CENTRALIZERS IN PSEUDO-FINITE GROUPS

NADJA HEMPEL AND DANIEL PALACIN

ABsTrACT. The role of finite centralizers of involutions in pseudo-finite groups
is analyzed. It is shown that a pseudo-finite group admitting a definable in-
volutory automorphism fixing only finitely many elements is finite-by-abelian-
by-finite. As a consequence, we give a model-theoretic proof of a result for
periodic groups due to Hartley and Meixner. Furthermore, it is shown that
any pseudo-finite group has an infinite abelian subgroup.

1. INTRODUCTION

Certain structural properties of finite groups are inherited from the size of the
centralizer of an involutory automorphism. This phenomenon was first noticed by
Burnside who pointed out that a finite group admitting a fixed-point-free involutory
automorphism is abelian. Another example is a relevant theorem of Brauer and
Fowler who proved that there are only finitely many simple non-abelian finite groups
containing an involution with a centralizer of a given size. Fong [4] showed that if a
finite group contains an involution whose centralizer has size n, then the group has
a normal solvable subgroup whose index is bounded by a function on n. In fact, he
proved a similar statement for elements of prime order assuming the Classification
of Finite Simple Groups. Using Fong’s Theorem, Hartley and Meixner [7] showed
that any finite group G admitting an involutory automorphism fixing only n many
elements has a normal nilpotent subgroup of class two whose index in G only
depends on n. In a series of papers the latter result has been extended first to
arbitrary prime orders in [8] and later to more general settings and even to arbitrary
orders. We refer the interested reader to [16] for clear exposition.

The techniques to prove these style of results are typically from finite group theory.
On the other hand, in Section 2 of this paper we shall use techniques of infinite
groups to show the aforementioned result of Hartley and Meixner, with some addi-
tional remarks on definable properties (see Theorem 2.15). More precisely, we first
prove this result for pseudo-finite groups, some model-theoretic limit groups, and
then deduce the finite (and even the periodic) group version by a standard argu-
ment, yielding an alternative proof. Furthermore, using this approach we obtain in
Corollary 2.17 that if G is a group of exponent at most m and admits an involutory
automorphism « fixing only n many elements, then [G, a] has index at most n and
its derived subgroup has a finite size which only depends on n and m. This refines
a result of Belyaev and Sesekin [2] on periodic groups, see also [1].
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Formally, a pseudo-finite group is an infinite group which satisfies every first-order
sentence in the pure language of groups that is true of all finite groups. Typical
examples of pseudo-finite groups are torsion-free divisible abelian groups, infinite
extra special groups of exponent p > 2 and rank n, and linear groups over a pseudo-
finite field. On the other hand, any free group forms an example of an infinite group
which is not pseudo-finite. Equivalently, a pseudo-finite group G is a group that
satisfies the same elementary properties in the pure language of groups as a non-
principal ultraproduct of an infinite family {G; };en of finite groups. Therefore, by
Y.os’s Theorem, which roughly speaking asserts that a first-order sentence in the
pure language of groups is true of G if and only if it is true of almost all finite
groups G;, one can see pseudo-finite groups as a model-theoretic limit of finite
groups. For an overview on basic background around ultraproducts and known
(model-theoretic) results on pseudo-finite groups we refer the reader to [11].

In Sections 3 and 4 we use finite group theory to deduce structural properties of
pseudo-finite groups. More precisely, as in the locally finite case, using the Feit-
Thompson Theorem we prove in Theorem 3.1 that any pseudo-finite group contains
an infinite abelian subgroup. On the other hand, adapting some arguments of
Shalev from [15], which involve the Classification of Finite Simple Groups, we show
in Theorem 4.3 that any pseudo-finite group in which the centralizer of any element
is finite or has finite index, the FC-center is a finite index definable subgroup. Under
some strong model-theoretic assumptions, some results towards the existence of
infinite abelian subgroups were already obtain in [3]. Moreover, Wagner in [1§]
recently has shown the existence a wide finite-by-abelian subgroup for pseudo-finite
groups satisfying a weak chain condition on centralizers.

Throughout the paper certain familiarity with basic notions on model theory and
pseudo-finite constructions is assumed. In particular, we shall use without men-
tioning that any definable section of a pseudo-finite group is also pseudo-finite. A
proof of this can be found in [13, Lemma 2.9].

2. INVOLUTIONS IN PSEUDO-PERIODIC GROUPS

By a pseudo-periodic group we mean an infinite group which is elementary equiva-
lent to a non-principal ultraproduct of distinct periodic groups. In particular, any
pseudo-finite group is obviously pseudo-periodic.

In this section we analyze structural properties of pseudo-periodic groups containing
involutions. We start by pointing out an easy lemma on involutions in pseudo-
periodic groups, which is proven easily using a well-known trick due to Brauer.

Lemma 2.1. In any pseudo-periodic group, for any two involutions i and j either
there is an involution centralizing both of them or there is some non-trivial element
z such that j7 =i and 2> = ji.

Proof. In any periodic group, for any two involutions, say ¢ and j, either ij has
even order 2m and hence (i)™ is a central involution of (i, j), or otherwise ij has
odd order 2m + 1 and so j)" = i. Thus, either there is an involution centralizing
i and j, or there is some non-trivial element z such that j* = i and 22 = ji. As
the latter is first-order expressible in the pure language of groups, the same holds
in any pseudo-periodic group. [



CENTRALIZERS IN PSEUDO-FINITE GROUPS 3

Recall that the F'C-center of a group G is the set of elements x of G whose conjugacy
class 2¢ is finite, or equivalently that the index [G : Cg(z)] is finite. It is clearly
a characteristic subgroup of G and we denote it by FC(G). Using a result of
Neumann [12] stating that an infinite group cannot be covered by finitely many
cosets of subgroups of infinite index, Belyaev [1, Lemma 2.1] show the following:

Fact 2.2. Suppose that X is a finite subset of an arbitrary group G and X N X9 is
non-empty for any g in G. Then X NFC(G) is non-empty as well.

An inspection of the proof of [1, Lemma 2.2] yields the following result.

Lemma 2.3. Let G be a pseudo-periodic group containing an involution i with
a finite centralizer. Then either FC(G) contains an involution centralizing i or

G = Cg(i) - FC(G).

Proof. For any element g of G, let X, be the set of involutions that commute with
i or 19, and let Y, denote the finite set

X, Ug ' Ca(i) U Cg(i)g?e®.

We aim to apply Fact 2.2 to the set Y,. To do so, we prove that for any element x of
G we have that Y” MY} is non-empty. Suppose that there exists some element z in
G such that X7 N X, is empty. In particular, this yields that there is no involution
commuting with ¥ and ¢ nor with ¢ and i*. Hence by the previous lemma there
are two elements y and z of G such that i9¥ = i with y? = 94 and i** = i with

2% = i®;. Thus, we trivially have that y~ 149 = i®y~! and 27 '4®* =4i2~!, and so
1,92, -1,2_2

1 L i93%%2 7 =y ly?222 7 = gz,

(y 'zt i =y~

T . — . . — —
2T =47y iz =y

Moreover, as i® = ziz~*, we have that (y~'271)"" = (z~1y~!)"* " and hence iz~
inverts (yz)~!. On the other hand, as i9%* = i we get that (yz)~! belongs to
Cq(i)g and so there is an element a in Cg (i) such that (yz)~! = ag. In addition,
notice that xzz and so xz7 also commute with 7. Thus, there exists some b such that

iz~! = bx. Therefore, putting all together we have that (ag)®® = (ag)~!, so

(Ca(i)g?e™)" ng~'Cali) # 0,
and hence Y ' NY, is never empty.

Consequently, by Fact 2.2 the intersection Y, NFC(G) is non-empty for any element
g of G. Thus, either there is an element g in G for which X, NFC(G) is non-empty,
yielding the existence of an involution in FC(G) N Cg (i), or for every g in G the
intersection of FC(G) with ¢~ 'Cq(i) U Cq(i)g¢c™ is non-empty implying that
every g belongs to C(7) - FC(G). O

Recall that a group is said to be definably simple if it has no definable normal
subgroup in the pure language of groups. As an immediate consequence of the fact
above we deduce the following:

Proposition 2.4. There is no infinite pseudo-periodic definably simple group con-
taining an involution v with a finite centralizer.

Proof. 1f such a group exists, it is not abelian and so it has a trivial center. Further-
more, Lemma 2.3 yields the existence of a non-trivial element x such that Cg(x)
has finite index in G. Hence, as this centralizer is a proper subgroup and x has
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only finitely many conjugates, the definable normal proper subgroup Cg (%) of G
has also finite index and thus it is non-trivial, a contradiction. ([

As an application to the previous results, we can give now an easy proof of a version
of the Brauer-Fowler lemma for definably simple periodic groups, shown by Shunkov
[17] in the simple periodic case.

Corollary 2.5. There are only finitely many periodic definably simple groups con-
taining an involution with a centralizer of a given finite size, and all these groups
are finite.

Proof. Observe first that any definably simple periodic group containing an invo-
lution with a finite centralizer must be a finite simple group by the previous result
(or its proof using [1, Lemma 2.2]). Now, suppose towards a contradiction that
there are infinitely many finite simple groups with a centralizer of an involution of
size n, and let G an ultraproduct of all of them with respect to some non-principal
ultrafilter. This is clearly an infinite definably simple pseudo-finite group. However,
such an infinite group contains an involution with a finite centralizer, contradicting
the previous result. (I

In fact, Shunkov [17] showed that any periodic group containing an involution with
a finite centralizer is locally finite (and moreover solvable-by-finite). Using this
result, Hartley and Meixner [7] proved the following:

Fact 2.6. There exists a function f(n) defined on the natural numbers such that if
G is a periodic group containing an involution i with |Cq ()| < n, then G contains
a nilpotent subgroup of class two and index at most f(n).

Using that such a periodic group is locally finite, the proof reduces then to the finite
case by a classical argument of Kegel and Wehrfritz [9, page 54]. Consequently, their
proof uses techniques from finite group theory as well as Fong’s result [4]. In fact,
Hartley [6, Theorem 1.1] pointed out that an easy argument yields the following:

Fact 2.7. There is a function f(n) defined on the natural numbers such that if G is
a periodic group admitting an involutory automorphism « with |Co(a)| < n, then
G contains a normal subgroup H of G of index bounded by f(n) and whose derived
subgroup is contained in Ca(a).

On the other hand, Belyaev and Sesekin [2] using methods typical for infinite groups
obtained the following result, see also [1] for some additional information on the
FC-center of the group.

Fact 2.8. Let G be a periodic group admitting an involutory automorphism a such
that Cq () s finite. Then [G,a) and G/|G, ] are finite.

In particular, as an immediate corollary one obtains that the centralizer of [G, ] is
a finite index nilpotent subgroup of class two. However, the proof does not provide
information on the index of this nilpotent subgroup as in fact it does not give a
bound on the size of the derived subgroup depending only on n.

Next, we give an alternative proof of the aforementioned results of Hartley and
Meixner, obtaining a gently improvement regarding definability properties in Fact
2.6 and 2.7, as well as bounds in Fact 2.8 for groups of bounded exponent.
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First we prove some basic lemmata on pseudo-finite groups.

Lemma 2.9. Let G be a pseudo-finite group containing an element x with a finite
centralizer, and let N be a definable normal subgroup of G. Then

|Ca/n(zN)| < [Ca(w)].

Moreover, if x is an involution and the equality holds, then N is contained in and
centralizes the set xx®. In particular, it is a subgroup of Z([x,G]) and is inverted
by x.

Proof. As G is pseudo-finite, there is an infinite family {G;};cy of finite groups
such that G is elementary equivalent to an ultraproduct of this family, for some
non-principal ultrafilter on N. Thus without loss of generality we may assume that
G is this ultraproduct. Let N; denote the set given by the formula defining N in G;,
which in almost all such groups is a normal subgroup, and let z; be the element of
G; corresponding to a representative of z. Observe that for almost all finite groups
G; we have that Cg, (z;) has the same size as Cg (), which is finite by assumption.
Additionally, since for finite groups it holds that

|Cq, (xi/Ni)|

= N (NG| < i)l
S = 1, i) < (o)

see for instance [7, Lemma 1.1], we deduce that N; has index at most |Cg(z)| in
Cg,(z;/N;), and so does N in Cg(z/N) as the latter is an elementary property. It
then follows that Cg/n(zN) is of size at most |Cg ()|, as desired.

For the second part of the statement, notice that if the equality holds, then so does
in almost all finite groups G; and consequently we have that
|Ca; (z:i/Ni)|

Thus, considering the surjective map y — [z;,y] from Cg, (z;/N;) to N;, we easily
get that each element of these groups N; is of the form z;z! = [z;,y] for some y in

= [Ny

G;. Hence N; is contained in the set xeZG and whence the same holds replacing
N;, G; and z; by N, G and z. Consequently, the involution z inverts every element
of N. Moreover, since N is normal, any conjugate of x inverts N and hence the
latter centralizes the set zz€, as desired. [

The lemma above is well-known for finite groups or even for arbitrary groups when
N is assumed to be finite, see [1, Lemma 1.3]. Similarly, the results below follow
easily from the finite setting.

Lemma 2.10. Let G be a pseudo-finite group admitting a definable automorphism
with |Ca(a)| < n for some natural number n. Then the subgroup [G, a] is definable
of index at most n.

Proof. As G is pseudo-finite, there is a family {G,,}men of finite groups whose
ultraproduct G with respect to some non-principal ultrafilter is elementary equiva-
lent to the infinite group G. In particular, almost all groups G,,, contain a definable
automorphism «,, with a centralizer of size n, which is induced by the same first-
order formula that defines a. Moreover, we denote the definable automorphism in
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G still as a. Set X,, to be the set of elements of the form z~'2%" with = in G,
and note that in almost all finite groups G, we trivially have that

St = [Cafam)] < n

Let X be the set of elements of the form z~ 'z with = in G which generates the
subgroup [G, a] of G. Now, suppose the group [G, a] has index at least n+ 1 in G.
Then we can find n + 1 translates of X which are pairwise disjoint. Consequently,
this has to be true in almost all finite groups for the corresponding X,, which
contradicts the above inequality. Thus the group [G, ] has index at most n in G.
Moreover, this subgroup is the union of all k-products of elements in X UX ~tU{1}
for any natural number k. Thus, by saturation and compactness this subgroup is
indeed equal to the k-products of elements in X U X~ U {1} for some fixed natural
number k. This remains true for G and so the subgroup [G, o] is definable in G
and has as well index at most n. (I

A standard argument using ultraproducts yields the following:

Corollary 2.11. There is a function f(n) defined on the natural numbers such
that if G is a locally finite group admitting an involutory automorphism o with
|Ca(a)] < n for some natural number n, then the subgroup [G, & has index at most
n and is obtained as the product of at most f(n) many elements of the form x~'z®
with x in G.

Proof. Let G be locally finite and assume, as we may after replacing G by G x («),
that « is an element of G. It is immediate that [G, «] has index at most n: Assume
there exist elements xy, . .., z, of different cosets of [G,a] in G. Let H be the finite
subgroup of G generated by the elements «, xg, ..., x,. We obtain that

[H:[H,a]] < Ch(a) <n.

which clearly contradicts the choice of H.

For the second assertion, we first find such a function for finite groups. To do so,
suppose towards a contradiction that there is no such a function. Thus, there is a
natural number n such that for any natural number k& we can find a finite group
G, admitting an involutory automorphism «y, fixing only n many elements, in a
way that in [Gg, ag] there is an element which cannot be written as the product
of k many elements of the form x~'x“*. Now, consider an ultraproduct K of all
finite groups Gy X (o) with respect to some non-principal ultrafilter on N. Notice
that K is a pseudo-finite group such that the equivalence class a of the sequence
((1, ag))ken has a centralizer of size n. Thus, the previous lemma yields that [K, o]
is definable and so, by saturation of K and compactness, it is indeed defined as the
product of at most [ many elements of the form z~'2* = [z, a] for some natural
number [. As saying that the product of [ + 1 of such commutator elements is
indeed the product of [ many is first-order expressible, Y.os’ Theorem yields that
in almost all subgroups G x () the commutator subgroup [Gy % (), (1, )] is
also defined as the product of at most [ many commutator elements. Therefore, as
an easy computation gives us that

(G % (), (1, )] =[Gy, ag] x {1},
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we obtain an isomorphism between the latter and [Gg, «x], which contradicts the
choice of Gy.

To finish, notice that the same function obtained in the finite context yields the
statement for locally finite groups. O

Lemma 2.12. Let G be a pseudo-finite group and let N be a definable central
subgroup of G. If G/N is finite-by-abelian then G has a definable finite index
subgroup K that is nilpotent of class two. Moreover, if the derived subgroup of
G/N has size n, then the index of K in G only depends on n.

Proof. Assume, as we may after replacing G by the finite index subgroup C¢(G’/N),
that G/N is in addition nilpotent of class two. Now, as G is pseudo-finite, we can
find an infinite family {G;};en of finite groups in a way that G is elementary
equivalent to a non-principal ultraproduct of this family. Let N; denote the set
given by the formula defining N in G;, which in almost all finite groups G; is a
central subgroup. Moreover, as (G/N)" = G'N/N is finite of size n by assumption,
almost all finite groups G;/N; have also a derived subgroup of size n.

Now, fix one of these finite groups G; and set H; = Z(G;) N G} = Cg/(G;). Note
that
Thus, there are at most n many elements x; 1, ..., %;, of G; such that

H; =Cg (Tt Tin)-

Now, set K; to be the subgroup Cq,(zi1,.-.,%in/Ni). As G;N;/N; has size at
most n, so does the conjugacy class of x; ;N; in G;/N; and hence the subgroup
Cq,(x;,;/N;) has index at most n in G;. Consequently, we get [G; : K;] < n™.
Finally, set F; to be the subgroup of G; generated by z;1,..., ;. Thus

([Fi, Ki], K] < (G N N, K] = {1}

by construction and as N; is central. Therefore (K], F;] is trivial by the three
subgroup lemma, yielding that K/ is contained in Ca: (F;) = H;. Since H; is
central in GG; we obtain that K; is nilpotent of class two.

To conclude, observe that the index of K; in G; is at most n™ and moreover, there
is a first-order formula which only depends on n that defines K;. Hence, such a
formula defines a subgroup K of G which has index at most n™ and is also nilpotent
of class two. O

Lemma 2.13. Let G be a pseudo-finite group admitting a definable involutory
automorphism a with |Cg(a)| < n for some natural number n and let N be a
definable a-invariant subgroup of finite index. If N is nilpotent of class two, then
there is a definable finite index subgroup H of N which is normal in G and such
that H' is contained in Cq(a).

Proof. Consider the group [N, a], a definable subgroup of N of index at most n by
Lemma, 2.10. As « inverts any element of the form z~'z® with z in N, for any two
elements u and v of these form we have that

[w, 0] = [u®, 0] = [ 07 = [v,0”
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since [N, ]’ is central in N. Moreover, as the latter is generated by the commutator
elements of elements of the form x~12%, we deduce that [V, o]’ is fixed pointwise by
«. Hence, to conclude the proof it is enough to take the intersection of the finitely
many conjugates of [N, «] in G, which yields a definable normal subgroup with the
desired properties. O

Now we state and prove Hartley and Meixner’s result for pseudo-finite groups.

Proposition 2.14. Let G be a pseudo-finite group containing an involution i with
a finite centralizer. Then there is a definable normal subgroup H of G of finite
index such that H' is contained in Cg(7).

Proof. First note that it is enough to show that G is finite-by-abelian-by-finite:

In this case, there exists a finite index normal subgroup A of G which is finite-by-
abelian. Suppose that the derived subgroup of A has size k. Then, as the conjugacy
class of any element of A has size at most k, the FC-center of G contains A and

so it has finite index in G as well. Moreover, if yi,...,y,, are representatives of
the cosets of A in FC(G), then every element of FC(G) has a conjugacy class of
size at most max{k - [y"| : i = 1,...,m} and so the FC-center of G is definable

and finite-by-abelian by [14, 14.5.11]. It follows that the definable normal subgroup
FC(G) N Cg(FC(G)’) has finite index in G and is nilpotent of class two. Thus by
Lemma 2.13 we obtain the result.

Now, let G be a pseudo-finite group with an involution ¢ with a finite centralizer
of size n and suppose that any pseudo-finite group with an involution that has a
centralizer of size strictly smaller than n is finite-by-abelian-by-finite.

Note that, using minimality with respect to the size of the centralizer of an invo-
lution and Lemma 2.9 (or [1, Lemma 1.3]) we may assume that any finite normal
subgroup H of G is contained in and centralizes the set . In particular, any
finite normal subgroup is abelian and inverted by 4.

Let T be the set of periodic elements of FC(G), which by a result of Neumann,
see [14, 14.5.9], forms a characteristic subgroup of G. Suppose first that T is
finite. Then FC(G/T) has no elements of finite order and thus it is abelian as its
derived subgroup is periodic again by [14, 14.5.9]. Moreover, Lemma 2.3 yields
that FC(G/T) has finite index in G/T and thus G/T is abelian-by-finite and so
G is finite-by-abelian-by-finite. Thus, we may assume that T is infinite. Then,
the periodic subgroup T is additionally locally normal-finite by Dicman’s Lemma,
see [14, 14.5.7]. Consequently, by our assumption on all finite normal subgroups
we obtain that T is contained in and centralized by #i“. Therefore, it is abelian
and inverted by ¢. Now, let N be a maximal normal subgroup of G contained in
Z([i, G]). Note that this is an infinite abelian subgroup and so it cannot contain 7 as
Cg(7) is finite. Observe as well that NV is inverted by i. Moreover, as it centralizes
the subgroup [i, G], the subgroup C(N) has finite index in G by Lemma 2.10 (we
use this fact again at the end of this proof). Hence, the latter equals to a finite
intersection of centralizers of elements from N, whence it is definable and so is

Z(Ca(N)).

Set G to be G modulo Z(Ce(N)). If this group is finite, then G is abelian-by-finite
and we can conclude. So we may assume that G is infinite. Furthermore, note that
Z(Cg(N)) is an infinite abelian group and thus it does not contain i. Hence G is
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an infinite pseudo-finite group containing an involution ¢ with a centralizer of size
|Ca(2)] <n by Lemma 2.9.

Claim. The group G is finite-by-abelian-by-finite.

Proof of Claim. If |Cq(i)] < n, we obtain that G is finite-by-abelian-by-finite
by our initial assumption. Thus we may assume that |Cis(i)] = n. So Lemma
2.9 yields that the definable normal subgroup Z(Cg(N)) is contained in the set
ii% N Cq(ii%) C Z([i, G]). As N is contained in Z(Cg(N)), the choice of N yields
that N = Z(Cg(N)) and so N is definable. As pointed out before, the elements
T of finite order of FC(G/N) form a normal subgroup. If T is finite, arguing as
before we obtain that G/T is abelian-by-finite and hence G is finite-by-abelian-
by-finite. If T is infinite, using the same arguments as for T, we get that T is
an infinite locally finite-normal abelian subgroup. Moreover it is inverted by i and
contained in Z([¢N, G/N]). Observe that [i N, G/N] equals to [i, G] modulo N since
N is a normal subgroup of [i,G], and so the preimage P of T in G is contained
in [i,G] N Cq([i,G]/N). Furthermore, as N is central in [i, G], we deduce that P
is nilpotent of class two. As T is infinite and locally finite-normal we can find a
subgroup H of P which is normal in G and such that H/N is finite but has size
at least n 4+ 1. In particular, since N is definable so is the subgroup H. As H is
a subgroup of P, we have that H is trivially contained in [i, G] N Cs([i, G]/N), is
nilpotent of class two and H/N is inverted by i.

Now, we show that H modulo its central subgroup Cg(ii“) has exponent two. To
do so, consider an element h of H and an element g of ii“. As H is contained
in Cg([i,G]/N), there is some x in N such that g" = gz. Moreover, as H/N is
inverted by %, there is some element v of N such that h* = h~'v. Note that i
inverts  and v as these belong to N and also g since it belongs to ii“. Thus, since
v commutes with h and g, we obtain that

ghi _ (hz)flgzhz _ U*lhgflhfl,u _ hgflhfl'
On the other hand, as x commutes with g, we have that
9" =(g) =g a7t = (xg) " = (gu) ' =hT'gT'h
and so h% commutes with g. As g and h were taken to be arbitrary we conclude.

Thus, as H/N is inverted by i and N is included in Cp(ii%), we deduce that
the group H/Cpy(ii%) is centralized by i since all its elements are involutions. As
Cy (i) is central in H, the same holds for H/Z(H). As Z(H) is definable, the
infinite group G/Z(H) is pseudo-finite. Thus, applying Lemma 2.9 to G/Z(H) we
obtain that |Cq/z ) (iZ(H))| < n and consequently H/Z(H) has size at most n.
Moreover if equality holds in the above equation, Lemma 2.9 yields that Z(H) is
a normal abelian subgroup of G inverted by ¢ and contained in Z([¢, G]). Hence
Z(H) is equal to N by the choice of the latter, and so this yields that the size of
H/N in G is at most n, a contradiction. Hence |Cq/z(m)(iZ(H))| < n. Whence,
we deduce that G/Z(H) is a pseudo-finite group with an involution that has a
centralizer of size strictly smaller than n and thus by our assumption it is finite-
by-abelian-by-finite. Since H is a finite extension of N and N is central in H, we
get that G = G//N is finite-by-abelian-by-finite as claimed. UClaim

Using the claim, we can find a definable normal finite index subgroup F' of G such
that F'/Z(Cq(N)) is finite-by-abelian. As mentioned before the claim, the subgroup
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C¢(N) is definable and has finite index in G. Thus taking the intersection of these
two finite index subgroups, namely the subgroup Cr(N), we obtain a finite index
subgroup of G which is finite-by-abelian modulo its center. Thus by Lemma 2.12
Cr(N) contains a definable subgroup K of finite index that is nilpotent of class
two. Consequently K has finite index in G and therefore has only finitely many
conjugates in G. Considering the intersection of these conjugates, we obtain a de-
finable finite index subgroup of G which is nilpotent of class two and is additionally
normal in G. Using Lemma 2.13 we obtain the desired result. ([

As a consequence we obtain the following result for periodic groups, from which
standard arguments yield a gently improvement of Fact 2.6 and 2.7, offering at the
same time an alternative proof.

Theorem 2.15. There exists a function f(n) defined on natural numbers such that
if G is a periodic group admitting an involutory automorphism a with |Ca(a)| < n,
then there is a characteristic definable subgroup H of G such that G/H and H'
have both size bounded by f(n).

Proof. We first prove the statement for finite groups. Suppose, towards a contra-
diction, that such a function does not exist for finite groups. Thus, there exists a
natural number n such that for any natural number & we can find a finite group Hy,
admitting an involutory automorphism «ay, that fixes only n many elements of Hy
such that each Hj, witnessing that f(n) cannot be equal to k. Now, for each natural
number k, let Gy, be the semi-direct product Hy x (), a finite group containing
an involution with a centralizer of size n, and let G be an ultraproduct of all these
finite groups with respect to some non-principal ultrafilter on N. Notice that G is
an infinite pseudo-finite group containing an involution with centralizer of size n
and hence, Proposition 2.14 yields the existence of a definable normal subgroup K
of G of finite index whose derived subgroup has size at most n. It then follows that
FC(G) contains K and so it has finite index in G. Furthermore, the FC-center is
finite-by-abelian as explained at the beginning of the proof of Proposition 2.14.

Now, let m = max{[G : FC(G)],|[FC(G)’|}. For each natural number k, consider
the first-order formula ¢y (x) in the pure language of groups defining in an arbitrary
group the set of elements x with only k£ many conjugates, or equivalently the set
of elements x whose centralizer has index at most k. By choice of m, we have that
the formula ¢,,,(G) defines the characteristic subgroup FC(G) of G whose derived
group has size at most m. Notice that having a derived group of size at most m
as well as having index at most m is first-order expressible in the pure language
of groups. Thus the formula ¢,,(z) induces a characteristic subgroup in almost all
groups G whose index and the size of its derived subgroup are bounded by m.
Hence, it also induces a characteristic subgroup in Hjy with the same properties,
contradicting the choice of the Hy.

For the general case, let f(n) be the function given in the finite context and set
k to be f(n). Now, suppose towards a contradiction that there is some natural
number n such that for any natural number m we can find a periodic group G,, in
a way that the infinite family {G,,}men witnesses a counterexample. Consider a
non-principal ultraproduct G of these periodic groups.

As each G, is locally finite by Shunkov’s result, there is a directed system of finite
groups {Gm,i}icr whose union equals G,,,. It follows from the finite case that k
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many translates of ¢x(G,,1) covers G, ; for every | and m. Thus, we trivially have

that

|Gml|
_mil <k
|k (Gmi)| —

Now, suppose the subgroup FC(G) has index at least £+ 1 in G. Then we can find
k + 1 translates of ¢,(G) which are pairwise disjoint and therefore, this has to be
true in almost all infinite groups G,, by Los’ Theorem. Thus in each G,, we can
then find elements xg, ...,z witnessing that ¢r(G,,) has k 4+ 1 pairwise disjoint
translates. Now, as G is the union of the directed system of finite groups {Gm.i }ier,
there is [ € I which contains the elements xg,...,x;. This contradicts the above
inequality and thus [G : FC(G)] is bounded by k, which only depends on n.

Now, as FC(G) is given as the union of the subsets ¢,,(G) and the group G is
No-saturated, an easy compactness argument, together with a similar argument as
before, yields the existence of a natural number mg such that ¢, (z) induces a
characteristic subgroup in almost all periodic subgroups G,, whose index and the
size of its derived subgroup are both bounded by mg, a contradiction. ([l

Remark 2.16. By Theorem 2.15, one easily gets the statements of Fact 2.6 and 2.7.
Namely, by taking Cy(H') one obtains a characteristic definable nilpotent subgroup
of class two whose index only depends on n, yielding the definable version of Fact
2.6. Furthermore, similar arguments as in Lemma 2.13, together with Corollary
2.11, gives the definable version of Fact 2.7.

Observe that our methods do not yield a first-order formula only depending on n
that defines uniformly these characteristic subgroups. As in the proof of Belyaev
and Sesekin of Fact 2.8, the main reason is that we cannot control the size of the
derived subgroup of the FC-center by a function depending on n. Nevertheless, we
obtain a uniform bound for groups of bounded exponent.

Corollary 2.17. There is a function f(n) defined on natural numbers such that
for any group G of exponent at most m admitting an involutory automorphism
with |Ca(a)] < n, the subgroup [G,a] has index at most n in G and its derived
subgroup has size at most f(n,m).

Proof. By Shunkov’s Theorem, after Corollary 2.11, it remains to prove that the
size of such a derived subgroup can be bounded by a function only depending on
n and m. As usual, suppose towards a contradiction that this is not the case.
Thus, we can find two natural numbers n and m and a family { Hy }ren of groups of
exponent m admitting an involutory automorphism oy, fixing only n many elements
such that [Hg,ay]" has size at least k. Now, consider the ultraproduct G of all
groups Hj, x {ay) with respect to some non-principal ultratrafilter on N. Thus, the
infinite group G is again a group of exponent at most m and the equivalence class
« of the sequence (ag)gen is an involution with a centralizer of size n. Hence, by
Theorem 2.15 we obtain a finite-by-abelian normal subgroup of finite index and so
the FC-center of G has also finite index in G.

Now, we prove that [G, o] is finite-by-abelian. To do so, let L denote the intersection
of all conjugates of [G, a] NFC(G), a finite index normal subgroup of G. Moreover,
since G is periodic, its FC-center is locally finite-normal, see [14, 14.5.7], and so L
is the union of finite normal subgroups of G. By Lemma 2.9 there exists a finite
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subgroup N of L, normal in G such that the size of Cq/n(aN) is minimal among
all finite subgroups of L which are normal in G. Hence, again by Lemma 2.9 we
obtain that L/N is contained in Z([G/N,aN]). As L is a normal subgroup of
[G, a] by construction, we obtain that [G, ] modulo N is central-by-finite and so
finite-by-abelian by a result of Schur, see [14, 10.1.4]. It then follows that [G, ] is
also finite-by-abelian since N is finite, as claimed.

By Corollary 2.11, there is a first-order formula v (z,y) in the pure language of
groups such that ¢ (x, «) defines [G, a] and also that ¥ (z, (1, ax)) defines

[Hi % (o), (1, )] = [Hi, ] x {1}
Moreover, as expressing that the derived subgroup of the group defined by 9 (z, «)
has size at most |[G, a]’| is first-order expressible, the same is true of ¥(x, (1, ax))
!

in almost all the semi-direct products Hy x (o) and so [Hy, ay] has size |[G, ]
However, this yields a contradiction, finishing the proof.

D_

To finish this section, we point out that a standard elementary argument allows
us to extend the previous results to the pseudo-periodic context, which extends
Proposition 2.14. As the proofs are similar to the one of Theorem 2.15 we omit to
give details.

Theorem 2.18. There is a function f(n) defined on natural numbers such that if
G is a pseudo-periodic group admitting a definable involutory automorphism o with
|Ca(a)] < n, then there is a characteristic definable subgroup H of G such that
G/H and H' have both size bounded by f(n).

Proof. Firstly, notice that Theorem 2.15 yields the existence of a function fy such
that any such pseudo-periodic group is covered by at most fo(n) many translates of
the subset of elements with at most fo(n) many conjugates. Hence, if the statement
does not hold, one can find an infinite family of counter-examples and consider a
non-principal ultraproduct G. Notice that G is also covered by fo(n) many trans-
lates of its corresponding subset of elements with at most fo(n) many conjugates.
Hence, a similar argument as in the proof of Theorem 2.15 yields that the FC-center
of G is given by a first-order formula and it is finite-by-abelian, which contradicts
the choice of our family. (I

Consequently, following the proof of Lemma 2.13 and using Corollary 2.11 we obtain
the following:

Corollary 2.19. There is a function f(n) defined on natural numbers such that
if G is a pseudo-periodic group admitting a definable involutory automorphism
with |Ca ()| < n, then there is a definable normal subgroup H of G whose index is
bounded by f(n) and its derived subgroup is contained in Ca(a).

3. THE EXISTENCE OF AN INFINITE ABELIAN GROUP

In this section we prove the following;:
Theorem 3.1. Any pseudo-finite group has an infinite abelian subgroup.
Proof. We first show that any pseudo-finite group has a non-trivial element with

an infinite centralizer. To do so, suppose towards a contradiction that all non-
trivial elements of a pseudo-finite group G have finite centralizer. Thus the group
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G cannot contain an involution by Lemma 2.3 as otherwise the FC-center would be
non-trivial. On the other hand, by the Feit-Thompson Theorem, any finite group
H without an involution is solvable. Thus, in any such finite group there exists a
non-trivial element A such that (k1) is abelian and so, the conjugacy class hl is
contained in Cy (h). Hence, as the latter is first-order expressible, the same holds in
the pseudo-finite group G. Namely, we can find a non-trivial element g in G whose
conjugacy class is included in its centralizer. As by assumption, the centralizer of
g is finite, so is g¢ and thus G, a blatant contradiction. Therefore, we deduce that
any pseudo-finite group contains a non-trivial element with an infinite centralizer.

Now, as an element of infinite order yields an infinite abelian subgroup, we may
assume that G is periodic. Let zg be an element of G with infinite centralizer and
consider the pseudo-finite group Gy defined as Cg(xg) modulo (zp). Again, we can
find an element x; in C(xo) whose class Z7 in Gy is non-trivial and has an infinite
centralizer. As xz and z7 commute and both have finite order, the group (zg, x1) is
finite. Thus, considering the pseudo-finite group G; defined as Cg(xo, 1) modulo
(x9,21), we find an element zo in Cg(xg,x1) whose class T2 in G is non-trivial
and has again an infinite centralizer. Proceeding in this way, we obtain an infinite
abelian subgroup generated by the set {x;};cn. This finishes the proof. O

As an immediate consequence of the theorem above we obtain the following:

Corollary 3.2. There is only a finite number of finite groups in which every abelian
subgroup has size at most n.

4. RESTRICTED CENTRALIZERS

In this section we explore groups with a certain condition on centralizers, weakening
the notion of FC-group, introduced by Shalev [15].

Definition 4.1. A group has restricted centralizers if the centralizer of any element
is either finite or of finite index.

A subgroup of a group with restricted centralizers has also restricted centralizers.
Moreover, Shalev showed in [15, Lemma 2.1] that this condition is preserved under
taking quotients by finite normal subgroups. Observe that for pseudo-finite groups,
having restricted centralizers is preserved for any definable factor by Lemma 2.9.

Model-theoretically, natural examples of groups with restricted centralizers are
groups of SU-rank 1, such as infinite extra-special groups of exponent p > 2, which
is also pseudo-finite. On the other hand, Tarski monsters also satisfy such property,
witnessing that a priori this condition may not be strong enough to ensure a well-
behaved group theoretic structure. Nevertheless, Shalev showed [15, Theorem 1.1]
that any profinite group with restricted centralizers is finite-by-abelian-by-finite.
His proof makes use of the Classification of Finite Simple Groups as well as Zel-
manov’s solution of the Burnside problem for periodic profinite groups. We obtain
the corresponding result for pseudo-finite groups, which require the following result
obtained combining [8] and [10, Theorem 2]:

Fact 4.2. There are two functions f(n,p) and h(p) defined on the natural numbers
such that if G is a finite group admitting an automorphism of prime order p fixing
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only n many elements, there is a nilpotent subgroup of index bounded by f(n,p) and
whose nilpotency class is at most h(p).

Theorem 4.3. The FC-center of any pseudo-finite group with restricted centraliz-
ers is definable and has finite index.

Proof. Let G be a pseudo-finite group having restricted centralizers and assume,
as we may, that it is not an FC-group. By [15, Lemma 2.2], the group G modulo
FC(G) is periodic and so there exists some element z of G \ FC(G) such that zP
belongs to FC(G) for some prime number p. Thus, the definable subgroup Cg(2P)
has finite index in G and, since by assumption Cg(x) is finite, say of size n, it
additionally admits a definable automorphism of order p which fixes only n many
elements.

Now, as the group Cg(aP) is pseudo-finite, it is elementary equivalent to the ul-
traproduct of some family {H,,}men of finite groups. Notice that almost all these
finite groups admit an automorphism of order p which fixes n many elements. By
the previous fact, in each of these H,, we can find a nilpotent subgroup of index
bounded by f(n,p), for some function, and whose nilpotency class only depends
on p. As such a nilpotent subgroup has at most f(n,p) many conjugates, the in-
tersection of all these yields a normal nilpotent subgroup of the same nilpotency
class whose index is bounded in terms of n and p. Namely, its index is at most
f(n,p)!. Tt then follows that the Fitting subgroup F(H,,) of each H,, has also
index at most f(n,p)! and its nilpotency class is bounded by a function on n and
p. In particular, for almost all natural numbers m, the nilpotency class of F(H,,)
and the index of the latter subgroup in H,, are the same. On the other hand, there
is a first-order formula defining in a uniform way all these Fitting subgroups and
hence, this formula yields also the existence of a normal nilpotent subgroup N of
Cg(2?) of finite index. Furthermore, after replacing N by the intersection of its
finitely many conjugates we may assume that it is normal in G.

To conclude, as N has finite index in G, it is enough to prove that FC(G) extends
N. To do so, it suffices to reproduce the proof of [15, Proposition 2.5] where it is
shown that any normal nilpotent subgroup of a group with restricted centralizers
is contained in the FC-center of G. This finishes the proof. O

In case that the pseudo-finite group is assumed to be Nyp-saturated, then an easy
compactness argument yields that its FC-center is finite-by-abelian. For finite
groups the result above yields the following:

Corollary 4.4. There is a function f(n) defined on the natural numbers such that
if G is a finite group such that for any element x the size of Cq(x) or G/Cq(x)
is at most n, then there is a characteristic subgroup H of G such that the size of
G/H and H' are bounded by f(n).

Proof. If the assertion does not hold, then for some natural number n we can find
an infinite set {G} }ren of finite groups satisfying the condition such that Gy has
no characteristic subgroup Hj, with |G/Hy| and |Hj| bounded by k. Thus, any
ultraproduct G of these finite groups with respect to a non-principal ultrafilter on
N has restricted centralizers and so its FC-center is definable and has finite index.
Hence, again by compactness and Rg-saturation of G we get that FC(G) is indeed
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finite-by-abelian and so G is finite-by-abelian-by-finite. However, the formula defin-
ing FC(@) induces in almost all finite groups G}, a characteristic subgroup Hy such
that |G /Hy| = |G/FC(G)| and also that |H,,| < |[FC(G)'|, a contradiction. O

Note that a pseudo-finite group of SU-rank 1 has uniform restricted centralizers
and so satisfies the weak chain condition on centralizers. Thus, we deduce that
these groups are finite-by-abelian-by-finite (cf. [18, Corollary 4.12] and [3, Theorem
2.11]). In fact, this can be deduced from Theorem 3.1 since any infinite abelian
subgroup is contained in the definable finite-by-abelian subgroup.
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