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A B S T R A C T

We consider theories which break the invariance under diffeomorphisms (Diff) down to transverse diffeomor-
phisms (TDiff) in the matter sector, consisting of multiple scalar fields. In particular, we regard shift-symmetric
models with two free TDiff scalar fields in a flat Robertson-Walker spacetime (FLRW) and use the perfect fluid
approach to study their dynamics. As a consequence of the symmetry breaking, an effective interaction between
the fields is induced from the conservation of the total energy–momentum tensor, without the necessity to
introduce any explicit interacting term in the Lagrangian. We study the different single-field domination
regimes and analyze the energy exchange between the fields. Thereupon, we introduce an application of these
models for the description of interactions in the dark sector, and compare the theoretical predictions of our
model to observational data from Type Ia supernovae.
. Introduction

It is widely known, as observational data indicate, that our Universe
urrently exhibits an accelerated expansion [1]. Many models explain
his as the consequence of a dark energy component dominating the
osmic expansion, taken to be a cosmological constant in the standard
odel. However, there are other alternatives, such as quintessence,

nvolving a canonical scalar field with a dynamical equation of state
etermined by its potential [2], and k-essence [3], which also display
ynamical dark energy and can avoid fine-tuning problems, but include
on-canonical kinetic terms in the action. Additionally, observational
ata also indicate that most of the matter composition of our Universe is
ark matter [4]. Furthermore, it is nowadays recognized that there ex-
sts a tension in the Hubble parameter 𝐻0 measurements [5–7], which
ould be alleviated by models involving dark sector interactions [8]
r phantom models [9], in which the energy density of the dark
nergy component increases with the expansion. In addition, it has been
roven that in order to ease both the 𝐻0 and 𝑆8 cosmological tensions
imultaneously by taking into account new physics that is relevant only
t late cosmic times, a dark energy component crossing the phantom
imit is necessary [10]. On the other hand, as the nature of the dark
ector is unknown, possible modifications of gravity at cosmological
cales are often considered [11]. Regarding this possibility, multiple
odified gravity theories extending upon General Relativity (GR) have

een explored [12].
Even if GR provides a very powerful tool for studying gravity and

osmology, theories breaking invariance under diffeomorphisms (Diff)

∗ Corresponding author.
E-mail addresses: dtessain@ucm.es (D. Tessainer), maroto@ucm.es (A.L. Maroto), pradomm@ucm.es (P. Martín-Moruno).

have been recently gaining popularity, with one of the most promi-
nent ones being Unimodular Gravity (UG) [13–15]. In UG, the metric
determinant is taken to be a fixed non-dynamical field and the Diff
invariance is broken down to transverse diffeomorphisms (TDiff) and
Weyl rescalings. UG theories could provide a solution to the problem
of vacuum-energy which does not gravitate in this type of theories [16].
Nevertheless, in this work we will focus on theories that are only
invariant under TDiff, which have lately started to be studied more
deeply. Thus for instance, TDiff models beyond UG have been studied
in Refs. [17–20]. The cosmological evolution in TDiff-invariant theories
propagating a scalar graviton mode was analyzed in Ref. [19]. On
the other hand, TDiff invariant models with broken diffeomorphisms
in the matter sector have been analyzed in Refs. [21,22] for single
scalar fields. There it is shown that even though on small scales such
theories behave as standard Diff models, on super-Hubble scales the
behavior can be drastically different, thus opening up a wide range
of possibilities for cosmological model building. Thus, in particular, a
simple TDiff model for dark matter based on a free scalar field was
proposed in Refs. [21,22]. A unified TDiff model for the dark sector
has been considered in Ref. [23]. A general classification of single-field
TDiff models based on their speed of sound and equation of state was
performed in Ref. [24]. TDiff models for single abelian gauge fields
can be found in Ref. [25] and their phenomenological implications for
cosmic magnetic field evolution in Ref. [26].

In this work we will extend the previous works and consider multi-
scalar TDiff invariant models in the matter sector in flat Robertson-
Walker (FLRW) spacetimes. We will specifically regard shift-symmetric
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Physics of the Dark Universe 47 (2025) 101769 
models, which are invariant under shift transformations of the field,
.e., 𝜙 → 𝜙+𝐶, where 𝐶 is a constant. Thus, we will only consider the
xact kinetic domination regime for each field. The motivation behind
his approach lies in the fact that in this way we can avoid fine-tuning
roblems depending on the specific choice for the potential term in
he action. On the other hand, not considering any mass or potential-
ike terms in the action also results in the Einstein–Hilbert action only
eceiving higher-order radiative corrections, which also motivates our
hoice to only break the Diff symmetry in the matter sector.

Unlike the single-field case, the energy–momentum tensor (EMT)
onservation will entail an effective interaction between the fields as a
onsequence of the symmetry breaking even without introducing any
nteraction terms in the Lagrangian. This fact opens up a wide range of
henomenological implications for multi-field models. Particularly, we
ill apply this effect to describe an interacting dark sector, comparing

ts predictions with observational data.
The work is organized as follows. In Section 2 we briefly review

he TDiff formalism, focusing on shift-symmetric theories and lay the
groundwork for our particular models. Section 3 is devoted to explain
the theoretical framework for multi-scalar TDiff models. In Section 4
we perform a numerical analysis for our model, applying it to the dark
sector. Results will be compared both with observations and 𝑤CDM,
nd physical predictions for our TDiff model will be obtained. Finally,
n Section 5 we will discuss the conclusions.

2. Single-field shift-symmetric TDiff theories

In this section we will briefly recap the main results obtained for
hift-symmetric TDiff theories involving one scalar field.

2.1. Transverse diffeomorphisms and matter action

Let us first consider a general infinitesimal coordinate transforma-
tion 𝑥𝜇 ↦ 𝑥′𝜇 = 𝑥𝜇 + 𝜉𝜇(𝑥) given by the vector field 𝜉. As it is well
nown, the variation of metric tensor 𝑔𝜇 𝜈 (𝑥) will be given by its Lie
erivative, i.e.,

𝛿 𝑔𝜇 𝜈 = L𝜉 (𝑔𝜇 𝜈 ) = −∇𝜈𝜉𝜇 − ∇𝜇𝜉𝜈 , (1)

and thus it follows that the metric determinant (𝑔 ∶= |det (𝑔𝜇 𝜈 )|) will
transform according to
𝛿 𝑔 = 𝑔 𝑔𝜇 𝜈𝛿 𝑔𝜇 𝜈 = −2𝑔∇𝜇𝜉

𝜇 . (2)

Let us now write down our action. This is
𝑆 = 𝑆EH[𝑔𝜇 𝜈 ] + 𝑆mat [𝑔𝜇 𝜈 , 𝜙], (3)

where 𝑆mat denotes the matter part of the action involving a single
scalar field 𝜙. Since we will only break the Diff symmetry in the matter
action, the geometrical part will just be the usual Einstein–Hilbert
action

𝑆EH[𝑔𝜇 𝜈 ] = − 1
16𝜋 𝐺 ∫ d4𝑥

√

𝑔 𝑅. (4)

On the other hand, the matter part will read

𝑆mat [𝑔𝜇 𝜈 , 𝜙] = ∫ d4𝑥𝑓 (𝑔)(𝑔𝜇 𝜈 (𝑥), 𝜙(𝑥), 𝜕𝜇𝜙(𝑥)), (5)

where  denotes the corresponding scalar under Diff Lagrangian den-
ity and 𝑓 (𝑔) an arbitrary function of the metric determinant. Recalling
1) and (2) we can compute 𝛿𝜉𝑆, which, after integration by parts and
ssuming that the fields vanish at infinity, reads [21]

𝛿𝜉𝑆 = ∫ d4𝑥 𝜕𝜇𝜉𝜇 [𝑓 (𝑔) − 2𝑔 𝑓 ′(𝑔)]. (6)

Thus, we see that the action is invariant under any infinitesimal coor-
dinate transformation (Diff invariant) only when 𝑓 (𝑔) − 2𝑔 𝑓 ′(𝑔) = 0,
.e. 𝑓 (𝑔) ∝ √

𝑔. However, the action is also invariant for any form
f 𝑓 (𝑔) if the transformations satisfy 𝜕𝜇𝜉𝜇 = 0. This corresponds to a
maller subgroup of symmetry, the transverse diffeomorphisms (TDiff).
2 
2.2. Single scalar-field models in the kinetic regime

Let us first consider the matter part of the action with a simple
inetic term [21,22]:

𝑆mat = ∫ d4𝑥 1
2
𝑓 (𝑔) 𝜕𝜇𝜙𝜕𝜇𝜙, (7)

where 𝑓 (𝑔) is a positive coupling function of the metric determinant.
We consider this function to be positive-valued as the wrong sign for
the kinetic term is typically related to a ghost instability [27]. The
orresponding equation of motion reads

𝜕𝜇
(

𝑓 (𝑔)𝜕𝜇𝜙
)

= 0 , (8)

and the EMT will be defined as usual:

𝑇 𝜇 𝜈 ∶= − 2
√

𝑔
𝛿 𝑆mat
𝛿 𝑔𝜇 𝜈

, (9)

which in this case reads

𝑇𝜇 𝜈 =
𝑓 (𝑔)
√

𝑔

(

𝜕𝜇𝜙𝜕𝜈𝜙 − 𝐹 (𝑔) 𝑔𝜇 𝜈□𝜙
)

, (10)

where we have defined 𝐹 (𝑔) ∶= d ln 𝑓 (𝑔)∕d ln 𝑔. Since we are not mod-
fying the Einstein–Hilbert action, the Bianchi identities are preserved
nd thus the local conservation of the EMT will still hold [21,22] under

solutions of Einstein equations.
In relation to the background geometry, we will consider a spatially

flat FLRW metric. Since we have less gauge freedom than in the Diff
ase, we will not generally be able to perform a coordinate change that
ixes the lapse function to one and we will have more physical degrees

of freedom than in the Diff case. Thus, our spacetime can be described
by the following line element [28]:

𝑑 𝑠2 = 𝑏2(𝜏) d𝜏2 − 𝑎2(𝜏)𝐝𝐱2, (11)

where 𝑎(𝜏) and 𝑏(𝜏) are the independent components that will act as
the scale factor and lapse function, respectively; 𝜏 denotes the time-
coordinate and 𝐝𝐱2 corresponds to the spatial part of the spacetime
metric. Both must be computed from Einstein equations.1

Let us now apply the perfect fluid approach. It is worth recalling
that, when 𝜕𝜇𝜙 is a time-like vector, the EMT (10) takes the form [22]

𝑇𝜇 𝜈 = (𝜌 + 𝑝) 𝑢𝜇𝑢𝜈 − 𝑝 𝑔𝜇 𝜈 , (12)

where 𝜌 = 𝑇 0
0 denotes the energy density, 𝑝 = −𝑇 𝑖

𝑗 𝛿𝑗 𝑖∕3 the pressure,
and 𝑢𝜇 is the four-velocity of the fluid, a time-like unit vector. Recalling
(10) and using (11) we get

𝜌 =
𝑓 (𝑔)
𝑏2
√

𝑔
[1 − 𝐹 (𝑔)] (𝜙′)2, (13)

𝑝 =
𝑓 (𝑔)
𝑏2
√

𝑔
𝐹 (𝑔) (𝜙′)2, (14)

where we have considered a homogeneous field 𝜙 = 𝜙(𝜏). It is straight-
forward to see from Eqs. (13) and (14) that

𝑤𝜙 ∶=
𝑝
𝜌
=

𝐹 (𝑔)
1 − 𝐹 (𝑔)

; (15)

which will generally depend on 𝜏 and, thus, the equation of state
arameter 𝑤𝜙 will generally evolve throughout time. One particular
ase of interest takes place when the coupling function is a power-law,
.e., 𝑓 (𝑔) = 𝑘𝑔𝛼 , where 𝑘 and 𝛼 are constants. In this case we obtain for
𝜙 the following result:

𝑤𝜙 = 𝛼
1 − 𝛼

= const. (16)

Notice how this requires 𝛼 < 1 in order for the weak energy condition
to be satisfied [22]. In addition, the zeroth component of the EMT
onservation equation ∇𝜈𝑇 𝜇 𝜈 = 0 yields the usual result [21]:

𝜌′ + 3𝑎
′

𝑎
(𝜌 + 𝑝) = 0. (17)

1 We will use the signature (+,−,−,−) in this work.
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On the other hand, the equation for the 𝐺00 component of the
Einstein tensor yields [28]
(

𝑎′

𝑎

)2
= 8𝜋 𝐺

3
𝜌𝑏2, (18)

which is the usual Friedmann equation in time 𝜏. Notice that it recovers
ts original form under the coordinate transformation d𝑡 = 𝑏(𝜏) d𝜏,
here 𝑡 is the cosmological time. We will denote ′ = d∕d𝜏 and ⋅ = d∕d𝑡.

Finally, let us write the equation of motion of 𝜙(𝜏) in this space–time
(8):

𝜙′′(𝜏) + 𝜙′(𝜏)
𝐿′(𝜏)
𝐿(𝜏)

= 0, (19)

where 𝐿(𝜏) ≡ 𝑓 (𝑔(𝜏))∕𝑏2(𝜏). This equation of motion implies that

𝜙′(𝜏) = 𝐶𝜙

𝐿(𝜏)
, (20)

with 𝐶𝜙 a constant parameter. Substituting (20) in Eqs. (13) and (14);
factoring out 𝜌 + 𝑝 in Eq. (17) and recalling 𝑔 = 𝑏2𝑎6, the conservation
law (17) reads
d
d𝜏

ln(𝑎6) = 𝑔′(𝜏) d
d𝑔

[

ln
(

(1 − 2𝐹 (𝑔))
𝑔

𝑓 (𝑔)

)]

, (21)

which provides the geometrical constraint that allows the conservation
aw (17) to be satisfied. This is [21]:
𝑔

𝑓 (𝑔)
(1 − 2𝐹 (𝑔)) = 𝐶𝑔𝑎

6, (22)

where 𝐶𝑔 is a constant. This geometrical constrain on the metric
determinant 𝑔 allows us to obtain the relation between 𝑏 and 𝑎 for any
iven coupling. For instance, if 𝑓 (𝑔) ∝ 𝑔𝛼 , Eq. (22) implies that

𝑏 ∝ 𝑎3𝛼∕(1−𝛼). (23)

Notice that only when we take 𝛼 = 1∕2 (Diff limit), we recover the
standard stiff-fluid behavior 𝜌(𝑎) ∝ 𝑎−6 of a kinetically dominated scalar
field [29,30]. In conclusion, TDiff symmetry allows for a much wider
phenomenology for simple kinetically driven scalar fields.

3. Shift-symmetric multi-field TDiff models

In this section we will extend the previous results to the case
of two free shift-symmetric TDiff homogeneous scalar fields in the
matter action with different coupling functions. Since both fields will
be kinetically driven, our action will read

𝑆mat = ∫ d4𝑥1
2

2
∑

𝑖=1

(

𝑓𝑖(𝑔) 𝜕𝜇𝜙𝑖𝜕
𝜇𝜙𝑖

)

, (24)

where the respective coupling functions 𝑓𝑖(𝑔) are taken to be positive
to avoid the explicit introduction of ghosts in our model [27]. Notice
hat we did not consider an interaction potential between both fields.

As we will see, the energy exchange and the rich phenomenology will
arise from geometrical constrains coming from the conservation of the
total EMT, since the individual EMTs of each field will not be conserved
as a consequence of the symmetry breaking. In fact, since our fields are
free, the total EMT will simply be the sum of the individual EMTs of
each field:

𝑇𝜇 𝜈 = 𝑇 (1)
𝜇 𝜈 + 𝑇 (2)

𝜇 𝜈
= (𝜌1 + 𝑝1) 𝑢𝜇𝑢𝜈 − 𝑝1 𝑔𝜇 𝜈 + (𝜌2 + 𝑝2) 𝑢𝜇𝑢𝜈 − 𝑝2 𝑔𝜇 𝜈 (25)

For homogeneous fields in a Robertson-Walker background both fields
hare a common velocity 𝑢𝜇 and

𝜌𝑖 =
𝑓𝑖(𝑔)
𝑏2
√

𝑔

[

1 − 𝐹𝑖(𝑔)
]

(𝜙′
𝑖)
2, 𝑖 = 1, 2 (26)

𝑝𝑖 =
𝑓𝑖(𝑔)
√

𝐹𝑖(𝑔) (𝜙′
𝑖)
2, 𝑖 = 1, 2 (27)
𝑏2 𝑔

3 
where very much as in the single-field case, we have defined 𝐹𝑖(𝑔) ∶=
d ln 𝑓𝑖(𝑔)∕d ln 𝑔, so that the corresponding equations of state read

𝑤𝑖 ∶=
𝑝𝑖
𝜌𝑖

=
𝐹𝑖(𝑔)

1 − 𝐹𝑖(𝑔)
, 𝑖 = 1, 2 (28)

The conservation of the total energy–momentum tensor implies

∇𝜇𝑇
𝜇 𝜈 = ∇𝜇𝑇

(1)𝜇 𝜈 + ∇𝜇𝑇
(2)𝜇 𝜈 = 0, (29)

which in the Robertson-Walker background reads

𝜌′1 + 3𝑎
′

𝑎
(𝜌1 + 𝑝1) + 𝜌′2 + 3𝑎

′

𝑎
(𝜌2 + 𝑝2) = 0. (30)

Notice that the previous expression does not imply the energy conser-
vation for individual fields, but in general we will have

𝜌′1 + 3𝑎
′

𝑎
(𝜌1 + 𝑝1) = 𝑄, (31)

𝜌′2 + 3𝑎
′

𝑎
(𝜌2 + 𝑝2) = −𝑄, (32)

where 𝑄 is commonly referred to as the interacting kernel in the litera-
ture [31].

On the other hand, the fields equations of motion read

𝜙′′
𝑖 (𝜏) + 𝜙′

𝑖(𝜏)
𝐿′
𝑖(𝜏)

𝐿𝑖(𝜏)
= 0, 𝑖 = 1, 2 (33)

with 𝐿𝑖(𝜏) ≡ 𝑓𝑖(𝑔(𝜏))∕𝑏2(𝜏), so that very much as in the single-field case,
e can write

𝜙′
𝑖(𝜏) =

𝐶𝜙𝑖
𝐿𝑖(𝜏)

, 𝑖 = 1, 2 (34)

with 𝐶𝜙𝑖 constants.
Substituting these expressions into the respective pressures and

energy densities (26) and (27), recalling the conservation Eq. (30) and
roceeding analogously to the single-field case, calculations yield the
ollowing geometrical constrain:

𝐶2
𝜙1

𝑔|2𝐹1 − 1|
𝑓1

+ 𝐶2
𝜙2

𝑔|2𝐹2 − 1|
𝑓2

= 𝐶𝑔𝑎
6, (35)

In the case in which the coupling functions are simple power laws

𝑓𝑖(𝑔) = 𝜆𝑖𝑔
𝛼𝑖 , 𝑖 = 1, 2; (36)

with 𝜆𝑖, 𝛼𝑖 constants, the conservation Eq. (35) implies

𝐶1𝑔
1−𝛼1

|2𝛼1 − 1| + 𝐶2𝑔
1−𝛼2

|2𝛼2 − 1| = 𝐶𝑔𝑎
6; (37)

where 𝐶1 = 𝐶2
𝜙1
∕𝜆1 and 𝐶2 = 𝐶2

𝜙2
∕𝜆2. This is a very illuminating

result, since as we observe from Eq. (37) it does not require the
ndividual EMT conservation of each field and thus it will involve a

geometrical-like interaction between the two components caused by the
symmetry breaking. Unlike the single-field case, an explicit solution of
this equation cannot be obtained even for simple power-law functions.

Lastly, here we include the expression for the energy density in the
ower-law coupling case, which will be of valuable use throughout the
est of the work:

𝜌𝑖(𝑎, 𝑏) = 𝐶𝑖(1 − 𝛼𝑖)
𝑏1−2𝛼𝑖
𝑎6𝛼𝑖+3

, 𝑖 = 1, 2 (38)

which is straightforwardly obtained from Eq. (26) using (34). Notice
how the effective interactions will be reflected on the particular form
of 𝑏(𝑎) obtained through the EMT conservation law (37).

3.1. Approximate results: single-field domination

Let us first consider the case in which one of the fields, for example
𝜙1, dominates over the other, 𝜙2. We can thus neglect the contribution
of 𝜙2 in (37), so
𝐶1𝑔

1−𝛼1
|2𝛼1 − 1| ≃ 𝐶𝑔𝑎

6, (39)

which can be solved as
𝑏 ∝ 𝑎3𝑤1 (40)
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Fig. 1. Effective equation of state parameter 𝑤ef f of the subdominant field 𝜙2 under
𝜙1 domination in terms of the individual equation of state parameters 𝑤1 and 𝑤2.

where

𝑤1 =
𝛼1

1 − 𝛼1
, (41)

𝑤2 =
𝛼2

1 − 𝛼2
, (42)

as we can see from (28). This is the same geometrical constrain one
would obtain if 𝜙1 was the only field. Notice that this is just an
approximation that provides the leading order of 𝑏(𝑎), but it gives us
valuable information concerning the evolution of the energy densities
in the different domination regimes. Recalling (38) and using (40)
yields

𝜌1(𝑎) ∝ 𝑎−3(1+𝑤1) and 𝜌2(𝑎) ∝ 𝑎−3(1+𝑤ef f ), (43)

and thus 𝜙1 decays as expected from its equation of state, but the
subdominant field 𝜙2 will exhibit a decay as if it were a perfect fluid
with constant equation of state parameter 𝑤ef f ≠ 𝑤2, where

𝑤ef f =
2𝑤2 −𝑤1 +𝑤1𝑤2

1 +𝑤2
. (44)

It is worth noting that the individual equation of state parameters 𝑤𝑖
will then depict the asymptotic decay behavior of each component
when it is dominant. Fig. 1 summarizes the wide range of phenomeno-
logical possibilities for the subdominant component.

This result happens to be physically illuminating with regards to
cosmological contexts. As we can see above, the induced interactions
between perfect TDiff fluids with different equation of state parameters
allow for a wide range of possible evolutions for the subdominant
component. In particular, all of the possible dark energy behaviors
are plausible for the subdominant field, including phantom dark en-
ergy [32] (𝑤ef f < −1, where its energy density increases over time) and
quintessence. We emphasize that these behaviors can be obtained with-
out the addition of non-canonical kinetic terms [3], they are a result of
breaking the Diff symmetry down to TDiff. Interestingly, although 𝑤𝑖 <
−1 is not allowed for each individual field, in accordance to the weak
energy condition [22], the dominance regimes allow for subdominant
phantom behavior without violating the energy conditions. As a result,
this provides a vast range of possibilities to describe an interacting dark
matter-dark energy sector (𝑤1 = 0, 𝑤2 < −1∕3) with an evolving dark
energy decay given by a function 𝑤ef f (𝑎) stemming from the broken
Diff invariance, exhibiting phantom decay at early times during the
matter epoch. This will allow for phantom-crossing, as it will later be
discussed.

3.2. Energy exchange

We will now analyze the exchange of energy between the fields
induced by the effective interaction, and its evolution through the
4 
several field domination regimes by studying the interacting kernel
𝑄. Let us consider two kinetically-driven scalar fields 𝜙1 and 𝜙2, with
constant equation of state parameters 𝑤1 and 𝑤2, respectively. Let us
also assume that 𝜙1 dominates over 𝜙2. Using (38) on Eq. (32) and
recalling (44) we obtain the following expression

𝑄 = 3𝐶2(1 − 𝛼2)
𝑎′

𝑎
𝑎−3(1+𝑤ef f )(𝑤ef f −𝑤2). (45)

which can be rewritten as

𝑄 = 3𝜌2
(𝑤2 −𝑤1)(1 −𝑤2)

1 +𝑤2
. (46)

where  = 𝑎′∕𝑎 denotes the Hubble parameter in time coordinate
𝜏. It is worth mentioning that, according to (46), we will not be
able to recover the 𝛬CDM limit in this model, as when one of the
fields starts to approximately behave like a cosmological constant in
its asymptotic domination regime (𝑤𝑖 → −1), 𝑄 will diverge and both
TDiff components will thus be strongly coupled. This behavior is linked
to the shift-symmetric nature of the fields, which do not have potential
terms.

Let us now study the sign of 𝑄 during the single-field domination
regimes. Firstly, we observe from (46) that when 𝜙1 dominates, 𝑄 has
two zeros, those being at 𝑤ef f = 𝑤2, i.e., 𝑤2 = 𝑤1 and 𝑤2 = 1. On the
other hand, the analysis in the 𝜙2 domination regime is fully akin to the
previous one, but we have to perform the change 𝑤1 ↦ 𝑤2 and change
the sign of 𝑄 (remember we defined 𝑄 with respect to the conservation
law for 𝜙1). We show in Fig. 2 the sign of the interaction kernel in both
cases (𝜙1 and 𝜙2 domination).

In light of this analysis, we distinguish three scenarios. In the first
case, in which both equation of state parameters are smaller than one
(𝑤1, 𝑤2 < 1), the sign of 𝑄 does not change between both domination
regimes and thus the direction of the energy exchange will not be
altered over time. More clearly, if we assume 𝑤1 > 𝑤2 we see from
Fig. 2 that when 𝜙1 dominates 𝑄 < 0 and 𝜙1 loses energy in favor of
𝜙2, with the same happening as well when 𝜙2 is dominant. The same
reasoning can be applied to the case in which 𝑤1 < 𝑤2 (although in
this case 𝑄 > 0), allowing us to conclude that in this case it is the field
with the greater equation of state parameter who always loses energy.

Secondly, we also have the case in which both fields are beyond stiff
fluids (𝑤1, 𝑤2 > 1). We can immediately check (see Fig. 2), similarly to
how we proceeded in the previous case, that the direction of the energy
exchange will not change during the interaction and it will always be
the field with the larger equation of state parameter which gains energy
from the other component.

Lastly, there is the case in which one of the fields is beyond a stiff
fluid and the other is not (𝑤1 > 1, 𝑤2 < 1 and vice versa). As opposed
to the previous scenarios, we see from Fig. 2 that the direction of the
energy flux changes between both domination regimes. For instance, if
𝑤1 > 1 and 𝑤2 < 1, 𝑄 will be smaller than zero under 𝜙1 domination
and thus 𝜙2 will be gaining energy from 𝜙1. However, when 𝜙2 is
dominant, since 𝑤1 > 1 we can see that 𝑄 > 0 and thus it is 𝜙1 which
gains energy from 𝜙2 now (the analysis is analogous if 𝑤1 < 1, 𝑤2 > 1).

Regarding the potential applications for the description of the dark
sector, notice that in (44) 𝑤ef f = −1∕3 when 𝑤2 = (−1 + 3𝑤1)∕(7 +
3𝑤1) ≡  < 𝑤1. This separates the region of 𝑤2 values in which the
subdominant field, taken to be 𝜙2 for this example, starts decaying as
dark energy. Similarly, 𝑤ef f = −1 occurs at 𝑤2 = (−1 +𝑤1)∕(3 +𝑤1) ≡ 
and it corresponds to the phantom behavior boundary for 𝜙2. Hence,
if 𝑤1 < 1 we can see that if 𝑤2 ∈ (−1,) the subdominant component
will exhibit phantom dark energy behavior and the dominant field will
lose energy in favor of this; and if 𝑤2 ∈ (,) it will also gain energy
from the dominant component 𝜙1, but not enough to display phantom
nature.

More specifically, if we consider a dark sector model consisting of
dark matter (DM) with 𝑤1 = 0 and dark energy (DE), with 𝑤2 < −1∕3,
we can observe from (44) that DE will always be phantom during the
matter domination epoch due to the energy flux from DM (𝑄 < 0). The
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Fig. 2. Sign of the interaction kernel 𝑄 when the 𝜙1 fluid dominates (left) and for 𝜙2 domination (right).
energy exchange will occur in the same direction when DE dominates,
although it will now not be enough to keep the phantom behavior,
and the DE decay will gradually transition to resemble its asymptotic
value for the equation of state parameter 𝑤2. On the other hand, DM
will slowly start to exhibit a different decay than the typical 𝑎−3 as DE
becomes more dominant.

Lastly, before we go on with our analysis let us briefly comment
about the existence of tracking solutions in this model. Recalling (43)
we see that the condition that must be satisfied in order for both fields
to exhibit the same decay would be

−3(1 +𝑤1) =
3𝑤1 − 9𝑤2 − 3𝑤1𝑤2 − 3

1 +𝑤2
, (47)

which cannot be accomplished unless we are in the trivial case in which
both components are indeed the same, i.e., 𝑤1 = 𝑤2, and there would
be no interaction. Thus, there will not be tracking solutions in this
particular TDiff model.

3.3. Analytical model

Solving the general constrain (37) is not a simple task, and it usually
requires numerical treatment. However, there is a particular dark sector
model for which Eq. (37) can be analytically solved, consisting of
DM with 𝑤1 = 0 (𝛼1 = 0) and DE with 𝑤2 = −1∕2 (𝛼2 = −1).
Despite not being the best fitting model, as we will later see, being
analytical provides us with a wide insight to further understand the
physics behind shift-symmetric multi-field TDiff models. The constrain
(37) then reads

𝐶1𝑔 + 3𝐶2𝑔
2 = 𝐶𝑔𝑎

6, (48)

which is quadratic in 𝑔 and can be easily solved as

𝑔 = − 𝐶1
6𝐶2

+

√

𝐶2
1 + 12𝐶2𝐶𝑔𝑎6

6𝐶2
, (49)

where we have taken into account that 𝐶𝑖 = 𝐶2
𝜙𝑖
∕𝜆𝑖 should be positive

to avoid ghosts instabilities, so that only the positive-root solution
of Eq. (48) is physically sensible. This solution allows us to explicitly
obtain the relation 𝑏(𝑎):

𝑏(𝑎) =
√

𝐶1
6𝐶2

⎡

⎢

⎢

⎣

𝑎−6
⎛

⎜

⎜

⎝

√

√

√

√1 + 12𝐶2𝐶𝑔

𝐶2
1

𝑎6 − 1
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

1∕2

, (50)

valid for all values of 𝑎. As we will later see, the remote past 𝑎 ≪ 1 will
correspond to the matter era, and in the distant future 𝑎 ≫ 1 DE will
be dominant, as expected.
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For 𝑎 ≪ 1, expanding (50) in powers of 𝑎 yields

𝑏(𝑎)||
|𝑎≪1

≃
√

𝐶𝑔𝐶1

(

1 − 3
2
𝐶2𝐶𝑔

𝐶2
1

𝑎6
)

, (51)

from which we can obtain the respective energy densities:

𝜌1(𝑎) ≃
√

𝐶1𝐶𝑔

(

𝑎−3 −
3𝐶2𝐶𝑔

2𝐶2
1

𝑎3
)

, (52)

𝜌2(𝑎) ≃ 2
(𝐶𝑔

𝐶1

)3∕2

𝐶2𝑎
3. (53)

Notice how the DM (𝜌1) decay is governed by the 𝑎−3 term, which corre-
sponds to the expected behavior according to 𝑤1 = 0. Consequently, DM
is dominant at early times. Besides, DE (𝜌2) evolves with 𝑎3, exhibiting
the phantom nature we previously discussed (in particular, 𝑤ef f = −2)
as a result of it gaining energy from DM. This can be illustrated writing
the conservation equations for each component in terms of the energy
density of the other, which read:

𝜌′1 + 3𝑎
′

𝑎
𝜌1 ≃ −9

2
𝜌2, (54)

𝜌′2 + 3𝑎
′

𝑎
(𝜌2 + 𝑝2) ≃ +9𝐶2

𝑔
𝐶2
𝐶1

 1
𝜌1

; (55)

where the phantom nature is exposed in (55) as a result of 𝜌1 appearing
in the denominator.

On the other hand, for 𝑎 ≫ 1, expanding (50) yields

𝑏(𝑎)||
|𝑎≫1

≃

√

𝐶1
6𝐶2

(

√

𝐴𝑎−3∕2 − 1
√

2𝐴
𝑎−9∕2

)

, (56)

with 𝐴 ≡
√

12𝐶2𝐶𝑔∕𝐶2
1 . The energy densities thus read

𝜌1(𝑎) ≃
𝐶3∕2
1

√

6𝐶2

(

√

𝐴𝑎−9∕2 − 1

2
√

𝐴
𝑎−15∕2

)

, (57)

𝜌2(𝑎) ≃
𝐶3∕2
1

63∕2𝐶1∕2
2

(−3𝑎−9∕2
√

𝐴 + 2𝑎−3∕2𝐴3∕2). (58)

The leading order for large values of 𝑎 in 𝜌2 indicates that now our
DE will decay as expected from its equation of state (𝑤2 = −1∕2), and
DM decays faster than 𝑎−3. This implies that at later times it is DE who
becomes dominant, and from the reasoning of the previous subsection,
we can see that DM is still giving energy to DE, but not enough to
keep the phantom behavior as DM starts becoming subdominant. One
could write analogous expressions to (54) and (55), but they are not as
physically enlightening due to the lack of phantom nature under dark
energy domination.
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Fig. 3. 𝑤ef f (𝑧) for DM and DE for various 𝑧eq. Dark energy transitions from being
phantom during the matter era to decaying as usual dark energy with equation of
state parameter 𝑤2, with there being phantom crossing at recent times. Dark matter
starts to decay faster than expected from 𝑤1 = 0 as dark energy starts dominating.

We will now write the exact expressions for both energy densities
in order to discuss the whole evolution. From the previous analysis we
know that both energy densities become equal at a certain time: 𝑎 = 𝑎eq,
𝜌𝑖 = 𝜌eq. We can thus write 𝜌1 and 𝜌2 substituting (50) in (38) and
equating them. We obtain

𝐶1 =
5
2
𝜌2eq𝑎

6
eq𝐶

−1
𝑔 , 𝐶2 =

125
16

𝜌4eq𝑎
6
eq

1
𝐶3
𝑔
; (59)

which allow us to write down the energy densities in terms of these
parameters, which are easier to physically interpret than the integration
constants 𝐶𝑖. Thus, we have:

𝜌1(𝑧) = 1
√

3
𝜌eq

(

1 + 𝑧
1 + 𝑧eq

)6
𝛩1∕2(𝑧), (60)

𝜌2(𝑧) = 1
√

27
𝜌eq

(

1 + 𝑧
1 + 𝑧eq

)6
𝛩3∕2(𝑧); (61)

where we defined 𝛩(𝑧) ≡
√

1 + 15[(1 + 𝑧eq)∕(1 + 𝑧)]6 − 1, and where
𝑧 = 1∕𝑎 − 1 denotes the redshift.

We will now obtain some physical results and compare this model
to 𝛬CDM before analyzing the general case. Firstly, recalling (38)
and the conservation law (17), we can parameterize the decay of
each component with a function 𝑤ef f ,i(𝑧) which satisfies the individual
conservation law

𝜌′𝑖 + 3𝑎
′

𝑎
[1 +𝑤ef f ,i(𝑧)] 𝜌𝑖 = 0; (62)

which yields the following result when recalling (38):

𝑤ef f ,i(𝑧) = −1
3

[

−1 + 𝑧
𝑏(𝑧)

(1 − 2𝛼𝑖) d𝑏d𝑧 − 6𝛼𝑖 − 3
]

− 1, (63)

where 𝛼𝑖 denote the exponents of the coupling functions of each com-
ponent. This recovers the previously studied constant results when
considering the respective field domination regimes. The functions
𝑤ef f ,i(𝑧) can easily be simplified for the analytical case since we know
𝑏(𝑧) explicitly.

Using the exact expression for 𝑏(𝑧) (50) yields the result in Fig. 3,
for two different values of the free parameter 𝑧eq. Notice how in reality
we only have 𝑧eq as our free parameter, since the cosmic sum rule
(𝜌1 + 𝜌2)

|

|

|𝑡=𝑡0
= (1 − 𝛺B)𝜌c must be satisfied and, thus, it enforces

an extra relation between the parameters that allows to remove the
dependence on 𝜌eq. As a reminder, 𝛺B depicts the baryonic matter
component of the universe, 𝜌c is the critical density and we are ignoring
the radiation component at late times. It is worth noting that in this
work we assumed that only the dark sector breaks the Diff invariance,
hence we will treat baryons as ordinary Diff matter. As we can see from
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Fig. 3, the DE decay behavior starts being phantom-like at early times,
as expected, and then evolves in time until it reaches the asymptotic
value reflected in the equation of state 𝑤2 > −1 in the future, with
there being phantom-crossing near the present. The parameter 𝑧eq only
changes slightly the behavior in the intermediate regimes, without
altering the main physical behavior. On the other hand, DM will exhibit
its usual 𝑎−3 decay at early times but it will decay faster when DE
starts to dominate. In light of this we can see that TDiff models can
provide a very rich phenomenology involving different time evolutions
for the dark sector. This could lead to new models for interactions in the
dark sector without the introduction of non-canonical terms or ghost
instabilities in the action.

Lastly, we will analyze this model from the perspective of the
density parameters to further understand shift-symmetric TDiff dark
sector models. We will denote the density parameters for DM and DE,
respectively, as 𝛺DMT and 𝛺DET. We will also use the standard notation
for the 𝛬CDM parameters: 𝛺M = 𝛺DM + 𝛺B for matter and 𝛺𝛬 for
the cosmological constant. Recalling the Friedmann Eq. (18) and using
cosmological time d𝑡 = 𝑏(𝜏)d𝜏 yields

𝐻2 = 8𝜋 𝐺
3

(𝜌B + 𝜌1 + 𝜌2). (64)

Multiplying and dividing this expression by the Hubble parameter at 𝑡 =
𝑡0 (today) 𝐻2

0 , and recalling that 𝜌c = 8𝜋 𝐺∕(3𝐻2
0 ) it is straightforward

to obtain the respective abundances in terms of the redshift, 𝛺𝑖(𝑧) =
8𝜋 𝐺 𝜌𝑖(𝑧)∕[3𝐻2(𝑧)]:

𝛺DMT(𝑧) = 1
√

3

𝜌eq
𝜌c

(

1 + 𝑧
1 + 𝑧eq

)6 𝛩1∕2(𝑧)
𝐸2(𝑧)

, (65)

𝛺DET(𝑧) = 1

3
√

3

𝜌eq
𝜌c

(

1 + 𝑧
1 + 𝑧eq

)6 𝛩3∕2(𝑧)
𝐸2(𝑧)

, (66)

where we defined

𝐸2(𝑧) ≡ 𝛺B(1 + 𝑧)3 +
𝜌eq

√

3𝜌c

(

1 + 𝑧
1 + 𝑧eq

)6
𝛩1∕2(𝑧)

[

1 + 𝛩(𝑧)
3

]

. (67)

This allows us to obtain the time evolution for each density parameter.
This will obviously depend on the specific value of 𝑧eq, but the general
behavior will be similar. For the sake of simplicity, we included the case
𝑧eq = 1.1 in Fig. 4 to show qualitative results. This results in a higher DE
abundance and a lower DM one at 𝑡 = 𝑡0 than those from 𝛬CDM, which
can be interpreted as a consequence of the phantom era during the DM
domination regime. As we previously discussed, DM transfers part of
its energy to DE, which translates into its phantom behavior and thus
contributes to obtaining higher values of 𝛺DET. It is worth mentioning,
however, that we shall not directly compare these parameters to those
from 𝛬CDM, as 𝛺DMT and 𝛺DET may not be regarded as true DM and DE
density parameters, since, as opposed to 𝛬CDM, this model presents an
interacting dark sector and thus there may be contributions from both
components to each parameter.

4. A TDiff model for dark sector interactions

We will now consider a more general case with 𝑤1 = 0, which could
play the role of DM; and arbitrary 𝑤2 < −1∕3, which could play the
role of DE. We will then contrast the predictions of this simple model
to observations to get a glimpse on the viability of shift-symmetric
TDiff models for describing the dark sector. Recalling the geometrical
constrain (37) arisen from the conservation of the EMT, using 𝛼1 = 0
and dividing by 𝐶2 yields

𝜆(1 − 𝛼2)𝑔 + 𝑔1−𝛼2 |2𝛼2 − 1| = 𝑎6
(

𝜆(1 − 𝛼2) + |2𝛼2 − 1|) . (68)

where we have used
𝜌1(𝑡0)
𝜌2(𝑡0)

=
𝐶1
𝐶2

(1 − 𝛼2)−1 =
𝛺DMT
𝛺DET

≡ 𝜆. (69)

and normalized2 𝑎(𝑡0) = 1, and also 𝑔(𝑡0) = 1, which leads to 𝑏(𝑡0) = 1.
Therefore, we only have two free parameters, those being the exponent
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Fig. 4. Evolution of the density parameters: 𝛬CDM (continuous lines) vs analytical
TDiff case (dashed lines), for 𝑧eq = 1.10. In shift-symmetric TDiff models dark energy
would be more dominant as a consequence of it being phantom at early times, gaining
energy from dark matter.

of the power-law coupling function of the DE component, 𝛼2, and
𝜆. However, we will use another physical parameter instead of 𝜆 in
order to obtain a more direct analysis and an easier comparison to
observations. In fact, recalling Friedman Eq. (64) in cosmological time,
using (38) and noting that (𝜌1 + 𝜌2)

|

|

|𝑡0
= (1 −𝛺B)𝜌c as a consequence of

the cosmic sum rule yields the following expression for 𝐻2(𝑧):

𝐻2(𝑧) = 𝐻2
0

[

𝛺B(1 + 𝑧)3 + (1 −𝛺B)
(

1 + 1
𝜆

)−1
𝑏(𝑧)(1 + 𝑧)3

+(1 −𝛺B)
1
𝜆

(

1 + 1
𝜆

)−1
𝑏(𝑧)1−2𝛼2 (1 + 𝑧)6𝛼2+3

]

,
(70)

where we neglected radiation, as the purpose of this model is to
study the DM and DE domination epochs. Otherwise, we should have
included the corresponding 𝛺R(1 + 𝑧)4 contribution from radiation,
where we are assuming it is a Diff component.3 Notice that at early
times, when the 𝜙1 fluid dominates over 𝜙2, we can neglect the last
term in (70). In addition, 𝑏(𝑎) ∝ 𝑎3𝑤1 takes a constant value at early
times 𝑏(𝑧) ≃ 𝑏𝑒𝑎𝑟𝑙 𝑦 since 𝑤1 = 0. This allows us to define the following
effective density parameter for total matter at high redshift

𝛺ef f
M ≡ 𝛺B + (1 −𝛺B)

(

1 + 1
𝜆

)−1
𝑏ear ly . (71)

We will use this parameter 𝛺ef f
M instead of 𝜆, since both are trivially

related through (71). Acknowledge that 𝑏ear ly can be directly computed
from the conservation Eq. (68) taking into consideration that DM dom-
inates at this time and radiation does not contribute to the geometrical
constrain, since we are treating it as a Diff component and thus its EMT
is automatically conserved. Thus, using (69) we obtain

𝑏ear ly =

√

𝜆(1 − 𝛼2) + |2𝛼2 − 1|
𝜆(1 − 𝛼2)

. (72)

If we express 𝐻−1
0 as 2997.9ℎ−1 Mpc, with ℎ being the reduced

Hubble constant, this will allow us to fit our parameters (𝑤2, 𝛺ef f
M ) to

observations and obtain physical predictions for this model. Notice that

2 Notice how we can fix the second condition 𝑔(𝑡0) = 1 as well, since
performing this change will be reflected in the action (24) as a global constant
, 𝑆̃mat = 𝑆mat ; and therefore both actions will be physically equivalent under
a redefinition of the fields embodying this change: 𝜙𝑖 ↦ 𝜙̃𝑖 =

√

𝜙𝑖.
3 Hence, its EMT is automatically conserved under solutions of Einstein

equations and at early times during the radiation era the model behaves the
same way as 𝛬CDM, as the TDiff components are negligible at such time. Thus,
the bounds imposed by BBN are not modified in this model.
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we are using 𝑤2 instead of 𝛼2 as the model parameter since the are
trivially related by (42). We will consider the baryon density parameter
obtained from the abundance of light elements 𝛺Bℎ2 = 0.02240 ±
0.00069 [33], as it is independent of the particular choice for the cos-
mological model, and we will marginalize the absolute magnitude 𝑀 ,
which is equivalent to marginalize 𝐻0 since they are degenerated, as we
will later explain ( for the supernovae analysis) [34]. In particular, we
developed a code in Python that solves the conservation law (68) for any
given pair of these two parameters. Hence, we can obtain 𝑏(𝑧) and 𝐻(𝑧)
through (70). We will then regard different data sets (namely Union2
supernovae and CMB) and perform a preliminary numerical likelihood
analysis in order to study the validity of the model. We will then present
the structure of the analysis in the following subsections.

4.1. Union2 supernovae data set

We will first consider the Union2-database observational data com-
ing from type Ia Supernovae [35,36] consisting of 557 data for 0.015 <
𝑧 < 1.030 and compare them to the theoretical distance moduli 𝜇(𝑧)
predictions of our model. We will study the agreement between theory
and observations using the 𝜒2 statistical estimator [37]:

𝜒2
SNIa =

∑

𝑖

(𝜇obs(𝑧𝑖) − 𝜇t h(𝑧𝑖))2
𝐸2
𝑖

, (73)

where 𝐸𝑖 denotes the error in the 𝜇𝑖 measurement at redshift 𝑧𝑖 and the
theoretical distance modulus is given by

𝜇t h(𝑧) = 5 log10
(

𝑑L(𝑧)
1 Mpc

)

+𝑀 = 𝜇̂(𝑧) +𝑀 , (74)

with 𝑑L(𝑧) the luminosity distance computed from

𝑑L(𝑧) = (1 + 𝑧)∫

𝑧

0

d𝑧
𝐻(𝑧)

, (75)

for flat spatial sections and 𝑀 being the absolute magnitude, which we
marginalized the following way:

𝑀 =
∑

𝑖

(

1
𝜎
𝜇obs(𝑧𝑖) − 𝜇̂(𝑧𝑖)

𝐸2
𝑖

)

. (76)

with 𝜎 =
∑

𝑖 𝐸
−2
𝑖 . Notice that this is equivalent to marginalizing 𝐻0,

as it is degenerated with 𝑀 , according to (74). Numerical integration
will allow us to perform the analysis in the subsequent sections.
4.2. CMB data set

We will also consider the CMB data to study the observational
viability of our model. For this purpose, we will be using the two
CMB distance priors 𝑅 (the shift parameter) and 𝓁𝑎 (the acoustic
length) [23,38] instead of the Planck 2018 full likelihood, as our model
behaves the same way as 𝛬CDM at early times and these parameters
allow us to easily assemble all the relevant information. The respective
values measured for these parameters for the Planck 2018 TT,TE,TE+
lowE+ lensing data [34] are the following [23]:

𝑅 = 1.7497 ± 0.0041, (77)

𝓁𝑎 = 301.529 ± 0.083, (78)

with the covariance matrix given by

𝐂𝐨𝐯 =
(

6.889 ⋅ 10−3 1.2090859 ⋅ 10−4

1.2090859 ⋅ 10−4 1.681 ⋅ 10−5

)

, (79)

which was obtained using the respective correlation matrix presented
in [23].

On the other hand, the theoretical expressions used to compute the
distance priors read

𝑅 =
√

𝛺ef f
𝑀 𝐻2

0 (1 + 𝑧∗)𝑑A(𝑧∗), (80)

𝓁𝑎 = 𝜋(1 + 𝑧∗)
𝑑A(𝑧∗) , (81)

𝑟s
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Table 1
Two-parameter fit (SNIa): TDiff vs 𝑤CDM. Both models show similar agreement with
observations. The 1-𝜎 intervals for each parameter have also been included.

SNIa Best fit 𝜒2
min

TDiff 𝑤2 = −0.813+0.102−0.060, 𝛺
ef f
M = 0.387+0.056−0.078 542.16

𝑤CDM 𝑤 = −1.142+0.145−0.184, 𝛺M = 0.346+0.082−0.083 542.64

where 𝑑A(𝑧) denotes the angular distance

𝑑A(𝑧) = 1
1 + 𝑧 ∫

𝑧

0

d𝑧′
𝐻(𝑧′)

, (82)

and 𝑟s denotes the radius of the sound horizon

𝑟s = 𝑟(𝑧∗) = ∫

∞

𝑧∗
d𝑧′

𝑐s(𝑧′)
𝐻(𝑧′)

, (83)

where 𝑐s(𝑧) is the speed of sound in the photon-baryon fluid. The quan-
tity 𝑧∗ present in the formulas above depicts the decoupling redshift,
whose value is obtained through the fitting expressions in [39]:

𝑧∗ = 1048(1 + 0.00124𝜔−0.738
B )(1 + 𝑔1𝜔

𝑔2
M ), (84)

𝑔1 =
0.0783𝜔−0.238

B

1 + 39.5𝜔0.763
B

, (85)

𝑔2 =
0.560

1 + 21.1𝜔1.81
B

. (86)

It is worth mentioning that 𝜔B and 𝜔M denote the respective reduced
baryonic and matter density parameters, i.e., 𝜔B = 𝛺Bℎ2 and 𝜔M =
𝛺ef f

M ℎ2, where we are using 𝛺ef f
M as all of the previous expressions are

meant to be evaluated at high redshift, where 𝛺ef f
M is a constant in

light of (71) and acts as the usual matter abundance. Similarly, we also
must take the radiation term into account in the Hubble rate, that is
𝛺R(1 + 𝑧)4, when performing this calculations.

Finally, we will also study the accordance between our model and
these distance prior data using the 𝜒2 estimator:

𝜒2
CMB = 𝜟𝑇 ⋅ 𝐂𝐨𝐯−1 ⋅ 𝜟, (87)

where 𝜟 depicts the vector consisting of the differences between the
distance prior data and their theoretical values, which depend on the
parameters of our TDiff model We will lastly consider the full 𝜒2

combined function:

𝜒2 = 𝜒2
SNIa + 𝜒2

CMB. (88)

4.3. Two-parameter fit

We will now analyze our TDiff model to conclude if the actual best
TDiff fit is compatible with type Ia supernovae observations and CMB
data. On the grounds of this, for the type Ia supernova fit we considered
a grid of values of 𝑤2 ∈ (−0.993,−0.50) and 𝛺ef f

M ∈ (0.10,0.50) and
computed 𝜒2

SNIa numerically from (73) for the grid marginalizing 𝑀
(or, equivalently, 𝐻0, as they are degenerated). For the CMB fit we
also marginalized 𝐻0, but in a numerical way after having computed
the full likelihood grid, as we cannot proceed analytically like we
did in (76). We thus considered a parameter grid consisting of values
of 𝑤2 ∈ (−0.80,−0.42), 𝛺ef f

M ∈ (0.23, 0.41) and ℎ ∈ (0.59, 0.77) and
computed 𝜒2

CMB for each case using the distance priors and (87). We
then marginalized the Hubble constant and obtained the two-parameter
CMB likelihood that we will use to compare both data analyses. In the
following analysis we will also include the direct 𝑤CDM analogue of
this two-parameter fit, in which both 𝛺M and 𝑤 are fitted (using values
for 𝑤 in (−1.75,−0.45) and 𝛺M in (0.05, 0.60)), in order to compare both
models. Numerical analysis thus yields the results in Tables 1–3.

These results indicate that both TDiff and 𝑤CDM fit well with the
observational data, with the difference between the joint fits for both
8 
Table 2
Two-parameter fit: TDiff vs 𝑤CDM (CMB). Both models show agreement with observa-
tions. The 1-𝜎 intervals for each parameter have also been included. The - in the 𝜒2

column indicates that 𝜒2 is zero for the best fit, as expected since we are fitting two
parameters using data for two distance priors. The 68% regions are very asymmetric
as a consequence of the non-gaussianity of the probability distributions.

CMB Best fit 𝜒2
min

TDiff 𝑤2 = −0.722+0.191−0.058, 𝛺
ef f
M = 0.263+0.077−0.016 –

𝑤CDM 𝑤 = −1.278+0.378−0.042, 𝛺M = 0.236+0.097−0.002 –

Table 3
Two-parameter fit: TDiff vs 𝑤CDM (SNIa+CMB). Both models are in good agreement
with observations. The 1-𝜎 intervals for each parameter have also been included. There
is a difference of less than 1-𝜎 between both models.

SNIa+CMB Best fit 𝜒2
min

TDiff 𝑤2 = −0.703+0.026−0.026, 𝛺
ef f
M = 0.273+0.010−0.010 557.97

𝑤CDM 𝑤 = −1.092+0.034−0.034, 𝛺M = 0.292+0.010−0.010 556.63

Fig. 5. Two-parameter fit: contour plot for 𝜒2 up to the 3-𝜎 region using Union2 and
CMB data. The 1-𝜎 region for the SNIa and CMB are compatible with each other. Notice
that the 68% contour region differs a bit from the marginalized 1-𝜎 intervals, which
is a consequence of the non-gaussianity of the distributions.

models being lower than 1-𝜎 (although 𝑤CDM presents a slightly better
goodness of the fit). Therefore, we will focus on the TDiff case from
now on and present the contour plot for both parameters up to the
3-𝜎 region in Fig. 5. The results obtained indicate that TDiff models
provide good compatibility when it comes to type Ia supernovae and
CMB observations. It is also worth mentioning that the marginalized
distributions for our parameters in the CMB fit are not gaussian and
exhibit abrupt decays at the extremes, which can be a consequence
of a strong correlation and degeneracy between our parameters (see
Fig. 5). Lastly, it is worth recalling that this is an exploratory analysis
that enables us to check the observational viability of the model and get
some constraints in relation with the cosmological parameters. We are
also using an approximate CMB likelihood, and thus the full likelihood
using other observational sets and all of the observables should be
considered in the future.

The respective 1-𝜎 intervals for each of the parameters were ob-
tained by marginalizing the joint likelihood

2
(𝑤2, 𝛺ef f
M ) =  e−𝜒s ∕2, (89)
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which can be done for each variable by performing the integration with
respect to the other. This yields:

m(𝑤2) = 1 ∫ e−𝜒
2
s ∕2d𝛺ef f

M , m(𝛺ef f
M ) = 2 ∫ e−𝜒

2
s ∕2d𝑤2; (90)

where 1 and 2 are normalization constants (the way of proceeding
for the 𝑤CDM case is fully analogous). The maximization of these
marginalized likelihood distributions m allowed us to obtain the 1-𝜎
regions for both of the parameters, which has been done making use of
the GetDist package for Python.4 It is worth mentioning that we can
estimate the tension between the SNIa and CMB results for 𝑤2 and 𝛺ef f

M
using the following expressions:

𝜏1 =
|

|

|

𝑤SNIa
2 −𝑤CMB

2
|

|

|

√

𝜎2𝑤,SNIa + 𝜎2𝑤,CMB

, 𝜏2 =
|

|

|

𝛺ef f ,SNIa
M −𝛺ef f ,CMB

M
|

|

|

√

𝜎2𝛺 ,SNIa + 𝜎2𝛺 ,CMB

, (91)

where the 𝜎𝑖 denote the respective error of the result. Since our dis-
tributions are not gaussian, we can get an approximation considering
the respective half-length of the respective 68% intervals. This yields
𝜏1 ≃ 0.64𝜎 and 𝜏2 ≃ 1.12𝜎, which are small and indicate that both data
sets can be combined for a joint analysis.

Lastly, in order to compare the performance of both our TDiff
model and 𝑤CDM, it will be useful for us to check the DIC coefficient
(deviance information criteria), which can be obtained for each model
the following way [40]:

DIC = 2𝜒̄2(𝐱) − 𝜒2(𝐱̄), (92)

where 𝐱 denotes the respective parameter set of each model and
𝑥𝑖 = ∫ 𝑥𝑖m(𝑥𝑖)d𝑥𝑖 expresses the mean value of the free parameters.
Similarly, 𝜒̄2 = ∫ 𝜒2(𝐱)(𝐱)d𝐱 indicates the mean value of the 𝜒2

function. Using (92) yields the following results:

DICTDif f = 562.05, DIC𝑤CDM = 561.09, DIC𝛬CDM = 562.81; (93)

where, for completion, we also included the analogous 𝛬CDM SNIa+
CMB fit to the ones we performed for the other two models (this fit
was equivalent to the 𝑤CDM fit but fixing 𝑤 = −1).

Therefore, we can compute

𝛥DIC1 = DICTDif f − DIC𝑤CDM = 0.96, (94)

𝛥DIC2 = DIC𝛬CDM − DICTDif f = 0.76; (95)

which indicate that there is weak evidence in favor of 𝑤CDM with
respect to our TDiff model, since 0 ≤ 𝛥DIC1 < 2 according to the
standards. Similarly, we obtained 0 ≤ 𝛥DIC2 < 2, and thus in light
of this analysis we see that there is weak evidence in favor of the
TDiff model with respect to 𝛬CDM. Consequently, the results obtained
in this section indicate that TDiff models provide goodness of fits to
CMB and SNIa data statistically similar to those of 𝑤CDM and future
work regarding these models is thus further motivated. Particularly,
the development of the perturbation regime and the full observational
analysis including BAO, 𝐻(𝑧) data, the power spectrum, etc. look to be
of special interest.

Notice how, although the model is compatible with an approximate
cosmological constant behavior in the 2-𝜎 region (see Fig. 5), the best
fit area lies in the range of 𝑤2 in the interval (−0.729,−0.677). This
indicates that, in light of observational data, the TDiff model would
favor a non-cosmological constant behavior in the asymptotic future for
the dark energy component, with it being phantom in the matter era
and there being phantom crossing, as we studied from the single-field
dominance regimes.

Fig. 6 summarizes the results of the best fitting SNIa model and its
comparison to 𝑤CDM, displaying favorable agreement with observa-
tions, and also to 𝑤CDM, although there start being minor differences
between both models at higher redshift values.

4 https://getdist.readthedocs.io/
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Fig. 6. Best fit (SNIa): comparison to 𝑤CDM and observations. Both models exhibit
great accordance with observational data from type Ia supernovae and do not differ
much from each other. Minor differences start appearing between the models at higher
redshift values.

Fig. 7. 𝑤ef f (𝑧) for the two-parameter best fit. DE behaves as a phantom component
under DM domination and its dynamical decay transitions to depict its quintessence 𝑤2
behavior in the future. There is phantom crossing taking place near the current time.

Lastly, we include the evolution of the effective equation of state
parameter for the DE and DM components for the best fitting TDiff
model in Fig. 7. We see that today DE evolves with an effective equation
of state 𝑤ef f ,2(𝑡0) ≃ −0.75. As a result, TDiff models favor the presence
of a dynamical DE, starting from phantom at early times and slowly
transitioning to usual quintessence DE, with an asymptotic quintessence
decay dictated by 𝑤2). Similarly, DM will exhibit a faster decay than
that expected from 𝑤1 = 0 at recent times as a consequence of the
symmetry breaking, without the usual 𝑎−3 decay being altered during
the matter era.

The results obtained throughout this section indicate that this TD-
iff model should be further explored in the future. Particularly, the
Hubble tension problem should be taken into consideration, as other
models involving phantom DE have been proven to be favored by
observations [9].

It is worth remarking that this time-evolving DE behavior involv-
ing phantom-quintessence transitions was obtained without enforcing
any type of interaction potential in the Lagrangian, and without the
addition of non-canonical or ghost terms in the matter action.

5. Conclusions and future work

In this work, we have considered shift-symmetric theories with two
kinetically-driven scalar fields breaking the Diff symmetry down to
TDiff and studied their cosmological consequences. We have analyzed

https://getdist.readthedocs.io/
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the geometrical condition imposed by the conservation of the total
MT, which still holds as a consequence of the Bianchi identities. When
orking in a flat FLRW background, this conservation allows us to
btain a geometrical constraint that leads to a particular shape for the
apse function, which cannot be freely chosen now due to the symmetry
reaking.

This geometrical constraint enforces an exchange of energy between
both fields, as their individual EMTs are not conserved. In light of this
fact, we have proposed a dark sector model involving two TDiff scalar
fields coupled to gravity through power-law functions of the metric
determinant, with one field describing a DM fluid and the other DE.
We have regarded the different field domination regimes and showed
that, although the equation of state parameters of both fluids are
constant, both components will exhibit a different dynamical decay as
that corresponding to Diff models with the same constant parameters.
Particularly, when imposing that DM decays as 𝑎−3 at early times, we
show that the DE component will present phantom behavior during the
matter era for it to slowly transition into quintessential behavior in the
future, even if its equation of state parameter takes a constant value
larger than minus one. It should be emphasized that this interaction
of the dark sector is obtained without including interacting potentials.
Moreover, non-canonical kinetic terms have not been considered to
obtain phantom behavior. In this framework one naturally obtains an
interacting dark sector with a dark energy component that crosses the
phantom regime. In addition, the shift symmetry of the fields allows
us to describe a dynamical interacting dark sector avoiding fine-tuning
problems depending on the specific choice for the potential.

We have also studied the evolution of the energy exchange between
the fluids and shown how in these models it is always DE which
gains energy from DM. On the other hand, we have also considered a
particular analytical model to understand the physics involved in this
TDiff dark sector framework. For that model, we have analyzed the
form of the interaction kernel, and investigated the decay of the fluids,
parameterized through 𝑤ef f ,𝑖(𝑧).

Beyond the simplest dark sector model, we have studied this in-
eracting dark matter-dark energy framework in deeper detail using
umerical techniques. We have considered its parameters: 𝑤2 (the
quation of state parameter for the DE field, linked to the exponent
f the coupling function) and 𝛺ef f

M (an effective density parameter at
igh redshift values, which plays a similar role to the 𝛺M parameter
n 𝛬CDM). Moreover, we have used the Union2 data for Ia supernovae
nd fitted our two parameters to these observations to get a first glance
egarding the viability of these theories. Our results show compatibility
ith those data and a goodness of the fit similar to that of 𝑤CDM.
e also studied the statistical performance and checked that, based on

ur analyses, there is weak evidence that favors 𝑤CDM with respect to
ur TDiff model, and there is also weak evidence that favors our TDiff
odel with respect to 𝛬CDM. It is worth mentioning that these results
ave been obtained considering two parameters (𝑤2 and 𝛺ef f

M ), but
urther and more complete results should be obtained in future work
hen extending to the full observational analysis using more data sets
nd more parameters (namely the Hubble constant and the baryonic
bundance, as well as the absolute magnitude). That is, after having
ntroduced this shift-symmetric multi-field TDiff model for the first time
n this work and studied it from a more theoretical point of view, these
irst positive results definitely indicate that the model deserves further
nalyses.

Finally, it is worthy to emphasize that the present work has started
 new line of research based on studying multi-field TDiff theories, as
e established the theoretical basis for these models and analyzed the

nteractions arising from the Diff symmetry breaking from a theoretical
oint of view. We also performed a preliminary observational analysis

at the background level that motivates further study of these theo-
ries. Consequently, future projects include to investigate the stability
under cosmological perturbations of these theories, in order to study

structure formation from the TDiff perturbation formalism perspective;
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the covariantized approach, studied in detail in Ref. [24], could be of
special relevance for this purpose. Moreover, one could also analyze the
models resulting from considering more general coupling functions or
non-homogeneous fields, as well as going beyond the shift-symmetric
case and/or breaking the Diff symmetry also in the Einstein–Hilbert
action. From an observational point of view, future work will also be
done regarding a deeper likelihood analysis using additional data sets,
uch as (Pantheon+ SH0Es [35,36], the full CMB likelihood, BAO and
𝐻(𝑧) [41–44]) and an extended parameter space, together with the
ossible impact on the Hubble tension problem.
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