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Abstract

We analyse the behaviour of solutions of the linear heat equation in RY for
initial data in the classes M.(R?) of Radon measures with [, el dJug| < oo.
We show that these classes are in some sense optimal for local and global existence
of non-negative solutions: in particular Mo(R?) = N.~gM_.(R%) consists precisely
of those initial data for which the a solution of the heat equation can be given for all
time using the heat kernel representation formula. After considering properties of
existence, uniqueness, and regularity for such initial data, which can grow rapidly at
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infinity, we go on to show that they give rise to properties associated more often with
nonlinear models. We demonstrate the finite-time blowup of solutions, showing that
the set of blowup points is the complement of a convex set, and that given any closed
convex set there is an initial condition whose solutions remain bounded precisely on
this set at the ‘blowup time’. We also show that wild oscillations are possible from
non-negative initial data as t — oo (in fact we show that this behaviour is generic),
and that one can prescribe the behaviour of u(0,t) to be any real-analytic function
v(t) on [0, 00).

1 Introduction

In this paper we consider the linear heat equation posed on the whole space R?, with very
general initial data, which may be either only locally integrable or even a Radon measure.
For an appropriate class of initial data ug, see e.g. [20], it is well known that solutions to
this equation,

u — Au=0, r €RY ¢ >0, u(z,0) = up(x), (1.1)

can be written using the heat kernel as

1

u(z,t) = S(t)ug(x) := (Art)ir

/d el Aty () dy, @ e RY, > 0. (1.2)
R

It turns out that the behaviour of solutions in (|1.2)) is significantly affected by the way
the mass of the initial data is distributed in space.

If the mass as |z| — oo is not too large it is well known that the ‘mass’ of the initial
data moves to infinity and the solutions decay to zero in suitable norms. For example, if
uyg € LP(R?) for some 1 < p < oo then classical estimates ensure that

1

()| oy < (47) 250 |[ug|| poggay,  for every ¢ > 0 and g with p < ¢ < oo, (1.3)

which in particular implies that all solutions converge uniformly to zero on the whole of
R?. In particular, for ug € L'(R?) since we also have

/ ule, ) de = / woly)dy, ¢ 0,
]Rd Rd

it follows that for such ug the total mass is preserved but (from (|1.3])) the supremum tends
to zero, i.e. the mass moves to infinity.

It is also known that as t — oo, solutions asymptotically resemble the heat kernel

K(z,t) = (4rt) =2 lo1*/2,



see for example Section 1.1.4 in [I1]. The faster the initial data decays as |z| — oo the
higher the order of the asymptotics of the solution that are described by the heat kernel,
see e.g. [9].

When the initial data is bounded, uy € L®(R?), the decay described above does not
necessarily take place. In fact (1.3)) reduces to

|w(®)] Lo may < l|tiol| oo may, >0,

which does not in general imply any decay. For example, if ug = 1 then u(z,t) = 1 for
every t > 1; for any R > 0 we can write

1 =u(t, Xpo,r)) + ult, Xpa\p(o,R))

where X4 denotes the characteristic function of the set A. Since Xp(o gy € L'(RY)NL>(RY)
the mass of 0 < u(t, Xp(o,r)) escapes to infinity but, on the other hand, the mass of
Xra\p(o,r), diffused by u(t, Xra\p(o,r)), moves ‘inwards’ from infinity and both balance
precisely at every time.

Hence, it turns out the dynamics of the solutions of the heat equation for
bounded initial data is much richer than for initial data with small mass at infinity. For
example, the existence of one-dimensional bounded oscillations was proved in Section 8
in [6], while bounded ‘wild’ oscillations in any dimensions were shown to exist in [27] by
a scaling method. It is worth noting that this scaling argument is also applied in [27]
to some nonlinear equations (porous medium, p-Laplacian, and scalar conservation laws).
Indeed, this scaling argument allows one to show that for LP(R?) initial data, 1 < p < oo,
the solution of asymptotically approaches the heat kernel. The scaling argument
was later extended to some nonlinear dissipative reaction diffusion equations in [5].

In this paper our goal is to consider some (optimal) classes of unbounded data that
possess large mass at infinity. In such a situation we show how the mechanism of mass
moving inwards from infinity plays a dominant role on the structure and properties of
solutions of . It turns out that in this setting, solutions of show surprising
dynamical behaviours more akin to what is expected in nonlinear equations.

For example, in our class of ‘large’ initial data finite-time blowup is possible. We
completely characterise (non-negative) initial data for which the solution ceases to exist
in some finite time; we determine the maximal existence time and characterise the blow-up
points, which are the complement of a convex set. Hence we are able to construct non-
negative initial data for which the solution exhibits regional, or complete blow—up. One
can even find solutions with a finite pointwise limit at every point in R? at the maximal
existence time, but that can not be continued beyond this maximal time (‘finite existence
time without blowup’). In particular, we prove that given any closed convex set in R,
there exists an initial condition such that the solution remains bounded at the maximal
existence time precisely on this set. Observe that most of this behaviour is characteristic



of nonlinear non-dissipative problems, see e.g. [20]. Our analysis includes and extends the

classical example ug(z) = e, with A > 0 for which the solution is given by
Td/2 2|2
U(.ﬁE, t) = me“”*f),

with 7' = ﬁ which blows up at every point x € R? as t — T.

For those solutions that exist globally in time we characterise those that are un-
bounded and also construct (non-negative) initial data such that the solution displays
wild unbounded oscillations (cf. [27]). For this, given any sequence of nonnegative num-
bers {ay}r we construct initial data such that there exists a sequence of times t;, — oo
such that for any & € N there exists a subsequence {;,}; such that

u(0,t,) = ap as j — o0,

We also show that this oscillatory behaviour is generic within a suitable (optimal) class of
solutions. Notice that unbounded oscillatory behaviour is an outstanding feature of some
nonlinear non-dissipative equations, see, for example, Theorem 6.2 in [2I] where some
solutions are shown to satisfy

liminf ||u(t; uo)|| peoray = 0 and  limsup ||u(t; uo) || oo ey = 00.
t—r00 t—ro0

All the nonlinear-like behaviour described above is caused by the large mass of the
initial data at infinity that is diffused by the solution of the heat equation and is moved
inwards bounded regions in R?, so that its effect is felt at later times.

Throughout the paper our analysis is based on the following spaces: we define the
subclass M. (R?) of Radon measures M,.(R?) by setting

M) = {e MR [ e (o)l < o0}

where |u| denotes the total variation of u, with the norm

3

d/2 o
Iilaccen = (2) [ e dluta);
Rd

i.e. M (R?) consists of Radon measures for which e <" € L'(d|u|) and is a Banach space.
[This set of measures was briefly mentioned in [2], which considered only non-negative
weak solutions of parabolic problems.] Since any locally integrable function f € Li (R?)
defines the Radon measure fdx € Mloc(Rd) the class above contains

LR = {7 € Lh®Y) [ eIl dn <0

4



These classes turn out to be optimal in several ways for non-negative solutions (|1.2))
of ((1.1)) which are now given by

r.t) = g L, o) (1.9

First an initial condition in M_(R?) gives rise to a (classical) solution of (1.1)) defined
for 0 <t < T(¢) = 4. Conversely for any non-negative solution (1.2)) of (1.1) that is
finite at some (z,t) then the initial data must belong to M4 (R?). As a consequence a
non-negative initial condition in MlOC(Rd) gives rise to a globally defined solution if and
only if it belongs to

Mo(R?) = () M.(RY).

e>0

Within this class of initial data we also show that a non-negative solution is bounded for
some to > 0 (and hence for all ¢ > 0) if and only if the initial data is a uniform measure
in the sense that

sup / djug(y)| < oc.

z€R?® J B(z,1)
Finally we show that a non-negative solution is bounded on sets of the form |z|*/t < R,
with R > 0, if and only if

sup | uo || pm. mey < 00.
e>0

In contrast, if
co(ug) = inf{e >0: 0 <ug € M(RH} >0

then the solution will exists only up to 7" = T'(ug) = ﬁ and cannot be continued beyond
this time at any point. The points x at which the solution has a finite limit as t — T are
characterised by a condition on the translated measure, namely 7_,uy € M., (R%), and
they must form a convex set. Conversely, as mentioned above, at any chosen closed convex
subset of R?, there exist some uy > 0 such that the limit as ¢ — T of the solution is finite
precisely at this set. In particular there are initial conditions such that lim; 7 u(x,t) < oo

for every # € R? but the solution cannot be defined past time 7.

Large initial data can also exhibit other unusual properties not normally associated
with the heat equation. For example, observe that for any w € R? the function p(x) =
e“? € L§(RY) := oo LL(RY) satisfies —Ap = —|w|*p, while ¢(z) = e“* € L§(R?)
satisfies —A¢ = |w|?¢. It follows that the spectrum of the Laplacian satisfies in this
setting is the whole of R,

UL(l)(Rd)<_A) =R,

and that for any w € R? the function

u(z,t) = ellFtHer g e R ¢ >0



is a globally-defined solution of (1.1) in Li(R%); the exponential growth rate of such
solutions can be arbitrarily large.

The paper is organized as follows. In Section [2| we recall some basic properties of
Radon measures. In Section [3| we show that for an initial condition in M_.(R?) the
integral expression defines a classical solution of the heat equation that attains the
initial data in the sense of measures. Conversely, we show that if is finite at some
(z,t) for some non-negative measure up, then it must be in some M_(R?) space. In
Section {4] we tackle the problem of uniqueness. In Section |5 we discuss and characterise
the non-negative solutions that cease to exist in finite time, determining both the blow-up
time T and the points at which the solution has a finite limit as ¢ —T. In Section [6] we
discuss the long-time behaviour of global solutions showing, in particular, wild unbounded
oscillations for some initial data; we show that this behaviour is generic (in an appropriate
sense). Allowing for sign-changing solutions we also show there how to obtain solutions
with any prescribed behavior in time at = 0. Finally, in Section [7, we briefly discuss
other problems that can be dealt with the same techniques. Appendix [A] contains some
required technical results.

2 Radon measures on R?

In this section we will recall some basic results on Radon measures that will be used
throughout the rest of the paper; details can be found in [4, 10, 12], [14]. A Radon measure
in R? is a regular Borel measure assigning finite measure to each compact set. The set of
all Radon measures in R? is denoted Mo.(RY).

Radon measures arise as the natural representation of linear functionals on the set
C,(R?) of real-valued functions of compact support in two distinct settings.

Theorem 2.1. If L: C.(R?) — R is linear and positive, i.e. L(¢) > 0 for0 < ¢ € C.(R?),

then there exists a (unique) non-negative Radon measure p € Mioo(R?Y) such that

L(p) = / odu  for every € Co(R?).
Rd

A similar result holds if positivity is replaced by continuity, in the following sense: we
equip C.(R?) with the final (linear) topology associated with the inclusions

C.(K) — C.(RY), KccR?

where, for each compact set K C R? we consider the sup norm in C,(K). More concretely,
a sequence {p;}; in C.(R?) converges to ¢ € C.(R?), iff there exists a compact K C R?
such that supp(¢;) C K for all j € N and ¢; — ¢ uniformly in K. A linear map



L: C.(RY) — R is then continuous if for every compact set K C R? there exists a
constant Ck such that for every ¢ € C.(R?) with support in K

[L()| < Ck sup |p()|.
rzeK

Theorem 2.2. If L: C.(R%) — R is linear and continuous (in the sense described above)
then there exists a (unique, signed) Radon measure p € Myoc(RY) such that

L(p) = /]Rd odu  for every ¢ € Co(R?). (2.1)

As a consequence of this second theorem the set of Radon measures can be charac-
terised as the dual space of C.(R?),

Mige(R?) = (C(RY)’

and we typically identify L € (C.(R%))" with the corresponding Radon measure p from
(2.1). In this way we can write

(1, ) :/ pdp  for every ¢ € Co(RY).
Rd
Notice that, in particular,
Llloc(Rd) - MIOC(Rd)
as we identify f € LL _(R?) with the measure fdr € M,.(R?).

loc

Any Radon measure p € Miy.(R?) can be (uniquely) split as the difference of two non-
negative, mutually singular, Radon measures p = u* — u~ (the ‘Jordan decomposition’
of 1). Then we can define the Radon measure |u|, the ‘total variation of y’, by setting

ul = pt 4+
Then for every ¢ € C.(RY) and p € My,.(R?) we have

/ dwdu‘ < [ loldlul (22)

Finally we recall the definition of measures of bounded total variation. Consider the
space Cy(R?) of continuous functions converging to 0 as |z| — oo with the sup norm
(C.(R?) is dense in this space).

Theorem 2.3. A linear mapping L: Co(R?) — R is continuous, iff there exists a (signed)
Radon measure j1 € Myoc(R?) such that |u|(R?) < oo and

L(p) = / odu  for every o € Co(R?).
Rd

7



The quantity ||ul|srv = |p|(RY) is the total variation of p and is the norm of the
functional L. In other words

Mary(RY) = (co(md))'

is the Banach space of Radon measures with bounded total variation. It is then imme-
diate that L'(RY) C Mprv(RY), isometrically, and Mpry(R?) C My,.(R?). We discuss
solutions of the heat equation with initial data in Mpry(R?) in Lemma

Note that the set of Radon measures is therefore distinct from the class of tempered
distributions on R?, which are continuous linear functionals on the Schwarz class .7 (R9):
such functions are smoother than functions in C.(R?) but satisfy less stringent growth
conditions, so neither class is contained in the other. Recall that .#(R?) is made up of
C*>(R%) functions such that for all multi-indices o, 3

|2°||DPp(z)| = 0 as |z| — oco.
The family of seminorms

Paa() = sup (1 4 [2°])| D p(x)]
rER4

defines a locally-convex topology on . (R%), and the tempered distributions are the dual
space .%'(RY).

A tempered distribution L € .%’/(R%) has order (m,n) € N x N if for all p € .7 (R?)

and some constant ¢ > 0
(L, p)| < cpaslp)
with |a] = m and |5] = n.

Since (1 + 2%)p(z) € L (R?) for every ¢ € (RY) and multi-index « and .%(R?) is
dense in Cy(RY), it follows that if L € .#/(R?) has order (m,0) then (1 + |z|?)~™/2L is an
element of Mppy(R?). That is, L can be identified with a measure u € Mj,.(R?) such
that

[ o) dluta)| < o, 2.3)
R4

since

(L@ = 1+ o) 2L, (14 )26 < ealie) < e sup [€(a)l
with £(z) = (1 + |2|*)™2¢(x) € Co(RY) and |a| = m.

Let us denote by %,,(R?) the collection of all measures p that satisfy (2.3). Then any
such u defines a tempered distribution of order (m,0) since for any ¢ € .7(R?) we have

[ p@dnta| =| [+ ey ot (0o o) duto

< paole) [ (1+ o)™ (o)




with |a| = m. Hence %,,(R?) is precisely the class of tempered distributions of order
(m, 0).

3 Initial data in M_.(R?): existence and regularity

Throughout this paper we consider the Cauchy problem
u —Au=0, v €RY ¢ >0, u(z,0) = up(x), (3.1)
whose solutions we expect to be given in terms of the heat kernel by
1 2
) _ _ —|z—y|?/4t
U(.I', t; Uo) - S(t)Ug(l') - (47Tt)d/2 /Rd € Y UQ(y) dya

if ug € LL_(R?) or, more generally, if ug € Mio.(R?) is a Radon measure, by

loc

u(z, t;up) = S(t)uo(z) = (4le.€/2 /Rd e ITYE/ Qug (). (3.2)

Of course, it is entirely natural to consider sets of measures as initial conditions for the
heat equation, since the heat kernel, which is smooth for all ¢ > 0, is precisely the solution
when ug is the § measure.

Notice that from (3.2) and (2.2)) we immediately obtain

|S(t)U0| S S(t)|U0|, t> 0, Uy € Mloc(Rd).

We start with some estimates for the expression in (3.2)) which show that the solution
can be essentially estimated by its value at z = 0.

Lemma 3.1. If uy € Mo(R?) and u(x,t) is given by (3.2) then for any a > 1 we have

:0\2
lu(x, t, up)| < cqou(0,at, |ugl) Ty forall z€R? t>0, (3.3)

d/2

where ¢, = 2%* for any z > 0.

If in addition 0 < ug € Mie(RY) then for any 0 < b < 1 < a we have

| ||
capu(0,bt) e Tt < wy(x,t) < cqqu(0,at) etleDi forall zeRY t>0. (3.4)

Proof. For the upper bound we use the fact that for any 0 < 9 < 1,

1
o=y = Jyl” + |o” = 2lyllel = (1 = 0)yl” + (1 = S)lal’, (3.5)



from which it follows that

1_qylz? 1 (1l
ot o] < eV (e [ 00 ()
taking a = 15 > 1 yields (3.3).

For the lower bound when ug > 0, we argue similarly, now using the fact that for any
0 >0,

1
o —y* < Ja* + yl” + 2Jlyl < 1+ 0)|al” + (1 + Syl

we obtain
|2 1

- 2
u(z,t) > e’(1+5)% <W /d o (Y- duo(y)>
R

P
and then take b = 75 < 1. O

We now introduce some classes of initial data that are particularly suited to an analysis
of solutions of the heat equation: for € > 0 we define

LY(RY) = {f e Ll (RY): / e~ f(z)| da < oo} ; (3.6)
R4
with the norm A
s = (£) [ e 7@l e (3.7

for which a positive constant function has norm equal to itself. For the case of measures
for € > 0 we define

M) = {pe MR [ o (o)l < o0} 39)
R4
i.e. e~<l*l> ¢ L'(d|p|), with the norm

& d/2 2
- —elz|
|l . ety == (7r> /Rde d|p(x)]. (3.9)

Obviously LI(R?) € M.(R?) isometrically, that is, if f € LI(RY) then | f||s. ey =
1 fllz2ma)- Also note that M. (R?) and L!(R?) are increasing in ¢ > 0 and if &1 < 5 then
for u € M., (R?)

/2
€2
liallan ety < (—) lialae, ey (3.10)

Finally L!(R?) and M_.(R?) with the norms (3.7) and (3.8)) respectively, are Banach
spaces, see Lemma [AT]

The following simple lemma demonstrates the relevance of the spaces L!(R?) and
M_(R?) to the heat equation. Note that the first part of the statement does not require
that ug is non-negative. We will improve on the first part of this lemma in Proposition

, obtaining bounds on u(t) in the norm of Ll (R?).

10



Lemma 3.2. Let ug € M (R?), set T(g) = 1/4e, and let u(x,t) be gzven by . Then
for each t € (0,T(g)) we have u(t) € LYRY) for any § > &(t) :=

(()t) i

Conversely, if 0 < uy € Mioe(RY) and u(z,t) < oo for some x € R, t > 0 then

ug € MR for every > 1/4t.
Proof. Taking uy € M_.(R?) we use the upper bound (3.3)) from Lemma to obtain

/ 676‘22'2"“,(1'7 t)| d;L' S Cd’a u(()? at, ’u0|> / 67(67 4(a£1)t)|37|2 dx’

R R

where we choose any 1 < a < T'(¢)/t. Given such a choice of a, to ensure that the integral
is finite we require § > m. Noting that the right-hand side of this expression can
be made arbitrarily close to m it follows that u(t) € L}(R?) for any § > &(t) :=

1/4(T(e) —t) = /(1 — 4et), as claimed.

Conversely, from the lower bound in (3.4)), if 0 < u(z,t) < oo for some z € R, ¢ > 0
then for any 0 < b < 1

1 2
— —[y|*/4bt
u(0,bt) = (dmbt) 72 /]Rd e dug(y) < oo,

ie. up € Mype(R?). Since we can take any 0 < b < 1, it follows that uy € M.(R?) for
any € > 1/4t. O

We reserve the notation T'(¢) and £(t) in what follows for the functions defined in the
statement of this lemma; for the latter this is something of an abuse of notation, since
e(t) is really a function that depends on a particular choice of ¢ (as well as t):

1 _ 1 3

T(e) = I and e(t) == A4(T(e) —t) 1 det’

0<t<T(e). (3.11)

At something of an opposite extreme, the following lemma - which we will require
many times in what follows - allows us to capture some of the ways in which any solution
starting from a continuous function with compact support retains a trace of its initial
data; more or less it satisfies the same decay as the heat kernel, ~ /21w /4t,

Lemma 3.3. If p € C.(RY) with supp p C B(0, R) then for any 0 <6 <1 and t > 0

(t)e y(t)|z]? lz| > 2R/5
[l oo (e lz| < 2R/,

(i) |S(@®)e(2)| _{

where

6—3(1—5)1%2/4& (1 _ 5)2
= WHS@”D(W) .

11



y C (t)e Wl 2| > 2R/§

S(t — << .7
() [5(0)e(r) — pla)] < { Vg b
with Cy(t) and y(t) as above and C,(t) — 0 ast — 0.

iii) In particular, for any e > 0 and 0 < T < T(e) = L there exists v = y(T,e) > 0
4e

such that
e [S(E)p(e)| < Crpee™ ',z € BT for every t € 0,1,
In addition,

e€|x‘2(5’(t)gp<x> —p(x)) = 0 uniformly in RY as t—0.

Proof. For any ¢ € C.(R%) with support in the ball B(0, R), we have

_la—y?

S()60)| < SO = g [ e ety

using again

o yP 2 (=0~ (5-1) bl 2 0= oel — (5 -1) 2

for any 0 < 0 < 1, it follows that

< Slpta)| < T [ ettt = M
i = s
= PWIRE= T e sor VY T T e Y

where I(¢) = [|¢]| 1 ra).

Now note that

R? 3R?
o> (18| —
R
if |x| > 2R/0, and hence for any such x we obtain
e—3(1—5)32/46t _(1—6)2 P2
0 < |S()p(x)] < We ar 1] I(p).

Since also [|S(t)@||peomray < @] poe(ray for all £ > 0, we get part (i).

(3.12)

Now, observe that for |z| > 2R/ we get the same upper bound for |S(t)p(z) — ¢(x)|
as above and since as ¢ € BUC(R?) we know from e.g. [I8, [15, 17] that S(t)¢ — ¢ — 0

uniformly in R? as ¢t — 0. Hence we get part (ii).
Now fix e > 0 and 0 < T' < T'(¢); we choose 0 < § < 1 such that

_ (1-9)
v = T e >0,

12



i.e. so that for all 0 <t < T we have (1 — §)?/4t > (1 — §)?/4T = € + 7; note that vy and
0 can be chosen explicitly in such a way that they depend only on T" and €. Then parts
(i) and (ii) give part (iii). O

Notice that in particular if ug € M. and ¢ is as in the previous lemma then
/ S(t)e dug —/ 1 S (1) p(x) e~ dug () (3.14)
R4 R4
is well defined for all 0 <t < T < T'(¢).
The next preparatory result shows that the solution of the heat equation for an initial

condition that decays like a quadratic exponential preserves this sort of decay, but with
a rate that degrades in time.

Lemma 3.4. If ¢ € Co(R?) with |p(x)] < Ae ™7 2 € RY, then u(t) = S(t)p satisfies

lu(z, )] < el 2 eRY > 0.

(1 + dmyt)d/?

Proof. Note that completing the square yields

2
|z —yl? SOV e s W B Yzl
4t 4t 1+ 4yt 1+ 4~t
and then
A a2 C1l4Ant|, 1 2 A _le? 14d~yt 12
‘U,(l’,t” < —— ¢ T+t e d@t ’y 1+4«/tz| dy = — ¢ Itdvt e it |yl dy
(47t)d/2 R (4rt)d/2 R

and the estimate follows. O

As a consequence, for any ug € M_(R?) and ¢ that decays sufficiently fast, uy and
S(t)e can be integrated against each other for some time, see (3.14). In fact the following
symmetry property holds.

Lemma 3.5. Assume that i € M.(R?) and ¢ € Co(R?) is such that |p(z)| < Ae el
r € R with v > ¢.

Then for every 0 <t <T(e) —T(y) = & — +

/ K(z =y, )[o(x)] dlu(y)] < (45t)_d/2l|ﬂ|lMs(Rd)/ e O |(x)| da.
Rd JRd

Ra
where K(x,t) = (47Tt)*d/2e_% is the heat kernel and e(t) = 4(T(i)_t) =10
In particular, for 0 <t < T(e) —T(y) = 4_15 — %
o8 = [ Stodu (3.15)
R4 Rd



Proof. Notice that

I= /Rd RdK(x —y, )|¢(x)[ dr d|p(y)| = /Rd /Rd K(z —y, )’ |¢(x)|e™=" da d|u(y)|

and completing the square

|z — y|? , 1 —det |
0 et = Y- Tl — :
4t 4t 1 —4et 1 —4et
Hence
_4e 2 elz|?
1< (47rt)d/2/ / o=t v mme] o T | g (2) e da d|u(y))|
R JRd
E|T 2
< (4et) Pllangpey [ o5 10(a) do
Rd
which is finite as long as e(t) < v, that is 0 <t < T(e) = T(y) = & — %.
The rest follows from Fubini’s theorem. ]

We can now show that for vy € M_(R?) [there is no requirement for uy to be non-
negative] the function defined in is indeed the solution of the heat equation on the
time interval (0,1/4¢), and satisfies the initial data in the sense of measures. There are,
of course, many classical results on the validity of the heat kernel representation, but the
proof that follows has to be particularly tailored to M, (IR?) initial data, since this allows
for significant growth at infinity.

Theorem 3.6. Suppose that ug € M.(R?), set T(e) = 1/4e, and let u(z,t) be given by
(13.2). Then

(i) u(t) € LE(RY) fort € (0,T(g)). Alsou € C*(R? x (0,T())) and satisfies

loc

uy — Au =10 forall zeRY 0<t<T(e).
(ii) For every ¢ € C.(RY) and 0 <t < T(¢)

/Rdgou(t) - /R S(t) dug.

In particular, u(t) — ug as t — 0% as a measure, i.e.
/ pu(t) —>/ ¢ dug for every o € C.(RY).
Rd Rd

(iii) If 0 < ug € M(R?) is non-zero then u(z,t) > 0 for all z € R, t € (0,T(¢)), i.e.
the Strong Maximum Principle holds.
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Proof. (i) If ug € M.(R?), then for any a > 1
1 2
- - —lyl*/4at
U’(Oaat7 ‘UOD - (47Tat)d/2 /Rde Y d’u()(y)’ <0

provided that ;- > ¢, that is t < ;- < T'(¢). Hence by 1’ from Lemma , we have
u(t) € Lﬁfc(]Rd) for t € (0,T(g)).
The rest of part (i) follows from the regularity of the heat kernel, since for any multi-
index a = (v, ..., aq) € N and n € N, the derivatives satisfy

a,n _ pa,n(J;?t) —|x|?/4t
vat K( ) - td/2+|al+2n ’

where p,,(z,t) is a polynomial of degree not exceeding |a| + 2n. For ¢ bounded away

from zero and ¢ > 0 this can be bounded by a constant times e(-artdlel®  Therefore for
0<s<t<7<T(e)

/ DK (2 — y,0)] dluo(y)] < Conr / o2+l ()|

Rd

with 0 < § < ﬁ. Proceeding as in the upper bound in Lemma the above integral is
bounded, for x in compact sets and 0 < a < 1, by a multiple of

[ () = [ )
R

which is finite as long as we chose 8, a small such that ¢ < (1 — a)(4£ — 0). For this

it suffices that m = 1= < 4+ — 6 which is possible since 7 < T'(¢). Hence

u € C®(R? x (0,7(¢))) and satisfies the heat equation pointwise.

For (ii), i.e. to show that the initial data is attained in the sense of measures, notice
first that it is enough to consider non-negative test functions in C.(R?). Now, from Lemma

and (3.15) in Lemma , we get for ¢ small

/Rd ou(t) = /R S(t)p dup.

Since Lemma [3.3{ also guarantees that e°l*” (S(t)¢(z) — ¢(z)) — 0 uniformly in R? as
t — 0, we can take ¢t — 0 in (3.14)) and obtain

/ pu(t) :/ S(t)goduoz/ gpduo—i-/ ealx‘Q(S(t)cp—gp) e e’ dug — o dug
Rd R4 R4 R4 RA

and (ii) is proved.

Part (iii) is a consequence of the lower bound in (3.4) from Lemma O

15



Now we derive some estimates on the solution in the L!(R?) spaces introduced in (3.6)),
using the norm from (3.7). We also discuss the continuity of the solutions in time. Note
that part (i) shows that in fact whenever uy € M_(R?) we have u(t) € Li(t) (R%); in part
(iii) we obtain a similar result for the derivatives of u, but with some loss in the allowed

growth (in L}(R?) only for § > £(t)).
Recalling the notations in (3.11]), we have the following result.
Proposition 3.7. Suppose that ug € M.(R?) and let u(z,t) be given by (3.2).
(i) For 0 <t < T(e) we have u(t) € LLY(RY) for any 6 > (t). Moreover
Hu(t)”Lim(Rd) < ol m. may-

(i) For0<s<t<T(e)
u(t) = S(t — s)u(s).

(3.16)

(3.17)

(iii) For any multi-inder o € N¢, for 0 < t < T(¢) we have D¢u(t) € LER?) for any

d > e(t). Moreover for any v > 1 we have
5(t) |04

a, T
[1DZu(®)|zy , ) < ‘ ol porey  Sforall 0<t< ﬁ,
7

where §(t) 1= L

MO = =D

(3.18)

(iv) For any multi-index o € N?, m € N and for each ty € (0,T(¢)) there exists §(to) > €
such that the mapping (0,T(g)) 3 t — Dy u(t) is continuous in Lé(to)(Rd) att =t.

Proof. (i) Setting § = -

1
/47y 1) da < _/ / o2 /47 o~ |o—2[2/41 4 dr.
/Rde ’U(ZE, )‘ S (47Tt)d/2 iy Rde € ’UD(Z)’ T

Notice that completing the square we obtain

-
t+7

|z|? |a:—z|2 t+T1
_'_
T t tT

|2I*

t+T1

and so

2
~lal?/4r )| dz < ;/ 1t g ~ gl wm e g,
/Rde |u(91;, )’ T > (47Tt)d/2 Rde ’u()(Z)’ e x

Since

/2
/ oSl gy = / L L
R4 R4 t+71

16
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it follows that

2 T d/2 |22
/ o /‘“ru(x,t)\dxs( ) / e dlug(2)].
Rd t+T Rd

Now given ¢ with 0 <t < T'(¢), choose 7 = T'(¢) —t = (1 — 4et) /4e; then 1/41 = (1),
1/4(t + 7) = €, and this estimate becomes

s(t)d/z/ e O |y, 1)], d < e‘”z/ e~ dlug(2)].
R4 R

which is precisely (3.16) up to a constant multiple of both sides.
(ii) Now

S(t — s)u(s)(x) = W /Rd e*\xfy\2/4(tfs)u(y, s)dy

and

1 2
- —ly—z[*/4s
u(y,s) = (Ims) 12 /Rde dug(z2).

Notice that completing the square as in (3.19) with x — y replacing x, z — y replacing z
and t — s replacing 7 and s replacing ¢, we get

1 1 g2 ot )= S ()2
S0 = SU8)0) = g g L, ¢ dole) [ e gy

R4 R4

B /2
/ ol F -2 g :/ o P gy — (47T8(t S))
Rd Rd t

and the result is proved.

and

(iii) Notice that for any multi-index o € N¢

« « 1 —|r— 2
DSu(x,t) = /Rd DSK(x —y,t)dug(y) = tCl/QJr—aV?/dea(x —y,t)e lz—y /4tdu0(y)

with po(z —y,t) is a polynomial of degree |a| in powers of 7. Hence for any 0 < 3 < 1

_ple—yl?

« Cauﬁ B t
ID5u(e 0] < i [ e dluoty) (3.20)

Ca,p
tlal/2 U(l’, '775)7

where v(z,t) is the solution with initial data |ug| and v = 1/ > 1 is arbitrary. The
estimate in (3.18) follows using part (i).

17



(iv) Note that we can argue as we did for (3.3]), and use (3.20]) to obtain, for 0 < v < 1,

o Ca, 1_a_ple? (1) (1—g) 2
[Dyu(e, )] < ptipe VTV | U dlu(y), (3:21)
R

which is finite provided we choose /3, such that (1 —~)(1 — 6)% > ¢ 1.e. provided that
t<T = (1-)(1 - B)T(e).

From the regularity of u in Theorem [3.6] we know that, as t — t,

D%u(t) — D%u(ty) in L2 (RY).

loc

Now, if a = 0, |) implies that for e(ty) = m and a,y > 1 we have a uniform
quadratic exponential bound for u(t) for all ¢ close enough to ty. For nonzero a,
implies that for 0 < 5,7 < 1 and 6(ty) = (1 —)(1 — 5)% > ¢ we have again a uniform
quadratic exponential bound for D%u(t) for all ¢ close enough to tg. Now, for n € N|

1D7u(t) = Diu(to)|zy

5(to)

w0 / _, & IDSu(t) - Dru(to)|(x) da
z|<n

+c/ e~ Doy () — D2u(ty)|(x) dx.
lz|>n

From the uniform quadratic exponential bound, the second term is arbitrarily small for
sufficiently large n, uniformly in ¢ close to ty, while the first term is small, with fixed n
and t close enough to tg.

For time derivatives just note that for m € N, 0"u(t) = (—A)*™u(t), and then
piu(t) = 0" Du(t) = (—A)*" Diu(t)

and we apply the argument above. O]

We now discuss further the sense in which the initial data is attained (improving on
part (ii) of Theorem [3.6)). First we show that u(t) = S(t)ug with uy € M.(R?) attains
the initial data against any test function that decays fast enough.

Corollary 3.8. If ug € M.(R%) and ¢ € Cy(R?) is such that |p(x)| < Ae™*F 2 e RY,
with v > ¢, then u(t) = S(t)ug satisfies

/ u(t)p — @ dug as t—0.
Rd Ré

Proof. For 0 <t < T(e) small and £(t) = =55 we have 7 > £(¢) and then from (3.15)

in Lemma Jpau(t) = [oa S(t)pdug. Now, from Lemma it follows that for ¢

sufficiently small

S(t)pl(@) < CeDFF with v<t>=lj4,yt>s,

18



and then |S(t)p|(z) < Ce~*F* € LY(d|ug|). Also, S(t)p(x) — ¢(x) for z € R? and then
Lebesgue’s theorem gives the result. O]
Assuming the initial data is a pointwise defined function, we get the following result.
Corollary 3.9. Suppose that ug € LL(R?), set T'(e) = 1/4¢, and let u(x,t) be given by
(13.2). Then
(i) u(t) — ug in L}(RY) ast — 0% for any & > ¢;
(ii) of ug € LY (R?) with 1 < p < oo then

u(t) = uo in LY _(R?) as t—0F; and

loc

(iii) if up € C(R?) then u(t) — up in LE(RY) ast — 0F.

loc

Proof. (i) Note that for any ¢ € C.(R?) we have

1S (t)uo — voll pyrey < [1S()uo — S@)pll ryrey + 15 — @l iray + o — tol 1 (re).
Let v > 0 and take ¢ € C.(R?) such that

—elxl?
o = lisgasy = [ e luo(e) - pla)] do <.
R

To see this note that for R > 0, if supp (¢) C B(0, R) then

[ e o) - pl@llde = [ e ufa) - pl@lldo+ [ e Flug(o)] da,
Rd |z|<R |z|>R
The second term is small for R large and so is the first one if we approach uy by ¢ in
LY(B(0,R)).

Now for any § > ¢ and all sufficiently small ¢ > 0 we have §(t) < d, where §(t) :=

a2 Then from and we have

HS(t)(UO_SO)HL};(Rd) < (g) HS(t)(Uo—SO)HL%(t)(Rd) < (g) HuO—QpHLé(Rd) < (g> 7.

Finally, as in Lemma we have S(t)p — ¢ — 0 uniformly in R? as ¢t — 0. Hence
1S(t)e — #llLimey — 0 as t — 0, which proves (i).

(ii) and (iii). Fix 7o € R% and § > 0 and take 0 < ¢ € C.(R?) such that 0 < p < 1, o =1
on B(zg,9), and supp(y) C B(x,2d). Decompose ug = @ugy + (1 — p)ug and write

u(t, up) = u(t, pug) + u(t, (1 — p)up).
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Then, if ug € LY (RY) with 1 < p < oo we have puy € LP(R?) then, as t — 0,

loc
u(t, pug) — @uo  in LP(R?).

In particular u(t, pug) — ug in LP(B(zg,d)). If ug € C(R?) then puy € BUC(R?) then,
ast — 0,

u(t, pug) — @uo in L®°(RY).
In particular u(t, pug) — ug in L>(B(xg,0)).

~ Now we prove that, as t — 0, u(t, (1 —¢)ug) — 0 uniformly in a ball B(zo,d) for some
d < 6, independent of x¢; this will conclude the proof of (ii) and (iii).

For this notice that for = € B(xg,d/2)

ult, (1 = @)uo)(x) = W /_ > e (1= @) (y)uo(y) dy.

Then |z —y| > |vo—y|—|x—x0| > d—9/2 =6/2. Hence for 0 <t <tpand 0 < a < 1,
|z — y|2 > olr — y|2 +(1- a)% and we obtain

—(1—a) - 5
e 16t _alz—y|
utt, (= )] < T [ e oty

Now we look for a uniform estimate in « € B(x, d) for the right-hand side above. For
this note that for 0 < f < 1,

lz—y> > |y — mo|* + |2 — @o|® — 2|y — ||z — xo| = (1 = B)|y — zo|* + ( )@ — @,

oL
p

thus for 2 € B(xg,0) and 0 < t < to = @ we have

—(1—a) 2 _ 2

e 16t (1 _ qylz==¢l _a(=p)|zg—yl

e, (= )] < T eV [ S )y
y—xo|=>

e—(l—a){%—&-(%—l)% —2¢|zo—y|?
< e )] o (322)

again |zo — y|* > [y|* + |zol® — 2lyl|zo| = 1/2Jy[* — |20l gives

/ de‘2flro—y‘2|uo(y)\dy < el / e = Jug (y)| dy
R

RN

and so (3.22) tends to 0 as ¢t — 0 uniformly in z € B(zg,9) if (% —1)0% < (1 — a)%.

Notice, finally, that 6 does not depend on . O

Notice that by comparing e~<*I* and (14|2[2)~™/2 it follows that the class of tempered
distributions of class (m,0) as introduced at the end of Section , satisfies, for all € > 0,

Cn(RY) C €pr(RY) € M (RY).
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4 Initial data in M_.(RY): uniqueness

Now we prove a uniqueness result for heat solutions with initial data uy € M_.(R?).
Observe that uniqueness for non-negative weak solutions of can be found in [2]. On
the other hand, one can find a proof of the uniqueness of classical solutions with no sign
assumptions but with bounded continuous initial data in [26] in dimension one and in
e.g. [16] (Chapter 7, page 176) in arbitrary dimensions, provided that they satisfy the
pointwise bound

lu(z,t)| < M 2z e R 0 <t <T. (4.1)

Here we prove a uniqueness result adapted to initial data in M. (RY), with no sign
condition imposed. Observe that if uy € M (R?) for some £ > 0 and u(t) = S(t)uy is as

in (3.2)), then assumptions (4.2)), (4.4), (4.5, (4.6) and (4.7) below are ensured by parts
(i) and (iii) in Proposition [3.7, Corollary and part (iii) in Theorem [3.6] Also (4.3) is
ensured by part (ii) in Proposition [3.7]

Theorem 4.1. Suppose that u, defined in R? x (0,T), is such that for some 6 > 0 and
for each 0 <t < T, u(t) € LYR?).

(i) Suppose furthermore that

u, Vu, Au € L ((0,T), Ly(R%)) (4.2)

loc

and satisfies u; — Au = 0 almost everywhere in RY x (0,T). Then we have
u(t) = S(t — s)u(s) (4.3)

foranyO0O<s<t<T.
Assume hereafter that u satisfies (4.3)) for any 0 < s <t <T.

(i) Then for each 0 <t < T and every o € C.(R?) the following limit exist

lim [ u(s)S(t)e = /Rd u(t)ep.

s—0 R4

(iii) There exists ug € M-(R?) for some e > 0 and such that u(t) = S(t)ug for0 <t <T
if and only if for every ¢ € C.(R?) and t small enough

lim [ wu(s)S(t)p = /Rd S(t)p dug. (4.4)

s—0 Rd

(iv) Condition 1s satisfied provided either one of the following holds:
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(iv-a) For any function ¢ € Co(R?) such that |¢p(z)| < Ae™F 2 € R, with v >
we have, ast — 0

lim ¢u( ) — | ¢duy. (4.5)
R4

t—0

(iv-b) For some 7 < T small and 0 < t < 7 we have u(t) € L{R?) with
/ e~ lu(z, t)|de < Mt € (0,7]; (4.6)
R4
i.e. w€ L®((0,7], LY{RY)) and for every ¢ € C.(R?), ast — 0

/ eu(t) = | @duy. (4.7)
R Rd
Proof. For (i) the key to the proof is to show that for every p € C.(RY) and 0 < s <t < T

e [ uttre= [ usie- ¢ (45)

for some small enough T' depending only on § > 0 in (4.2]). In such a case, we then apply
(3.15) with = u(s) € L}(R?) and ¢ = S(t — s)go, provided 0 < t —s < T is small enough
(depending on § > 0) such that from Lemma |3.3] ¢ satisfies the assumption in Lemma|3.5

to obtain that the right hand side of 1) equals / S(t — s)u(s)p. Hence, we get |ID
d

for 0 < s <t <T. Then for 0 < ty < T consider %(t) = u(t + to) for 0 <t < T which
satisfies the assumptions in (i). Hence implies in particular u(t + to) = S(¢)u(to)
for 0 < ty,t < T which combined with gives for 0 < s <t < 2T. In a finite
numer of steps we obtain this property on any finite time interval.

For the proof of (4.8)) we fix 0 <t < T and differentiate

I(s) := /Rd u(s)S(t—s)p  se€(0,t)
to obtain

I'(s) = 85u(s)5’(t—s)g0—/

R4 R4

u(8)0sS(t—s)p = /Rd Au(s)S(t—s)gp—/Rd u(s)AS(t—s)p.
(4.9)

For this observe that from Lemma and decreasing T if necessary but depending
only on 9, we have that for all 0 <t < T
1IS@)p(x)| < ce P zeR? 0<t<T,

with o = o(T") > 9, with § as in (4.2)). Also, by (3.12)) and proceeding as in ([3.20)) and as
in (3.13) we obtain

c 2 m 1-62 5)2
AS(Dp(a)| < e I | ey weRY 0<i<T,
B(0,R
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and again as in Lemma |3.3] we obtain
IAS(H)p(x)| < ce™ 2z eRY 0<t<T,
with a = «(T) > ¢ and some ¢ = ¢(p, R, T) with § as in (4.2)).
With these, using , the integrand on the right-hand side of has a bound
[Au()[|S(t =)ol + [u()[[AS(E = )¢l € Li,e((0,2), L' (RY)).
Hence, by differentiation inside the integral, (4.9) is proved.

Now observe that (4.2)) and the upper bounds above for S(t)p, AS(t)e mean that we
can use a.e. s € (0,t), Lemma below to integrate by parts in (4.9) to get I'(s) = 0
for s € (0,¢) which gives that I(s) is constant in (0, ).

Now we show that, as s — ¢ we have I(s) — I(t) = / u(t)ep. For this, write
Rd

19 = [ o)+ [ a)(S(=s)0 =)

and observe that from the assumptions dyu = Au € Li ((0,T), L}(R?)) and in particular,

u(s) is continuous as s — ¢ in L}(R?). On the other hand from Lemma we have

Al (S(t — s)p(z) — p(x)) — 0 uniformly in R? as s — ¢t. Hence (4.8) and part (i) are
¥ ¥ y p

proved.

Now we prove (ii). For fixed 0 < ¢ < T and s small, from Lemma , we get that
u(t)S(s)p is integrable and then, from (£.3), using Lemma again (with p = u(s) €
LYR?) and ¢ = S(s)¢) and - we get

| = [ st=sius)ssie = [ use-956)e = [ use

Ra
Now, from Lemma [3.3| we have that, as s — 0,

| / o=@ < [ OIS - o) e <0

and then the following limit exists

im [ u(s)S(t) = lim | u(t)S(s)p = /R ult)e.

s—0 R4 s—0 R4

This concludes the proof of part (ii).

To prove (iii) notice that from Lemma (3.3 with ¢ small and Corollary 3.8 we have that
condition (4.4) is necessary for u(t) to be equal to S(t)ug. Conversely if (4.4) is satisfied
then for ¢ small and ¢ € C.(R?)

/Rd u(t)p =lim [ wu(s)S(t)p = /Rd S(t)p dug

s—0 R
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Then by (3.15) in Lemma [3.5| with = uy € M (R?), ¢ = ¢, we get

[ utvro= [ streduo= [ o5
R Rd Rd
for every o € C.(R?) and then u(t) = S(t)up for ¢ small. This and (4.3|) proves part (iii).

For part (iv-a) it is now clear that if u satisfies (4.5)) then Lemma and t small
allows to take ¢ = S(t)p in (4.5) to get that (4.4]) satisfied.

Finally, assuming (4.6)) and (4.7]) we prove part (iv-b). For this consider a sequence of
smooth functions 0 < ¢,, < 1 with supp(¢,) C B(0,2n) and ¢, = 1 in B(0,n). Then we
write

| u0ste= [ u0,s0e+ [ un-o)50

Rd
and then

/ u(s)S(t)go—/RdS(t)gaduo:II+]2+]3:

([ we).S00= [ onS0edw) + [ (6.~ DSWpdu+ [ w1 =050

R R4

Now I3 goes to zero with n — oo uniformly in 0 < s < 7. To see this, observe that
by Lemma , for some to > 0 small and 0 < ¢ < t, we have 0 < ¢=I* (1 — ¢,,)[S ()| <
ce‘”‘”'g(l — ¢n), ¥ >0and 0 <1— ¢, — 0 uniformly in compact sets as n — co. Hence
el (1 — ¢,,)S(t)¢ — 0 as n — oo, uniformly in R? and uniformly in 0 < ¢ < ;. Thus by

14.6),
I3 = / e_e‘x|2u(s)eg|$|2(1 —¢n)S(t)p -0, n— oo
Rd

uniformly for 0 < s < 7 and 0 <t < ;.

With the same argument, I, goes to zero with n — oo uniformly in 0 < ¢ < %, since
ug € M.(R?). Finally, by , for any fixed n and 0 < t < to, [y — 0 as s — 0.
Hence, for any 0 < t < to we get lim,_,q [gau(s)S(t)p = [pa S(t) dug and part (iv-b) is
proved. O

Notice that condition (4.5)) is precisely the definition of “initial data” for the weak
solutions considered in [I], page 319.

Also observe that, for ¢t small, from Lemma condition (4.8)) is indeed equivalent
to (4.3) provided u(s) € LL(R?) for some § > 0.

Finally, observe that if we assume u € C(R? x (0,7T) is such that for any 0 < s < T
there exists M,a > 0 such that

lu(z,t)| < Me®* 2z e RY, s <t<T.
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from the results in in [26] and [I6] (Chapter 7, page 176), then (4.3)) is satisfied. Also,
observe that from Lemmal3.1)implies that S(¢)u satisfies the quadratic exponential bound

above. Therefore, if additionally u satisfies (4.5)) or (4.6) and (4.7) then we have u(t) =
S(t)ug. These contitions are slightly weaker than the classical Tychonov condition (4.1)).

5 Global existence versus finite-time blowup

From the results in Section B it is natural to set

Ly(RY) = () LA(RY)

e>0

and
Mo(R?) = (Y M(RY).

e>0

Clearly L{(R?) C My(R9).

It is a simple consequence of Lemma that these are precisely the collections of
initial data for which (non-negative) solutions exist for all time.

Proposition 5.1. If ug € My(R?) then u(z,t), given by (3.2)), is well defined for all x €
R? and t > 0; in particular u(t) € LY(R?) for every t > 0. Conversely, if ug € Mioc(R?)
with ug > 0 and u(x,t) is defined for all t > 0 then ug € Mo(R?).

Note that L} (IR?) is a natural space of functions in which to study the heat semigroup,
since S(t): L{(RY) — LI(RYN) for every ¢ > 0; this form the main topic of our paper [23].
For the time being, one can note that if ug € Mgy(RY) then the estimate from Proposition
3.7 can be reinterpreted as

8
1446t

lu(@lzy < lluollmsyy, — where 6(2) :

The collection L§(RY) is a large set of functions: it contains LP(R?) and L7, (R?) for
every 1 < p < oo, and (for example) any function that satisfies

|f(z)] < Mekll® e RY

for some M > 0 and o < 2. It also contains functions that are not bounded by any
quadratic exponential, such as

f(l') = Zak XB(Ik,Tk)(x), Q= e|zk|3
k
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with |zx| — oo and ry — 0 such that r{ < ﬁ

We show below that M,(R?) also contains the space of uniform measures My (R?)
defined as the set of measures u € MlOC(Rd) such that

- / dlu(y)| < o0 (5.1)
z€R4 J B(z,1)
with norm
Iilsap e = sup [ djuty)] 5:2)
z€R? J B(z,1)

This is a Banach space, see Lemma [A.2]

In fact, as a consequence of Theorem , we can show that the uniform space My (R?)
is precisely the set of initial data for which non-negative solutions of the heat equation
given by remain bounded in R? for positive times. See [3] for results of the heat
equation between uniform spaces L, (R?), 1 < p < oo, the collection of all functions
¢ € L _(R?) such that

sup / 6(y)[P dy < oo
B(z,1)

z€R?
with norm [|¢|| .z ey = sup,epa |4l Lr(B(21)). For p = 0o we have L (R?) = L*(R?) with

norm [|@| zee(ray = supepa ||z (B(z,1)) = |9l Lo mey-

Proposition 5.2. (i) If ug € My(RY) then ug € My(R?) and u(t) € L=(RY) for all
t >0 and for every 1 < q < o0

_d(_1
Hu(t)HL‘g,(Rd) < My (t 2070 4 1) [[o| ay (re)-

(ii) Conversely, assume that 0 < ug € My(RY). If 0 < u(ty) € L>®°(RY) for some ty > 0
then
Uy € MU(Rd),

hence u(t) € L>®(RY) for all t > 0.

Proof. (i) Note first that from (3.2)) we have |S(t)ug| < S(t)|ug| and, by definition, that
uy € My (RY) iff Jug| € My (R?). Hence, using Proposition [5.1} it is enough to prove the
result for non-negative wuy.

Let us consider a cube decomposition of R? as follows. For any index i € Z¢, denote
by @Q; the open cube in R? of center i with all edges of length 1 and parallel to the axes.
Then Q; N Q; = 0 for i # j and R? = U;c4Q;. For a given i € Z¢ let us denote by N (i)
the set of indexes near 4, that is, j € N(4) if and only if Q; N Q; # 0. Obviously

d;; = inf{dist(x,y), v € Q;,y € Q;} (5.3)
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satisfies d;; = 0, if j € N(i), d;; > 1, if j & N (i), and as a matter of fact it is not difficult
to see that d;; > |i — j|lec — 1. Let us denote by Q" = Ujen(;)@: and QP = R®\ Qe

Assume that uy € My (R?) and, for a fixed i, decompose
Uy = U()XQ?ear + UOXanr;

by applying the linear semigroup S(¢) to each term in this equality we obtain the decom-
position
ult) = uf () +ui (t).
The result will follow from the following estimates of the two terms of the decompo-
sition. First,

_dr_1
[0 () || gy < (Ant) 2070 |ug|| paggressy > 0, (5.4)
for 1 < ¢ < oo and, second,
[ ()| oo (@iy < () luollpagsgeory, > 0. (5.5)

for some bounded monotonic function ¢(t) such that ¢(0) = 0 and 0 < ¢(t) < Ct~ 2=/
as t — 0, where C' and o > 0 depend only on N.

Then since the constant for the embedding L>*(Q;) — L%(Q;) is 1, independent of ¢

and i, (5.5),(5-4) imply
_d_1 .
()| oy < ((4mt) 7207 4 e(t) [uollpp ey i € Z%

Since the L{,(RY) norm can be bounded by a constant, only depending on N, times the
supremum of the L(@Q);) norms, (i) follows.

Now observe that (5.4]) follows from “standard” estimates for the heat equation, since
in fact, ugXgrear is a measure of bounded total variation and then for ¢ > 0,

d
2

_1
| ()| a@i) < NS (#) (uoXgnear) =3 || uo || an(renry (5.6)

La(R4) S (47Tt)

since |[ugXgnear || vy (re) = [[tio]| m(grear) see Lemma below.

We now prove 1} Observe that uoXgmr = > ;cza\ vy ul) where u}) = ugXg,; for each
J we have

S(eyuia) = (amt) 2 [ 5 aufy) = amty 2 [ o auly

Rd Qj
which implies that for j € N(7)
2 a2

. _di' . o
1S () dllei < ()2 il aaay) < (4t) 275 uol| ey gty
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where d;; is defined above in ([5.3). Hence,

2
_ dij

e O)llzmon < Y. 18O wlemy < @Art) Pluolpp@ery Y. €.
FEZA\N(3) JEZA\N(3)

But, using that #{j € Z, d;; = k} < Ck?"!, we obtain
—d?j > —k2
> et coypt
FEZA\N (i) k=1

which has the same character as the integral

oo 2 0o )
/ rile™ % dr = (4t)d/2/ st te™" ds = t¥%¢(t)
1

1

H

with ¢(t) as claimed in (5.5)).

(ii) If for some to > 0 we have u(ty) € L>®(R?) then from (3.2) we get for all z € R? and
any R >0

_Jz—y|?

e o dug(y)

o0 > M > u(xz,ty) >

7,
(47t0)? Je,m)
S IR
—F 1n e o U
~ (4mty)#? 2eB(0,R) B(z,R) "

that is
RQ
0< / dug(y) < Me¥o (4mtg)Y?, = € R?
B(z,R)

ie. 0 <uy € My(RY). From part (i) we obtain u(t) € L>®(R?) for all ¢ > 0. O

Now we prove the result used above in (5.6). Note that from (3.8), Mpryv(R?) C
My (RY) € My(R?). The following lemma shows that Mpry is invariant under the heat
equation, and gives bound on the rate of decay in L9 of solutions when uy € Mpry.

Lemma 5.3. For i € Mpry(R?) the solution of the heat equation given by satisfies

|S#)ullsry < [|ullBTv, >0,

and for every 1 < q < oo

d
2

_1
1S (@) pll ageay < (4mt) 2072 ullpry, > 0.
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Proof. Observe that since for every ¢ € C.(R?) and 0 < t < oo, u(t) = S(t)u satisfies

(3.15) that is,
/ U(t)soz/ S(t)pdu
R4 R4

[ utore

Therefore the estimates ([1.3)) give, for every 1 < ¢ < oo,

then
< 1S @l oo eyl 1l BTV -

_da
[ ut)e] < (705 ol oy

and the claims follow. Note that in particular, for ¢ = 1 since u(t) € LL _(RY)NMpry(R?)

loc

then u(t) € LY(R?). O

5.1 Finite-time blowup for non-negative initial data

Now we turn to non-negative solutions that may not exist for all time, that is, according
to Proposition[5.1, 0 < ug ¢ Mo(R?). Lemmal3.2shows that the maximal existence time
for the solution arising from the non-negative initial condition 0 < uy € Mio.(RY) will be
determined by its ‘optimal index’

co(p) ==1inf{e: p € M.(RH} =sup{e: pu ¢ M. (R} < . (5.7)

The simplest example is to take A > 0 and consider ug(z) = e?*; then uy € L!(R?)
if and only if € > A, so in this case go(ug) = A but ug ¢ LY4(R?). If we set T = 1/4A then
the integral in (3.2) can be computed explicitly and one gets

efT-1 (5.8)

which satisfies the heat equation for t € (0,7"), has u(z,0) = ug(x), and blows up at every
point z € R? as t — T'. At the other extreme is an initial condition like

ug(x) = Akl el
for some v > 0 and 1 < a < 2, which we treat as Example [5.11] below. In this case
limg /44 u(x,t) exists for every x € R?, but the solution cannot be extended past t = 7.

Below we analyse the behaviour for a general non-negative initial condition ug that
is not an element of My(RY). While the time span of the solution does not depend
specifically on any fine properties of the initial data, but only its asymptotic growth as
|| — oo (in terms of its optimal index), the existence or otherwise of a finite limit as
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t — T is more delicate. We will see below that at the maximal existence time a number
of different behaviours are possible: from complete blowup, as in the example above,
to the existence of a finite limit at all points in space. We will show that by ‘tuning’ the
initial data it is possible to obtain solutions with a finite limit only at any chosen convex
subset of R%. These results, in turn, will depend on the integrability at the optimal index
of the translate of the initial data.

In the case of pointwise-defined functions, any translation 7, f(x) := f(z — y) has the
same optimal index as f, since whenever f € L!(R?) we have 7, f € L}(R?) for any ¢ > e:

/R e () de = / e ()] dz < I / e=20-0F | £(2)]dz < oo

Rd

for (1 —a) > ¢, using (3.5). However, whether or not 7, f € L;O( n (R?) depends strongly

on the decay at infinity of “lower order terms” of f as the examples below will show.

For the case of measures, observe that we can define translations of measures via the
formula that would hold for a locally integrable f and ¢ € C,(RY), namely

[ nt@e@d= [ j@eernd= [ fEm e
R4 R4 R4
That is, for y € R? and p € Moo(R?) we define 7,1 by setting
/ o(x) dryp(x) ::/ 7_0(2)du(z) for every ¢ € C.(RY).
R R

Hence 7y € Mloc(Rd) and is a positive measure whenever p is. It also follows that if
= pt —pu then

Tyt =Ty —Tyu”  and  |myul = 1|ul.

Lemma 5.4. For yu € M.(R?) and y € R, we have 1,p € M;s(R?) for any 6 > & and

/ e~ djr, ()] = / e ().
R4 R4

In particular, T,u has the same optimal index as p.

Proof. Take ¢, € C,(R?) such that 0 < ¢, < 1 and ¢, — 1 as k — oo monotonically in
compact sets of R, Then

ou(w)e (e = [ oulo)e " dnyluta)| = [ onla+ e dluga)).
Rd R4 R
Using (3.5)), the right-hand side above is bounded by

ea(;—1)|y|2/ e 1=0)l2P | 4(2] < oo
R4
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for §(1—a) > e. Then Fatou’s Lemma gives / e dll* d|ryp(x)| < co. Now the Monotone
R4
Convergence Theorem gives the result. O]

Now we can prove the following result on the pointwise behaviour, as ¢ — T of the
solution of the heat equation (3.2) with initial data 0 < uy & M (R?).

Theorem 5.5. Assume that 0 < ug € Mioo(RY) and that the optimal index ey = £o(ug),
see (5.7)), satisfies 0 < g9 < co. Then the solution u of the heat equation given by (3.2)) is
not defined (at any point x € R?) beyond T := 1/4gy. Furthermore ast — T

uw(x,T) if T_pup € M., (R?)
ul(, t) = {oo if T_gug & Mg, (R?).

Proof. 1t follows from Lemma that if u(x,t) is finite for some z € R and ¢ > T then

ug € M.(R?) for some € with g9 > & > 4%, which is impossible.

To analyse the limiting behaviour as t — T', using Lemma [5.4) we first write, for t < T,

1 _lz—y)? 1 e
'LL(iIZ',t) = W /Rde 4t duo(y) = W/]R;de 4t dT,zUO(Z).

Now, if 7_,ug ¢ M., (R?) then by Fatou’s Lemma

1 _lwi?
u(z,t) = Aty /Rde i dr_pug(y) — 00, t—T.

2
On the other hand, if 7_,up € M., (R%) then e~ 4 < e’ and using the Monotone
Convergence Theorem it follows that as ¢ — T,

| 2 1 o
u(x,t) = W/R;de 4t dT,xUQ(y) — W/Rde ol dT,xuo(y) < 00. ]

For a given initial data 0 < uy € Miy.(RY) with optimal index 0 < gy = go(ug) < 00
we now analyse the ‘regular set’ of points € R? such that the solution of the heat
equation has a finite limit as ¢t — T := 1/4¢q as in Theorem For short we define
A = go(up) > 0. Then observe that if no translation of wg satisfies 7_,uy € M., (R?)
then the solution u(x,t) of the heat equation diverges to infinity at every point in R? as
t — T = 1/4A. Otherwise, assume that uy € M., (R%); then

up(z) = e y(z), 2 e R (5.9)

where 0 < v € Mpry(R?). If, on the contrary uy ¢ M., (R?) then for some x5 € R? we
have vy 1= T_5,u0 € M, (R?) and then vy is as in (5.9)), while from Lemma we obtain

w(x,t,uo) = u(x — x9,t,v9), =€ R
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so it suffices to study the ‘regular set’ of an initial data as in with 0 < v € Mprv(R?).
For simplicity in the exposition we will restrict to the case 0 < v € L'(R?). In such a case
we have the following result that shows that the ‘regular set’ of x € R? at which u(x,t)
has a finite limit as ¢ — T must be a convex set. For a converse result see Proposition

5.13 below.
Lemma 5.6. Assume ug is as in (5.9) with 0 < v € L} (RY), so that eg(ug) = A. Then

loc
: 1 d\ L 2A(x,z
(i) ot € LL (RY) iff I,(z) := /Rde @2)y(2) dz < oo.
(ii) If moreover 0 < v € LY(R?) then the set of x € RY such that I,(z) < oo is a convex
set that contains x = 0.
Proof. Since e AW r_ug(y) = e’ 24wl y(z 4 y) = e AP e2AEm )y (1 4 y) part (i)

follows.

For part (ii) note that since v € L'(R?), it is always the case that

/ e)‘2A<x’y>v(y) dy < o0
(z,y)<0

whenever A > 0.

Now observe that if I,(z) = oo then for any A > 1

/ MACY (y) dy = oo,
(z,y)>0

i.e. I,(Ax) = oo for any A > 1.

Consider now z1, xe such that I,(x;) < oo and take 6 € (0,1). Then I,(fz;) < oo and
I,((1 = 0)x;) < oo and

1(0x1 + (1 — O)ay) = / @A 2AOOesy ) dy,
R

Observe that the integral in the regions where either (x1,y) < 0 or (x2,y) < 0 is finite
while
{{z1,9)>0, (z2,y)>0}

can be split in the regions (z1,y) > (z2,y) and (z1,y) < (z2,y). In both of these the

integral is finite, which completes the proof. O]

Now we give some examples of initial data as in ([5.9)) and explicitly compute its regular
set. In our first example I,(z) is never finite so we obtain complete blowup, generalising
the example in ([5.8)).
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Example 5.7. If we take v(x) > ¢ > 0 for all x € R? then go(ug) = A and in (5.9) we
have T_yug & LY (R?) for every x € RY.

In this case the solution u of the heat equation given by (3.2]) and initial data ({5.9))

. . d . _ 1
blows up at every point in R® at time T' = ;5.

In our next example I,(z) is only finite at 2 = 0 so the regular set consists of a single
point at the origin. Thus the solution u of the heat equation given by (3.2]) has a finite
limit at = 0 as t — T, but blows up at all other points of R%.

Example 5.8. When v(z) = (1+|z|*)=%/2 with a > d/2 we have go(ug) = A and in
we have T_yug € LY (R?) only when x = 0.

To see this we write y = sz + 1 with 3/ L x to get

0o e2A|x|2s
I = dsdy’
() / /_oo T+ 2R+ ypye

If z # 0 then the integral in s is infinity for each 3’ € RV~1.

In the next example [,(x) is finite only in the open ball |z| < 7/2A; the solution u
of the heat equation given by (3.2) has a finite limit here as ¢ — 7', but blows up at all
other points of R,

Example 5.9. Take v(x) = e "1#l with v > 0. Then o(up) = A and in we have
T_zuo € Ly (RY) if and only if |z| < 7.
To see this note first that
0< 62A<x7y>v(y) < oAyl

which is integrable if |z| < 7. On the other hand writing y = sz + 3’ with y' L

[e.@]
2 _ 2 2 /(2
I(z) = e2AlePPs gV HY 2 g gy
Ri-1 J—c0

If 2A|z|* — ~|z| > 0, that is, |z| > 5%, then the integral in s is infinite for each y' € R,

It is also possible to make I,(z) finite only on a closed ball.

Example 5.10. Take v(z) = e l(1 + |2[?)=%/% with a > d/2 and v > 0. Then go(ug) =
A and in we have T_zuo € Ly (RY) if and only if |z] < 75.

To see this note first that

0 < 2@y (y) < A= 4 |y|2)—a/2
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which is integrable if |z| < 5%. On the other hand, if  # 0 writing y = sz + ¢’ with
y Lo
o / 7 1
I,(x) = 2 Alels g/ 8?2+’ dsdy/'.
o= A+ 2P 1 e Y

If 2A|z|* — y|z| > 0, that is, [z| > 5%, then the integral in s is infinite for each ¢’ € R,

Our last example is perhaps the most striking: here I,(z) is finite for all z € R
Example 5.11. Take v(x) = e % with v > 0, 1 < a < 2. Then so(ug) = A and in
we have T_yug € LY (R?) for any x € R4,

To see this note that
0< e2A<r,y>U(y) — e2A<zy>—ly* < e2Alellyl=ylyl* < Ll(Rd).

Thus for the initial data ug(z) = eA**~7#* the solution u(x, t) of the heat equation takes
a finite value at every point in R? at T = 1/4A, but cannot be continued beyond this
time.

We now show that in fact we can arrange for the regular set, {x : I,(z) < oo}, to be
any chosen closed convex subset of R?. First we recall the following characterisation of
such sets.

Lemma 5.12. Any closed convex set with 0 € K is of the form

K = ﬂ{x : (x,ny) < ¢}

jeJ
for some unit vectors n; and c; > 0, where J is at most countable.
Proof. Note first that K is the intersection of all closed half spaces containing K. Then

observe that K = cpr{z : (2,n(y)) < c(y)} for some unit vectors n(y) and constants
c(y) >0, see e.g. [24].

This implies that, U,cox{z : (z,n(y)) > c(y)} is an open covering of the open set
R?\ K. Thus we can extract an, at most, countable covering. O
Note that the form of K in the following results is more general than that given by

the previous lemma; in particular it allows for any closed convex set.

Proposition 5.13. Assume that K C R? is a conver set given by the intersection of at
most a countable number of half spaces, that is, K = xq + Ky with

0€Ko=[{z: (&) <y (V{: (x,m) <c} (5.10)

JEJ1 JEJ2
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for some unit vectors n; and c¢; > 0 for j € J; and c; > 0 for j € Jo, where J, and Jy are
at most countable and inf;c;, c; > 0.

Then there exist 0 < v € Li (RY) such that

loc
I,(x) <oo if and only if x € K :
the solution u of the heat equation with initial data uy(z) = eA|f‘|21)(x) has a finite limit at

every point x € K but blows up at every other point in R? as t — ﬁ.

Proof. Assume first that zo = 0. Take any orthonormal basis B = {e;}; of R?. Using
coordinates with respect to this basis, write z € R? as (z1,2') and y = (y1,%'). We choose
no > 0 and set

R P
0 x1 <0, 0 x1 <0,

OSU(:B):{

where  is the characteristic function of the unit ball in R?~! and ¢(s) = H% Note that
v e L'(RY) with [|v]|f1ge) < M and if 7y > 0 then w € L'(R?) with ||w]|z1ga) < nMo with
M independent of 7. Also, for x € R?

L) = [ ey = [ /| eI oy,
R 0 y'|<1

= (/ o2y dy') (/ e(ZAxl_m)qub(yl)dyl) ‘
ly’|<1 0

The first factor is always finite, and the second is finite if x; < g—g and infinite if x; > ;7—1%.
So choosing 1y > 0 appropriately, for any given ¢ > 0 we can ensure that I,(z) < oo iff
re{z: z <c}.

An analogous computation with w gives that for any given ¢ > 0 we obtain I,,(x) < oo
iff r €{z: 2 <c}.

Hence for any given unit vector n and ¢ > 0 (respectively ¢ > 0) we can find an
integrable function v = v(n,c) (w = w(n, ¢) respectively) such that

I,(x) < oo only in the half space (z,n) <c¢ ((z,n) < c respectively)

with [|v[|;1 ey bounded independent of n and ¢ > 0 (|lw||z1ge) < 2, M independent of

Based on the assumed form of Ky in (5.10]) we set

vo(z) = Zj_zvj(l") + Zj_ij(ﬂf)

JEJ1 Jj€J2
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where v;(z) = v(nj,¢;)(z) and wj(x) = w(nj,c;)(x) are constructed as above. Since
infjcz, ¢; > 0 then vy € LY(R?) and clearly I,,(z) < oo iff x € K.

Now, for zy # 0, define
“g(z), @€ R

Then I,(z) = / ?Ae=mow () dy < oo iff & — 9 € K. O
Rd

5.2 Continuation of signed solutions

For signed solutions the maximal existence time of the solution may not be given by
T :.m as in Theorem ; see Section . However, we can establish the following
continuation result.

Proposition 5.14. Assume that ug € M (R?) and that u(t;ug) = S(t)ug given by
is defined on [0, T) but cannot be defined any time after. Then for any 6 > 0

limsup [Ju(?, uo)|| 1 mey = 0.
t—T

Proof. Assume otherwise that for some § > 0 (which, without loss of generality, we can
take such that § > ¢)
||U(t,u0)||L(15(Rd) <M, 0<t<T.

Take o < T such that T < to + T(§)/2 and define vy = S(tg)ug € LL(R?). Then define

<
U(t) = S(t)uo 0=t <to 0<t<ty+T().
S(t — to)?]o to <t <ty+ T((S),

Then we claim that U satisfies assumptions (4.2)), (4.6 in [0,to + T(6)). Hence,
Theorem [4.1)implies U(t) = S(t)up for 0 < ¢ < t0+T(5) Wthh contradicts the maximality
of T

To prove the claim, notice that is satisfied (using Theorem. Also, holds
because of the assumption on u and by part (i) in Proposition [3.7 applied to S(t — to)vo
for tg <t <o+ 7 for any 7 < T'(6). Finally (4.2) follows from (3.3) and (3.2 apphed
to S(t)up with 0 <t <ty and S(t — tg)vg with tog <t <ty + 7 for any 7 < T'(9).

6 Long-time behaviour of heat solutions

We now discuss the asymptotic behaviour as t — oo of solutions when uy € My(R?). For
this Lemma will be a central tool. We start with some simple consequences of this
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result, which show that the asymptotic behaviour is largely determined by the behaviour
at x = 0. Observe that the converse of parts (i), (ii), (iii), and (v) are obviously true.

Proposition 6.1. Assume that ug € My(R?).

(1) If u(0,¢t, |ug|) is bounded for t > 0 then u(t,uy) remains uniformly bounded in sets
‘\% < R. In particular, u € L (R? x (0, 00)).

loc
(i) If u(0,t, |ug|) = 0 as t — oo then u(t,ug) — 0 uniformly in sets % <R.
Assume in addition that ug > 0. Then
(iil) If limy—yoo u(0,t,ug) = L € (0,00) exists, then u(z,t,up) — L uniformly in compact
sets of R,

iv u(0,t,ug) is unbounded for t > en u(t,ug) is unbounded in sets 52 < R, an
iv) If u(0,t,u0) is unbounded for t > 0 then u(t, uo) is unbounded in sets 5 < R, and
so in particular unbounded in any compact subset of RY.

(v) If u(0,t,ug) = 00 ast — oo then u(t, uy) — oo uniformly in sets % <R.

Proof. (i) and (ii). From the upper bound in Lemma [3.1]in sets with @ < R we get

|| 2
w(x,t)| < cqqaul0, at, |ug eTa-T)F < cqqu(0, at, lug 674(5—1)‘
< cgqu(0 ’

Assume furthermore that 0 < ug € Mo(R?). Then

(iii) Using the lower and upper bounds in Lemma[3.1]if |z[? < R we get for every b < 1 < a

2 2

b0, bt)e” T < u(z, ) < a®/2u(0, at)e R,

(iv) and (v) From the lower bound in Lemma [3.1|in sets with @ < R we get

2

capu(0,bt)e 100 < inf w(z,t). O
R <r

Recalling the definition of the M. (R%) norm (3.9) observe that

1 i
0.8 o) = T [ e )] = ol (61
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hence Proposition [6.1] could easily be restated in terms of the behavior of the norms
ol pm, (ray @s € — 0. In particular u(t, up) remains uniformly bounded in sets % <R if
and only if

sup ||uo || m. (ray < o0
e>0

Also notice that part (iii) implies that there are no other stationary solutions of (|1.1)
other than constants. In other words, a harmonic function in Mg(R?) must be constant.

6.1 Sufficient conditions for decay

As observed above, solutions converge to zero as t — oo if and only if
li =0.
tim o] . sy = 0

We now give some (non-sharp) conditions to ensure this, in terms of the distribution of
mass of the initial condition measured in terms of the averages over balls. Note that from
Proposition this behaviour is determined by the value of the solution at x = 0.

Theorem 6.2. Suppose that ug € My(R?).

i) If X
— dlug(x)| < M
R Jpaciai<n fuole)

then u remains uniformly bounded in sets of the form sl < R for any R > 0; in

Vit
particular, u € L2 (RY x (0,00)).
(i) If
o),
lim — d|ug(x)| = 0;
Rooo R Jpiociai<n [uol)]
then u(0,t) — 0 as t — oo and hence u(t) — 0 in L (RY) and uniformly in sets
‘\1) <R
- < R.

Assume in addition that ug > 0. Then

(iii) If

1
lim inf — dug(z) > 0,

then liminf, ,,, u(0,¢) > 0.

38



(iv) If

then u(0,t) — o0 as t — oo.

Proof. (i) Consider

1 2 1 - 2
0= L olalrg __1 / —~laf2/t 4 .
[u(0,1)] (Gmt) 72 /Rde |uo ()| (i) k:E_OO 2kg|m|gzk+1e o ()|

Note that

gl _R2
/ eIl /4td|uo(x)| <e /4t/ d|ug(z)]
R<|z|<2R R<[a|<2R

< (2R>dMe—R2/4t < 2d+1M e—|x\2/4t dl’,
R/2<|zl<R

and so
1 . 2
w(0, )] < 2H N —— / e~ da
[u(0, )] < (4mt)d/? k;oo 2k-1< || <2k

— 2d+1

—|xz|? /4t _ od+1
(47Tt)d/2/Rde de = 27" M.

(ii) Given € > 0 take ko > 0 such that

1
— dlug(z)| < e
R Jrjaciii<r

for all R > R, := 2".

Then we can split the domain of integration in the integral expression for |u(0,?)| into
|z| < Ry and |z| > Ry. The above argument shows that the integral over the unbounded
region contributes at most 2%+1¢ for all ¢+ > 0, while the integral over the bounded region
contributes no more than

1 c
—_— d < —.
(47t)1/2 /ImISRo [up ()] < 1d/2

It follows that |u(0,¢)] — 0 as t — oc.

(iii) There exists an Ry and m > 0 such that

1
— dug(z) >m >0
R Jj<r (@)
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for all R > Ry. Then for t sufficiently large such that v/t > Ry we have

1 1

1
a2/t —1/4, ,dj2 _ ~1/4
u(0,t) > (imty /|I|<\/Ze [2*/4 Qg () > (47rt)d/26 mt? = (471’)d/2€ Mm.

(iv) We repeat the above argument, taking m arbitrary. O

6.2 Wild behaviour of solutions as t — .

Theorem gives conditions on the averages over balls to distinguish between various
time-asymptotic regimes; but in the case that

1
liminf — dug(z) >0
and .
T dug(z) A oo as R — oo
lo|<R

some very rich behaviour is possible.

In the following theorem we show that there is initial data in L{(R?) that gives rise to
unbounded oscillating solutions. For bounded oscillations in the case of bounded initial
data and solutions, see also Section [6.3| below and [27].

Theorem 6.3. For any sequence of non-negative numbers {ay}y there exists a non-
negative ug € L§(RY) and a sequence t, — oo such that for every k there exists a subse-
quence ty ; with u(0,t; ;) — oy as j — oo.

In fact it is enough to prove the following (apparently weaker) result.

Proposition 6.4. Given any sequence of non-negative numbers {by }y there exists a non-
negative ug € LE(RY) and a sequence t;, — oo such that, as k — oo

Indeed, given a sequence {aj}r as in the statement of Theorem construct the
sequence {by }r as
aqlag, aglag, ag, aslag, ... aylag, . as) .

Now apply Proposition and note that for any £ € N there is a subsequence k; such
that bkj = .

We now prove Proposition inspired by the proof of Lemma 6 in [27].
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Proof. Observe, with Proposition in mind, that we can write

u(0,1) = (ZLle/z/Rd " ug(y) dy = 5 i e Fup(2v/t2) dz

So if \,, — oo,
1
u(0,t,) = —— e 7

7Td/2 R4

up(Ap2) dz. (6.2)

with X, = 2¢/f,. We set cg =: 5.

Consider for 7 > 1 the annulus A(r) = {y, r!

{b }x consider a function
2) =) biX Ay (@)
J

for some increasing and divergent sequences {\x}x, {7 }r chosen recursively as follows:
first we choose 7, large with respect to the sequence {by}x, according to

2By < il | (6.3)

< ly| < r} and given the sequence

where [, = max;<;j<,{bx} and

bkcd/ el 4z < 27k, (6.4)
RNA(ry)

Then choose \; sufficiently large that

2k byt < A (6.5)
and
b )\2 )\d d k
ke €XP )\2— T <277 (6.6)
k—1"k
Finally choose the next value A\, large enough that
A
)\krk < k—H. (67)
Tk+1

Step 1. Observe that from (6.7)) the scaled annulae A\;A(r;) are disjoint and increasing.

Step 2. Now we prove that from (6.5), we get ug € Li(R?). For this take any ¢ > 0 and

then
—em —s:r2 —eA2 /2
/Rd =y dx_Zb/ = dIgaje RPN
J

AjA(r)

Now for any m € N there exist R.,c. (depending on m as well) such that if z > R, then



Since from {D we get ;\—: — 00, then for some j, € N, we get

%n+d

> " bjem= )\d'rd<c€Zb] =

J=Jjo J=Jjo

For example with m = d we get, by (6.5 @

C€Zb])\d <C€ZQ I < 0.

JjZJjo Jj=jo

Step 3. Now we prove that from (6.3)), (6.4)) and then |u(0,t;) — bx| — 0.

For this observe that for any A > 0
Az) =) ;X x40, (%)
J

and then for each k we have in (6.2)

/ e P ug(Mpz) dz = / e P dz + bk/ e 1 dz
Rd 1<]<k 1 XAy TA(rs) A(r)

+ )b / e 1 dz. (6.8)

J>k+1 AjAglA(U)

Then the first term in is bounded by

by (6.3)), where we used (6.7)).

For the second term in observe that by (6.4))

bk/ e P dy — b,
A(rg)

Finally, observe that the third term in | is bounded by

)\ )\2 4 d
Zbexp /\22 )\dJ_Zbexp AT

i>k+1 j>k+1 §>k+1

by .

Then, from (6.2) and the bounds above on the three terms in we get, with
Ak = 2v/t,

- 1
2kcd

IA
)
d

1 .
—|——+cd22_7—>0, k — oo. n

|1L(O,tk) bk <: Qk ok
Jzk+1
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The next result shows that the oscillatory behavior in Theorem [6.3]is somehow generic
for heat solutions. For this, given a sequence of positive numbers o = {ay}; denote O,
the nonempty family of 0 < uy € L{(R?) that satisfy the statement in Theorem .

We use the topology on L}(R?) generated by the family of L!(R?) norms defined in
(3.7), which makes L}(R?) into a Fréchet space (see [23] for more details); the following
more explicit definition is sufficient for our statement of the following theorem: we say
that u, — ug in Ly(R?) if and only if u,, — uy in LL(R?) for every € > 0. Note that, in

particular, such convergence implies that u, — ug in L} _(R?).

Theorem 6.5. For any sequence of positive numbers o = {ay }x, O4 is dense in L{(R?).

Proof. Denote by Uj the initial data constructed in Theorem Then U, € O, and for
any n € N, UyXra\p(o,n) € O, since we are only suppressing a finite number of annulae in
Up.

Then for given 0 < vy € Li(R?) define
vy = V0 XB(0n) + UoXra\B(0n) € Oa-

Take € > 0; since
vy — vo = (vo — Up) Xra\ B0,n)

€\ /2 _ 2
||U6L —U0||L§(Rd) = <%> /||> e <l |U0 - Uo|;
z|>n

since vy, Uy € L{(R?) € LL(RY), it follows that v — vy in L§(RY). O

we have

The following result shows that any heat solution can be “shadowed” as close as we
want, in any large time interval and any large compact set by an oscillatory solution of
the heat equation.

Theorem 6.6. For any sequence of positive numbers a = {ay t and any 0 < vy € Lé(Rd),
any 6 > 0 and T > 0 and any compact set K C R%, there exists uy € O, such that

sup |u(z,t,v9) — u(x, t,ug)| < 6.
Kx[0,T]

Proof. Observe that it is enough to find uy € &, such that

sup u(t,0,|vy — ug|) < 4. (6.9)
[0,7+1]

In such a case, from (3.3)) we would get, for any a > 1
|2

sup |u(z,t,v9) —u(z, t,up)| < cga sup u(0,at,|vg — ug|)e® =0t < C(K,T)d.
Kx[0,T] Kx[0,1]
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Denote by Uy € O, the initial data constructed in Theorem Then for given
0 < v € Li(RY) define

ug = voXp(0,r) + UoXra\B(0,r) € Oa-
Then we show that holds provided we take R large enough. For this, observe that
[vo — wo| < v — Up| Xray p(o,r)

hence
1 _ w2

0 < u(0,t, Jvg — uo|) < —/ e 1 |vg(y) — Uo(y)| dy. (6.10)
N P TEN W ’ "

Taking R > 1 we have, for any given 0 <ty < T+l and 0 < o < 1, |y]* > aly/*+(1—a)
and then for 0 < ¢ < ¢y we obtain in (6.10))

1 1 _olv? )
0 < u(0,t, vo—uo)g—e_(l_a)u/ e 10 |ug(y) — Up(y)| dy < =
(0,10 = wl) < (s e ) - wldy < 5
provided t; is small enough since ( 47rtl)d 73 e~1=% 0 ast — 0.

Now for tg <t <T + 1 we obtain in (|6.10))

1 __ul? )
< — < AT+ —U < =
0 < (0,2, [vo — uol) < (4rrto)/2 /?JIZRe [vo(y) o(y)|dy < 5

provided R is sufficiently large. O

6.3 The rescaling approach of Vazquez & Zuazua

For the case of solutions of the heat equation that remain locally bounded, the results
in Propositions and and Theorem can be revisited in terms of the rescaling
argument of [27] as follows. As we now show, it is relatively straightforward to extend
their approach from L>(RY) initial data to more general measure-valued data that leads
to globally bounded solutions.

(i) We can define dilatations of measures through the analogous result holding for a locally
integrable f and ¢ € C.(RY), namely fy(z) = f(\r) satisfies

[ h@ptade =5 [ 10eG)as =55 [ e

That is, for A > 0 and p € M,(R?)

/Rd p(z) dpa(z) = %/Rd 1(2) dp(2).
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Hence )y € ./\/lloc(Rd) and is a positive measure whenever p is. Then it follows that

[l =5 [ eyl

These extend, by density, to ¢ € L'(du) = L*(duy).
(ii) For p € M.(R%) and ¢ > 0, A > 0
e d/2 a2 € d/2 _% 2
linlane = () [ e il = (Sz)" [ Al = llar g oo
Therefore, {j)}xs0 is bounded in M. (R?) if and only if u € My g(R?), that is,

el uy p ay = sUp [l g, ety < 00
’ e>0

According to (6.1)) and part (i) in Proposition[6.1] this is equivalent to the solution of the
heat equation u(x,t, 1) being uniformly bounded in sets ‘% <R.

(iii) We also get for ug € Mo p(R?) and A > 0

1 le—yl? 1 g
St uoa(z) = u(w, t,up ) = )i /Rd o dug(y) = T /Rd e dug(y)
1 _ Da—yl?
T dnth2)re /d e” w2 dug(y) = u(Ax, \*t,up) = S(Nt)up(Az).
R

In particular, with ¢t = 1

S(Duga(z) = SO ug(\z)

(iv) As a consequence of Lemma it follows that M (R?) = (C_.o(RY))’, where
feC oY ifandonlyif e f(z) € Cy(RY)
and the norm is || f{|c__,rd) 1= SUP,cpa el f ()]

Now, if uyg € Mo p(R?) then {ug}rso is sequentially weak-* compact in M. (R?) for
any € > 0. Taking subsequences \,, — 0o, we can assume that ug ), converges weakly-* to
1€ Mo p(R?) with el ao may < Nlwolll g ey and, by smoothing, S(1)ug,, converges
in L (RY) to v = S(1)u. Hence, setting t, = A2 (so t,, — 00) we obtain

S(tn)uo(\/ax) = u<\/ax)tn7u0) — S(l)ﬂ<x)’ Li?c(Rd)'
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In particular, with x = 0 we have

w(0,t,,ug) — S()u(0), L

loc

(RY).
This relates the results in Propositions [6.1], and Theorem to the set of weak-x
sequential limits of {ug}rso in M (R?). Notice that for all such p

1 P
SO = | i [ )| < Dellaeguny < Mol u

thus the above argument only applies when u(0, ¢, ug) is bounded for large times.

6.4 Prescribed behaviour at x =0

We now show that if we drop the restriction that the solutions are non-negative then
any (sufficiently smooth) behaviour of the solution at x = 0 can be obtained with an
appropriate choice of initial condition. We use a construction inspired by the Tychonov
example of an initial condition that leads to non-uniqueness with zero initial data (see
[26] and Chapter 7, pages 171-172 in [16], for example).

Proposition 6.7. Let v be any real analytic function on [0,T) with T < co. Then there
exists ug € LY (RY) for some &€ > 0 such that u(t) = S(t)uy given by (3.2) is defined for
allt € [0,T) and such that

u(0,t) =~(t), 0<t<T.
Proof. We seek a solution of the one-dimensional heat equation in the form
u(x,t) = ng(t)xku reR
k=0

converging for every x € R (for each ¢ in some range), such that u(0,t) = ~(t) for all
t € [0,T). Substituting this expression into the PDE gives

gi(t) = (K +2)(k + 1)grs2(t), t€[0,T).

Assume that u,(0,¢) = 0; then g;(¢) = 0 and so go;m11(t) = 0 for all t and m € N. Solving
the recurrence for even powers gives go(t) = y(t) and

and therefore

2 ~F)
u(z,t) = kZ:O 7(2]{()? 2%k, (6.11)
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As «y is real analytic it follows that for each t € [0,T') there exist constants C,7 > 0
(potentially depending on t) such that

V()] < Cklr (6.12)

(see Exercise 15.3 in [22], for example; in fact the constants C' and 7 can be chosen uni-
formly on any compact subinterval of [0,7")). It follows that the series in (6.11]) converges
for all z € R? and for every t € [0,T), and given (6.12)) we have then

u(z,t)| gic’(;]{; o~k < CZ flf/\/— — Coltl?/m

In particular u satisfies (4.1) on any compact time interval of [0,7"). Also it is easy to see
that u(x,t) satisfies (4.2)) in compact intervals of (0,7) and (4.7). By Theorem , we
get

u(t) = S(t)uy, te€]0,T).

We can embed this solution in R¢ by setting u(z1, ..., x4, t) = u(z1,t). ]

When T' = oo this provides an example showing how the condition uy € L{(R?) is not
required to ensure global existence for initial data that is not required to be non-negative:
the solution wu(z,t) satisfies the heat equation for all time, remains in one of the L;(t) (R%)

spaces for each t > 0, but does not necessarily satisfy ug € L§(R).

The non-uniqueness example of Tychonov uses precisely the above construction, but
based on a function such as () = e~/ # whose radius of analyticity shrinks as t — 0T,
see [16, pg 172]. For such a case, we have that the heat solution in satisfies

u(x,t) — up(z) = 0 uniformly in compact sets as t — 0. In the language of this paper,

u(t) € Ll(t) (RY) for every ¢t > 0, but as t — 0 we have £(t) — oo and is not satisfied.
In this way this classic non-uniqueness example does not contradict the uniqueness result
of Theorem (.11

It would be interesting to find conditions on 7(¢) that ensure the positivity of uy (and
hence of u(x,t)). Certainly positivity of 7 itself is not sufficient; indeed, note that

_ < k _ — 2k
~y(t) = k't = up(z) = Z (Zk)!x
k=0 k=0
The simple choice ag = 1, a3 = —2, ap = 2 yields

2
Y(t)=1-2t+t*>0  but uo(x)zl_ﬂg‘z

and ug(2) < 0.
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7 Extension to other problems

First note that by simple reflection arguments, we can also consider the heat equation in
the half space Ri, that is

uy — Au = 0, xERi,t>0,
u(z,0) = up(z), = €RL, (7.1)
B(u)(x) =0, z € ORY

where B(u) denotes boundary conditions of Dirichlet type, i.e. B(u) = u or Neumann,
ie. B(u) = 2% = —9,,u(2',0). Indeed, performing odd or even reflection respectively we
extend to the heat equation in R? for solutions with odd or even symmetry. Hence,
the arguments in previous sections apply.

Also note that a basic ingredient in the proofs above is the gaussian structure of
the heat kernel. Hence, the same results apply to any parabolic operator with a similar
gaussian bound for the kernel, see [7]. In particular, our results apply for differential
operators of the form

N

L(u) = — Z 0; <a,-7j(x)8ju + ai(m)u> + b;(x)0;u + co(z)u

i=1
with real coefficients a; j, a;, b, co € L>°(R?) and satisfies the ellipticity condition
N
D ai ()68 > anlé)?
ij=1

for some oy > 0 and for every ¢ € R% In such a case the fundamental solution of the
parabolic problem u; + Lu = 0 in R? satisfies a gaussian bound

e —y|?

0 < k(x,y.t,s) < C(t —s) Y2t )

for t > s and z,y € R? where C,c,w depend on the L™ norm of the coefficients. The
gaussian bounds are obtained from [7] while the positivity of the kernel comes from the
maximum principle, see [13], chapter 8. Therefore the analysis of previous sections, applies
to solutions of the form

u(z,t) = Sp(t)ug = / k(x,y,t,0)dug(y).

Ra

Other results on Gaussian upper bounds can be found in [I}, [8 19, 25].
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A Some auxiliary results

Here we prove several technical results used above. First, we prove that certain spaces of
functions or measures used above are Banach spaces.

Lemma A.1. The sets M.(R?) and L1(R?) in (3.8)) and (3.6) with the norms (3.9) and
(13.7) respectively, are Banach spaces.

Proof. For M.(R?) we proceed as follows. Given p € M.(R?) we define the Borel
measure such that for all Borel sets A C R¢

B.(y1)(4) = / pe() dpa(z)

where p.(x) = (f—r)d/ ?e=¢lel* | Then . (1) € Mye(RY), is clearly absolutely continuous
with respect to u and for all p € C.(R?) we have

/Rd p(z) dd.(u)(r) = /Rd o(2)p-(z) dp(z).

Now we claim that the total variation of ®.(u) satisfies

2.001(4) = [ (o) dluta)

A

for all Borel sets A C R?, which would imply that for all ¢ € C.(R?) we have

| e@ @l = [ el dul

To prove the claim, observe that the positive part in the Jordan decomposition satisfies

0.0 (4) = sup [ pa)dute) = sup [ pua)aut (@) = [ e @)

BCA BCA
— sup /B pe)du (@) = s / pe() dyrt(z) = / pe() du* (2)

where we have used that B = BT U B~ are the positive and negative parts of a set
B, according to the Hahn decomposition of the measure p; see Theorem 3.3 in [10].
Analogously, ®.(u)~(A) = [, p(x)dp~ (x) and with this the claim follows.

Now if, u € M.(R?) we have

1. (1) (RY) = / pe(a) djpu(z)]| < oo

R4
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that is
D, : ME(Rd) — MBT\/(Rd)

is an isometry. To prove the result it remains to show that ®. is onto. In fact if o0 €
Mprv(R?) we define p such that for all borel sets A C R?

n(A) = /A do(z)

pe()

and thus for all ¢ € C.(R?) we have

[e@rine = [ £ ao(w)

Clearly 1 € My,.(R%) and arguing as above we get for all borel sets A C R?

= [

and for all ¢ € C.(R?) we have

[ il = [ £ ool

Now take an increasing sequence 0 < ,, € C.(R%) such that ¢, — p. pointwise in R?
and then

L@ it = [ 28 ajoto] < [ diota) = o@)] <

i Pe(T)

and by Fatou’s lemma we get [, pe(2)d|u(z)| < oo, that is, p € M.(R?). Clearly
(1) = o and we conclude the proof.

On the other hand, note that L}(R?) = L*(R¢, p. dr) and so is a Banach space. Also,
note that along the lines of the proof above it is easy to see that the operator ®.(f) = p.f,
®. : LYR?Y) — LY(R?) is an isometric isomorphism. O

Lemma A.2. The space of uniform measures My(R?) defined in (5.1)) with the norm
(5.2) is a Banach space.

Proof. Clearly a Cauchy sequence in the norm |D is a Cauchy sequence in Mpry(B(z, 1))
uniformly for z € R? that is, the dual of C(B(z,1)) with the uniform convergence.
Therefore, it converges in Mpry(B(z,1)) uniformly for z € R% Hence it converges in

MU(Rd). ]
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Lemma A.3. (Green’s formulae)

(i) Assume that u € W,oH(R?) satisfies u, Vu € LX(R?) and that £ is a smooth function

loc

such that |VE(z)|, |AE(z)| < ce ** for x € RY and o > . Then

/Rdu(—Af) = /Rd VuVe.

(ii) Assume that u € WL (RY) satisfies Au € LL (RY) and Vu, Au € LH(R?) and that &

loc loc

is a smooth function such that |€(z)],|VE(x)| < ce=®* for x € R? and a > ¢. Then
/ VuVeé = [ (—Au).
R4 R4

Proof. (i) Observe that for any R > 0

/ u(—A¢) = / VuVE — ua—é ds.
B(0,R) B(0,R) OB(0,R) on

Thanks to the Dominated Convergence Theorem it is enough to prove that the last term
above converges to zero, as R — 0o, since we can write

/ uw(—AE) = / e~y o771 (— A€)
B(0,R) B(0,R)

/ VuVe = / el Ty el v g
B(0,R) B(0,R)

and pass to the limit in R — oo in both terms.

and

For this observe that

/ / |u8—§|deRg/ || Ve| < oo,
0o JoB(O,R) on R

0
Hence for some sequence R,, — 0o we have / |u—§| — 0.
OB(0,Rn) on
Part (ii) is obtained in a similar fashion. O
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