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4+ ]
{c} hix)=tx+4

1.3
s

i3
k) n
| 4 £ ] i1
(d)  hix)= ¥ + 1
figure 3 | Aggregation of 5 data : of],x,7.5,1)
with different h functions
and distinguished vahue : 10.

On these examples that comespond 1o optimistic
cases, we see the influence of the h function, The

47

more optimistic il is, Lhat is 1 say the weight of
bigh values i3 given more importance, the
preater the result of the fusion is.

Conciugion

Our oew clase of aggregation opemtors allows
to choose the most convenient aggregator with
respect to the kind of reasoning to be adopted
up to the context {sconomy, decision takong, ...}
I is different from the previous classes of
agprogetion  Oprratort  because  of  the
introdfuction of weightz a3 funcrion of the
concemed varisbles (not fixed weight}. Further
investigntions about these aggregation operstor
will be made in 1he near fisture.
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Abgtract

An ariomatic basin for Fuasy Rationality mes-
eures han alrendy beeo intreduoesd in [5,4,4),
formaliing the fact Lhat thees sxint degrees
of consitancy when preferencss over & Rxad
st of wlieroatives are cxpressed in tarme of
fuzzy binary preference relations. Moreaver,
dimilaritiss and compositions of fzay atic-
nality measures have been considered, ahgw-
ng natural ways of dariving ficw measures. In
thin paper we discuss opon & probiem celated
with Lhe furzy rationalily measures and the
feanthility of their wsa in real life application-
¢ [ndead, some of the rationality raessures
proposed, though intuilively [and axiomati-
<ully) sound, appesr vo be quite compliex from
& eomputational paint of view.

Kaywardy: aggregation rules, furzy prafarence, deci-
vion making.

1 Introduction

Thia paper continues the scientific invertigation started
in [24.5,6]. Cur main gond is (o sludy the computation-
4l complexity of using forzy eationalicy messures. We
recall thal such messurss represent critaria Lhal can b
used Lo avaluats the dagres of entionality which can be
socialed to individuals axpraming thelt opiniona over
arhitzary fnite met of alternatives.

Given o st of altarnetivee X, we nssume thai the
steenglh of preferences i modeled according Lo a
Tuesy binary relstion defiosd oo X {see [25] and
[7.11,12,20 30] for an exbensive inteoduction}. That is,
smapping X % X — [0, 1] where each value uiz, y)
feaan the intensity valua bo which albezpative y iz "nol
worss™ than mlternative z,

Tn particutar, 4 in undeestond an the wesk fozey prefer-
mnca, with & séricl and an indifference part. Raflezivity
(p{z,z] = L lor all £ in therefore implied. Moreavar,
we ghall ba assuming bere that suck 5 messute of in-
tensity of prefarance 4 je defined oo an abeojute scale,

TPMirag

This strict eardinal feamework i indeed n strong as-
wmption, but i haa been justified in he past by some
authors, within some particuiar context {oee [29], for
example).

Withaut such an sssumpticn, many specstians o prel-
erspiew may not be mestingiul at all. Additicn and
subtraction on intaositist of prefereoce need an interval
scale st lsnat, and multiplication raqoizes that intensi-
tiea are measured at lenal an & ratio scmle {aee [1,(3,24]
for an exismgive dincussion oo messurerment theoretic
aspects of fusey sete),

Following [5] we ahall assume that X 15 fnite and that
every [ in complets, in the senwe that

sz oyl +ply 2}z | ¥ep e X
Notice thal the above in oot the coly definition far com-

pletenese of & Furxy binary relation that can e found
in the litsrature (see, e.g [11]3

Let us damote by P[X ) the famly of all pessible com-
plete fuzzy binary relativns oo X, Ohvicusly, 2 £ P(X}
will ke » crisp (completa} binary celation whenevar
wlz ¥} € 40,1}, ¥, 5 € X, in thia case, an allarnative
+ wilt be reepectively atricity betier [z Ay}, indiffarent
(=Sy) ar strictly worse {z¥'y) than alternative p when

*plr = Lply2)=0;

m plz ) = Lplp.g) = L
iz =0 ap =1,

Sinee § s complate, the values

* ple,ph=1— piy =}

* prlx ) = iz, p) + pp2) - |

- -"'W{le} =1- F{I\f}
can respechively be understosd aa the degress Lo which
2By, ofy and z Wy,
Hence,

pelE, W)+ gz ) + pwefe ) = 1

bolds for all 7.5 € X {ees [14,16,16(; aoe alss [10] for

an sxicimatic justification within a more general con
text, and [I6] in order to cheek sliernatlie conditions
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genarating the above particular solution). The lotal
sirengeh of preference s in thie way consistentlty split-
tod anto both ateict preferences and indifference.

An axiomatic characterigntion for the genseal notion of
Tafienaliiy measwr: has besn piven in [2,5 Moroover,
in [4,8] the conespt of equivalence among rationslity
measres waa introduced along with closurs results un-
ot clamaical nggregation operstors such as T-morma,
T-conoema wad Yager's WA aperators and conditions
undear which logical argrepation oper kiSE getverats new
fuzzy rakionalily measarcs.

2 Fuzzy rationality measures

Many meaiesd for individeal rationslity haw been
proposed in the past. In the canc i which the relationg
are criap, ie, plr,y) & {0,1) for skl £, € X, rationali
ty haz soneatimnes baen considered squivalett ba the iden
of livenr ordar (i, preferences over a fixed set of alter-
aatives are cotsistent if and only they defioe a complats
reflaxive and Aransitive crigp bioary ralatlion); aiteroa-
tively, zabionality has also bean characterized wikh the
shaepes of strict cycles (see [21.23]). In the context of
furxy binary preference relations, & slandard assump-
Liva to chabacterige rationality is maz-mio bomneibivity
[28].

Under thie hypothesis il r is better than p with inten-
wily pix, ) snd y e hetter than x with ioteosily ply, 2]
then the degree to which  is better than £, Le. pi=z, 2],
can aevet be Iowet than both waluee plz, ¥} aod ply, z).
However, the property of bring max-min Lransitive i
crip, that is ¢ach relation sithar ia or s oot maX-min
weomtive. ‘Thezafore, asauming mas-nyo (ransitivity
aw key properdy for cetionadity does not allow a fuzzy
clammification.
Thia fuzey clasification of individusks is obtained if one
uscs the catiomality measurs given in [14.15,19). Such
& menaure was initinlly totroduced in order be formal
iae tbe problem of mfieoal aggregation rules in group
decimion making (gea [3] for & charactenizabion of such
refichal aggrogation rules].
o |5] zationality measures mre [otroslly ebnraeterizad
a5 coaps ol bype g 0 P — {0, 1] whers

p= | P

X Rpit=

wtid & g2t ol conditions thal any furzy rationality mea-

surs muat aatisfy is introduced. Such conditione are the
following ones:

(RI) m{p] = 1 for any p defining & crisp atricl chain
on X (ie., thare are oo two distiocl indiffecent
slicroalives, and trsositivily bolde [at crisp atrict
preferspee telntion F).

(R1) Given g € P snd » prrmmutation £ X — X then
Mat = plu)
where p®(2, p) = p{r(z), w{y)) forall 2,y E X,
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(B3} Forall p € P, p{—p] = gin), where —pfz g} =
iy, z) foralfzr, yve X,

{H4) Let ¥ be & non-cipty fAnite et of alternatives agg -
bt £ b an extrs alternstive not belonging bo ¥, Ly

us consider o furzy preferenes g @ ¥ x ¥ — i1, 1]

auch that p{p. = Lalapl=0¥p e ¥ ¥z e ¥ i
for womet ¥y, ¥3 partition of ¥, sod sn exteosion Ff ™

such that
pig gl = ply sh VL EY
Flinrp =1l gz gt =09 el
plest = L lnel =¥ E ¥a
plzel=1
Than it must be p{u'] > plpd.

Let g & PLX) be Axed, Given an arhicrary op-
deqed pair of alternatives (£, §), an arbitrary point
{&,% € [0,1) = [0, ). and real sumbers y sed )
such that 0 € d + heoar < L, 05 b+ dainy €1
sod @+ 4+ Afsin s + cosv} > L, we deaote by
[{2) = Tuf{2.§), (3, 5], 7, 4) the tussy prafersnce
relalion defined an

LH]

—r

athcoar il{zy}= (50
b4 dminy iE(eg)=(08 .
FTER") erwise

Then, one of the foliowing three propertics st
be verified by p.

(RA.1) M P*(A]} in manotone, e, aither
ATAN £ AT (X))
far any A < X or
#7412 o{F*(A'H
for any A = A
{R5.2] there ia no value 3 sach that
Al = p[7(A)
p"(M) < pi))
for some 4y, Az ouch that Xy < & < A4,
(R5.3) Thers it oo value A such thal
eI < pT7(AY
AT = T
for saiee Aq, Ay such that &) < & < Ao,

=,y = {

See |5,6] fer more comments on Lhe above given condi-
Linqa.
We thao have the following dafinition.
DEFINITION 2.1 Ady mepping

g F =

1. oormal Turry cationality messurs of /8 merifiea con-

ditiana FRI)-FRE AN

1ML

£ petaimisiic fuizy rationably measure 3f of wertfies
condifons (HI)-[R5 R}

X optimistic fofay ralionality messure if if merifies
condifions (KI-{R5 3}

]

Obvicusly, 2 fuzzy rationality messurs i normal il and
oply 1f it is dimuitancously pesmmistic and optimistic.
We will aow give some cxsmplos of fusey rationality
measurs and etudy Lheir eomputacionsl complexitien.
Bee |5] for complementary examples,

2.1 A binary fugsy raiionality messure

Io this casa just two Lypes of fuzzy bioary preference
relabions wre allowed: abeolutely congistent and abes-
Jotely non conmistent. As & consequence, Tefionalily
turos out bo be & criap concept applied to fussy objecls
fie, preferences), Ib i porbape surptising, but moat of
the comriafency crileria for fluzzy prafsrences that can
be Iound in the literature are cresp in bhin eenee. They
do pot alkew & fusty clamifcntion and therafore small
measurament erecra may cause extreme changes io the
quatification relatise Lo raticoality. As a conssquence
thase binary raiionality messutes are basically unac-
cepiable for real applications. In some raset {see, .5,
[17]) it is propoasd a ssarch for some alternative consts-
iend fuszy binary praference relstion. The ides would
b to eapture mdaireient srror of the desision mak-
r, in anch 2 way Lthat alterations oo velus assigoments
are small and the decision maker accepla sich a pew
prafarence celabion an close showgh to hisfher mitial
praference ralalion.

The standard binary rationslity messure is maz-mit
rransitimdly: & Furey binary prefarsnce relation uw -
XxX — [01] is max-min transtive if aod aoly if
#(x.e) » minfp{e, p) ply, )b ¥z, 0 r € K That s,
& Muzxy prafarsnce celation u ia max-riao treositive if
whenevar = s better than p with intensivy pix, §) and
y in better than 7 with inkensivy ply, £). then the dagres
Lo which = it hetter than r ie. pfz. ), can oever he
Iower than both values piz, y) sod wiy, 2} [8 our con-
ok, max-min bransitivity leade bo the Iollowing fuzey
rationality maagura.

1 of y o max-mon boaneibive
0 obherwies

Pram{g) = {

Such & mappioE Fnm was proveo b Be s pessimisiic
fuzey raliomality messure {see [5]).

Though sernantically sach & rationadity mansurs is quite
unsstisfactory, from & compucational point of view is
inttend & good sxample. Indesd, s it can casily be
weon, the value of g [} cab be computsd in time
2ix ).
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2.2 A dicrete fuzzy rationality mesiure

The example thal fellows i based upon Orloveky's
choies eel of onfuzzy nondemiosted sliccoakives. For
any arbitrary oon-emply subsst ¥ of alternatives wr
define
Yiwp =1{2 € ¥lulz yh = pip, =) ¥y € ¥}

for any given [uesy preference u ;0 X w & = [01].
Then the fallewiog map i» sn oplimistic fuzgy rational-
ity masaure {sec alta {6]):

prlpl = D ¥ up =0 Tor mome ¥ £ 10

= nﬂn{%ﬂ"ﬁ"n # #} otherwine
¥ upl

The ptablem of computing auch a raticnality measures
con be rewritten in & graph-Lheatetical nuanner. Given
u aod X we can huild & graph {7, whooe werlicea are
the elamants of X and such that there eXiols an edge
from ¢ \o p if aod ooly if u{=, ¥} > piy, ). We then
lave

FPRACGPOSITION 2.1 pulp) = 0 & and only if ihere
enwata a cpole in D, L]

Ad a conssquence, it is relatively sasy lo check whether
J i sboolutely irrational. However, once we know Lhal
thers are no cyches in 7, computing the value of pa{p)
beeomas & cormpubabinnally hard problem  Indesd, the
following belda

PROPOSITION 2.2 Leiz K be a gieen o pogitive ia-
teger. Then

1
prlp) = I

if and enfy if &, hot an independent set of sive K on
mor;. [ ]

We pecntl that an indspendeat set in & subset of vertioes
sueh thak ma o vertioe in it are comnecked by an edpe.
#lareover, it iz well known that the problem of decidiog
whrther 3 graph hae an independant set of side K or
mare belonga to the clas of A'P-complete problems. 1f
we nbroduce the following definitican

DEFINITION 3.2 We shel! say thet 4 fureay roivfo-
Rafy meoawte i compulationally hard of given dey
0 <t <1 and faray preference ralaiion g the prodem
of decading whether plp) = r iz N F-hard. (]

then wa have that sy is computationally hard.

2.3 Polynomial Constructability

We snd this saction by remasking 3 property of the
furzy ratinoality mesaure gy which will be used lal-
e on Given any positive iotager K it 35 poesible in
grolyacmial time to producs a fubsy preference relation
o such that gpfu) = &. By wing the graph £, »e
build » graph oo X with & maximum indipendent et
rf aize A as Tollowe:
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|
* clhoces randomly a set ¥ oof & vErLices;

ad
] mr.di:n]fe;d!e from sach vattex of ¥ to ench verlex

LI R T, i i
> _ P etse recurgively, buiid
on X 'IL‘:; with an il:ldipendent L8 ufu'tl:lc ;E“Ph

DEFINITION 2.3 4 fuary mafionalit i

fpn‘rnnq.iuﬂ'rf eomalraciible (f there uu:a:?p::;:nﬁu:’

ﬂ;f:nr:?m which pruen any nembar ) € ¢ < | deciden
L1 L and :

i zump!:." enEts y suek that p{y) = | and @t mrlmg

Obvicualy, par ia pelynomially constructibls,
3 Similarities

In praciice, two fuzzy rational;

llild.n!.'ﬂd.ﬁlqu:i?ﬂcn!. il thay ;ln;;ltml.::uu:h:uo]::um:
ing mdmdynl rationalities, from s qualitative poinli of
¥iew. o this cass il ean sometimes be: consjdered chat
diittq:ll'l_u betwaan both rationality measurey is jugy
due to differant under|ying scales. We epn therefors
wtroduee the following definition:

DEFINITION 2.1 {iven iwe fuszy volzonafity meg-
a:ﬂe& A and gy owe will aay thai #1 und g are eqrin
alem? if grd snly if for any pair of indimrdusiy 4, ngd
Hz, pilpn} 2 pfns) if and oniy Foal ) = miue). O

IUie vany to pow that the above definition i i
: . i indmed
quivalence reiation. Moreover, any twe equivalent fﬁ:;
:?Ut:]n:i:lity meuureadars based on the samic ides of ra.
iby A% cxpressad b ditic
following theorern holds. " (H)- lndeed, the

THEGREM 3.1 d
pi1lEY= 1 1f and enly fflp:f::] fl.

Obvi
hal;?:dg:' the Ir.:;u-reru.e of the above thearem doss ot

An immediste characiarisation of squi
: ¢ eivalancs
fmu: Faticnality measures is given h;qthe f-:nIlcn-m'ir::.jl.l:‘lr;E

AT Emirralent fhew

:;%'!EOREM 3.2 Let g P = EI}, 1] de 4 fuzzy mtro-
¥ Measure, Fhem pg P 0.2] &2 an equivalent
fl;z_r,l f:_lmuhlfy measure if and ooly ff there eripls 4
Sirictly increasing function f - [0 0] — [0, 1] ruch thay
» fll)=1;
"AxEfop i for ol u, pilud = fipuiph)
From the above reault we hawe

Egz'?ﬁ[;:":ﬁ? 31 -;;‘ M .f! be foep eguivifend fuzoy
et ! : Enleieg
or Bptimiatic far bolh), AR AR Ao pekeiviibl;
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In an atbempd Lo by pass the bardnsse problom ROl gy

tha ane above sesn, one may chi i
: . ¥ think to And & rati [
tneastite, squivalent to & given wmpu“um‘u;ﬁ-]:i

coe bul that instead can be computed sxily. ]
this approach is in genceal doomed by I!'uiI:JIE:. lnn?.:"

the following hold

:IEHEDREM 3.3 Lat
11y ralioralily measgre. Sxpponc that
mictly constrectitle, Then, if g s
fompeintionatly hard oy weil

4  Final Remarks

Some banic resulis reative o the com: ¢hakio
L [
lem of computing, the valuz of fuagy ga.tinmlni:yﬂ:t

surse of furzy prefercoces have bean developed in [hy 3

Paper. Fulure resenrch should mtart from hase Temlty

and oo oo hand iry Lo genarnlize and complste thepy

while on the other hand use the reaults on
proximation algorithme for NP-complets prm in
erder Lo produce results which can be used i practiee
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