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Abstract: In this work, we develop a new class of methods which have been created in order to
numerically solve non-linear second-order in time problems in an efficient way. These methods are
of the Rosenbrock type, and they can be seen as a generalization of these methods when they are
applied to second-order in time problems which have been previously transformed into first-order
in time problems. As they also follow the ideas of Runge-Kutta—Nystrom methods when solving
second-order in time problems, we have called them Rosenbrock-Nystrom methods. When solving
non-linear problems, Rosenbrock-Nystrom methods present less computational cost than implicit
Runge-Kutta-Nystrom ones, as the non-linear systems which arise at every intermediate stage when
Runge-Kutta-Nystrom methods are used are replaced with sequences of linear ones.

Keywords: second-order in time problems; non-linear problems; Rosenbrock type methods

1. Introduction

In the literature, there are many non-linear second-order in time problems which
must be numerically solved by means of appropriate methods. It is usual to use numerical
methods that have been designed to numerically solve first-order in time problems by
transforming the initial problem into a first-order one. In this way, we have several options
to choose from, such as Runge-Kutta methods (RK methods), fractional step Runge-Kutta
methods (FSRK methods) or exponential integrators. These methods are a good option
if the problem we have is a linear one but they present a high computational cost when
the problem we are solving is a non-linear one, as we have to solve non-linear problems
at every intermediate stage (see [1-4]). In this case, a good option is to use Rosenbrock
methods or exponential Rosenbrock type methods [5-7], for example. However, in this case,
when converting the original problem to a first-order one, the dimension of the problem
doubles, so the computational cost increases.

Another possibility is to use numerical integrators specially derived to numerically
solve second-order in time problems. In this way, we can use, for example, Runge-Kutta—
Nystrom methods (RKN methods) or fractional step Runge-Kutta—Nystrom methods
(FSRKN methods) [2,8,9]. When we use this type of method, we have to choose whether
to use explicit or implicit methods. When we use explicit methods, there may be stability
problems when the problem we are solving is a stiff one. On the other hand, if we choose
an implicit method, we can select a method with an infinite stability interval, but with a
high computational cost [8] when the problem is non-linear or/and multidimensional in
space. In order to avoid the high computational cost that implicit RKN methods present
when multidimensional problems in space are solved, FSRKN methods were developed
and studied in [9]. The idea of these methods is to split the spatial operator in a suitable
way so that at every intermediate stage the problem to be solved is simpler in a certain way
than the original one.

In order to avoid all the previous drawbacks when solving a non-linear second-order in
time problem, in this paper, we present a new class of methods, which we call Rosenbrock-
Nystrom methods. These methods avoid the non-linear systems which arise when RKN
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methods are used by replacing them with sequences of linear ones. Rosenbrock-Nystrom
methods arise in a natural way as a generalization of Rosenbrock ones when they are
applied to second-order in time equations that have been previously transformed into
first-order in time problems.

In the literature, the construction of methods of the Rosenbrock type to numerically
solve second-order non-linear systems of ordinary differential equations has already been
studied [10]. However, the methods presented in that paper differ from the ones presented
here. We remark here on three of the most important differences between the methods
in [10] and our methods when solving a problem such as y"(t) = f(t,y), y(0) = yo,
y’ (0) = vy, with 0 < t < T < oo. The first one is that to use the methods presented in [10],
we have to define u = (y,v,t)T, with v = y//(t) and then we have to convert the problem
to a first-order one in the following way: u' = ¢(y) = (v, f(t,y), 1)T, u(0) = (yo, vo, to),
while with our methods we do not need to convert the problem to a first-order one. The
second difference is that in [10], we have to solve two linear systems at each intermediate
step, instead of the one linear system we have to solve at each intermediate step when using
the methods presented here. The last one is that in the mentioned paper, operator ¢ () and
its Jacobian have to be evaluated at every intermediate stage. When using our method, we
evaluate operator f(t,y) at every intermediate stage, but we use fixed values of f(¢,y) and
fy(t,y) at every time step, so the number of function evaluations per intermediate stage is
smaller with our methods.

In this article, we show the development of Rosenbrock-Nystrom methods, as well as
the conditions that must be satisfied to obtain the desired classical order (up to order four)
and the main ideas in order to have stability when linear problems are solved. In addition,
we show some numerical experiments that prove the good behavior of these new methods.

This paper is structured as follows: in the next section, we give a brief description
of Rosenbrock-Nystrom methods, together with their development. In Section 3, we
describe the stability requirements that these methods should satisfy when integrating
linear problems. In Section 4, we deal with the conditions that the coefficients of the method
should satisfy in order to have up to classical order four. The construction of such methods
is studied in [11]. Finally, in Section 5, we present some numerical experiments in order to
test such methods.

2. Development of Rosenbrock-Nystrém Methods

Non-linear second-order in time problems can be written in an abstract form as follows:
“Find y : [0, T] — H solution of

y'(t) = flty(t), 0<t<T<oo,
]/(0) = Yo, (1)
y/(O) = Do, ”

where, typically, H is a Hilbert space of functions defined in a certain bounded domain
Q C RM, integer M > 1 with smooth boundary I'. This formulation involves lots of
different problems: partial differential equations, ordinary differential equations, etc.

Example 1. Let us show here two problems that will be solved in the numerical experiments
(Section 5) and can be solved by using Rosenbrock—Nystrom methods.
The first problem is a modification of the non-linear wave propagation suggested in [12]

u;/(t) = F(M]‘+1 — u]') — F(uj — u]',l) +g]‘(t), j=1,...,N,
. 2mj .
u](O) = sm(N+1>, j=1,...,N, )
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with

F(u) = Au+au?,

up(t) = un41(t) =0,
g;(t) is such that the exact solution is given by u;(t) = sin ( 1\2,1]1 ) cos(t). Parameter A controls
the stiffness of the problem.

Example 2. The second example is the following non-linear Euler—Bernoulli equation:

Ut —Au2+h(t x), x € [-1,1] 0<t<T=1,

u(0,x) = (x? 1)3cos(x) x € [-1,1],

u(0,x) = —(x — 13sin(x), x€[~1,1], 3)
u(t,—1) =u(t,1) =0, 0<t<T=

ux(t, —1) = ux(t,1) = 0, 0<t<T=

with h(t,x) such that the exact solution is u(t,x) = (x> —1)3cos(t + x). Operator A is
such that Au = Uxxxx. This problem can be discretized in space by taking, for example, a
pseudo-spectral discretization.

When solving this problem with an explicit Runge—Kutta—Nystrom method, we have to impose
very restrictive hypotheses over the time step size in order to guarantee stability.

When we solve a problem such as (1) with a Rosenbrock-Nystrom method, the
numerical approximation to the exact solution and its derivative, (y(t,), v(t,)) is given by
(Yn, vn), where t, = to + nt, with T as the time step size. The numerical approximation
(yn,vn) proposed by us is calculated as

s i—1
Upy1 = On+T E bif (bn + 0T, yn + Z w;iKy,j)
i=1 j=1
S

+T2(ﬁT : e)ft(tn/]/n) + Tfy(tn/]/n) Z BiKi,

i=1

S
Yor1 = Yu+ ) biKy
i=1

where K, ;,i = 1,...,s are the intermediate stages and e = (1,. . ., 1)T. These intermediate
stages are given by

i -1
Kpi = Ton+ = géijf(tn + 0T, Yn + lzll"len,l)
j= =

i
+72 Z’Yij(Tft(tnr]/n) +fy(tn/yn)Kn,j) 4)
j=1
We use notation f;(t,y) and f,(t,y) to refer to % (t,y) and f (t y), respectively. When the
problem we are solving is autonomous, that is, of the form

yv'(t) = f(y),
y(O) Yo,
¥y (0) = oo,
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the equations which determine the method are
) i j—1 ) i
Kpi = Toa+7) 6if(yn+ Y aiKug) + T fy(yn) Y ViiKnj,
j=1 =1 j=1
s i—1 s
Unp1 = Un+T Y bif(yn+ Y aiiKj) + Tfy(yn) Y BiKyis ©)
i=1 =1 i=1

S
Yni1 = Yn+ ) biKy
i=1

Notice that in this case, we have a simplification of the main problem (1) and the equations
can be obtained by considering that f;(y) = 0.
Similarly, as happens with other classical methods such as RK methods, RKN methods,
Rosenbrock methods, etc., the coefficients of these methods can be written in a tableau
as follows:

14 Ag( ‘ A§ ‘ Aly
BT |
bt |
00 o T11
ay | @y b1 O Y21 Y22
_ : : : (6)
Ks | Kgl ... Qg5 0 fssl 552 5Ss Ys1 Yss—1 Vss
Bi ... Bs |
by ... b |

where we will assume that a; = Ej;% Qij.

Notice that at every intermediate stage, the problem to be solved is a linear one, so the
computational cost is reduced compared with the equations that implicit RKN methods
provide when solving this type of problem. When we select the values v;; = 7,i = 1,...,s5,
then, at every intermediate stage K,, ;, we have to solve a linear problem such as

(I =Ty fy(tn,yn))Kyi = T;,

where I denotes the identity operator and T; is the term in (4) that does not depend on
K, i, i=1,...,s. Therefore, the computational cost reduces as I — Tz'y fy(tn,yn) remains
constant for all the intermediate stages.

In order to guarantee the solvability of the intermediate stages, we will assume that,
for every t > 0, f,(t,y(t)) is such that (I — jif,(t,y(t))) ~! exists and is bounded for every
u with u > 0.

Remark 1. When we have that for every t > 0, f,(t,y(t)) is self-adjoint and negative semi-definite,
the solvability and boundedness of the intermediate stages are guaranteed because of the following:

*  In the case of f(t,u(t)) being a space differential operator, f,(t,y(t)) is the infinitesimal
generator of a Co-semigroup of type & < 0, s0 (ul — f,(t,y(t))) ! exists and is bounded for
every y with y > @ [13].

o Inthecaseof f(t,u(t)) : R"™ — R" being a regular function, then, for every t > 0, we
have that f,(t,y(t)) is a symmetric negative semi-definite matrix, so (I — ufy(t,y(t))) ™!
exists for every p > 0.

Let us see now the way in which these methods have been developed. The way of
defining these new methods is the natural one since they can be obtained from Rosenbrock
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methods applied to problem (1) when it is transformed to a first-order in time problem. Let
us remember that the coefficients of Rosenbrock methods are given by an array of the form

& | 0 Y1 |
SEAETEA S L (o
ET - . ‘. .- : . . . 7
. H &g 5651 &ss—l 0 ’75 ’751 ’755—1 ':}”ss
by bs ||

and the equations that these methods give when solving a problem such as

u'(t) = F(tu),
{ u(0) = u, @)
are

i-1 ) i
Qui = TF(tn+&T,un + Y &;jQuj) + TViFt(tn, thn) + TFy(tn, ttn) Y %ijQn s

=1 =1

S ~
Upp1 = Un+ ) bjQuj,
=1

where t,;, = ty + nt, with T as the time step size and u, as the numerical approximation to
u(ty). Qui, i =1,...,s, are the intermediate stages.

To solve problem (1) with a Rosenbrock method, we first write it as a first-order one,
by defining v(t) = y/(t). In this way, we define u(t) = (y(t),v(t))T and, therefore, we
have a problem like (7), being F(t,u) = (v(t), f(t,y))". The initial condition is u(0) = ug
with ug = (yo,v0)T. We apply a Rosenbrock method to this problem, by using notation
Qui = (QY,Q%)).

We operate in the equations that give the intermediate stages, replacing Q) j with its
expression in the equations for QZ ;- From this, we obtain

y ) i i—1 y 3 i
Q. = ToutT ;(o&j + i) f (bn + &T, yn + 21 Q)+ T ;(“77 + %ii) Fift (tns yn)

j= j= j=

2 i J Y
+T2 ) (@ ) Y Q1
j=1 =1

S

3 -1
Unpr = OnF+TY bif(bn+&Tyn + Y &3 QY )
j=1 I=1

j
+77 Zb]')’]ft tn yn) + Tfy(tn, Yn) Z 12’71

j=1 =1 I=1
s ~
Yar1 = ynt ) BiQ
j=1
Now, lets us assume that the Rosenbrock method satisfies

] i s
&= ) &j, Y= X;'?ijr Z; by =1.
j= j=
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The first two conditions are usual restrictions satisfied for many Rosenbrock methods and
the third one is the condition to have classical order 1. Then, if we denote K,,; = QZ i
i=1,..., sand if we define

x = @,
Ay = As
Ay = (At A)A,, 8)
As = Au+ A,
T = BT
pT = T4,

what we obtain is precisely Equation (4). Furthermore, we can construct Rosenbrock—
Nystrom methods that do not come from Rosenbrock ones. This fact gives much more
freedom to obtain the coefficients of the desired methods. The proposed methods with
classical order 3 and 4 that are used in the numerical experiments have been obtained
without using existing Rosenbrock ones.

3. Stability When Solving Linear Ordinary Differential Equations

Following the ideas given for Rosenbrock methods in [6], in this part we deal with
the stability of Rosenbrock-Nystrom methods when they are applied to a simplified
problem such as

u') = —B2U(b),
upo) = U, )
uo) = W,

where B is a given symmetric positive defined matrix of order m > 1 and U(t), Uy and
Vo € R™,

Here, we study the stability in the energy norm, which is the natural norm for the
study of the well-posedness of problem (9). This norm is given by

I, u' ()13 = [IBUBZ + [1U'(6)],

with || - || being the Euclidean norm in R™.
When solving problem (9) with a Rosenbrock-Nystrom method, we obtain
{ Upnt1 ] _ [ ri(tB) B~ 'ria(1B) } { Uo } (10)
Vi1 Bry(tB)  rx(7B) o |’

where terms rij(kB), 1 <i,j < 2 are given, in tensorial form, by

(tB) = I—(b" @ *B)M(As, Ag, Ay, B) " (Ase®1),
r2(tB) = (BT @ tB)M(As, Ay, Ay, B) He® 1)

(tB) = —tB[(bTe®1) — (BT Ay + BT) @ T*B*) M (A5, An, Ay, B) 1 (Ase @ )],

(tB) = I—((b" Ay + B") @ T2B*)M(As, Ay, Ay, B) He® D).

with M(As, Ay, Ay, B) = T® [+ (As Ay + Ay) ® T2B2. These elements form matrix R(TB),

r11(tB) r12(TB)

R(TB) - er(TB) Tzz(TB)
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By bounding (10) in the energy norm, we obtain that the proof of stability is related to
the boundedness of the powers of matrix R(TB). As matrix B is assumed to be symmetric
and positive definite, then B is normal and we can use the following spectral result:

IR(B)"|l2 < supge,(cp) IR(0)" 2/ (11)

with o(7B) being the spectrum of TB. Then, the boundedness of the powers of matrix
R(7B) is reduced to the study of the boundedness of matrix R(6). (Note: if we assume that
B is not normal, we can use a similar result to (11), but considering the numerical range
instead of the spectrum [14].)

Following the results in [15], the following definitions and theorem can be stated.

Definition 1. The interval C = [0, Bstap) is the interval of stability of the Rosenbrock—Nystrim
method if Bsap € R is the highest value, such that

Cc{0eR"U{0}/p(R(9)) < 1and R(0)issimple when p(R(6)) = 1}.
The Rosenbrock—Nystrim method is said to be R-stable if C = R™ U {0}.

Definition 2. The interval C* = [0, Bper) is the interval of periodicity of the Rosenbrock—-Nystrim
method if Bper € RY is the highest value, such that

C* C {6 e RTU{0}/R(0)issimpleand forallA € o(R(0)), |A| =1}.
We can say that the Rosenbrock—Nystrom method is P-stable if C* = R* U {0}.

Theorem 1. Under assumptions that

(i) The method is R-stable.
(ii)  o(AsAx+ Ay) N (—00,0] = 2. .
(iii) There exists a value 6 € R such that R(0) does not have double eigenvalues.
(iv) (BT Ay + BT)(AsAu + Ay) " H(Age) = 1.
Then,

IR(kB)"|l, < C, neN.

where C is independent of the size of o(kB).
This result cannot be obtained if assumption (iv) is not satisfied.

Proof. The proof of this theorem is straightforward by using the results of Theorems 5 and
7in[15]. O

Corollary 1. When the Rosenbrock—-Nystrom method comes from a Rosenbrock one with classical
order greater than or equal to one, the condition

(b7 Ax + BT (AsAa + Ay) 1 (Ase) = 1
is always satisfied.

Proof. Let us assume that the Rosenbrock-Nystrom method comes from a Rosenbrock one
with Butcher array
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and that the coefficients of the Rosenbrock-Nystrém method satisfy relations (8). Then,

(0T Ax + BT)(AsAu + Ay) 7 (Age)
T

= (BT A+ 0T A) ((Ag + A Ay + (A + A A) "N Aw + Ay e
= BT (Ax+ A (Au+ Ay (Au+ Ay)) N A + Ay e

= bT(Au+ Ay (e + A))?) (A + Ay e

= ble=1

O

4. Order Conditions for Rosenbrock-Nystrom Methods
Let us see the conditions that Rosenbrock-Nystrom methods should satisfy to obtain

the highest possible order when integrating a problem such as (1). In a similar way as with
Runge-Kutta-Nystrém methods, a Rosenbrock-Nystrom method is said to have classical
order p if

Pn+1 = y(tn+1) - ]?n-&-l = O(TP'H),

§n+l = y/(tn+1) - z7n+1 = O(Tp+1)/
where (§,11,9,41)" is the numerical solution obtained from the exact solution (y(t, ),y (tx))”
= (Juy1,0n41)" with time step size 7.

In order to study the order conditions, it is useful to write the equations as in the
autonomous case, given by (5), in the following way,

i—1
J _ J ]
gn,i = Yn + Z] Déinl’l,/"
j=

i i
K, woh+ 72 Y 65f (g5) + 7 L fhwn) Y 1K,
i=1 K =1

s S
U = o T bif () + T fllyn) LB,
i=1 K i=1
s
J _ ] ]
Yng1 = Yn + Z;; biKn,i’
i=

where the superscript indices in capital letters indicate the component of the vector we are
using (in this part, the notation is similar to that used in [6]). In the following, 9 f/ /9yX will

be denoted by 1, 3%f! /ayXay" by f},, etc.

To obtain the order conditions, we compare the Taylor series of i, +1 and 9,1 obtained
from the exact solution (¥, 5,1)T with the Taylor series of the exact solution.

In this part, the following formulae are used:

(te() V=0 = 99" V(D=0 421,
(Pe(0) V=0 = (1= P ()]r=0, 922
These formulae, which can be proved in a recursive manner, are obtained by using that
(tp(0)W = g9l V(r)+ 19V (r), g>1,
(Po(m)W = (g -1 (1) + 2979 V(1) + 29 (1), g22.

We differentiate by using the notation ¢(t) = ¥i_;(6;f/(g)) + 7ij Lk fli(yn)Kf, ;)
together with the previous formulae. Then, we obtain
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K)o =

(Ki,i)u) lz=0 =

(Ki,i) @ lz=0 =

(K{,,,‘) @) |T:0 =

(Ki,i) @) lz=0 =

where we have used that

F1(8)e=0 F(Gn),
(F1 @) V=0 = L aifg(in)os
K
i—-1 ]
(@) P emo = Yo flor )00y +2 1 (@) (Tn) L Y i,
KL K j=11=1
together with
&) VN0 = 7
i-1
(&) Vo = ;“ij(Ki,j)g:)o
]:
i—1
=) a0
j=1
=a%,
(gzK)(z)|T:0 = Elxl] n]TO
i—-1 j
= 2}, ) ai0f (n
j=11=1

(85)G

0,
hlemo + <ZT i:(%f’(gj) +7ij ;fé(%)ﬁ@-)) l=0

<TZZI; 5if’ () Jr“YtJZfK ¥n)K )1)>r—0
=

=]

221‘1( z]f](g] +'Yt]2f1< in) n})‘T =0

i=

2385 )

j=1

6Zl:( 5iif! (g))! +'Yszf1< )1))|r:0

-
SN

6 (51]&,2]’1( Tn )0y +'Yij2f1]<(]7'l)ﬁln<)

-
I
—_

M._

6, 51/“}*”’!] ZfK ¥n)0

\
Il
-

u;%W@mezmmmm%mo
f=

-

i—

1
Z ij ]EfKL(yn UfoL“’z E E 5ij"‘jl‘5lm ;f{((gn)fK(?n)

j=11

Il
—

m=1

i

j
+24ZZ71]5112](K ]/n n ’

j=11=1

i—1
o = Z“ij(KZ,,j)S-BJ
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Then, by using the expressions obtained for (Ki,i)(l)/ I=1,...,4 wehave
5 : ] °
@), 1) Wle=0 = Y bif (gi)lr=0 + X fL(n E e
i=1 K i=1
S
- ](gn) Z bi/
i=1
S S
(41)Pez0 = szi<f’<gi o= o+22fK )y (K)o
S
= ZZb ZfK )i +ZZfK )Y Bity
i=1
- Z b Dél + ﬁ ZfK
i=1
S S
@1) =0 = 3Y bi(F1(8:)) P |- o+ssz ) Y Bi(KE) @
i=1 i=1
- z: ZfKL
s ] « i—1
+6) by fx (@) f5(Fn) Y ) wiidy
i-1 K j=11=1
s i
+6 ) k() ) - Bidiif  (in) (12)
K i=1j=1

s
3 Z biwiz ZfIL,L(yn)ﬁn Oy,
i=1 K,L

s ]
ST A Gnf (22%;#2/%%),

i=1 K j=11=1

4Y 5:(f1(8) P Neo +4 Y L Ga) Y Bi(KE B |2
i=1 K i=1
S

4Zbi“? Z fILLM(yn)Z}In(ﬁ%aQA

+16Zb“122“u ]lZfKL ()05,

i=1 j=1l=

18Y by m 51 L ka0 £ 300%

=1 j=li=

+24Zb 22061] Sper + 1) ZfK n) fE ()

=1 j=1l=

+242213i ijaj + Vij) ZfK ()0,

i=1j=1

Z fIi,L,M () 0K LM Z 4b;a?
il

K,L,M

s 1 j
+ Y @) X @)oE Y Y Y 24biaisy
KL i=1j=11=1

s j
+24Zf1]<(]7n) Z Zblal] ]l“l'i")']l +Z.B ij j+7ij)>
K,L

i=1\j=11=1 j=1

i—

i—1
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where we have used that

Fe)N® = ¥ f{<,L,M<g1-><gi><><gl><1><g?4>“>+2Igf{<,L<gi><g{‘><2>(g%)m

K,L, M

+ %fh (g)(gF) M (gh@ + ;f,i (8)(g)®

and therefore

i-1
(fl(gi))(?))"f:o = Z fI]<,L,M(g )~K~L~L 3+4ZfKL(yn Z“z"‘l] ]lf yﬂ)v
K,L. M j=11=1
i-1 J
+2 Igf{“ LY itijj fL () 0K
, j=11=1

i-1
+6 %fé(%) YN wii(Saas + v fK(7u) 5L

j=11=1

For (]?£,+1)(l),l =1,...,4, wehave

Il
<
=

(yA{Hl)(O) ‘T:O

S
@) V=0 = L 0K )Mo
S
@) Ple0 = Y bi(K] )Pl
(?{1+1)(3)‘T:0 = Zbi(Ki/z‘)(s)‘Tzo

= 621‘1{(%)55 i Zl:bf (Gijej + 7if), (13)

(ﬁL+1)(4> ‘T:0 = Z bi(KL,i)(Al) ‘T:O
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Now, we calculate the derivatives of the exact solution, by taking into account that

v' = f(y),
G = dl,
(7h)® @V = (),
@ = @)@ = () =;fé<yn>ﬁ§,
Y = @) = ()2
= Y @)k @) + ¥ A ) (30
K,L K
= f{(L(yn)ﬁIifﬁ% + Zf{((yn)fK(yn)/
K,L K
@) = @)W = ((G.)®
= Pl @) TGO LY L () (55D
K,L,.M K,L
+Kzz‘f£,L<y~n> D4 ZLfIL,L@n)(y,%)(”fK(ym)
+ Y A Ga) R ) ()
K,L
= féLM<yn>~K~L~M+2fKL ) X ()%
K,LL M
+1§f L ()0 £ (i +ZfKL X ()0
+ Y ) R ()
K,L
= Pl (@) TG 3 FL 1 () X () 5%
K,L,M K,L
+ Y £ K () 5
K,L

(14)

To obtain the order conditions up to order four, we compare the results in (12) and (13)
with the results in (14). Then, these order conditions are:

Order 1: We compare (9

]

n

YD) with (zﬂ)m and (yA,L)(l) with (?L)(l)

Y bi=1.

i=1

Order 2: We compare (9})? with (3})? and (7))@ with (7,)®

S

Y (b +pi) =

i=1

s i
L) s =

i=1j=1

~

N — N =
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Order 3: We compare (0,)® with (¢/,)® and (%)(3) with (y"ﬁ)w)

s bl 1

o o= =,

BT

s i—1 j 1

2 YD b 11+2213‘le 5’
i=1j=11=1 i=1j=1

s i 1

Z Z b; ((51106] + 'Yij) = 6

s i—1 ] 1
Z Z bitxitxi]&]l = g,
i=1j=11=1
s i—1 ] s i 1
Z Z bl‘xl]( ]lal + ’)/]I) + Z Z ,Bl(él]a] + r)/z]) - ﬂ,
i=1j=11=1 i=1j=1
s i 2 1
Z Zbl‘sz] i T 12’
i= 1] 1
s i j—1 1
Z Z 2 2 bi 51]0‘]151711 + Z Z bl’)/q il = pY%
i=1j=1l=1m=1 i=1j=11=

By using notation &/ = (ocjl', . ,aé)T and (ba)T = (b1ay, ..., bsas), these order condi-

tions can be written as follows:

Order 1:
bTe =1.
Order 2:
1 1
bTa+ ,BTe =5 bT Ase = 7
Order 3:
1 1
le’(z — 5’ (bTAtX + ﬁT)AJg = 6’ bT(Ang( + Afy)e =
Order 4:
T 3 1 T 1 T T 1
b'a® = T (ba)" Ay Ase = g’ (b7 Ax + B ) (Asa + Ay)e = 24’
1 1
T, .2 1 T - =
b A()IX - 1 b (A&Atx +A7)A e 24"

5. Numerical Experiments

This section is devoted to the numerical experiments we have carried out in order to
prove the advantages of these methods when solving a non-linear equation.
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The Rosenbrock-Nystrom methods we have chosen are the ones that are developed
and studied in [11]. The first one is the one-stage method given by:

0

- | ©
N —
ST

—_

This method can be obtained from the well-known Rosenbrock method with

=0, A,=0, flvzé, pr =1,

Therefore, the equations that this Rosenbrock-Nystrom method provides are the same that
we have with the Rosenbrock method when converting the second order problem in a first
order one.

This Rosenbrock method is A-stable, but not L-stable [6]. The method presented here
is the only Rosenbrock-Nystrom method with one stage and classical order 2 that is stable.
In fact, it can be proved that this method is P-stable as the eigenvalues of its stability matrix
are i—rgi + ﬁ—%zi, for 8 € R. They are complex conjugate with modulus 1 except for § = 0
and 6 — oo, where they are double and equal to 1. There are no one-stage Rosenbrock-
Nystrom methods with classical order 2 that are just R-stable but not P-stable, so in order
to obtain methods of this type, we should use at least two stages. Another possibility is to
construct one-stage Rosenbrock—Nystrom methods with complex coefficients, following
the ideas given in [16] for Rosenbrock methods. This will be the idea of future works.

The second one is an R-stable method with two stages and classical order 3, which we

will call RN3. The coefficients of this method are given by the following array:

2 2
0| 0 2 2
2| 2 ogl_2 2|_10 2
31 3 9 3 9 3
3 3
4 4
13
4 4

The third one is a method with three stages and classical order 4. This method is called
RN4. The coefficients of this method are given by the following array:

3 3
_m _ 0 _ 2331 3 _ 333 3
20 20 290 2 40 2
27 | _ 10877913  _ 1261935 0 _ 4,064531,049  _ 6527250 3 | _ 24378057 _ 3785805 3
31 13,938,344 13,938,344 2,365,464,982 285487153 2 23,356,144 27,876,688 2

160,081,141 3,659,778,205 94,178
288,754,956 93,075,347,484 234,981

411,283 134,000 417,074
998,001 35,743,221 704,943

In the tables, the local and global orders are given. The global error has been calculated
as the difference between the exact solution at T = 1 and the numerical one obtained with
our method.

Example 3. The first problem we have solved is the first problem presented in Example 1, that is,
problem (2). Here, the parameters we have selected are

N =20, A = 1000, x=2, p=3.
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We present the results obtained for the method with classical order 2 in Table 1, where we
can see that the expected orders are obtained for the solution as well as for the derivative. For
the local error in the solution, we obtain one order more than the one expected since the odd
derivatives vanish.

The results for the method with classical order 3 are given in Table 2 where we can see that the
expected orders are obtained for the solution as well as for the derivative. For the local error in the
derivative, we obtain one order more than the one expected since the odd derivatives vanish.

The results for the method with classical order 4 are presented in Table 3, where again we can
see that the expected results are obtained. The local order in the solution is one unit higher than the
expected one as the odd derivatives vanish.

Table 1. Local and global errors and orders for problem (2) with RN2.

T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t) 87268 x 1077 54684 x 1078 34200 x 1077 21379 x 10710 1.3362 x 10711 8.3524 x 10713
Order 3.9962 3.9991 3.9998 3.9999 3.9998
Loc. err. u'(t) 1.3910 x 1074 1.7433 x 107°  2.1806 x 107®  2.7262 x 1077 3.4079 x 108 4.2599 x 10~?
Order 2.9962 2.9991 2.9998 2.9999 3.0000
Glob. err. u(t)  1.9668 x 107%  4.9142 x 107°  1.2282 x 107> 3.0700 x 10~° 7.6745 x 107 1.9186 x 107
Order 2.0008 2.0004 2.0002 2.0001 2.0001
Glob. err. u/(t)  1.3275 x107* 355692 x 107> 9.0829 x 107  2.2811 x 107 5.7098 x 107 1.4279 x 1077
Order 1.8951 1.9744 1.9934 1.9982 1.9994
Table 2. Local and global errors and orders for problem (2) with RN3.
T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t) 74745 x 1077 4.8042 x 1078 3.0236 x107°  1.8931 x 10710  1.1837 x 10711 7.3971 x 10713
Order 3.9596 3.9899 3.9975 3.9994 4.0002
Loc. err. u/(t) 25478 x107® 80729 x 108 25316 x10~? 79180 x 10~ 11 24749 x10~12  7.7275 x 1014
Order 4.9800 4.9950 4.9988 4.9997 5.0012
Glob. err. u(t)  4.6594 x 107®  4.0170 x 1077 3.8542 x 1078 4.0814 x 107°  4.6400 x 10710 55107 x 10~ 1
Order 3.5360 3.3816 3.2393 3.1369 3.0738
Glob. err. u/(t)  9.4688 x 107>  1.2141 x 107> 15315 x107®  1.9215 x 1077 2.4058 x 108 3.0095 x 10~?
Order 2.9633 2.9869 2.9947 2.9977 2.9989
Table 3. Local and global errors and orders for problem (2) with RN4.
T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t) 6.1363 x 1077 9.9822 x 10~ 1.5757 x 10710 24682 x 10712 3.8384 x 10~1*  4.5776 x 1071¢
Order 5.9419 5.9853 5.9964 6.0068 6.3898
Loc. err. u/(t) 1.8146 x 107 6.9583 x 1078 22799 x107%  7.2081 x 10~ 22592 x 10712 7.0702 x 10~
Order 4.7048 4.9317 4.9832 4.9958 4.9979
Glob. err. u(t) 26326 x107®  1.9208 x 1077 12682 x1078 81048 x10~10 51163 x 10711 3.2167 x 10712
Order 3.7767 3.9209 3.9678 3.9856 3.9914
Glob. err. u/(t)  7.9785 x 107> 2.7301 x 107®  9.5300 x 1078 35643 x 1077 14775 x10710 69183 x 1012
Order 4.8691 4.8403 4.7408 4.5924 4.4166

Example 4. The second problem is the equation of motion of a soliton in an exponential lattice.

This problem was first proposed in [17] and it is a highly non-linear system.

W/(t) = 2e7%—eMit et j=1,..,N,

u(0) = —In(l+ Bsech?(af)), (15
w() = Hsech®(wtanh(a)

]

1+ B2sech?(aj) ’
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with « = 2, B = sinh(a) and N = 20. The solution of this problem is uj(t) = —In(1+
B2sech?(aj + Bt)).

The results for method RN2 can be seen in Tnble 4. There, we can observe that we also obtain
the expected local and global order for the solution and the derivative.

The results for the second method, RN3, can be seen in Table 5, for which the expected results
have been obtained.

Finally, the results for method RN4 are presented in Table 6.

Table 4. Local and global errors and orders for problem (15) with RN2.

T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t)  2.6003 x 107® 3.0800 x 10~7  3.7439 x 108 4.6137 x 1077 5.7258 x 10710 7.1314 x 10~ 11
Order 3.0777 3.0403 3.0206 3.0104 3.0052
Loc. err. u/(t)  1.1920 x 107%  1.4952 x 107> 1.8721 x107® 23420 x 1077 2.9286 x 10~8  3.6615 x 10~°
Order 2.9949 2.9976 2.9989 2.9994 2.9997
Glob. err. u(t) 1.1100 x 10~* 25216 x 107> 5.9894 x 107® 1.4582 x 107® 3.5965 x 10~7  8.9303 x 1078
Order 2.1381 2.0739 2.0383 2.0195 2.0098
Glob. err. u/(t) 2.6457 x107*  6.6306 x 107  1.6598 x 107> 4.1520 x 107®  1.0383 x 107®  2.5963 x 10~
Order 1.9964 1.9982 1.9991 1.9995 1.9998
Table 5. Local and global errors and orders for problem (15) with RN3.
T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t)  6.0678 x 1077  3.8272 x 1078 2.4025 x 1077 1.5048 x 10719 9.4150 x 101> 5.8841 x 10~ 13
Order 3.9868 3.9937 3.9969 3.9985 4.0001
Loc. err. u/(t)  7.2800 x 10~7 4.5052 x 1078 2.8007 x 10~ 1.7456 x 10~19  1.0895 x 10~''  6.7900 x 10~ 13
Order 4.0143 4.0078 4.0040 4.0020 4.0041
Glob. err. u(t) 3.6685 x 107®  4.6022 x 1077 5.7584 x 1078  7.2002 x 10~°  9.0011 x 10710 1.1252 x 10~10
Order 2.9948 2.9986 2.9996 2.9999 2.9999
Glob. err. u/(t) 3.2844 x 107® 4.1504 x 10~7 5.2155 x 1078  6.5363 x 1077  8.1810 x 10710 1.0233 x 1010
Order 2.9843 2.9924 2.9962 2.9981 2.9991
Table 6. Local and global errors and orders for problem (15) with RN4.
T 1/80 1/160 1/320 1/640 1/1280 1/2560
Loc. err. u(t) 13797 x 1077 2.4952 x 1072 4.8387 x 10711 1.0514 x 10712 2.5920 x 1014 4.6849 x 10~1°
Order 5.7891 5.6884 5.5242 5.3421 5.7899
Loc. err. u/(t) 1.6797 x 107® 53774 x 1078  1.6885 x 1077 52794 x 10711 1.6491 x 10~'2 5.2897 x 1014
Order 4.9652 4.9931 4.9992 5.0006 4.9624
Glob. err. u(t) 14563 x 107® 57019 x 1078 34328 x 10~ 23119 x 10710 1.5242 x 10711 9.8139 x 10~13
Order 4.6748 4.0540 3.8922 3.9229 3.9571
Glob. err. u/(t) 4.0638 x 107° 25938 x 1077 1.6313 x 1078  1.0216 x 10~  6.3895 x 10~'1  3.9944 x 10~12
Order 3.9697 3.9909 3.9971 3.9990 3.9997

Example 5. The last problem we have solved is the non-linear Euler—Bernoulli Equation (3)
presented in Example 2.

We first discretized in space, by using a spectral method suggested in [18] and deeply studied
in [8]. This spectral method has been derived to discretize in space a problem such as

—Au =
u =

with At = Uyxxx, F € X, G € Y, and u € D(A), with X being a Hilbert space of functions and
Y being a suitable space of functions defined on the boundary. In particular, for the problem we

EF,
G,

xeQ,
xeTl



Mathematics 2021, 9, 2225

17 of 20

have, we take Q) = (—1,1) with boundary T = {—1,1} and boundary conditions u(—1) = g_4
u(1) = g1, ux(—1) = h_1, ux(1) = hy. For the spatial discretization of this problem, we consider
a grid Oy, Q UT associated with a natural parameter | (related to the number of nodes on it). Then,
we take Xy as the space of polynomials of a degree less than or equal to |, integer | > 4, and X as
the subspace of X; such that they and their derivatives vanish on the boundary. We will consider
in Xj an approximation of the L>-norm in X = L?(Q)), which will be denoted by || - ||;. Then, the
spatial discretization is given by

—A],()U] + C]E)u = P]F

with Ajp being the matrix that discretizes Ao and Cy and Py being the operators associated with the
discretization of A which take into account the information on the boundary of u and F, respectively.
The interior nodes are denoted by pj, j = 1,...,]. They are the zeros of the second derivative of the
Legendre polynomial of degree | + 2.

In this way, after the spatial discretization, our problem reads

U = —AjUy+Cpou+ U+ PH(t), 0<t<T=1,
u;(0) = Uy

with PrH(t); = h(t, uj), (Ugo); = u(0, uj) and (Vyo); = ur (0, ptj)-

In the numerical experiments, we have taken | = 40.

In this part, we present the results that have been obtained with method RN2 in Table 7, the
results obtained with method RN3 in Table 8, and the results that have been obtained with method
RN4 in Table 9. In this case, with RN4, we do not obtain order 4 in the global error in the derivative
because of the order reduction phenomenon, which has been deeply studied for other numerical
integrators such as Runge—Kutta methods, Rosenbrock methods, or RKN methods [19-21]. The
way to avoid this order reduction is the objective of a forthcoming paper.

Finally, we present the comparison in terms of computational cost between RN2, RN3, RN4,
and the RKN method with two stages and classical order 3 which is given in [22]:

9++/33 1943133
12 18

15—v/33 | _ 3341733  19+3/33
o4 192 48

5—1/33 74+/33
24 24

9—4/33 154++/33
24 74

We will denote this method by the abbreviation RKN3.

The results can be seen in Figure 1 and Table 10, where we have written the values of T and
the value of the computational cost to obtain global errors in the solution in the range [10712,107°].
In the graph, the error has been plotted as a function of T in double logarithmic scale. In this graph
and this table, we can see that the method which generates more computational cost to achieve the
desired error is RN2. Given a fixed value of T, this method presents a lower computational cost than
the other three, but as its classical order is only two, it needs a lower value of T to obtain the same
error than the other three methods, and in this way, it needs more time steps. For example, if we take
T= 3%—0, we can see that RN2 takes 1.8751 x 1072 seconds to obtain the result, but RN4 needs
3.7180 x 1072 seconds, nearly double. However, for this value, the error that is found with RN2
is 7.2957 x 10~7, but with RN4 it is 6.6974 x 10~°. To obtain this error with the RN2 method,
we need a value of T between 25% and ﬁ, so the number of steps is much greater and so is the
computational cost.

As we can also see, both RN3 and RN4 are better in terms of the computational cost than
RKN3. As RN4 has more stages than RN3, for bigger values of T, RN3 needs fewer steps to obtain
the desired error, but when T is smaller, because of the classical order of the RN4 method, it requires
fewer time steps and the computational cost of this method is lower.
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Table 7. Local and global errors and orders for problem (3) with RN2.

T 1/80 1/160 1/320 1/640 1/1280
Loc. err. u(t) 3.5093 x 107 2.3204 x 1078 1.5422 x 10~ 1.1241 x 10710 1.0014 x 10~ 11
Order 3.9187 3.9114 3.7781 3.4887
Loc. err. u/(t) 5.5860 x 107> 7.2984 x 1076 9.2722 x 10~ 1.1657 x 107 1.4601 x 1078
Order 29361 2.9766 2.9917 2.9972
Glob. err. u(t) 1.1780 x 1075 2.9189 x 107° 7.2957 x 107 1.8249 x 1077 4.5639 x 1078
Order 2.0129 2.0003 1.9993 1.9994
Glob. err. v/ (t) 1.9962 x 1074 4.8801 x 10> 1.2060 x 107> 2.9991 x 10~° 7.4888 x 107
Order 2.0322 2.0167 2.0076 2.0017
Table 8. Local and global errors and orders for problem (3) with RN3.
T 1/80 1/160 1/320 1/640 1/1280
Loc. err. u(t) 21291 x 1077 1.7820 x 1078 1.2296 x 10~ 7.9634 x 1011 5.0414 x 10712
Order 3.5786 3.8572 3.9487 3.9815
Loc. err. u'(t) 1.3417 x 107 9.5553 x 107 6.8098 x 108 4.8287 x 107° 3.3715 x 1010
Order 3.8117 3.8106 3.8179 3.8402
Glob. err. u(t) 1.2456 x 107° 1.6021 x 1077 2.0110 x 1078 2.5093 x 10~° 3.1001 x 10~10
Order 2.9587 2.9940 3.0026 3.0169
Glob. err. u/(t) 1.7959 x 1075 2.4474 x 107° 3.5574 x 107 5.0192 x 108 6.8569 x 107
Order 2.8754 2.7824 2.8253 2.8718
Table 9. Local and global errors and orders for problem (3) with RN4.
T 1/80 1/160 1/320 1/640 1/1280
Loc. err. u(t) 1.7070 x 10~® 6.1236 x 108 21793 x 107 7.7642 x 1011 2.7480 x 1012
Order 4.8010 4.8125 4.8109 4.8204
Loc. err. u/(t) 4.8165 x 107> 3.4176 x 107° 2.4071 x 1077 1.6643 x 1078 1.1149 x 10~
Order 3.8170 3.8276 3.8543 3.8999
Glob. err. u(t) 3.0516 x 107° 1.6639 x 1077 6.6974 x 10~° 2.8418 x 10710 1.4797 x 10~ 11
Order 4.1969 4.6348 4.5587 4.2634
Glob. err. u/(t) 21788 x 107% 25549 x 1072 2.8936 x 1070 3.1875 x 107 3.4444 x 1078
Order 3.0922 3.1423 3.1824 3.2101
Table 10. Computational cost for problem (3) with RNRN2, RN3, RN4, and RKN3 4.
. CPU Error CPU Error CPU Error CPU Error
RN2 RN2 RN3 RN3 RN4 RN4 RKN3 RKN3
1/80 732x1073 124 x107® 9.66 x1073 3.05x107® 1.72x1072 6.34 x 1077
1/160  1.04 x1072 292 x107® 1.60 x1072 1.60 x 1077 2.05x1072 166 x10~7 3.13x1072 8.04 x 1078
1/320 1.88x107%2 730 x1077 270 x107%2 2.01x10% 372x1072 670 x107° 583 x1072 1.01 x1078
1/640 370 x1072 1.82x1077 549 x1072 251 x107° 707 x1072 284 %1070 112x107! 126 x107°
1/1280 723 x107%2 456 x1078 1.02x107' 3.10x10710 136 x107' 148 x10~!1 213 x107' 1.53 x 10~10
1/2560 134 x107! 1.14 x 1078
1/5120 261 x1071  2.86 x 107
1/10240 512 x1071 717 x 10710
1/20480 1.03 x 10°  1.82 x 10710
1/40960  2.04 x 100  4.86 x 10~ 1!
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1072 1071 10°
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Figure 1. Graph for the global error in the solution with RK2 (¢, black), RK3 (0J, magenta), RK4 (x,
green), and RKN3 (o, blue).

6. Conclusions and Future Work

As we have seen in this work, these new methods are a good choice when we have a
second-order in time problem to solve. By using these methods, we avoid the drawback
that other integrators ike Runge-Kutta—Nystrom ones present when the problem we are
solving is a non-linear one.

This work is an introductory work about these methods and there is more work to
do in the near future. For example, we have the problem of the order reduction that this
type of method presents when we solve a second-order in time PDE with non-vanishing
order conditions. This problem has already been studied for other existing methods such
as Runge—Kutta, Rosenbrock, and Runge-Kutta—Nystrom.

Another piece of work to be done is the construction and study of Rosenbrock—
Nystrom methods with complex coefficients. As we have seen, the only stable method
that exists with only one stage is a P-stable one. To obtain R-stable methods (not P-
stable) with classical order two, we should have two intermediate stages. Rosenbrock
methods with complex coefficients have been proven to be very efficient when solving
stiff problems [16,23]. In this way, one piece of future work is to use this idea of complex
coefficients to obtain efficient Rosenbrock-Nystrom methods to solve second-order in
time problems.

To conclude the work to be done, we are also interested in the comparison between
different Rosenbrock-Nystrém methods, in order to study the best method to be used in
practice. One high-stage scheme could be worse in practice than one method with fewer
stages because of machine round-off errors.
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