Journal of Physics: Condensed Matter

ACCEPTED MANUSCRIPT

Aperiodic crystals in biology

To cite this article before publication: Enrique Macia 2021 J. Phys.: Condens. Matter in press https://doi.org/10.1088/1361-648X/ac443d

Manuscript version: Accepted Manuscript

Accepted Manuscript is “the version of the article accepted for publication including all changes made as a result of the peer review process,
and which may also include the addition to the article by IOP Publishing of a header, an article ID, a cover sheet and/or an ‘Accepted
Manuscript’ watermark, but excluding any other editing, typesetting or other changes made by IOP Publishing and/or its licensors”

This Accepted Manuscript is © 2021 IOP Publishing Ltd.

During the embargo period (the 12 month period from the publication of the Version of Record of this article), the Accepted Manuscript is fully
protected by copyright and cannot be reused or reposted elsewhere.

As the Version of Record of this article is going to be / has been published on a subscription basis, this Accepted Manuscript is available for reuse
under a CC BY-NC-ND 3.0 licence after the 12 month embargo period.

After the embargo period, everyone is permitted to use copy and redistribute this article for non-commercial purposes only, provided that they
adhere to all the terms of the licence https://creativecommons.org/licences/by-nc-nd/3.0

Although reasonable endeavours have been taken to obtain all necessary permissions from third parties to include their copyrighted content
within this article, their full citation and copyright line may not be present in this Accepted Manuscript version. Before using any content from this
article, please refer to the Version of Record on IOPscience once published for full citation and copyright details, as permissions will likely be
required. All third party content is fully copyright protected, unless specifically stated otherwise in the figure caption in the Version of Record.

View the article online for updates and enhancements.

This content was downloaded from IP address 81.0.7.252 on 18/12/2021 at 05:51


https://doi.org/10.1088/1361-648X/ac443d
https://creativecommons.org/licences/by-nc-nd/3.0
https://doi.org/10.1088/1361-648X/ac443d

Page 1 of 56 AUTHOR SUBMITTED MANUSCRIPT - JPCM-118698.R2

JPCM-2021

Aperiodic crystals in biology

Enrique Macia

oNOYTULT D WN =

Dpto. Fisica de Materiales, Facultad CC. Fisicas,
10 Unwversidad Complutense de Madrid, FE-28040, Spain

(Date textdate; Received textdate; Revised textdate; Accepted textdate; Published textdate)

14 Abstract

Biological systems display a broad palette of hierarchically ordered designs spanning over many
orders of magnitude in size. Remarkably enough, periodic order, which profusely shows up in non-
19 living ordered compounds, plays a quite subsidiary role in most biological structures, which can
21 be appropriately described in terms of the more general aperiodie,crystal notion instead. In this
23 Topical Review I shall illustrate this issue by considering several representative examples, including
botanical phyllotaxis, the geometry of cell patterns in tissuesy the morphology of sea urchins, or
the symmetry principles underlying virus architecturés. \In doing so, we will realize that albeit
28 the currently adopted quasicrystal notion is not géneral enough to properly account for the rich
30 structural features one usually finds in biolegical arrangements of matter, several mathematical
32 tools and fundamental notions belonging to the aperiodic crystals science toolkit can provide a

useful modeling framework to this ends
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I. HIERARCHICALLY ORDERED DESIGNS

Biological structures span over abeut eleven orders of magnitude in size, ranging from
the molecular nanometer—scale,\up to the decameter scale displayed by whales in the animal
kingdom, and the hectometeraange recorded for taller trees in the plant kingdom [1]. If one
closely inspects theSe/biologicalsystems at different magnifications, she/he readily realizes
that they exhibit hierarchies of structure upon structure all the way through the molecular
to the macroscopic domains. Indeed, structural hierarchization appears as a fundamental
design principle in biology [2, 3]. Well-known, simple examples of hierarchical structures are
provided by fractals, which can be obtained by iteration of a simple rule, whereby at each
scale the structure is built from subunits that are replicas of the pattern belonging to the

earlier-stages [4, 5]. A suitable example of a fractal structure, exhibiting a characteristic

scale-invariance symmetry with a scale factor A = 1 4+ 2v/3/3 is shown in Fig.1A. Various
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FIG. 1: (A) Five orders of a sequence of nested inseribed circles. Each structural stage contains
three units of the preceding one. (B) Nested stages in & turnip~yellow mosaic (TYM) virus crystal
structure [6] (Creative Commons Attribution 4.0,International License). This organic supramolec-
ular crystal is composed of polyhedral virus particles; whose shell is made of protein subunits
grouped in ordered capsomers (adaptedifrom [73:8]). In turn, these proteins are made of amino
acid building blocks. Inside the,capsid we have a nucleic acid macromolecule (DNA or RNA)
which is composed of nucleotidess(notishown for the sake of simplicity). The frames are succes-

sively plotted along an expandingspiral curve in order to highlight the important role played by a
N

hierarchical succession of s¢ale transformations in the virus crystal overall design.

biological structuresdhave been shown to display fractal-like properties, such as an approxi-
mate scale invariance over a restricted spatial scale, and a spatial distribution which can be
reasonably measured in terms of suitable fractal dimensions [9]. Nevertheless, ideal math-
ematical fractals‘arechomogeneous structures exhibiting exact scale-invariance symmetry,
whereas imractual biological patterns we observe the emergence of novel structural designs
at a given scale which are not present in the scales below and/or above. This important
feature is illustrated in Fig.1B, where we see that TYM virus crystals (space group P6522,

withhunit gell parameters a = b = 54 nm, ¢ = 32 nm [10]), exhibiting a hexagonal bipyramid
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FIG. 2: The nacre (mother of pearl) construction désign in gastropod (top) and bivalve molluscs
- 4
(bottom) is based on a hierarchical architecture ranging from a monomer of the polysaccharide

chitin to the whole mollusc shell [3]. (Reprintedswith permission from Royal Society Publishing).

growth habit at a macroscopic mm-seale; result from the ordered stacking of virion capsids
showing icosahedral symmetry at the ~80 nm scale. In turn, these virus particles can be
properly regarded as hierarchical macromolecular aggregates themselves. The first two levels
are constituted by proteins typically eontaining 100-200 amino acids, which play the role of
basic building blocks. Protéinssean appear either single or, more generally, grouped in sets
including two, three, four or/even more proteins each, to give rise to the so-called protein
subunits, generally adopting polygonal shapes. The protein subunits then associate among
them to form the ghird leveliin the bottom-up structural hierarchy, namely, the capsomers.
Within the capsomers, protein subunits can associate in groups of three (trimers), five
(pentamers){ or six (hexamers) subunits each. Finally, in the fourth hierarchical level, the
capsomers.organize themselves throughout the space according to pentagonal and hexagonal
local patterns, tesulting in a virus capsid displaying an icosahedral symmetry as a whole.
Anotherinstance is illustrated in Fig.2, where we see how nacre is built up in a hierarchical

fashion from the atomic to the macroscopic scales. In the first stage, chitin monomers
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are polymerized, and the resulting polymer chains then crystallize into rod-shaped small
crystallites, which ensamble into layers about 100 nm in size. These layers are finally coated
in proteins to become membranes which comprise the mortar of the bricks shell’s walls
[11]. A similar fractal-like hierarchical organization can be observed in bonesgiextending
over twelve levels at least. At a macroscopic level, a bone is composed of twodesseous tissue
types, namely, cortical (composed of osteon cells) and trabecular bone. Both kinds of tissues
are typically made up of lamellae, which are mostly composed of mineralized cellagen fibril
bundles a few to several micrometres in diameter. The mineralizedscollagen fibrils, made
up of collagen protein fibrils with diameters of the order of approximately 100 nm, and
mineral apatite crystal platelets (with hexagonal unit cells, of dimensions a = b = 9.4 A,
and ¢ = 6.8 A), are bone’s basic building blocks, which assémble hierarchically to provide
stiffness (for support and leverage) and toughness (for protectiompand impact resistance),
two properties that are usually considered to be mutuallynexclusive, but that coexist in bone
tissues precisely due to their nested organization [12, 13]. “Certainly, the essential role of
multi-scale visualization from the very small to the very b’ig can be hardly overemphasized
in the exploration of biological phenomena [14]:

Remarkably enough, in many biological structures it is not really necessary to explore a
very broad scale range to fully appreciate their hierarchical design. For instance, collagen
[15] and keratin [16] fibers provide a‘typicaliexample within the macromolecular scale. By
attending to their secondary structure [17] keratin proteins can be classified into a-keratins,
which are helical in structure (Figi3A), and S-keratins which consist of parallel sheets of
polypeptide chains (Fig.3B). Based on X-ray diffraction patterns (Fig.3 inset), both show a
characteristic filament-maftrix sEucture, where 7 nm (3 nm) diameter intermediate filaments
for a (8)-keratin, respectively, are'embedded in an amorphous keratin matrix. The a-keratin
proteins are organized asncoiled coils, consisting of two helically wound chains of polypep-
tides, each one adopting the a-helix conformation structure, causing the duplex chain to
twist and exhibit-a helical shape about 2nm in diameter. These dimers then assemble to
form the protofilamént, ‘and four protofilaments organize into the so-called intermediate
filament(Fig.3C)yshowing an intermediate size (7-10 nm in diameter) between microfila-
ments (7.nm) and microtubules (24 nm) [18]. For S-keratin, the pleated-sheet arrangement
(Fig.3D) censists of laterally packed [-strands which can be parallel or antiparallel (more
stable), and the resulting chains are held together by intermolecular hydrogen bonds.
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FIG. 3: (A) Ball-and-stick model of the a-keratin pélypeptide chain, and a-helix sketch showing
the location of the hydrogen bonds (red ellipse) and/the 0.51~ nm pitch of the helix. Naturally
occurring a-helices found in proteins are all right-handed. (B) Ball-and-stick model of the S-
keratin polypeptide chain (on the left), and illustration of the pleated S-sheet (on the right). (C)
Schematic drawing of the intermediate filamentformation (see main text). (D) Schematic drawing
of the formation of S-keratin filament: one polypeptide chain folds to form four S-strands which
twist to form the distorted [-sheet: Two sheets assemble to form a S-keratin filament. Inset: (a)
typical a-keratin bundles X-ray pattern exhibitig an equatorial reflection of spacing of 0.98 nm
and a meridional reflection/of spacing 0.515 nm; (b) typical 5-keratin bundles X-ray pattern with
two equatorial reflections of 0.97 nim and 0.47 nm, and a meridional reflection of spacing 0.33 nm
[18]. (Reprinted from=Progresssin Materials Science, 76, B Wang, W Yang, J McKittrick, M A
Meyers, Keratin:sStructure, mechanical properties, occurrence in biological organisms, and efforts

at bioinspiration, 229-318; Copyright (2016), with permission from Elsevier).

A typieal collagéen molecule design is illustrated in (Fig.4A), and it consists of three
polypeptide chains intertwined in a triple-helix known as tropocollagen, which is then used
to make up larger collagen aggregates, referred to as fibrils. A single tropocollagen molecule

is approximately 300 nm long and 1.5 nm in diameter, and it is organized in a left-handed
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FIG. 4: (A) Sketch of the four level structure of a collagen fiber. Three polypeptides coil to
form tropocollagen. Many tropocollagens then bind_tegether to form a fibril, and many of these
then form a fibre. In the extra cellular space the mole¢ule is grranged in staggered bundles with
a gap of 67 nm by inter molecular bonds tropocollagen, units, which gives to the collagen fibril,
a repetitive sequence resulting in a characteristic Dy- banding [19]. (Reprinted from Advanced
Functional Matererials, Advanced Co6llageniBased\ Biomaterials for Regenerative Biomedicine, K
Lin, D Zhang, M H Macedo, W Cui, B Sarmento, G Shen, 2019, 29, 1804943 (C) 2018, with
permission from John Wiley sons). W(B) A representative X-ray diffraction pattern from canine
mitral valve collagen. The X-ray beam passed through the sample perpendicular to the plane
of the tissue. The pattern ds dorhnated by a series of meridional Bragg reflections, arising from
constructive diffraction ,of Xsrays by the regularly repeating 67 nm axial structure of collagen
fibrils within the sample [20]. (Reprinted from Biophys. J., 93, M Hadian, B M Corcoran, R I
Han, J Gunter Grossmannj J P Bradshaw, Collagen organization in canine myxomatous mitral

valve disease: AmiX-Ray diffraction study, 2472-2476, (C) (2007), with permission from Elsevier).

secondarysstructureanade up of three polypeptide strands, each of which has the conforma-
tion of a a-helix with three amino acids per turn. These three left-handed helices are twisted
together intora right-handed triple helix. In most collagen molecules, each triple-helix in

turm,associates into a right-handed super-super-coil referred to as the collagen microfibril.
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FIG. 5: Hierarchical organization of chromatin atvarieus levels based on nucleosome building
- 4
blocks [21]. (By courtesy Andrew Scott, Okinawa ‘Scignce and Technology Institute (OIST), Cre-

ative Commons Attribution 2.0 Generic License).

A representative small-angle X-ray diffraction pattern of collagen is shown in Fig.4B. Be-
cause collagen fibrils can occur in all possible orientations within this plane, the diffraction
pattern exhibits a series of concentric circles, containing information in the meridional plane
(describing structure along the axis ofithe fiber), and in the equatorial plane (describing
lateral structure). The ring'éentered/on the middle of the diffraction pattern encompasses
the third, fourth, and fifth orders of meridional diffraction.

As a final illustrative example of hierarchical design, now connecting macromolecular
and supramolecular domains; let us consider the case of chromatin, which is the name given
to the chromosomal material when extracted from the cell’s nucleus. It consists mainly
of DNA molecules, tightly associated with a number of proteins called histones (Fig.5).
The four_histones labelled H2A, H2B, H3 and H4 (shown in the inset on the right) are
responsible for the first level of structural organization in chromatin, in which short stretches
of DNA (147 base pairs long) are wrapped locally around octameric cores of histone proteins,

creating compact disk-shaped bodies of 10 nm in diameter referred to as nucleosomes. These
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nucleosomes are separated from each other by about 10-50 base pairs chains of unwrapped
DNA. A string of nucleosomes made of eight histone proteins is thus created which gives
rise to a filament upon packing. To this end, the histone labelled H1 is concerned swith the
folding of the nucleosome filament into the next higher level of organization, leading to.a
super-helical double helix , wherein the initial zigzag of nucleosomes looselydeonnected by
relatively short DNA linkers, progressively close up to form helices with in¢reasing numbers
of nucleosomes per turn [22]. The placement of nucleosomes along the super-coiled DNA
profoundly influences essential DNA interactions, such as gene regulationy, transcription,

replication, recombination, retroviral integration sites, or DNA repair [23].

~

II. TILING AND LATTICE MODELS BASED ON‘BIOLOGICAL PATTERNS
AND SHAPES

The biological patterns shown in Fig.6 range in spatial scale from the cm-size to the nm-
size, thus sampling a characteristic hierarchical stage im,the considered biological system,
namely, a sunflower displaying an arrangement of Seeds (IQnacroscopic scale, Fig.6A), retic-
ulated vegetal and animal tissues (microscopic scalepFigs.6B-C, respectively), and a virus
capsid protein shell (nanoscopic scale, Fig.6D)."As we see, the main structural elements
present in each representative sample (1. €pseeds, cells and capsomers) exhibit well defined
shapes, and they are arranged in well ordered patterns that can be readily described in terms
of polygonal tilings or polyhedral packings. Accordingly, the spatial order underlying these
structures can be described by means of either tilings or lattice-like geometrical models,
which are different, yet closely}elated mathematical notions. To start with let us consider
the sunflower picture showing a fight packing of polygonally-shaped seeds in Fig.6A. At-
tending to this geometrical arrangement we may describe the seeds pattern as that resulting
from a tesselation of a plane disk by more or less regular tiles. A more covenient alternative
description considers a number of spiral curves with origin at the disk centre and growing
outwards in/clockward and counterclockward opposite senses, so that the seeds are located
at the interesecting points of the resulting crisscrossings, thereby defining a spiral lattice
grid. This mathematical description is more adequate because the expanding design of the
spiral curve eaptures the structural consequences of the passage of time in the biological

strugture in a completely natural way [27]. In fact, our current understanding of botanical



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCM-118698.R2 Page 10 of 56

FIG. 6: (A) A sunflower showing spirals of polygonally, shaped seeds growing in opposite sense
[24]. (B) Calypogeia fissa vegetal tissue showing a tiling made’of cells exhibiting polygonal shapes
[25]. (C) Honeycomb cell’s arrangement in the emmatidia of antarctic krill’s eye [26]. (D) Capsid
protein structure of flock house virus. Its shapeiis deseribed by a rhombic triacontahedron, com-
prised of 30 golden rhombi forming a dihedral angle of 27 /5, which are joined at 60 edges and 32
vertices, of which 12 are 5-fold@and 20 are 3-fold ones. (The figure was obtained from VIPERdb

(http://viperdb.scripps.edu). [8])s

processes reveals that therchitecture of an actual plant is the expression of the ordering
displayed as it grows, according to a precise hierarchical unfolding process involving space

and time in an intertwined fashion during plant development.

A. Phyllotaxis: A botanically inspired geometry

Phyllotaxisi(fromythe Greek phyllon — leaf, and tdzis — arrangement) describes the helical
arrangements of leaves and bracts around the stem of plants, as well as the whorling of sepals,
petals, andiseeds in flowers. The widespread appearance of ordering patterns based on the

Fiboenacci series F,, = {1,1,2,3,5,8,13,21, ...} is well established in many botanical patterns

10
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[28]. The terms in this sequence are obtained from the recursive equation F, 1 = F,, + F,,_1,
starting with F; = 1 and F5, = 1, so that each number in the sequence is just the sum
of the preceding two. For instance, lilies have 3 petals, buttercups 5, some delphiniums
8, marigolds 13, asters 21, and daisies 34, 55, or even 89 [1]. A similar behayior,can be
observed in the arrangement of leaves along a tree twig: in elms and basswoods leaves occur
alternately on two opposite sides, which is known as a 1/2 phyllotactic ratio. The apple,
cherry, oak and apricot have leaves every 2/5 of a turn, the rose, poplar,and pearthave them
every 3/8 of a turn, and the willow and almond exhibit a 5/13 phyllotaetic ratio. As we see,
all the observed fractions are ratios of either consecutive or alternate terms'in the Fibonacci
sequence. In a similar vein, the number of intersecting spiral§ (calledsparastichies) which
can be seen in Fig.6A are generally given by two successive térms of the Fibonacci sequence,
say 13 winding clockwise and 21 counterclockwise, a relationship that is referred to as the
(13,21) parastichy index. The parastichy index (894144) has been reported in specially
large sunflower speciments. In addition to the planar patterms just discussed, phyllotactic
patterns involving conical helices revolving in opposite sens’es in three-dimensional space can
be observed in the scales distributions in pineapples and pinecones [29], a description that
can be generalized to arbitrary surfaces of révolution.” Projecting the cylindrical Fibonacci
lattice to the sphere generates its spherical versionypwhich has been used to design golf balls
[30], or to optimize measurements in geoscienees, [31]. In botany spherical Fibonacci lattices
are seen in the spatial distribution of spinesbearing nodes of Mammillaria cacti [32].

Though Fibonacci based patterns are overwhelming (say, above 90%), there are also
phyllotactic patterns in which \the number of parastichies on the right and on the left is
equal to the neighboring terms\of generalized recurrent sequences, such as Lucas numbers
L, = {1,3,4,7,11,18,29,.:.} [33], or even patterns that do not follow any Fibonacci-like
recurrence at all, but imsted increase almost simultaneously, yielding parastichy numbers
of the form (n,n) or (n;m+ 1) [34]. Perturbed patterns due to gene mutations have been
considered as well [35]. "Thus we must face the fact that phyllotaxis is really not a universal
law but only a fascinatingly prevalent tendency” [36], a tendency naturally expressing the
preference of natural processes to add the last two terms together in order to obtain the
next oneyinstead of adding the last three, or four, or more [27].

The phyllotactic ratios previously reported obey a close mathematical relationship with

11
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the golden mean, as prescribed by the asymptotic limit,

. F, 1+/5
lim =T7= ,

(1)

so that the ratio of two successive larger and larger Fibonacci numbers comes closer and
closer to the so-called golden mean irrational number, 7. If one considers the ratio between

next-neighbors in the Fibonacci series one gets

F, . B+ F- .
o hm;zl—l— lim
n—oo

lim

n—oo

=1+7=7% (2)

n—1

By proceeding in a similar way one can readily see that higher powers of the golden mean
are related to asymptotic limits involving ratios of Fibonacci numbers further and further
apart along the series. The 7 ratio and its related powers aresalso.ffequently observed in
anatomic branching structures, such as human coronary‘arteries [37].

The representation of leaves distribution as a point-lattice on a cylinder, representing the
unrolled plant stem, was introduced in 1837 by Louis Francois and Auguste Bravais brothers
[38], who later on played a fundamental role in/the foundations of classical crystallography
as well [39]. They early described phyllotactic patterns in terms of a wound spiral, called the
generative spiral. At the center of the plant tipiis a small circular region of tissue called the
apex, and around this apex form small lumps\called primordia, which progessively develop
into seeds, petals, leaves, or florets, respectively, as the apex grows away. Therefore, in the
reference frame of the tip olderprimordia are advected away due to the growth while new
ones continue to be formed clgse to the tip [40]. Accordingly, the spiral parastichies we see
in Fig.6A are just by—products\of the sequence of events that take place during the plant’s
growing process. In his way, the passage of time is engraved in the structure, and the basic
model parameters required tordeéscribe the resulting phyllotactic pattern are the so-called
plastochrone ratiogdefined as'the ratio of the distances from the centers of two successive
primordia to thesspiral’s origin, and the divergence angle introduced by the Bravais as the
angle between the new primordium that began to appear at the tip and the primordium
that had mostecently appeared near the tip [38]. If the divergence angle were a rational
multiplé of 27 ghen the seeds would align radially, leaving large empty spaces in between
(Fig«7#A). Quite on the contrary, in most mature plants this angle is related to the golden
mean 7, through the relationship ¢4 = 27 /72 ~ 137.51° [28, 41]. The golden mean can be

12
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FIG. 7: Phyllotactic patters for different divergence angles: (A) ¢y =37/10, (B) ¢4 = 7 (1000
seeds), (C) ¢q = m (500 seeds). Note that for a large enough number ofseeds the pattern cor-
responding to (A) displays radial arms exhibiting a m = 20ferder rotation axis [43]. (M Naylor,
Golden, v/2, and 7 flowers: A spiral story, 2002 Mathendatical Magazine 75, 163-172. Reprinted

by permission of Taylor & Francis Ltd.).

expressed as the continued fraction [42, 43|

1

L

1+ .

T=1+F , (3)

as can be easily verified by, setting the gentinued fraction equal to some variable, say =z,
and then recognizing that z is repeated in the denominator of the fractional part in Eq.(3),
that is, z = 1 + 1/x. This leads to theralgebraic equation 2> — z — 1 = 0, whose positive
solution is 7. Note that the no\n—terminating nature of the continued fraction structure is
essential to obtain this result, hence providing a nice example of the infinity notion power
in mathematical thinking [44]. By inspecting Eq.(3) we realize that 7 is the irrational
number most badly appreximated in terms of rational numbers. In the case of the sunflower
inflorescence this preperty guarantees that the seeds pack together pretty well distributed,
so that there is neithér erowding at the center nor sparseness at the edges, thereby resulting
in very little wasted space (see Fig.7B). Indeed, the distance between neighboring seeds
appears to stay nearly constant, hence optimizing the use of the available space. In a similar
veinr, a golden mean related divergence angle value is very convenient in the arrangement

of leaves along the stem, since this ensures that each leaf receives maximum exposure to

13
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light, rain, and insects for pollination, while simultaneously minimizing the probability of
obscuring the leaves below at any given stage of growth.

Spiral lattices observed in many botanical structures are based on the application of a
simple mathematical algorithm. We start from a generating spiral curve in polar ¢oordinates;
such as the archimedean, r = ap, Fermat (also known as parabolic), r =day/p, golden,

17 or logarithmic, r = ae?, curves, where a € R*. The related spiral lattice’is then

r=ap
obtained by restricting the possible values of r and ¢ according to a quantizatiom.condition
of the form [45, 46]

14

r, = an’, On = ¢gn, n=0,1,2..., (4)

where v € R, and ¢ is also a real number measuring the divergenced@ngle between adjacent
radius vectors r,, and r,41. For instance, the so-called Vogel’s'spirals [47], which describe the
arrangement of florets in the sunflower head shown in Figi6A, are obtained when v = 1/2 in
Eq.(4). This square-root dependence is readily understood by moting that if the florets are
assumed to be all the same size and they are densely packed as well, then the total number
that can be fitted inside a circle of radius 7, i§ proportignal to its area, hence r, ~ /n.
In more realistic descriptions the sizes of the florets increase radially outwards and the
generative spiral is the equiangular logaritmie, curve [27, 48], whereas the distribution of
scales in a pinecone’s base essentially obeys an archimedean generative spiral [49].

Spiral lattices provide an interesting, instanee of ordered systems lacking both transla-
tional and orientational symmetzies. Instead;they exhibit scale invariance symmetry, a prop-
erty they share with fractals [50], which is characterized by self-similar inflation or deflation
operations. Let Sy denote the s\cale transformation operation defined as Sy f(r) = f(Ar), so
that a scaling transformationvith scaling factor A € Rt transforms by A-multiplication all
the components of vector r € R™{ Then, the function f (r) is said to be scale invariant when
Syf(r) = puf(r), VA&eR* where € Rt. For instance, monomial functions in R, f(z) = 2",
satisfy the scalesinvariance property S\ f(x) = f(Ax) = (Ax)* = A" f(z), where p = \", a
relationship characteristic of the so-called homogeneous functions of degree n. By applying
this scale transformagion to the generating spiral given by Eq.(4), conveniently expressed as
() = ba(rn/a)"”, we have Sxp(r,) = ¢a(Arn/a)'V = XV ¢y(r,/a)" = AV p(r,,). Thus,
the original spiral curve is simply scaled by the factor ;1 = A'/¥, thereby exhibiting a global
scale invariant symmetry.

Taking'into account this symmetry the generation of a general phyllotactic pattern can
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be modeled in terms of an affine transformation W : R* — R3 acting on r = (z,y, 2)” € R3
in the form W(r) = (uR)r + t, where p is a scale factor, t = (t1,1s,¢3)7 is a translation

vector, and R = Rx~»Ry Ry is the blend of the rotation operators [51]

1 0 0 cg 0 sg ¢y 840
Rx(a) =10 ¢co sa |» Bv(B)=| 0 10 |, Rz(v) = |43, ¢;0.| .4 (5
0 =54 Ca —s3 0 cp 00, 1

with ¢, = cosq and s, = sin g, describing counterclock rotations by_an, angle ¢ around the
X, Y, and Z Cartesian axes, respectively [52].
At this point, it is convenient to introduce the Seitz symbol defined in terms of the

following block matrix [53]

Dt
W = ) (6)
01

where 0 = (0,0,0), and D is a 3 x 3 matrix operator deseribing symmetries belonging
to the point group symmetry (i. e., rotations, sSealing, anirror planes, or inversion center
operations). The Seitz symbol can be regarded as a 4 >: 4 matrix operator acting upon
the auxiliar 4D vector s = (z,y, z,1)7. Thus, a general coordinate transformation can be

written in the form s’ = W3, which explicitly reads [54]

' Dy D1z D3 ty x
Y Q Doy Day Doy to y (7)
2 D31 D3y D33 t3 z
1 0O 0 0 1 1

Accordingly, pure rotations, pure uniform scaling, and pure translation operations are
respectively given by the expressions
R 0 ul 0 It
Wgs = s, W,s= s, Wgs= S, (8)
01 01 01
where I is_the:3 x 3 ddentity matrix, and the general phyllotactic pattern introduced above

can be expressed as
R t
ws=| " S. 9)
0 1
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AMBULACRA

FIG. 8: (A) Aboral surface view of a sea urchine displaying five petaloid ambulacra with the apical
disc located in the center of the image. The five optical plates are,numbered clockwise, and they
define the star vector formed by vectors pointing tofthese landmarks, with common origin at the
center [61] (Reprinted by permission from Springer Nature, Bu.ll. Math. Bio., Lépez-Sauceda, J L
Aragén, Eutacticity in sea urchin evolution, Bulk, Math."Bio. 70 625-634, (Copyright) 2008). (B)
Nonlinear wave pattern with 5-fold symmetry obtainedvin the Faraday wave experiments described
in the text [55, 77] (Republished with permission6f IOP Publishing, Ltd., from The role of aperiodic
order in science and technologyihE. Macié, Reps, Prog. Phys. 69, 397, 2006; permission conveyed
through Copyright Clearence Center, Inc.). Eutactic stars located in the plane tangent to the

aboral surface at the center of the apical disc have been drawn in both pictures.
B. Sea urchins and eutactic stars

Sea urchins areftypicallynspiny, cm-sized globular animals, belonging to the class Echi-
noidea in the echinoderms phylum. Most regular sea urchins exhibit roughly spherical bod-
ies, displaying a characteristic five-fold symmetry, with five equally sized petal-like features
(referred to asfambulacra, see Fig.8A) radiating out from their central axes in the apical
disc (eneircled in Fig.8A), which is positioned in the aboral surface and is conformed by five
genitalrandyfive ocular plates, hence rendering a conspicuous sign of pentameric body plan.

This geometrical regularity can be properly measured in terms of the notion of eutaxy
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(from Greek eu — good, and taxis — arrangement), which was earlier introduced in the study
of the so-called polytopes: geometrical structures that generalize the notions of regular
polygons (in 2D), and polyhedra (in 3D), to arbitrary high dimensional spacesi{56]. In
particular, it was proved that the vectors pointing from the center of any regular polytope
to its vertices form a set endowed with very special algebraic properties. dn particular,
the property of eutacticity is described in terms of the so-called eutactictstars, which are
defined as a set of N vectors sharing a common origin, % = {uy,...,uy}, where each
u; € % belongs to a n-dimensional space with n < N. A star of ANiwectors is said to be
eutactic if it can be viewed as a projection of N orthogonal vectors belonging to the higher
dimensional space RY. That is, let P be a projection operator from R¥onto R”, then a star
* = {uy,...uy} in R" is eutactic if there exist a series of orthogonal yectors {Uy,..., Uy}
in RY such that u; = PU,, for i = 1,..., N. Therefore, the stam.associated to a regular
polytope is eutactic (though the inverse is not necessarily true)/[57]. The definition of an
eutactic star can be expressed in a more convenientsform by introducing an auxiliary n x N
matrix A, whose i-column is formed by the components o£ u; with respect to the standard
basis of R”. Then, the star % = {u;,...uy} i eutactic if and only if AAT = I, where
A € R, (if A = 1 the star is called normalized eutactic) and I is the n x n identity matrix [58].
In the case of planar vector stars, as those shown in Fig.8, the idea is that the five vectors
in R? can be associated with two vectors inIR?, so that these 5D vectors are orthogonal and
have the same norm. In turms, the eutacticity criterion given above can be more suitably
expressed by introducing, in the wector space of all n x n matrices with real entries, the

inner product (M;, M,) = Tr(M?M,), thereby the angle between both matrices is given by

(M17M2>
(M [[[[Mz]]?

IM|| = /(M,M) = /Tr(M?M). To this end, we define S = AA”, so that the eutacticity

A
cos ¢ = where |- - - || stands for the norm induced by the inner product, namely

criterion can be rewrittem,in the form [59]

(s,I)  Tx(S)
ISIIT— \/nTe(S?)’

cos ¢ = (10)

and the parameter € = | cos ¢| can be regarded as a measure of the eutacticity, where ¢ = 1
for an etitactic star, and the closer this parameter is to 1, the more eutactic the star is, with
a lower, bond fixed at € = 1/y/n. Therefore, £ allows one to measure the eutacticity degree
of @ vector{star that is not strictly eutactic. This feature is particularly useful in the study

of actual-biological samples which can be only approximately described in terms of perfectly
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regular geometrical shapes. In particular, the morphological structure of a broad collection
of both extant and extinct sea urchins was explored by using Eq.(10) in order to measure
their eutacticity degree [60, 61].

Quite interestingly, urchin-like pattern formation can be observed in the study ofsurface
waves on a liquid which are amplified by forcing a vertical oscillatory motien of the con-
tainer (Fig.8B) [55], so that the effective gravity is periodically modulated¢according to the
expression g(t) = —g — Acoswt, where A and w are the driven amplitude andifrequency,
respectively. As soon as the driving amplitude exceeds a critical thresholdyA,. a standing-
wave instability occurs with temporal frequency wy = w/2. The standing-wave pattern is

determined by the gravity-capillary dispersion relation of the fluid
k‘3
wi = gko + il tanh(koh), (11)
p

where kg = 27w/ \g, o is the surface tension, p is the fluididensityy and A is the liquid depth.
Depending on the driven frequency and fluid properties, several symmetries can be observed
in the resulting patterns, the most usual ones being pargllel stripes and square patterns.
More unusual patterns, including octagonal, dodeg¢agonal, and pentagonal symmetries have
been reported [55, 62, 63] and theoretically, discussed [64, 65]. The pattern shown in Fig.8B
was obtained in a circular vessel under free boundary conditions. Remarkably enough, some
of the five-fold patterns observed in these experiments resemble the evolutionary sequence
of some sea urchins as purperted by paleontological fossil records (Echinoids have a rich
fossil record dating back to thesOrdovician, some 450 million years ago), hence suggesting a
possible mechanism for inducin&the pentagonal symmetry observed in the early development

of these animals [66, 67].

C. The geometry. of cell) arrangements in tissues

The quantifieation of/the spatial order of the arrangement of cells in tissues, such as
those shown in Fig.9; is‘usually characterized by methods based on: 1) the number of sides
of polygenal (peolyhiedral) cells, 2) the cellular coordination number at the mosaic vertices,
3) the amngles defined by the adjacent cells at the vertices, 4) the cell areas (volumes), 5)
the average nearest heighbors distances among the cell’s centers, and 6) the polygonality

indexy which measures how far a given test polygon is from a regular polygon’s shape with
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ons have also been extensively used to model the geometric arrangement
54 i biological systems, such as the distribution of cells in both healthy and cancerous
tissues [70Jy or the phyllotactic pattern of seeds in flowering plants [71]. A Voronoi tessel-

57 lationni partitioning of a plane with n arbitrarily ordered points into convex polygons
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FIG. 10: (A) A flower (Leucanthemum maximum)sshowing,the spiral phyllotactic pattern, (B)
Voronoi tesselation associated to the set of points'givén by tlr:e florets centers, (C) fragment of a
quasiperiodic Penrose tiling exhibiting 5-fold rotational‘and scale invariance symmetries, and (D)
its related Voronoi tesselation [57]. (C Contreras-Figueroa, L Herndndez-Sandoval, J L Aragén,
A measure of regularity for polygonal mosaics‘in biological systems, Theor. Biol. Med. Model.
2015, 12, 27, doi: 10.1186/s12976-015-0022-1,/€C Attribution license 4.0). (E) Voronoi tiling for
an Archimedean spiral lattice. The mark 4 denotes a heptagon, e a hexagon, and % a pentagon.
The other tiles are hexagons [69]. (Y Yamagishi and T Sushida, Archimedean Voronoi spiral
tilings, J. Phys. A: Math. The;, 51, 045203, 2018; DOI 10.1088/1751-8121/aa9ada/meta; (C)

IOP Publishing. Reptoduced with permission. All rights reserved).

such that each polygon eontains exactly one generating point and every point in a given
polygon is closer to'its generating point than to any other. The geometrical tiling defined by
the cells” meémbranesdn the muscle tissue shown in Fig.9B roughly conforms to the Voronoi
tessellation related«to the cell’s nuclei spatial distribution. Some additional examples are
shown in Fig.10. As we see, because Voronoi polygons have a number of sides equal to the
number of nearest neighbors of the point in the center, they readily allow the quantification

of the deviation from the ideal regular geometry [72]. Hence, Voronoi tessellation can be
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successfully used to identify lattice defects. For instance, the phyllotactic structure shown
in Fig.10E consists of hexagonal cells contained in concentric circular rings of increasing ra-
dius value, bounded and separated by circular grain boundaries made of F}, heptagonal cells
(inner ring), F,_1 hexagonal cells (middle ring), and F;, pentagonal cells (outerring) [73]¢
With reference to a perfect hexagonal 2D lattice pentagons and heptagons ate disclination
deffects of opposite weights, whereas a pentagon-heptagon pair gives rise to,a dislocation in

the Voronoi cell pattern.

ITII. THE APERIODIC CRYSTALS REALM
~

"In physics we have dealt hitherto only with periodic crystals. To /@ humble physicist’s
mind, these are very interesting and complicated objects; they eonstitute one of the most
fascinating and complex material structures by which inantmate nature puzzle his wits. Yet,
compared with the aperiodic crystal, they are rather plain-and dull” Erwin Schrodinger,

1944 [74].
- 4
To the best of my knowledge, the aperiodic/solid notion was introduced by Erwin

Schrodinger in 1944, in order to account forsthe possible nature of the genetic material.
In fact, during the 1940s DNA was regarded,as a periodic tetranucleotide macromolecule,
say (ACTGQG),, where the letters A;"C;, T and G respectively stand for adenine, cytosine,
thymine and guanine nucleotides, and as such, unable to store the amount of information
required for the governance ofseell function. At variance with this view, Schrodinger sug-
gested that a gene consists ofia long sequence of a few repeating elements exhibiting a
well defined order without the recourse of periodic repetition. In this way, the notion of a
one-dimensional aperiodic erystal was originally introduced by considering that DNA was
able to store the requiredsgenetic information in just the precise alternating way the four
different kinds of mucleotides are arranged throughout space, thereby lacking the previously
assumed trivial'periodic<order [74]. On the basis of detailed X-ray diffraction studies it was
subsequently realized thaty from a structural point of view, DNA fiber crystals could be
classified as a periodic crystal with helical symmetry if one attends to the sugar-phosphate
scaffold exclusively, but they could be properly regarded as aperiodic solid representatives
if we focuston the nucleobase system electronic structure instead (Fig.11). In fact, along

with @aperiodic atomic arrangement in the sugar-phosphate DNA backbone, one also has an
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FIG. 11: A view of DNA aperiodic solid at the moleeular orbital scale is illustrated by surfaces
of constant charge density for the states correspondingto the l?)west unoccupied band and highest
occupied bands of a short DNA molecule in the A form'in dry conditions [75]. These molecular
orbitals are related to the guanine (in blue) and, cytesine (in red) nucleobases located in the core

of the double-helix structure, and around,them e can see the atoms belonging to the outer sugar-

phosphate backbone (Courtesy ©f Emilio Artacho).

aperiodic distribution of informative chemical order at the molecular scale, as determined
by the base pairs sequencedalong-the.double-helix axis. The chemical order of the base pairs
sequence itself is beyond thereach of diffraction techniques, but it can be properly charac-
terized via ab-initio quantum chemistry calculations, which nicely highlight the emergence
of molecular orbitals when going from the atomic to the molecular scale. Accordingly, one
may think of DNAyas a gort of hybrid order system exhibiting both aperiodic (nucleobase
subsystem) and periodié(sugar-phosphate backbone double-helix subsystem) order features
[76].

Thus, the DNA case conveniently illustrates our main point: in the conceptual route
leading fromra QP lattice to a QP solid we must endow lattice points with both physical

(mass, size, charge, spin) and chemical (s, p, d, or f nature of electronic states; ionic,
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covalent or metallic nature of bonds) attributes, and properly incorporate these ingredients
in a Hamiltonian model relating the underlying geometrical order of the QP lattice point
to the resulting physical and chemical properties of the related QP solid. In this way, a key
question in the theory of aperiodic crystals, regarding the relationship between theiratomic¢
spatial order, determined by a given aperiodic distribution of atoms and bondsé@ll over space,
and the physical properties stemming from the resulting physicochemical network could be
properly addressed [50].

By closely inspecting the biological structures shown in Figs.1-10mwe realize that, with
the only exception of the krill’s eye ommatidia (showing a neat hexagonal periodic lattice;
see Fig.6C), all of them display a patterned aperiodic order instead« Etymologically aperi-
odic order means order without periodicity, hence encompassing those matter arrangements
which exhibit well-defined long-range spatial correlations beyond mere periodicity [77]. This
property clearly distinguishes aperiodic structures fromramorphotis matter, which only dis-
plays short-range correlations (if any). In this context it isieonvenient to highlight that,
although both random structures and aperiodically ordere’d arrangements lack strict trans-
lational symmetry, the absence of periodicity characteristic of aperiodic systems is not the
same in nature as the complete lack of long-range order characteristic of amorphous matter.
In fact, in aperiodic systems translational symmetry is usually replaced by other symme-
try properties which amorphous matter doesmmot possess. Accordingly, arrays of atoms in
aperiodic crystals are able togive rise to high quality X-ray or electron diffraction patterns
composed of a collection of diserete Bragg reflections, just as periodic arrays of atoms do in
classical crystals. Therefore, aperiodi¢ order has nothing to do with disorder in any of its
possible multiple forms. 4

Thus, the InternationalUnion of Crystallography (IUCr) approved in April 1991 the
establishment of a Commission on Aperiodic Crystals to promote the development of com-
mon methods and nomenelature for the crystallographic investigation of aperiodic crystals.

According to the terms of reference introduced by this Commission:

In,the following, by "crystal” is meant any solid having an essentially discrete
diffraction: diagram, and by “aperiodic crystal” is meant any crystal in which

three dimensional lattice periodicity can be considered to be absent [78].

Thewrevamped crystal definition highlights that periodicity at the atomic scale is a suf-
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ficient but not necessary condition for crystallinity. Instead, the presence of a long-range
atomic order able to diffract must be regarded as the essential attribute of crystalline mat-
ter. Consequently, within the crystalline family we can now distinguish between periodic
crystals, which display periodic arrangements of atoms, and aperiodic crystals, lacking such
a periodicity, which is replaced by other kinds of symmetries, such as scale invariance (infla-
tion symmetry) or long-range repetitiveness. Therefore, the existence of aumathematically
well defined long-range atomic order should be properly regarded as the genérie attribute
of ordered solid state matter.

To date the existence of aperiodic crystals has been reported in three broad classes of
materials, namely, incommensurate composites, incommensurately modulated phases, and
quasicrystalline compounds [79-81]. In all of these structures the atomic arrangements
exhibit well defined long-range order, which gives rise to high quality discrete diffraction
patterns, in spite of the absence of lattice periodicitym, A ¢haracteristic feature of these
diffraction patterns is that the positions of the obtained Bragg reflections can be properly

indexed by a suitable generalization of the classical Miller;s indices in the form:

N
H=> ha;, NZ3 (12)
=1

where a; and h; are the basis vectors of the reciprocal lattice and integer coefficients, respec-
tively, and the number N is the minimumpinteger for which the positions of the peaks can be
described with integers coefficientyh;. In the case N = 3 we have a periodic crystal, whereas
when this number is greater than the dimensions of the physical space we are dealing with
an aperiodic crystal instead™

An important distinction ¢an be made between incommensurate structures and quasicrys-
tals (QCs) by attending, to their' X-ray, electron or neutron diffraction patterns [82], namely:
for incommensurate structures one can always find a sub-pattern of high intensity spots
(the so-called main reflections), related to an average periodic structure in physical space.
Along with these high imntensity reflections, there is a set of lower intensity peaks grouped
around them (the soscalled satellite spots). Taking into account these satellite reflections the
diffraction pattérn becomes 3 + d dimensional, where d is the number of satellite directions.
Thefmost common form of modulated aperiodic crystals display satellites aligned in only

one direction (d = 1) on either side of the main reflections, so that the diffraction pattern
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FIG. 12: (A) Construction of the 1D Fibonacci lattice through the cut-and-project method. The
slope of the E axis equals the reciprocal of the golden miean(tangi= 7). In this diagram the
projection window W defines the so-called acceptance demain, since only those lattice points inside
the strip of width W are projected onto E) (dashed lines):(B) A spiral pattern with phyllotactic
index (8,13). The lattice points containedyinside the concentric annulus (circular dashed and
dotted lines) are radially projected onto the eenter. (dotted radial lines), thereby intersecting the

inner circle in a series of long (A) and shert (B) arcs arranged according to the Fibonacci sequence.

can be indexed by the introduction of a single reciprocal vector q = aa* + fb* + ~c*, such

that the diffraction vectors H take the form
~H.=ha" + kb* + Ic” + mq, (13)

where m indicates ¢hé’number of multiple reflections [83]. The satellite reflections stem
from the presence of structural modulations characterized by a periodicity which is incom-
mensurate with that of the average structure. Usually the amplitude of this modulation
is relatively small, sonthat the overall structure can be confidently described in terms of a
perturbed averaged periodic structure.

On the contrary, there is no periodic reference structure in QCs, and their structure
determination is more demanding in this case [84]. According to its earlier definition a QC
is the natural extension of the notion of a crystal to structures with quasiperiodic, rather

than periedic, translational order [85]. A function f on R is quasiperiodic (QP) if for some
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positive integer n > 2 there exists a continuous function ) on S™, where S is the unit circle
[0,27), and a frequency vector w = (wq,--- ,wy,), such that f(z) = Q(zwy, -+ ,zw,). A
simple one-dimensional example of a QP function is given by f(z) = A; cos(z) + Agcos(ax),
where « is an irrational number and A; and A, are real numbers. Remarkably enough this
QP function can be written as a one-dimensional projection of a the periodic function in
two dimensions f(x,y) = Ajcosxz + Agcosy, through the restriction y & «x. Since any
QP function can be thought of as deriving from a periodic function in a space,of higher
dimension, the so-called cut-and-project method, which is widely usediin the study of QCs,
ultimately relies on this mathematical property. In this way, meost of the basic notions
of classical crystallography can be properly extended to the study.ofSQCs by considering
suitable lattices in appropriate hyperspaces.

In order to illustrate the essential features of the cut-and-projeet, method let us consider
the square lattice of points shown in Fig.12A, having integer Cartesian coordinates (n,,n,),
playing the role of a 2D hyperlattice with a unit cell parameter a;. Rotated by an angle ¢
with respect to the square lattice coordinate system X Y,’We introduce another orthogonal
coordinate system with axes labeled £y and EYy. /The orthogonal projection of the square
lattice points contained within a strip windew of width W onto the physical space line
E)| determines an aperiodic squence of line segments of different length between successive
points, which are labelled A (long) ‘and B(short), respectively. Only in the case of tan¢
being a quadratic irrational nmmber will this sequence of segments be a QP one, otherwise,
it will be periodic instead. A completely analogous procedure can be used in the case of 2D
phyllotactic patterns defining'a spiral lattice as that shown in Fig.12B, though in this case
instead of a linear strip accepta\nce domain we employ a circular annulus in order to obtain
the corresponding radial projections [86].

As a consequence, QQs display long-range orderings of atoms through the space which
can be properly described,in terms of a systematic application of inflation symmetry oper-
ations. Indeedsuthe presence of the scale invariance symmetry is essential to obtain a QP
translation order [79, 81]., This symmetry had not been previously considered in classical
crystallography, and it is directly related to the emergence of self-similar, hierarchical pat-
terns embodying atomic cluster aggregates. Therefore, from a structural viewpoint QCs can
befregarded as self-similar arrays of atoms, where the translation symmetry, characteristic of

periodic crystals, is replaced by a scale invariance one, with scale factors given by urrational
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numbers. In summary, the three classes of aperiodic crystals identified up to now share
a common feature, namely, all of them exhibit order without translational symmetry [87].
In addition QCs differ from incommensurate phases by the fact they also exhibit’a novel
crystallographic symmetry: scale invariance [81, 88, 89].

As we have pointed out above, the complex structures usually studied im biology are
mostly aperiodic in nature. Does this imply that they could be properly aegarded as ape-
riodic crystals? and, if so, which ones (if any) could be properly clagsified asiQC repre-
sentatives? Regarding the first question, on the one hand, we mustidistinguish between
macromolecular (such as DNA molecules and protein complexes) or, supramolecular (e. g.,
protein and virus crystals) condensed matter phases, and cellular emsembles in biological
tissues, on the other hand. For one thing, the existencedof a number of protein based
aperiodic crystals, belonging to the incommensurate modulated phase class, has been well
documented from the detailed study of their obtained Xsray diffraction data during the last
decade [90-94]. On the contrary, the possible applieation of diffraction techniques to char-
acterize the order underlying in biological tissues'is a delic’ate issue. Certainly, it is possible
to generate photon density waves with wavelength below 5 c¢cm in these samples. Within
the 700-1300 nm wavelength range those phetons penetrate multiple centimeters through
living intact tissue, and can provide direct measurements. The deeper penetration occurs
within this optical window due to relativelynweak absorbance of photons by the primary
chromophores in biological tigsue (i. e., water, lipids, and hemoglobin). When this kind of
waves encounter optical inhomegeneities with diameters in the millimeter and centimeter
range, typical scattering effects occur at regions with different absorption and scattering
coefficient [95] (a similar effect?an be obtained by using ultrasound waves instead). Impor-
tantly, though the photon absorption is low, the scattering of photons is high in biological
tissue and can be well approximated as a diffusive process which is successfully exploited in
the so-called diffuse optical tomography techniques [96]. Nevertheless, no scattering centers
analogous to atomsrin both inorganic and organic compounds can be easily identified in
biological tissues, so thatithe current IUCr crystal definition is not readily applicable to
these materials imvits present form.

A possible way to circumvent this shortcoming may be to exploit some of the geometrical
proceduressdescribed in Sec.II C in order to map the actual distribution of cells in a given

tissuenonto a suitable lattice-like pattern (see Fig.10B,E), and then study the diffraction
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properties of this related latticed-point set. In turn, the required mapping may be produced
either on purely mathematical grounds (e. g., numerical diffraction calculations on a com-
puter) or by using a physical realization of the lattice-point structure (e. g., by means of
3D laser printers), and then performing optical or acustical diffraction measureniénts,in the
resulting structures. For example, optical diffraction has been successfully émployed as a
tool for quantitative analysis of tissue speciments on the basis of illuminating previously
obtained transparent micrographies by a laser beam, which is then diffracted to get the
diffraction pattern [97]. The Fourier analysis of the cell shapes hasdbeen also reported by
using this technique [98].

Regarding the second question above, the phyllotactic patterns displayed by most botan-
ical arrangements described in Sec.IT A, could be properly considered as QC representatives,
since the related generative spiral exhibits a global scale invariance symmetry with a scale
factor that is not rational in most studied botanical systems.»lnfact, as we saw, when the
divergence angle is a rational number, say ¢4 = ¢, /pn, With gurand p,, coprime integer num-
bers, then one obtains regular periodic patterng for a lar%e enough number of elements in
the considered system (Fig.7A). In that case, the Fourier transform of the spiral lattice will
show up a discrete collection of Bragg reflections in the reciprocal space, the overall pattern
displaying a rotational symmetry corresponding te'an order p,,. In general, this number will
not belong to the set {2,3, 4,6}, listing, the rotation symmetries allowed in classical crystal-
lography according to the so-galled restriction theorem. This is a feature that general spiral
lattices share with most QCs reported to date in both metallic alloy systems and soft matter
representatives [81]. Now, if weinstead adopt irrational values for ¢4, we then obtain lattices
entirely lacking rotational symBetry (Fig.7B-C). Accordingly, their diffraction patterns do
not show sharp reflection spots, but rather they feature broad patchy rings, whose spectral
features are determined by the particular spiral lattice geometry [49, 99].

For the sake of illustration, in Fig.13a we show the Vogel spiral lattice derived from the

Cartesian coordinates expression
Ty, = ayv/ncos(ndy), yn = ayv/nsin(negy), (14)

where @ € R™ is a scaling factor and ¢y = 27/7% ~ 137.508° is the golden angle divergence
angle. The'calculated and experimental diffraction patterns are shown in Fig.13c and 13d,

respectively. A close inspection of these diffraction patterns reveal a finer structure in the
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FIG. 13: (a) Scanning electron microscope image<of a sunflower fabricated by electron beam
lithography containing 500 holes of radius r = 0.539_ um. The ;attern, displaying the characteristic
parastichies spiral curves, has a strong modal nearest-neighbor pitch d = 2.2 ym derived from a
Delaunay triangulation of the points set showniin (b)» The calculated and experimental optical
diffraction patterns are shown in (c) and.(d), réspectively, where the circular ring feature has an
average radius of 0.45 (um)~! 22d~1 [100, 101]s,(Republished with permission of IOP Publishing,
Ltd., from Exploiting aperiodic designs.in nanophotonic devices, E. Macid, Rep. Prog. Phys. 75,

036502, 2015; permission conveyed through Copyright Clearence Center, Inc.).
N

main concentric ring, along with the presence of a number of discrete outer Bragg reflections
around it. These outer, reflections display a spiral structure resembling the parastichies
distribution of the sunflower spiral lattice shown in Fig.13a [100]. Using analytical Fourier-
Hankel decomposition it was found that the Fourier transform of a Vogel spiral density given
by
N
) = 3 60— aV/md(e — ) (15)

n=1

can bewrittendas [102],
N

1 ,
Fon(hr) = o~ > Jm(kpay/n)emmo, (16)
n=1
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which describes the diffraction spectrum of Vogel spiral arrays with an arbitrary divergence
angle ¢4, where k. = 2mq, is the radial wave vector associated to the radial spatial frequency
qr, and J,,, is the m-th order cylindrical Bessel function of the first kind. The key'result is
that the exponential factor in Eq.(16) will contribute with azimuthal peaks when théproduct
maqgq is an integer. Since ¢4 is an irrational number this will never occur exactly, but the
situation can be reasonably fulfilled by the rational approximants of ¢4 ~ ¢u/p,. Therefore,
for spirals generated using an arbitrary irrational number ¢, relatively strongrazimuthal
Bragg reflections of order p, will appear in the Fourier spectrum dueto the denominators
of these rational approximants [102]. As we see, Vogel’s spirals with remarkably different
structures can be obtained by choosing slightly different values of«@g, hence providing a
suitable design parameter to control different degrees of aperiodic structural complexity
[103].

Thus, if we define QCs as aperiodic structures characterizediby/the simultaneous presence
of both rotation and inflation symmetry operationssin their spatial structure, spiral lattices
can not be strictly regarded as a QC, since they lack rotatio’nal symmetry [100]. However, by
inspecting Fig.12B we readily realize that phyllotagtic spiral lattices can be straighforwardly
related to a QP distribution of seeds via a'suitable cut-and-project method [45, 86, 104, 105],
hence strongly indicating that these arrangements should be properly regarded as QCs. Yet,
we should classify phyllotactic QCs as,belonging to a different class, since they completely
lack rotational symmetries, atevariance withhQCs reported to date in both alloy systems and
soft matter arrangements [50, 84}, most of them exhibiting 5-fold, 8-fold, 10-fold, or 12-fold
rotational symmetries [106]. Infact, it should be noted that the very existence of phyllotactic
QCs was put forward before tlg diseovery of intermetallic ones, as a natural mathematical
consequence of impesing radially/self-similar symmetry along with local homogeneity to a
Voronoi lattice [45]. On'the other hand, it has been suggested that the lateral organization of
collagen fibrils shown in"Fig.4A may be described as a dense packing of more-or-less parallel
rods which mayradopt asspiral phyllotactic pattern as a whole [73], and a possible relation
between the so.called Boerdijk-Coxeter helix [107, 108], a polygonal helix derived from a
linear stacking ofiregular tetrahedra, and a-helix based collagen proteins was discussed
within the context of the characteristic QCs’ scale invariance symmetry [109]. Indeed, the
présence of.Bragg reflections in the X-ray diffraction patterns of both keratin (Fig.3 inset)
and collagen (Fig.4B) fibers, indicates that these biological structures may be regarded as
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crystals according to the revamped IUCr definition. Now, in order to properly classify them
as aperiodic crystals we should eliminate the possibility of any possible periodic indexation
scheme in the obtained diffraction patterns. In this regard, some ambiguities have been
reported in the diffraction patterns of collagen fibrils, both along the moleculegrand, in the
perpendicular plane, strongly suggesting a QP structure in both directions, avith a scaling

factor close to 1+ /3 [110].

IV. SYMMETRY PRINCIPLES IN VIRUS ARCHITECTURES

Symmetry is commonly exploited by Nature to build up bioméleculesiwith specific shapes.
For example, as we have seen in previous sections, helical symmetries are used to cre-
ate filaments and fibers, whereas icosahedral group symmetries ar¢ usually found in nano-
containers, such as virus particles [111]. Viruses can be regarded as condensed soft matter
representatives located at the borderline between supramolecular complexes and superclus-
ter atomic aggregates ultimately leading to the formation of biological crystals (Fig.1). The
first virus to be discovered (in 1892) and subsequently C?ystallized (in 1935) was the to-
bacco mosaic virus (TMV), followed by temato bushy stunt virus (TBSV; crystallized in
1936), and the turnip yellow mosaic virus (TYMW), which crystallizes from salt solutions as
isotropic octahedra. Poliomyelitis virus wassthe first animal crystal virus, grown in 1955.

In 1956 Francis H. C. Crick and James D. Watson suggested that most virus capsids
could be built up from a relatively, small number of protein subunits arranged in a highly
symmetrical way [112]. The first experimental evidence confirming icosahedral symmetry in
a virus came from the X-ray difffaction studies of Donald L. D. Caspar on TBSV [113], along
with those by Aaron Klugiand Resalind E. Franklin on TYMV [114]. These investigations
confirmed that the X-ray diffraction patterns from certain virus crystals showed intensity
distributions characteristic of a periodic arrangement of icosahedral particles throughout
the space, and_it. was concluded that icosahedral virus capsids are structured according to a

hierarchical modularddesign architecture (see Fig.1).
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(A)

vhich displays a rod-like appear-

inner channel of radius 2 nm. The

Each turn contains a nonintegral number o its (16 plus 1/3), producing a pitch of 2.3 nm.

About 5 percent of the length of a co le 1s shown [115]. (Reprinted from Advances in

cle, 37-121, Copyright 1964, with p m Elsevier.) (B) X-ray diffraction diagram of an
orientated gel of Hg-substituted
have their axes in the vertica
axial repeat period of 6.9 ./(Reprinted by permission from Springer Nature, Rosalind E.

Franklin, Structure o osaic Virus, Nature, 175, 379 -381. Copyright 1955).

A. The Fra ,\% par helical model
m ay photographs fascinated me , and I was also able to in-
Y) £ a

presence of scale invariance symmetry is essential to QC structures, and spiral
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patterns properly exhibit such a symmetry, in the quest for aperiodic crystals in biology it
seems natural to start by considering structures combining circular shapes in a plane with
translation symmetry along the perpedicular direction, thereby leading to the generation of
conical helical curves in 3D. Indeed, helical based designs are ubiquous is structuralibiology,
and they appear at different hierarchical levels ranging from the a-helix of proteins (Figs.3-4)
and the DNA double-helix (Fig.11) macromolecular scales, to chromatin DNA supercoiling
(Fig.5), and the TMV helical architecture (Fig.14) at supramamolecular scales.

From a chemical perspective, TMV is a relatively simple viruss@onsisting of a single
strand RNA molecule, adopting a hairpin loop structure 6390 bases long, coated with a
single type of protein molecule only. Each protein monomer/consists-of 158 amino acids
which are assembled into four main a-helices to bouild updthe protein scales in the virus
capsid. Notwithstanding this, the obtained fiber-diffraction diagrams were more complicated
than those of DNA (Fig.11B), and it was not a simplestask to.dndex the large number of
reflections. Fortunately, a number of certain unusual featuresin the X-ray diagram (referred
to as layer-line splitting) could only be accounted fornin t(irms of a helical design, involving
a regular array of 2130 molecules of protein subunits around the RNA molecule, which is
embedded at a radius of 4 nm offset from thehelical'axis (Fig.14A). The coat proteins self-
assemble spiraling the RNA molecule, thereby defiming a phyllotactic pattern similar to that
observed in pineapples at a macroscopic seale, with three nucleotides residues per protein
subunit, yielding 49 nucleotides and 16 1/3, proteins per helix turn [117]. Noteworthy, it
was reported that the number of'proteins per three turns of the helix is not exactly integral,
and that this departure from an integer varied slightly among different strains of the virus.
This effect is however very smaﬁ and corresponds to a difference of only 1 to 3 proteins in

the 2130 contained in she wvirus particle as a whole [117, 118].

B. The Caspar-Klug icosahedral model

The main stractural problem in the study of virus exhibiting icosahedral protein shells
can be stated asifollows: How to construct a regular protein array with icosahedral symme-
try formed by multiple copies of (nearly) identical chiral proteins interacting among them
in (nearly) identical environments? If just one kind of chemical interaction would occur

between each pair of interacting protein subunits, then arranging identical units in identical
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environments would necessarily produce a symmetrical structure, and there would be only
a geometrically limited number of kinds of symmetry available. In particular, icosahedral
symmetry demands that the maximum number of asymmetric protein subunits that can be
arranged on a surface with spherical topology, such that each has exactly thesSaine envis
ronment, be 60 (Fig.15A). This is so because the chiral nature of proteins andstheir related
capsomers imply the absence of both inversion and mirror symmetry elements in the result-
ing icosahedral virus capsid, hence halving the number of the icosahedral groupssymmetry
elements from 120 (I, group) to 60 (I group). Nevertheless, construction,of icosahedral
capsids containing just 60 protein subunits severely restricts the size of the genome that
can be packaged inside, and it soon became evident that most viruses have considerably
more than 60 protein subunits in their capsids. This factéprovides a nice illustration of
the balance between the amount of required biological information,and geometrical size in
biological systems [119]. Therefore, we must face the problemnofhow to form a closed shell
exhibiting icosahedral symmetry using more than 60 protein subunits.

In this regard, the presence of different chemigal intemcﬁz‘on centers in the complex struc-
ture of a folded protein provides the basis for a straightforward matematization of such a
protein in terms of suitable geometrical entities, where these chemical centers play the role of
geometrical points. In this way, proteins exhibitingitwo different interaction centers may be
assimilated to segments, those having three‘interaction centers to triangles (not necessarily
equilateral), and so on. In fagt, in order teraccount for most morphological units reported
from microscopic imaging of vizus particles one must assume the existence of at least three
kinds of chemical interactions'among neighboring proteins subunits involving three different
interactions centers, which aregenerically referred to as tail (t), head (h) and back (b) ones
(Fig.15B). These interactions are/related to a specific symmetry element of the icosahedral

group, namely:

e h— h interactions, involving two proteins in front of each other (related to 2-fold axis),

e b—b—b interactionsyinvolving three proteins in a triangular configuration (related to

3-fold axis);"and

e t—l—t=t—1t interactions, involving five proteins in a pentagonal arrangement (related

to b-fold axis).
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FIG. 15: A) The capsid of the L-A virus particle (viewed down to an/dcosahédral 2-fold axis) is made
of 60 protein subunit dimers grouped in capsomers containing five:dimers each [120]. (Adapted by
permission from Springer Nature, Nature Structural Biologyg#L-A virus at 3.4 A resolution reveals
particle architecture and mRNA decapping mechanism, Naitow. H, Tang J, Canady M, Wickner R
B, Johnson J E, 9 725-728. Copyright 2002). B) Sketeh showing an ideal icosahedral packing in
simple icosahedral virus structures with triangulation number & = 1. A comma represents a single
protein chiral molecule which forms the bagic structural unit by itself, and every molecule is re-
lated to its neighbors through head-to-head, back-te-back and tail-to-tail interactions, respectively
corresponding to the 2-fold, 3-fold andsb-fold axes characteristic of icosahedral symmetry. C) In
the T' = 3 structure, able to accommodate 180 proteins, there are three modes of packing protein
subunits to obtain the basic structural unit. The A units are present in pentamers, formed by
tail-to-tail interactions. The B and C subunits are arranged in rings of six molecules via tail-to-tail

interactions as well (Adaptedfrom, [121]).

Note that no t <bg'h — ¢t or.h — b interactions are allowed to occur. Furthermore, it is
assumed that, although tail, back and head interactions involve different protein locations,
all of them exhibit the same intensity and directional properties (i.e., they are effectively
isotropic). These arextlie main tenets of the so-called quasi-equivalence principle (QEP),
originally introduced in 1962 by Donald L. D. Caspar and Aaron Klug on the basis that
the lowgst energy capsid structure is expected to have the maximum number of most sta-
ble chemigal interactions formed [122]. According to the QEP, protein subunits can be
positioneddon a triangulated icosahedral surface lattice such that the environments of the

individual proteins could be similar although not identical. The size of the capsid shell can
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00/ (T=7)

FIG. 16: Geometric procedure for generating Goéldberg polyhedra with different triangulation
numbers from a hexagonal planar lattice. The,vertices of regular triangular faces of the Goldberg
polyhedron hexagons coincide with the 6-fold axes of.the plane hexagonal lattice. The coordinates

of the hexagons centers are referred to theraxes h and k.

then be properly increased, still, preserving the basic icosahedral design shown in Fig.15B,
by partitioning the surface of #his ieesahedron into a larger number of triangles, which are
subsequently properly scaled u[K(F ig.15C). But now the facet triangles will no longer all have
the protein subunits located in equivalent positions, so that the three protein subunits orig-
inally assigned to each triangular face will not generally occupy equivalent environments.
In particular, the presence, of hexagonal rings containing six protein subunits, which ap-
parently are nofp.compatible with icosahedral symmetry, naturally occur. In this way, the
resulting polyhedra will"be able to accommodate 12 x 5 + 10(7 — 1) x 6 = 60T protein
subunits, where 7" is/the so-called triangulation number. Accordingly, the assembly of viral
capsids/exhibiting six 5-fold, ten 3-fold and fifteen 2-fold icosahedral symmetry axes can be
physically realized, albeit containing local hexagonal patterns as well.

Remarkably enough, the problem of arranging units in a hexagonal close packing on
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an icosahedral surface, with local pentagonal arrangements at certain vertices, had earlier
been solved by Michael Goldberg in 1937, who introduced a type of polyhedra particularly
well suited to this end [123]. Indeed, the so-called Goldberg polyhedra are convex pélyhedra
defined by the following properties: (1) each face is either a hexagon or pentagong(2)exactly
three faces meet at each vertex, and (3) they have full rotational icosahedralysymmetry (1
group). Icosahedral symmetry ensures that the pentagons must be regular, ones, although
many of the hexagons may not be. Goldberg polyhedra can be derived from ashexagonal
plane periodic lattice by converting some of the hexagons to pentagons. 'Once an origin
is defined, every hexagon in the lattice can be uniquely identified by the number of steps
along the h and k directions in the hexagonal net (Fig. 16). To construct a given Goldberg
polyhedron, one face of the desired scaled up polyhedron ig.drawn in the hexagonal net.
The origin is replaced with a pentagon, as well as the hexagon located at the (h, k) position.
The third replaced hexagon is then obtained by completing an_equilateral triangle. These
substitutions have the effect of folding the plane inte a closed surface. To this end, since an
icosahedron has 6 axes with 5-fold symmetry, twelve pent’agons must be introduced in the
lattice in substitution to hexagons to form a closed/structure with icosahedral symmetry. In
the simplest case, all the hexagons around a'given origin are converted to pentagons and a
pentagonal dodecahedron in obtained. Therefore this Platonic solid is but a particular case
of the more general family formed by Goldberg polyhedra.

In the more general cases the locations of the substituted pentagons are given by the so-
called Goldberg indices (h, k), where h, k € N, are the indices of the hexagonal translation
mapped onto the edge. In this way, the triangulation number naturally appears in the
process of obtaining a Geldberg pelyhedron from a hexagonal net, and it is given by the
ratio between the areasof the polyhedron equilateral triangle face of size L on the hexagonal
lattice and the area of alreference equilateral triangle of size Ly = 1, that is (see Fig.16)

2
:L2:h2+k2—2hkcos§:h2+k:2+hk;. (17)

&

This number then gives the number of facets per face. We note that T is invariant
under the exchange h <> k. The significance of this number is that it introduces a selection
rule, so that only certain numbers of protein subunits are able to form closed polyhedral
shells. In fact, since an icosahedron has 20 faces, and each facet is assumed to have three

proteimssubunits, one gets 607 protein subunits in total in a virus capsid characterized
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by a given T number. Therefore, this number allows for a systematic classification of the
virus capsids arranged according to the (h, k) indices. In this way, the T" number provides
a measure of the structural complexity of viruses capsids. In the simplest 7= 1 case
(h = 0,k = 1) the interactions of all protein subunits with their neighbors aré‘identical
leading to a pentagonal dodecahedron overall arrangement of the capsid shell.. Two main
capsid geometries have been reported for the next structure in complexityrdegree (T = 3).
The most common is a truncated icosahedron (an Arquimedean solid), which exhibits the
basic arrangement of 12 vertices with 5-fold symmetry clusters along with. 20 hexagonal
facets interposed between them. On the other hand, there also ‘exist 7" = 3 class virus
capsids (e. g., nonadavirus, tomato bushy stunt virus, bean/mosai¢wirus) which cannot
be described in terms of Goldberg polyhedra, since they lack hexagonal facets. Indeed, in
this case the capsid shape is described by a rhombic triacontahedron, which is a Catalan
solid comprising 30 golden rhombi forming a dihedral.amgle of 27 /5, which are joined at 60
edges and 32 vertices, of which twelve are 5-fold and twenty are 3-fold ones (see Fig.6D).
Accordingly, the T' = 3 capsids exhibiting a rhombie triaco’ntahedron shape are structurally
simpler than truncated icosahedron ones, since they lack hexagonal arrangements but low
symmetry rhombic ones, and we only require one type of geometrical motive (golden rhombi)
instead of the pentagons and hexagons present in truncated icosahedra. Quite interestingly,
the rhombic triacontahedron plays anvery important role in the structural design of an

important class of intermetallic QCs belonging to the so-called Tsai-type class [124].

C. Quasi-equivalence principle shortcomings

During the 1980s several.viruses with relatively large T" values were observed to show some
features not compatibleiwith the standard Caspar and Klug model and a growing number
of virus capsids structures not satisfying this model tenets have been reported since then.
A representative example is provided by papovaviruses, which are oncogenic viruses that
include the polyomagand,papilloma virus subfamilies. The papovaviruses have a common
capsid structure,composed of 72 capsomers, and they were early classified as belonging to
the T' =.7d class on the basis of low-resolution micrographs [125], thereby implying their
capsids were made of 420 protein subunits. Later on, the structure of polyoma virus was

determined at a higher resolution by single crystal X-ray diffraction in 1982, and the 5-fold
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SaseanEn .

FIG. 17: Electron microscopic views of half the capsid of bovine papilloma virus (about 60 nm in
diameter) down the 5-fold a) and 6-fold b) axes. Electron densi:y sections showing the substructure
of the pentavalent c¢) and hexavalent d) morphelogical units indicate they are pentamers formed
by five interacting proteins in both cases [126].)(Reprinted by permission from Springer Nature,

Nature (London) 295 110-115, Polyomayvirus eapsid structure at 22.5 A resolution, Rayment I,
Baker T S, Caspar D L D, and Murakami WT;, Copyright 1982).

symmetry present in the diffraction data was interpreted as indicating that all 72 capsomers
present on the virus surfagé were built from five identical or very similar protein pentamers
coordinated to their neighbers in' both hexavalent and pentavalent configurations (Fig.17)
[126]. Thus, in theseyirus capsids, there exist 12 pentavalent pentamers making edge-to-edge
contacts with their neighbors and 60 heravalent pentamers, instead of 12 pentamers and
10(T — 1) hexamers as expected on the basis of the Caspar-Klug model. Then, the capsids
of papovavirusesfactually contain 12 x 5 + 60 x 5 = 360 protein subunits, which would
correspondsto & hypothetical 7' = 6 value that is not really allowed by the triangulation
number selection rule given by Eq.(17). Therefore, the notion of hexamer and pentamer
capsomers must be replaced in this case with that of hexavalent (respectively pentavalent)

capsemers instead. On the other hand, the capsid of dengue virus and the capsids of other
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flaviviridae (Zika virus, yellow fever virus, western Nile virus) do not contain hexamers at all.
Likewise, the capsids of large viruses of asfarviridae, ascoviridae, iridoviridae, poxviridae,
mimiviridae, and phycodnaviridae viral families do not contain any hexamers either, but
instead have trimers and pentamers as their structural units. Therefore, the assumptionsof
QEP is too restrictive for many viruses.

This drawback has spurred alternative approaches, which consider the entire virus capsid
as an extended chemical network involving local protein interaction centers locatedat specific
amino acid residues as playing the role of effective chemical lattice points. ©On the basis of
these chemical points (vertices) one may introduce segments (edges), planes'(polygonal tiles)
and polyhedra in order to describe the modular design charag¢teristicsof virus capsids. In
this way, the hexagonal lattice picture in terms of triangulations is mo longer necessary,
permitting tesselations in terms of other shapes, such as,rhombi; trapezoids, or pentagons.
Due to the requirement of 5-fold symmetry axis, some,of these tiles need to have some
corner with an angle of 27r/5. These criteria themprepresentia generalization of the QEP
in the context of a tiling approach [127]. In accordanee Wi’th this generalized QEP, protein
subunits (represented by dots) must be located at/those corners of the tiles which subtend
the same angle, thereby ensuring that identical types of protein subunits can only occupy
structurally equivalent sites on the tiles. This generalization naturally translates as certain
requirements on the decoration of theitiles."As we see, the proposed tiles have more vertices
where the different protein subunits may be allocated than in the triangular tiles case, so
that certain criteria must be adepted.in order to properly assign which vertices are related to
a protein subunit and which ones are not. To this end, the knowledge gained from aperiodic
tilings can be fruitfully used. Einoe pentagons can not tessellate the plane without gap
nor overlaps, a straightforward extension of the Goldberg construction is not possible. The
use of aperiodic tiling notions, originally introduced in the study of quasicrystalline alloys,
has been successfully boerrowed to properly classify the protein structure of certain virus
families duringsthe last decade. Thus, the possible design of suitable generalized lattices
via projection from higher-dimensional lattices with icosahedral symmetry was studied in
detail [128]. On'the other hand, it was demonstrated that the location of different protein
subunits on the virus capsid can be precisely determined by properly blending rotational
and invariance scale symmetries in a 6D crystallographical space, thereby introducing an

elegant, unified approach entirely based on mathematical notions borrowed from the QCs
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science toolkit. In this case, the Seitz symbol reads

R ut
Wys = S, (18)
01
where R describes a rotation operator in the 6D hyperspace, vectors t and 0 have six

components each, and s = (1, 79, 73, 24, 75, 16, 1) [129, 130].

D. Virus quasicrystals?

" But with Ammann’s non-periodic solids as basic units, onegould arrive at
quasiperiodic ‘crystals’ involving such seemingly impossibles(€rystallographically)
cleavage directions along dodecahedral or icosahedral planes. £Is it possible that
the viruses might grow in some such a way involvingmon-periodic basic units —
or is the idea too fanciful?” (Roger Penrose to/MartimGardner, letter dated on

May 4, 1976) [131].
- 4

In Table I we list the crystallographical data of different virus crystal representatives,
including all possible classical crystallographical systems. It is interesting to note that,
depending upon the adopted growth conditions eertain virus can crystallize in different
systems. For instance, GFLV virus crystals corresponding to spatial groups P1 (1, triclinic),
P2 (3, monoclinic) and P2,3 {198, cubic) have been reported [138].

Virus crystallization is ruled’by a eembination of chemical and geometrical factors, where
the size and relative orientatio& of the capsids along the resulting crystal symmetry axes
play a fundamental role. In this regard, it was a fortunate fact that all TBSV virus particles
will adopt the same§patial configuiration in the final crystalline array, hence providing X-ray
diffraction patterns.amenable to be easily interpreted. This virus crystallizes into a fcc lattice
(spatial group 123), so that two symmetry axes of the virus capsid are oriented along crystal
directions, namely, a»2<fold axis along [100] and a 3-fold axis along the [111] directions,
respectively, so/that the capsid’s 5-fold symmetry axis are effaced from the resulting virus
crystal.£On the contrary, in TYMV virus crystals the capsids lie with their centres at the
lattice.points of a bee unit cell of side 35 nm, but are not all of them in the same orientation,
so(that thé true crystallographic unit cell has a side of 70 nm (8 times larger than that of
TBSV)pand contains 16 virus particles within [117].
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Chemical aspects play a key role when different viruses crystallize into similar growth
habits. This is the case, for instance, of poliovirus and rhinovirus (both members of the
picornavirus family) isomorphic crystals (see Table I), depending on a precise correlation
among the chemical interaction centers of all the involved capsids [134]. Detailedsstudies
aimed at evaluating the balance between chemical and purely geometrical factors in the
resulting growth habit of virus crystals, have disclosed that the relative sizéwof capsids along
with their different symmetry axes play a significant role in the emergence of local ordering
effects in global low-symmetry crystals, such as those belonging to monoclinic and triclinic
systems [132].

As we discussed in Sec.IV A, there is no structural reason/why_.ahelix should contain
an exact integral ratio of subunits to turns, and the 49/3 ragio value obtained in the TMV
case is merely the nearest rational approximation to the number, of protein subunits in
three helix turns [117]. Consequently, the capsid preteins distribution in TMV could be
properly regarded as an aperiodic structure itself, so that thercrystals resulting from their
condensation may be reasonably considered to be aperiod.ic crystals candidates as well. In
the same vein, is it possible that an ensemble of igosahedral virus particles may eventually
pile up to give rise to a full-fledged icosahedral virus QC? To the best of my knowledge
the existence of such a sort of soft matter bielogical QQC has not yet been reported, and its

search would be a very interesting quest for'the time to come.

V. OUTLOOK AND PERSPECTIVES

Is there a specific scalé ra@e for life processes to preferentially occur? Attending to
the available information significant processes of biological importance have been reported
encompassing moleculary macromolecular, supramolecular, subcellular, cellular, or multicel-
lular scales in a nested way. In Sec.I we learnt that most biological hierarchical designs are
not strictly fractal,sbecause some new structures progressively emerge as we zoom out the
viewpoint ranging from smaller to larger spatial scales. Accordingly, rigorous self-similar
symmetryronly applies within restricted spatial domains. This feature reflects the difference
between growing by successive assembling of different sorts of building blocks, as it occurs in
the'workings of life, versus a systematic yuxtaposition of a given motif throughout the space,

either periodically or aperiodically, as is the case in non-living growth processes. Therefore,

42



Page 43 of 56

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCM-118698.R2

albeit all fractal structures obey a hierarchical design, most hierarchical structures observed
in biological systems can not be properly described in terms of rigorous geometrical fractals,
and they go far beyond them in both complexity and design richness.

In biological systems the emergence of distinct structures at different scales stems from
the presence of different kinds of interactions, such as covalent or hydrogen bondings, van
der Waals, dipole, ionic, hydrophobic/hydrophilic or steric forces among the involved build-
ing blocks, whose relative importance alternates depending on the considered seale range,
hence naturally resulting in a regurlarly clustered growth. This progressive unfolding, ruled
by the above mentioned physico-chemical interactions, also favors the predeminance of cer-
tain symmetrical designs, such as helical and icosahedral shapes at™macromolecular and
supramolecular scales, or polygonal and polyhedral shapes at, the cellular/tissues domains.
Accordingly, pathological states can appear in living beings at amyone of their character-
istic structural scales, stemming from either symmetryrbreaking effects or/and anomalous
crystallization/condensation processes. For instange, amyloidesis related deseases, such as
Alzheimer, Parkinson, or Creutzfeldt-Jacob diserders; sha’re a common etiology closely re-
lated to the formation of plaques resulting from polypeptide fibrous-like assemblies in the
brain tissue [139, 140]. In a similar vein, o gain a deeper undertanding on the way certain
living organisms synthesize the specialized mineralized structures they contain, as well as
to identify the organic molecules andiphysico=chemical processes that control the resulting
spatial arrangements determining their umigque physical properties, is highly relevant for
medical applications. This knowledge also provides a source of inspiration for the design of
advanced biomaterials, such as synthetic calcium phosphates. These versatile biomaterial
chemically resemble the inorga\nic phase present in hard tissues (e.g., bone, dentine, fish
scales, or horns of different‘animals) as well as pathological calcifications (e.g., dental and
urinary calculi, tendon mineralization, calcification of blood vessels). Therefore, the syn-
thesis of calcium phosphates under physiological conditions, mediated by organic additives
resembling thessmall.molecules or large macromolecules of the organic matrix of bones and
teeth, is a matteér oflintensive research nowadays [141, 142]. To the best of my knowledge
no aperiodic crystal structures have been reported in the study of such a biomineralization
processes,to date, and it would be interesting to further explore such a possibility.

Through Secs.II-IV we have seen that in many instances the currently adopted QC notion

is nothgeneral enough to properly account for the rich structural features one usually finds
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in biological arrangements of matter. Notwithstanding this, the knowledge gained from the
study of QCs thus far provides a very convenient modeling framework to start with in many
instances. In this regard, the following analogies between biological patterns and aperiodic

crystal designs are worth to be highlighted:

e Global scale invariance symmetry is present in both QCs and spiral based phyllotactic

patterns.

e The cut-and-project method can be used in the descriptionf bothhmetallic QCs,
soft-matter based QCs and phyllotactic patterns. In particular, dislocation dipoles

are organized along circles related to 1D circular quasicrystalsi(see Fig.12B).

e The recourse to higher dimensional spaces can be fruitfullyexploited to describe aperi-
odic crystals (including QCs) as well as several biological systems, such as sea urchins
(e. g., via the eutectic star formalism). In thi§ way, a mathematical tool which had
been previously introduced to describe tramsformations from quasiperiodic to peri-
odic tilings via rotations taking place in a higher dinfensional space [143, 144], proved

extremely useful for studying biologieal issuesiasiwell.

e Aperiodic tilings early used in the description of atomic distributions in quasicrys-
talline metallic alloys can be extended ta describe the arrangement of proteins in virus
capsids. In this way, newsapproachesto,virus structural analysis have been introduced,
providing a viral tiling theoryswhich describes the locations of the proteins subunits
and their bonds on the basis of mathematical tools derived from the study of QCs

N
structure.

In summary, we realize that condensed matter structures usually found in biological sys-
tems display beautifully functional complex patterns whose detailed geometrical description
strongly suggests the convenience of introducing concepts extending beyond both periodic
and quasiperiodi¢ crystal notions. This goal nicely fits within the grand conceptual frame-
work earlysdubbed generalized crystallography by Alan L. Mackay [145-148], who laid down
the expansion of crystallography by emphasizing the importance of self-similarity, hierarchy,
and’information, as well as the convenience of higher dimensional and non-Euclidean ap-

proaches to develop a unified way of dealing with a broad collection of spatial structures and
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their changes, growth, evolution and transformations. In this context, the very notion of

hypercrystal may be regarded as a step forward towards a broader crystal notion, naturally

encompassing both periodic and aperiodic crystals alike, in order to conceptually unify all

the disciplines in which crystals play a significant role, not only in mineralogysSolid state

physics, structural chemistry and material sciences, but also in biochemistry, molecular biol-

ogy, genetics, virology, or medicine. A unification in which the general mathematical notion

of almost periodic functions, heralded by Harald Bohr long time ago_ [149], will, probably

play a useful guide [150].
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TABLE I: Virus crystals crystallographic data including the triangulation number (7"), the capsid
diameter, the spatial group (SG), and the lattice parameters. Key: Black beetle virus (BBV),
tomato bushy stunt virus (TBSV), cowpea mosaic virus (CPMYV), flock house virus (FHV), south-
ern bean mosaic virus (SBMV), HK97 bacteriophage, Nodamura virus (NOV), Coxsackie wirus
(CVBS3), grapevine fanleaf virus (GFLV).

VIRUS |T | (nm)| SG |a,b,c (nm)|a, 5,7 (°)] REE

BBV | 3| 332 |P4,32| 362 90.0 [132]
TBSV |3| 34.6 123 38.6 90.0 [133]
Polioma |7d| 49.5 | 123 57.2 90.0 |[a84)[126]
45.1 90.0
CPMV |[1]| 30.6 | P6,22 45.1 90.0 [135]

103.8 120.0

FHV 3| 334 R3 32.36 67.7 [132]

SBMV | 3| 30.2 R32 31.79 63.435 [132]

101.0 90.0
HK97 |7l 60.0 [P43272] 101.0 90.0 [136]
73.0 90.0
32.4 90.0
Poliovirus | 1| 32:0. |P212:2 35.9 90.0 [137]
38.1 90.0
32.3 90.0
Rhinoviruspl | 314 |P212:2 35.8 90.0 [134]
38.0 90.0
96.21 90.0

NOV < | 3| 348 | P2 35.41 110.9 [132]

61.28 90.0

27.84 102.0
GFLV |1| 306 | P1 29.83 116.4 [138]

29.16 108.2
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