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ABSTRACT In many empirical situations (e.g.:Libor), the rate of 
interest will remain fixed at a certain level(random instantaneous rate 
Ói) for a random period of time(ti) until a new random rate should be 
considered, Ói+ 1, that will remain for ti+ 1, waiting time untill the next 
change in the rate of interest. Three models were developed using the 
approach cited aboye for random rate of interest and random waiting 

times between changes in the rate of interest. Using easy integral 
transforms (Laplace and Fourier) we will be able to ca1culate the 

moments of the probability function of the discount factor, V(t),and 
even its c.dJ .. The approach will also be extended to the calculation of 
the expected value(net premium) and variance of a term insurance and 
we will get its c.d.f., something not very common in actuarialliterature 
due to its complexity, but very useful when the law of large numbers 

cannot be applied and consequently use normal approximations. 

1. INTRODUCTION 

The stochastic instantaneous rate of interest has been frequently modelled 
using an Ito's process, 

, , dó(t) = ¡.t(ó(t) , t)dt + (T(ó(t), t)dZ(t) 

where ¡.t and (T are the expected value and the val"iance, Z(t) is a standard 
Wiener process. Many models were studied using this approach as stated in 
Hürlimann(1993), Ang and Sherris(1997) and Parker(1997). In these models, 
changes in the instantaneous rate of interest are implemented continuously. 

In many empil"ical situations (e.g.:Libor), the rate of interest will remain 
fixed at a certain level(random instantaneous rate ó;) for a random period of 
time(ti ) until a new random rate should be considered, Ói+l, that will remain 
t;+1, waiting time until the next change in the rate of interest. This last fact 
means tha.t a model with continuous changes in the instantaneous rate of 
interest may not be very appropriate. 

Let us introduce the following approach. V(t), the discount factor, can be 
defined 

(1.1) 

where: 
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- n is a random variable that represents the total number plus 1 of 
changes in the rate of interest within the time interval (O, t] 
- {tj};;;;;; the sequence on random variables that models the 
waiting times between changes in the rate of interest and 
t j E (0,00) and Wj(x) = P{tj :::; x}. It is clear that: 

if n = 1 then V(t) = e-8
¡t¡ 

- {Ó j} 7=1 is a sequence of random variables for the instantaneous 
rates of interest. Let us remember that Ój = ln(l + ij) and 
assume that Ój E (0,00) and Fj(y) = P{Ój:::; y}. 

Let us introduce the function: 

then: 

P {-,(t) :::; ln(x)} = P {¡(t) > -ln(x)} 

if we now defme: 

Gt(x) = P{¡(t):::; x} x2:0 

this expression is obtained: 

Dt(x) = P{V(t):::; x} = 1- Gt(-ln(x)) 

and dt(x) is the first derivative of Dt(x). 

(1.3) 

(1.4) 

Three models will be presented in section 2 using the approach eited aboye 
for random rate of interest and random waiting times between changes in the 
rate of interest. The first two (Models La and I.b) for independent rates of 
interest in the different waiting times and the last one for non-indepéndent 
rates, more realistic in many situations (Model I1). 

In section 3, using Laplace and Fourier transforms, we wiil find, with The­
orems 2 through 6 (based in renewal integral equations), expressions for the 
Laplace and Fourier transforms of a very interesting kind of functions directly 
related with Dt(x). 

In section 4, an elegant and direct expression for the moments of the proba­
bility distribution of the discount factor V(t) will be found for the three models 
considered. 
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Later, in section 5, we will see how the very e.d.f of V(t) can be obtained. >. 

Finally, in section 6, the promised extension to a term insurance is made 
and expressions for the net premium, variance and even the e.dJ. will be 
presented. Section 8 is devoted to mnnerical illustrations. 

2. FINANCIAL MODELS 
The follmving models for the rate of interest will be considered 

2.1. Model La.: i.i.d. rates of interest 
., 

Let us assume that {Ój}~~1 and {tú~;;;;are sequenees(mutually indepen~ 
dent) of Li.d. random variables with eonnnon dJ. f(y) and w(x) respectively, 
then 

(2.1) 

x?:O (2.2) 

,vith dJ. g{a( x). 

2.2. Model Lb.: i.Ld. rates of interest with initial value. 
f 

Let us consider now the case when Ól = ói is not a random variable and t 1 

follows a d.f. Wl(X) - that could be clifferent from w(x) - and the sequences 
{ÓÚ~~2 and {tj}~;;;iare formecl with i.i.d. random variables ,vith common dJ. 
f (y) and w( x) respectively, as it was stated in l\foclel La .. The random variable 
¡( t) conlcl be written: 

.(2.3) 

if tI > t then ¡J.b(t) = Ójt. 

Theorem 1. The c.d.f. oI the random vaJ'iable ¡I.b(t) = -ln(V(t)), G{-b(X), 
can be expressed: 

5't ( ) J.b 1 l' l.a T Gt (x) = (). Gt--r.- (x - T)W1 ó* dT x> O 
ó*w .1. o', 1 

1 1 6i 

(2.4) 

3 



Proof. Let us define 

with e.dJ. , 

then 

{ x} W1 (f.) 
P {b1 :S x} = P t1:S ó* = ( :) x E (O, ó~t) 

1 W1 6. 
1 

if we eonsider ("(I.a(t - !; )IT = b1) is a conditional random variables with 

e.dJ. Gl.a",- (x), bearing in mind that 
t- 6. 

1 

G~·a(x) = O y:S O 

and using the total probability theorem 

for a fueed value of the initial instantaneous rate of interest. ó~ .• 

2.3. Model II: Non-independent rates of interest 

In this case we will assume that the sequenee of random variables { Ó j} ;~1 follow 
this pattern, 

Ó1 - óO+e1 (2.5) 

Ó2 - Ó1 + e2 = Óo + el + e2 

Ó3 - Ó2 + e3 = Óo + el + e2 + e3 

n 

ón - Ón -1 +en = Óo + ¿ej 
j~l 

that means that the rates of interest are non-independent random variables. 
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where 00 is afixed parameter and {éj};~1 are i.i.d. with oornmon e.dJ., 

Pié ~ x} = H(x) x E (-00,00) 

random variable 'Y(t) ean be written, substituting 2.5 and operating 

(2.6) 

3. INTEGRAL TRANSFORMS OF gt(x) AND Gt(x) 

If gt(x) is the first derivative of Gt(x), Laplaee transforms ofthese functions 
are expressed: 

Lg(s, t) = 100 e-SYg,(y)dy 

La(s, t) = e-SYGt(y)dy = 9 , 100 L (s t) 

o s 
(3.1) 

using the properties of the Laplaee transformo 

Theorem 2. The Laplace 'l}ans[arm af g{a(x),d.f. af the randam val'iable 
-ln(V(t)), is the salutian af the fallawing Valterra integral equatian af the 
secand kind 

Lg1 .• (s,t) = ';(st)(l- W(t)) + [';(ST)W(T)LgI .• (S,t - T)dT (3.2) 

s > O t>O 

where ';(x) is the Laplace transfOlID af f(x), d.f. afthe instantaneaus rates 
af interest Oí. 

Proof. The Laplaee transform of the former function eould be written 

LgI..(s, t) = 

100 e-·51tl f(01)d0
1 

100 100 ... 100 
e -+2t,+ .. +5n- ltn-l+ón((t-hl-:~: tj

) 1 

f(02)'" f(on)d02··· dOn = 

100 e-·51tl f(0¡)d01LgI..(s, t - tI) 
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if we denote ~(stl) = 10 e-s8,t, f(ÓI)dóI, the foilowing expression is oh­
tained: 

LgI .• (S,t) = ~(stl) LgI .• (s,t - tI) 

which could be considered as the Laplace trallsform of the d.f. g{··(x) 
conditioned that the first waiting time is tI' 

A renewal argument wiil be liSed 1l0W, 

a) If tI ~ t then LgI .• (8, t) = ~(st) with a probability of 1 - W(t) 
b) If tI = T < O thell LgI .• (8, t) = ~(ST) LgI .• (8, t - T) weighted 
with the density function w( T). 
leadillg to the integml equation 3.2 • 

Theorem 3. Tile Laplace '1}8Jls[~rm of g{-b(x),d.f. of tlIe r8JIdom variable 
-ln(V(t)), C8Jl be expressed . 

Lgl.b(s, t) = 

1( ) t'ite-STLgI..(S,t-:)WI(:)dT s>o t>O (3.3) 
Ó*W -L Jo UI uI 

1 1 bj 

Proof. It is trivial using the fOlmer Theorem and the properties of the Laplace 
transfonn • 

• Theorem 4. TlIe Fourier '1}ansform of g{I(x),d.f. of tlIe r8JIdom variable­
ln(V(t)), is tlIe 8olution of tlIe following Volterra integral equation of tlIe second 
kind 

;fgll(8, t) - é s8ot((st) (1- W(t)) (3.4) 

+ l t 

((sT)eIs80Tw(T);fgll(S,t - T)dT 

8 E (-00,00) t> O 

wlIere «(u) is tlIe Fourier Transform of f(x), d.f. of tlIe c1I8JIges in tlIe 
inst8JItaneous rates ofinterest éi. 

Proof. Defining the random variable 

(3.5) 
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then 

'YIl (t) = 80t + p(t) 

and 

P{6ot+p(t):::; x} = P{p(t):::; (x- 6ot)} = 

= Rt(x - 6ot) x E (-00,+00) 

the Fourier transform of G[I(X) can be expressed 

s E (-00, +00) t > O 

ancl 
~gII(S, t) = e1s

/iot ;rAs, t) 
where rt(Y) is the fIrst derivative of R,(y) and 

~R(S, t) = ¡:oo e1sy Rt(y)dy = ~~~~t) 
We will focus now our attention on ~r(s, t). It is obvious that 

(3.6) 

~r(s,t) _ ¡:oo ¡: ... ¡:oo /+t+E2('-t1)+ .. +E+-:~>j)l h(el) ... 

h(en)del ... den = 

¡

+oo ¡+oo ¡+oo 1+00 l. [E2(t-t1)+E3«t-t1)-'2)+.+E. (t-t,J-~f tj)] 
eIsE1th(el)del ... e ,~2 

-00 -00 -00 -00 -
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lOO else!t! f(é1)dé1'Jr(S, t - tI) 

using the function «(st1) = Jo else!t! f(é1)dé1 we can finally get 

'Jr(S, t) = «(st1)'Jr(s, t - tI) 

and using the renewal argunIent that was used in Model La 

a) If tI ~ t then 'Jr(s, t) = «(st) with a probability of 1 - W(t) 
b) If tI = r < O then 'Jr(s, t) = «(sr)'Jr(S, t - r) weighted with 
the density function w(r) 
leading in this case to the following renewal equation 

'Jr(s, t) = «(st) (1 - W(t)) + l «(sr)w(r)JAs, t - r)dr 

s E (-00,00) t > O 

similar to the one that we obtained in the case of Laplace transform in the 
Model La 3.2. Multiplying both sides by elsliot we can write 

• 

elSlio''Jr(s, t) = elsliot«(st) (1 - W(t)) 

and finally 

+ ¡' «(sr)elsliOTw(r)elslio('-T)Jr(S, t - r)dr 

s E (-00,00) t > O 

'JgII(s,t) _ elsliot«(st)(l_W(t))+ ¡t«(sr)elSliOTW(r)'J9II(S,t_r)dr 

s E (-00,00) t > O 

We shall solve the Volterra equations of the second kind of 3.2 , 3.4 using 
Laplace transforms. 

Let us define explicitly now the Laplace transform operator: 

~[k(x),x,z] = loo e-Z"'k(x)dx (3.7) 

Theorem 5. Tbe Laplace transform of g{-a(x),d.f. of tbe random variable 
-!n(V(t)), LgI.'(s, t), can be obtained as tbe inverse Laplace transform of tl1e 
function: 

c/.a(s z) = ~ [~(st) (1 - W(t)) , t, z] 
, 1- ~ [~(st)w(t), t, z] z>O (3.8a) 

for a fixed "",lue of s. 

8 

• 



Proof. Using the Laplace transform operator 3.7 in the integral equation 3.2 
over t, 

fmal!y 

~[LgI..(s,t),t,z) = ~[~(st)(l- W(t)),t,z) 

+~ [~(st )w(t), t, z) ~ [LgI .• (s, t), t, z) 

<' [L ( ) )_ ~ [~(st) (1- W(t)), t,z) _ Cl.a( ) 
~ gI .• s,t ,t,z - 1- ~[~(st)w(t),t,z) - s,z 

then the Laplace transform using variable t 01' LgI.a (s, t) wil! be Cl.a(s, z). 
we can use the inverse Laplace transform in order to obtain LgI .• (s, t), 

1 1<+100 LgI.a(S, t) = -¡ e-ztCI.a(s, z)dz 
27f e-loo 

(3.9) 

where c is a parameter that exceeds the real part of al! singularities of 
L.:l.a(s, z) .• 

Theorem 6. The Fourier transfol'm of gf 1 (x), d.f. of elle random variable -
ln(V(t)), ~gII(S, t), can be obtained as tlle invel'se Laplace transfol'm of the 
function: 

"ll ~ [els.5ot((st) (1- W(t)), t, z] 
L (s z) - z > O 

, - 1 - ~ [els6ot((st)w(t), t, z) 
(3.lOa) 

for a fixed value of s. 

Proof. Using again the Laplace tl'ansfol'm opel'atol' 3.7 in 3.4 

~ [~gII(S,t),t,z] = ~ [els6ot((st) (1- W(t)) ,t,z] 

+~ [elS.5ot((st)w(t), t, z] ~ [~gII(S, t), t, z] 

leading to 

~ [els.5ot((st) (1- W(t)), t, z] II 
~ [~gII(S, t), t, z] = 1 _ ~ [els.5ot((st)w(t), t, z) = L.: (8, z) 

we can use the inverse Laplace transform in order to obtain ~gII(8, t) 

1 1e
+

loo 

~gII(S,t) = 2 ¡ e-ztL.:ll(s,z)dz 
7f e-loo 

(3.11) 

where c is a parameter that exceeds the real part of all singularities of 
L.:ll(s,z) • 
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4. MOMENTS OF THE DISTRIDUTIONS 
In Models La.and I.b, the moments of the probability distribution of V(t) 

(d.f. dt(x)) can be expressed using 1.2 and 1.4 

E [V(t)t = a;(t) = [O (y)i dt(y)dy = [O (e-X)i g{"a(I.b) (x)dx = 

l
OO -ix I.a(I.b) . 

o e gt (x)dx = LgI.a(I.b)(Z, t) (4.1) 

and in ModeI II 

(4.2) 

The moments can be obtained lL~ing anaIyticaI solutions or numerical ap­
proximatious of the inverse LapIace transforms 3.9 and 3.11 and 3.3 in Model 
Lb. 

It is obviolL~ that in most cases, analytical inverse LapIace transform~ wilI 
be hard to obtain and, cousequently, munerical techniques must be used. 

5. DISTRIBUTION FUNCTION OF V(t) 

Let us remember expression 1.4 

P{V(t) ~ x} = 1- Ct(-In(x)) 

In Models La and Lb the functious LGI .• (S, t) and LGI.b(s, t) represent the 
LapIace trausforms of functious c[-a(x) and C{-b(x) respectively. Using ex­
pressious 3.2 and 3.3 and 3.1 

( ) 
_ LgI..(I.b) (s, t) 

L GI .• (1 .b) s, t - -"---'--'--''-'---'­
s 

(5.1) 

where LgI .• (S, t) can be obtained from 3.9 anaIyticaIor numerically, and 
LgI.b(S, t) from 3.3. 

Then inverting LapIace trausform again could Iead us to anaIytical eXpres-
. . t' f CI.a(I.b) ( ) . 

SIOUS or apprmoma IOUS o t X , 

1 ¡MIOO I.a(I.b) -"'. Ct (x)=21 e LGI .• (I.b)(S,t)ds 
'Ir d-Ioo 

(5.2) 

where d is a number that exceeds the real part of all the singularities of 
LGI..(I.b) (s, t). 
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In Model II., Jall(S, t) stands for the Fourier transform of G{l(x). Using 
3.10a and 3.6 

Jall(s, t) = Jg:~S; t) (5.3) 

where Jgll(S, t) can be obtained from 3.11 analytical or numerically. 
Finally, we will use the inverse Fourier transform 

6. APPLICATIONS TO TERM INSURANCE 

(5.4) 

Let us now apply the results obtained aboye to a term insurance of m years. 
The random variable Z represents the present value of a term insurance( see 
Bowers et al.(1986)) of m years where the actualization factor V(t) follow the 
considerations made in the introduction, 

Z = c(K + l)V(K + 1) K = 0,1,···, m-1 

o K=m,··· (6.1) 

where K is the curtate future-life of a person of age x and 

The function c(K + 1) models the amoullt paid at the end of the year of 
death, al~o known as benefit function. It is supposed to be deterministic. 

We should bear in mind that the actualization factor at time K+1, V(K + 
1), is nowa random variable. 

Let us now express the expected value and variance of Z using the well 
knOWll formulas 

E [Z] = EK [Ev [ZIK]] 

Var [Z] = EK [Varv [ZIK]] + VarK [Ev [ZIK]] (6.2) 

where 

Ev [ZIK] = E [c(K + l)V(K + 1)] = c(K + l)al(K + 1) (6.3) 

Varv [ZIK] = Var [c(K + l)V(K + 1)] = 

(6.4) 

11 
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that can be obtained from 4.1 and 4.2. 

Finally, 

m-¡ 

E [Z] = EK [c(K + l)a¡(K + 1)] = Lc(i + l)a¡(i + l)iPa; qx+i (6.5) 
i=O 

and after sorne simple simplifications 

Var [Z] = EK [(c(K + 1))2 (a2(K + 1) - (a¡(I< + 1W)] + 

') 

+VarK [c(K + l)a¡(K + 1)] = 

m-¡ 

L (c(i + 1))2 a2(i + l)iPx qx+i - (E [Z])2 (6.6) 
i=O 

Using the approach stated in this paper the distribution flrnction of the 
probability distribution of Z can also be obtained. Using the 1btal probability 
Theorem 

m-l 

P{Z:S;y} L P {V(i + l)c(i+ 1) :s; Y}iPX qx+i (6.7) 
i=O ,j> 

00 

+ L iPx qx+i 
i=m 

This last result can be of high interest when the law of large numbers 
cannot be applied. 

7. CONCLUSIONS 

The approach presented in this work ( see expression 1.1) with random 
rates of interest Ói that remain fixed during certain waiting times ti, can be 
considered more suitable to situations when the stochastic structure of dó(t) 
does not allow continuous changes in ó(t)( as it is common in many models 
used in actuarialliterature ). . 

Using simple tools from spectral methods, Laplace and Fourier transforms 
and simple renewal equations, with Theorems 2 through 6, we found elegant 
expressions for the moments of the probability function of the discount factor 
V(t), 4.1 and 4.2, and of a term insurance, 6.5 and 6.6. 

The possibility of obtain the distribution functions of the discount factor 
and term insurance using 5.2 5.4 6.7 make this approach really appealing, 
specially when the risk of an insurance should be assessed and the conditions 
for a normal approximation using the law of large numbers do not exist (e.g.: 
small amount of policies) 

12 



h 

8. NUMERICAL ILLUSTRATION 
We will get approximations of Dt(x), distribution.function.of the discount 

factor V(t) (t=l, t=5 and t=lO), for several values of x using model La. 
The distributions of the waiting times will be exponential 

W(X) = Ae->-x x> O 

andA=1. 
The instantaneous rate of payments Ói wiIl follow a Gamma distribution 

b 

f() a b-l -ay y > O 
Y = r(b)Y e 

váth a = 1240 and b = 72, then the expected value f-t c::: ln(1.06) and the 
standard deviation (J = 0.006 and 

P{Ói E (ln(1.04),ln(1.08))) c::: 1 

this last expression means that the rate of interest will fiuctuate inside the 
interval (0.04,0.08) with a probability very close to 1. 

The values of Dt(x) were obtained 1L~ing the Gaver-Stehfest algorithm 
twice, first in 3.8a getting La!.. (s, t) 5.1 and later in 5.2 to obtain G[-b (x) 
and finaIly substituting in lA 

With the assmnptions made aboye the integrals usecl in the calculatiorL~ 
have an explicit formula, see for example Gradshteyn and Ryzhik(1994). The 
Gaver-Stehfest method is a very efficient tool of inverting Laplace transform 
under certain conditions of smooth behavior, Davies and Martin(1979). A vel')' 
simple pro~lCdure made in l\1aple V was implemented to obtain the figures. 
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