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the service and retrial rates for the matrix exponential solution to be explicit or algorith-
mically tractable. Our methodology is based on splitting methods and the use of eigen-
values and eigenvectors. A particularly appealing feature of our solution is that it allows
us to obtain global error control. Specifically, we derive an approximating solution
p(x;to) = p(x; to; €) verifying |P(Z(to) < x|X(0) = (i,j)) — p(x; to)| < & uniformly in x > i+,
for any ¢ > 0 and initial numbers i of busy servers and j of customers in orbit.
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1. Introduction

In this paper we consider maximum queue lengths in the M/M/c retrial queue. The M/M/c retrial queue is the main
multiserver retrial queue (see [11, Chapter 2]) in which primary customers arrive according to a Poisson process of rate
, the service facility consists of c identical servers, and service times are exponentially distributed with parameter v. If
a primary customer finds some server free, he instantly occupies one server and leaves the system after service. Any cus-
tomer who finds all servers busy upon arrival is obliged to leave the service area, but he repeats his demand after an expo-
nential time with parameter y; i.e., inter-retrial times of each customer are assumed to be independent and exponentially
distributed with intensity . We assume that inter-arrival times, service times and inter-retrial times are mutually
independent.

The system state at time ¢ can be described by means of a bivariate process X = {X(t) = (C(t),N(t)) : t > 0}, where C(t) is
the number of busy servers and N(t) is the number of customers in orbit, that is, customers repeating their demand.
Under the above distributional assumptions, the process X is a regular continuous-time Markov chain (CTMC) with the
lattice semistrip S = {0,1,...,c} x Ny as the state space. Its non-null infinitesimal transition rates q; ;;, are specified as
follows:
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(Q)For0gi<c—1,
a, if (iLf) = ({i+1,)),
Qujagy) = v, if (7)) = (- 1.j), (1)
j:u7 if (i/-,j’) = (l + 17] - 1)’

and g = ~qgap = A+ 1V +JH.

(b) Fori=c,
Ao i (@) = i+ ),
P — 7 ’ 2
q(q),(x J) {CV, if (l'l,]./) _ (C _ 1.,j), ( )
and gy = —qiejy e = A+ Y

If we express S in terms of levels S = Uy l(j) with I(j) = {(i,j — i) : 0 < i< min{j,c}} for j > 0, then the infinitesimal gener-
ator Q = (q;; ) of the process X has the structured form

Aoo Aos
Aip A A
Q= Axi Ay Aoz ’ ®

where A;; contains transition rates related to jumps of X from states of I(j) to states of the level 14, forj e {j —1,j,j+ 1},
and diagonal elements of A;; are given by —q;; ;, for 0 < i < min{j, c}. Specifications for A;; are readily derived from (1) and
(2); see Appendix A.

The main analytical difficulties and the most interesting properties of the M/M/c retrial queue are connected with the
level dependence exhibited by the infinitesimal generator Q in (3). To show the nature of these difficulties in more detail,
we may consider the simplest problem, that is, the calculation of the stationary distribution {P;; : (i,j) € S} of the process
& under the assumption that the traffic load p = (cv) "'/ is less than one. It is worth mentioning that, for ¢ < 2, the partial
sequences {P;; : j € No} with 0 < i < c satisfy sets of equations of birth-and-death type and, consequently, explicit expres-
sions for the stationary probabilities P;; are recursively derived. The consideration of more than two servers complicates
the transitions among states, which implies that the underlying structure of birth-and-death type is not preserved. The par-
ticular case ¢ = 3 is treated in [13], where the problem is reduced to finding the probabilities Poo and Py 1, which can be
recursively computed in terms of a limit condition. The papers by Phung-Duc et al. [23,24]| overcome this technical condition
and investigate in more detail the stationary probabilities P;;. Based on the Kolmogorov equations some theoretical ap-
proaches provide solutions in terms of contour integrals [8] or as limit of extended continued fractions [22]; see [26] for
a matrix application of the continued fraction approach to multiserver retrial queues. However, from a practical point of
view, the stationary probabilities P;; cannot be expressed in a tractable form and do not lead to a direct recursive computa-
tion when ¢ > 3. This drawback motivates the implementation of numerically tractable approximations, such as approxima-
tions based on truncated models [11,28,31] and generalized truncated models [2,10,21], the RTA (retrials see time averages)
approximation due to Greenberg and Wolff [15,32], the Fredericks and Reisner approximation [12], and approximations by
interpolation [5,27]. The book by Artalejo and Gémez-Corral [5] presents a comparative review of these approximations for
the M/M/c retrial queue, as well as of other performance measures. In the recent monograph by Dayar [9] and the paper by
Bright and Taylor [7] the reader can find details on computational issues for an appropriate numerical evaluation of station-
ary distributions in the more general setting of Markov chains and level-dependent QBD processes. A recent development of
algorithmic tools in level-dependent QBD processes can be found in [25].

In this paper, we aim to study the maximum queue length Z(t,) during a fixed time interval [0, to] in the M/M/c retrial
queue defined by (1) and (2). One way of analyzing the maximum size distribution is to record maximum values during a
busy period, instead of a predetermined time interval. Let us recall that, in the M/M/c retrial queue, a busy period is defined
as the period [0, T] that, starting with the arrival of a customer who finds the system (i.e., servers and orbit) empty, ends at
the first service completion epoch at which the system becomes empty again. The distribution of the maximum queue length
during a busy period in the M/M/c retrial queue can be numerically evaluated from Algorithm 1 of [4]. More concretely,
Artalejo et al. [4] reduce the problem to computation of certain absorption probabilities that constitute the unique solution
of a block-tridiagonal linear system obtained by employing first principles based on first-step analysis; as a related work, see
[3] where the focus is on level-dependent QBD processes. The maximum queue length appears to be a performance descrip-
tor of practical relevance in retrial queues since it allows us to deal with queueing systems that do not necessarily operate in
stationary regime; see e.g. [3, Sections 3 and 4]. Artalejo et al. 3] apply the busy-period version Z(T) of the maximum queue
length to two problems arising from call center management. To be concrete, they consider the retrial queueing system
proposed by Aguir et al. [1] to model a call center operating under the simultaneously presence of customer balking and
retrials due to impatience, as well as the external-rule system investigated by Masi et al. [19] to formulate a routing rule
for a resource-sharing call center.
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Our major motivation is to complement the treatment of Z(T) in [3,4] by presenting the random variable Z(ty) as an
important descriptor that does not assume steady-state conditions. In order to specify conditions under which Z(t,) is pre-
ferred to its busy-period counterpart Z(T), we point out that these conditions mainly concern with the selection of the epoch
to and the traffic load p. More concretely, the time interval [0, tp] under consideration is suggested to be comparatively smal-
ler, on average, than the random-length interval [0, T] describing a busy period; otherwise, it is reasonable that the asymp-
totic distribution of Z(t,) converges weakly to that of Z(T) as t, tends to the expected length of a busy period, which is finite if
and only if p < 1. In this sense, it is worth noting that the busy-period version may yield a defective distribution as the bivar-
iate process X is not positive recurrent; i.e., p > 1. Not surprisingly, the distribution of the maximum queue length during a
fixed time interval is always non-defective, which may play a key role for practical use. For example, a practically relevant
problem in call center management is the optimal selection of the number c of agents. The launching of a new product (or the
sale of a season product) commonly implies that, for a better quality of service, special resources are assigned during a period
of time with fixed length t,. The role of Z(T) in [3,4] is then suggested to be replaced by the random variable Z(t,) since the
underlying analysis requires transient dynamics, rather than the steady state.

The paper is organized as follows. In Section 2, we characterize the distribution of the maximum queue length during a cer-
tain time interval [0, to] in matrix exponential form. In Section 3, we use splitting methods to compute the solution. We analyze
an algorithmic solution defined in terms of the way the exponential of a matrix is appropriately computed from the Trotter
product formula; see [30]. Our solution is derived, as accurately as possible, by using bounds based on the norm induced by
the [, vector norm. The accuracy of our solution is discussed in Section 4. Finally, concluding remarks are given in Section 5.

2. A solution in matrix exponential form

Let Z(to) be the maximum queue length during the interval [0, t,], for a fixed time epoch t, > 0, which amounts to
sup{C(t) + N(t) : 0 < t < to}. We assume from now on that X(0) = (i,j) € S, and evaluate P(Z(t,) < x|X(0) = (i,j)) for values
X = i+], since P(Z(tp) < x|X(0) = (i,j)) =0 if x <i+}.

For each value x > i +j, we consider an absorbing CTMC X(x) = {X(t) : t > 0} defined on the state space

500 = i) ugx 13,
j=o

where the subset U’.‘,:Ol(]") is an irreducible class of transient states, and the state x + 1 is obtained by lumping the states of
U Ml(j/) to make a single absorbing state. The infinitesimal generator of X(x) has the form

_ T te,
Qw—(“) y», @

T
0] *)

where J(x) is the cardinality of the class U3_,I(j') of transient states, 0y is the column vector of order k of 0s, and Tis the sym-
bol of transposition. The column vector t,,;(x) and the matrix T(x) are given by

Aoo  Aox

AI.O A],] A1.2

b0 = (Lo ). T S ,

)~e1+min{x,c}
Ax—l.x—z Ax—l,x—l Ax—l‘x
Ax,x—l Ax.x
where e, is the column vector of order k of 1s.

We may observe that, for x > i+ j, the conditional probability P(Z(to) > x|X(0) = (i,j)) is equivalent to the probability
that, starting from the initial state X(0) = (i,j), the process X(x) visits the absorbing state x 4 1 at time t,. Based on the struc-
tured form of Q (x) in (4), we have that the standard transition function P(to; x) (with entries P(X(to) = (i',j))[X(0) = (i,j)), for
(i,), (',j") € S(x)) of the process X (x) can be expressed as

_ Pr(to;X) Pror(to;X
b - (7L Pt
J(x)
As a result, we write down
P(Z(to) > x1X(0) = (1)) = € (1,J)Pxs1(to; X),

where @) (i,]) is a row vector of order J(x) such that all its entries equal 0, except for the entry associated with the state (i, j)
which equals 1. Since P(ty; x) = exp{Q (x)to}, straightforward algebra leads us to

Pt (t0;%) = (L — exp {T(x)to}) (—T ' (%))t1 (%), (5)

where I, denotes the identity matrix of order k. We may remark that the matrix —T~' (x) in (5) is non-negative for every value
x > 0, since it consists of the expected total times spent in each transient state (i’,j') during the time until absorption,
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starting from the initial state (i",j"), with (7,j), (i",j") € Ui_ol(x'). Indeed, the real part of each eigenvalue of T(x) is strictly
negative, the matrix T(x) is stable and, consequently, exp{T(x)u} tends to 0;x).jx as u — oo, where 0, is the null matrix
of dimension k x k'. The exponential of the matrix T(x)u records the probabilities that up to time u the process X(x) does
not leave the class U_jI(j') of transient states, so that [;* exp{T(x)u}ty(x)du = (=T~ (x))tys1 (x) contains the conditional
probabilities that the absorption into x + 1 occurs in a finite time. Since u;‘,zol(i/) is a finite class of transient states, we have
that (=T (X))tes1(X) = ).

This has the following immediate consequence.

Theorem 1. For initial numbersi € {0,1,...,c} of busy servers and j € Ng of customers in orbit, the distribution of the maximum
queue length during the interval [0,to] is specified by P(Z(to) < x|X(0) = (i,j)) =0 if x <i+j, and 1 — €y (i,j)(Ijx — exp
{T(X)to} )€y if x = i 4]

In principle, the matrix exponential exp{T(x)to} in Theorem 1 could be computed in many ways; for a review of the main
procedures, see [6,20]. However, consideration of computational stability and efficiency indicates that some of these proce-
dures are preferable to others, but that none are completely satisfactory when they are implemented as general-purpose
algorithms.

3. Computation of the matrix exponential solution

In this section, we present an approach based on splitting methods and eigenvalues/eigenvectors to compute the matrix
exponential exp{T(x)to} in an iterative manner. The main idea in our approach is closely related to the Trotter product
formula:

exp{T(x)to} = lim (exp{U(x)t} exp{V(x)t})", (6)

where t=p'ty, for a certain splitting T(x) =U(x) +V(x); see [30]. Note that (6) becomes exp{T(x)to} =
exp{U(x)to} exp{V(x)to} if U(x) and V(x) commute. Moller and van Loan [20] suggest to use the approximation

exp{T(x)to} ~ (exp{U(x)t} exp{V(x)t})", (7)

for an appropriately selected integer p, and t = py'to. This approximation is of particular interest when the exponential of
the matrices U(x)t and V(x)t can be explicitly and efficiently computed, which is our case here. This allows us to indicate that,
under a simple condition on the service and retrial rates, the approach derived from (13) and (14) is preferable to other
methods in the literature [20].

For the M/M/c retrial queue, we suggest to use the following choices for U(x) and V(x):

(a)For1 <x<cg,

0
A A
00 AT: A, Aip 0
’ ' Ayi 03,3
U(x) = . , V(x) = )
Ax—le—l Ax—l,x ’
A
o Avx-1 Oxityxxen
(b) For c+1 < x,
Ao Ag: 0
. - Aig 0.2
Ac.c Ac,c+1 .
U(x) = Al Aciicsr . V(x)= Acc-1 Ocinxiesn)
. . ACH,C A;H.CH
A;—l.x—l A 1x . I
A;.x AxAx—l A;,x

where i\;y and Aj, are square matrices of order ¢ 41 with elements (A;_y)kk, =y-ouifk=c+1and K =c+1,and 0
otherwise, and (A, ), , = (¥ —k+ Duif 1 <k<cand K =k+1,-(i+(k-T)v+y—k+1u) if 1 <k<c+1and kK =k,

and 0 otherwise.

Our discussion in Theorem 2 is strongly based on conditions for diagonalization of the matrix U(x) with x > 1 in terms of
eigenvalues and eigenvectors.
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Lemma 1.
(i) For each value x > 1, a sufficient condition for the matrix U(x) to be diagonalized is v # p and
y (1 +yl_;ly> ", 8)
for every pair (y,y') of integers with 0 <y <y < x and integers | # I with 0 < | < min{y,c} and 0 < I' < min{y’, c}.
(ii) Under the assumption that v# u, the 1-+y (respectively, 1-+c) eigenvalues r(y;l)=—-(A+lv+ (y—Dhu), for

0 < I'< min{y, c}, of the sub-matrices Ay, (respectively, A, ) are distinct. Moreover, we can specify left and right eigenvec-
tors, respectively denoted by w(y;l) = (w;(y;1)) and v(y;l) = (v;(y;1)), associated with the eigenvalue r(y;l) from the

entries
0, ifo<r<i-1,
wiysh =4 b " if =1, o
(ﬂ/) (ﬁ - 1) , if [4+1 < < minfy,c},
. -t
(=) <<,
Z)p(y; l) = «l7 if 1/ _ l (10)
0, if 14+1 <1 < min{y,c}.

Proof. Since the sub-matrices Ay, with 0 <y < ¢, and A}, with ¢ + 1 <y < x, have block bi-diagonal form, their eigenvalues
are given by their diagonal elements r(y;l) = —(1+ v+ (y — ), for 0 <! < min{y,c}. Then, for every fixed y > 0, the
eigenvalues r(y;0),r(y;1),...,r(y;y) (respectively, r(y;0),r(y;1),...,r(y;c)) of the sub-matrix Ay, (respectively, A;,) are
distinct if and only if v # u. On the other hand, for every pair (y,y’) of integers with 0 <y < ¥’ < x, the eigenvalue r(y;[) of a
first sub-matrix Ay, or A;,, and the eigenvalue r(y’;') of a second sub-matrix Ay or A, , are distinct if (8) holds, from
which it follows that eigenvalues of two different sub-matrices of the family {A¢g,A11,...,Axx} if 1 <x < ¢, or the family
{Bop, -, Bcc,Aci1ci1y-- - gyt If €4+ 1 <X, are distinct if and only if the rates v and u satisfy (8) for every pair (y,y’) of
integers with 0 <y <y’ < x and integers [ > I' with 0 < | < min{y, ¢} and 0 < I' < min{y’, c}.
To derive (9) for 1 <y < ¢, we express the matrix equation w(y; )A,, = r(y; )w(y; 1) as

(r; ) = r(y;0))wo(y; ) = 0,
;) —ry; D)ywe ;) = v = 1+ Duwy (), 1< <y.

If v # u, then r(y;1) = r(y;I') for every integer I' € {0,1,...,]— 1} and, consequently, wo(y;l) = wi(y;1) = --- = w;_1(y;1) = 0.
Then, the above equations result in

-1
Y —ku .
wy i) = WD), [+1<I <y,
,I;I,r(%l) —r(y;k+1)
which completes the proof of (9) if we select the value w;(y;I) = 1. Eq. (10) in the case 1 <y < c is readily obtained from the
matrix equation Ay, v(y;l) = r(y; ))v(y;1). Expressions for the entries of w(y;!) in (9) and v(y;I) in (10), for c + 1 < x, are sim-
ilarly derived by replacing Ay, by A, in the preceding arguments. O

In what follows, we show that the matrix exponential exp{T(x)to} in (5) can be evaluated in an efficient manner by means
of the exponential of the matrices U(x)t and V(x)t. To be concrete, Theorem 2 establishes that exp{U(x)t} can be iteratively
computed starting with the term exp{U(0)t} = e~#, under the assumption of Lemma 1. (i). Unlike the iterative scheme for
exp{U(x)t} in Theorem 2, our expression for exp{V(x)t} in Theorem 3 does not involve any condition associated with the
eigenvalues and/or eigenvectors of the sub-matrices Ay, and A, , Hence, Eq. (14) in Theorem 3 is valid in full generality, that
is, even if the rates v and p do not satisfy Lemma 1. (i).

To begin with, we notice that U(x) is a block bi-diagonal matrix, whence its eigenvalues are given by the eigenvalues of
the sub-matrices {Ago,A11,..., A} if 1 <x < ¢, and {Agp, ..., Ace, Arqciqs-- - Ay} if €+ 1 < X As a result, for a fixed value
X > i+j, Lemma 1. (i) implies that the eigenvalues {r(y;l) = —(A+Iv+ (y — hu) : 0 < I < min{y, c},0 < y < x} of the matrix
U(x) are distinct, and U(x) can be diagonalized since it possesses J(x) linearly independent eigenvectors. Specifically, we may
write that U(x) = R(x)E(x)R""(x), where E(x) is a diagonal matrix whose diagonal elements are given by the eigenvalues
{ry;) =—-(A+Iv+(y-Duw :0<I<min{y,c},0 <y < x} of U(x), and the columns of R(x) correspond to the right eigenvec-
tors of U(x) associated with these eigenvalues. From Lemma 1. (ii), it is seen that R(x) can be expressed as

Y
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Roo Ro1 Roz -+ Rox1 Rox
Rii Riz -+ Ryxa Rix
R2.2 e RZ,x—l RZ,x
R(x) = : (11)
Rx—l.x—l Rx—l.x
RX.X

where Ry, is a square matrix of order 1 + min{y, c} and its columns are the right eigenvectors v(y;[), for 0 < ! < min{y, c}, in
(10). The columns of the sub-matrix Ry, = (r(y’,y;0),r(y’,y;1),...,r(y,y; min{y, c})) are specified as

y-1

ry,y;h) = H("(Jﬁ DI mingkey — Bk.k>71Ak,k+1V(y§ ),

k=y'
with By, = Ay if 0 < k < ¢, and A, if c + 1 < k. Note that, by [17, page 150], the matrices (r(y; )li;mingke} — Bk_k)’1 are given
by
min{k,c} V(k; l/)W(k, l/)
VTR
= Tl -k

where the left and right eigenvectors w(k;!') and v(k; ') are evaluated from (9) and (10), respectively.
The identity U(x) = R(x)E(x)R'(x) implies

exp{U(x)t} = RX)E(x; )R~ (x), (12)

where E(x; t) = diag(er @0t er®0x ert - orx0)t erxmintxchty ‘and r(y;1) = —(A + v+ (y — D), for 0 < I < min{y, c} and
0 <y < x. If we express the matrices R(x) and E(x; t) in structured form as

R(X)_( R(x—1) N(x))
- 0(1+min{x.c})><](x—1) Rx,x '

and E(x; t) = diag(E(x — 1;t), D(t)), then we can reduce the computation in (12) to previously computed sub-matrices.

("(J’% l)ll+min{k.c} - BkAk)il =

Theorem 2. Let us assume that the rates v and p satisfy Lemma 1. (i). Then, starting from exp{U(0)t} = e~*, the matrix
exponential exp{U(x)t} can be computed as

exp{U(x — 1)t} N(x;t) ) 1
O minixchxjx—1)  €XP{Byxt} )’ -
with N(x; t) = (N(x)Dy(t) — exp{U(x — 1)t}N(x))R,;;.

exp{U(x)t} = ( (13)

It should be noted that exp{Byxt} = R.xDx(t)R;, and R;} is given by

¢ 1(x;0)w(x; 0)

. c 1 Dw(x; 1)
R = . ,
¢! (x; min{x, c})w(x; min{x, c})
where the left eigenvectors w(x; ) are specified by (9) and the constant c(x;[) is given by c(x; ) = ZI',":"(“){"”W,/ (x; D vy (x;1); note
that c(x;1) = 1 by (9) and (10).
Based on the sparse form of the matrix V(x), we may derive an explicit expression for its exponential. The proof of

Theorem 3 is based on the fact that exp{V(x)t} = Z;ﬁzo(k!)’l (V(x)t)* if x < ¢, and an inductive argument if c + 1 < x, and it
is thus omitted. Expressions for the matrices S(y;y') = Ayy-1Ay-1y-2...Ayi1y, for 0 <y <y -—1and 1 <y < x, are gathered
in Appendix B.

Theorem 3. For a fixed value x, the exponential of the matrix V(x)t has the form
M(0;0)
M(1;0) M(1;1)
exp{V(x)t} = [ M(2;0) M(2;1) M(2;2) , (14)

M(>.<:,O) M();;l) M().<;2) - M(x; x)
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where M(y;y) = L. if0 <y < ¢, and M(y;y) = diag(I.,eV=9") ifc+ 1 < y. If0 <y <y — 1l and 1 <y < c, then the sub-matrices
M(y;y') are given by M(y;y') = ((y —y)) "' Y'S(y;y'). In the case 0 <y’ <y — 1 and c + 1 <y, the sub-matrix M(y;y') has the
form

}’*J’
e

(=2

4. The accuracy of our solution and discussion

For a fixed epoch t, > 0 and each value of x > i+ j, expressions (13) and (14) allow us to approximate the exponential of
the matrix T(x)t, from (7). We next select the value of p, in (7) by using bounds based on the norm induced by the I, vector
norm.

For the splitting T(x) = U(x) + V(x) the value of p, in (7) can be determined from the inequality

h X; b
lexp{Txt0) ~ (exp{UY)E) exp(VIX)E))™ | < 501, (1)
where the function h(x; to) is defined in terms of
h(x; to) = [|[U(x), V(X)]||  tget= 0 #- Voo, (16)

|-l and u_(-) denote the maximum row sum matrix norm and the logarithmic norm of a matrix, respectively, and the com-
mutator of two matrices is given by [U(x),V(x)] = U(x)V(x) — V(x)U(x). The proof of (15) mostly repeats arguments of The-
orem 5 of [20], and it is thus omitted. We recall that the || - ||._-norm of a square matrix W = (w;;) of order k is defined

by [|W]|, = maxKKij’;l |wij|, and it can be seen as the norm induced by the I, vector norm; see [16]. The logarithmic norm
of the matrix W is specified by p_(W)=lim,_o.h'(||l, —hW||_—1), and it can be evaluated by [29] as
Moo (W) = maxlgigk{wu + Zj#i‘wi\)“}'

By (15), we may choose for any ¢ > 0 the value of p, as the first positive integer such that (2&) 'h(x;to) < py, Which
implies that ||exp{T(x)to} — (exp{U(x)t} exp{V(x)t})|| < &. This selection means that, for a predetermined ¢ > 0, the
integer p, satisfying (2¢) 'h(x; t,) < p, depends on to and X > i +j.

In evaluating the function h(x; to) in (16), it is seen that u_(U(x)) =0, for x > 1, and

o) =

XV, if 1<x<c,
v+ (x—o)u, ifc+1<x.
For 1 < x <, the value of ||[U(x), V(x)]||, is given by
XVUL, if A+v<u,
eVl = { o .
xv(A+v), if 2+v>pu
In the case c + 1 < x, we may express
IUX), VX)]Il.. = max{g;(x),8,(X),83(x),84(X),85(X)},
where
81(X) = (2+ (€~ 1)y + (X — OV + (x— (A + (x— ¢~ ),
(%) =(2A+Vv+(x—c—-1wev+ap,
gX) =vf(c-1)+x-c+1)x—c)p,
g4(x) =Vf(c) + (c-D)x - v,
and gs(x) =vf(0) if 2+ v < w, and vf(c — 2) if A+ v > pu, with f(l) =xpu+ A+ v — p)l.

It is worth mentioning that, for each value x > i+j, our expression for the probability P(Z(ty) < x|X(0) = (i,j)) in
Theorem 1 requires an accurate estimation of a single row of the matrix exponential exp{T(x)to}, which is related to the
initial numbers of i busy servers and j customers in orbit. In our approach, we suggest to approximate P(Z(ty) <x|X(0)=(i,j))
by the value p(x;to) = p(x; to; €) satisfying

P(X;to) = 1 — € (i,) (o) — (exp{U(x)t} exp{V(x)t})™ ) ey,
with ¢ = pg'to. This means that, for any & > 0, we have
IP(Z(to) < x|X(0) = (i,j)) — p(x; to)| < ¢, (17)

since p, satisfies (2&) "h(x; ty) < po, and
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Fig. 1. The mass function of Z(t,) versus p for retrial queues with ¢ = 3,v = 3.0v/2.0 and u = 2.5. Values of the traffic load: p = 0.8,1.0 and 1.2 (from left to
right); interval length: t, = 1.0; initial state: (i,j) = (0,0).
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Fig. 2. The mass function of Z(t,) versus p for retrial queues with ¢ = 6,v = 3.0v/2.0 and u = 2.5. Values of the traffic load: p = 0.8,1.0 and 1.2 (from left to
right); interval length: t, = 1.0; initial state: (i,j) = (0,0).



132 A. Gomez-Corral, M. Lépez Garcia/Applied Mathematics and Computation 235 (2014) 124-136

The uniformization method may be used, in principle, to compute the cumulative distribution function of Z(t,); see e.g.
[18, Section 2.8]. More concretely, we may first uniformize the absorbing CTMC X(x) with infinitesimal generator Q(x)
(Eq. (4)) by choosing

€(x) = max{qu, : () € SX)},
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Fig. 3. The mass function of Z(t,) versus p for retrial queues with ¢ = 9,v = 3.0v/2.0 and u = 2.5. Values of the traffic load: p = 0.8,1.0 and 1.2 (from left to
right); interval length: t, = 1.0; initial state: (i,j) = (0,0).
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Fig. 4. The mass function of Z(ty) versus u for retrial queues with ¢ = 6,v = 3.0v/2.0 and p = 1.0. Values of the retrial rate: = 2.5,5.0,7.5 and 10.0 (from
left to right); interval length: t, = 1.0; initial state: (i,j) = (0,0).
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Fig. 5. The mass function of Z(to) versus t, for retrial queues with ¢ =6,v =3.0v2.0 and u = 2.5. Traffic load: p = 1.5; values of the interval length:
to = 1/3,2/3, and 1.0 (from left to right); initial state: (i,j) = (0,0).

and then derive a simple algorithm to compute P(Z(ty) < x|X(0) = (i,j)) for values x > i + j. Unfortunately, it is not a very
satisfactory result for our problem since there is no clear relationship between the underlying matrices associated with
an application of [18, Fig. 2.4] to successive values x and x + 1. This drawback is closely related to the fact that c(x) increases
with increasing values of x, and it converges to infinity as x tends to infinity. Even for values x > i+ j, the uniformization
method might require some care if tyoc(x) should happen to be large.

For illustrative purposes, we present a few numerical results in Figs. 1-5, where we use ¢ = 10~ in (17), and we fix the
initial state (i,j) = (0,0). In Figs. 1-3, we plot the mass function of Z(to) with t, = 1.0, for retrial queues with c € {3,6,9},
service rate v = 3.0v/2.0, and retrial rate u = 2.5. In each figure, we display three histograms that correspond to the values
p =0.8,1.0 and 1.2 (from left to right) of the traffic load. It is observed that the mass function of Z(t,) behaves as a bell-
shaped function, regardless of the number c of servers and the traffic load p. As intuition tells us, the distribution of Z(to)
has heavier tails when p increases, for each fixed value of c.

In Fig. 4, we consider ¢ = 6, v = 3.0/2.0 and the traffic load p = 1.0, and we include four histograms, which are related to
the values ¢ = 2.5,5.0,7.5 and 10.0 (from left to right) of the retrial rate. For each fixed value x € {0, 1, ..., c}, the probability
P(Z(to) = x|X(0) = (i,j)) is shown to be constant as a function of the retrial rate u; note that the event Z(t;) € {0,1,...,c}
means that the number N(t) of customers in orbit is equal to zero at every time instant t € [0, to]. It can be also inferred that
the retrial rate u does not seem to be influential at the tail of the distribution. Fig. 5 shows the effect of the length ¢, on the

mass function of Z(t,) for retrial queues with ¢ = 6,v = 3.0v/2.0, ¢ = 2.5 and the value p = 1.5 of the traffic load. Specifically,
we select interval lengths t, = 0.333,0.666 and 1.0 (from left to right). In agreement with our expectations, the distribution
of Z(ty) becomes more sparse with increasing values of the interval length ¢,.

5. Conclusions

In an attempt to measure the effects of extreme values on retrial queues during a predetermined time interval, we have
presented a new probabilistic descriptor, namely the maximum queue length Z(t,) during the time interval [0, to] in the main
multiserver retrial queue. For a practical use, a fixed interval [0, t;] might be related to the launching of a new product, which
means that, under the distributional assumptions of the M/M/c retrial model, the random variable Z(t,) allows us somehow
to estimate in advance those maximum resources that, under concrete cost specifications, the community of potential cus-
tomers needs to have the certain knowledge that their demand will be successfully satisfied by the corresponding call center
during a predetermined time interval of length ¢,.

In Theorem 1, we have derived a matrix exponential form for the probability distribution function of Z(t,) for initial
numbers i€ {0,1,...,c} of busy servers and j € Ny of customers in orbit. In terms of Lemma 1. (i), we have assumed simple
conditions on the rates v and pu for the resulting matrix exponential to be amenable to numerical calculation. It is clear
that our assumption in Lemma 1. (i) is a technical requirement to guarantee that the eigenvalues in the set
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{ry;) =—(A+Iv+ (y—DHu) :0<I<min{y,c},0 <y < x} are distinct for every x > i+ j (consequently, the matrix U(x) can
be diagonalized), but it may be thought of as sufficiently general to be applied in practice, even in the case p > 1. We have
suggested to approximate the matrix exponential solution of Theorem 1, as accurately as possible, by using the Trotter prod-
uct formula (6). Specifically, we have first analyzed a concrete splitting proposal for the underlying matrix T(x) = U(x) + V(x),
and we have then studied its practical qualities when this splitting is combined with the matrix norm || - ||, induced by the
I, vector norm. In our solution, Lemma 1. (i) is combined with Theorem 2, thus implying that the matrix exp{U(x)t} can be
iteratively computed, starting with exp{U(0)t} = e *, in terms of the previously-evaluated matrix exp{U(x — 1)t} and the
exponential of the matrix B,,t. More concretely, the matrix exponential exp{By,t} in (13) has dimension 1 + min{x,c},
and admits an explicit expression in terms of the eigenvalues and left and right eigenvectors of Lemma 1. (ii). The rest of
the operations in our splitting solution only involve the product of known matrices. A particularly feature of our solution
is that the approach allows us to obtain global error control since the approximating solution p(x;to) = p(x; to; €) verifies
Eq. (17) uniformly in x > i+ j, for any ¢ > 0 and initial numbers i of busy servers and j of customers in orbit.

It should be noted that there are two reasons to formulate the level-dependent QBD process in (3) in terms of the number
of customers in the system, instead of the orbit size; see, for example, [5, Section 2.1]. First, the level
1G) = {(@i,j — 1) : 0 < i < min{j,c}}, withj > 0, in Section 1 allows us to integrate both numbers C(t) and N(t) (i.e., busy serv-
ers and orbit size) into the maximum queue length Z(t,) in a natural manner. In contrast, the level I'(j) = {(i,j) : 0 < i < ¢},
with j > 0, in [5, Section 2.1] is related to the number N(t), so additional arrangements are necessary to incorporate the
number C(t) of busy servers into the modeling aspects. Second, the use of the level I(j) leads us to bidiagonal matrices A;;
in (3). This means that eigenvalues and eigenvectors of A;; and A;; can be determined in an explicit manner. Therefore,
the bidiagonal structure of A;; in (3) is the key step to derive the iterative procedure in (13) for computing the matrix expo-
nential exp{U(x)t}. Note that, in the case of I'(j), the tridiagonal structure of A;; seems to require the use of numerical meth-
ods for evaluating their eigenvalues and eigenvectors.

The matrix exponential expression in Theorem 1 is inherently connected to the well-known solution to the forward and
backward equations of the absorbing CTMC X(x) in (4), for x > i +j. Therefore, our methodology could be applied with
appropriate modifications to other retrial queues characterized by an irreducible QBD process X, such as the retrial models
of Aguir et al. [1], and Masi et al. [19]; see [3, Sections 3 and 4] for an analysis based on the busy-period version Z(T). To
conclude, we point out that the matrix exponential form and its evaluation in terms of splitting methods can be also used
when X is an absorbing QBD process, which is the case of the process X in [14]. More concretely, the process X in [14] re-
cords the numbers of parasites and hosts alive at an arbitrary time in an ecosystem. The authors in [14] analyze two algo-
rithmic solutions defined in terms of the way the exponential of the resulting matrix T(x) is appropriately computed from the
Trotter product formula, and they derive two bounds based on the spectral norm || - ||; and the norm || - || .. They also discuss
on the use of the maximum number Z(t,) of individuals alive in an attempt to describe how a community of parasites and
hosts is affected by extreme values.
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Appendix A. Expressions for the sub-matrices A;; with je{j —1,j,j+1}
In Section 1, the infinitesimal generator Q of the CTMC X consists of sub-matrices A;; withj € {j — 1,j,j + 1}. For states of

the jth level, a natural ordering is defined as (0,j)<(1,j—1)<---<(min{j,c}—1,j—min{j,c}+1) <
(min{j, c},j — min{j, c}), where a < b denotes that state a precedes state b. Then, it can be routinely verified that

o 0 - 0 0 0o 0 - 0 0 0
v 0 ... 0 0 v 0 ... 0 0 0
0o 2y ... 0 0 0 2v --. 0 0 0
Ajj 1= .o ) ], 1<ji<c A= . ) ) c+1<j,
0 0 - (-1y 0 0 0 c-1)y 0 0
o o0 - 0 jv 0 0 0 cv 0
) jn 0 0 0
0 —qajoy (-1 0 0
0 0 —du 0 0
Ajj = . , 0<j<g
0 0 0 =411 n
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=4, jn 0 0 0
0 —qujq G-Dp - 0 0
0 O 0
A= . : : . . . . c+1g]
0 0 0 “qe1jocsry G—C+Nu
0 0 0 0 —Qcj-c)
0 120 00 o410 -0
00 2 00 0 0 4 0
Aja=|: o o o0 ], 0<j<e—1, A= o 0 ], e+
00 0 - A0 00 0 - A
000 - 0 2 0 0O

Appendix B. Expressions for the sub-matrices S(y;y’) in Theorem 3
Sub-matrices S(y;y’) in Theorem 3 are defined by Ay, 1A,_1y>...A,,1,. They can be evaluated as follows:

(aQ)For0 <y <y-—1and1 <y < c, the sub-matrix S(y;y’') has dimension (y + 1) x (' + 1), and its elements are given by

wy Ul if 41 <k<y+1 and K=k-y+y,

(S:Yew = e .
b 0, otherwise.
(b) For 0<y <c—1 and c+ 1 <y < 2c, the sub-matrix S(y;y’) has dimension (c+ 1) x (y/ + 1), and its elements are
given by
SW:)) wy L iy —y +1<k<c+1 and K =k-y+y,
V) = )

0, otherwise.

In particular, S(y;¥') = Oci1)xy+1) ify =y > c.
(c)For0<y <c—1and2c+1<y, wehave S(y;¥') = O 1)1
(d)Forc<y <y—candc+ 1<y, wehave S(¥;¥) = 0ci1)x(cr1)-
(e) Fory—c<y <y-1and c+1 <y, the sub-matrix S(y;y’) is a square matrix of order c + 1, and it consists of the

elements
Sy, - |V Y-y slsk<cs and K=k-y+y,
kK 0, otherwise.
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