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ABSTRACT. Let Y be a smooth Enriques surface. A K3 carpet on Y is a double structure
on Y with the same invariants as a smooth K3 surface (i.e., regular and with trivial
canonical sheaf). The surface Y possesses an étale K3 double cover X — Y. We prove
that 7 can be deformed to a family 2~ — P¥. of projective embeddings of K3 surfaces
and that any projective K3 carpet on Y arises from such a family as the flat limit of
smooth, embedded K3 surfaces.

INTRODUCTION

In this article we continue to study the relation between double covers and double struc-
tures. This relation was first studied in [Fon93], for hyperelliptic canonical morphisms and
the so—called canonical ribbons and in [GP97] for hyperelliptic K3 surfaces and K3 carpets
on rational normal scrolls. Recently, M. Gonzélez in [Gon06] and the authors in [GGPO07]
studied this relation in a much more general setting, namely, finite covers of curves of
arbitrary degree on the one hand and one dimensional, locally Cohen—Macaulay multiple
structures of arbitrary multiplicity on the other hand. In the present work we look at the
relation between a natural and particularly nice double cover, the étale K3 double cover
of an Enriques surface, and an interesting class of double structures, the K3 carpets on
Enriques surfaces.

Multiple structures have appeared, among other settings, in the study of vector bundles.
For example, double structures on surfaces can be found in [HV85], where Hulek and Van
de Ven use the doubling construction done by Fossum and Ferrand (see [Fos73] and [Fer77])
in connection with the study of the zero locus of sections of the Horrocks—Mumford vector
bundle (see also [BM85], [Har78] and [Man81]). On the other hand, K3 carpets on rational
normal scrolls have been considered in the study of degenerations of smooth K3 surfaces
(see for instance [BE95] and [GP97]). In this article we study another kind of K3 carpets,
namely, those supported on Enriques surfaces.

A K3 carpet on a smooth Enriques surface Y will be a locally Cohen—Macaulay double
structure on Y with the same invariants as a smooth K3 surface (i.e., regular and with

trivial canonical sheaf). The surface Y possesses an étale K3 double cover X — Y
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associated to the canonical bundle of Y, which is 2-torsion. We prove that any projective
K3 carpet on Y arises from a family 2" — P% of projective embeddings of K3 surfaces
that degenerates to m. As a consequence of this, we show that any projective K3 carpet
on Y can be smoothed, i.e., obtained as the flat limit of a family of smooth, irreducible
(projective K3) surfaces.

The reader might probably have noted in the previous paragraph the phrase “projective
K3 carpet”. K3 carpets on an Enriques surfaces (like indeed double structures on any
other surface) need not be projective, unlike ribbons on curves. Thus our first task is to
characterize (see Theorem 2.5) those K3 carpets which are projective. This is accomplished
in Section 2. There we also see “how many” projective K3 carpets there are. We do this
in two settings. On the one hand, we compare the sizes of the families of projective K3
surfaces on a given (abstract) Enriques surfaces Y and the size of the family of non-
projective K3 carpets (see Theorem 2.5). This situation has some strong resemblance to
the case of projective and non—projective smooth K3 surfaces, where the former lie on
infinite, countably many codimension 1 families in the moduli space of K3 surfaces. On
the other hand, we also compute the dimension of the space that parametrizes the family
of projective K3 surfaces supported on a given Enriques surface which is embedded in a
projective space (see Theorem 2.4).

In Section 3 we prove the results regarding deformation of morphisms and smoothings of
carpets. First we show (see Theorem 3.2) that the cover m can be deformed to a family of
embeddings of K3 surfaces to projective space. Then, in order to obtain a smoothing of a
projective K3 carpet Y one considers a suitable embedding of Y in projective space, then
one chooses the family of embeddings of Theorem 3.2 suitably, in order to obtain a family
of projective schemes consisting of the images of smooth K3 surfaces degenerating to Y.
From these theorems we obtain a smoothing result for most of the embedded K3 carpets
(see Theorem 3.5) and subsequently we show that any (abstract) projective K3 carpet can
be smoothed (see Theorem 3.6).

Finally we devote Section 4 to study the Hilbert points of projective K3 carpets. We
prove that their Hilbert points are always smooth (see Theorem 4.2), unlike the case of K3
carpets on rational normal scrolls. In that case some Hilbert points are smooth and some
are not (see [GP97, Section 4]). There were previous results about smoothness of the Hilbert
scheme at points corresponding to certain ribbons on curves: Banica and Manolache, in
[BMS85], prove that the Hilbert points of ribbons in P? supported on conics are smooth;
Bayer and Eisenbud, in [BE95], prove that the Hilbert points of canonically embedded
ribbons on P! are smooth; and Gonzalez proved, in [Gon04], the smoothness of the Hilbert
point for most ribbons on curves of arbitrary genus.

Acknowledgements: We thank Joseph Lipman for a helpful discussion and for pointing
out some references regarding the dualizing sheaf. We also thank N. Mohan Kumar for
some useful discussions.

Convention. We work over C. Recall that a surface Y, proper over C, is said to be
regular if H'(Oy) = 0. An Enriques surface is a regular surface whose canonical bundle is
2-torsion. A K3 surface is a regular surface whose canonical bundle is trivial. Throughout
this article, whenever we use the phrases Enriques surface, K3 surface or regular surface
we will always mean in addition smooth, irreducible and proper over C.
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1. K3 CARPETS. CHARACTERIZATION

Among carpets on an Enriques surface Y, we single out a family which deserve special
attention as far as they share the invariants of smooth K3 surfaces. We call them K3
carpets. In fact, we will give a more general definition: a K3 carpet on any regular surface
will be a carpet with the same invariants of a smooth K3 surface (i.e., trivial dualizing sheaf
and irregularity ¢ = 0; see Definition 1.2 and Proposition 1.6). Gallego and Purnaprajna,
in [GP97], studied K3 carpets supported on rational normal scrolls. In this paper we
consider carpets on a different type of surfaces possessing a double covering from a smooth
K3 surface, namely Enriques surfaces. In this new case, as in [GP97], the adjective K3 is
not only justified by the fact that these carpets have the same invariants as smooth K3
surfaces, but also from the fact that projective K3 carpets are degenerations of smooth K3
surfaces, as we shall prove in this paper.

We start by recalling the definition of a carpet on a smooth surface.

Definition 1.1. Let Y be a reduced connected scheme and let & be a line bundle on'Y. A
ribbon on Y with conormal bundle & is a scheme Y with Yieq =Y, such that
2 _
(1) fyy =0 and
(2) Ay =~ & as Oy -modules.
When Y is a surface, Y is called a carpet on'Y .

We now give the definition of a K3 carpet supported on a regular surface. Although our
definition does not require the carpet to be a regular scheme, we will see in Proposition 1.6
that a K3 carpet defined according to Definition 1.2 is always regular.

Definition 1.2. Let Y be a regular surface. A K3 carpet YonY isa carpet on' Y such
that its dualizing sheaf wy ~ O%.

Remark 1.3. The existence of a dualizing sheaf with nice functorial properties on a proper
scheme is well known (see e.g., [K1e80, (7), p. 46]). Any ribbon Y on a smooth irreducible
proper variety Y is a proper scheme over C. This justifies the existence of the dualizing
sheaf in Definition 1.2.

Any ribbon YonYisa locally Gorenstein (in fact, locally a complete intersection) scheme.
Therefore the dualizing sheaf wg is an invertible sheaf (see e.g. [Har66, V 9.3, 9.7, VII 3.4]
or [Con00, p. 157]). O

Next we point out some nice properties of the dualizing sheaf on Y. The assertions in
Lemma 1.4 are also well known (see e.g. [BF86, Proposition 2.3], [BM85, Lemma 7]
or [Man94, Remark 4.12]) and follow quickly from the definition of the dualizing sheaf
(see [Har66, p. 241] or [Kle80, (1),(6)]). They are valid for ribbons in general.

Lemma 1.4. Let Y be a smooth irreducible proper variety. Let Y be a ribbon on'Y with
conormal bundle &. Then the dualizing sheaf wy fits into an extension

(1.4.1) 0 wy wy ET® wy—0,
and, therefore, there is an isomorphism

(1.4.2) wyl, =& @uy.
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Now we characterize K3 carpets from its conormal bundle.

Proposition 1.5. Let Y be a regular surface and let Y be a carpet whose reduced part is
Y. Let & be the ideal sheaf of Y in'Y. ThenY is a K3 carpet iff & ~ wy .

Proof. Let & ~ wy. Look at (1.4.1). Since H'(wy) = 0, the section 1 € H"(0y) can
be lifted to H O(w);), and hence, wy being invertible, we have wy ~ Op. Now assume
wy =~ Og. Then, from (1.4.2), we get & ~ wy. O

As a consequence of Proposition 1.5 we see that a K3 carpet, as defined in Definition 1.2,
is a regular scheme, as is the case of smooth K3 surfaces.

Proposition 1.6. Let Y be a K3 carpet on a regular surface Y. Then Hl(ﬁg) =0.

Proof. From Proposition 1.5, the conormal bundle is & = wy. Since Y is a regular surface
H'(wy) = H'(Oy) = 0 and hence, from the exact sequence 0 — & — Oy — Oy — 0, we
obtain H'(05) = 0. O

Remark 1.7. We have seen that the K3 carpets on a given regular surface are the carpets
with conormal bundle wy. Thus (see [BE95, 1.4]) the space of non—split K3 carpets on a
given regular surface Y is the projective space of lines in Ext%/(Qy, wy ).

Notice that, when Y is an Enriques surface the dimension of Exti-(Qy,wy) is the Hodge
number A = 10. ]

2. PROJECTIVE AND NON-PROJECTIVE K3 CARPETS

In contrast to ribbons on curves, not all carpets are projective, (see [Har77, III Ex.
5.9]) even if all of them are proper or if, as is the case with Enriques surfaces, they are
supported on a projective surface. Thus the very first question about the K3 carpets on
Enriques surfaces is whether there exist families of projective K3 carpets. This question
has a positive answer as is illustrated in Theorem 2.2 and Theorem 2.3. Next step is to
compute the dimension of the space parametrizing K3 carpets on a given Enriques surface.
This is settled in Theorem 2.4 for the dimension of the family of embedded (projective)
carpets on a given embedded Enriques surface, and in Theorem 2.5, where we compute the
size of the space of projective K3 carpets supported on a given (abstract) Enriques surface
Y, comparing it also with the space of all K3 carpets on Y. As we will see, the situation
somehow resembles that of smooth K3 surfaces.

To start searching for embedded K3 carpets we need to look first for embeddings of Enriques
surfaces in projective space. We recall some well known facts about this:

Remark 2.1. Let Y be an Enriques surface.
(1) If Y is embedded in PV, then N > 5.

(2) A very ample line bundle on Y has sectional genus g > 6 and degree d > 10.
(3) If N > 5, then the surface Y can be embedded in P¥.

Proof. By adjunction, there do not exist Enriques surfaces in P3. On the other hand,
applying the formula for the numerical invariants of a smooth surface Y in P* (see [Har77,
A.4.1.3)),

d?> —10d - 5HKy — 2K% 4+ 12 4+ 12p, = 0,
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we see at once that there do not exist Enriques surfaces in P* either. This completes the
proof of (1). Now, a line bundle on Y with sectional genus g has ¢ linearly independent
global section. Then, if the line bundle is very ample, (1) implies that g > 6, so its degree
is 29 — 2 > 10. This proves (2). Finally, since Y is projective, Y can be embedded in P¥,
with M >> 0 and we project it isomorphically into PV as far as N > 5. O

Now we want to know how many K3 carpets are supported on a given embedded Enriques
surfaces. This will do in Theorem 2.4. To do this we will need to know the dimension of the
space of first—order infinitesimal deformations of a morphism from a K3 surface to projective
space. Given a morphism ¢ from a variety X to P?, the normal sheaf A, is defined
as the cokernel of the natural map Jx — ¢*Jpn~. Then the first—order infinitesimal
deformations of ¢, up to isomorphism, are parametrized by H(.#,) (see [Hor74, 4.2]). In
our setting since X is a smooth K3 surface, it is a smooth variety. Then, if the image of ¢
has the same dimension as X, we have the following exact sequence:

(2.1.1) 0 — Ix — ¢" Tpn — AN, — 0.

Theorem 2.2. Let X be a smooth projective K3 surface and let X 2PN bea morphism
whose image is a surface. Let A, be the normal sheaf of ¢. Then,

(1) the dimension of the image of the connecting map
HO(A) = H'(7)
of the long exact sequence of cohomology of (2.1.1) is 19;
(2) H'(A,) =0; and
(3) H2(A,) = 0.
Proof. Let us denote L = ¢*Opn (1) and let us consider the Atiyah extension of L
(2.2.1) 00— Ox — X, — Ix — 0.

The space H'(Xp) parametrizes first-order infinitesimal deformations of the pair (X, L)

up to isomorphism (see [Zar95, pp. 126-128] or [Ser06, 11.2.2]) and the map HY(4},) —

H'(Zx) factors through H'(X). Taking cohomology on (2.2.1) yields the exact sequence
H'(Ox) — H'(S1) — H'(Ix) — H*(Ox).

Since X is a K3 surface, h'(0x) = 0, h?(0x) = 1 and h'(Jy) is the same as the Hodge
number A%! of X, hence

(2.2.2) dim H' () = 20.

On the other hand, H'(9x) — H?(0x) is induced by cup product with the cohomology
class ¢(L) € H'(Qx) (see [Ser06, Proposition 11.2.2]), so it is surjective, for L is non-trivial
(see [Ser06, p. 57]).Then

(2.2.3) dim H' (%) = 19.
Then, going back to (2.1.1) we have the long exact sequence
HY(A,) 5 HYIx) — HY(¢* Fpn) — HY (A,) — 0,

where the exactness on the far right comes from h?(Zx) = h%! = 0. Then (2.2.3) implies
that the image of v has dimension less than or equal to 19. On the other hand, taking
cohomology on the dual of the Euler sequence restricted to X yields h'(p* Zpn) = 1, for
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H'(L) = H?(L) = 0 since L is ample. All this together with (2.2.2) implies that the image
of v has dimension 19 and H!(.4;) = 0.

To prove (3) note that taking cohomology on the dual of the Euler sequence restricted to
X yields H?(¢* Zpn) =0, for H*(L) = 0. Then it follows that H%(.4(,) = 0. O
We will use Theorem 2.2 in this situation (see e.g. (2.4.6) in the proof of Theorem 2.4): we
set o to be the composition of the étale K3 double cover X = Y of an Enriques surface Y

followed by an embedding Y <5 PN, On the other hand, Theorem 2.2 can be also used if
© is an embedding into projective space, so we recover the following result:

Corollary 2.3. If X is a smooth projective K3 surface embedded in projective space, (not
necessarily as a linearly normal variety nor as a non-degenerate variety), then the point of
X in the Hilbert scheme is smooth.

Next theorem gives a quantitative measure on the K3 carpets supported on an embedded

Enriques surfaces. Precisely, given an embedded Enriques surface Y < PN , we find the
dimension of the variety that parametrizes the K3 carpets in PV, supported on i(Y).

Theorem 2.4. LetY be an Enriques surface and let Y < PN be an embedding of Y. Let g
be the sectional genus of i(Y). The K3 carpets embedded in PN and supported on i(Y) are
parametrized by a non—empty open set in the projective space of lines in HO(%7PN R wy),
whose dimension is g(N 4+ 1)+ 8. In particular, if i is induced by the complete linear series
of Oy (1), then the dimension of this open set is g> + 8.

Proof. Denote ¥ = %y pn. The K3 carpets in P¥ which are supported on i(Y) are in

one-to-one correspondence with the surjective elements in Hom (. /.#2, wy ), up to nonzero
scalar multiple (see [Gon06, Proposition2.1.(2)]; see also [GP97, Lemma 1.4] or [HV85]).
We start computing the dimension of Hom (.#/.#2 wy). Recall that Qf ® wy ~ Qy.
Then, since Y is regular, and by Serre duality and Hodge Theory, we have h?(Q} ® wy) =
h%(Q% ® wy) = 0. Then, taking cohomology on the conormal sequence of i(Y), we get

(2.4.1) 0 — Hom (Qpn~y ® Oy, wy) — Hom (/.72 wy) N Ext!(Qy,wy) —
— Eth(QPN ® ﬁy,(ﬂy) — Eth(f/j2,wy) — 0.

To find the dimension of Hom (.#/.#2 wy) we need to compute the dimensions of the
other terms of the sequence (2.4.1). Dualizing the restriction to Y of the Euler sequence
and tensoring by wy, we have the exact sequence

(2.4.2) 0—>wy —>= 0N (1) ® wy —=Qpy ® wy —0.

Since h'(Oy (1) @ wy) = h*(Oy (1) @ wy) = 0, it follows that h! (U x @ wy) = h?(wy) = 1.
So

(2.4.3) dim Ext'(Qpy ® Oy, wy) = ' (Qpy @ wy) = 1.
Also, h¥(wy) = h(wy) = 0, so we have
(2.4.4) dim Hom (Qpy ® Oy,wy) = (N +1)-h%(0y (1) @ wy) = g(N +1).

On the other hand (see Remark 1.7)
(2.4.5) dim Ext!(Qy,wy) = 10.
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Finally we will see that Ext'(.#/.#2,wy) = 0. To do this, let X > Y be the étale K3
double cover of Y. Denote i o m = ¢. From Theorem 2.2, (2), for the normal sheaf of ¢ we
have

(2.4.6) HY(A) = 0.

We will see that Ext'(.#/.#2,wy) is a direct summand of H'(.4,,).
Let .7 be the kernel of ¢*Qpy — Qx. Since 7 is étale, it follows that Qy/y and Qy/pn
are both 0, so we have the following commutative diagram:

0 0

v v
(I | F2) = (| 7?)

v v
0 F (p*QPN ——Qx —=0
| v I
0 Ty Qx —0
v
0.

Therefore there is an isomorphism
Ny = Hom (n* I | I%, Ox).
Since m,0x = Oy @ wy, taking cohomology and using the adjunction isomorphism we get
Hl(JI{p) = HY\(AHom (n*.7 .92, 0x)) = Extl (n*.7 | 72, 0x) =
= BExt!(.7 /.72, 0y) @ Ext} (I )72, wy).
Then Theorem 2.2, (2) implies
(2.4.7) Ext!(# /7%, wy) = 0.
Then, from (2.4.1), (2.4.3), (2.4.4), (2.4.5), and (2.4.7), we see at once that
dim Hom (£ /.2, wy) = g(N + 1) + 9.

Recall that the K3 carpets on Y embedded in PV are in one-to-one correspondence
with the surjective homomorphisms in Hom (.# /.2, wy), up to nonzero scalar multiple,
or equivalently, with the nowhere vanishing global sections of the (N — 2)-rank vector
bundle 4y py ® wy, up to nonzero scalar multiple. Recall also that the elements of
Hom (.# /.#2, wy) corresponding to surjective homomorphisms form an open set (see [Gon06,
Lemmad.1]). Therefore, to finish the proof we need to show that there is a nowhere van-
ishing section in the space H(Aypy @ wy). Observe first that 44 py ® wy is globally
generated. To see this note that we have a surjection 5y ® wy — Ay py ® wy so,
from (2.4.2), we see that .45 py ® wy is globally generated as long as Oy (1) ® wy is glob-
ally generated. This follows from Reider’s theorem ([Rei88]), since 0y (1) is very ample and
its degree d = 2g — 2 > 10 (see Remark 2.1, (2)). Finally since the rank of 43 py ® wy is
N —2>dim Y (see Remark 2.1, (1)) and it is a globally generated vector bundle, it has a
nowhere vanishing section. Thus the K3 carpets inside P, supported on i(Y) in PV, are
parametrized by a non—empty open set in the projective space of lines in H 0(</VY7PN R wy),
whose dimension is g(N + 1) + 8. O
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The following theorem is a refinement of [Har77, III Ex. 5.9] to characterize non—projective
K3 carpets. As result of this theorem, we can say more about the size of the families of
projective K3 carpets on a given (abstract) Enriques surface, compared to the set of non—
projective K3 carpets.

Theorem 2.5. LetY be an Enriques surface and let Y bea K3 carpet on'Y corresponding
to an element 7 € Ext!(Qy, wy).

(1) The carpet Y is projective if and only if there exists an ample divisor D on'Y such
that [, 7 =0, when 7 is thought as an element of H'(Y') = H*(Y, C).

(2) Non-split projective K3 carpets on Y are parametrized by a union of (countably
infinitely many distinct) hyperplanes of the 9-dimensional projective space of lines
in Ext!(Qy,wy). These hyperplanes are in one-to-one correspondence with the set
of classes in NS(Y') of primitive ample divisors on'Y'.

Proof. Recall (see Remark 1.7) that a K3 carpet on Y corresponds to an element
T € Ext!(Qy,wy) ~ HY(QF Quwy) ~ HY(Qy) = HY(Y) = H2(Y, C).
Since the ideal of Y inside Y is a square zero ideal, we have an exact sequence
0= wy = 05— Oy — 1.
This yields
0 — PicY 5 PicY 2 H2(wy) — HX(0%) — H*(0%).
The map A works as follows: if D is a divisor on Y, then A\(Oy (D)) = [, 7. The map ~y

sends each line bundle on Y to its restriction to Y. The carpet Y is projective if and only
if it possesses an ample line bundle. On the other hand, a line bundle on Y is ample if and
only if its restriction to Y is ample. Therefore Y is projective if and only if there exists an
ample line bundle on Y that can be lifted by v to Y. This is the same as saying that there
exists an ample line bundle on Y lying in the kernel of A\. Thus Y is projective if and only
if there exists an ample divisor D on Y such that [ p T = 0. Then, given an ample divisor
D onY, the elements 7 € Ext!(Qy, wy) ~ H' (Y) with [p ™ =0 form a hyperplane Hp of
Ext!(Qy,wy), whose elements correspond to projective K3 carpets. Then projective K3
carpets are parametrized by the projective lines in

UHD7
D

where D ranges over the set of primitive ample divisors on Y. O

Remark 2.6. Let Y be an Enriques surface. Theorem 2.5 shows in particular the existence
of non—projective K3 carpets on a given Enriques surface Y. Indeed, the non—split non—
projective K3 carpets on Y are parametrized by the complement of a union of countably
many hyperplanes of the 9-dimensional projective space of lines in Ext!(Qy,wy). There
are “more” non-projective K3 carpets than projective K3 carpets.

The arguments of the proof of Theorem 2.4 give another way of looking at Theorem 2.5:

Proposition 2.7. Let Y be an Enriques surface. Associated to every embedding i of Y into
some projective space PN | there is a sequence (2.4.1), arising from the conormal sequence
of i(Y) in PN. For the sequence (2.4.1) associated to i, we will denote by &; the map . Let
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P(Imd;) be the projective space of lines in Im é;. Then the non—split projective K3 carpets
on Y are parametrized by

P (ms),

where 1 ranges among all the embeddings of Y into some projective space. For each 1,
P(Imd;) is a hyperplane in the 9-dimensional projective space of lines in Ext'(Qy, wy).

Proof. If a K3 carpet Y onY is projective, it can be embedded in some projective space
PV by the complete linear series of a very ample line bundle. This embedding induces an
embedding i of Y as (a degenerate) subvariety of PY. Let .# be the ideal sheaf of Y in
P". Then, the carpet Y embedded in PV corresponds to an element of Hom(.# /.#2, wy).
Thus, the K3 carpet }N/, considered as an abstract scheme, corresponds to a point lying in
the image of the map ¢;. From (2.4.3) and (2.4.7) we gather that the cokernel of §; has
dimension 1, hence the image of §; in Ext!(Qy,wy) is a hyperplane. Thus the class in
Ext!(Qy,wy) of every projective K3 carpet lies in the image of the map §; associated to
some embedding i of Y into some projective space. Since obviously the classes lying in the
image of any of the maps §; correspond to projective K3 carpets, we see that non—split
projective K3 are parametrized by

JP(ma),

where 4 ranges among all the embeddings of Y into some projective space. O

In Theorem 2.4 and Theorem 2.5 we saw how many projective K3 carpets there are sup-
ported on an Enriques surface. In the next observation, we describe how embeddings by a
complete linear series of a K3 carpet look like.

Remark 2.8. Let Y be an Enriques surface and let Y be a projective K3 carpet on Y.
Assume that Y is embedded, as a non-degenerate subscheme into some projective space,
by the complete linear series of a very ample line bundle. Let g be the sectional genus of
Oy (1) = O3(1) ® Oy. Then, from H'(0Oy (1) ® wy) = 0 and the exact sequence

0—>wy (1) —> O (1) —= Gy (1) —=0,

we have
H(03(1)) = H°(Oy (1)) ® H' (wy (1))

Therefore the embedding induced on Y is also given by the complete linear series of Oy (1)
and there is a diagram

Y —— P¥ 71 =P(H’(0y(1)) ® H’(wy (1))

]

Yy ——— P9 =P(H(0y(1))).
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3. DEFORMATION OF MORPHISMS AND SMOOTHING OF PROJECTIVE K3 CARPETS

In this section we prove two results. First we show in Theorem 3.2 that the étale K3
double cover m of an Enriques surface can be deformed, in many different ways, to a
family of projective embeddings. Second, as a consequence of Theorem 3.2 we show (see

Theorem 3.5 and Corollary 3.6) that every projective K3 carpet Y on an Enriques surface
can be smoothed. By this we mean that we can find a flat, proper, integral family ¢ over
a smooth affine curve T, such that over for 0 € T, % =Y and for t € T,t # 0, %, is a
smooth, irreducible, and, in our case, projective K3 surface.

The key point that connects Theorems 3.2 and 3.5 is the fact that 17, after being embed-
ded in some projective space PV, arises as the central fiber of the image of a first-order
infinitesimal deformation of the composition of 7 with the inclusion of Y in P¥:

Theorem 3.1. Let Y C PN be a projective K3 carpet on a smooth Enriques surface Y .
Let X 5Y be the étale K3 double cover of Y and let X L PN be the morphism obtained
by composing © with the inclusion of Y in PN. Then Y is the central fiber of the image of
some first-order infinitesimal deformation of .

Proof. Since 7 is étale, we have .#; = 0. Then the result follows from [Gon06, Theorem
3.9]. O

Next we show that ¢ can be deformed to a family of embeddings to P". We do so by proving
something stronger, namely, that any infinitesimal deformation of ¢ can be extended to a
family of embeddings of smooth K3 surfaces in P". Theorem 3.2 is, in the present setting,
the counterpart of [GGP07, Theorem 2.1], where the authors showed that a finite cover of
a curve can be deformed to a family of embeddings.

Theorem 3.2. Let X — Y be the étale K3 double cover of an Enriques surface Y,
embedded in PN with sectional genus g and satisfying N < 2g — 1. Let ¢ denote the
composition of © with the inclusion of Y in PN. Let A = Spec k[e]/e?. Then for every
first—order infinitesimal deformation

x % pl
of X SN PV, there exists a smooth irreducible family 2, proper and flat over a smooth
pointed affine curve (T,0), and a T-morphism 2 2, P]Tv with the following features:
(1) the general fiber 23 N PN, t € T -0, is a closed immersion of a smooth K3
surface; and
(2) the fiber of & 2, P¥ over the tangent vector at 0 € T is X% Pg; in particular,
the central fiber %y 20, pN s x 25 PN
Remark 3.3. We require N < 2g — 1 in the statement of Theorem 3.2. This hypothesis
is, in fact, quite natural. Indeed, if Y C P¥ is non-degenerate (i.e., not contained in a

hyperplane), then N < 2g — 1 (see Remark 2.8). The hypothesis is used in Step 2 of the
proof of Theorem 3.2 (see (3.4.1)).

Before proving Theorem 3.2 we need the following lemma:
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Lemma 3.4. Let Y be an Enriques surface, embedded in projective space with sectional
genus g, and let X ==Y be its étale K3 double cover. Then, if L = n*0y (1), L is very
ample.

Proof. From Remark 2.1 it follows that L? = 4g — 4 > 20. Then, to prove that L is very
ample, it suffices to check the following (see [SD74, 4.2, 5.2, 6.1]):

(1) there is no irreducible curve F such that po(F) =1 and L- E =2, and
(2) there is no smooth rational curve E such that L- E = 0.

The first condition holds because L is base—point—free and the second condition holds be-
cause L is ample. O

Proof of Theorem 3.2. Step 1. To obtain ® we first construct, in a suitable way, a pair
(Z,%), where 2 is a family of smooth K3 surfaces and .% is a family of very ample line
bundles. ~ _ _

Let us denote L = ¢* Opy (1). Then L restricts to L on X and the A—module I'(L) is free

of rank h°(L) and I'(L) @ kle]/ek[e] = HO(L).

Now we want to obtain a family (2°,.%), proper and flat over a smooth pointed affine
curve (T,0), whose central fiber is (X, L), whose restriction to the tangent vector to T" at 0
is (X, L) and whose general member (.2}, %) consists of a smooth irreducible K3 surface
and a very ample line bundle .%;.

Note that L has degree 4g — 4 and h°(L) = 2g. Then, from Lemma 3.4 we know that L is
very ample and, by Corollary 2.3, its complete linear series |L| defines an embedding which
determines a smooth point [X] in a single component of the Hilbert scheme of surfaces of
degree 4g — 4 in P2971. The general point [X'] in this component represents a smooth
irreducible K3 surface. Then we may consider an open neighborhood H of [X] in its
Hilbert component, with H parametrizing only smooth K3 surfaces. Moreover, since L
is very ample and H'(L) = 0, also L is very ample relative to A and the embedding

‘L‘ 29—1 . i 2g—1 . v 2g—1 .
X =P extends to an embedding X — P’ . So the image of X — P, " is a

flat family over A which corresponds to a tangent vector to H at [X]. We can take the
embedding X < PQAQ_1 so that this tangent vector is nonzero. Now, since [X] is a smooth
point in H, we can take a smooth irreducible affine curve T in H passing through [X] with
tangent direction the given tangent vector.

Let 0 € T denote the point corresponding to [X]. Then the pullback to T of the universal
family provides a family (2°,.%), proper and flat over T, whose central fiber is (X, L),
whose restriction to the tangent vector to 7" at 0 is ()? ,E) and whose general member

(23, %) consists of a smooth irreducible K3 surface and a very ample line bundle .%;, with
HY( %) = H?(Z,) = 0, and hence, with h°(.%;) = h°(L) = 2g.
Step 2. Once we have the pair (27,.%), we are going to use it to construct a relative
morphism

2 2PN
with the properties described in the statement.

Recall that . is very ample relative to T and that h°(%;) = h%(L) = 2g and h'(Z) =0
for all t € T. Then formation of p, commutes with base extension and, after shrinking T,
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we may assume that I'(.Z) is a free Opy—module. Then .Z induces a morphism
a L p!
which is a closed immersion at each fiber. The morphism ¢ is the composition po ¥4, for

some linear projection PQAg_1 N PX. Now we look at some ¢ near (but different from) 0.
Since

(3.4.1) N < 2g —1=dim |.%],

we can find a linear projection p; mapping ¥;(2;) to PV, On the other hand, Remark 2.1
implies N > 5. Then choosing p; sufficiently general, we may assume the composition p;o Wy
to be a closed immersion. We lift p and p; to a linear projection p to P¥ . Finally we define
® as the composition po W. Since the restriction ®; is a closed immersion, by [Gro61, 4.6.7]
so are the restrictions of @ to the nearby fibers. Then, maybe shrinking T" we can conclude
that the restriction of ® to A is ¢ and that the restrictions ®; are closed immersions for
allt e T, t #0. O

Now we use Theorems 3.1 and 3.2 to show that Y is the limit of the images of a family
of embeddings ®; of smooth K3 surfaces, degenerating to ¢. Precisely, we want to extend
the infinitesimal deformation of ¢ in such a way that, if we call the image of the family of
morphisms % C PN x T, then % = Y. All this is done in the next theorem:

Theorem 3.5. Let Y be a projective K3 carpet embedded in PV, and supported on an
Enriques surface Y embedded in P with sectional genus g and N < 2g — 1. Then there
exists a family of morphisms ® over an affine curve T as described in Theorem 3.2 such that
the image % of ® is a closed integral subscheme % C Pg, flat over T, with the following
features:

(1) the general fiber %, t € T — 0, is a smooth irreducible projective non—degenerate
K3 surface in PV, N
(2) the central fiber % C PN is Y C PV,

Proof. We use the notations of the proof of the Theorem 3.2.
From Theorem 3.1 we know that there exists a first order infinitesimal deformation

X & pY
of ¢ such that the central fiber of the image of ¢ is equal to Y. Therefore there is a family

Z — T and a T-morphism 2 RN PJ as in Theorem 3.2. Let % be the image of the

T—morphism 2~ 2 P¥ . The total family 2 is smooth and irreducible so % is integral.
Furthermore, ® is a closed immersion over 7" — 0 since, by Theorem 3.2, ®; is a closed
immersion for every t € T — 0 (see e.g. [Gro61, 4.6.7]). Therefore for t € T' — 0 we have
the equality % = im (®;). Since 27 is smooth, this proves (1). Finally, the fact that 7' is
an integral smooth curve and ¢ is integral and dominates 7" implies that % is flat over
T. So the fiber % of % at 0 € T is the flat limit of the images of 2} 2PN for t # 0.
Moreover, this fiber % contains the central fiber (im @)y of the image of ¢. Since Y has
conormal bundle & and 7 has trace zero module &, both % and (im @)y have the same
Hilbert polynomial, so they are equal. O
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We highlight this consequence of Theorem 3.5:
Theorem 3.6. Any projective K3 carpet Y on a Enriques surface Y is smoothable.

Proof. Let us embed Y in projective space by the complete linear series of a very ample
line bundle. Then Remark 2.8 implies that the condition N < 2¢g — 1 is satisfied, so the
result follows from Theorem 3.5. O

4. THE HILBERT POINT OF A PROJECTIVE K3 CARPET

In this section we prove, in Theorem 4.2, that the Hilbert point of a projective K3 carpet
on an Enriques surface is smooth. This is in sharp contrast with the result of Gallego and
Purnaprajna on Hilbert points corresponding to K3 carpets on a rational normal scroll. In
that case, some of the Hilbert points are smooth and others are not, as shown in [GP97].

First we state a preliminary result valid in general for ribbons.

Lemma 4.1. Let Y C Y C P be an embedded ribbon, with conormal bundle &, on a
smooth wrreducible projective variety Y. Then there are exact sequences

(4.1.1) 0—> M pul, ® E—> M py—= M | —0,

bl

04>éa—1 >JVY’PN4>%0mY(’ﬂ17,PN/j}%,PN’ ﬁY)HO

and
OﬂfﬁﬁomY(ji}’PN/jg"PNa ﬁY)*)'f/V?’VPN |Y*>g_2*>0.

Proof. We know that Y is a local complete intersection so A5 Ly is locally free. Therefore
from

0 & O Oy 0,

we obtain the sequence (4.1.1). Also %% pn/ fé p s locally free so we have

N
%Om?(f?PN/fl%PN, ﬁ{/”y = %Omy(j?va/fé7PN|Y, ﬁy).

Furthermore %5 v / I pn /Iy prn I3 py 50 we have an exact sequence

2 _
j{?’PN |Y -

0 (&)t f?,PN/‘ﬂé,PN |Y4>f17,PN /fig,PN —0,
where &’ is an invertible sheaf on Y. So there is an exact sequence
(4.1.2) 0——>Homy(I5 pn [ Iy pr, Oy )—>N5 pr |, ——>&'—0.
Furthermore from
Oﬁj?,PN/jS%,PN HﬂKPN/j)%,PN —&——0,
we obtain the exact sequence

(4.1.3) 0*>(§71*>JVY,PN *»%ﬁomy(fipjv/fgiplv, Oy ) —0.

Moreover, since Y is a local complete intersection, we have

¢
/\f/‘/;"PN = Wy ® wl;flV = Wy & ﬁf/(N + 1),
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where ¢ is the codimension of Y.
So

/\,/V?,PN|Y = wy|, ® Oy (N +1),

and from the isomorphism (1.4.2)

/\‘/V?,PN|Y —wy ®E® Oy(N +1).

Moreover .

N\ M py =wy ® Oy (N +1),
S0
(4.1.4) NS pxl, = N Mpr s
I claim that
(4.1.5) & =62

Indeed, from (4.1.2) we obtain
c—1

C
N A pnl = ]\ Homy (T pn | Fipn, Ov) & &,
and from (4.1.3)

c c—1
N\ v = \ Homy (I pr | Fpn, Ov) @ E7
So from (4.1.4) we obtain (4.1.5). O

Theorem 4.2. LetY be a projective K3 carpet on an Enriques surface Y embedded in PN
as in Theorem 3.5. Then the Hilbert point of Y is nonsingular.

Proof. We have proved in Theorem 3.5 that Y admits an embedded smoothing. Moreover,
from Theorem 2.2, we know that for any K3 surface X C PY we have Hl(c/VX,PN) =

H 2((/VX’pN) = 0. So, from an straightforward computation, we see that the dimension of a
component parametrizing K3 surfaces in PV is 18 + 2g(N + 1). Therefore the K3 carpet
Y represents a smooth point in the Hilbert scheme iff A%(A% pv) = 18 4+ 2g(N + 1).
As a consequence of Theorem 3.5 or by direct computation using the sequences in Lemma 4.1,
we see that the Euler characteristic x (4% py) = 18 + 2g(N + 1). Therefore we have to
show that
h (A pr) = B2 (A pr) = 0.
Indeed, first we see at once that
H1(</Vy’pN) = H2(</VY’PN) = H2(</VY’PN ®wy) =0.

In addition, (2.4.7) says that

H' (A pry @ wy) = 0.
Therefore, from the sequences in Lemma 4.1, we obtain

HQ(%omy(,ﬂiPN /I pr, Oy)) =0,
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HQ(C%”omy(f};’PN/JQPN, Oy) ®wy) =0,
Hl(%omY(fﬂiaPN/jl%PN’ ﬁy)) = H2(w;1) = 07

Hl(%omy(j?ypN/f}%,PN’ Oy)Q@uwy) = HQ(ﬁy) =0.
Then we obtain
H' (A5 prl, ®wy) =0,

H (A5 prl, ®wy) = H(wy ) = C,

H2( A ] ) =0,
and
Hl(g/l/?ypﬂy) =0 or C.
Finally, from sequence (4.1.1), we see that h'(A5 py) — h* (A5 py) = 0 or — 1, but

now observe that, since our component has dimension 18 + 2g(NN + 1), we know that
hO(z/Vf,’PN) > X(JV?’PN), L6 h1(</1§~/7PN) — h2(</1/1~/7PN) > 0. 0
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