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Abstract

In this paper we show that solutions of the heat equation that are given in terms of the
heat kernel define semigroups on the family of Fréchet spaces L} (R?), the intersection (over
all € > 0) of the spaces LE(R?) of functions such that [, 0_€|z|2|f(x)|p dz < oo. These
spaces consist of functions that are ‘large at infinity’, and L}(R?) is the maximal space in
which one can use the heat kernel to obtain globally-defined solutions of the heat equation.
We prove suitable estimates from Lh(R?) into LE(R?), ¢ > p, for these semigroups.

We then consider the heat semigroup posed in spaces that are dual to these spaces
of functions, namely the spaces L” _(RY) of very-rapidly decreasing functions such that
Jga esleP | f(z)|P dz < co. We show that (LB (RY) = L7 . (R?) (with 1 < p < oo and
(p, q) conjugate), and that the heat flow on L?(R?) is the adjoint of the flow on L? ;(R?) for
an appropriate (time-dependent) choice of é.
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1 Introduction

In a previous paper, [6], we considered solutions of the heat equation
u—Au=0, z € R >0, u(z,0) = up(x). (1.1)

with initial data in the spaces

1mdy . 1 dy . e—z—:|w|2 2 dz < oo )
DR = {7 € L@ [ e ] do < (12)

which are Banach spaces when equipped with the norm

3

e = (5) [ e 1r@)] da,

We showed that, despite the large growth of these functions at infinity, such solutions can be
written using the heat kernel,

1 _|Z*y\2 d
u(z,t) = S(t)uo(x) = @) /Rd e 2 uy(y)dy, z=eRY t>0, (1.3)
and satisfy the estimate
€
[u@ls, gy < Nollzaen,  where  e(t) = =, (1.4)

for all 0 < ¢t < 1/4e. Notice that in the estimates above, which will be shown to be optimal
in Section 3 (see Proposition 3.4), the solution must be estimated in a norm that changes
with time. In fact, as time advances, the estimate on the solution can only be performed in a
progressively worse space. We showed in [6] that, since we allow initial data which may be very
large at infinity, these solutions may not exist for all time, by a mechanism of mass moving from
infinity; there we also characterised those initial data for which this happens and the points at
which the solution blows up.

We also showed that if the initial condition 0 < ug € LllOC (RY) gives rise to a globally defined
solution then we must have
up € Li(R) := () LL(RY). (1.5)
e>0
Conversely, for ug € L§(R?), (1.3) defines a global solution of the heat equation. Thus, the space
(1.5) is an optimal class for the global existence of solutions given by (1.3).

The starting point for this paper is the observation that if ug € L}(R?) then for any § > 0
and any ¢t > 0 one can rewrite the estimate in (1.4) as

6
||S(t)u0||L(15(Rd) < ||U0||L§(t)(Rd)a where 6(t) = m;
this shows in particular that S(t): L§(R?) — L{(RY) for every t > 0. Equipping L}(R?) with an
appropriate topology (see Section 3) we thereby obtain a very natural example of a semigroup
defined on a Fréchet space.



It is possible to extend the rich classical theory for solutions of the heat equation in Lebesgue
spaces to this context, in particular the LP—LY estimates

drl

Ju®)l oy < (4rt) 26" D llugllppgay, forevery t>0and 1<p<g<oo. (L)

Defining
D) = {7 € 1@ [ e dn < o
Rd

e\ d/2p elxl2 1/p
I laggeny = (2) ([ e i@par)

in Section 4 we obtain Lgé(t)fl}gé estimates in line with (1.6), namely

with norm

d
14 46t)20 %
Ju(®) 25, < cp,q((élmgl_l)||uo|L;5<t)(Rd). (1.7)

which hold for ug € Li(R?) := (.., LE(R?). Taking ¢ = p shows that S(t): Lj(R?) — LE(R?)
for every t > 0; we can use the solutions of the heat equation to define a semigroup on every
member of this family of Fréchet spaces.

Notice that in (1.7) besides the typical term 2G) (see (1.6)) that describes the time

singularity of the solution for short times, an algebraically increasing term (1 + 450%(1*5)
appears, reflecting the fact that we are dealing with functions that are very large at infinity.
This term reflects the mechanism of mass moving from infinity that was shown in [6] to be able
to produce nonlinear-like behaviour in the solutions of (1.1).

The estimate in (1.7) shows another feature that reflects the fact that our chosen space of
initial conditions allows for large growth at infinity: to estimate the solution at time ¢ in a fixed
space Lg s(R), it is necessary to measure the initial data in the space Li 5(t) (RY) that changes

with time, requiring better and better integrability of ug as ¢ increases, since §(t) is decreasing.

In our previous paper [6] we used some duality arguments, pairing solutions of the equation
for initial data in L%)(Rd) with solutions corresponding to initial data with compact support. In
the second half of this paper we present a much more systematic duality theory.

We define spaces of ‘very rapidly decaying’ functions, by setting
P (R = {f e IP (RY): /Rd e5‘$‘2|f(a:)\pdx < oo} for 1 < p < oo,

with the norm

=

||f||L115(Rd) = (g>d/2p </Rd e6|m|2‘f(x)|p dm)

We show in Proposition 6.4 that for 1 < p < oo the dual of Lb.(R%) is L’i/p/e(Rd), where p

and p’ are conjugate (and corresponding results for the endpoint values of p). Defining

I y(RY) := Uoso L (RY)



we deduce that (L5(R%)) = L’ilo (R%) in Corollary 6.5.

In Corollary 6.7 we obtain LP—L? type estimates for the action of the heat semigroup in these
spaces of very-rapidly decaying functions. In the final section we show that the heat flow in the
LE(R?) spaces is the adjoint of the heat flow in the L” _(R?) spaces in the sense that for each

t>0
[ sl = [ wisosl

for up € L (R%) and ¢ € Lfip,é(Rd), where §(t) := /(1 + 44t).

5(t)

The results from the first half of the paper form an important ingredient in our analysis of
the non-autonomous problem
up — Au+ Au = f(t)

and the associated elliptic equation

—Au+Iu=f

in a forthcoming paper [7].

2 Some previous results

In this section we quote some results from [6] that will be needed below. We consider the Cauchy
problem

u—Au=0, z € R >0, u(z,0) = up(x), (2.1)
whose solutions are expected to be given in terms of the heat kernel by
(o tiu0) = S(tuo(w) = i [ e u(y)a
u(x, t;ug) = ug(z) == ———7 u ,
if ug € Ll .(RY) or, more generally, if uj is a Radon measure ug € Mj,.(RY) by
(@ ti00) = S(t)uo(w) = o [ &5 dun(y) (22)
u(x, t;ug) = up(x) i= ———= e uo(y). )
0 0 (4rt)32 Jpa o\y

/

Notice that the space of Radon measures in R? is defined as Mj,.(RY) = (CC(Rd)) where in
C.(R%) we consider the final topology for the inclusions C,(K) < C.(R%), KCC R, see [2, 3].

In [6], solutions of the form (2.2) for equation (2.1) were constructed for initial data in the
very large spaces of measures

Mo(RY) = {u € Mioo(RY) : /R e dlu(a)] < oo} ; (2.3)

ie. e~el?® ¢ L1(d|p|), for ¢ > 0, where |u| denotes the total variation of p. It is natural to
endow this space with the norm

€ d/2 —E|T
Il = (£) [ e dugal, (2.4)
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with which it becomes a Banach space. This space contains in particular the class of point
functions

LI(RY = {feL%oc<Rd>: / e-E'x'Qrf<x>|dx<oo};
Rd

with the norm
€

d/ 2
s = (5) [ e 1r@lda (25)

™

for which a positive constant function f(z) = ¢ has norm ¢. This space is also a Banach space.
If f € LL(RY) then f € M(R?) and |||l s, ray = 1 f 1|22 (ra)-

We consider the family of integrable weights

eNd/2 212
polw) = (£) et [ pwyde =1, (2.6)
™ R4
with € > 0 and note that if 0 < &1 < &9 then
o\ 42
pa@ = (2) palor aemd (2.7
hence for p € M., (R%)
N
ity < () Dol (25)

and therefore M. (R?) and L!(RY) are increasing in ¢ > 0 and

The following result is taken from Theorem 3.6 in [6].

Theorem 2.1. Suppose that ug € M.(RY). Set T(e) = 1/4¢, and let u(z,t) be given by (2.2).
Then u(t) € L (RY) fort € (0,T(c)), u € C®(R¥x(0,T(¢))), and u satisfies (2.1) pointwise

loc

in R% x (0,T(g)). Furthermore for every ¢ € Co.(R%) and 0 <t < T(e)

/ pult) = | S(t)pdug
Rd Rd

/gou(t)—>/ o dug,
Rd R4

i.e. u(t) — ug as t — 0T in the sense of measures.

and

It is also clear that if 0 < ug € Mc(RY) is non-zero then u(z,t) > 0 for all z € R,
t € (0,T(g)), i.e. the Strong Maximum Principle holds.

Conversely it was proved in Lemma 3.2 in [6] that if 0 < ug € Mjoc(R?), u(z,t) is given by
(2.2) and satisfies u(x,t) < oo for some x € R, ¢ > 0 then

ug € M. (R?) for every e > 1/4t.

Hence the spaces (2.3) are the natural ones in which to consider solutions of (2.1) that can be
written in the form (2.2).

Some additional properties of the solutions in Theorem 2.1 are given in the following result,
see Proposition 3.7 in [6].



Proposition 2.2. Suppose that ug € M. (R?), set T(c) = 1/4e, and let u(x,t) be given by (2.2).
Then

(i) For 0 <t <T(e) and for any 6 > m > ¢ we have u(t) € L} (RY). Moreover if we set
1 €
t) = =
= 1Te =0 " G-
then
luzr, @) < lluollu. @e)- (2.9)

(ii) For0<s<t<T(e)
u(t) = S(t — s)u(s).

(iii) For any multi-index o € N¢, for 0 < t < T(g) and for any & > m > ¢ we have

Deu(t) € Ly (RY). Moreover for any v >1 and 0 < t < )

- and if we set

1 5

BTG L vy R gy

then .
DSy, ) < 5 ol e (2.10)

(iv) For any multi-inder o € N%, m € N and for each to € (0,T(g)) there exists 5(tg) > & such

a,m

that the mapping (0,T(€)) > t = Dy u(t) is continuous in Lé(to)(Rd) at t = tg.

Remark 2.3. (i) Notice that for any multi-index o € N® and any 0 < 8 < 1 (with even = 0
if « =0 from (2.2))

o _Cap [ —a-plept
DSue)| < s [ e 0 duo) (2.11)
From here we can get that for any 0 < v < 1,
|D%u(, t)] < _Cad _ G00-pEE [ a-na-ps dluo(y)]. (2.12)
TN = d/2+al /2 R

Estimates (2.11) and (2.12) are at the core of the proof that u € C®(R% x (0,T(e))) in
Theorem 2.1 and of parts (iii) and (iv) of Proposition 2.2; they will be used again below.

(ii) The index §(to) in part (iv) of Proposition 2.2 can be taken as 6(tg) = (1 —~)(1 fﬂ)ﬁ > e,
provided that to < T := (1 —~)(1 — B)T(¢e).

Notice that (2.9) implies that the solution lies, at each time, in a space that progressively
deteriorates, since £(t) is increasing. That is, the integrability of the solution worsens with time.
This estimate will be improved to an equality for non-negative initial data later in Proposition
3.4, showing in particular that it is optimal.

The solutions above attain the initial data in the following sense, see Corollaries 3.8 and 3.9
in [6].



Corollary 2.4. If ug € M.(R%), let u(z,t) be given by (2.2) and ¢ € Co(R?) is such that
lp(z)| < Ae 12 ¢ € R, with v > . Then

/u(t)gp—>/ @ dug as t—0.
R4 Rd

If up € LLE(RY) then for any 6 > & we have
u(t) = ug in  L}(RY) as t— 0T,

Additionally (i) if uo € L} (RY) as t — 0F; (i) if

ug € C(RY) then u(t) — ug in L2 (RY) ast — 07,

loc

(RY) with 1 < p < oo then u(t) — ug in LY

loc

Finally, a uniqueness result was obtained in Theorem 4.1 in [6].

Observe that for ug € M(R?) the solution of the heat equation in Theorem 2.1 satisfies

1 lyl?
u(0,t; |ug|) = (47Tt)d/2/Rde 1t dluo(y)|

1 1
ool ey = (0, g2l ) = () ol ),

Therefore estimates (2.9) and (2.10) imply that we can estimate the solution of the heat equation
by its value at = 0.

and so

3 The heat semigroup in the Fréchet spaces L}(R?) and M;(R9)

As a consequence of the above results above we define
L§(RY) = [ LER?) € Mo(RT) = () M(RY). (3.1)
e>0 e>0
Proposition 3.1. If ug € My(RY) then u(x,t), given by (2.2), is well defined for all x € R?
and t > 0.

Conversely, if 0 < uy € Mioe(R?Y) and u(x,t) is defined for all t > 0 then ug € Mo(R?).

This shows that the spaces (3.1) are optimal for globally-defined solutions of (2.1) that are
given by (2.2). Our goal in this paper is to analyze the heat flow given by (2.2) in these spaces.

Observe that in the spaces
LyRY) = (VLL®RY)  and  Mp(RY) = () M(RY)
e>0 e>0

the expressions in (2.5) and (2.4), respectively, define a family of seminorms. It follows that
L{(R?) and Mo(R9) are Fréchet spaces?.

“Recall that a Fréchet space is a vector space X equipped with a countable family {p; }521 of seminorms with
respect to which X is complete: if (z,)n2; is a sequence in X that is Cauchy with respect to every seminorm p;
then there exists © € X such that p;(z, —x) — 0 for every j.



Lemma 3.2. The spaces L{(R?) and Mo(RY) with the family of norms (2.5) and (2.4) respec-
tively, are Fréchet spaces, where a sequence (u,) converges to ug in Mo(R?) (respectively in
L§(RY)) if and only if u, — ug in M(R?) (resp. in LL(R?)) for every ¢ > 0. Convergence in
Mo(R?) (resp. in Ly(R?)) implies convergence in Mioc(R?) (resp. in LL (R%)).

Proof. We prove the result in L} (R?). The case of My(R?) follows similar lines. Just note that
from (2.8) it is enough to consider a countable family of the norms (2.5) corresponding to a
decreasing sequence £, — 0. This defines a locally convex topology in Lé(Rd). Since each space
LL(R?) is a Banach space it follows that L}(R%) is complete, and hence a Fréchet space. The
rest is immediate. 0

Now we prove that the heat equation (1.1) defines a semigroup of solution operators in the
Fréchet spaces L (R%) and Mo(R?).
Proposition 3.3. The family of mappings defined by
u(t) = S(t)ug, up € Mo(RY), t>0

as in (2.2), satisfy S(t): Mo(RY) — L§(R?), are linear, continuous and order preserving.
Furthermore, {S(t)}t>0 is a continuous semigroup in L}(R?) and in Mo(R?). In the former
space the semigroup is continuous at t = 0. In the latter, the semigroup is continuous at t = 0
in the sense of measures.

Finally, for any § > 0 we have

1S uoll 1 may < luoll sy @y, >0 (3.2)
where
D p—
Tl 446t

The inequality in (3.2) becomes an equality if ug > 0.

Also for any 6 > 0, v > 1 and any multi-index o € N¢ we have

« c )
D2 S (H)uoll Ly (may < ﬁHUOHMm)(Rd)v t>0, (3.3)

with d(t) = 1++76t' In particular, for t >0, DES(t): Mo(RY) — L§(R?) is linear and contin-

uous.

Proof. From part (i) in Proposition 2.2 it follows that S(t): Mo(R?) — L§(R?) is well defined
for every ¢ > 0. Indeed for any fixed ¢ > 0 and uy € Mo(R?), take any § > 0 and choose € > 0
such that 6 > e,0<t <T(e) =1/4cand § = m, that ise = 0(t) = ﬁ. Then (2.9) gives
(3.2). This in turn gives S(t)up € L}(RY) and the continuity of S(t): Mo(RY) — L§(RY). Now
part (ii) in Proposition 2.2 implies that {S(¢)}+>0 is a semigroup in both L}(R?) and Mq(RY).
The order-preserving property follows from Theorem 2.1. We will show that the inequality in
(3.2) becomes an equality if ug > 0 as part of Proposition 3.4 below.



Now we prove that the solution curves of the semigroup are continuous in Lé(Rd). To see
this, fix any uy € Mo(R%) and tq > 0. Using part (iv) of Proposition 2.2 with a = 0 and part
R . . o ) 1
(ii) in Remark 2.3, given § > 0, chose 5 =0, 0 <~y < 1 and £ > 0 such that 6 > (1 — 7)470 > g,
that is, tg < 7 := (1 —4)T'(¢). Then ¢ +— u(t) is continuous in L}(R?) at ¢ = to.

Also, if ug € L(IJ(Rd) then Corollary 2.4 implies the semigroup is continuous at ¢t = 0 in
L%(Rd) for any 6 > 0. On the other hand, Theorem 2.1 implies that the semigroup is continuous
at t = 0 in Mo(R?) in the sense of measures.

Now if for any ¢ > 0 and v > 1 we chose € > 0 such that and 0 < t < @ and
5— 1 B €
CAMTE) —yt) (1 —4ént)
that is & = §(t) = H%vét then (2.10) gives (3.3). O

Before continuing, and as mentioned above, we will first improve (2.9) in Proposition 2.2
[and hence (3.2) in Proposition 3.3] to equalities for non-negative initial data.

Proposition 3.4. Assume that 0 < ug € M.(R%) and let u(x,t) be given by (2.2).
(i) For everyd >e and 0 <t < Lt — & =T(e) — T(6)

46
) 3y = ol gy )

0<ug € Mo(Rd).

In particular, this estimate holds for any § > 0 and t > 0 whenever

we have

(ii) For 0 <t <T(e) = ;= and for e(t) := 4(Té)_t) = =i
lu@zr, @y = luolli. @e)-
Proof. Since ug > 0 for § > 0 we have

~5laf? _ ~Slaf? g~ lo—2I? /4t
/Rde u(z,t) dz e /Rd /Rde e dug(z) dz.

Notice that completing the square we obtain

2 2
— 1+ 46t 1 1)
5 2 ‘Z’ Z‘ —_ _ 2
o+ = Tl ey B eyl
and so
_5‘1,'2 _ 1 _ 56 ‘2‘2 _L4dst|, 15 Z’2
/Rd e u(x,t) dz 7(4“)03/2 /Rd e 145t 1 dug(2) y e 1t Tra5t %l da.
Since

/2
/ e 1-'4—1%& |z—ﬁz|2 dx = / e lté& ‘1‘2 dx = Amt
Rd Rd 1 + 46t

9



it follows that

—0la|? Nd 1 i — 13 2 g
= F4ot
/Rd e u(z,t) dx T 5 /]Rd e uo(z),

() 1 @ay = Nuoll vy, way

that is

First, since §(t) is decreasing, for § > ¢ the right hand side is defined up to the time for

which §(t) = ¢, that is, for 0 <t < L — & = T(e) — T(6).

Second, given t with 0 < t < T'(¢), choose § = ¢(t) = 4(T(i)—t) = (1_‘5450 and then §(t) = ¢,
that is
lu@lzr, @y = luollr. @a)- O

Now we prove that the semigroup curves are more regular in space and time.
Proposition 3.5. For each ug € Mo(R%) and any multi-index o € N, the solution curve
(0,00) 3 t — DS (t)ug € Li(RY)

is C'°. If additionally,
sup ||uo || v, (rey < 00 (3.4)
e>0

then the solution curve is C*, i.e. analytic, in (0,00).

Proof. For any multi-index a € N?, for any ug € Mo(R%), to > 0 and § > 0, part (iii) in
Proposition 2.2 implies Du(tg) € L}(R?) provided we chose § > m >e, e e< ﬁ.
Hence D%u(tg) € Li(R?). Also using part (iv) of Proposition 2.2 and part (ii) in Remark 2.3,
given § > 0, chose 0 < 3,7 < 1 and € > 0 such that 6 > (1 — §)(1 — 'y)ﬁ > ¢, that is,
to < T :=(1—B)(1 —~)T(g). Then t — D%u(t) is continuous in L}(RY) at t = t,.

Now we prove the time regularity of the solution curves. For this we first prove that they
are differentiable in L{(R?) with $S(t)up = 0,5 (t)ug = AS(t)uy. For this, for ¢ > 0 and & > 0,
we show that

S(t + h)uo - S(t)uo
h
goes to zero in L}(RY), as h — 0. For this, note that

0@ = | (Bt N ZREZ0D g k(e - y.0)) dugly)

I(h) =

- atS(t)uo

2|2
where K(x,t) = (47Tt)’d/2e_% denotes the heat kernel. Note then that we have
1)) = [ | (kG =yt +60) — 9z — 3,0)) duoy)
R
= / OhO?K (x — y,t + 6h) dug(y)
Rd

=h | OA’K(x—y,t+ 6h)dug(y)
R4

10



for some 6,0 € [0,1] depending on x,y. Now we take a > 0 small enough and |h| < at. Now
the kernel H(z —y,t) = 0A2K (z —y,t + 0h) can be bounded in modulus by a term of the form

cef(lfﬁ)% with 0 < 8 < 1 small enough. Now for any é > 0 and ¢ > 0, choose € > 0 such
that 0 <t < T(¢) and § > (1 —7)(1— )4 > ¢ for some 0 < v < 1. Now as in (2.11) and (2.12)
we obtain that the integral term in the expression above for I(h) is bounded in L}(R?). Hence
I(h) — 0 in that space as h — 0.

In a completely analogous way we obtain
dm
St = B S(t)ug = (—A)" S (t)uo,

which we have already proved are continuous in time in L}(R?) for any § > 0. Therefore the
curves of the semigroup are C*((0, 0c), L}(RY)).

With the same arguments

i—mDO‘S( Puo = O DS (o = (—A)™DES(Hug

and are continuous in time in L} (R?) for any 6 > 0 and hence in L}(R?).

Finally we prove the analyticity of the curves of the semigroup. For this we will prove that
for each fixed ¢ > 0 and any § > 0 the Taylor series

> (z—t)™ d™
Z m!  dt™ prrRd UL
m=0

converges in L}(R?). For this we prove that for any ¢ > 0 and m € N

dm . to\m
S Sty = S (Huo = (=8)"S(tuo = ((—A)S(--)) "uo (3.5)
and in this case from (3.3) we obtain
(cam)™
< .
with g; for j =1,...,m— 1 satisfy ;41 < g(g;) = 1+4E Trae, 2060 = 0. Hence if (3.4) is satisfied the

series converges in LL(RY).

To prove (3.5) for m = 2 we observe that for t > 0 and h small

d? o (=D)(S(t+ h)ug — S(t)ug)
a2 (o = Jim h
(S(t/2+ hyuo — 5(t/2)uo)

= lim (—=A)S(t/2) :

From the previous step we know that

(S(t/2+ hyuo — S(t/2)uo)

lim : — (—A)S(t/2)u

11



in L}(R%) and since (3.3) implies D$S(t) : L{(RY) — L(R?) is continuous, it follows that

d2

325 (Buo = (=28)S(t/2)(~A)S(t/2)u

in L}(R%).

Now, assuming that (3.5) is true for m we have

dm+1 i m (S(t + h)u() - S(t)uo)
qemr1 > (o = lim (—A) n
S(—t— + R)ug — S(—t—
= lim(—A)™S ( m t) ( (g1 Juo (m+1)“0).
Again
 S(E A+ huo — S )uo ;
ilzlg%) h = (—A)S(m " 1)u0

in L§(R?) and the continuity of (—A)™S(;2+t) : Lj(R?) — L§(R?) leads to

B b0 = (— A" S~ ) (= A) S (—— Yy
dgmF1 70 = m+1 mt1
now use that .

ars () = (o (50"

to get
dm+1

S = (-8 (m: 1) )™ .

To justify the last step above observe that in general we have

S(s)(—~A)S() = —AS(t+5) t,s>0. (3.7)

To see this note that

S(t+ s+ h)ug — S(t + s)ug — lim S(S)S(t + h)ug — S(t)ug
h h—0 h

—AS(t+ s)up = }Lg%

and again we use limp_, w = (=A)S(t)ug in L{(R?) and the continuity of S(s) in
that space. 1

The proof of (3.4) leads us naturally to define the following spaces of measures or functions.

Definition 3.6. The space Mo p(RY) is the subspace of Mo(R?) consisting of measures such
that

|||U0|||M0,B(Rd) = S‘ilg ||U0||M5(Rd) N (3.8)
€
Analogously, L(%’B(Rd) is the subspace of Ly(RY) consisting of functions such that

ol ey := 5P [lwo gy < 003 (3.9)
clearly Iuoll vy qeey = Neoll 3, ray for 1o € L§ p(RY).
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Notice that these are very large spaces containing all the Lebesgue spaces LP(R?) and all the
uniform Lebesgue spaces LY, (RY) for 1 < p < co. Also M p(R?) contains the space of uniform
measures My (R?); see [6].

Before we discuss the action of the semigroup S(t) on these spaces, we first prove some of
their properties.

Lemma 3.7. The spaces L(%,B(Rd) C Mo p(R?) are proper subsets of L§(RY) and Mo(R?),
respectively, and with the norms (3.9) and (3.8) are Banach spaces such that

Ly(RY) € L§ p(RT) € LE(RY) and  My(RY) € Mo p(RY) € Mo(R?)
with continuous inclusions.

Furthermore, Mo g(R?) can be characterized as the space of all ug € Mioc(RY) such that
the solution of the heat equation (1.1) given by (2.2) is defined for all t > 0 and u(-,-;up) is

|z

uniformly bounded in sets N < R, with R > 0.

Proof. Notice that it is immediate that (3.9) is a norm and Lé’B(Rd) C L{(R?) with continuous
inclusion. If {u,}, C L(IL 5(RY) is a Cauchy sequence in the norm (3.9) then clearly u, — ug
in L3(R9) for some ug € L§(R?) and also |HunH‘L})B(Rd) < C independent of n € N. Hence

ug € L} 5(RY). Also for any e > 0, some ng € N and all n,m > ng we have, for any § > 0,
[[un — “m|’L§(Rd) Se.
Taking the limit as m — oo we get u, — ug in L} 5(R?) and this space is complete.

The proof for Mg p(R?) follows the same lines.

The characterization of Mg g(R?) follows from Proposition 6.1 in [6]. Also that Mg g(R9) is
a proper subspace of M (R?) follows from Section 6.2 in [6]. Finally, that My (R%) C Mg g(R?)
and Lj;(R?) C L g(R?) follows from Proposition 5.2 in [6] and the characterization above. [

The following result concerning the solutions of the heat equation with initial data in
L&B(Rd) or Mo p(IRY) is essentially immediate from Propositions 3.3 and 3.5, since the constants
in the estimates (3.2), (3.3), and (3.6) do not depend on 4.

Proposition 3.8. The spaces L(l),B (RY) and MO,B(]Rd) are invariant subspaces for the semigroup
S(t) in Mo(R%), which satisfies

IS @) uollzy ey < Nuwoll pte, pmay: >0
with equality if ug > 0. For any multi-index o € N there exists a constant c, > 0 such that
c
107800l 0 < S leollag ey > 0
In particular S(t): L(%,B(]Rd) — L(%’B(Rd) is an analytic order-preserving contraction semigroup.

See [4, 5] for details on analytic semigroups.
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4 An LP(R? theory

Our goal in this section is to obtain a suitable LZ(R?) theory for the heat semigroup S(t) from
Section 3. For this we define below some suitable weighted LP—like spaces and obtain suitable
invariance properties as well as suitable LP—L9-like estimates. The estimates we obtain reflect
the same type of singularities near ¢ = 0 as the classical estimates in Lebesgue spaces, but, as
we are dealing with functions that can become very large at infinity, they differ from the usual
estimates for large times in the presence of an additional algebraic growth factor, which (as
mentioned in the Introduction) reflects the mechanism of ‘mass moving from infinity’ described
in [6]. Also, it will be necessary to estimate solutions and/or initial data in a different space
for each time. This reflects the fact that, as in (2.9), the solution moves with time to a worse
space or, as in its equivalent form (3.2), that to estimate the solution in a given space we need
an integrability of the initial data that increases with time.

Then recalling the weights in (2.6), for any 1 < p < oo we can consider the Banach spaces

) = {7 e L ®): [ p@lfl s <ol
Rd
with the norm .
ez = ( [, pe@ls@P da)” (4.1)

and for p = o0

LE(R?) = {f € Ligo(RY) = sup pe(2)|f(2)] < OO};

zeR

with the norm

1| oo (may == sup pe(2)|f(2)]. (4.2)
z€R4

Also, analogoulsy to (3.1) we define

rhRY) = (VL2RY)  and  LERY) = () LE(RY).
e>0 e>0

These are Fréchet spaces with the corresponding family of norms.
The spaces above have the following inclusion properties.
Lemma 4.1. (i) The spaces LE(R?) are increasing in e for every 1 < p < oo.
(ii) For0 <y <e and any 1 < q < p < oo we have
d d
LE(R®) C LL(RY)
and if 0 <y <e and 1 < g <e/vy we have
L2 (RY) € LI(RY)
with continuous inclusions with norm one. In particular,

LE(RY) c LR c LLYRY), 1<g<p<c.
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(iii) Also
LyRY) C L§(RY) C Ly(RT),  1<g<p< oo
Proof. (i) Notice that (2.7) implies that the spaces LE(R?) are increasing in e > 0 for 1 < p < oo.

(ii) If p > ¢ > 1, then, for a suitable 0 < o < 1 to be chosen later, we have

q/p (r—q)/p
/ |f(2)]7pe(2) dor < {/ | f()|Ppe(2)2P/d dx] {/ pe () 1P/ (P=a) dx]
Rd Rd Rd

Since p.(z)P/1 = CPeap/q(), We take 0 < a < 1 such that eap/q = v which is possible since
v/e <1< p/q.

Also, for p =00

|f(@)|9pe(a) de < [ [f(x)|2e™ 0 (@)oo da < e 19 gay [ @1 da
R4 R4 5 (RY) R

which is finite, provided that 1 < ¢ < ¢/~.

Taking v = ¢ and ap/q = 1 we obtain

Q=
S

1fll ey < I Fll e way </Rd pe(z) dw) = || fll e rey-
(iii) Follows easily from (ii). O

The following result characterizes the complex interpolation spaces between L!(R?) and
L2 (R%); we will use this result in order to obtain our Lh.—Ld. estimates on the semigroup S(t).
Note that the natural norm on the interpolation space differs from the norm on Lb.(R%) by a
factor that depends on both p and e.

Lemma 4.2. For 1 < p < oo the complex interpolation spaces between LL(RY) and L (R?) are
given by

[Lé(Rd»L?(Rd)]a={feL%oc<Rd>, / p§<m>|f|p<x>dw<oo}=L£E<Rd> (1.3)
D Rd

with norm

d_1
e\2v 1
WA, e = 1z may,Loomay . = 1 fpellpmey = | = — 75 | fll 2z (may- (4.4)
o o /2p

s

Proof. The operator ®. defined by setting
Dc(f) := pef

is an isometric isomorphism from L!(RY) — L!(R9) and from L (RY) — L>°(R%). Thus for any
0 € (0,1) it follows that

. : [L:(RT), LRy — [L1(RT), L*(RY)]y
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is also an isometric isomorphism.

From the Riesz—Thorin interpolation theorem, see [1], we have
[LNRY), LRy = LP(RT), 1< p < oo,

and since pE(x) = ¢z pppe(), with cc ), = (s/ﬂ)g(pfl)p_dm, we obtain (4.3) and (4.4). O
Remark 4.3. From Lemma A.1 in [6] the operator ®. in the proof of Lemma 4.2 can be defined
for measures such that for i € M.(RY) and for any borel measurable set A C R% we have
B(0)(4) = [ pu(o)duo)

that is, d®.(u) = pedu. Therefore in this setting we have ®.: M (R?) — Mprv(RY) =
(C'U(Rd)),, the space of measures of bounded total variation, is also an isometric isomorphism.

Finally, defining

Ceo(RY) = {f € Li,(R?) = pf € Co(R?)} C LE(RY)

with the norm (4.2), then ®. : Cco(R?) — Co(R?) is also an isometric isomorphism.

In what follows we denote by S(t) the map from My(R?) into L§(R?) introduced in Propo-
sition 3.3. We start by proving the following estimates of “L'-~L>” and “L>°-L%” type.

Proposition 4.4. If ug € My(RY) then u(t) = S(t)ug given by (2.2) satisfies the following

estimates for any § >0, t >0 and 0(t) = 71+(15t-

(1) If up € Mo(R?) then u(t) € LP(R?) for allt > 0 and

14 46t \ 2
lu@llzzn < (S ) Huollag e (45)

(ii) If up € L (RY) then u(t) € LE(R?) for allt > 0 and

()]l Lgomay < (1 + 45t)dHUOHL§‘(’t)(Rd)' (4.6)

Proof. Setting 0 < § = -, from (2.2) we have

a7

0P u(z, 1)| < eI ame o= /At g (2)). (4.7)

1
(47t)d/2 /]Rd

Notice that completing squares as

2 2

|2|
t+ 71

T

|:c|2 \.’E—z|2 t+7
= 4 — _
t—l—TZ

T t tT
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we get

2
_t+T T Ed

o017 (2, )] < o P EE A T T T djug(2)]. (4.8)

1
(drt) /2 /Rd

(i) First, from (4.8) we get

2

|2
o 0wz, )| < e~ 1) dlug(2))].

1
(47Tt)d/2 /Rd

Therefore, setting d(t) = ﬁ = ﬁ, we get

5| ‘2 1 T d/2
—0|T < - o .
ne T OIS Gy <6<t>) oty )

Hence

_ (a1 x \¥? 1 5 \"?
HU(t)HLgO(Rd)f(;) (47rt)d/2 m ||U0\|M§(t)(Rd)—W @ ||U0||M5(t)(]Rd)

and we get (4.5).

(ii) From (4.8) we also get

-5 2 1 T T 2 ,i
e~ 0l lu(z, t)] < (47Tt)d/2(/]Rde prra et dz) ZS;lIR%e A+ |ug(2)].

Now, setting again §(t) = ﬁ = ﬁ, we get

t+7 T T d/2 d/2
/ o arlem T2 g, = / o~ 1 g = M - 4mto = (47rt(1 + 45t))d/2
Rd R4 T 6(1:)

which leads to

sup e O u(z, 1)) < T (4mt(1 + 45t))d/2($)d/2\|u0|| My (®9)-
Therefore
a8y < (2)72(0 40" (575) "ol vy e
and we get (4.6). O

The estimates above and the “L'~L!” bounds in (3.2) will yield the general “LP—~L9” bounds
via interpolation. However, first we improve the regularity estimates in Proposition 3.3 for initial
data in Mo(RY).

Proposition 4.5. If ug € My(RY) then u(t) = S(t)ug given by (2.2) satisfies

d 1
1+ 46t 2079)
Ju@llgn < 0 () olag e (49)
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forany 1l <qg<oo,d>0,t>0, where and

)
o) = 1+ 46t

In particular, S(t) : Mo(R?) — LI(R?) is continuous.

Proof. Interpolate (3.2) and (4.5) to get

1+ 468\ Y%
[[wol| s gy (R)-

t <
Ol < (s

Then use (4.4) to deduce that

52079 1 1+ 468\ 927
p WHUU)HL%(W) < - ||U0|\M5<t>(Rd)~

that leads to (4.9). O

Now we obtain the corresponding regularity estimates assuming the initial data is in Lg(Rd).

Theorem 4.6. Ifug € L{(R?) then u(t) = S(t)ug given by (2.2) satisfies the following estimates.
If up € LH(RY) with 1 < p < oo and for any 1 < p < g < oo, then u(t) € L{(RY) for allt > 0
and for any § >0, t >0 and 6(t) = ﬁ

1 d(1-1)
[u(@)ll g, ma) < cpg R (1+460) 20 D lfuo 1o, ey (4.10)
. q/24
with cp q = 7% For g = oo we have
1 d
[u(®)l g ey < €poo———3 (L +408)2 Juol| 2, (ma) (4.11)
’ (4mt)2e oo

da 1
- _(oy2(1=3) 1
with cpee = (2)2 7P TR

In particular, S(t) : LH(RY) — LI(RY) is continuous.

Proof. (i) Notice that (3.2) for ug € L} (R?) reads ()l Ly ray < ||U()||L§(t)(]Rd), By interpolating

this estimate and (4.6) with 6 = 1%

()l < (14 466) ¥ lfuoll, 50, (4.12)

(ii) Interpolating (4.5) for ug € L}(RY) and (4.6) gives

1+ 46¢) )
(47t)d/2p

1+ 460t q/2 /
lu®ll e ey < (=) P21 4 48ty ol 500y = (

lluolly - (4:13)
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Then use (4.4) to get

d 1
(1480257 5(0)) 40— 1

||U(t)HLg°(JRd) = (47Tt)d/2p T pd/Qp HUOHLZ(S(”(R@

and (4.11) follows.
(iii) Interpolating (4.12) and (4.13) we get for any 0 < 6 < 1,

1+ 40t q0/2 / 0\ /)
u®)lzr_ ray,ree®ay, < ( ) PP(1 + 468) /¥ (1 4 451)10-0)/ llwolll, s¢e)
ps 3 4t (

which gives

1+ 46t q6/2 d/v
w22, Ry, 30 )y < ( P )T+ 4bt) /P llwolll, s¢t)-
By reiteration of the interpolation argument in (4.3) we have that for 1 — 60 = g, with ¢ > p
we get

[Lps(R?), L5 (RY))o = Lis(RY).

Indeed as in Lemma 4.2 we have that ®; is also an isometric isomorphism between LZJ(Rd) and
LP(RY) and between L°(R?) and L>°(R?). Since for ¢ > p and 1 — 6 = g we ave

[LP(RY), L= (RY]p = LT (R?)
we get the claim.

This leads to the estimate

vl

(1 + 4627

1440t ’
. 4.14
t)%(%_%) |||u0|||p,6(t) ( )

47t

5G9 d
he®llys < ()™ @+ 4507 ol =

From (4.14) and (4.4) we get

d 1 1
§yda-1y 1 (1+45t)25 ) 5(t), a1y
(;)2 q qd/2ql|u(t)||Lg5(Rd) < (47#)%(%_%) (7)2 p pd/2p||u0||LZJ(t)(Rd)
with 6(t) = 1-%5 which leads to (4.10). O

We can also obtain the following bounds on the derivatives of the solutions.

Proposition 4.7. If ug € My(RY) then u(t) = S(t)ug given by (2.2) satisfies the following
estimates.

(i) For any multi-inder a € N and 1 < ¢ < oo, then for any 6 > 0, t > 0, v > 1 and

ot) = hm

= laf t

t2

d
Cogin 1+ 4y0t)\ 2070
D2 g0 < 257 gy, e (4.15)
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and

1+ 4~6t
D)oy < 252 (7

200 (2500 g
(ii) If up € LE(R?) with 1 < p < oo for any multi-index o € N and for any 1 < p < ¢ < oo,

thenforany5>0,t>0,7>1andS(t)ZH_%wgt

P+4,0 -1
1Dz e, ey < Copa0n (1 4 4y61)2 " fuollpp (aa) (4.16)
t2 12 ( *) pb(t)

and

Cq
I1DZu(t) || Lo may < #(1 + 4y5t) luollzr, , @)
t 2

Proof. Using (2.11) in Remark 2.3 we obtain,

o lzl?/4m Do a, z|2/4r —(1—8)12= y‘
[2*/47| Do, 1)] < d/2+|i/2/ e leP/A7 === Qg (2)). (4.17)

The integral term in the right hand side above is like (4.7) but with the extra factor ﬁ and
2

t' = ~t, with v = ﬁ > 1, replacing t in the integral term. Therefore we can proceed first as in
the proof of Proposition 4.4 and obtain from (4.17) the estimates in there with the right hand

side in terms of t' = ¢ and with 5 (t) = =557 +i(5t/.

(i) In particular, we get

/2
o Capy [ 1+ 470t
[ DZu(t)]| oo (may < g <47rt ||u0||M5(t)(Rd)'

Interpolating this and (3.3) gives

o ¢ (14 4y5t\Y*
D205 < 5 () Il e

Then use (4.4) to get

d 1
s\2079) 1 ¢ (14 4ot \ Y
() amozalagmn < 5 (S5) ™ g

which leads to (4.15).

(ii) After the estimates as in Proposition 4.4 sketched above, we can proceed as in Theorem 4.6
(using (3.3)) and obtain from (4.17) all estimates in there with the right hand side in terms of
t' = ~t and with 6(¢) = T 4&, Writing everything in terms of ¢t we get, analogously to (4.11)

1
1Dz u()|| g ray < o (1+440t) luollzr, , e
2
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and analogously to (4.14)

d(L 41y
o (Lt
wolll, 5,
t% t%(%_%) p,0(t)

1Dz u®)lys <
Again, using the norms (4.1) and (4.4) we get the result. O

Note that Theorem 4.6 ensures the invariance of L(RY) under the semigroup S(¢). This
combined with Proposition 4.7 yields the following.

Proposition 4.8. Assume that 1 < p < co. For ug € Lg(Rd) the family of mappings defined by
u(t) = S(t)uo, t>0,
as in (2.2), satisfy S(t): LE(RY) — LE(RY), are linear, continuous, and order preserving and

{S()}i>0 is a semigroup in Lh(RY). Also for any multi-indexr o € N U {0}, any p < q < o0,
and t > 0, D2S(t): LH(RY) — LE(RY) is linear and continuous.

Proof. From Proposition 3.3 and Theorem 4.6 with ¢ = p and Proposition 4.7 it only remains
to prove the continuity at ¢ = 0. For this note that for any ¢ € C.(R%) we have for § > 0

15 (t)uo — UOHL;;(Rd) < [[S(t)uo — S(t)SDHLf;&(Rd) + [1S(t)e — 80||L§6(Rd) + [l — u0||L§5(Rd)'
Let v > 0 and take ¢ € C.(R%) such that

_ 2
luo = ol gay = /Rd e~ ug(z) — p(2) P dz < 4P,

To see this note that for R > 0, if supp(¢) C B(0, R) then

/ e ug () — ()P dz = / e ug () — ()P da + / e ug (2) P da.
Rd |z|<R

|z|>R
The second term is small for R large and so is the first one if we approach ug by ¢ in LP(B(0, R)).

Now for any § > ¢ and all sufficiently small ¢t we get € < §(t) = ﬁ < 6. Then from (4.10)
with ¢ = p we have

5 d/zp
15600 = g aey < (2) 1500 = @)z,

5 d/2p ) d/2p
<c (5) luo — @llp. mey < c (5) .-

Finally, we know that S(¢)¢—¢ — 0 uniformly in R? as ¢ — 0. Hence 1S(t)e—elle, @y = 0
P
as t — 0, which proves the required continuity at ¢t = 0. 1

Now we improve the regularity of the solution curves in Proposition 3.5.
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Proposition 4.9. For each uy € Mo(Rd), any 1 < p < oo, and any multi-index o € N9, the
solution curve
(0,00) 3 t — DS(t)ug € LH(R?)

is C*. If additionally, ug € Mo p(RY) as in (3.8), that is

sup [|uol| 4, (rey < 00,
e>0
then the solution curve is C*((0,00), L§(R?)), i.e. analytic.

Proof. From Proposition 3.3 we can assume that ug € L(l) (Rd). Otherwise, we use the semigroup
property and for any sufficiently small € > 0, consider initial data S(e)ug € L(R?)

Now for ug € L§(R?), fix £ > 0 and ¢ > 0 and a multi-index o € N9, write
DES(t+ h)ug — DI S(t)up = DI S(t —¢) (S(€ + h)ug — S(s)uo) -0, h—0,
since from Proposition 3.5 the term in parentheses converges to 0 in L}(R?) and, from (4.16),
D2S(t — ¢€) is continuous from L}(R?) to LH(RY).

If additionally ug satisfies (3.4) then from Proposition 3.5 for any fixed v > 0 and ¢y > 0 the
Taylor series

u™ (to)(t —to)™,  with  u™(to) = S™ (to)ug

has a positive radius of convergence in L} (R4). Also, from (3.7), for any € > 0,

u™ (to) = (—=A)™S(to)ug = S(e)(—A)™S(to — ) uo.

)

Hence, from (4.10) we get for 6 > 0 and v = 795

Hum)(to)\|L55(Rd) < C@E)N(=A)"S(to — e)uoll L1 (ray = C(e)llu™ (to — llrygay, meN

and so the Taylor series has a positive radius of convergence in Lgé (RY) at least as large as that
in L1(R%). O

Notice that all the estimates we have obtained so far in this section have been for initial data
in the spaces LH(R?), 1 < p < 0o, or Mo(R?).

Now we will use the fact that for 1 < p < oo the space Lj(R?) is dense in all spaces LZ(R?)
for £ > 0 and Mo(R?) is dense in M. (R?) for € > 0. The proof of this fact will be deferred to
Section 6 where it will be proved in a broader context; see Lemma 6.2 and Lemma 6.3. Given
this, a density argument allows us to extend the estimates above to initial data in the spaces
L2(RY), where solutions of the heat equation may exist only for finite time, see [6]. In particular,
we extend estimates (3.2), (4.5), (4.6), (4.9), (4.10) and (4.11).

Proposition 4.10. Assume that € > 0 and T'(e) = 4—15. For every § > ¢ take 0 <t < le — ﬁ =
T(e) —T(9).
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(i) For any up € M-(R?) we have
)13 ey < ol agy oy
with equality if ug > 0, and also

14 46t \ Y2
@l < (Fimp ) Huollag 0

1+ 46¢\ 203

JuOllig e < (Lo 0]yt

for1 <gq < oo.
(ii) For any uo € L=°(R?) we have

()]l Lgomay < (1 + 45t)d|\U0HL§t>(Rd)-
(iii) For any ug € LgE(Rd) with 1 < p < oo and for any 1 < p < ¢ < oo we have

d 1
1+ 46t)2 )
— (14502 ol g,

ot 2, ety < epa— R
P q

(46t

1 d
[u(®)] o ray < Cp,oom(l +40t)2 Juoll e, (ra)

which hold for 0 < t < T'(pe) T(e) if 6 >p'e or for 0 <t <T(e) —T(9) if 6 < ple.

_1
p

Proof. Just notice that for uy € M.(RY), estimates (3.2), (4.5) and (4.9) remain valid as long
as d(t) > e which leads to 0 < t < T'(¢) — T'(§). Hence we get part (i). The same happens for
up € L(R?) in (4.6) and we get (ii).

Finally, for part (iii), for ug € Lp:(RY) c L} (R?), (4.10) and (4.11) remain valid as long
as 0 <t < T(pe) = %T(E) and 6(t) > e, 1. e. 0 <t <T(e)—T(d). Therefore, if § > p'e the
estimates are valid for all 0 < ¢t < T'(pe) = %T(a). On the other hand, if § < p’e the estimates
are valid for all 0 < ¢t < T'(e) — T'(9). O

We now prove a dual version of this result, in which the solution is estimated in a norm that
depends on time but the initial space is fixed.
Proposition 4.11. Assume that e >0 and 0 <t < T(e) = L and define

1 €
£(t) = AT(E) —t) (1—det)

(i) For any up € M(R?) we have
(822, ey < ol g, e
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with equality if ug > 0, and also

t < 1 1
[Ju )||Lgft)(Rd) = )32 (1 - 4€t)d/2||U0HM€(Rd)
d/2q 1

lu®lis, @ < [0l m. (re)

6%(1*5) (475)%(1*%)
for1 <gq < oo.
(ii) For any ug € LZ(RY) we have

1
Hu(t)HLgft)(Rd) < m”uOHLgO(Rd)‘

(iii) For any ug € Lhe(R?) with 1 < p < oo and for any 1 < p < q < 0o we have

c 1 1
g, me) < 02— gy Holae
B e2'p a’ (4¢)2'p a’ (1 —4et)2V »

1 1
(4rt) s (1 — det)® luollzg. ao)-

Hu(t)HL:?t)(Rd) < Cpoo

Proof. Since ¢ > 0 and 0 < t < T'(¢), we set § = &(t) = 4(T(i)7t) = =gy > € and then

t .
t= 4175 B % = T(g) - T(d) and 5(t) = ﬁ =¢e. Hence 1+ 44t = % = 1—145t while Lﬁ?‘” = %

The result follows then from Proposition 4.10. OJ

Notice that estimates on derivatives in (3.3) (4.15) and (4.16), can be extended along the
same lines.

As a consequence of Propositions 4.10 and 4.11, if for € > 0 we define

Lh(RY), if1<
L= pg(d)’ Hlsp=eo (4.18)
LE(RY), if p=oo.
then for any 1 <p < g < oo (even t =0 if p = ¢q) the maps
)
. yP q _
S(t): Xy — X5 o(t) = [ ot (4.19)
and
S(): XP(RY) — X0 (RY,  e(t)= -t € (4.20)
c S ONN 4T()—t) (1—4det)’

are continuous and Propositions 4.10 and 4.11 provide estimates on their norms.
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5 Growth and decay as t — oo

As a consequence of the results above we obtain the following characterization of the initial data
for which the solution of the heat equation stays bounded or decays to zero in the Fréchet spaces
LI(RY).

0

Proposition 5.1. (i) If ug € Mo p(R?) as in Definition 3.6 then u(t) = S(t)ug is bounded
in LE(R?), 1 < g < oo, for t > 1 while it decays to zero in LI(RY), 1 < ¢ < oo, ast — o0
provided

ol po(may = 0, €—0

a condition that is equivalent to u(x,t) — 0 uniformly in sets % < R.

The converse is also true if ug > 0.

(ii) If up € L (RY) then u(t) = S(t)ug is bounded in L3°(RY) if
1
QHUOHLgO(Rd) S C, e—0
while it decays to zero in L (RY) provided

1
EHUOHLgo(Rd) —0, ¢—0.
(iif) If up € LH(RY), 1 < p < oo, then u(t) = S(t)ug is bounded in LI(R), p < g < oo if

mHUQHLJ;(Rd) < C, e—=0
e p
while it decays to zero in LE(R?) provided

-
L4a-T)

|UQ| L2 (R4) —0, —0.

Proof. Part (i) for ¢ = 1 follows from (3.2) in Proposition 3.3 and Proposition 6.1 in [6]. For
1 < ¢ < o it follows from (4.5) and (4.9). For this note that in these estimates we take

diq_1
e=0(t) = ﬁ — 0 as t — oo and use that the factor (li—gft)ﬂl +) is bounded for ¢t > 0.

The converse follows from Proposition 3.4 above, using that convergence in Lg(Rd) implies
convergence in L} (R?).

Part (ii) follows from (4.6) while part (iii) follows from (4.10) and (4.11). For this note again

that we take ¢ = §(t) = ﬁ — 0 as t — oo and in (4.6) the factor (1 + 4t)¢ ~ Eid, while in

(4.10) and (4.11) for large t the factor m(l + 45@%(17%) ~ t%(lf%) ~ 57%(1*% . O
D~ q

Observe that an analogous result can be obtained for the derivatives D%u(x,t), from (4.15),
(4.17) by adding a factor £/*/2 to the estimates on ug above.
Note that since we are dealing with initial data that can be very large as |z| — 0o, equation

(1.1) has some unusual properties.
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Lemma 5.2. The spectrum of —A, as an operator on Lé(Rd), is the whole of R.

Proof. For any p > 0, take w € R such that |w|? = p. Then the function ¢(z) = e“* € L}(RY)
satisfies

—Ap=—pp,  p=w
On the other hand, ¢(z) = e“* € L}(R?) satisfies

—Ap=pp,  p=w O

This implies that for any p > 0 and w as above
u(z,t) = e 2 eRY >0

is a globally defined solution of (1.1) in L§(R?). In particular, for any § > 0 the L}(R?) norm
grows like et = elwl*t; ,

()l gy ey = o vy ey
with ug(z) = e“*. Hence the heat semigroup S(¢) has solutions that grow at an arbitrarily large

exponential rate in the L}; (R%) norm, for every fixed § > 0.

Note however that estimate (3.2) reads
lu®)ll 3 ray = e Iluoll vy ey < 1ol agy g, me)

with 6(t) = ﬁ, and a relatively elementary computation that involves completing the square

in the exponential yields

for large t.
On the other hand, (3.3) reads

C
IDSu(®) |1 may = lwle" ol pmg(ray < ﬁHUOHMS(t)(Rd)'
2

. N )
This gives a good indication why we cannot use a single Lg (Rd) norm to study the dynamics
of solution in L§(RY), but instead we have to use the Fréchet structure.

6 Duality

Our goal in this section is to prove that the heat solutions for large initial data in Propositions
3.3 and 4.8 are in natural duality with heat solutions for ‘very rapidly’ decaying initial data.
This will give a suitable and natural integrability of heat solutions for large initial data against
very rapidly decaying test functions, see Propositions 6.11 and 6.13 below. For this we first
identify the dual space of LZ(R%).
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6.1 Spaces of very rapidly decaying functions

We define for € > 0 the weights, see (2.6),

pe(:c)=(%)d/2€7€'m‘2’ p—e() = = :G)d/ZeE'm'Q’ po(z) = 1.

Clearly for suitable constants we have p.ps = ¢ 5p-+5 and pg = ¢. 5pse for €,6 € R.

In an analogous way as in Sections 2 and 4 we can define for ¢ > 0 the following Banach
spaces:

Mo = (e Muc(®) s [ )] < (6.1)
]Rd
i.e. el € L(d|p|), with the norm
bl o= [ -l dluta)].
Rd

For1<p< o

P (R := {f € IP (RY): / p—e(@)|f(z)Pde < oo} ; (6.2)

Rd

with the norm .
ey = ([ el sia)l o)’

and for p = o0

LCLOE(]Rd) = {f € Lfooc(]Rd) : suﬂg p—e(@)|f(2)] < oo} : (6.3)
z€R4
with the norm
11| Loe. ey := sup, p—e(@)|f(2)]. (6.4)

Obviously L _(R?) ¢ M_.(R%) with equal norms.
Finally, we define the subspace of (6.3)
C—E,U(Rd) = {f € Llloc(Rd) : p-&f € CO(Rd)} - Lios(Rd)

with the norm (6.4). Observe that all these spaces are made of measures or functions that decay
‘very rapidly’ as |z| — oo, in some sense ‘faster than eelrl®,

Before continuing, observe that, analogously to Lemma 4.1, we have the following results.
Lemma 6.1. (i) The spaces M_.(R%) and L” _(R?), 1 < p < oo, are decreasing in € > 0.
(ii) For anye <~ and 1 < q < p < oo we have

P (RY c L1 _(RY).

27



(iii) Fore >0 and1<p<oo
I (RY ¢ LP(RY) n LY(RY)

and

M_.(RY ¢ Mprv(RY)

the space of measures of bounded total variation.

Proof. (i) Analogously to (2.7) and (2.8) we have, for 0 < &1 < €2,

/2
pscy () > (61) pe(z), zeR?

€2

which implies

1 o< (2 d/QHuH oy Il ey < (2 d/QIIpr 2.
Mooy @) = | M_cy(RD)> ZaNC O, L? . (R)

Hence
M_,,(RY) c M_.,(RY),  LP_ (RN cCLP

—€1

(RY).

(i) If f € L{V(Rd), with v > 0 then if p > ¢ > 1, then we have for a suitable & > 1, to be
chosen later

| (2)|9e** da = / |f (z)[de02 o= (@=Delal® g
R4 Rd

and Holder’s inequality gives

p—aq

q pP—q
/ |f(x)|qe5|”3‘2 dz < [/ |f(ac)|pe%|a’|2 dx]p[/ e—(«; ;)aplm\z dx] v
R4 R4 R4

Then if v > € we chose 1 < a = 11 <1 and then

q
L@ dr < | [ 1@t g
R4 R4

Analogously if f € L%, (RY), with v > 0

[ @i dz = [ |fprertee o do < gy [ o0 do
Rd Rd S Rd
which is finite provided ¢ > 1 > 5.

For (iii) just observe that for f € L _(R?)

/f|p dx</ 7| £1P () d /|f| dx</ %‘xl2|f|(:ﬁ)e%€|x|2dx

and use Hélder’s inequality. The case p = oo is similar. Finally for 4 € M__(R%)

x esll® x).
[ < [ e ) 0
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As in Lemma 4.2 and Remark 4.3 the operator ®_.(f) := p_.f is an isometric isomorphism
between the following pairs of spaces:

D . M_(RY) — Mpry(R?) (in the sense that d®_.(u) = p_.du),
d_.: L' _(RY) - LY(RY),
d_.: L7 (RY) — LP(RY),
d_.: L= (RY) — L®(R?), and
D _.: C_.o(RY) — Co(RY).
Clearly ®. and ®_. are the inverse of each other.

These spaces and their relationships are summarized in the following diagram.

X. Pe, Zo b X_.
up € Mo (RY) Mgy (RY) M_(RY)
U U U
LL(R?) L'(RY) L' _(R%)
Lhe(RY) LP(R?) P (RY)
K E o (6.5)
Ly, (RY) LP'(RY) L” (RY)
LZ(RY) L>(RY) L= (R%)
U U U
o, o_,
Ceo(RY) =S CGRY) =  C_.p(RY)
U U U
C.(R%) C.(R%) C.(RY) > ¢

Observe that analogously to Lemma 4.2 the spaces L” e (R%) are the complex interpolation
spaces between L' _(R?) and L>.(R?) and are given by

L1 RY, L% RY] = {f & Lhe®), [ 2.@IfP)de < oo} 17, (RY)
P R4

with norms

myd1-1y 4
16— 2= 1 p=lliogaey = (2) 2B 11 S e, oy (6.6)
d
since p” _(z) = ccpp—pe (@), with c., = (g) E(pil)p%-

We now observe the following density results.
Lemma 6.2. For any e # 0, the set C.(R%) is dense in LE(R?), for 1 < p < oo, and in Ceo(R?).
Proof. Observe that f € X with X = LE(R?) or X = C.o(R?) if and only if p.f € YV with
Y = LP(RY) or Y = Cy(R?). Then there exist ¢, € C.(RY) such that ¢, — p.f in Y. Therefore
pcpn — fin X and p_.o, € C.(RY). ]
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Lemma 6.3. Fore # 0, C. o(R%) is dense in M(R?) in the sense of measures.

Proof. If p € M.(RY) then p.u € Mpry(R?) and then we claim that there exist ¢, € Cp(R?)
such that ¢,, — p-p in the sense of measures, that is, for every ¢ € C.(R%)

[ ovn | onan

Hence, taking n = ¢p. € C.(R?), we get

/ Np—cpn — / ndp
R4 R4

for every n € C.(R?). That is p_., — p in the sense of measures and p_.,, € Co(R?).

To prove the claim above note that from Lemma 5.3 in [6] we have that for u € Mpry(R?)
the solution of the heat equation given by (2.2) satisfies

I1S@ullery < llpllsTy, t>0,

and for every 1 < q¢ < oo

_dr_1
1S(t)pall oy < (drt) 2" pllpry, >0,

and we also know that S(¢)u — p in the sense of measures. Then it is enough to show that
S(t)p € Co(RY) as it is in BUC(R?) N LY(RY). Indeed if f € BUC(R?) N LY (R?) and there exists
{zp}n with |z,] = co and L > 0 such that |f(z,)| > L, then we can assume |z, — Zy,| > 6 >0
for n # m and some ¢ > 0 and then since f € BUC(R?) we get some r > 0 with » < § and such
that for z € B(xy,7), |f(z)| > 5. But then [, |f| = oo which is a contradiction. O

Using this we can describe the dual spaces (and corresponding norms) of the spaces above.

Proposition 6.4. With the notation above we have, for e # 0,

(i) (L! (]Rd)), = L=(R%), and (f,g) — / f(z)g(x) dx defines a duality pairing between these
R4

spaces such that

[ s@ate s

< 1 Fllzrway gl L ma)-
(ii) For1l<p< o0 and%+z%:1,

(L5 (RY) =1

P e(RY),

and (f,g) — / f(x)g(x)dx defines a duality pairing between these spaces such that
R4

d1_1y g N\ df2
el = <8>2 R £l ey llgll
/- o LB (R ' :
p,—e T PP peROIINLE | (R)
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(iii) M. (RY) = (0_570(Rd)), and (f,pu) — /]Rd f(z)du(x) defines a duality pairing between

these spaces such that

< N Fllzee eyl il e ey

[ roaute)

Proof. Observe that L € (ng(Rd)), for 1 <p < ooifandonly if Lo®_, € (Lp(Rd))/. Hence,
there exists h € LP (R?) such that for any f € Lb.(R%)

L) = [ foen

Hence, denoting g = p:h € L’jp,e(Rd) if 1 <p<ooorge L2(RY) if p=1 we get the result.
Notice also
IL(OI < W f pello@ay 7]l o may = WF Mgl —

and the rest follows from (4.4) and (6.6).

Analogously L € (C_.o(R?%) if and only if Lo ®. € (Co(R?))'. Hence, there exists a
o € Mpry(R?) such that for any f € C_. o(R?)

R R

with dp = p_.do € M.(RY). Also

ILHI < 1 fp-cllco®alloll mpry ey = 1 Lo mayll il a, ey - O

Now for 1 < p < oo we define

Llio(Rd) = U L]is(Rd)§
e>0

using the definition we obtain the following characterization of the dual space of L)(R%).
Corollary 6.5. For1 <p < oo
(L§(RY)" = LY o(RY).

Proof. Notice that L € (Lg(Rd)), if and only if for some £ > 0, ¢ > 0 and for all f € LE(R?)
we have

IL(HI < cell fll Lz gay-
By Lemma 6.2 and density, the inequality above holds for any f € LE(RY). Thus L € (LZ (Rd))/.

Conversely if L € .- Lgs(Rd) then for some € > 0, |L(f)| < cc||fll zpra for all f € LE(RY)
and thus for all f € L8(RY). Hence L € (LE(R%))". O
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6.2 The heat flow in spaces of very-rapidly decaying functions

Now we analyze the heat semigroup (2.2) in the spaces of very rapidly decaying functions (6.1),
(6.2), (6.3). Notice that from Lemma 6.1 all solutions with such initial data are globally defined.
Also, like the estimates in Section 2, the estimates below imply that the solution enters, at
each time, a larger space, as y(t) decreases with time. Even in this setting the solution ‘loses
integrability’ as time increases.

Proposition 6.6. For v,t > 0 define v(t) := %4%,

(i) If ¢ € L= (R?), that is |p(x)] < Ae 1P 4 e RY, with A = (%)d/2 ||<p||Liow(Rd), then
u(t) = S(t)¢ satisfies

lu(z,t)| < e Tl 2 eRY >0

A
(1 + 4ryt)d/2

and so
HS(t)QD”L‘f’W(t)(Rd) < ||90||L3°7(Rd)~ (6.7)

(ii) If o € M_(RY) then u(t) = S(t)y satisfies

1 S 2 Y\ 92
ue, 01 = e T (2) el ey v €RY 6> 0
and so 42
14 4yt
SOl w0 < (o) Hellage (69

(iii) If p € M_(R?) then u(t) = S(t)p satisfies

SOz o) < O+ 40 el mey (6.9
with equality if p > 0.
Proof. Observe that
1 o2 _ 2 2
) € g [ eV o) (6.10)

so, completing the square yields

|z — y|? 9 144yt 1 2 y|z|?
+lyl” = y- 93
4t 4t 144+t 144t
and then , ) ‘2
5ol 1 Py 2
eTHit |y(z, )| < — oAt rav?| Y7 g ) 6.11
e < i | [o(y) (611)
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Then for part (i) from (6.11) with ¢ € L> (R?)

Aal® < A _ltéw‘y— i tm)Q d
T+4~t - vy
€ v ‘U(.’E,t” — (47Tt)d/2 /l;de y
A Tdyt), 12
= — T a4t |y| d
(47Tt)d/2 /]Rd ¢ Y
(D) el
=— (- o\l oo (e
(1+4yt)% \7 =
and the estimate follows.
For part (ii) from (6.11) we have
]z 1 2 1 v\ /2
1+4~t Hl < — Y1yl d - - (7)
sup et lu(z, )| < (Gt /Rde le(y)] @m0 \r ol am_, (mays

d/2
and multiplying both sides by (g) (1+ 4715)% the result follows.

Finally, for part (iii) from (6.11) we have

/ %4‘2,4 (z,t)]dz < L / / —ltéw)y—%mzr Ml djp(y)|d
€ Trula, TS ——5 (§] (§] i
Rd (47Tt>d/2 Rd JRA Y

and using Fubini’s Theorem we obtain

vz

a1 ST R
I+dyi Jt < - ( @ Tt )
et niar < o [ (] e 2) e dlp(y)

1 I 2
— 4t(1+4~t) Y1yl
cimagre (L, e az) (e ale)

= (a2 [ )

/2
and multiplying both sides by (g) (1+ 4’yt)% the result follows.

Clearly, all inequalities above become equal signs if ¢ > 0. Ol

As a consequence we get the following estimates on the heat solutions for very rapidly
decaying initial data.

Corollary 6.7. For ~y,t > 0 define v(t) := %4%.
(i) If 1 <p < oo and ¢ € M_.(R%)
NP 1 (144t
S(t P < |- . 6.12
50l w0 < (2) 7 i gl 612
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(ii) For 1 <p<oc and ¢ € L* , (R?)

150l < (£ g(l_;)pdﬂp(l g Aj’f) ol gy (613)
(iii) For1<p<gq<ooand e L’ (RY)
IS¢l @) < cpan 4 ?:;ld) lelle  (ga, (6.14)
where cp,gy = (%)g lii)pjgz

Proof. (i) Interpolate (6.8) and (6.9) with 6 = I% to get

a6 d 1+l)

Lo (144t 2 (1+ 4yt)2 (05
< (1 4 4rp)d=0)( Z =1 S Sl )
S E)ell g < (1 +40) ) el = S 2 el

(6.15)
Then (6.6) gives
g(1-1) 2(1+1)
™ 2 d/gp (1—|—4’7t)2
(%) IS0l ) < T ol

and we get (6.12).
(ii) Interpolate (6.7), (6.8) for ¢ € L1 _(R?) with 6 = ]% to get

d
14 4yt 200 1+ 4yt 2
1506l 20 < (Co) el = (g ) Tl (630

Then (6.6) gives

d d 1
14+4~yt\ 2 (7 2173
IS®llrs @) < ( - > (W) p"?llellre | (ma)

and we get (6.13).

(iii) Interpolate (6.7) and (6.9) for ¢ € L1 _(RY) with 6 = 1% to obtain
IS @) ellp,—yey < 1+ 4" Dllgll, ., = (1 +49) 77|l . (6.17)
Now interpolate (6.17) and (6.16) with § =1 — g to get , by reiteration of the interpolation,

1S@O)elze, @)oo gy = NSOl

and then
(1 0) 1—|—4’yt (1_{_4775)%(%*‘;)
IS@elly @y < (1 +471)» it ||| W, -, = 7 llell, - (6.18)
4mt)2'r g
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Then (6.6) gives

r \207%) d/ (1+4y)2H) a0y d/
2q q < -2V 2p P
(5F5) e s, < T O ol

and we get (6.14). O

We can summarise some of the estimates above in a compact way if for v > 0 we define

P _
YP =

I? (RY), if1<
{—m( )y ifl<p<oo (6.19)

P d : _
L—'y(R )7 lfp—OO,
cf. (4.18).
Corollary 6.8. Foranyt>0and 1 <p<g<oo (event=0 ifp=q)

—__ 7T
1+ 4yt’

S(t): Y2 — YO RS, (1)

is continuous. We can therefore define
S(t) : LP o(RY) — L7 o(RY)
foranyt>0and1l <p<g<oo (event=0ifp=gq), and S(-) satisfies the semigroup property

ifp=q,
S(t+s)=S(t)oS(s), t,s>0.

We can obtain the following estimates on derivatives.

Proposition 6.9. For any multi-index o € N the following estimates hold

o c
||Dx5(t)<ﬂ“Lgow)(Rd) < WH‘PHL&@(W)a (6.20)
o ¢ [1+4~6t d/2
IDES @l ) < 7 () el (6:21)
and c
IDE Sl @) < Jap+ 175t) o, (rey: (6.22)
wher §(t) = 1745 and 6 > 1.
Hence
(i) for 1 <p < oo and p € M_.(R?)
d
o c (1+4not)r
HDxS(t)(p”L’ipﬁ(t)(Rd) < tlal/2 tg(lfi) HSDHM,A,(Rd)' (6'23)
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(ii) For 1 <p<oc and ¢ € L* , (R?)
d
%

1Dz Sl

< ¢ 1+ 4~dt
50 B = tal/2

p
22) e, o (624
(iii) For1<p<gq<ooand e L’ (RY

c (1+4’y(5t)%(%+%_1)
D250l 0 < g gl o (629

Proof. For ¢ € M_,(R%) and any multi-index o € N and any 0 < 8 < 1

C 1 la—y|? _ 2 2
IDSuant) < gy [ IR ()

which is like (6.10) with an extra factor t\a% and ¢ = 0t, with § = ﬁ > 1, replacing ¢ in
the integral term. Therefore we can proceed as in the proof of Proposition 6.6 to obtain (6.20),
(6.21), (6.22).

Then interpolating as in Corollary 6.7 we get (6.23), (6.24), (6.25). O

6.3 Dual heat flows

Now our goal is to show that the heat flow in the spaces LZ(RY) is the adjoint of the heat flow
in the spaces L” ~ (R9). A first indication for this comes from Theorem 2.1 from where we have
that for every ug € M.(R?%) and ¢ € C.(R?) and 0 <t < T(e) = £

/R o S(t)u = /R S(t)p dug.

To prove this we will need the following preparatory result.
Lemma 6.10. Assume that i € M(R?) and ¢ € M_(RY) with v > ¢, define T(c) = -

4e’
z|2
T(v) = %, and set K(x,t) = (47Tt)’d/26_%.

Then for every 0 <t < T(e) —T(y) = £ — &

1
L ]G = ut) dls@lduts)| < i = ey M 6 @

with E(t) = 4(T(i)ft) = 1—64€t and

L+t a/2
/Rd RdK(:c — g, 1) dlg(@)]dln(y)] < (= —=)"Netllag, g o 19lar_, @)
with y(t) = —H'Zw. Moreover, the inequalities above become equalities if p, ¢ > 0.

In particular, for 0 <t <T(e) —T(y) = & — %

S(t)ud(b:/ S(t)epdu. (6.26)
R R
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Proof. (i) Notice that

2 _ 2
1= [ [ K- pndo@lduw) = [ [ K- pie e dow) dut)
Rd JR4 Rd JRd
and completing the square

1

I
1 —4et

1 — det’

|z — y|? efyl? = 1 —4et
4t 4t

Hence

I < (4rt) ™ / / S o e alg(@)| dlu(y)|
Rd JRA

€ 152
< (4mt)=ir2 / / el'fiete-f‘yﬁdrqsundm(y)r
R JRd
i [ o [ ot
= () 2() 8 ()l ey st
_ ()4
= (mty () ) o0l
which is finite as long as e(t) <, that is 0 <t < T(e) — T(y) = & — .
(ii) Observe now that
1= [ s vndsldul = [ [ Ko ol dow)da)
Rd JRd R2 JRA

and completing the square

|z — y|?

2 _
m +v|z|* =

Ltdyt| 1 Ayl
At T+4vt7| T1qae

Hence with ~(t) = we have

0
14+-4~t

22
amty 2 [ [ R T ajo(e) dluty)
R4 JRRE
< (4rt)~/2 / / T I di(a)] dlu(y)]
Rd Rd
—~lyl?
= (rty 2 [ P o) [ T dluty)
R4 R

d
2

Yy &
)) ()2 Illat, @y 1€l aa ety

:]

= (4mt)~ d/Z( ;

‘ Q
2

= (d4mt)~( ))2HM||M o @) I2lam_ ®a),

|vi

which is finite as long as y(t) > ¢, that is 0 <t < T'(e) — T'(v) = ﬁ — %.
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Then (6.26) follows from Fubini’s theorem since
[ stmds= [ [ K@ y0dute)doty)
R4 Rd JRd
— [, [ K- v.0d00) duo
Rd JRd
= / S(t)edu. O
Rd

Note that Proposition 6.4 establishes a duality among the spaces X! from (4.18) and the
spaces Y from (6.19). Also the norms |||, . and [|-[| are dual to each other. In particular,
using Proposition 4.10, we have the following result.

p/7_€

Proposition 6.11. Defining XY and Y*_ as in (4.18) and (6.19), for any 6 > 0, t > 0 and

o(t) = 1<p<oo, 4+ =1and anyuoeXf;(t) andngYf;, we have

)
1446t ’p p

/Rd @ S(t)ug = /]Rd S(t)p uo. (6.27)

Moreover in all the pairs of estimates (3.2)-(6.7), (4.9)-(6.13), (4.10)-(6.14), (4.6)-(6.9),
and (4.11)-(6.12) one estimate is dual of the other.

Proof. With the spaces in (6.5), the definitions in (4.18) and (6.19), from (4.19) we have that

S(t): Xf;(t) — Xi

is continuous for 1 < p < g < 0.

Hence, for ¢ < oo, using Proposition 6.4, the adjoint operator satisfies

S'(t): Y — Yfé(t)

for 1 < ¢’ <p’ < oo and is characterized by

/Rd S(t)upp = /Rd upS' (t)p

for any ug € Xg(t) and ¢ € Yf:;. Hence, from Lemma 6.10 we get S’(t) = S(¢t).

Finally, since from Proposition 6.4 the norms ||-[|,, . and |||, _. are dual to each other, the
adjoint operator satisfies the dual estimates (6.7), (6.13) (from (6.16)), and (6.14) (from (6.18)),
respectively.

Conversely, the estimates (6.9) in Proposition 6.6 and (6.14) (from (6.18)), (6.12) (from
(6.15)) in Corollary 6.7 imply that

St): YPs — Yj&(t)
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is continuous for 1 < p < ¢ < co. Hence the adjoint operator satisfies

S'(t): X, — XY
for 1 < ¢ <p' < oco. As above, from Lemma 6.10, S’(t) = S(t) and again from Proposition 6.4

the adjoint satisfies the dual estimates (4.6), (4.10) and (4.11) respectively. O

As in Proposition 3.4 and Proposition 4.11, we can recast the results in Proposition 6.11 as
follows.

1

Corollary 6.12. Foranye >0,0<t<T(e) = =

we have the following.

For any 1 < p < o0, %—F% =1 and any ug € X? andgpeYi(t), we have

/ oSt = [ Stpuo.
R R4

Proof. As in the Proposition above for 6 > 0, t > 0 and §(t) =
1<p<g< o

ﬁ < 0, we have (4.19) for

So given € > 0 and 0 <t < T(e) set 6 = &(t) = 4(Té)_t) = (1_54€t) > ¢ and then §(t) = e.
This proves (i).

Also (ii) follows in the same way from (6.27). O

Finally in the Fréchet space Lj(R?) we have the following.

Proposition 6.13. For1 < p < g < oo, the heat flow S(t): L{O(Rd) — inlo(Rd) as in Corollary
6.8 is the adjoint of the heat flow S(t): LE(RY) — LI(RY) as in Proposition 4.8.

In particular, for all ug € LY(R?), vy € Lljo(Rd) and t > 0, we have

/R 00 S(t)un = /R Styou,

Proof. For 1 < p < ¢ < oo from Proposition 4.8, S(t): LH(R?) — L(R?) is continuous. Hence
the adjoint satisfies S'(t): (LI(RY))" — (L(R?))" and is definded by

S(t)uowz/ uoS’(t)ap
R4 R4

for ug € LE(RY) and ¢ € (LI(RY))". By Corollary 6.5 and Lemma 6.10 we conclude that
S'(t)e = S(t)e. O
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7 Conclusion

The results in this paper show that the heat equation defines, in a very natural way, a semigroup
on the family of Fréchet spaces Lh(R?), and that we need to use the whole family of seminorms
of Lh(R?) in order to understand the behaviour of the heat flow for such initial data.

We have also developed a systematic dual theory for both the Lg(Rd) spaces and the heat
flow on these spaces.

We will use the estimates from the first part of the paper to analyse the inhomogeneous
equation

ur — Au+ Au = f(t)
and deduce consequences for the elliptic equation

—Au+Iu=f

for f € LH(R?) in our forthcoming paper [7].
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