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ABSTRACT In many empirical situations (e.g.:Libor), the rate of
interest will remain fixed at a certain level{random instantaneous rate
&;) for a random period of time(t;) until a new random rate should be
considered, &;,1, that will remain for ¢;;, waiting time untill the next
change in the rate of interest. Three models were developed using the
approach cited above for random rate of interest and random waiting

times between changes in the rate of interest. Using easy integral
transforms (Laplace and Fourier) we will be able to calculate the
moments of the probability function of the discount factor, V(t), and
even its c.d.f.. The approach will also be extended to the calculation of
the expected value(net premium) and variance of a term insurance and
we will get its c.d.f., something not very common in actuarial literature
due to its complexity, but very useful when the law of large numbers
cannot be applied and consequently use normal approximations.

1. INTRODUCTION

The stochastic instantaneous rate of interest has been frequently modelled
using an It6’s process,

®

; ds(t) = p(8(t), )t + a(6(t), )dZ(t)

where £ and ¢ are the expected value and the variance, Z(t) is a standard
‘Wiener process. Many models were studied using this approach as stated in
Hiirlimann(1993), Ang and Sherris(1997) and Parker(1997). In these models,
changes in the instantaneous rate of interest are implemented continuously.

In many empirical situations (e.g.:Libor), the rate of interest will remain
fixed at a certain level(random instantaneous rate §;) for a random period of
time(Z;) until a new random rate should be considered, 6;,1, that will remain
ti+1, waiting time until the next change in the rate of interest. This last fact
means that a model with continuous changes in the instantaneous rate of
interest may not be very appropriate. '

Let us introduce the following approach. V(t), the discount factor, can be
defined

n—1
~|&1t1+bata 4 +8n-1tn—1+8n (t— > tj)]
i=1

Vit)=e (11)

where:




— n is a random variable that represents the total number plus 1 of
changes in the rate of interest within the time interval (0, ]

- {t J};';ll the sequence on random variables that models the
waiting times between changes in the rate of interest and

t; € (0,00) and Wy(z) = P {t; < z}. It is clear that:

D t;<t  ifn=1then V(t) =™

-{é j}?=1 is a sequence of random variables for the instantaneous
rates of interest. Let us remember that §; = In(1 + 4;) and
assume that §; € (0,00) and F;(y) = P {6; < y}.

Let us introduce the function:

V@) =—In(V{t)) = |6ut1 + Saby + -+ + bptbney + 65 (t - Etj)] (1.2)

then:
Dyz) =P{V(t) <z} =Pl <z} =

P {—+(t) <In(z)} = P {7(t) > — In(z)}
if we now define: |
Giz) = P{y(t)<z} 20 (1.3)
this expression is obtained:
Di(z) = P{V(t) <z} = 1 — Gi(~In(x)) (1.4)
and d,(z) is the first derivative of D(z).

Three models will be presented in section 2 using the approach cited above
for random rate of interest and random waiting times between changes in the
rate of interest, The first two (Models La and Lb) for independent rates of
interest in the different waiting times and the last one for non-independent
rates, more realistic in many situations (Model II).

In section 3, using Laplace and Fourier transforms, we will find, with The-
orems 2 through 6 (based in renewal integral equations), expressions for the
Laplace and Fourier transforms of a very interesting kind of functions directly

-related with Dy(z).-

In section 4, an elegant and direct expression for the moments of the proba-
bility distribution of the discount factor V(t) will be found for the three models
considered.




Later, in section 5, we will see how the very c.d.f of V(t) can be obtained.

Finally, in section 6, the promised extension o a term insurance is made
and expressions for the net premium, variance and even the c.df. will be
presented. Section 8 is devoted to numerical illustrations.

. 2. FINANCIAL MODELS
The following models for the rate of interest will be considered

2.1. Model La.: i.i.d. rates of interest

Let us assume that {6;}_, and {t; g lare sequences(mutually mdepen—
dent) of i.i.d. random variables with common d.f. f(y) and w(x) respectively,
then

Yro(t) = 61ty +8gta + -« + n_slnz + 65 (t — th) (2.1)

Gloz) = P{y*(t) <z} 220 (2.2)
with d.f. g/%(x).
2.2. Model L.b.: i.i.d. rates of interest with initial value.

4
Let us consider now the case when §; = 6] is not a random variable and t,
follows a d.f. w, (9:) — that could be different from w(x) — and the sequences
{65}y and {t;}75 ‘are formed with ii.d. random variables with common d.f.
f (y) and w(zx) respectively, as it was stated in Model La.. The random variable
-(t) could be written:

n—1
'yr'b(t) = 5;t1 -+ (62t2 + e 6n—1tn-—l + 611 ((t = t’l) - th)) =

j=2

'

2,

Sty + "t — 1) (23) -

if £; >t then 472(t) = §it.

Theorem 1. The c.d.f. of the random variable v"°(t) = —In(V(t)), GI*(z),

can be expressed:

Lb 1 % e
Gy(x) = ———— G, (:::-‘r)'wl(

v, (3) ) dr z>0 (2.4)




Proof. Let us define

with e.d.f. |

P {b, ga:}:P{tlg f'i} g;—l%i‘% x € (0,63t)

then
YHE) = by + (- )

= bl) is a conditional random variables with

if we consider (fyI “(t— )
cd.f G’: _“%L (z), bearing in mind that
1

Gi*x) =0 y<0

and using the total probability theorem

Lb Loy it 1% (
Gz} = P {Py () < a:} Gt___(:v T)=
0 IW' (

1 /6‘ "
L [Mett - (F ) or
6W: () Jo J

for a fixed value of the initial instantaneous rate of interest. §;. B

mh
S’
£

fes |5
e

2.3. Model II: Non-independent rates of interest

In this case we will assume that the sequence of random variables {6; }" follow
this pattern,

8, = Goter (2.5)
(52 == 61+82=6{)+51+82
(53 = 62+€3$6{;+€1+52+63

bn = Spiten=080+ Y &

=1

that means that the rates of interest are non-independent random variables.




where & is a fixed parameter and {Ej};."___l are i.i.d. with common c.d.f.,
Ple<z}=H(z) =€ (—00,00)

random variable () can be written, substituting 2.5 and operating

n—1
Y(t) = 81ty + Satg + -+ + Ep_tlney + 6y (t - th) =
i=1

n—1
= Got + et + ot —ty) + -+ €n (t—th) (2.6)
J=1

3. INTEGRAL TRANSFORMS OF g,(z) AND G(z)

If g¢{x) is the first derivative of G(z), Laplace transforms of these functions
are expressed: ‘

Lg(s,t) = £ e g, (y)dy

Ly(s,t)

- (3.1)

Lo(oit) = [ e Gy =
0

using the properties of the Laplace transform.

Theorem 2. The Laplace Transform of gl*(z),d.f. of the random variable
-In(V(t)), is the solution of the following Volterra integral equation of the
second kind

E]
"

Lyra(s,t) = E(st)(1-W())+ fﬁt.f(ST)w(T)Lgf.a (s,t —7)dr (3.2)

s > 0 t>0

where &(¢) is the Laplace transform of f(x), d.f. of the instantaneous rates
of interest 6;.

Proof. The Laplace transform of the former function could be written

ng',u (S, tv) =

—8 52t2+ Fbn—1tn— 1+6n((t_f‘1) Z tJ)]
0

(52) f(6 \d6y - - - db, =
foo e~ 1Y £(8,)d81 Lyr.a (5, ~ t1)
0
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if we denote (st} = ﬁ;’o e~%81h f(§,)d8;, the following expression is ob-
tained:

Lgra(s,t) = &(st;) Lora(s,t —t1)

which could be considered as the Laplace transform of the d.f. g{<(z)
conditioned that the first waiting time is #;.

A renewal argument will be used now,

a) If t; > t then L. (s,t) = £(st) with a probability of 1 — W(t)

b) If t; = 7 < 0 then Lgi.a(s,t) = &(s7) Lgr.a(s,t — 7) weighted

with the density function w(7). :

leading to the integral equation 3.2 M

Theorem 3. The Laplace Transform of g; I3(z),d.f. of the random variable
-In(V(t}), can be expressed
Lg[,f,(s, t) ==

OO
/ e””g{ b(m)dﬂz =
0

e ()
e T Lot (8, — *) ~}dr >0 t>0 (3.3)
5§W1(5—2) 0 67 \6

Proof. Itis trivial usiﬁg the former Theorem and the properties of the Laplace
transform M

Theorem 4. The Fourier Transform of g/’{x),d.f. of the random variable -
In(V{(t)), is the solution of the following Volterra integral equation of the second
kind

Srr(st) = €oC(st) (1— WD) (34)
—!—fo ((sT)e! T w(r)F i (s, — T)dT

s € (~o0,00) t>0

where ((s¢) is the Fourier Transform of f{x), d.f. of the changes in the
instantaneous rates of interest €;.

Proof. Defining the random variable

p(t) =il + et — 1) + ( Zt ) (3.5)

j=1




then

¥ (t) = Sat + p(t)
GII P{v”(t) < m} P{’Y”(t) < :E} _
P {8ot + p(t} < x} = P{p(t) < (z — bot)} =

= Rt(a: — 6gt) T e ('"'OO,"[-OO)

the Fourier transform of G!!(z) can be expressed

+o0
Fann(s,t) = / eI G () dy —

—00

+oo ) +00
/ !V Ry(y — bot)dy = &' / e’V Ry(y)dy =
eISﬁot ST(S’ t)

Tadpt _
€ gR(S‘J t) - —Is

s € (—oo,+00) t>0

and

%'gn(s, t) == glsdot (s, 1)
where r4(y) is the first derivative of Ri(y) and

# —+00
5o, = [ ety
+o0 ¢
ato )= [ Ry =5 (39

We will focus now our attention on §.(s,1). It is obvious that

{y”,(s t) f+m / f+oo Is[e1t+52(t-t1)+ +eﬂ(t—z t,)] h(gl)

h{gn)des -+ =

+eo Isest teo  ptoo teo s [ez(t—t1)+es((t—-t1}—t2)+---+sn ({t—tl}-’?il t,-)]
f e 823 h(EﬂdS} f f e ] e i=2
Oy —00 —o0 -

-—00

f(SZ) e f(gn)d€2 PN den =
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f e f(e1)der§y(s,t — 1)

- 0

using the function {(st;) = f°° ef*€1h f(e,)de, we can finally get
:E,»(S,t) = (351)3:r(5,t - tl)

and using the renewal argument that was used in Model La

a) If t; > 1 then §.(s,t) = {(st) with a probability of 1 — W(t)

b) If t; = 7 < 0 then §.(s,t) = {(s7)§:(s,t — 7) weighted with

the density function w(7)
leading in this case to the following renewal equation

§-(s,t) = {(st) (1 —-W(t f§(5T )8 (s, t — T)dT
8 € (—o0,00) t>0

similar to the one that we obtained in the case of Laplace transform in the
Model La 3.2. Multiplying both sides by €/*°®* we can write

Tt (s t) = e!*o(st) (1 — W(t))
t
+/‘ g(ST)elsaoTw(T)elséo(t—T)gr(3, t—7)dr
0

s € (-o0,00) t>0

and finally

]
Fori(s,t) = e’ (st) (1 - W) + f ((s7)e" 0T w(T)F g (5,8 — T)dT
0
s € (—oo,00) t>0
.
‘We shall solve the Volterra equations of the second kind of 3.2 , 3.4 using

Laplace transforms.
Let us define explicitly now the Laplace transform operator:

Llk(z),z,2] = /goo e *k(zr)dx (3.1

Theorem 5. The Laplace transform of g[*(z),d.f. of the random variable
-In(V(t)), Lyr.(s,t), can be obtained as the inverse Laplace transform of the
function:
plags 5 - SEEA-WO)be 350
' — £ E(st)w(?), t, 2] '

for a fixed value of s.




Proof., Using the Laplace transform operator 3.7 in the integral equation 3.2
over t,

L (Lyra(s,t),t, 2] = L[E(st) (1 — W (1)), 2, 2]

+£ {E(St)w(t): L, ‘z] £ [Lgf-“ (S’ t)a tr. ‘3]

finally

£ [f St’) (1 — W(t)) ?tvz] _ pla s
1— L£[¢(st)wlt),t, 2] = £7s,2)

then the Laplace transform using variable t of Lgr.(s,t) will be £L7%(s, z).
we can use the inverse Laplace transform m order to obtain Lyr.(s,1),

£ [LQI-G (S:t): t Z] =

1 ctfoo ;
—zt pl. Ao
Lyra(s,t) = Eﬁ/c—foo e * LN (s, 2)dz 7 (3.9)

where ¢ is a parameter that exceeds the real part of all singularities of
Li(s,z). ®

Theorem 6. The Fourier transform of g}!(x),d.f. of the random variable -
In(V(t)), §,1(s,t), can be obtained as the inverse Laplace transform of the
function:

£ [efsot((st) (1 — W (1)), ¢, 2]

EII(S: Z) = 1—£ [61650?54'(5{;)'11]([[-), () Z]

z>0 (3.10a)

for a fixed value of s.

'?'-Prooﬁ Using again the Laplace transform operator 3.7 in 3.4

£ [Fpur(s,1),1, 2] = £ [e"¢(st) (1 — W(1)) , 1, 2]

+L [e" 0 (st)w(t), £, 2] £ [Forr (s, 1), 2, 2]
leading to

£ [els5ot(st) (1 — W (1)), ¢, 2]

1—£ {elsﬁotg(st)w(t)7t7 z] =L (S, Z)

£ [§on(s,t),t,2] =

we can use the inverse Laplace transform in order to obtain (s, 1)
1 c+Too

- —zt ~IT 11
onl | e LY (s, 2)dz (3.11)

{S"gn(s, t) =

where c is a parameter that exceeds the real part of all singularities of
LI(s,2) M




4. MOMENTS OF THE DISTRIBUTIONS
In Models La.and Lb, the moments of the probability distribution of V(t)
(d.f. di(x}) can be expressed using 1.2 and 1.4

mww=@m=AWWm@@=Ame£WWmm=

/ e~ =gy " (@)dz = Lyraun (i, 1) 4D
0

and in Model IT

BV =o' = [ Wiatis= [ () st

-0 [=o]

/ :oe( 12011 ()i = B0 (_}',t) (42)

The moments can be obtained using analytical solutions or numerical ap-
proximations of the inverse Laplace transforms 3.9 and 3.11 and 3.3 in Model
Lb.

It is obvious that in most cases, analytical inverse Laplace transforms will
be hard to obtain and, consequently, numerical techniques must be used.

5. DISTRIBUTION FUNCTION OF V(t)

Let us remember expression 1.4
K P-{V(t) S .'L'} =1-— Gt(— 1]’.’1(3’:))

_ In Models La and Lb the functions Lgr.a(s,t} and Lgras(s,t) represent the
Laplace transforms of functions GI%(z) and G{*(z) respectively. Using ex-
pressions 3.2 and 3.3 and 3.1

Lgl.a(f.b) (8, t)

Loraun(s,t) = "

(5.1)

where L,r.(s,t) can be obtained from 3.9 analytical or numerically, and
Lgis(s,t) from 3.3.

Then inverting Laplace transform again could lead us to analytical expres-
sions or approximations of G -all. b)( )

1 d+Ioo

G'I .a(l. b)(a:) 5T - e'"‘“LG.r.a(:.b)(S,t)dS (5'2)
—Ioo

where d is a number that exceeds the real part of all the singularities of
Lgraun(s,t).
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In Model II., §gri(s,t) stands for the Fourier transform of G{'(z). Using
3.10a and 3.6

o (s,t) = S21) (53)

where §,r1(s,t) can be obtained from 3.11 analytical or numerically.
Finally, we will use the inverse Fourier transform

+oco
Gil(:B) = -2%/ e 1% (s,t)ds (5.4)

6. APPLICATIONS TO TERM INSURANCE

Let us now apply the results obtained above to a term insurance of m years.
The random variable 7 represents the present value of a term insurance( see
Bowers et al.(1986)) of m years where the actualization factor V(t) follow the
considerations made in the introduction,

Z=c(K+1)V(K+1) K=01,--,m—1

0 K=m,- (6.1)
where K is the curtate future-life of a person of age x and
P{-K = k} =k Pz Qetk

The function ¢(K + 1} models the amount paid at the end of the year of
death, also known as benefit function. It is supposed to be deterministic.
We should bear in mind that the actualization factor at time K41, V(K +

1), is now a random variable.

Let us now express the expected value and variance of Z using the well
known formulas

EZ] = Ex {Bv [Z]K]]

Var{Z] = Ex [Vary [Z|K]} + Varg [Ev [Z]K]) (6.2)

where

Ev{ZIK]=Ele(K+1)V(K +1)] = ¢(K + 1)a; (K + 1) (6.3)
Vary [Z|K] =Var[e(K + 1)V(K +1)] =

(e(K +1))* (a2( K + 1) — (ar(K +1))?) (6.4)
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that can be obtained from 4.1 and 4.2.

Finally,
E[Z] = Ex [e(K + 1)a) (K +1)] = Z—:c(z +1)a1 (i + 1)ipz Gors (6.5)

and after some simple simplifications

Var [Z] = Ex {(c(K +1))* (a2(J] + 1) — (e (K + 1))%)] +

+Varg [c(K +1)ai(K +1)] =

4

Z (C i+ 1 '-'12 7 + 1)zpa: Qeii — (E [Z])2 (66)

i=0

Using the approach stated in this paper the distribution function of the
probability distribution of Z can also be obtained. Using the Total probability
Theorem '

P{Z <y} =

oo
+Z ilPr Qzti ( ( +1 ) iPz Qryi +m Pr
i=m

This last result can be of hlgh interest when the law of large numbers
cannot be applied.

V(i+1)e(i+1) Syhipe qors (6.7)

F

—1
=0
m—1
=0

7. CONCLUSIONS

The approach presented in this work ( see expression 1.1) with random
rates of interest §; that remain fixed during certain waiting times {; can be
considered more suitable to situations when the stochastic structure of dé(t)
does not allow continuous changes in §(t)( as it is common in many models
used in actuarial literature ). '

~ Using simple tools from spectral methods, Laplace and Fourier transforms
and simple renewal equations, with Theorems 2 through 6, we found elegant
expressions for the moments of the probability function of the discount factor
V(t), 4.1 and 4.2, and of a term insurance, 6.5 and 6.6.

The possibility of obtain the distribution functions of the discount factor
and term insurance using 5.2 5.4 6.7 make this approach really appealing,
specially when the risk of an insurance should be assessed and the conditions
for a normal approximation using the law of large numbers do not exist {e.g.
small amount of policies)

12




8. NUMERICAL ILLUSTRATION
We will get approximations of D:(z), distribution function.of the discount
factor V(t) (t=1, t=5 and t=10), for several values of x using model La.
The distributions of the waiting times will be exponential

w(z) = de™™® >0

and A =1,
The instantaneous rate of payments §; will follow a Gamma distribution

fly) = %yb“e‘“"’ y>0

with a = 1240 and b = 72, then the expected value p o~ In(1.06) and the
standard deviation ¢ = 0.006 and '

P{6; € (In{1.04), In(1.08))} ~ 1

this last expression means that the rate of interest will fluctuate inside the
interval (0.04,0.08) with a probability very close to 1.

The values of D.(z) were obtained using the Gaver-Stehfest algorithm
twice, first in 3.8a getting Lgra(s,t) 5.1 and later in 5.2 to obtain GI¥(z)
and finally substituting in 1.4

With the assumptions made above the integrals used in the calculations
have an explicit formula, see for example Gradshteyn and Ryzhik(1994). The
Gaver-Stehfest method is a very efficient tool of inverting Laplace transform
under certain conditions of smooth behavior, Davies and Martin(1979). A very

~ simple progedure made in Maple V was implemented to obtain the figures.

0.8 |
!
!
06 1 !
f
7
i
0.4 ] i
/
)
N !
02 1 /
/
/
/
0o 02 0.4 0.8

X

c.df. of the discount factor V(t), Dy(z)
[—— —t=1] [—t=5] [----t=10]
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