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Abstract

The Mueller—Jones (MJ) or pure Mueller matrix formulation has been reported by using two different matrix
transformations in a condensed representation. The possibility to find other transformation matrices is explored.
A complete set of unitary operators (R) is found to be closely related with the MJ matrices and with the evolution
of pure states on the Poincaré sphere surface. We propose an alternative deduction for the condensed representation
of the MJ matrices, obtained by using the Kronecker product operation and use of R unitary matrices as a tool
to combine different Mueller matrices and changes of polarized states on the Poincaré sphere surface. Finally, it is
shown explicitly that the columns of the transformation matrices are the eigenvectors of the MJ matrix associated to a
non-depolarizing optical system and a corollary is established as a criterion to differentiate a Mueller matrix from an

MJ matrix.
© 2007 Elsevier GmbH. All rights reserved.

1. Introduction

It has been asserted that the Mueller matrix can give
the full polarimetric characterization of a general
scattering system. This matrix describes the modification
of polarization of light after a linear interaction with the
sample under interest is supposed. The use of the
Mueller matrix formalism can be applied to non-
depolarizing, partially or totally depolarizing systems,
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as in the cases of rough surfaces and scattering media
and for unpolarized, partially and totally polarized
incident light, respectively. A Mueller—Jones (MJ)
matrix has been defined as a Mueller matrix derived
from a Jones matrix [1]. Some properties associated to
the MJ matrix have been discussed in many works [1-9].
The MJ matrix has been derived from first principles
and a condensed form to express it has been published
[10-14]. Several authors have reported basically two
forms for the transformation matrix employed into the
condensed form [5,6,12,13,15,16]. These transformation
matrices are related with the way the polarization of
light is described. Commonly, they are used without any
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explicit consideration of the reference system employed
for the description of the polarization; that is, looking
to the source or to the propagating direction. We
explore explicitly the possibility to find more transfor-
mation matrices through the analysis of 24 combina-
tions for the representation of equivalent Stokes vectors.
A set of unitary operators is found to be closely related
with the MJ matrices and with the evolution of states on
the Poincaré sphere surface. By applying the Kronecker
product to the linear response of a physical system to an
electric field, an alternative way to reach the condensed
representation of the MJ is found. The R unitary
matrices are employed to obtain relations among
Mueller matrices and/or A4 transformation matrices
[5,6,12,13,15,16] and as a tool to describe changes of
polarized states on the Poincare sphere surface. Finally,
it is shown explicitly that the columns of the transfor-
mation matrices are the eigenvectors of the MJ matrix
associated to a non-depolarizing optical system and a
corollary is established as a criterion to differentiate a
Mueller matrix from an MJ matrix.

2. Formulation of the Mueller-Jones matrix

The linear response of a non-depolarizing physical
system to an incident electric field E™° is represented by
the relation:

SC JEinc’ (1)

where J is a 2 x 2 matrix of complex elements, named
the Jones matrix of the system and E*° is the scattered
electric field. The electric fields are represented in terms
of their orthogonal components by a 2x 1 column
matrix. On the other hand, the linear response of a
physical system to polarization states can be expressed
in terms of intensities (irradiances), through the relation:

S5¢ — MSinC, (2)

where M is called the Mueller matrix of the system,
represented as a 4 x 4 matrix of real elements, and S'is a
4 x 1 matrix of real elements too, called the Stokes
vector. S represents the polarization state of the electric
field vector, defined as [12,15]

S = ' E (3)

where o = inc, sc and
<E<xEoc > < onz >,
= (B ) — (EEX >
—(BE )+ (BE) = 2Re(EEY ).

st = z(<E;E°‘> - <E;Ef"> ) - —2Im<E;E§f*>. 4)

b}

e}
WR

Angular brackets represent ensemble averages and *
indicates the complex conjugate operation. In this case,
the polarization states are described as looking to the
source [12].

3. Transformation matrices for the
Mueller—Jones matrices

Eq. (3) can be expressed as a function of the
electric field components through the matrix representa-
tion [12], which we propose can be ordered in the
following way:

5 Lo oo 1 (BE)
52 1 0 0 —1|| (EE)
53 - 0 1 1 0 <E§E;>
S4 0 7 —i O <ESE’?>
<EFE;> ,
| EED | /
=4 <ESE;> =[a b ¢ d] .| (%)
(E.E}) !

where A takes on the form of one of the reported
transformation matrices for the MJ matrix [5]. In this
work, columns of the transformation matrix are
represented by letters a, b, ¢, d and rows of electric field
products by letters e, f, g, h, respectively. By changing
pairs of columns and the corresponding pairs of rows,
24 explicit combinations can arise for the representation
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of the Stokes vector, Eq. (5),

e e
[abcd]f;[abdc]f,[acbd]
g h
h g
e :e:
h h
[a d b c] 7l [a d c b] et
9] /]
s 7
e e
[b a ¢ d] s [boa d c] s [b ¢ oa d]
g h
._h_ _g_
7 s
h h
[bd a c] s [bd ¢ a] ;
e )
_g_ _e_
o =
e e
[cabd]f,[cadb]h;[cbad]
5] /]
- o
h h
[c d a b] . ; [c d b a] 7 ;
/] e
- h .

e e
[dabc]f;[dacb]g,[dbac]
9] /]

n -

g g
[d ¢ a b] Rk [d ¢ b a] p

/] e

From a mathematical point of view, we can say all the
24 matrices A displayed into Eq. (6) are equivalent in the
sense they give the same Stokes vector provided the
orthogonal components of the electric field follows the
order as specified by their associated matrices. The order

e e
g

g ; [a ¢ d b] ;
f h
h f
A A
g

;b ¢ d oa ;
e [ ] h
h e
g g

/ s [e b d 4] / ;
e h
h e
h

s [d b oc 4] / ;
e g
g e

(6)

given by a, d, b, ¢ and e, h, f, g has been reported for the
representation of the Stokes vector [14]. The Stokes
vector has been described under another reference
system, for example, the rotated system described by
Schmieder [17]. From analyzing Eq. (6), a basic question
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emerges: are all the matrices 4 transformation matrices
in the sense they are associated to MJ matrices? We will
build an answer in the following paragraphs. From Eq.
(6), we will take special attention to the following
representations for the Stokes vector:

S1 e 1 0 0 1
) g 1 0 0 -1
S = =la ¢ b d] =
53 f 0O I 1 o0
S4 K |0 —i i 0 |
S1 [e _1 1 0 0 1
52 h 1 -1 0 0
S = =la d b c] =
83 f 0 0 1 1
S4 K2 _O 0 i —1 |
S [/ (0 1 1 0]
52 e 0 1 -1 0
S = = [b a d c} =
S3 h 1 0 O 1
Sq | 9 | _i 0 O —i_
S (g7 [0 1 1 0]
A\l 0 —1 1 0
S = = [c d a b} =
83 e 1 0 0 1
54 _f_ |- 0 0 ]
S1 (47 M1 0 0 17
) g -1 0 0 1
S = =[d ¢ b a] =
53 0 1 1 0
S4 | e ] | 0 —i i 0]

The Mueller matrix obtained from Eq. (2) when the
relation given by Eq. (1) holds, is a special kind of
matrix because it can be obtained from a Jones matrix
(it is well known that all Jones matrices can be described
as Mueller matrices, but not all Mueller matrices can be
derived from Jones matrices). Those kinds of matrices
have been called non-depolarizing, pure or MJ matrices,
respectively, if the system does not depolarize [1-16].
There does exists a condensed expression to define an
MJ matrix, which has been reported as [1]

M=AJ®@JHA7", a7 =34y, (8)

where J is the Jones matrix, ® denotes the Kronecker
matrix product or direct product, A~ denotes
the inverse matrix of 4, * is the complex conjugate
and T denotes the transpose operation. Basically two
different forms for matrix 4 have been considered

E,E}) (E,E})
ESE;> s <ESE;> |
E,E}) (EpES)
EEY) (EE})
EE;) (E,E})
o e |
PHs PHs
EEP> <EEP>
E,E}) (E)ES)
E,E}) (E,E} )

* = A4 * ?
E,E?) (E,E¥)
EEp> <EEF>
EEp> <EEF>
EEY) (EE})

= A5 ,
E,E}) (E,E})
E,E}) (E)E})
EE}) (E,E})
14 14
= A 7
EE) |~ | (BE) "
E,E}) (E,E})

[5,6,11,12,15,16]. These transformation matrices are
related with the reference system employed to des-
cribe the polarization states. When polarization is
described looking to the source, 4 takes on the form
[12,15]

1 0 O 1
1 0 0 -1
A= = A,
01 1
0 i —i 0
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11 0 0

oafooo 1 .

=310 0 1 T )
I =10 0

But if polarization is described as looking to the
propagation direction, A4 is written as [11,16]

1 0 0 1
1 0 0 -1
A= =A29
0o 1 1 o0
0 —i 1 0
1 1 0 O
= 110 0 1 = 10)
200 0 1 —i| %
1 -1 0 O

Recently, Borovoi et al. [9] have reported a matrix 4
that follows Eq. (8); a priori we will consider
it as another transformation matrix. This matrix
has been normalized to be a unitary transforma-
tion [9]

11 0 0
plo o -1 »
A=—s| 0, L L= (11)
I =1 0 0

These transformation matrices are strongly associated to
specific electric field products, corresponding to defined
coordinate systems of reference from which the polar-
ization is described. We propose here a possible
representation for the Stokes vector in terms of matrix
Ag can be the following:

<E,,E;>

1 0 0 1
Ll oo -1 —(EPEY)
Sp=—7
2 -1 -1 — *
V2o . 0 < E, Ep>
0 —i i 0 (E, Ef>
e 81
1 —f 52
=—la —-b —c d]V2 = . (12
7l V2, .
h S4
We propose the following methodology. By considering
Ji Ja
= 1
74 Jz]’ (13)

and substituting into Eq. (8), using matrices A, A,, 43,
Az, As, As and Ap as transformation matrices,
respectively, we obtain the explicit relations for the
Mueller matrix

mi2 mi3 —miy4
ma2 ma3 —M4
mszp ms3 —Mm34

—Myy  —N43 Myq

I =T =T+ 1) W+ =T=T) =T =T+ T —ida(J+J5 =T, = T3)

(T =T = T4+ ) (T 4+ T3 =T =T iaJr =T — T+ T5)

1 0 0 1
111 0 0 -1
=70 o1 o 0| T
0 —i i 0
myy mpy Mz Mmig
mpy My M3 Mg
M, = . My, =
msp M3y Mmsz M3q
myy Mgy M43 Mag
M; =
ms3 ilfi’Z34 msy —ifﬂ32
—imy3 Mgy —imy  —Myg
My = . )
msy imyg  my —imp
imy;  —mpg  Imy my
[ my —mp my3y —my
—nmp1 My —NMp3 o M4
Mg = ;
m3 —m3 M3z —M34
L 41 —Mygy  —My43  My4

{Lm+n+ﬁ+m NI =BT =T L+ B+ T4+ T —idaJf = J5+ T3 =)

T+ T+ T+ T BT =T+ =T L+ L+ L+ —ih( =L+ =T |

LT+ I35 —J5-J%)

my;  —imzg M3 ims;
imy3 My imy  —my
nis3 —il7114 mi in112
—imy3y  —myy  —impy My
miy miy —my3z  —miyg
My My —hh3 —hiy
, (14a)
—m3y  —m3 M3z M3

—Mmg)  —M4y N4y M4
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where the MJ elements are given explicitly as [13]

myy =311 + 121> + 131 + 1J4l?);

myy = 31112 = |2 + T3 — [ J4);

miy = Re(J1 T+ J2J%);  myg = Im(J\J5 + J3J3);

myr = 51117 = 121> = 131> + 1Jal?);

ma = 3(11 P + 12?15 = |Jal);

myy = Re(J\J; — J2J3);  mos = Im(J1J5 + JoJ3);

my = Re(J1J5 4+ J2J3);  my = Re(J1J5 — J2J3);

ms3 = Re(1J5 + J3J3);  ma =1Im(J1J5 + J3J35);

my = —Im(J1J5 + JuJ3);  myp = —Im(J1J5 + Jo2J});

myz = —Im(J1J5 + J4J3);  mas = Re(J1J5 — J3J3).
(14b)

)
)

4. Unitary operators

On the other hand, we propose a complete set of
unitary operators R can be written as

1 0 00 1 0 0 O
0 1 00 0 1 0 O
Ra: 5 sz 5
0 010 0 01 0
10 0 0 1 0 0 0 —1
[1 0 0 O 1 0 0 O
01 0 O 0 -1 0 O
R. = ; Ri= ;
0 0 -1 O 0 0 1 0
100 0 1 0 0 0 1
R,S RS R.S
S1 S1 S1
S5¢ = 52 52 $2
53 53 —S83
S4 —S84 S4
[1 0 0 0 [1 0 0 0
01 0 0 0 -1 0 O
Re‘: N Rf— s
0 0 -1 O 0 0 I O
00 0 1] 0 0 -1
(1 0 0 0] (1 0 0
0 -1 0 0 0 -1 0 0
Rg= 9 Rh:
0 0 -1 0 0o 0 -1 0
0O 0 0 1 0o 0 0 -1

(15)

Note that an Abelian group can be obtained from
Eq. (15). It can be easily verified that M; and M, are
related through the unitary operator R,

M, = R,M,R;' or M,=R,MR;". (16a)
It follows that
A, = RyA>. (16b)

On the other hand, M; and My are related by
M\ =R/MgR;' or Ms=R/MR;". (17a)

It follows that
Ay = Ry Ag. (17b)

Finally, M, and Mp are given as

M| = R:MgR;' or Mpy=R.M R, (18a)
and
Ay = ReAg. (18b)

We can say that not only the reported matrices 4, 4,
and Ap are transformation matrices in the sense they
generate an MJ matrix of real elements, but also Ag is a
transformation matrix. Note that M3, M, and M5 are
complex matrices. If we do a similar exercise, we can
verify that all the remaining matrices 4,,, n = 7,...,24 of
Eq. (6) are not transformation matrices also.

What can we say about the physical significance of the
unitary operators R,, u =a,...,h? Starting from the
basic principle that an operator can be understood in the
way it does affect a given function, we can apply R, to a

general Stokes vector S = (51 $2 S§3 S4 )T.

R;S R,S RS RS RyS
S1 S1 S1 81
-5 52 =52 —52 =5 | . (19)
—83 53 —383 —383
—S54 —S84 S4 —S54

Observe the unitary operator Rb acts as a switch on
circular polarization states, because it changes right- to
left-handed circular polarization and conversely. On the
other hand, it does not affect the linear polarization
states. Then Rb can be employed as a transformation
rule to describe polarization states as observed looking
to the source or looking into the propagation direction.
Another interpretation can be done in terms of the
Poincaré sphere: the operator maps the north pole on
the south pole, and conversely. Some of the unitary
matrices given by Eq. (15) have been employed by
different authors and they have interpreted them as
reflectors [19,20], among other interpretations. Special
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attention has been dedicated to R, [8,13,15]; Grier Parke
III considered it as a transforming matrix from a right-
handed to a left-handed coordinate system [15]. How-
ever, none of these authors have reported the complete
set of unitary matrices given by Eq. (15) and no one of
them have interpreted it in the way we are reporting
here.

Following a similar procedure, it can be found that
the different unitary operators, Eq. (15), change the
polarization states to other states contained on the
Poincaré sphere surface. It is an interesting exercise to
think about the physical elements required to simulate
the effect on the Stokes vectors due to the unitary
operators.

On the other hand, if we obtain the MJ matrix from
first principles [5], Eq. (2), using Eqs. (3) and (4), but we
use two different descriptions for the orthogonal
components of the electric field vector, Eq. (1),

E;C Jl J4 ELHC
E )TN |\ B
and
EY i S| (EF©

= in =
E; Ty 2|\ Bp°

we obtain again M when Eq. (20a) is used and by using
Eq. (20b) the MJ matrix is given as M.

The condensed representation for the MJ matrix,
Eq. (8), can be obtained from the following procedure.
If we calculate the Kronecker matrix product [18] of Eq.
(20a) with its complex conjugate,

EY = J E) + J4E
EY = J3E) + JLE

(20a)

EY = JEY + J4E)°
EY = J3E™ + JLEp¢

(20b)

E;CE,S,C* 1 1 0 0 myy mp
EFET" 10 0 1 —i||ma mxn
ECE [ 210 0 1 i ||my my
EYEY 1 =1 0 0| |[my map
E;c E;C * Jl J4 E;nc
ee)®\e=) T\ )\ e
AN AN
® .
Jz Jp ELHC

(21a)

Following elemental procedures of multiplication, a
factoring process and an ensemble average, Eq. (21a)
can be written as

EscEsc*>
< »=p JWTE T LT T4
(ExES) IS ITS s JuT
<EscEsc*> B J3‘]T J3‘]j; JZ‘]T JzJj
s P
2 L O G O B O i
()
< E;’nc E})nc*> < E;’nc E}Inc*>
< Einc Einc*> < Einc Einc*>
| V7 - Ye (21b)
< Einc E})nc*> < Ei'nc E}Inc*>
<E§ncE;nc*> <E§ncE}'ync*>

On the other hand, employing Eq. (2), with the Stokes
vector defined by Eq. (5), we have

st 10 0 1] /EE”
53 1o 0 —1||EE™
s Tlo1 1 o || EE
sy 0 i —i 0 |\EE™
my mp myzy My 1 0 0 1 Eip"CEip""'*
my myp myz mpa | |1 0 0 —1 Eip"CEfv"c*
= ms;  mMszy M33 Mg 0 1 1 0 EfvncEipnc*
My My Mgz mag | |0 0 —i 0 ine pinex
(22)

Resolving for the scattered electric field components, we
obtain:

mz om0 0 17 (5B
My M 1 0 —1 ElpncE;nc*
inc pincsk (23&)
ms3 Mg 0 1 l O EA, Ep
my3y  Myq 0 i —i 0 EincEinc*
S S

After an ensemble average, Eq. (23a) can be written in a
more condensed form as

<E;CE;C*> <ElpnCE})nc*>
<EscEsc*> <EillcEipc*>
e (23b)
<EscEsc*> <E1SHCE;)“C*>
<ESCESC*> <E§ncE§nc*>
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where 4 and A~ are given by Eq. (5) or (9) and M is the
Mueller matrix of the system. Note carefully that at this
stage, the Mueller matrix of Eq. (23b) can be associated
to any arbitrary linear physical medium. But, if we
consider that Egs. (21b) and (23b) describe the same
system, we are imposing a restriction to the arbitrariness
of selecting M because we are selecting a special kind of
system; in this case, a system represented by a Jones
matrix. If this is the situation, then we can equate the
factor of the incident electric field on both equations, to
obtain:

JRJ =A""MA= M= A(J ®J)47". (24)

In this way we have arrived at the MJ matrix definition
by following the procedure proposed by us in this work.
We can go further ahead on the transformation
matrices nature and give another interpretation for the
transformation matrix based on a basis for the Stokes
vectors. For simplicity, we use a one-dimensional (1-D)
rough surface as example; however, the result must be
valid for any non-depolarizing system. A 1-D rough
surface is described with respect to an orthogonal
coordinate Cartesian system as a surface whose profile
varies along the x-axis and is constant along the y-axis
[21,22]. A 2-D rough surface is a surface whose profile
varies along both orthogonal axes. The MJ matrix for a
1-D surface can be obtained from Eq. (13) when J3 =
J4 =0 [21,22]:
S Sk 0 0
S Snh 0 0
=10 0 su sl )
0 0 =S Su

where

S =3(J1J} + 12J3),
S = %(J]JT — Jz.];),
Sz =3(1J5 4+ (J1J3)") = Re(J1J3),
Sy = —L (1S5 — (D)) = Im(J1J3).

(26)

Our contribution in this work is explained in the
following paragraphs. The eingenvalues of the MJ
matrix, M, can be determined by the characteristic
equation

det(M — A1) =0, (27)
where [ is the 4 x 4 identity matrix and /1 denotes the

eigenvalues of M. Eq. (27) can be solved for the
eigenvalues as

A= {41 =(S1+ Si2), 42 = (S33 +1S34),
A3 = (S35 —1S34), A4 = (S11 — S12) }. (28)

The corresponding eigenvectors J; can be calculated
from the relation

(M — D3I =0 for j=1,2,3, 4 (29)

It follows that a particular set for the eigenvectors can
be given explicitly as

1 0 0 1

- i fol o] |-

=Yl 11 ] o (30)
0 i —i 0

These eigenvectors are linearly independent. This
ordered set can be interpreted as a basis for the
4 x 1 matrices of complex values. Stokes vectors
can be expressed as linear combinations of the
eigenvectors given by Eq. (30) weighted by appro-
priate complex coefficients. The Stokes vectors are a
subset of the complex linear space constituted by
4 x 1 matrix elements, in this case a subset formed
by real elements (this does not mean Eq. (30) is a
basis for the 4 real parameters that define a Stokes
vector). For example, a generic Stokes vector can be
written as

1 1 0
1 _
s =(E,E}) o | EED +(EpE7)
0 0 !
; (E,E}) + (EE?)
(5,55) - (5.2
HEE) | =
! (EE:) + (EE;)
0\ i(gEy - (BE))

(1)

Observe that this ordered set of eigenvectors, Eq. (30),
can be interpreted as column eclements of a trans-
formation matrix into a space 4 x4 of complex
elements

10 0 1

1o 0 -1

>Zlo1 o1 o0 32
0 i —i O
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It follows that Eq. (31) can be written as

S1 1 0 O 1 <EPE;>
_ EE*
|2l _fr oo (E,E%) R
53 01 1 0 <EXE;>
S 0 - 0 *
* l l <E'YES>

which is the same as Eq. (5); this is consistent with
previously reported results [12]. By changing the order
of columns and rows into Eq. (33), we can obtain the
same results given by Eq. (6) and by appropriate
handling, Eq. (12) can also be obtained.

Note that the MJ matrix can be expressed in terms of
the condensed expression, Eq. (32), as

M=3(J®J9)3 ", (34)

where J is given by Eq. (13) and 3 = 4, Eq. (9).

From the former result we can generalize, a priori,
and the following Corollary is proposed by us in this
work: a Mueller matrix is an MJ matrix if its
eigenvectors are given by the set defined by Eq. (30).

5. Conclusions

The MIJ of pure Mueller matrix formulations have
been reported by using two different matrix transforma-
tions in a condensed representation. By considering 24
equivalent representations for the Stokes vector, we
have found that another transformation matrix exists.
We have obtained the condensed representation of the
MJ matrix by applying a Kronecker product between
the expression for the linear response of a physical
system described by a Jones matrix and its complex
conjugate. We have found a set R of unitary matrices
which can be employed as a tool to obtain relations
among Mueller matrices and/or A4 transformation
matrices and to describe changes of polarized states on
the Poincare sphere surface. It has been shown explicitly
that the columns of the transformation matrices are the
eigenvectors of the MJ matrix associated to a non-
depolarizing optical system. Finally a generalization, a
priori, of the previous result has been proposed here as a
Corollary that asserts a Mueller matrix is an MJ matrix
if its eigenvectors are given by the set defined by Eq. (30).
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