
2 +

√
3

6 − 1
2 +

√
3

6 −
√

3
3

− 1
2 +

√
3

6
1
2 +

√
3

6 −
√

3
3√

3
3

√
3

3

√
3

3


 . (6)
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Figure 2. Rotation from (001) to (111) through angle β around the
axis [11̄0] in the diamond structure.

The above matrix represents a rotation of angle β =
arccos(1/

√
3) around the axis [11̄0] (see figure 2).

Therefore, the elastic free energy density of the film for
the (111) orientation is obtained from equation (2) with the
stiffness tensor of this orientation; i.e.,

ff = 2
3 (cf 11 + 2cf 12 + cf 44)(δ

2
f + δ3

f + 1
4 δ4

f )

+ 1
3 (cf 11 + 2cf 12 + cf 44)(δf + 1

2 δ2
f )φ

2

+ 1
16 (cf 11 + cf 12 + 2cf 44)φ

4. (7)

Similarly, the elastic free energy of the substrate is

fs = 2
3 (cs11 + 2cs12 + cs44)(δ

2
s + δ3

s + 1
4δ4

s ). (8)

The subscripts (f) and (s) represent the film and substrate

materials, respectively. In equation (7), φ =
√

θ2
x + θ2

y is a

mean slope and it is considered as a scalar order parameter
(see [8]).

The isotropic surface energy is written as Fsurf = γ
∫

dA,
where γ is the constant surface tension and dA is the
differential surface (dA = √

1 + (∇θ)2 dx dy). By assuming
a small-slope picture, the surface energy is given by

Fsurf = γ

∫
(1 + 1

2φ2) dx dy. (9)

Accordingly, we define a total free energy surface density
in a mean-field description as

ftot = γ (1 + 1
2 φ2) +

∫ θf

0
ff dθ +

∫ 0

−θs

fs dθ (10)

which is rewritten in terms of the slope as

ftot = q(θ) + r(θ)φ2 + s(θ)φ4. (11)

The terms q(θ), r(θ) and s(θ) are defined in [6]. For
α = 0, fs = 0 and all the elastic energy is stored within
the film, then the rigid-substrate approximation is recovered.
Following the same arguments as those explained in [5, 6],
the term s(θ) is always positive, while r(θ) can be positive or
negative in the investigated region of small slopes. For φ = 0,
ftot represents the total free energy surface density for a flat
film.

With respect to stress distribution, it will be analysed
in terms of the accumulated stress whose slope yields the
incremental stress. The accumulated stress is also referred

to in the literature as film-force, strain-thickness or integrated
stress [4, 9].

According to the condition of coherent growth, we define
the accumulated stress through the biaxial components of the
stress tensor for the substrate and film,

〈σxx〉 =
∫ 0

−θs

σsxx dθ +
∫ θf

0
σfxx dθ. (12)

From the elasticity continuum theory, the stress tensor is
related to the strain,

σi j = Ci jkl ukl ∀i, j, k, l = x, y, z. (13)

With the stiffness tensor for the (111) orientation and the
respective strain tensor, we have for the substrate

σsxx = 2
3 (cs11 + 2cs12 + cs44)(δs + 1

2 δ2
s ) (14)

and for the film

σfxx = 2
3 (cf 11 + 2cf 12 + cf 44)(δf + 1

2 δ2
f )

+ 1
4 (cf 11 + cf 12 + 2cf 44)θ

2
x + 1

12 (cf 11 + 5cf 12 − 2cf 44)θ
2
y .

(15)

Here again, φ is the order parameter [8] and θx and θy

are directional slopes defined above. Obviously, for α = 0,
σsxx = 0 and the rigid-substrate approximation is recovered.
In this model, we consider θx = θy = φ/

√
2.

Finally, as the height θ is expressed in units of number of
bilayers (n), our results will be given in terms of nf (total
coverage) and ns (bilayers of strained substrate). In the
following, nt represents the transition thickness and will be
discussed in detail. Also, to simplify notation, ftot will be
referred to hereafter as free energy density. The values of
stiffness constants and surface tension parameter are taken
from [10]. In particular, for Gex Si1−x alloy we have considered
linear interpolation of lattice parameters and stiffness constants
of pure Ge and Si, respectively.

3. Results and discussion

To investigate the substrate orientation effects on the typical
SK growth mode, we analyse the (111) orientation; i.e. Ge
grown on Si(111). Also, we will compare with previous results
of Ge/Si(001) heterostructures [6]. For this, we determine
the transition thickness (nt) and the accumulated stress. To
evaluate the transition thickness, we analyse the stability
regions of the free energy density in terms of the slope φ,
the order parameter. The equilibrium states will be obtained
by minimizing the free energy density with respect to φ. From
equation (11), the extremum points are

φ = 0, φ± =
√

−r(n)

2s(n)
. (16)

Following the Landau theory [11], the term r(n) must
vanish at the transition. Attending to the sign change of r(n),
two well defined stability regimes are obtained. The first
regime is characterized by small values of the film coverages;
i.e., nf < nt . In this region, r(nf) > 0 and ftot has only one
real minimum located at φ = 0. We associate this region with
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Figure 3. Slope versus coverage for several values of α in
Ge/Si(111) heterostructures.

a stable 2D plane configuration (2D growth mode). On the
other hand, for nf > nt , r(nf) < 0 and ftot has a maximum
at φ = 0 and two symmetric minima at φ = φ±. This regime
can be associated with a new configuration whose slopes
are different from zero, that corresponds to the formation of
3D islands above the 2D structure. Therefore, we estimate
that the 2D–3D growth transition is characterized by the first
value of nf at which the slope yielding the minimum value
of ftot is non-zero. This allows us to define the transition
thickness of the system. Figure 3 shows φ+ (equation (16))
for Ge/Si(111) as a function of nf for several values of α.
From the crossing points, values ranging between 1.9 BL and
2.55 BL are estimated for the transition thickness. The value
of 1.9 BL is obtained for α = 0, which corresponds with the
rigid-substrate approximation. For α = 0.2, the transition
thickness of 2.3 BL is in good agreement with that obtained in
RHEED experiments [3]. However, higher values of α yield
transition thicknesses farther from the experimental ones.

Therefore, within the framework of our model, this could
be interpreted as indicating that the fraction of substrate
undertaken by strain reaches nearly 20% of the total coverage.
By comparing with our previous results in arbitrarily shaped
Ge/Si(001) QDs [6], we find that the fraction of strained
substrate is roughly double for the case investigated herein.

In order to clarify the substrate orientation effects on the
Ge/Si heterostructures, the accumulated stresses for the two
substrate orientations (001) and (111) are shown in figure 4.
In fact, for Ge/Si(001) we take α = 0.05 (see [6]) and
for Ge/Si(111), α = 0.2. As is observed, in both of the
orientations, two different stress regimes characterized by two
different slopes are obtained. For Ge/Si(111) heterostructures,
the first regime extends from the beginning of the film growth
up to coverages of approximately 2.3 BL with a slope of
−2.96 GPa. This regime is attributed to the 2D growth in
the SK mode. For increasing coverages, a second regime
characterized by a slope of −1.08 GPa appears. This reduction
of incremental stress can be associated with the 3D islanding
in the SK mode. The above compressive stresses of −2.96 and
−1.08 GPa are roughly similar to that of −3.06 and −0.95 GPa
obtained in Ge/Si(001) (see also [6]).

From the above results, two features can be deduced.

(a) The two stability regions of ftot are directly related to the
two stress regimes and, consequently, they define the two
stages of the SK growth mode.
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Figure 4. Accumulated stress as a function of the coverage for
Ge/Si(001), α = 0.05 (grey line), and Ge/Si(111), α = 0.2 (black
line). For both cases: θx = θy = φ/
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Figure 5. Transition thickness as a function of the composition x
for the Gex Si1−x /Si(111) heterostructure with α = 0.2. The inset
shows log(nt) versus log(x).

(b) The strain relief mechanisms seem similar for Ge/Si(111)
and Ge/Si(001) heterostructures.

Therefore, the non-rigid-substrate approximation would be
a realistic approach to study the relaxation phenomenon of
heteroepitaxial growth.

In order to investigate the Ge composition effects on the
2D–3D growth transition, we evaluate the transition thickness
for Gex Si1−x /Si(111) heterostructures, with different values
of Ge content and α = 0.2. Figure 5 shows the transition
thickness values as a function of Ge composition. Obviously,
the curve marks the 2D–3D growth transition. The dependence
between nt and x scales as ∼1/x (see the inset of figure 5),
which is similar to that of Gex Si1−x grown on Si(001). It
is shown that as the lattice misfit increases the 2D–3D phase
transition appears earlier with a smaller transition thickness.
For nearly zero Ge composition in the alloy, the growth is
approximately homoepitaxial and phase transition does not
occur. We can argue that the island size would be composition
dependent. Since two different alloys with the same coverage
would have different values for the wetting layer, the island
size would be different.

The accumulated stress in Gex Si1−x /Si(111) for different
Ge compositions is characterized by two different stress
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regimes. The first regime, defined by a higher compressive
stress, is associated with the 2D growth, while a reduction
of the slope in the second regime is attributed to the 3D
islanding. Although they are not shown here, the compressive
stresses are smaller for decreasing misfit strain. For instance,
in the non-rigid-substrate approximation (α = 0.2), slopes
of −1.67 and −0.67 GPa are obtained in Ge0.5Si0.5/Si(111)

heterostructures for the first and second regimes, respectively.
These compressive stresses are also similar for the substrate
Si(001) (see [6]).

4. Conclusions

The SK phase transition in Ge/Si(111) heterostructures is
compared with that previously investigated in Ge/Si(001).
The analysis of the SK growth mode is made in terms of
the transition thickness and the accumulated stress. These
magnitudes are evaluated in the framework of the continuum
elasticity theory. Two different regimes for ftot as well as
for the stress distribution are obtained. These regimes are
directly related to the two stages of the SK growth mode.
Furthermore, the incremental stress is higher in the wetting
layer than in the 3D islands. Increasing Miller indices in the
substrate induces a delay in the 2D–3D phase transition with
a greater wetting layer. However, the relief strain mechanisms
seem similar for Ge/Si(111) and Ge/Si(001) heterostructures.
Also, the non-rigid substrate approximation yields successful
results for the transition thickness and compressive stress
values, independently of the substrate orientation. However,
a greater fraction of strained substrate is affected by the

relaxation phenomenon in the Ge/Si(111) system. On the other
hand, in Gex Si1−x /Si(111) heterostructures, the transition
thickness is Ge dependent and the compressive stresses are
smaller for decreasing misfit strain. This feature was also
obtained for Gex Si1−x /Si(001). In future, we will extend
the investigations of the substrate orientation effects to III–V
low-dimensional heterostructures such as InAs/GaAs(113) and
InAs/GaAs(115) in order to check the validity of the non-rigid-
substrate approximation.
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Abstract

Within the continuum elasticity theory, we investigate the substrate orientation effects on the Stranski–Krastanov

(SK) growth mode and the band edges in InAs/GaAs ð1 1 nÞ nanostructures. Attending to the first part of the study, we

estimate the transition thickness and the accumulated stress for substrate orientations (1 1 3) and (1 1 5) and we compare

with the values obtained previously in InAs/GaAs (0 0 1) nanostructures. Assuming a coherent behavior at the

substrate/film interface in the investigated substrate orientations, we consider a sigmoidal-type function for the

dependence of the lattice parameter on the height. To evaluate the transition thickness, a minimization of the total free

energy density with the slope is made. Similar to the orientation (0 0 1), in (1 1 3) and (1 1 5)-oriented substrates, two

different stability regimes for the total free-energy density as well as for the accumulated stress are obtained. These

regimes are directly related to the two stages of the SK growth mode. Although the relief strain mechanisms seem

similar in all orientations, a delay in the 2D–3D phase transition is induced for high Miller indexes of the substrate. The

non-rigid substrate approximation applied in InAs/GaAs ð1 1 nÞ nanostructures yields successful results for the

transition thicknesses; the fraction of strained substrate being greater in InAs/GaAs (1 1 3). On the other hand, within

our model, quantum dots formation is predicted for InAs/GaAs (1 1 1) heterostructures. Attending to the second, we

find for all substrate orientations investigated, the strain-induced shifts lower the energies of the conduction band edges,

while they raise the energies of the heavy- and light-holes band edges. In addition, the energy shifts are less significant

for orientation (1 1 3), where the compressive stresses are smaller.

r 2004 Elsevier B.V. All rights reserved.

PACS: 62.20.Dc; 81.05.Ea; 85.30Vw

Keywords: Stranski–Krastanov growth mode; Substrate orientation; Conduction and holes bands edges

1. Introduction

Heteroepitaxial growth of lattice-mismatched
semiconductors such as InAs/GaAs system permits
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the nucleation, in the Stranski–Krastanov (SK)
growth mode, of nanoscale islands with 3D
electronic confinement capability, or quantum
dots (QDs). The fabrication and development of
optoelectronic devices based on the electronic
confinement is giving a strong impulse to the
study of the islanding mechanism. The main
driving force for the SK growth of strained
heteroepitaxial layers is the in-island strain relaxa-
tion which relieves part of the strain induced by
the lattice mismatch between the epitaxial layer
and the substrate.
Theoretical calculations and experiments for

heteroepitaxial systems have suggested that the
effect of the substrate is significant [1,2]. A possible
way to handle the strain relaxation in low-
dimensional heteroepitaxial strained structures is
the use of high-index substrates. In fact, the PL
spectra of InAs on (3 1 1) B and (5 1 1) B GaAs
substrates revealed a delay in the 3D growth mode
onset of the SK pattern [3]. Despite the existence
of the 2D–3D transition in these high-index
substrates, the question becomes crucial when
one analyzes the (1 1 1) oriented substrate. Some
authors reported the suppression of SK growth
mode when InAs layers are grown on (1 1 0) and
(1 1 1) A-oriented GaAs substrates. In both cases,
the InAs epilayers follows 2D layer-by-layer
process where the strain relaxation is relieved by
misfit dislocations [4,5]. Besides this commonly
accepted feature, González-Borrero et al. [6] have
observed the formation of QDs for GaAs (1 1 1) A/
B substrate orientations. Also, the same authors
have systematically analyzed the possibility of
QDs formation for higher index Miller GaAs
orientations such as (1 1 5) and (1 1 7). Other PL
measurements in InGaAs/GaAs heterostructures
confirmed the formation of QDs for (1 1 1) B-
oriented GaAs substrates [7]. Since then, scientists
devoted many efforts to find out the real effect of
higher Miller index substrates on the SK growth
mechanism and its influences on electronic and
optical properties of strained heterostructures.
On the other hand, the strain induced in these

lattice-mismatched heterostructures modifies their
band structures that determined the PL peaks and
other optical transitions. In particular, it is known
that for ðn 1 1Þ GaAs substrates, the off-diagonal

strain tensor components are non-zero and this
induces a piezoelectric field, which affects signifi-
cantly the electronic structures and optical proper-
ties of InAs/GaAs heterostructures grown on high
Miller index substrates [8,9]. Following our pre-
vious works [10,11], we characterize the SK
growth mode, through the determination of the
2D–3D transition thickness and accumulated
stress for InAs grown on ð1 1 nÞ substrate orienta-
tions, with n ¼ 3; 5: The obtained results are
discussed with respect to the InAs/GaAs (0 0 1)
SK growth mode. Also, an analysis of the
islanding mechanism for the (1 1 1) substrate
orientation is made. Both strain relaxation and
islanding mechanism are described using the
elasticity continuum theory, where the relaxation
is defined through a sigmoidal relationship be-
tween the lattice parameter and the island height.
Besides, the non-rigid substrate approximation is
used [10,11], assuming a coherent behavior at the
substrate/film interface. The obtained strain tensor
components are used to discuss the effect of the
substrate orientations on conduction, heavy- and
light-hole band-edge energies using the respective
deformation potentials [12]. In this study,
kinetical aspects of the SK growth mechanism
are not considered, neither are the possible
effects of the A/B substrate terminations on the
above parameters. The paper is organized as
follows. In Section 2, we describe the theoretical
model with special emphasis given to the
transformation relations which take into account
the substrate orientations. The implementation of
the model and discussion of the results are
developed in Section 3. Finally, the main remarks
and conclusion of this work will be given in
Section 4.

2. Theoretical model

The non-rigid substrate approximation is based
on the hypothesis that film and substrate materials
are deformed by the misfit strain. Therefore, the
elastic energy is stored within both of them.
Surface description for the SK pattern scheme is
similar to that described in Refs. [10,11,13]; so
here, we only recall the major premises. In the
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model, we denoted the deposited film thickness by
yðx; yÞ; where ðx; yÞ represent the coordinates of
the planar film/substrate interface. Also, we
consider that a fraction of the substrate
thickness (ys) participates in the strain relaxation,
i.e., ys ¼ a yf ; with 0pao1; yf being the top of the
island.
To describe the relaxation mechanism, we

propose a sigmoidal law which defines the lattice
dependence with the thickness, i.e.,

aðyÞ ¼ A þ
B

1þ C exp½�y ln D=ðys þ yf Þ�
: (1)

The constants A, B, C and D are obtained by
imposing appropriate constraint conditions: (i)
að�ysÞ ¼ asð1þ wÞ; (ii) aðyf Þ ¼ af ð1� wÞ; (iii)
aðyÞ ! af when y ! 1; and (iv) aðyÞ ! as when
y ! �1: For this study, we take w ¼ 0.001.
From the continuum elasticity theory, the elastic

free energy density for a thin volume layer is
expressed as [14]

f e ¼
1

2
Cijkl�ij�kl ; (2)

where Cijkl is the stiffness tensor and �ij is the
strain tensor defined in terms of derivatives
of the displacement vector. For cubical crystals
such as InAs and GaAs, the unique non-zero
stiffness constants are c11; c12 and c44 [14].
The expressions for the film and substrate
displacement vectors are taken from Ref. [10].
Then, the non-null strain tensor components for
the film are

�fxx ¼ df þ
1

2
d2f þ

1

2
y2x; (3a)

�fyy ¼ df þ
1

2
d2f þ

1

2
y2y; (3b)

�fxy ¼ �fyx ¼
1

2
yxyy (3c)

and for the substrate

�sxx ¼ �syy ¼ ds þ
1

2
d2s ; (4)

where yx and yy are the slopes along the x and y

directions. Notice that these slopes are obtained
by minimization of the free-energy density as it
will be shown in the next section. df and ds are

the effective misfits, defined by df ¼ aðyÞ=af � 1
and ds ¼ aðyÞ=as � 1; af and as being the film
and substrate lattice constants without strain,
respectively.
For any arbitrary crystal orientation, the four-

rank tensor Cmnop can be obtained from the (0 0 1)
stiffness tensor Cijkl following the relation:

Cmnop ¼ amianjaokaplCijkl ; (5)

where aab (8 a;b 2 fx; y; zg) are the rotation matrix
elements. In particular, for the (1 1 1), (1 1 3) and
(1 1 5) orientations, the corresponding rotation
matrixes are

½a�ð1 1 1Þ ¼

1
2
þ

ffiffi
3

p

6
� 1

2
þ

ffiffi
3

p

6
�

ffiffi
3

p

3

� 1
2
þ

ffiffi
3

p

6
1
2
þ

ffiffi
3

p

6
�

ffiffi
3

p

3ffiffi
3

p

3

ffiffi
3

p

3

ffiffi
3

p

3

0
BB@

1
CCA; (6a)

½a�ð1 1 3Þ ¼

1
2
þ 3

ffiffiffiffi
11

p

22
� 1

2
þ 3

ffiffiffiffi
11

p

22
�

ffiffiffiffi
11

p

11

� 1
2
þ 3

ffiffiffiffi
11

p

22
1
2
þ 3

ffiffiffiffi
11

p

22
�

ffiffiffiffi
11

p

11ffiffiffiffi
11

p

11

ffiffiffiffi
11

p

11
3
ffiffiffiffi
11

p

11

0
BB@

1
CCA;

(6b)

½a�ð1 1 5Þ ¼

1
2
þ 5

ffiffi
3

p

18
� 1

2
þ 5

ffiffi
3

p

18
�

ffiffi
3

p

9

� 1
2 þ

5
ffiffi
3

p

18
1
2 þ

5
ffiffi
3

p

18 �
ffiffi
3

p

9ffiffi
3

p

9

ffiffi
3

p

9
5
ffiffi
3

p

9

0
BB@

1
CCA: (6c)

For illustration, Fig. 1 shows the direct rotation
used for the (1 1 3) orientation from that oriented
(0 0 1). The remainder of rotation are obtained
similarly using appropriate angles around the axis
½1 1̄ 0�: Then, the elastic free-energy density of the
film for the above orientations is obtained from Eq.
(2) with the stiffness tensor corresponding to the
specific orientations (1 1 1), (1 1 3) or (1 1 5), i.e.,

f f ð1 1 1Þ

¼
2

3
ðcf11 þ 2cf12 þ cf44Þ d2f þ d3f þ

1

4
d4f

� 	

þ
1

3
ðcf11 þ 2cf12 þ cf44Þ df þ

1

2
d2f

� 	
f2

þ
1

16
ðcf11 þ cf12 þ 2cf44Þf

4; ð7aÞ
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f f ð1 1 3Þ

¼
1

121
ð102cf11 þ 140cf12 þ 38cf44Þ

� d2f þ d3f þ
1

4
d4f

� 	

þ
1

121
ð51cf11 þ 70cf12 þ 19cf44Þ

� df þ
1

2
d2f

� 	
f2

þ
1

1936
ð153cf11 þ 89cf12 þ 178cf44Þf

4; ð7bÞ

f f ð1 1 5Þ

¼
1

243
ð226cf11 þ 260cf12 þ 34cf44Þ

� d2f þ d3f þ
1

4
d4f

� 	

þ
1

243
ð113cf11 þ 130cf12 þ 17cf44Þ

� df þ
1

2
d2f

� 	
f2

þ
1

1296
ð113cf11 þ 49cf12 þ 98cf44Þf

4: ð7cÞ

Similarly, the elastic free energy of the substrate for
each orientation is

f sð1 1 1Þ ¼
2

3
ðcs11 þ 2cs12 þ cs44Þ

� d2s þ d3s þ
1

4
d4s

� 	
; ð8aÞ

f sð1 1 3Þ ¼
1

121
ð102cs11 þ 140cs12 þ 38cs44Þ

� d2s þ d3s þ
1

4
d4s

� 	
; ð8bÞ

f sð1 1 5Þ ¼
1

243
ð226cs11 þ 260cs12 þ 34cs44Þ

� d2s þ d3s þ
1

4
d4s

� 	
: ð8cÞ

The subscripts f and s refer to the film and substrate

materials, respectively. In Eqs. (7a)–(7c), f ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2x þ y2y

q
is a mean slope and is considered as a

scalar order parameter (see Ref. [15]).
The isotropic surface energy for a specific

orientation m ¼ fh k lg (herein m denotes a compact
index for the Miller indexes ðh k lÞ) is written as
F surf ;m ¼ gm

R
dA; where gm is the constant surface

tension for the orientation m and dA is the
differential surface that is given by dA ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðryÞ

p
dxdy: Notice that the constant surface

tension is related to the number of atoms per unit
area. Then, according to Nakajima [16], the
surface tension depends on the substrate orienta-
tion. By assuming a small-slope picture, the
surface energy is given by

F surf ;m ¼ gm

Z
1þ

1

2
f2

� 	
dxdy: (9)

Accordingly, we define for each orientation m the
total free-energy surface density in a mean-field
description as

f tot;m ¼ gm 1þ
1

2
f2

� 	

þ

Z yf

0

f f ;m dyþ
Z 0

�ys
f s;m dy; ð10Þ

where f f ;m and f s;m are given by Eqs. (7a)–(7c) and
(8a)–(8c), respectively. f tot;m can be rewritten in
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terms of the slope as

f tot;m ¼ qmðyÞ þ rmðyÞf
2
þ smðyÞf

4: (11)

The terms qmðyÞ; rmðyÞ and smðyÞ are defined in a
similar manner as in Ref. [10] for each orientation.
The value a ¼ 0 yields f s;m ¼ 0 and all the elastic
energy is stored within the film, then the rigid
substrate approximation is recovered. Following
the same arguments explained in Ref. [10], the
term smðyÞ is always positive, while rmðyÞ can be
positive or negative in the investigated region of
small slopes.
With respect to the stress distribution, it will be

analyzed in terms of the accumulated stress whose
slope yields the incremental stress or compressive
stress. The accumulated stress is also referred in
the literature as film-force, strain-thickness or
integrated stress [17,18].
According to the condition of coherent growth,

we define the accumulated stress through the
biaxial components of the stress tensor for the
substrate and film materials

hsxxi ¼

Z 0

�ys
ssxx dyþ

Z yf

0

sfxx dy: (12)

From the elasticity continuum theory, the stress
tensor is related to the strain,

sij ¼ Cijkl�kl 8i; j; k; l ¼ x; y; z: (13)

With the stiffness tensor for each orientation and
the respective strain tensor, we have for the
substrate in (1 1 1), (1 1 3) and (1 1 5) orientations

ssxxð1 1 1Þ ¼
2

3
ðcs11 þ 2cs12 þ cs44Þ

� ds þ
1

2
d2s

� 	
; ð14aÞ

ssxxð1 1 3Þ ¼
1

121
ð102cs11 þ 140cs12 þ 38cs44Þ

� ds þ
1

2
d2s

� 	
; ð14bÞ

ssxxð1 1 5Þ ¼
1

243
ð226cs11 þ 260cs12 þ 34cs44Þ

� ds þ
1

2
d2s

� 	
ð14cÞ

and for the film

sfxxð1 1 1Þ

¼
2

3
ðcf11 þ 2cf12 þ cf44Þ df þ

1

2
d2f

� 	

þ
1

4
ðcf11 þ cf12 þ 2cf44Þy

2
x

þ
1

12
ðcf11 þ 5cf12 � 2cf44Þy

2
y; ð15aÞ

sfxxð1 1 3Þ

¼
1

121
ð102cf11 þ 140cf12 þ 38cf44Þ df þ

1

2
d2f

� 	

þ
1

484
ð153cf11 þ 89cf12 þ 178cf44Þy

2
x

þ
1

484
51cf11 þ 191cf12 � 102cf44ð Þy2y; ð15bÞ

sfxxð1 1 5Þ

¼
1

243
ð226cf11 þ 260cf12 þ 34cf44Þ df þ

1

2
d2f

� 	

þ
1

324
ð113cf11 þ 49cf12 þ 98cf44Þy

2
x

þ
1

324
ð113cf11 þ 373cf12 � 226cf44Þy

2
y: ð15cÞ

Here again, f is the order parameter [15] and yx

and yy are directional slopes defined above.
Obviously, for a ¼ 0; ssxx ¼ 0 and corresponds
to the rigid substrate approximation. In this
model, we consider yx ¼ yy ¼ f=

ffiffiffi
2

p
which will

be different for each substrate orientation as will
be shown in the next section.
On the other hand, to take into account the

strain-induced modification of the bands structure,
we assume the multi-band k � p method applied in
Ref. [12]. This method describes coupling among
the light-hole, heavy-hole and split-off valence
bands to second order in k; while the coupling
between conduction and valence states is linear.
Within this scheme, the conduction band edge is
given by [12]

Ec ¼ E0
v;av þ

D0

3
þ Eg þ dEc; (16)

where E0
v;av is the unstrained average valence band

edge, D0 is the spin–orbit splitting, Eg is the
unstrained band gap and dEc is the strain-induced
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shift of the conduction band defined as dEc ¼ ac�h:
Here ac represents the deformation potential,
while �h is the hydrostatic strain ð�h ¼ �xx þ �yy þ

�zzÞ: The heavy- and light-hole energy bands
couple to the individual strain components via
the relations

Ehh
v ¼ E0

v;av þ
D0

3
þ dEv;h �

1

2
dEv;b (17)

and

Elh
v ¼ E0

v;av �
D0

6
þ dEv;h �

1

4
dEv;b

þ
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
0 þ D0dEv;b þ

9

4
ðdEv;bÞ

2

r
; ð18Þ

where dEv;h ¼ av�h and dEv;b ¼ b�b; av and b being
the deformation potentials and �b the biaxial strain
ð�b ¼ �zz � ð�xx þ �yyÞ=2Þ: From Eqs. (16)–(18), the
unstrained conduction, heavy- and light-holes
band edges are EcðunstrainedÞ ¼ E0

v;av þ D0=3þ
Eg and Ehh

v ðunstrainedÞ ¼ Elh
v ðunstrainedÞ ¼

E0
v;av þ D0=3; respectively. Thus, for the heavy-

hole energy band, we define a strain-induced
shift as dEhh

v ¼ dEv;h � dEv;b=2; while for the
light-hole band an energy shift can be defined as
dElh

v ¼ dEv;h � dEv;b=4þ ð9ðdEv;bÞ
2=4þ D0dEv;b þ

D2
0Þ
1=2=2� D0=2; which is obtained from the

difference between Eq. (18) and the unstrained
light-hole band edge. Obviously, for each
investigated orientation, the band energy will be
different since hydrostatic and biaxial strains
depend on orientation through yx and yy (see
Eqs. (3a)–(3b)).
Finally, as the height y is expressed in units of

number of monolayers (n), our results will be given
in terms of nf (total coverage) and ns (monolayers
of strained substrate). In the following, nt repre-
sents the transition thickness and will be discussed
in detail. Also, to simplify notation, f tot;m will be
referred to hereafter as free-energy density. The
values of the stiffness constants are taken from
Ref. [19]. The surface tension parameters for each
orientation are evaluated following Ref. [16]. The
values of the deformation potentials, spin-orbit
splitting, unstrained band gap and average valence
band edge are listed in Table 1.

3. Results and discussion

To investigate the substrate orientation effects
on the islanding mechanism in InAs/GaAs hetero-
structures, we determine the transition thickness
ðntÞ and the accumulated stress for orientations
(1 1 1), (1 1 3) and (1 1 5), and we will compare with
previous results of the GaAs (0 0 1) substrate [13].
To evaluate the transition thickness, we analyze
the stability regions of the free-energy density in
terms of the slope f; the order parameter. The
equilibrium states are obtained by minimizing
the free-energy density with respect to f:
From Eq. (11), the extrema points for each
orientation m are

f ¼ 0; f� ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�rmðnÞ

2smðnÞ

s
: (19)

Following the Landau theory [21], the term rmðnÞ

must vanish at the transition. Attending to the sign
change of rmðnÞ; two well-defined stability regimes
are obtained. The first regime is characterized by
small values of the film coverage, i.e., nfont: In
this region, rmðnf Þ40 and f tot;m has only one real
minimum located at f ¼ 0: We associate this
region with a stable 2D plane configuration (2D
growth mode). On the other hand, for nf4nt;
rmðnf Þo0 and f tot;m has a maximum at f ¼ 0 and
two symmetric minima at f ¼ f�: This regime can
be associated with a new configuration whose
slopes are different from zero and correspond to
the formation of 3D islands above the 2D
structure. Therefore, we estimate that the 2D–3D
growth transition is characterized by the first value
of nf at which the slope yielding minimum value of
f tot;m is non-zero. This allows us to define the
transition thickness of the system. Fig. 2 shows fþ
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Table 1

InAs parameters involved in the evaluation of the conduction,

heavy- and light-holes band edges

Eg (eV) E0
av (eV) D0 (eV) av (eV) ac (eV) b (eV)

0.41 �6.67 0.38 1.00 �5.08 �1.8

The data are taken from Ref. [20].

S.N. Santalla et al. / Physica E 25 (2005) 456–465 461



(Eq. (19)) for InAs/GaAs with substrate orienta-
tions (1 1 3) and (1 1 5) as a function of nf and for
specific values of a: The previously obtained results
for orientation (0 0 1) [13] are also included in Fig.
2 for comparison. The values of a are adjusted so
that the crossing points (see Fig. 2) yield transition
thicknesses which agree with those obtained from
PL experiments [3]. For the substrate orientation
(1 1 3), we obtain nt ¼ 2:07ML with a ¼ 0:45;
while for orientation (1 1 5) we estimate nt ¼

1:92ML with a ¼ 0:35: For GaAs (0 0 1) substrate,
a ¼ 0:25 yields nt ¼ 1:78ML: Other values of a in
each orientation, including the case a ¼ 0 which
corresponds with the rigid substrate approxima-
tion, yield transition thicknesses farther from the
experimental ones.Within the framework of our
model, the above results indicate that the fraction
of substrate undertaken by strain reaches nearly
45% of the total coverage for the orientation
(1 1 3) and 35% for the (1 1 5)-oriented substrate,
while only 25% was found for the case (0 0 1). That
means that during its relaxation, the epilayered
film drags some underlying layers of the substrate,
which in turn produce deformation, even outside
the contact area. Indeed, a significant strain
relaxation process occurring within the substrate
for Ge(Si)/Si QDs is also reported in the literature,
where the displacement in-plane components reach
into the substrate up to approximately 2

3
of the

island height [1].

Furthermore, the slopes tend to reach asympto-
tic values ranging in the interval 0.22–0.25. These
asymptotic slopes are roughly similar to the
experimental value of 0.22 obtained in InAs/GaAs
(0 0 1) QDs grown epitaxially at 550 �C [22]. With
respect to the orientation (1 1 1), there are con-
troversial results in the literature about the
existence of an islanding mechanism. Within our
model and taking an average value of a ¼ 0:4; we
obtain a transition thickness of 1.87ML. This
result would confirm the predictions of González-
Borrero et al. [6] about the formation of QDs, even
if these authors do not discuss the wetting layer
thickness. In a similar manner, the delay in the 3D
growth mode onset in the SK pattern along with
the increasing of substrate fraction undertaken by
strain when the substrate orientation departs from
(0 0 1), was also obtained in Ge/Si heterostructures
[10]. Therefore, it seems that the delay in the 3D
growth mode onset is accompanied with a great
contribution of the substrate in the strain relaxa-
tion phenomenon for high-index substrate orienta-
tions.
To complete the analysis of the substrate

orientation effects on the islanding mechanism of
InAs/GaAs heterostructures, we determine the
accumulated stress for different orientations. In
Fig. 3, the accumulated stress for (0 0 1)- and
(1 1 3)-oriented substrates are shown. In each
orientation, two different stress regimes character-
ized by two slopes are obtained. The first regime
extends from the beginning of the film growth up
to coverages of approximately the transition
thicknesses, i.e., 1.78ML for (0 0 1) and 2.07ML
for (1 1 3). This regime, where the compressive
stresses are greater, is attributed to the 2D growth
in the SK mode. For increasing coverages, a
second regime characterized by smaller compres-
sive stresses appears. This reduction of incremental
stress, which corresponds to a strain relief, can be
associated with the 3D islanding in the SK mode
of each orientation. Although in Fig. 3 the
accumulated stresses for (1 1 1) and (1 1 5) GaAs
substrates are not plotted, their behaviors are
similar to those obtained for other orientations.
For clarity, the values of the compressive stresses,
which characterize the two regimes for the
investigated oriented substrates, are listed in
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Table 2 along with the values of a used to evaluate
the accumulated stress. These values are adjusted
previously to obtain transition thicknesses in good
agreement with the experimental ones. By compar-
ing all substrate orientations, we find that in the
first regime, the compressive stress is greater in
(0 0 1) and smaller in (1 1 3)-oriented substrates. In
the second regime, the tendency of the compressive
stresses with the substrate orientation is similar, it
being greater in (0 0 1) and smaller in (1 1 3).
From the above results, several features can be

deduced: (a) for all orientations, the two stability
regions of f tot are directly related to the two stress
regimes and consequently, they define the two
stages of SK growth mode. (b) Although the strain
relief mechanisms in InAs/GaAs heterostructures
seem similar for different substrate orientations, a
delay in the 3D growth mode is observed when
Miller indexes depart from (0 0 1). In addition,
smaller compressive stresses are obtained for

orientation (1 1 3) where the delay and the
participation of the substrate in the strain relaxa-
tion phenomenon are more significant. (c) In InAs/
GaAs (1 1 1) heterostructures, the islanding me-
chanism is predicted.
Once the islanding mechanism in the SK pattern

is investigated in the different GaAs substrate
orientations, we will analyze the modification of
bands structure by strain in InAs/GaAs hetero-
structures with (0 0 1)-, (1 1 3)- and (1 1 5)-orien-
tated substrates as a function of the total coverage.
From Eqs. (16)–(18), the conduction, heavy- and
light-holes band energies are expressed by means
of the deformation potentials and the biaxial and
hydrostatic strains. On the other hand, the biaxial
and hydrostatic strains are defined in terms of the
strain tensor components (Eqs. (3a)–(3b)) and they
clearly depend on the substrate orientation as well
as the coverage. Notice that for a given coverage
nf ; the slope values are different for each substrate
orientation (see Fig. 2). Also, for a given substrate
orientation, the slope increases with the coverage
to reach approximately an asymptotic value (see
Fig. 2). To calculate the bands energies, we use the
orientation-dependent values of a which give the
best agreement with experimental transition thick-
nesses. Figs. 4, 5 and 6 show the conduction,
heavy- and light-holes band edges as a function of
the total coverage once the 2D–3D growth
transition takes place in InAs/GaAs heterostruc-
tures with (0 0 1), (1 1 3) and (1 1 5) substrate
orientations, respectively. Also, in the above
figures the unstrained band edges are shown.
In fact, the dependence of the conduction band

edge with the coverage is similar for the three
substrate orientations, i.e., these energies decrease
with the coverage to reach approximately asymp-
totic values (see Fig. 4). Then, the strain-induced
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Fig. 3. Accumulated stress as a function of the coverage for
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Table 2

Compressive stresses of the first and second regimes of the accumulated stress for InAs/GaAs heterostructures along with the

appropriate values of a for each substrate orientation

(0 0 1) (1 1 1) (1 1 3) (1 1 5)

a ¼ 0:25 (GPa) a ¼ 0:40 (GPa) a ¼ 0:45 (GPa) a ¼ 0:35 (GPa)

1st regime �3.02 �2.67 �2.30 �2.63

2nd regime �0.98 �0.71 �0.55 �0.79

S.N. Santalla et al. / Physica E 25 (2005) 456–465 463



effect is to lower the unstrained conduction band
edge; the energy shift being more significant for
(0 0 1) and less noticeable for (1 1 3) over all ranges
of investigated coverages. Therefore, independent
of the substrate orientation, the strain effect on the
conduction band edge is higher for increasing
coverages. However, for the heavy- and light-holes
band edges, we find that the energies increase with
the coverage to reach approximately asymptotic
values, this behavior being similar for the three
substrate orientations (see Figs. 5, 6). Thus, the
strain-induced effect on the heavy- and light-holes

bands is to raise the unstrained edges, equal then
for the conduction band, the energy shifts are
more significant for the (0 0 1)-oriented substrate
and less relevant for (1 1 3). Also, the strain effect
is higher for coverages farther from the transition
thicknesses. This feature is observed for the
energies of the three substrate orientations. On
the other hand, an aspect which is shared for the
conduction, heavy- and light-holes band edges is
the following. For coverages close to the transition
thicknesses, the energies of the three substrate
orientations differ little, while these differences
seem to increase for higher coverages to reach
approximately constant values (see Figs. 4–6).
From the above results, several features can be

deduced: (a) the energy shifts from the unstrained
conduction, heavy- and light-holes band edges of
the different substrate orientations seem to be
related with the compressive stress values of the
second regime which characterizes the accumu-
lated stress. For (0 0 1)-oriented substrate, the
energy shifts and the compresive stress are greater,
while for orientation (1 1 3) the energy shifts and
the compresive stress are smaller. Intermediate
values are found for (1 1 5). Therefore, it seems
reasonable to admit that for substrates which are
more stressed, the strain-induced effect on the
energies is more significant. (b) The substrate
orientation effect on the conduction, heavy- and
light-holes band edges is more relevant when the
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islands tend to stabilize after the first undulations
of the surface take place in the 2D–3D growth
transition, i.e., for higher coverages. (c) The energy
shifts from the unstrained band edges would affect
the PL peaks and other optical transitions in InAs/
GaAs heterostructures.

4. Conclusions

Substrate orientation effects on the islanding
mechanism of SK growth mode and band edges
are investigated in InAs/GaAs heterostructures.
The analysis of the SK growth mode is made in
terms of the transition thickness and the accumu-
lated stress. These magnitudes are evaluated in the
framework of the continuum elasticity theory. For
(1 1 3) and (1 1 5) orientations, two different
regimes for f tot;m as well as for the accumulated
stresses are obtained, similar to the case (0 0 1)
previously investigated. These regimes are directly
related to the two stages of the SK growth mode.
Independent of the investigated orientation, the
incremental stress is higher in the wetting layers
than in the 3D islands. Although the relief strain
mechanisms seem similar in the above substrate
orientations, a delay in the 2D–3D phase transi-
tion is induced for high Miller indexes of the
substrate. In fact, for InAs/GaAs (1 1 3) hetero-
structures, a transition thickness of 2.07ML
is obtained. Within our model, 2D–3D phase
transition is predicted for InAs/GaAs (1 1 1)
heterostructures. Also, the non-rigid substrate
approximation yields successful results for the
transition thickness values in the investigated
orientations. Greater fractions of strained sub-
strate affected by relaxation phenomena are
obtained when the substrate orientation departs
from (0 0 1). This tendency is similar for the
previously investigated Ge/Si heterostructures.
Therefore, this approximation seems to be a
realistic approach to study the relaxation phenom-
enon of heteroepitaxial growth for crystals with
diamond structure. On the other hand, the
substrate orientation effect on the conduction,
heavy- and light-holes band edges is clearly
observed for higher coverages after the first
undulations of the surface take place in the

2D–3D growth transition, the strain-induced shifts
being less significant for orientation (1 1 3), where
the compressive stresses are smaller. Also, for the
three investigated substrate orientations, the shifts
lower the energies of the conduction band edges,
while they raise the energies of the heavy- and
light-holes band edges.
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Abstract
Within the framework of the elasticity continuum theory in the linear
approximation we have obtained the lattice parameter profiles for Ge/Si(001)
and InAs/GaAs(001) quantum dots. In our model we assume that a small
fraction of the substrate participates in heterostructure relaxation in the
non-rigid approximation. Minimization of the free energy by the
Euler–Lagrange method allow us to predict the evolution of the lattice
parameter with the film coverage. A sigmoidal-like law for the lattice
parameter profile is reached in the rigid and non-rigid substrate
approximations. These results agree with x-ray diffraction measurements in
the grazing schemes. As the aspect ratio changes, we observed a slight
dependence of the lattice parameter slope, which can explain how the
relaxation mechanism can affect the formation of quantum dots as the height
to lateral dimensions are modified. From the results, we have deduced that
the aspect ratio and the misfit strain significantly affect the relaxation
processes, since they define changes in the lattice parameter as the height
coverage increases.

1. Introduction

One of the most characteristic features of the Stranski–
Krastanov (SK) growth mode in low-dimensional heterostruc-
tures is a distribution of semiconductor quantum dots (QDs)
that are nearly homogeneous in their shapes and sizes. The
uniformity of sizes and shapes could allow the achievement of
good-quality optoelectronic devices. It is generally understood
that the main mechanism of formation of QDs in thin solid
films on solid substrates is the Asaro–Tiller–Grinfeld insta-
bility that releases epitaxial elastic stresses in the film caused
by the crystal lattice mismatch between the film and the sub-
strate [1]. The faceting instability of a thermodynamically
unstable surface is another mechanism that can also play an
important role in the formation of surface structures during epi-
taxial growth [2]. Both mechanisms lead to the formation of
mounds that usually coarsen, with larger islands growing at the
expense of smaller ones. In the coarsening process, the bal-
ance between the surface and elastic energies can lead to the
formation of uniform-size islands as a preferred configuration
having minimal energy. Additionally, mechanisms based on
wetting interactions between the film and the substrate can ter-

minate coarsening of the surface structures. Boundary-layer
and glued wetting-layer models for the last mechanism have
been reported in the literature, where variation of the surface
energy, misfit or lattice parameter with film height is consid-
ered [3–5].

Focusing on the lattice parameter, in order to explain
the anomalous x-ray diffraction on InAs/GaAs quantum dots,
Schülli et al [6, 7] performed a fit of the diffraction curves
where they assumed that the lattice parameter is allowed to
relax monotonically from aGaAs towards aInAs. The resulting
lattice parameter profile shows a sigmoidal-like behaviour
as a function of the height above the substrate. On the
other hand, Budiman and Ruda [8], in their analysis of the
transition thickness, suggest that the lattice parameter of the
film relaxes towards its bulk-like value. Dvurechenskii et al
[9] measured the variation of the Ge lattice constant during
conventional MBE of Ge on Si(100) and MBE with 100 eV
Ge+ pulsed ion beam actions. In both measurements, they
clearly observed a sigmoidal-like behaviour beginning from
the 2D-to-3D transition thickness and starting to saturate at
around 10 monolayers of deposited Ge layers. In our previous
works, we introduced the height-dependent lattice parameter in
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a continuum model to predict the transition thickness [10] and
related band-edge changes [11] due to that dependence. As
reported therein [10, 11], these behaviours correctly describe
the transition thickness, together with the band-edge changes
due to the strain-height dependence. Indeed, this semi-
empirical dependence was introduced as a good approximation
of the lattice relaxation, in agreement with some observed
experimental lattice misfit dependence with the height of
the deposited film [12, 13]1. Other authors [14] reported a
sigmoidal behaviour in the in-plane film strain for MgO films
evaporated on a Ag(001) substrate. In studies of SK QD
growth modes, many theoretical works have simulated the
height profile or the strain distribution as a consequence of
a constant-like misfit strain during the growth process, using
various physical mechanisms. But, to our knowledge, no
theoretical work has been reported on the evolution of the
lattice parameter during this process.

Therefore, the aim of this work is to simulate the
lattice parameter in typical semiconductor heterostructures
like Ge/Si and InAs/GaAs as result of the elastic response
induced by the misfit strain between the film and substrate
materials. With the continuum elasticity theory in linear
approximation, minimization of the total free energy by
the Euler–Lagrange method leads to a couple of second-
order differential equations with constant coefficients for
the variation of the lattice parameter in the non-rigid
approximation; the rigid substrate approximation provides a
unique differential equation. Throughout all the calculations,
we assume a small slope approach. Also, we suppose a
coherent behaviour of the heterostructures at the film–substrate
interface without taking into account the kinetic aspects of
growth mechanisms.

With this purpose, the paper is organized as follows.
In section 2, a brief description of the theoretical model
is given, with special attention to Euler–Lagrange method.
To emphasize this, we separate our model into two basic
approximations: the non-rigid and the rigid substrate
approximations. The former was introduced to account for the
changes in the substrate materials created by the film coverage,
while the latter supposes that all the misfit strain is located
in the film during the growth process. The implementation
of the model in Ge/Si and InAs/GaAs systems along with a
discussion of the results are given in section 3. The main
remarks and conclusion of this work will be given in section 4.

2. Theoretical model

The driving force for the self-organization processes during
heteroepitaxial growth is the misfit between the crystal lattice
of the growing layer and that of the substrate, which creates
strain in the growing layer. During growth, elastic relaxation
of the internal elastic energy may take place leading to self-
organized nanostructures. Knowledge of the strain field is
important for understanding the creation of an equilibrium
dot shape, among other things. In general, two basic
approaches are used both for the calculation of the strain
distribution and for the shape and island profile simulations.

1 Note: In Müller et al [12] the authors analyse the effective in-plane
displacement oscillations; at the MBE characteristic growing temperature, this
in-plane effective misfit follows a sigmoidal-like behaviour.

Those approaches consist of continuum elasticity and atomistic
simulations. In the elasticity continuum theory, the structure
under investigation is considered as an elastic continuum and
the physical parameters under study are obtained by solving the
elasticity equilibrium equations or by minimizing the elastic
energy stored in the system. For our analysis, we will focus
on the minimization of the density volume elastic energy. Let
us denote by h(x, y) the deposited film thickness, i.e. the
height profile, where (x, y) represent the coordinates of the
planar film–substrate interface. To deduce the lattice parameter
profile, we assume that all the changes are derived from the
elastic density energy and we analyse both the non-rigid and
the rigid substrate approximations.

Within the elasticity continuum theory in linear approxi-
mation, the elastic free energy density for a thin volume layer
is expressed by [15]

fe = 1
2 Ci jkl ui j ukl (1)

where Ci jkl is the stiffness tensor and ui j is the strain tensor
defined in terms of the derivatives of the displacement vector
u, i.e. ui j = u ji = 1

2

(
∂i u j + ∂ j ui

)
. In the following, we

shall define the displacement vector components to account for
the non-rigid and rigid substrate approximations, together with
their related boundary conditions.

2.1. Non-rigid substrate approximation

In our previous works [10, 11] we introduced the basis of
the non-rigid approximation. Indeed, in this approximation
we assume that both the deposited film and the substrate are
deformed by misfit strain, so that the elastic energy is stored in
the film and in the substrate.

To represent this scheme, we define the film displacement
vector components as:

uf1 =
(

af(z)

af
− 1

)
x uf2 =

(
af(z)

af
− 1

)
y

uf3 = h(x, y)

and the same is done for the substrate leading to the following
expressions:

us1 =
(

as(z)

as
− 1

)
x us2 =

(
as(z)

as
− 1

)
y

us3 = k

where k is a constant. In the above expressions, af(z) and
as(z) represent the height-dependent lattice parameters of the
film and substrate, respectively, while af and as denote their
respective bulk values. For cubic crystals such as InAs, GaAs,
Ge or Si, the unique non-zero stiffness constants are c11, c12

and c44. And the elastic free-energy density for any cubic
system is given by

f = 1
2 c11

(
u2

11 + u2
22 + u2

33

) + c12 (u11u22 + u22u33 + u33u11)

+ 2c44

(
u2

12 + u2
23 + u2

31

)
so that the total free energy is given by:

F =
∫ ∫ ∫

V

[
ff + fs

]
dx dy dz (2)

2
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where the subscripts f and s refer to the film and
substrate contribution, respectively, to the free-energy density.
Accordingly, the strain tensor components read as:

uf
11 = af(z)

af
− 1 uf

12 = 0

uf
22 = af(z)

af
− 1 uf

23 = 1

2

(
a′

f(z)

af
y + ∂yh(x, y)

)

uf
33 = 0 uf

31 = 1

2

(
a′

f(z)

af
x + ∂x h(x, y)

)

for the deposited film, and

us
11 = as(z)

as
− 1 us

12 = 0

us
22 = as(z)

as
− 1 us

23 = 1

2

a′
s(z)

as
y

us
33 = 0 us

31 = 1

2

a′
s(z)

as
x

for the substrate. In the above relations, the prime refers to
derivative with respect to the z-coordinate. Suppose that the
slopes ∂x h and ∂yh take constant values in the small slope
approximation. Since we are interested in the evolution of the
lattice parameters with height, we may eliminate the x , y in-
plane coordinate dependence in equation (2) by integrating the
unit volume density strain-energy over the given area of the
nanostructure, which represents the lateral dimensions of the
systems. With this assumption, we obtain

Ff =
∫ ∫

A×B
ff dx dy = AB

(
cf

11 + cf
12

) (
af(z)

af
− 1

)2

+ 1

24
AB(A2 + B2)cf

44

a′
f(z)

2

a2
f

+ 1

2
ABcf

44

(
∂x h2 + ∂yh2

)
(3)

inside the element of film and

Fs =
∫ ∫

A×B
fs dx dy = AB

(
cs

11 + cs
12

) (
as(z)

as
− 1

)2

+ 1

24
AB(A2 + B2)cs

44

a′
s(z)

2

a2
s

(4)

for an element of the substrate, over the cross-section A × B of
the nanostructure. In equations (3) and (4), the superscripts f
and s on the stiffness constants are used to denote the film and
substrate materials, respectively. Then the total free energy is
given by

F =
∫ 0

−Zs

Fs dz +
∫ Zf

0
Ff dz (5)

assuming that the film–substrate interface lies at z =
0 throughout our calculations. To calculate the lattice
parameters, we use the Euler–Lagrange formalism, where we
derive the differential equation that a(z) must obey in order to
minimize the integral given in equation (5). Therefore, using
the variational approach, the minimization of the total free
energy gives rise to the following partial differential equation:

δFj

δa
= ∂ Fj

∂a
− d

dz

∂ Fj

∂a′ = 0 (6)

where the functionals Fj (z, a j (z), a′
j (z)), ( j = f for the film

and j = s for the substrate) are given by the right-hand terms

of equations (3) and (4) respectively. Applied to the film and
substrate parts of the total free-energy density, we get two
differential equations for the film and substrate, respectively:

a′′
f (z) = 24

af

(
cf

11 + cf
12

)
(A2 + B2)cf

44

(
af(z)

af
− 1

)
(7)

and

a′′
s (z) = 24

as

(
cs

11 + cs
12

)
(A2 + B2)cs

44

(
as(z)

as
− 1

)
. (8)

Let us assume that the film-like differential equation for
the lattice parameter profile is valid for z > 0, while the
corresponding substrate equation is well defined for z < 0,
with their respective solutions given by

af(z) = Nf exp (λfz) + Mf exp (−λfz) + af (9)

for the film with the lattice decay or growth rate parameter
given by:

λf = 2

√
6
(
cf

11 + cf
12

)
(A2 + B2)cf

44

and
as(z) = Ns exp (λsz) + Ms exp (−λsz) + as (10)

for the substrate, with

λs = 2

√
6
(
cs

11 + cs
12

)
(A2 + B2)cs

44

.

From these solutions, the total lattice parameter will be given
by

a(z) = �(−z)as(z) + �(z)af(z),

where �(z) (respectively �(−z)) is the Heaviside function
introduced to account for the continuity of the lattice parameter
at the film–substrate interface. Nf , Mf, Ns, Ms are constants
which will be determined by boundary conditions.

Throughout this model, we assume that the deposited
film relaxes towards its bulk lattice constant and that a small
fraction of the substrate represented by Zs = αZf (α < 1)
participates in the strain relaxation induced by the deposited
film, after which it also recovers its bulk-like constant value.
Therefore, far from the total film coverage (Zf), the above
assumption gives rise to following boundary conditions applied
to the non-rigid approximation, i.e.

as(−Zs) = as lim
z→∞ af(z) = af.

Also, we apply the coherence condition at the film–substrate
interface, i.e.

as(0) = af(0) = ai a′
s(0) = a′

f(0),

with ai the special value of a(z) at the interface. Finally, the
constants are determined by

Nf = 0 Mf = −af + ai

Ns = −2(as − ai)eλs Zs

sinh(λs Zs)

3
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Ms = 2(as − ai)e−λs Zs

sinh(λs Zs)

and

ai = λsas cosh(λs Zs) + λfaf sinh(λs Zs)

λs cosh(λs Zs) + λf sinh(λs Zs)
.

Using the above boundary conditions, together with the
coherence interface condition, we get

a(z) = �(−z)

[
4 (ai − as)

sinh(λs Zs)
sinh(λs(z + Zs)) + as

]

+ �(z)

[
(ai − af) exp(−λfz) + af

]

for the non-rigid approximation, where ai is as previously
defined. We will analyse the effect of the lateral dimensions
on the lattice parameter profile for InAs/GaAs and Ge/Si
nanostructures. Also, we study the role of the fraction of
deformed substrate (represented by α) on the lattice parameter
profile.

2.2. Rigid substrate approximation

Here again we recall the displacement vector components
in the framework of the rigid approximation. Indeed, we
shall mention that for this case the misfit-induced strain is
stored only in the epilayer. Therefore, the displacement vector
components vanish in the substrate, i.e. the deformation is
defined throughout the following expression

uf1 =
(

af(z)

af
− 1

)
x uf2 =

(
af(z)

af
− 1

)
y

uf3 = h(x, y).

The particular case of the rigid substrate approximation is
basically identical to that of the non-rigid approximation,
except that there is no deformation in the substrate. Then,
using the given functional (equation (3)), the Euler–Lagrange
formalism leads to the same differential equation for a(z) as
that obtained in the former approximation.

Consequently, boundary conditions and interface limits
are reduced to:

lim
z→∞ af(z) = af af(0) = as

leading to the following conditions

Nf = 0 Mf = as − af

for the constants in the solution of the differential equation.
Combining those boundary and limit conditions, the

lattice parameter profile is given by:

a(z) = �(−z)as + �(z) ((as − af) exp(−λfz) + af) (11)

in the rigid substrate approximation. Note that the Heaviside
function is introduced to account for the boundary condition
at the film–substrate interface analogously to the case of the
non-rigid approximation.

Figure 1. Lattice parameter profile as a function of film coverage in
Ge/Si for three values of α and for r = 0.2. The plot corresponding
to the value α = 0 represents the rigid approximation results.

3. Results and discussion

To illustrate our model, we represent the lattice parameter
profile as a function of the film height for InAs/GaAs(001)
and Ge/Si(001) heterostructures in both the rigid and non-rigid
substrate approximations. Numerical results for the non-rigid
approximations are depicted for three values of α, known as a
measure of the depleted or deformed zone in the substrate [10].
The values for the stiffness constants and the bulk lattice
parameters of the constitutive materials are taken from [16].
With respect to the lateral dimensions (A and B) and the film
coverage (Zf), we restrict ourselves to typical data provided
by MBE growth technique, where values of the aspect ratio
(r ≡ h/A) ranging between 0.3 and 0.7 [17] are reported. To
simplify, we assume A = B for the lateral dimensions. This
is done to compare the calculated data with the experimental
results reported in the literature. Figures 1 and 2 represent the
lattice profile of the Ge/Si QDs for two values of the aspect
ratio; while figures 3 and 4 depict the lattice parameter for
the InAs/GaAs QDs for similar values of α. As expected,
the non-rigid approximation simulates the rigid-one at α = 0.
All the obtained lattice parameter profiles follow the sigmoid-
like behaviour both in the non-rigid and rigid approximations
in good agreement with x-ray measurements [6, 7]. These
authors have shown that the fact that the lattice parameter
and the Ge content follow a same sigmoidal law explains the
interdiffusion process as a basic phenomenon in Ge/Si QD
formation. Also, as z → ∞, the lattice parameters of the
deposited film reach their asymptotic values, which are the
bulk-like lattice parameters. In fact, for an aspect ratio value
of r = 0.2, the rate of growth of the bulk-like value of the
film is significantly slower than for r = 0.6 in both Ge/Si and
InAs/GaAs QDs. This could lead to the interpretation that the
aspect ratio is one of key determinants of the lattice parameter
profiles for the SK growth process. The values of α and the
aspect ratios affect the slope of the lattice parameter, which
can define the change in the in-plane strain distribution. This
behaviour is consistent with the changes observed in both the
lateral lattice parameter and in the in-plane effective misfit in
MBE growth experiments [9, 12].

4
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Figure 2. Lattice parameter profile as a function of film coverage in
Ge/Si for three values of α and for r = 0.6. The plot corresponding
to the value α = 0 represents the rigid approximation results.

Figure 3. Lattice parameter profile as a function of film coverage in
InAs/GaAs for three values of α and for r = 0.2. The plot
corresponding to the value α = 0 represents the rigid approximation
results.

Figure 5 shows the interface lattice parameter ai as a
function of α for two selected values of r (r = 0.2 and 0.6) in
Ge/Si QDs. This value can be understood as a measurement of
the slope of the lattice parameter. Although not shown here, a
similar behaviour for the interface lattice parameter is obtained
for InAs/GaAs QDs. This leads us to conclude that both the
interface and the absolute lattice parameter follow a sigmoid-
like behaviour in both materials.

4. Conclusion

Lattice parameter profiles in Ge/Si(001) and InAs/GaAs(001)
QDs are obtained within the elasticity continuum theory in a
linear approximation. Minimization of the free energy by the
Euler–Lagrange method allows us to predict the dependence
of the lattice parameter on film coverage. Sigmoid-like
behaviours for the lattice parameter profiles are obtained in
the rigid and non-rigid approximations. These results agree
with x-ray diffraction measurements. The aspect ratio and the

Figure 4. Lattice parameter profile as a function of film coverage in
InAs/GaAs for three values of α and for r = 0.6. The plot
corresponding to the value α = 0 represents the rigid approximation
results.

Figure 5. Interface lattice parameter profile as a function of α in
Ge/Si QDs for two values r = 0.2 and r = 0.6.

depleted zone into the substrate affect the slope of the lattice
parameter, which can define the changes in the in-plane strain
distribution.
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A modification of the Frenkel-Kontorova model is presented in which particles are allowed to move in the
vertical direction. This model is used to study the formation of islands for a monolayer of 1D interfaces and the
corresponding roughness transition. Both analytical and numerical approaches are employed, and the numerical
algorithm is based upon real space renormalization group techniques.
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I. INTRODUCTION

The Frenkel–Kontorova �FK� model1,2 was originally pro-
posed by Frenkel and Kontorova in 1938 to study plastic
deformations and twinning.3 It was independently discovered
by Frank and van der Merwe in 1949 to study 1D
dislocations.4 A rigid substrate is modeled by a sinusoidal
potential, and film particles move within it making up a
chain linked with harmonic springs of a given equilibrium
length af. The period of the sinusoidal potential is assumed
to be as=1. Given the horizontal positions of the film par-
ticles �xi�i=1

N , the system energy is

E�xi� = �
i=1

N

Jscos�2�xi� + �
i=1

N−1

Jf�xi+1 − xi − af�2. �1�

At zero temperature this model presents a phase diagram
in the variables Jf /Js and af containing many tongues of
commensurate phases separated by infinitesimal gaps of in-
commensurate structure.5–9 These pathologies are removed at
finite temperature,10 but a continuous phase transition from a
solid to a liquid-like structure remains with Tc�0.

The FK model has been extended both to finite-width
stripes11 and truly 2D substrates.12 More realistic interatomic
potentials for the film interaction have been employed,13

some of them with a phenomenological “temperature depen-
dence” in order to study structural phase transitions.14

In this work the FK model is modified so as the film layer
may curve, by allowing particles to displace vertically. Most
methods of analysis of the classical FK model are not suit-
able in this case. Thus, we have resorted to a real space
renormalization group �RG� numerical technique, inspired on
the analysis of Griffiths and Chou5,15 and the density matrix
renormalization group �DMRG� technique.16 The extension
of the DMRG concepts to an area of application may be of
interest to practitioners.

Heteroepitaxial surface growth, i.e., addition on a given
crystalline substrate of particles of a different material with a
given lattice mismatch, has recently attracted considerable
technological interest.17,18 When the lattice parameter is
larger in the film than in the substrate, 3D islands may de-
velop, making up quantum dots. There are three relevant
growth modes: �a� Frank–van der Merwe �FvdM�, consisting
only of flat layers; �b� Stranski–Krastanov �SK�, in which 3D
islands grow on top of a flat wetting layer; and �c� Volmer–

Weber �VW�, in which the 3D islands appear directly on the
substrate.

Many theoretical models have been proposed, either
within continuous elasticity theory19 and atomistic models.20

We will focus on the semiatomistic FK approach. It has been
applied to study the mechanism of island formation both for
1D �Ref. 21� and 2D substrates with a realistic interatomic
film potential.22 For a given number of particles, if all mono-
layers cover completely the substrate, a FvdM growth mode
is considered. If the particles are distributed in islands, leav-
ing part of the substrate uncovered, a VW growth is as-
sumed. Whenever a number of covering monolayers �i.e., a
wetting layer� appears with islands on top of them, the
growth mode is SK. In these works, no vertical deformation
of a layer is allowed: each island consists of a given number
of completely flat layers. This assumption is questionable in
the SK case for the reason exposed in the following para-
graph.

Let as and af be the substrate and film equilibrium lattice
parameters, with af �as. Let us consider a wetting layer
composed of flat monolayers with lattice parameters increas-
ing upwards. The last monolayer, therefore, is less stressed
than the first one. Thus, it is less likely to develop an island-
ing mechanism above it. The formation of a larger film sur-
face has a certain energy cost, which would not have any
counterpart. But this restriction disappears if all monolayers
are allowed to bend. Consider a flat and a curved monolayer
on the same substrate with the same number of atoms: the
curved one must have larger atomic separation. Thus, the
wetting layer height corresponds to the value where the extra
energy needed to curve the film free surface is overcome by
the reduction of the internal elastic energy provided by the
effective stretching of all monolayers.

A first step in this direction is the analysis of the behavior
of a single monolayer of film which is allowed to curve. This
single monolayer may provide a seed for the future forma-
tion of islands when more monolayers are deposited.

The rest of this article is organized as follows. Section II
discusses the vertically extended FK model. Section III pro-
vides some analytical insight into the solutions. Section IV
presents the RG-like technique we have employed to get the
minimum energy states and Sec. V discusses the numerical
approach, along with the phase diagram for the model.
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II. MODEL

The original FK model splits the energy for each configu-
ration of the film particles into two parts: the interaction
between each deposited film particle and the substrate is rep-
resented using a continuous sinusoidal substrate potential,
and interaction between nearest–neighbor particles of the
film is considered to be harmonic.

This splitting is preserved in our extension, but with some
modifications. First, film particles are allowed to displace in
the direction orthogonal to the substrate. These vertical dis-
placements should be inhibited by an appropriate increase in
the substrate potential energy. Thus, the sinusoidal substrate
potential must be transformed into a realistic 1+1D poten-
tial. Also, the interparticle film potential must be changed in
accordance with the substrate in order to have the same long
distance behavior. A harmonic film potential is not realistic:
when two neighbor film particles get sufficiently far away,
the interaction should be negligible.13

In our model the X axis shall be parallel to the substrate
and the Z axis shall be orthogonal to it. Particle i has coor-
dinates ri= �xi ,zi� and the configuration energy has the form:

E��ri�� = �
i=1

N

Vs�ri� + �
i=1

N−1

Vf��ri+1 − ri�� . �2�

This model shall be referred to as vertically extended
Frenkel-Kontorova �VEFK�.23 Our target in this work is to
find the ground states, i.e., the global minimum energy con-
figurations, and their properties.

A. Film potential

Anharmonic film potentials for the FK model have been
studied for a long time.13 They must fulfill the following
conditions: �a� as we get further away from the minimum, it
should be harder to squeeze particles together than to sepa-
rate them and �b� asymptotic freedom: particles should be
free when their distance is large. There are many potentials
fulfilling these conditions in the literature, and most details
concerning them are irrelevant for the physics of our prob-
lem. We have chosen the Mie potential:28

Vf�d� =
A0

� f − � f
	� f
af

d
��f

− � f
af

d
��f� �3�

where d�ri+1−ri� is the actual distance between neighbor-
ing film particles, af is their equilibrium distance, A0 is a
constant and � f �� f. In this work, � f =12 and � f =6, which
correspond to a Lenard-Jones potential.

We define Kf to be the spring constant of small oscilla-
tions around the equilibrium point of the film potential. In
terms of Kf, we find A0=Kfaf

2 /� f� f.

B. Substrate potential

The FK substrate potential is extended in the vertical �Z�
direction in such a way that it reduces to its previous sinu-
soidal form when z=zeq, a given equilibrium value. Away
from it, the potential is modified so as it is energetically
favorable to stay at the equilibrium height, but not compul-

sory. The equilibrium points of this potential must be ar-
ranged periodically at points �x ,z�= �nas ,zeq�, where n�Z
and as is the substrate lattice parameter, which we shall as-
sume to be as=1 throughout this article.

The conditions on the height dependence of the substrate
potential are similar to those for the film: �a� asymptotic
freedom in the Z axis; �b� very high barrier at the substrate
height. We propose the following form

Vs�x,z� =
B0

�s − �s
��s
 zeq

z
��s

− �s
 zeq

z
��s

�
1

2
	cos
2�x

as
� + 1�� �4�

where B0 , �s, and �s are constants. The +1 term by the co-
sine function makes the potential at z=zeq zero on average.
For z�zeq this average value is positive, and it is negative,
although tending to zero, for z�zeq. This ensures that the
ground state is always linked to the substrate. Figure 1 shows
this potential for some typical values of the parameters. The
potential may be seen to be large near the substrate and zero
for large heights. There is an array of minima with their
corresponding corridors, separated by potential barriers
whose height decrease with z. The contour view, in the hori-
zontal plane, depicts some ellipses whose centers correspond
to these minima. We have chosen low values for the expo-
nents: �s=4 and �s=2, so as to have deeper corridors and a
clearer phase transition.

The substrate particles creating this potential are arranged
at coordinate points �x ,z�= ��n+1/2�as ,0�, as is depicted in
Fig. 2. From the figure it is obvious that �s
arctan�2zeq /as�.

Let us consider a film particle staying close to a minimum
of the substrate potential. From the Hessian matrix we may
find the second derivative in the direction of �s, toward one

FIG. 1. Vertically extended Frenkel-Kontorova substrate
potential.

FIG. 2. Black and white dots represent the substrate particles
and the substrate potential equilibrium positions, respectively.

JAVIER RODRÍGUEZ-LAGUNA AND SILVIA N. SANTALLA PHYSICAL REVIEW B 72, 125412 �2005�

125412-2



of the substrate particles. If we relate this value to Ks, a
spring constant for the substrate-film interaction, we find that

B0 = Ks

��s − �s��as
2 + 4zeq

2 �
2�s��2 + 2�s�s − 2�s

2�
. �5�

In the rest of this paper we shall assume as=1 and zeq
=0.35. We define kKf /Ks. In order to define the energy
scale we assume Ks+Kf =1.

III. ANALYTICAL APPROACH

We are going to introduce an Ansatz which provides in-
sight into the physics of the model. We shall consider all
particles to have their x-coordinates in the equilibrium posi-
tions of the substrate potential. Furthermore, let us suppose
that a fraction p of them leave the equilibrium plane z=zeq
and reach a new height value z1. These particles shall be
termed runaway particles and we shall assume them to be
regularly spaced.29 As a particular case, if p=1/2 we get the
zigzag state, in which every other particle leaves the equilib-
rium plane as a way to relax the film springs.

Let us consider the function e�z1� to be the energy per
particle minus the value for the flat configuration, for given
values of p , k, and af. Figure 3 �upper� shows this function
for five values of k, with af =1.05 and p=1/2. The first two
cases, k�k1 and k=k1�2.261, have a single minimum at
z1=zeq. Therefore, the ground state is flat. At k�k1 a second
minimum appears at z1�zeq. The ground state for the third
curve, with k1�k�kt�2.905, is flat, but there is also a
metastable rough state. At k=kt�2.905 the two minima be-
come equal. This point marks the rugosity transition. When
k�kt the ground state is rough, but the flat state is still meta-
stable for some range in k. Figure 3 �lower� shows that this
situation extends up to k=k2�8.128, when the flat minimum
becomes a saddle point. Beyond that value, for k�k2, the flat
state becomes unstable, and a new metastable state appears,
with z1�zeq. The true ground state is rough and has z1
�zeq.

Now let us consider the phase diagram, i.e., for each value
of af, the value of k for which the two minima of the func-
tion e�z1�, at z=zeq and z1�zeq, take the same energy. This
transition curve kt�af� is depicted in Fig. 4 with a full line.
The lower curve shows k1�af�, the values of k for which a
second local minimum appears at z�zeq. Between these two
curves, there is a metastable rough state. The upper curve
shows k2�af�, the points where the flat state becomes un-
stable. Therefore, in the region between the transition curve
and this line, the flat state is metastable.

The energy e�z1� is proportional to p. Therefore, p plays
an irrelevant role in the determination of the transition point.
This means that, within this Ansatz, the phase transition is
not a truly collective phenomenon. Since p=1/2 is the maxi-
mum possible value of p, this Ansatz predicts that beyond
the transition point the rough states will always be zigzag
states.

The transition curve kt�af� follows with good approxima-
tion a power law kt��af −1�� with two different exponents.
For low values of af we have ��−1.30±0.02, and for high

values ��−1.94±0.02. The exponents are not universal:
they depend on the exponents of the substrate and film po-
tentials. We shall compare these results with the numerical
ones.

Although this Ansatz is quite crude, it provides certainly
some insight into the physics of the model. The basic frame-
work, with a transition curve and the metastability regions,
shall remain valid in the more accurate approach of Sec. V.
We shall see that p=1/2 is not the preferred state after the
transition. The fraction of runaway particles plays a more
relevant role when the atoms are allowed to move in the
X-axis.

IV. RENORMALIZATION GROUP PROCEDURE

A. Formulation

The main procedure involved by real space RG is to re-
write the system equations in terms of block variables with-
out altering their form. As it has been stated, our RG tech-

FIG. 3. Function e�z1� �energy per particle minus the value for
the flat configuration� within the Ansatz. The plots have different
values of k, but they all take af =1.05 and p=1/2. �Upper� The
graphs illustrate the behavior of the energy around k1, where a
second �rough� minimum appears, and kt, where the two minima
become equal. �Lower� The graphs show the situation around k2,
where the first �flat� minimum becomes unstable.
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nique is strongly inspired on the Griffiths and Chou5

approach and the density matrix renormalization group
�DMRG�.16

A single particle moves within our 2D substrate potential,
Vs, which we shall term V�1� from now on. The particle stays
at position r1, and the system energy is V�1��r1�. Let us add a
second particle on �e.g.� the right side, and link them with
the “spring” Vf�r1 ,r2�. The second particle shall remain fixed
at any point r2 and we shall force the first particle to find its
equilibrium position by minimizing V�1��r1�+Vf�r1 ,r2�. Thus,
we may write r1= f1←2�r2� for a known f1←2 function. The
first particle will be said to be enslaved to the second one
from now on, and function f1←2 shall be called a slaving
mapping.

Now, the total energy of the system may be expressed as:

V�2��r2�  V�1��r1� + Vf�r1,r2� + Vs�r2� = V�1��f1←2�r2��

+ Vf�f1←2�r2�,r2� + Vs�r2� , �6�

i.e., the total energy of the two-particles block depends only
on the position of the second particle. Thus, it may be con-
sidered as an effective or renormalized potential. The mini-
mum value of V�2� is therefore the minimum possible energy
for all the two-particles system. Minimizing for a single par-
ticle, we obtain the minimum for a two-particles chain.

The process may, of course, be iterated until a large chain
is represented this way. If we have V�n−1��rn−1�, we may add
an nth particle and find the value of rn−1 which minimizes
V�n−1��rn−1�+Vf�rn−1 ,rn� for each value of rn. This is again a
slaving relation: rn−1= fn−1←n�rn�. The �n−1�th particle is
now enslaved to the nth one. Now let us define V�n��rn� as

V�n��rn�  V�n−1��rn−1� + Vf�rn−1,rn� + Vs�rn�

= V�n−1��fn−1←n�rn�� + Vf�fn−1←n�rn�,rn� + Vs�rn� .

�7�

Using the same argument as before, the minimum value
of V�n� is the minimum possible energy for the whole chain.

B. Reconstruction procedure

Let us suppose that we have carried out the previous pro-
cedure up to a given value of n and found the series of
potientials V�1� ,… ,V�n�. We may reconstruct the ground state
in this way. The value rn

0 which minimizes V�n��rn� is the
position of the nth particle in the ground state. When we
have rn

0, we may find rn−1 by minimizing

V�n−1��rn−1� + Vf�rn−1,rn
0� , �8�

which is equivalent to the use of the enslaving function
rn−1

0 = fn−1←n�rn
0�. Iterating backwards we can find the posi-

tion of the first particle:

r1
0 = f1←2�f2←3�¯�fn−1←n�rn

0�� ¯ �� , �9�

and, thus, obtain the exact solution �r1
0 ,… ,rn

0�.
Effectively, relation �7� may be expanded backwards, sub-

stituting V�n−1� with its definition in terms of V�n−2�, etc. Just
as a check, we may evaluate V�n��rn

0� and find

V�n��rn
0� = Vs�rn

0� + Vf�rn−1
0 ,rn

0� + �
i=1

n−1

Vs�ri
0� + �

i=1

n−2

Vf�ri
0,ri+1

0 � ,

�10�

which is, as it was already stated, the energy of the full chain
in the ground state. Thus, the minimization equation for rn
within potential V�n� solves the problem for the n-particles
block, which is the essence of a real space RG method.

C. Renormalization group flow and fixed points

We may consider V�i� to be flowing under RG transforma-
tions in a certain functional space. Although the parameter
space is infinite dimensional, this poses no special theoretical
difficulties. All potentials are periodic in x with period as,
since a block displacement of the full chain of as does not
affect the energy, but they need not even be continuous. We
will define a fixed point in this RG flow through the equa-
tion:

V�i��r� = V�i−1��r� + e . �11�

The parameter e is just the energy per particle in the full
chain. This fixed point equation may be rewritten as an ei-
genvalue equation within a minimax algebra24 for a target
potential R�ri�:

R�ri� = Vs�ri� + min
ri−1

�Vf��ri − ri−1�� + R�ri−1�� + e . �12�

If the flow took place in a finite-dimensional vector space,
this equation would be sure to have a solution.24 In our prob-
lem, despite the absence of a rigorous proof, we have found
it to exist for a wide variety of cases. Solving Eq. �12� is a
hard problem unless the RG procedure, starting with V�1�

=Vs converges. This convergence has always taken place in
the cases we have tried.

FIG. 4. Phase transition, k vs af, for the VEFK model within the
Ansatz exposed in Sec. III. The full line labeled as kt denotes the
phase transition. Above that line, the ground state is rough. Below
the k1 curve the ground state is flat. Between k1 and kt, although the
true ground state is flat, there is also a metastable rough state. Be-
tween kt and k2, the true ground state is rough, but the flat state is
still metastable. Beyond k2, the ground state is rough and the flat
state is unstable.
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If we are interested only in the thermodynamic limit, we
may find the ground state from the fixed point potential R.
The procedure is identical to the one described in the Sec.
IV B but using always the same potential. If finite-size ef-
fects are thought to be important, the full series of potentials
should be used.

V. NUMERICAL APPROACH

The most straightforward strategy to obtain the ground
state is to obtain the zero-force equations for each particle,
solve them and choose the solution with lowest energy. The
equation for ri depends both on ri−1 and ri+1. This yields a
dynamical system which, for the original FK model, is re-
lated to the standard map. A minimization algorithm must be
used to choose the orbit which corresponds to the minimum
energy. In our case, this strategy is not appropriate, since it is
not possible to solve analytically the ith zero-force equation
for ri+1, as it is in the original FK model. Therefore, the
numerical approach shall be based on global minimization
techniques, whose problem is the existence of a complex
landscape of local minima.

In order to obtain a good seed configuration to insert in a
global numerical minimization routine, we have tried several
different algorithms: �a� Simulated annealing25 �b� take a
small chain and find its ground state; after that, add a site
both at the left and the right borders and repeat the procedure
until the desired length is reached; �c� a technique based on
the puncture renormalization group:26 start with any initial
configuration, pick up a block of sites and minimize its en-
ergy while the left and right tails may only move as two solid
blocks; afterwards, the chosen block moves right and left,
sweeping the system; and �d� the RG method described in
Sec. IV whose implementation we are going to detail.

Method �d� has always provided the lowest energy
minima, for reasons which will be discussed in the following
paragraph. The other three methods give, in many cases,
higher energy local minima. Method �b� is the second best,
and its main handicap is that its solutions tend to have too
much left–right symmetry. It is always convenient to opti-
mize the solution found using a classical minimization
algorithm.30

A. Technical details

The procedure described in Sec. IV may not be carried out
analytically. Our numerical implementation discretizes each
V�i� into a regular grid of Nx�Nz points, typically 100
�100 or 100�150 points. The discretization interval of the
potential is an important issue. We have found the election
�−as /2 ,as /2�� �zeq /2 ,5zeq /2� to be appropriate. The X inter-
val is motivated by the as periodicity of all potentials. In the
Z axis, the interval is designed to include all runaway par-
ticles.

In their seminal work, Griffiths and Chou5 obtain the
minimum enthalpy state instead of the minimum energy one.
This means that, in our case, the film potential would be
changed into

Vf
*�r1,r2�  min

m
Vf��r1 − r2 + m · ex�� �13�

where ex is the unit vector in the X direction and m is an
integer. This change is made so as the search for the mini-
mum in the construction of V�n+1� from V�n� has a solution in
the �−as ,as� interval of the X axis. Otherwise, the search
should be extended to the whole real line. We have found an
alternative approach to this problem. The search is carried
out on two periods in the X axis on the left side of the �n
+1�th particle. Since af �2as in all the studied cases, this
procedure is sure to find the solution. Our solution is always
optimal within the subspace of coarse-grained potentials on
the given grid.

Our calculations are of two types: infinite systems, i.e.,
systems in the thermodynamical limit, and finite-size sys-
tems. The differences between them shall be analyzed in the
following sections.

For each value of af and k=Kf /Ks the ground state is
found. For each ground state the following observables are
considered: �a� energy per particle e, �b� average height h
�z� and its standard deviation 	h, known as roughness, and
�c� effective lattice parameter 
, defined as the average of
�xi+1−xi�, and its standard deviation 	
.

B. Roughness transition: Infinite systems

For any given value of af, the value k=Kf /Ks=0 always
results in a flat configuration, with h=zeq and 
=as. If we
increase k, all the observables increase smoothly up to a
certain value kt�af�, where an abrupt jump takes place.

The infinite system computation starts with the applica-
tion of the RG flow on the substrate potential Vs in order to
find the fixed point potential R�r�. Typically, about 10 or 20
iterations were enough to get a maximum error of a part in
106. This fixed point potential yields a unique enslaving
function, f . We obtain the point where R�r� takes its mini-
mum value, r1

0, and iterate the enslaving function on it so as
to reconstruct the full ground state �r1

0 ,r2
0 ,… ,rN

0 � for a large
value of N. If, for a given tolerance, there is a value N0 such
that if n�N0, zn�zeq, we shall assume that the ground state
is flat. We have chosen a tolerance of 10−4.

The phase transition obtained with this criterion is shown
in Fig. 5. The first part, up to af �1.075, may be fitted to
kt�af���af −1�� with ��−1.39, in reasonable agreement
with the value −1.30±0.02 obtained for the analytical An-
satz. For high values of af the transition curve is more rough,
and the fit is more difficult. Nonetheless, the exponent may
be seen to increase in absolute value.

The transition always takes place at a higher value of k
than in the analytical Ansatz. This is due to the fact that
particles were not allowed in that case to move in the equi-
librium plane. This way to relax stress delays the transition
in practice.

According to the results of Sec. III, for most points just
above the transition the ground state is a zigzag state, i.e., the
fraction of runaway particles is either p=1/2 or p=1.
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C. Roughness transition: Finite-size systems

Finite-size systems present interesting peculiarities.
Whenever an island develops and new film particles are de-
posited on it, the size of the island renders the thermody-
namical limit irrelevant. Therefore, finite-size effects might
play an important role in practical applications. We have
mapped and analyzed the roughness transition for a finite-
size system with N=101 particles.

In these calculations, the intermediate potentials of the
RG flow are stored to disk so as they may be recovered
during the reconstruction procedure. When convergence is
attained, the program stops calculating any more potentials
and assumes the rest to be equal to the last one in storage.

The positions of the particles always belong to the Nx
�Nz grid. Therefore, their precision is low. In the finite-size
case the positions entered a standard minimization algorithm.
Usually, this procedure only took a very short time, since the
configuration was nearly optimal and its deviation was only
due to the effect of the lattice. Checks were periodically
made to ensure that the energy per particle in our results
were lower than in the other approaches described at the
beginning of this section.

Figure 6 shows three ground states with af =1.03 and k
=3.046 70, 3.046 74 and 3.046 78 for N=101 particles. The
first one is flat. In the second one, a single runaway particle
appears. In the third one, two symetrically placed particles
leave the equilibrium plane z=zeq. The values of 	h increase
from 7�10−4 to 0.032 and 0.045, respectively, in a very

FIG. 5. Phase diagram for the VEFK model in the thermody-
namical limit.

FIG. 6. For 101 particles and af =1.03, ground states with �a�
k=3.046 70; �b� k=3.046 74; and �c� k=3.046 78.

FIG. 7. Transition in three observables: �upper� the energy per
particle, which has a small jump; �middle� the roughness, which has
a jump of 2 orders of magnitude; �bottom� the deviation in the
effective lattice parameter, which also shows a jump. The roughness
was the guide to find the transition.
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small interval for k. As we increase k, new peaks appear
steadily, in a slower way.

Figure 7 shows the behavior of the energy per particle e,
roughness 	h and deviation of the effective lattice parameter
	
 for af =1.03 as we increase k. The transition is clearly
seen to coincide for the three observables.

For each value of k and af a certain flat domain-size D
may be defined as the minimum distance between runaway
particles, or between runaway particles and the extreme of
the chain. Of course, a ground state is rough whenever D
�N.

Figure 8 shows the phase transition curve in the k−af
plane for N=101. This curve presents some jumps, e.g., at
af =1.0418 between k�2.04 and 2.28, which are finite size
effects. At this special jump, the domain size is D=50, i.e.,
half the system size. Thus, the first particle to leave the equi-
librium plane is the central one. This behavior is locked for a
certain range of k values. The second jump in size is at af
=1.064, and there the domain size is D=34, i.e., very close
to one third of the total lattice size. This locking is a collec-
tive phenomenon which does not appear in our analytical
Ansatz.

This behavior is clearly different from the one we have
found for infinite systems. Border effects are clearly domi-
nant in the phase transition for finite systems.

VI. CONCLUSIONS AND FURTHER WORK

A modification of the classical FK model, known as ver-
tically extended Frenkel-Kontorova �VEFK�, has been pro-
posed in which particles may displace vertically, thus allow-
ing the film layer to bend. Physical pathologies associated
with the FK model, such as the sharp commensurate–

incommensurate transition, disappear in this case. This modi-
fied model is used to study a roughness transition which
might be the seed for island formation in surface growth
phenomena, both with analytical and numerical approaches,
at T=0. The numerical technique is inspired on the effective
potentials method of Chou and Griffiths5 and on real space
renormalization group methods, specially on DMRG. The
analytical approach shows both a transition curve and two
broad metastability regions.

This roughness transition presents some general features:
�a� it starts with some runaway particles which leave the
equilibrium plane; �b� the size of the flat regions �domains�
near the transition point depends on the parameters af and k,
and is rather sensitive to finite size effects.

As discussed at the introduction, rough configurations
may be the origin of domains which make up the character-
istic islands in SK and VW growth modes. The effect of
many film monolayers is, of course, of great importance, and
has been left for further work. A second monolayer may have
a qualitative effect on the transition.

All the surface growth phenomena are, of course, 2+1D.
The dimensional extension of our model involves some nu-
merical difficulties, since there does not exist a straightfor-
ward extension of the RG approach. The performance of
DMRG-like techniques decrease when the particle linking
graph does not have a tree topology. Extensions of the
DMRG algorithm to 2D and 3D problems are a field of ac-
tive research26,27 and this problem might well pose a possible
application for them.

This VEFK model may be studied at finite temperature
with the transfer matrix formalism. The usual arguments
against 1D phase transitions do not apply in this case, since
the substrate potential imposes a long range order. Therefore,
the roughness transition is likely to survive up to a finite
value of T. A positive result in this direction is the treatment
of a finite temperature transition for FK.

In physical terms, there should be a second flatness tran-
sition at even higher values of k=Kf /Ks, for which the film
gets flat again, with the effective lattice parameter 
=af. In
our numerical analyses this second transition does not ap-
pear. The reason is the following: at very high values of k the
substrate potential is almost nonexistent, and the reference
plane for the film disappears in practice. All configurations in
which each particle is at a distance af from its neighbors,
even if it is highly curved, have nearly the same energy.

Some relevant features, such as a slowly changing curva-
ture or the second flatness transition, would be met if a three-
body angular potential was included. This extension is physi-
cally plausible and may lead to a richer phase diagram.
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FIG. 8. Phase diagram for the VEFK model with N=101 par-
ticles. Above the line, the ground states are always rough, and be-
low they are flat. The phase border may be seen to have jumps at
certain positions.
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7. AUTORES (p.o. de firma): J. Rodŕıguez-Laguna and S.N. Santalla. (orden alfabético)
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4. AUTORES: S.N. Santalla, C. Kanyinda-Malu and R.M. de la Cruz.

T́ITULO: Transition Thickness in Coherent Islanding of semiconductor heteroepitaxy.
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TIPO DE PARTICIPACIÓN: Comunicación oral.

CONGRESO: Invariance and Model Reduction for Multiscale Phenomena.
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