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ttenuation of specular and diffracted 2D multiples in image space
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ABSTRACT

In complex areas, the attenuation of specular and diffract-
ed multiples in image space is an attractive alternative to sur-
face-related multiple elimination �SRME� and to data space
Radon filtering. We present the equations that map, via wave-
equation migration, 2D diffracted and specular water-bottom
multiples from data space to image space. We show the equa-
tions for both subsurface-offset-domain common-image-
gathers �SODCIGs� and angle-domain common-image-gath-
ers �ADCIGs�. We demonstrate that when migrated with
sediment velocities, the over-migrated multiples map to pre-
dictable regions in both SODCIGs and ADCIGs. Specular
multiples focus similarly to primaries, whereas diffracted
multiples do not. In particular, the apex of the residual mo-
veout curve of diffracted multiples in ADCIGs is not located
at the zero aperture angle. We use our equation of the residual
moveout of the multiples in ADCIGs to design an apex-shift-
ed Radon transform that maps the 2D ADCIGs into a 3D
model space cube whose dimensions are depth, curvature,
and apex-shift distance. Well-corrected primaries map to or
near the zero-curvature plane and specularly reflected multi-
ples map to or near the zero apex-shift plane. Diffracted mul-
tiples map elsewhere in the cube according to their curvature
and apex-shift distance. Thus, specularly reflected as well as
diffracted multiples can be attenuated simultaneously. We
show the application of our apex-shifted Radon transform to
a 2D seismic line from the Gulf of Mexico. Diffracted multi-
ples originate at the edges of the salt body and we show that
we can successfully attenuate them, along with the specular
multiples, in the image Radon domain.

INTRODUCTION

Surface-related multiple elimination �SRME� uses the recorded
eismic data to predict and iteratively subtract the multiple series
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Verschuur et al., 1992�. Two-dimensional SRME can deal with all
inds of surface-related 2D multiples, provided all relevant data are
ecorded within the aperture and offset limitations of the survey line.
iffracted multiples from scatterers with a crossline component can-
ot be predicted by 2D SRME, but in principle they can be predicted
y 3D SRME, provided the acquisition is dense enough and the aper-
ures large enough in both inline and crossline directions. With stan-
ard marine streamer acquisition, the sampling in the crossline di-
ection is too coarse and the crossline aperture too small. Diffracted
ultiples, and multiples from a reflector with crossline dip, need to

e removed by other methods �Hargreaves et al., 2003� or the data
eed to be interpolated and extrapolated to a dense, large aperture
rid �van Dedem and Verschuur, 1998; Nekut, 1998�.

Radon demultiple in data space �Hampson, 1986; Foster and
osher, 1992� has proven successful in attenuating specular multi-

les if the subsurface is not very complex so that primaries are flat af-
er NMO correction in common midpoint �CMP� gathers and the un-
ercorrected multiples can be approximated by parabolas or hyper-
olas. In complex subsurface areas, such as under salt, the hyperbol-
c NMO approximation breaks down. The NMO velocities are inac-
urate and therefore, after NMO, the primaries are unlikely to be flat
nd the residual moveout of the multiples is unlikely to be well rep-
esented by parabolas or hyperbolas. The quality of the separation
etween primaries and multiples in the Radon domain, therefore, de-
eriorates.

An alternative to SRME and data space Radon demultiple is the
ttenuation of multiples in the image space. Prestack wave-equation
epth migration accurately handles the complex wave propagation
f primaries �Sava and Guitton, 2003�, provided that the correct mi-
ration velocity could have been estimated in the presence of multi-
les. The residual moveout of primaries in angle-domain common-
mage gathers �ADCIGs�, therefore, is likely to be flat. It is not im-

ediately obvious, however, what the residual moveout of the over-
igrated multiples is inADCIGs. To maximize the separation of pri-
aries and multiples in the Radon domain, the kernel of the Radon

ransform should approximate the functional dependency of the re-
idual moveout of the multiples as a function of the aperture angle as

April 2, 2007; published onlineAugust 14, 2007.
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V98 Alvarez et al.
uch as possible. Sava and Guitton �2003� and Alvarez et al. �2004�
sed the tangent-squared approximation of Biondi and Symes
2004�, assuming that the residual moveout of the multiples is the
ame as that of primaries migrated with faster velocity. The tangent-
quared approximation, however, is a straight ray approximation
hat is appropriate for primaries that are likely to be only moderately
vermigrated. Multiples, on the other hand, given their large differ-
nce in velocity with respect to that of the primaries, are likely to be
everely overmigrated and the straight ray approximation may not
e appropriate for them.

In this paper, we present the equations that describe the mapping
f specular and diffracted 2D water-bottom multiples from data
pace to image space by wave-equation migration in both subsur-
ace-offset-domain common-image-gathers �SODCIGs� and AD-
IGs. Primaries are migrated to zero subsurface offsets in SODCIGs
nd with flat moveout inADCIGs. We show that specular water-bot-
om multiples are focused similarly to primaries. Hence, if migrated
ith constant water velocity, they too are mapped to zero subsur-

ace-offset in SODCIGs and with flat moveout in ADCIGs �Biondi,
006�. In the usual case of migration with velocities faster than water
elocity, however, specular water-bottom multiples are overmi-
rated and thus not mapped to zero subsurface offsets. Instead, they
re mapped to subsurface offsets with the opposite sign to that of
heir surface offsets. We derive the moveout curve of these multiples
n SODCIGs andADCIGs. We then take the special case of the resid-
al moveout of a specular multiple from flat water-bottom in AD-
IGs and use it to design a Radon transform that accounts for ray-
ending of the multiple raypath at the multiple-generating interface.
his Radon transform improves the separation of primaries and mul-

iples in the Radon domain compared with a Radon transform based
n the tangent-squared approximation.

Water-bottom diffracted multiples �even from a flat water-bot-
om�, do not migrate as primary reflections �Alvarez, 2005�. That is,
hey do not focus to zero subsurface offset even if migrated with con-
tant water velocity. These multiples migrate to both positive and
egative subsurface offsets in SODCIGs depending on the relative
osition of the diffractor with respect to the receiver �for receiver-
ide diffracted multiples�. In ADCIGs, these multiples have their
pex at nonzero aperture angle, similar to their behavior in data
pace �CMP gathers; Alvarez, 2005�. We propose to attenuate these
ultiples with an apex-shifted Radon transform similar to that used

y Alvarez et al. �2004� but replacing the tangent-squared Radon
ernel with our new equation for the residual moveout of the multi-
les in ADCIGS. Apex-shifted transforms have been used for 3D
urface multiple prediction �van Dedem and Verschuur, 2002�, data
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igure 1. Water-bottom multiple. The subscript s refers to the source
nd the subscript r to the receiver.
nterpolation �Trad, 2002�, and attenuation of diffracted multiples in
ata space �Hargreaves et al., 2003�.

We expect the real impact of our method for attenuating diffracted
ultiples to be in 3D rather than in 2D, though the results that we

how in this paper are limited to 2D. Biondi and Tisserant �2004�
ave presented a method for computing 3D ADCIGs from full 3D
restack migration. These 3D ADCIGs are functions of both the ap-
rture angle and the reflection azimuth. Simple ray tracing modeling
hows that out-of-plane multiples map into events with shifted apex-
s �like the 2D diffracted multiples� and different reflection azimuth
han the primaries. We speculate that the attenuation of these multi-
les from 3D ADCIGs can be accomplished with a methodology
imilar to the one we present in this paper.

The next section presents the general formalism for the mapping
f first-order specular and diffracted water-bottom multiples. We
ive closed-form equations for the residual moveout of the multiples
n SODCIGs and ADCIGs in the special case of a flat water-bottom
pecular multiple. Parametric equations for diffracted and specular
ultiples from dipping water-bottom can be found in Alvarez

2005�. The following section discusses the design of an apex-shift-
d Radon transform that uses as kernel our equation for the residual
oveout of the specular multiple. The apex-shifted transform is then

pplied to a simple synthetic data set as well as a real 2D section from
he Gulf of Mexico. We then discuss some important practical issues
f our approach, and in the last section give our conclusions.

KINEMATICS OF 2D MULTIPLES
IN IMAGE SPACE

In this section, we give the equations that map first-order water-
ottom multiple reflections from data space �CMP gathers� to image
pace �SODCIGs and ADCIGs�. We study in detail the special case
f a specular multiple from a flat water-bottom. The equation that we
erive for the residual moveout of the multiples in ADCIGs for this
pecial case will be the basis for the attenuation of the multiples in
he Radon domain. Alvarez �2005� gives parametric equations for
ther simple cases: specular multiple from a dipping water-bottom
nd diffracted multiples from flat and dipping water-bottom.

eneral formulation

The propagation path of a first-order water-bottom multiple, gen-
rated by a planar dipping reflector, as shown in Figure 1, consists of
our segments, such that the total traveltime for the multiple is given
y

tm = ts1
+ ts2

+ tr2
+ tr1

, �1�

here the subscript s refers to the source-side rays and the subscript r
efers to the receiver-side rays. The data space coordinates are
mD,hD,tm� where mD is the horizontal position of the common-mid-
oint �CMP� gather and hD is the half-offset between the source and
he receiver.

Wave-equation migration maps the CMP gathers to SODCIGs
ith coordinates �m�,h�,z�� where m� is the horizontal position of the

mage gather, and h� and z� are the half subsurface-offset and the
epth of the image, respectively.

As illustrated in Figure 2, at any given depth, the spatial coordi-
ates of the source and receiver rays are given by

xs�
= mD − hD + V1�ts1

sin �s + �t̃s2
sin �s� , �2�
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Attenuation of 2D multiples in image space V99
xr�
= mD + hD − V1�tr1

sin �r + �t̃r2
sin �r� , �3�

here V1 is the water velocity, � = V2/V1 with V2 the sediment veloc-
ty, �s, �r are the takeoff angles of the source and receiver rays with
espect to the vertical, �s and �r are the angles of the refracted source
nd receiver rays, respectively, and t̃s2

and t̃r2
are the traveltimes of

he refracted ray segments. The coordinates of the migrated multiple
n the image space are given by:

h� =
xr�

− xs�

2
= hD −

V1

2
�ts1

sin �s + tr1
sin �r

+ ��t̃s2
sin �s + t̃r2

sin �r�� , �4�

z� = V1�ts1
cos �s + �t̃s2

cos �s�

= V1�tr1
cos �r + �t̃r2

cos �r� , �5�

m� =
xr�

+ xs�

2
= mD +

V1

2
�ts1

sin �s − tr1
sin �r

+ ��t̃s2
sin �s − t̃r2

sin �r�� , �6�

e can compute t̃s2
and t̃r2

from the two imaging conditions: �1� at the
mage point, the depth of both rays has to be the same �because we
re computing horizontal subsurface offset gathers� and �2� ts2

+ tr2

t̃s2
+ t̃r2

, which follows immediately from equation 1 since at the
mage point, the total extrapolated time equals the traveltime of the

ultiple. As shown in Appendix A, the traveltimes of the refracted
ays are given by

t̃s2
=

tr1
cos �r − ts1

cos �s + ��ts2
+ tr2

�cos �r

��cos �s + cos �r�
, �7�

t̃r2
=

ts1
cos �s − tr1

cos �r + ��ts2
+ tr2

�cos �s

��cos �s + cos �r�
. �8�

he refracted angles are related to the takeoff angles by Snell’s law:
in��s + �� = � sin��s + �� and sin��r − �� = � sin��r − ��, from
hich we get

sin �s = � sin��s + ��cos � − �1 − �2 sin2��s + �� sin � ,

�9�

sin �r = � sin��r − ��cos � + �1 − �2 sin2��r − �� sin � ,

�10�

cos �s = �1 − �2 sin2��s + ��cos � + � sin��s + ��sin � ,

�11�

cos �r = �1 − �2 sin2��r − ��cos � − � sin��r − ��sin � .

�12�

InADCIGs, the mapping of the multiples can be directly related to
he previous equations by the geometry shown in Figure 2. The half-
perture angle is given by
� =
�r + �s

2
, �13�

hich is the same equation derived for converted waves by Rosales
nd Biondi �2005�. The depth of the image point in ADCIGs �z��

� is
iven by �Appendix B�

z��
= z� − h� tan � . �14�

quations 4–6 describe the transformation performed by wave-
quation migration between CMP gathers �mD,hD,t� and SODCIGs
m�,h�,z��. Equations 7–12 relate the traveltimes and angles of the
efracted segments to parameters that can in principle be computed
rom the data �traveltimes, takeoff angles, reflector dips, and veloci-
ies�. Equations 13 and 14 provide the transformation from SOD-
IGs to ADCIGs. These equations are valid for any first-order wa-

er-bottom multiple, whether from a flat or dipping water-bottom.
hey even describe the migration of source-or receiver-side diffract-
d multiples with the diffractor at the water-bottom, since no as-
umption has been made relating �r and �s or the individual travel-
ime segments. They are, however, of little practical use unless we
an relate the individual traveltime segments �ts1

,ts2
,tr2

,tr1
�, and the

ngles �s and �r to the known data space coordinates �mD,hD,tm� and
he model parameters �V1, �, and ��. This may not be easy or even
ossible analytically for all situations, but it is for the simple but im-
ortant case of a specular multiple from a flat water-bottom.

pecular multiple from flat water-bottom

The traveltime of the first-order water-bottom multiple is given by

tm =
4

V1
��hD

2
�2

+ Zwb
2 = �tm

2 �0� + �2hD

V1
�2

, �15�

here tm�0� is the traveltime of the multiple at zero offset. Notice that
m is the same as the traveltime of a primary at twice the depth of the
ater-bottom Zwb = V1tm�0� � 4.
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igure 2. Imaging of water-bottom multiple in SODCIG and AD-
IG. The subscript � refers to the image point. The line AB repre-

ents the apparent reflector at the image point.
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From the symmetry of the problem, ts1
= ts2

= tr1
= tr2

= tm/4 and
s = �r, which in turn means �s = �r. Furthermore, from equations
and 8, it immediately follows that t̃s2

= ts2
and t̃r2

= tr2
, which says

hat the traveltimes of the refracted rays are equal to the traveltimes
f the corresponding segments of the multiple. Equation 4 thus sim-
lifies to

h� =
hD

2
�1 − �2� , �16�

hich indicates that the subsurface offset at the image point of a
race with half surface offset hD depends only on the velocity con-
rast between the water and the sediments. In particular, if the trace is

igrated with the water velocity, i.e., � = 1, then h� = 0, which
roves our claim that the multiple is imaged exactly as a primary. It
hould also be noted that, since usually sediment velocity is faster
han water velocity, then �2 �1 and therefore the multiples are

apped to subsurface offsets with the opposite sign to that of the sur-
ace offset hD when migrated with sediment velocity.

From equation 5, the depth of the image point can be computed as

z� = Zwb +
�

2
�hD

2 �1 − �2� + 4Zwb
2 , �17�

hich for migration with the water velocity reduces to z� = 2Zwb,
howing that the multiple is migrated as a primary at twice the water
epth as is intuitively obvious. Finally, from equation 6, the horizon-
al position of the image point reduces to

m� = mD. �18�

his result shows that the multiple is mapped in the image space to
he same horizontal position as the corresponding CMP, even if mi-
rated with sediment velocity. This result is a direct consequence of
he symmetry of the raypaths of the multiple reflection in this case.
or dipping water-bottom or for diffracted multiples, this is not the
ase �Alvarez, 2005�.

Equations 16–18 give the image space coordinates in terms of the
ata space coordinates.An important issue is the functional relation-
hip between the subsurface offset and the image depth, because it
etermines the moveout of the multiples in SODCIGs. Replacing
D = 2h�/�1 − �2� and Zwb = z��0�/�1 + �� in equation 17 we get

1000 

1100 

1200 

1300 

1400 

Half subsurface offset (m) 

D
ep

th
 (

m
) 

–400 –200 0 200 400 

igure 3. SODCIG of a water-bottom multiple from a flat water-bot-
om. Water velocity is 1500 m/s, water depth 500 m, sediment ve-
ocity 2500 m/s, and surface offsets from 0 to 2000 m. Overlaid is
he residual moveout curve computed with equation 19.
z� =
z��0�
1 + �

+ ��� z��0�
1 + �

�2

+
h�

2

1 − �2 �� � 1� , �19�

hich shows that the moveout is a hyperbola �i.e., half of an hyper-
ola because we already established that h� 	0 if hD 
0 for off-end
eometry�.

Figure 3 shows a SODCIG for a specular water-bottom multiple
rom a flat water-bottom 500-m deep. The data were migrated with a
wo-layer velocity model: the water layer of 1500 m/s and a sedi-

ent layer of velocity 2500 m/s. Larger subsurface offsets �which,
ccording to equation 16, correspond to larger surface offsets� map
o shallower depths for the usual situation of ��1, as we should ex-
ect because the rays are refracted to increasingly larger angles until
he critical reflection angle is reached.Also notice that the hyperbola
s shifted down by a factor �1 + �� with respect to its image point
hen migrated with water velocity.
InADCIGs, the half-aperture angle reduces to � = �s = �r, which

n terms of the data space coordinates is given by

� = sin−1�2�hD

V1tm
	 . �20�

he depth of the image can be computed from equation 14. In partic-
lar, if the data are migrated with the velocity of the water, then �
1, and therefore z�� = 2Zwb, which means a horizontal line in the

z��
,�� plane. Equivalently, we can say that the residual moveout in

he �z��
,�� plane is zero, once again corroborating that the water-bot-

om multiple is migrated as a primary if � = 1. Equation 14 can be
xpressed in terms of the data space coordinates using equations 16
nd 17 and noting that

tan � = tan �s =
� sin �s

�1 − �2 sin2 �s

=
�hD

�4Zwb
2 + hD

2 �1 − �2�

�21�

f � = 1, this expression simplifies to tan � = hD/2Zwb, which is the
perture angle of a primary at twice the water-bottom depth.

As we did with the SODCIG, it is important to find the functional
elationship between z��

and � because it dictates the residual mo-
eout of the multiple in the ADCIG. Plugging the equations for the
ubsurface offset and image depth �equations 16 and 17� into the
quation for the depth of the image point in ADCIGs �equation 14�,
nd using the equations for the traveltime of the multiple and the ap-
rture angle �equations 15 and 20� to eliminate hD, and simplifying,
e get

z��
= Zwb�1 +

cos ���2 − tan2 ��1 − �2��
��2 − sin2 �

	 �22�

=
z��

�0�

1 + �
�1 +

cos ���2 − tan2 ��1 − �2��
��2 − sin2 �

	 . �23�

nce again, when the multiple is migrated with the water velocity
� = 1� we get the expected result z��

= z��
�0�, that is, flat moveout

no angular dependence�. The residual moveout inADCIGs is there-
ore given by
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Attenuation of 2D multiples in image space V101
�nRMO = z��
�0� − z��

= �� −
cos ���2 − �1 − �2�tan2 ��

��2 − sin2 �
	 z0

1 + �
. �24�

his equation reduces to that of Biondi and Symes �2004� when � is
mall �Appendix C�, which is when we can neglect ray bending at the
ultiple-generating interface. Figure 4 shows the ADCIG corre-

ponding to the SODCIG shown in Figure 3. Notice that the migrat-
d depth at zero aperture angle is the same as that for the zero subsur-
ace offset in Figure 3. For larger aperture angles, however, the mi-
rated depth increases as indicated in the residual moveout equation
3. The continuous line corresponds to equation 24, whereas the dot-
ed line corresponds to the tangent-squared of Biondi and Symes
2004�. For large aperture angles, the departure of the straight-ray
pproximation can be significant.

RADON TRANSFORM

In this section, we show how to exploit the difference in residual
oveout between primaries and multiples in ADCIGs given by

quation 24 to design a Radon transform that focuses the primaries
nd multiples to separate regions of the Radon domain. The general
xpression for the Radon transform in the angle domain is �Sava and
uitton 2003�

z�q,�� = z0 + qg��� , �25�

here q is a measure of curvature and g��� is the function that ap-
roximates the residual moveout of the multiples as a function of the
perture angle �. Sava and Guitton �2005� and Alvarez et al. �2004�
sed the tangent-squared approximation of Biondi and Symes
2004�:

g��� = tan2 � , �26�

ut for the focusing of the multiples, a better approximation is de-
ived from equations 24 and 25:

g��� =
1

1 + �
� cos � ��2 − �1 − �2�tan2 ��

��2 − sin2 �
− �	 . �27�

his approximation is better because it takes into account ray bend-
ng at the multiple-generating interface. This can be seen in Figure 5,

1200 

1300 

1400 

1500 

1600 

Aperture angle (°)

D
ep

th
 (

m
) 

0 10 20 30 40 

igure 4. ADCIG for a water-bottom multiple from a two flat-layer
odel. The dotted curve corresponds to the straight-ray approxima-

ion, whereas the solid curve corresponds to the ray-bending approx-
mation.
hich shows a comparison of the Radon transforms defined be equa-
ions 24 �Figure 5b� and A-7 �Figure 5c� applied to a synthetic AD-
IG. Notice that the focusing of the primaries does not change be-
ause their moveout is zero. The multiples, on the other hand, are
etter focused with the new transform �Figure 5c�, which more
losely follows their residual moveout in theADCIGs. Notice, how-
ver, that this synthetic ADCIG has high aperture angles for which
he difference between the two approximations is greater. As the an-

a) b)

c) d)

e)

 0
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Figure 5. Comparison of Radon transforms for a synthetic ADCIG.
�a� The ADCIG; �b� the straight-ray approximation; �c� the ray-
bending approximation. �d� The estimated multiples from �b�, and
�e� shows the estimated multiples from �c�.
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V102 Alvarez et al.
le coverage decreases, so does this difference. Figure 5d and e
hows the estimated multiples obtained from the data in Figure 5b
nd c, respectively, after the primaries were muted out. The ovals
oint to the largest difference, which happens at the larger aperture
ngles.

pex-shifted Radon transform

The apex of the residual moveout curve of the diffracted multiples
nADCIGs is shifted away from zero aperture angle �Alvarez 2005�.
herefore, to attenuate the diffracted multiples, we define the trans-

ormation from “data” space �ADCIGs� to model space �Radon-
ransformed domain� as

m��,q,z�� = 

�

d��,z = z� + qg�� − � �� , �28�

nd from model space to data space as

d��,z� = 

q



�

m��,q,z� = z − qg�� − � �� , �29�

here this time g��� is given by equation 27 and � is the lateral apex
hift �in units of aperture angle�. In this way, we transform the 2D
ata space ofADCIGs, d��,z�, into a 3D model space, m��,q,z��.
In the ideal case of migration with the correct velocity, primaries

ould be perfectly horizontal in the ADCIGs and would thus map in
he model space to the zero-curvature �q = 0� plane, i.e., a plane of
imensions depth and apex-shift distance ��,z��. Specular multiples
ould map to the zero apex-shift distance �� = 0� plane, i.e., a plane
f dimensions depth and curvature �q,z��. Diffracted multiples
ould map elsewhere in the cube, depending on their curvature and

pex-shift distance.

parsity constraint

In order to minimize the number of model space parameters nec-
ssary to represent the data in the Radon domain, we implemented
he transform given by equations 28 and 29, with the Radon/kernel
iven by equation 27, as a least-squares problem with a sparsity con-
traint.As a linear transformation, the apex-shifted Radon transform
an be represented as

d = Lm , �30�

here d is the �migrated� data in the angle domain, m is the model in
he Radon domain and L is the forward apex-shifted Radon trans-
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igure 6. Synthetic model. �a� Velocity model. �b� Raypaths of mo
ultiples.
orm operator. To find the model m that best fits the data in a least-
quares sense, we minimize the objective function:

f�m� = �Lm − d�2 + 
2b2

i = 1

n

ln�1 +
mi

2

b2 � , �31�

here the second term is a Cauchy regularization that enforces
parseness in the model space �Sacchi and Ulrych, 1996�. Here, n is
he size of the model space, and 
 and b are two constants chosen a
riori: 
, which controls the amount of sparseness in the model space
nd b, which controls the minimum value below which everything in
he Radon domain should be zeroed. The least-squares inverse of m
s given by

m̂ = �L�L + 
2Q�−1L�d , �32�

here Q is a diagonal matrix whose elements are given by �Sacchi
nd Ulrych, 1995�

�1 +
mi

2

b2 �−1

. �33�

ecause the model space can be large, we estimate m iteratively. No-
ice that the objective function in equation 31 is nonlinear because
he model appears in the definition of the regularization term. There-
ore, we use a limited-memory quasi-Newton method �Guitton and
ymes, 2003� to find the minimum of f�m�.

SYNTHETIC DATA EXAMPLE

In this section, we introduce a simple 2D synthetic example to il-
ustrate the mapping of a water-bottom and a diffracted multiple
rom data space to image space. Figure 6 shows the velocity model
s well as the raypath of the primaries and multiples that were mod-
led. Figure 7 shows the zero offset section and the CMP gather at
MPposition 2400 m. The depth of the deep reflector was chosen so

hat the multiples and the deep primary came at about the same zero-
ffset time and were imaged at about the same depth. Notice that the
pex of the moveout curve of the diffracted multiple is not at zero
ffset. Moreover, the moveout curve is not well represented by a hy-
erbola. Therefore, we cannot attenuate the diffracted multiple via a
tandard data-space Radon transform.

After prestack wave-equation migration, the primaries are well
ocused at zero subsurface offset as shown in Figure 8. Figure 8a is
he zero-subsurface offset section, whereas Figure 8b is the SOD-

CIG taken at CMP location 3800 m. The water-
bottom multiple is mapped to the negative sub-
surface offsets, while the diffracted multiple is
mapped to both positive and negative subsurface
offsets. Notice that in the zero subsurface offset
�Figure 8a�, the water-bottom multiple and the
deep primary are imaged at about the same depth.
After transformation to ADCIGs, the primaries
are now flat, whereas the multiples show the ex-
pected undercorrected residual moveout �Figure
9a�. The apex of the diffracted multiple, however,
is not at zero aperture angle. Figure 9b shows the
Radon plane taken at zero apex shift while Figure
9c shows the Radon plane taken at the apex-shift
of the multiple �14°�. Notice that both the prima-
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Attenuation of 2D multiples in image space V103
ies and the water-bottom multiple are well focused in the zero apex-
hift plane, whereas the diffracted multiple is well focused at its
pex-shift plane.

For the sake of comparison, we also applied the non-apex-shifted
ransform to the data and eliminated the primaries with the same

ute pattern. After inverse Radon transforming the multiples and
ubtracting them from the originalADCIG, we get the results shown
n Figure 10. The apex-shifted transform was able to recover the dif-
racted multiple, although the standard transform mistook it for a
pecular multiple and thus produced the wrong multiple moveout.
otice that some primary energy leaked into the estimate of the mul-

iples in Figure 10b. Figure 11 shows the estimated primaries. Figure
1a is the originalADCIG. Figure 11b is the difference between Fig-
re 10a and b and therefore is an estimate of the primaries obtained
ith the apex-shifted transform. Figure 11c is the corresponding es-

imate with the standard transform. Some residual multiple energy
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igure 7. Synthetic data. �a� Zero-offset section. �b� CMP gather at
MP location 2400 m.
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igure 8. �a� Zero-subsurface offset image and �b� SODCIG at sur-
ace location 3800 m. Notice the residual moveout of the diffracted
ultiple being mapped to both positive and negative offsets.
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igure 9. �a� ADCIG of the same SODCIG in Figure 8b; �b� plane
aken from the apex-shifted Radon cube at � = 0; �c� plane taken
rom the apex-shifted Radon cube at � = 10°.
 t
emains above the deep primary in panel �b� but the primary was re-
overed. The estimation of the primaries could be improved by adap-
ively matching the estimated multiples to the multiples in the data
as in SRME�, before the subtraction. Finally, Figure 11c shows that
he poor estimate of the diffracted multiple with the standard trans-
orm causes it to leak almost unattenuated into the estimate of the
rimaries.

GULF OF MEXICO 2D SEISMIC LINE

In this section, we introduce a seismic line to test our apex-shifted
adon transform with real data. The line is from the Gulf of Mexico
nd was shot over a large salt body. The presence of the salt creates a
ost of multiples that obscures any genuine subsalt reflections, as
hown in the angle stack of Figure 12. Most multiples are surface-re-
ated peg-legs with a leg related to the water-bottom, shallow reflec-
ors, or the top of salt. Below the edges of the salt we also encounter
iffracted multiples �indicated by the ovals�.

Figure 13 shows four ADCIGs obtained with wave-equation mi-
ration as described by Sava and Fomel �2003�. Notice that although
he data are marine, the ADCIGs show positive and negative aper-
ure angles. We used reciprocity to simulate negative offsets and in-
erpolation to compute the two shortest-offset traces not present in
he original data. The CMPgathers were then migrated to angle gath-
rs. The purpose of having both positive and negative aperture an-
les is to see more clearly the position of the apexes of the diffracted
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igure 10. �a� Original ADCIG; �b� estimated multiples with the
pex-shifted transform; �c� estimated multiples with the standard
ransform.
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pex-shifted transform; �c� estimated primaries with the standard
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m
r
2
t
l
u
p
s
l
A
t

c

t
t
e
g
a
r
t
�

a
a
1
s
p
a
o
C
�
z
l
=
t
s
t
c
t
e
s
e

F
t
p

F
l
r
s

F
t
Z
c

V104 Alvarez et al.
ultiples. The top two ADCIGs correspond to lateral positions di-
ectly below the edges of the salt body �CMP positions 6744 and
2056 m in Figure 12�. Notice how the apexes of the diffracted mul-
iples are shifted away from zero aperture angle �e.g., the seagull-
ooking event at about 4600 m in Figure 12a�. For comparison, Fig-
re 13a and b shows two ADCIGs that do not have diffracted multi-
les. Figure 13c corresponds to an ADCIG below the sedimentary
ection �CMP3040 m in Figure 12� and Figure 13d to anADCIG be-
ow the salt body �CMP position 12000 m in Figure 12�. In these
DCIGs, all the multiples are specularly reflected and thus have

heir apexes at zero aperture angle.

MULTIPLE ATTENUATION RESULTS

With ideal data, attenuating both specular and diffracted multiples
ould, in principle, be accomplished by zeroing out �with a suitable
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igure 12. Angle stack of migrated ADCIGs of a 2D seismic line in
he Gulf of Mexico. Notice that multiples below the salt obscure any
rimary reflections.
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igure 13. ADCIGs at representative locations along the seismic
ine. �a� Under the left edge of the salt, CMP at 6744 m; �b� under the
ight edge of the salt, CMP at 22,056 m; �c� below the sedimentary
ection, CMP at 3040; �d� below the salt body, CMP at 12000 m.
aper� all the q-planes except q = 0 in the model cube m��,q,z�� and
aking the inverse apex-shifted Radon transform. In practice, how-
ver, the primaries may not be correctly migrated and primary ener-
y may map to a few other q-planes. Energy from the multiples may
lso map to those planes and so we have the usual trade-off of prima-
y preservation versus multiple attenuation. The advantage now is
hat the diffracted multiples are well focused to their corresponding
-planes and can therefore be attenuated.
To illustrate the mapping of the primaries, the specular multiples

nd the diffracted multiples between the image space �z,�� and the
pex-shifted Radon space ��,q,z��, we chose the ADCIG in Figure
3a.Although thisADCIG shows no discernible primaries below the
alt, it nicely shows the apex-shifted moveout of the diffracted multi-
les. This ADCIG was transformed to the Radon domain with the
pex-shifted transform described by equations 28 and 29. The kernel
f the Radon transform is given by equation 27 and we applied the
auchy regularization given in equation 31. Figure 14a shows the
= 0 plane from the ��,q,z�� volume. This plane corresponds to

ero apex-shift and therefore this is where the majority of the specu-
ar multiples should map. Figure 14b shows the zero-curvature q

0 plane, that is, the plane where the primaries should map. Notice
hat because the primaries are flat, they are independent of the apex-
hift � and therefore map as flat lines on this plane. Notice also that
here are no significant primaries on the ADCIG below 2000 m. For
omparison, Figure 14c shows the � = 8° plane. This corresponds to
he apex-shift of the most obvious diffracted multiple and we see its
nergy mapped on this plane at about 4000 m. Finally, Figure 14d
hows a plane at a large curvature, q = 7200 m/degree. Notice the
nergy from the diffracted multiple around � = 8°.
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igure 14. Different views from the cube of the apex-shifted Radon
ransform for the ADCIG at 6744 m. �a� Zero apex-shift plane; �b�
ero curvature plane; �c� plane at apex shift � = 8° and �d� plane at
urvature q = 7200 m/degree.
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It is important to emphasize the difference between the standard
ransform and the apex-shifted transform. While the � = 0 plane of
he apex-shifted transform is similar to the standard transform, they
re not the same, as shown in Figure 15. Both panels in this figure are
lotted with the exact same clip. Primaries are mapped near the q
0 line in both planes, while specular multiples are mapped to other
values. Notice how in the standard transform Figure 15a the dif-

racted-multiple energy is mapped as background noise, especially
t the largest positive and negative q values. In the � = 0 plane of the
pex-shifted transform �Figure 15b�, however, the diffracted multi-
les are not present because their moveout apex is not zero. These
ultiples, therefore, do not obscure the mapping of the specular
ultiples. Notice also that the primary energy is much lower than in
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igure 15. Radon transforms of the ADCIG in Figure 13b. �a� Stan-
ard 2D transform and �b� � = 0 plane of the apex-shifted 3D trans-
orm. �a� and �b� are plotted at the exact same clip value.
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igure 16. Comparison of primaries extracted with the 2D Radon
ransform �a� and �c� and with the apex-shifted Radon transform �b�
nd �d�. Notice that some of the diffracted multiples remain in the re-
ult with the 2D transform.
igure 15a because in the apex-shifted transform the primary energy
s mapped not only to the � = 0 plane but to other � planes as well, as
llustrated previously in Figure 14b.

As with the synthetic data example, rather than suppressing the
ultiples in the model domain, we chose to suppress the primaries

nd inverse transform the multiples to ADCIGs. The primaries were
hen recovered by subtracting the multiples from the data. The multi-
les were not adaptively matched to the data before subtraction. Fig-
re 16 shows a close-up comparison of the primaries extracted with
he standard 2D transform �Sava and Guitton, 2003� and with the
pex-shifted Radon transform for the two ADCIGs at the top in Fig-
re 13. The standard transform �Figures 16a and c� was effective in
ttenuating the specular multiples, but failed at attenuating the dif-
racted multiples �below 4000 m�, which are left as residual multiple
nergy in the primary data. Again, this is a consequence of the apex
hift of these multiples. There appears to be no subsalt primary re-
ections in Figure 16a and b. The flattish reflector at about 4600 m in
igure 16b is actually residual multiple energy �compare with Figure
6a�. Similarly, there is only one clearly visible subsalt primary in
igure 16c and d �about 4200 m�. This primary was well preserved
ith both transformations.
Figure 17 shows a similar comparison for the extracted multiples.

otice how the diffracted multiples were correctly identified and ex-
racted by the apex-shifted Radon transform, in Figure 17b and d. In
ontrast, the standard 2D transform misrepresents the diffracted
ultiples as though they are specular multiples, as seen in Figure 17a

nd c. We can take advantage of the 3D in the model space of the
pex-shifted transform to separate the diffracted multiples from the
pecular ones. This is shown in Figure 18.
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igure 17. Comparison of multiples extracted with the 2D Radon
ransform �a� and �c� and with the apex-shifted Radon transform �b�
nd �d�.
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V106 Alvarez et al.
To assess the effect of the improved attenuation of the diffracted
ultiples on the angle stack, we processed all ADCIGs. Figure 19a

hows the angle stack of the data �primaries and multiples� whereas
igure 19b and c shows the primaries extracted with the standard Ra-
on transform and with the apex-shifted Radon transform, respec-
ively. All panels are plotted with the exact same clip value. Both
ransforms are effective at attenuating the specular multiples, with
he apex-shift transform providing improved attenuation of the dif-
racted multiples �indicated by the ovals�. This is further illustrated
n Figure 20, it shows the difference between the primaries extracted
ith both transforms �Figure 19b and c�. This figure is blank above
800 m because the mute pattern was applied only below this depth
there are no shallower multiples�. Figure 19a and b are therefore ex-
ctly the same down to 2800-m depth.

It is somewhat surprising that the large differences between the
restack estimates of the multiples obtained with the standard trans-
orm and the apex-shifted transform translate to relatively minor dif-
erences in the angle stacks of the estimated primaries. The reason is
he well-known power of the stack itself to attenuate events with
igh curvature relative to flat events. Because the main difference
etween the estimated primaries obtained with both transforms is in
he high curvature events �recall Figures 16 and 17�, after the stack
he improvement in attenuation of the diffracted multiples with the
pex-shifted transform is not nearly as large as in the ADCIGs. Hav-
ng cleaner ADCIGs, however, is important for velocity analysis, il-
umination studies, and other applications. Using the apex-shifted
ransform is particularly important in those cases.

With this data set, it is very difficult to identify any primary reflec-
ions below the edge of the salt, so it is hard to assess if the primaries
ave been equally preserved with both transforms. It is known, how-
ver, that for this data set, there are no multiples above a depth of
bout 3600 m, between CMP positions 0 to 5000 m. The fact that
he difference panel �Figure 20� appears nearly blank in that zone
hows that introducing the extra apex-shift dimension to improve
he attenuation of the diffracted multiples did not affect the extrac-
ion of the primaries compared with the standard transform. It should
e emphasized, however, that any method of multiple attenuation,
nd in particular those based on moveout differences with the prima-
ies, has the risk of attenuating some primaries along with the multi-
les. In this case, of course, this is especially true for those primaries
hat were not accurately imaged, so that their moveout in the AD-
IGs was not entirely flat. Weak subsalt primaries, in particular, may
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igure 18. Comparison of �a� diffracted and �b� specular multiples
or theADCIG in Figure 13a. Notice the lateral shifts in the apexes of
he diffracted multiples.
ot have been well imaged because of inaccuracies in the migration
elocity field and 3D effects. These primaries, therefore, may have
een attenuated with both the standard and the apex-shifted Radon
ransforms.

Let us now compare the angle stacks of the estimated multiples
btained with both transforms. Figure 21 is similar to Figure 19 for
he multiples. The main difference is in the diffracted multiples, as
ighlighted by the ovals.
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igure 19. Comparison of angle stacks for primaries. �a� The angle
tack of the multiples and primaries. �b� The angle stack of the pri-
aries obtained with the standard transform, whereas �c� is the angle

tack of the primaries obtained with the apex-shifted transform.
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igure 20. Difference between the primaries obtained with the stan-
ard transform minus the primaries obtained with the apex-shifted
ransform.
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DISCUSSION

In this section, we discuss some important practical aspects of our
ethod. We start, however, with a discussion on the relative merits

f attenuating the multiples in image space as opposed to the indus-
ry standard of attenuating them in data space.

mage space versus data space

In principle, attenuating the multiples in data space has the impor-
ant advantage that the estimation of the migration velocity field is
ot affected by the presence of the multiples. This is only true, how-
ver, provided that the level of attenuation is such that no significant
esidual multiple energy remains �that could be mistaken as prima-
ies� and that the primaries are unaffected by the attenuation of the
ultiples. As discussed before, this is unlikely to be the case for da-

a-space Radon filtering when the subsurface is complex. Further-
ore, any residual multiple energy will distort the imaging of the

rimaries resulting in a deficient final image.
SRME can effectively attenuate all multiples with a bounce at the

ater surface, but only if all necessary data are collected. In virtually
ll instances of real 3D data acquisition, the crossline sampling is too
oarse, the crossline aperture is too small, the short offsets are miss-
ng, and acquisition obstacles and cable feathering produce irregular
eometry. The data need to be interpolated and extrapolated to satis-
y the requirements of 3D SRME. This is not a trivial endeavor and
he performance of SRME greatly depends on it. Moreover, diffract-
d multiples and specular multiples from an interface with steep
rossline dip may have bounce points well outside the crossline ap-
rture, making them hard or impossible to predict.

Attenuating the multiples in image space solves the problem of
he complex wave propagation of primaries and multiples. Prestack
ave-equation migration takes care of the complexity of the wave-
eld propagation and makes the primaries very likely to be flat in
DCIGs and therefore more easily separable from the multiples in

he Radon domain. No data interpolation or extrapolation is neces-
ary because no multiples are predicted. Since very accurate migra-
ion velocities are always necessary to get a good depth image, how-
ver, postponing the multiple attenuation step until after migra-
ion does not come without a price. Computation of an accurate mi-
ration velocity field may be compromised by the presence of the
ultiples.

ensitivity to errors in migration velocities

From the point of view of the attenuation of the multiples, it is im-
ortant that the migration velocities be accurate enough for the pri-
aries to be flat and the multiples to exhibit residual moveout inAD-
IGs. This is likely to be the case for water-bottom and peg-leg mul-

iples because water velocity is very different from sediment veloci-
y, but may not be so for internal multiples. Therefore, the method is
ikely to be successful in attenuating water-bottoms and peg-leg

ultiples even if there are small errors in the estimation of the migra-
ion velocity field. The attenuation of internal multiples will require

ore accurate migration velocities.

adon transform parameters

The performance of the Radon transform to focus the primaries
nd multiples to separate regions of the transformed domain de-
ends on the choice of curvature parameters and apex-shift values.
n particular, curvatures should range from small negative values to
llow for the possibility of slightly undermigrated primaries to large
nough values to accommodate the maximum curvatures of the
vermigrated multiples. We have found that these are not particular-
y critical parameters as long as the curvature sampling is fine
nough to avoid aliasing in the Radon domain. This is also true for
he apex-shift parameters. They are not critical, because their role is
nly to provide room for the mapping of the diffracted multiples,
hus preventing them from interfering with the primaries and the
pecular multiples that map to the zero apex-shift plane. A critical
tep is the design of the mute pattern to eliminate the primaries and
eep the multiples. There are several ways that this could be imple-
ented. We constructed a mask of ones for the multiple regions and

eros for the primary region, smoothed it laterally and in depth, and
ultiplied it by the transformed data.
An important and somewhat difficult parameter to estimate is the

ne that controls the Cauchy regularization �parameter b in equation
3�. We want the data in theADCIG to be explained in the Radon do-
ain by as few parameters as possible, but avoiding the risk of atten-

ating the contribution from weak subsalt primaries. This is a trial
nd error parameter and it requires some testing to get a satisfactory
alue.

omment on diffracted multiples

The results shown in the previous section demonstrate that with
he apex-shifted Radon transform it is possible to attenuate, although
ot completely remove, the diffracted multiples. It should be noted,
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igure 21. Comparison of angle stacks for multiples. �a� The angle
tack of the multiples and primaries. �b� The angle stack of the multi-
les obtained with the standard transform; �c� the angle stack of the
ultiples obtained with the apex-shifted transform.
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owever, that in our seismic section it is very difficult to find a legiti-
ate primary reflection below the salt and, in particular, below the

dge of the salt, where the contamination by the diffracted multiples
s stronger. It is somewhat disappointing that the attenuation of the
iffracted multiples did not help in uncovering any meaningful pri-
ary reflections in our example. We expect the situation to be differ-

nt with other data sets.
We should also emphasize that adding the extra dimension to deal

ith the diffracted multiples does not in itself resolve the usual
rade-off between primary preservation and multiple attenuation.

e saw this limitation in this case, which forced us to let some resid-
al multiple energy leak into the extracted primaries. The flatter the
rimaries are in the ADCIGs, and the more accurately the kernel
f the Radon transform approximates the residual moveout of the
ultiples, the better are our chances to reduce the residual multiple

nergy.

xtension to 3D data

With 3D data, theADCIGs are a function of the reflection azimuth
s well as the aperture angle �Biondi and Tisserant, 2004�. The AD-
IGs, therefore, are three dimensional and even for the specular
ultiples the Radon transform will also be three dimensional. For

he diffracted multiples, the apex shift is a function of both the aper-
ure angle and the reflection azimuth and the Radon transform would
e more complicated. This is a subject of current research.

CONCLUSIONS

To attenuate multiples in the image space via filtering in the Ra-
on domain, we need an accurate representation of their residual
oveouts in either SODCIGs or ADCIGs. Accounting for ray bend-

ng at the multiple-generating interface increases the focusing power
f the Radon transform and therefore the separation between prima-
ies and multiples.

The apex-shifted Radon transform in ADCIGs to map from �z,��
o �z�,q,� � is effective in attenuating specular and diffracted multi-
les in 2D marine data. The residual moveout of both multiples in
DCIGs is well behaved and the extra dimension provided by

he apex shift improves the attenuation of the diffracted multiples.
his is particularly important in applications such as velocity analy-
is, where having ADCIGs as free of multiples as possible is very
mportant.
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APPENDIX A

TRAVELTIME OF REFRACTED RAYS

In this section we derive traveltime equations 7 and 8. From the
quation for the depth of the image point �equation 5� we have:

ts1
cos �s + �t̃s2

cos �s = tr1
cos �r + �t̃r2

cos �r, �A-1�
nd from the imaging condition �the sum of the traveltime of the ex-
rapolated rays at the image point has to be equal to the traveltime of
he multiple� we have

ts2
+ tr2

= t̃s2
+ t̃r2

. �A-2�

olving those two equations for t̃s2
and t̃r2

we get

t̃s2
=

tr1
cos �r − ts1

cos �s + ��ts2
+ tr2

�cos �r

��cos �s + cos �r�
, �A-3�

t̃r2
=

ts1
cos �s − tr1

cos �r + ��ts2
+ tr2

�cos �s

��cos �s + cos �r�
. �A-4�

t is interesting to check these equations in two particular cases.
or a specular multiple from a flat water-bottom, we have �s = �r,
s = �r, ts1

= ts2
= tr2

= tr1
, and therefore we get t̃s2

= ts2
and t̃r2

= tr2

s the geometry of the problem requires. Notice that this is true for
ny �. The second case is for a specular water-bottom multiple
igrated with water velocity �� = 1�. In that case, �s = �s and
r = �r. Furthermore, because the multiple behaves as a primary,

ts1
+ ts2

�cos �s = �tr1
+ tr2

�cos �r and we again get t̃s2
= ts2

and
r2

= tr2
.

APPENDIX B

IMAGE DEPTH IN ADCIGS

Figure B-1 shows the basic construction to compute the image
epth in ADCIGs based on the image depth in SOCIGs. Triangles
BD and CBD are congruent, because they have one side common

nd the other equal because �AB� = �BC� = h�. Therefore, � = �/2
�r + �. Also, triangles AED and FCD are congruent because

AD� = �CD� and also �AE� = �CF� �Biondi and Symes, 2004�. There-
ore, the angle � in triangle DCF is the same as in triangle AED. We
an compute � from the condition

(xr   , zr   )

(xV  , zV  )ξ ξ

m

2h

2y

A B 
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Z*
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β

β
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ξ ξ ξ
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s
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igure B-1. Sketch to show the computation of the image depth in an
DCIG.
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� + � + �s =
�

2
,

�

2
− �r + � + � + �s =

�

2
,

� =
�r − �s

2
.

he depth of the image point in the ADCIG, from triangle ABC, is
herefore

z��
= z� + z* = z� + �sign�h���h� cot��

2
− �r + �� . �B-1�

eplacing the expression for � we get, after some simplification �and
aking sign�h�� = − 1�

z��
= z� + z* = z� − h� tan��r + �s

2
� = z� − h� tan��� .

�B-2�

APPENDIX C

RESIDUAL MOVEOUT IN ADCIGS

In this appendix we show that, for a flat reflector, the residual
oveout of the multiples in ADCIGs reduces to the tangent-squared

xpression derived by Biondi and Symes �2004� for the residual
oveout of undermigrated primaries:

�nRMO = �� − 1�tan2 � z0n . �C-1�

tart with equation 23

z��
=

z��
�0�

1 + �
�1 +

cos ���2 − �1 − �2�tan2 ��
��2 − sin2 �

	 , �C-2�

here z��
�0� is the normal-incidence migrated-depth, �i.e., z0� in the

revious equation.
There is an important and unfortunate difference in notation here,

owever, because � in equation C-1 is the ratio of the migration to the
rue slowness whereas � in equation C-2 is the ratio of the migration
o the true velocity. Therefore, in order to get a better idea of how the
pproximation for the RMO of the multiples �accounting for ray
ending at the reflector interface� relates to that of the primaries �ne-
lecting ray bending�, we rewrite equation C-2 replacing � by 1/�
nd z �0� with z to get:
�� 0
z��
= �� +

cos ��1 − ��2 − 1�tan2 ��
�1 − �2sin2 �

	 z0

1 + �
. �C-3�

ecause �nRMO = z0 − z��
, we get:

�nRMO = �1 −
cos ��1 − ��2 − 1�tan2 ��

�1 − �2sin2 �
	 z0

1 + �
. �C-4�

or small �, sin �
0 and cos �
1, therefore

�nRMO = ��2 − 1�tan2 �
z0

1 + �
= �� − 1�tan2 �z0. �C-5�

his is the same as equation C-1, save for the unit vector n. This re-
ult is intuitively appealing because it shows that the approximation
f neglecting ray bending at the reflecting interface deteriorates as
he aperture angle increases, which is when the ray bending is larger.
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