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1. Introduction

In this paper we address the solvability of some fourth order linear parabolic equations in RN. More precisely, we
consider

2 _ N
{u[+A u+Pu=0, xeR", t>0, (1)

u(0) =ug in RV,

with ug a suitable initial data defined in RN and P a linear perturbation. We will consider space dependent perturbations
of the form Pu:=3_,, Pqpu with

Pgpu:=DP(d(x)D"), xeRN, (12)

for some a,b € {0, 1, 2, 3} such that a +b < 3, where D¢, D’ denote any partial derivatives of order a, b, and d(x) is a given
function with x € RN,

Our main goal is to consider in (1.1) some large classes of initial data ug in RN as well as to consider wide classes of
low regularity perturbations. For the latter we will consider classes of coefficients d(x) with weak integrability properties.
More precisely, we will assume below that the coefficient d(x) belongs to some locally uniform space Lf,(RN), 1<p <o,

composed of the functions f e L,‘;C(RN ) such that there exists C > 0 such that for all xo € RN

™ Partially supported by Projects MTM2009-07540, MTM2012-31298, MEC and GR58/08 Grupo 920894, UCM, Spain.
* Corresponding author.

0022-247X/$ - see front matter © 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jmaa.2013.11.032


http://dx.doi.org/10.1016/j.jmaa.2013.11.032
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://dx.doi.org/10.1016/j.jmaa.2013.11.032
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2013.11.032&domain=pdf

1106 C. Quesada, A. Rodriguez-Bernal / J. Math. Anal. Appl. 412 (2014) 1105-1134

IfIP<C

B(xo.1)

endowed with the norm “f”Lﬂ(]RN) = supy,ern | flILr(B(x.1))- FOr p =00, L‘E,O(RN) = [°[RN).

As for the initial data we will consider the standard Lebesgue space, LI(RN), 1 < q < oo, or Bessel-Lebesgue spaces
H*9(RN), with 1 < g < 00, « € R, and even uniform Bessel spaces H{;/(RN) to be introduced below.

Given such classes of initial data and perturbations we want to find suitable smoothing estimates on the solutions of (1.1)
as will be explained below.

Note that for P = 0 the solution of problem (1.1) can be described as the convolution of the initial data with the
self-similar fundamental kernel for the bi-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [12,13] and
[11,7].

Recently, results in Bessel-Lebesgue spaces have been proved in [9] for P # 0. By means of resolvent estimates for
A% 4+ P, the authors proved the well posedness of (1.1) with Pu = d(x)u, that is, a perturbation with a,b = 0. They also
found suitable smoothing estimates on the solutions as the ones we will find in (1.2).

Here, instead of relying on elliptic resolvent estimates for the operators A2+ P, with P as in (1.2), we rely on a more ab-
stract “parabolic” argument developed in [16] and applied there to parabolic equations with second order elliptic operators.
With this approach we consider a simpler problem, the one with P =0, that we can solve in several spaces simultaneously.
That is, we consider a semigroup of solutions defined on a scale of spaces. For such simpler problem we start by proving
suitable smoothing estimates on the spaces of the scale. Then we consider a suitable perturbation, P, that acts between
two spaces of the scale. With these ingredients the abstract results in [16] allow to obtain a perturbed semigroup that
corresponds to Eq. (1.1) with P # 0. Such a perturbed semigroup inherits some of the smoothing estimates of the original
one in some of the spaces of the scale which are determined by the perturbation P itself.

Another important result that we are able to stablish using the tools developed in [16], is that of the robustness with
respect to the perturbation. In this direction, we are able to prove two important results. First, we show that all constants
involved in the smoothing estimates of the perturbed semigroups, including the exponential bounds on them, are bounded
uniformly for bounded families of perturbations (i.e. for families of coefficients d(x) as in (1.2) which are bounded in
the uniform space LZ(RN )). Second, we prove that the perturbed semigroups obtained as above, continuously depend on
the perturbation. That is, if the coefficients d(x) depend on a parameter and converge in the space LZ(RN), then the
corresponding semigroups converge in norm.

As mentioned above this approach was applied in [16] to second order parabolic equations in bounded and unbounded
domains, allowing perturbations in the equation and in the boundary conditions.

In this paper we carry out these ideas to fourth order parabolic equations in RN as in (1.1). For that, we use an existence
and regularity theory in suitable scales of spaces for the parabolic bi-Laplacian equation, i.e. (1.1) with P =0, in order to
later introduce the perturbations. For this we use some available information about the heat equation u; — Au =0, in RN
and use that A? is the square operator of —A. In particular, the same scales of spaces available for —A can be used for (1.1).
In such scales suitable smoothing estimates for (1.1) with P =0 are obtained.

We now state one of the main results that we prove below, see Theorem 2.10. Note that this result applies in the
Bessel-Lebesgue scale. A similar one, with technical differences, holds in the uniform Bessel scale, see Theorem 3.7.

Theorem 1.1. Let P, p, be asin (1.2) withk,a,b € {0, 1, 2, 3}, k = a + b. Assume that ||d||L5(RN) < Ro with p > —ﬁk.
N j_b_ Ny
4p° 4 4p”

such that for any y € 1(q, a, b), we have a strongly continuous analytic semigroup, Sp, , (t), in the space H4-9(RN), for the problem

Then, forany 1 < q < oo and such Py p, there exists an interval 1(q, a, b) C (=14 %, 1- %) containing (—1+ % +

ue+ A%u+DP(dx)D) =0, xeRN, t>0,
u(0) =ug inRN.
Moreover the semigroup has the smoothing estimates
M, et

4 N
W||UO||H4y,q(RN), t>0, ug e HI(RY),

” SPsz (Ouo H H4.a(RN) <
forevery y,y’ €l(q,a,b) withy’ >y, and

Mg et N
”SPu,b(t)UOHLr(]RN) < N1, T ||u0||Lq(]RN), t>0, upe Lq(R ),
td'q T

for1 < q <r < oo, withsome My ,,, Mg r and u € R depending on d only through Ro.
Furthermore, the interval 1(q, a, b) is given by

I(qab)—( 1_{_a_{_N(l l) 1 b N(l 1))
o 4 4\p q), 4 4\p q).)
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Finally, if
de —d inLlh(RN), p> —0,
¢ u(RY). p 4—k
then for every 1 < q < oo and T > 0 there exists C(¢) — 0 as € — 0, such that
Sp,(t) — Sp(t <£® voci<r
” P (6) = Sp( )“/:(H4V,q(RN),H4V’~q(RN)) Sy <ts 1,

forevery y,y’ €l(q,a,b),y’ >y andforevery 1 <q<r < oo

C(e)
|Sp,(®) = Sp®) HL(M(RN),U(RN)) < m
q

T

VO<t<T.

Note the ranges of spaces for which we can solve the equation are determined by the base space in terms of 1 < g < oo,
the integrability p of the coefficient d(x) and the order of derivatives a, b. Observe that in the theorem above just one
perturbation P, is considered. Several perturbations can be thus combined together, although not all combinations are
allowed. We discuss below a general procedure to determine whether or not some given perturbations can be combined
together; see Proposition 2.12 and Remark 2.14. Also Eq. (1.1) is satisfied in the sense explained in Remark 2.11.

The paper is organized as follows. In Section 2 we prove that A2 defines an analytic semigroup in the scales of Lebesgue
and Bessel-Lebesgue spaces, which satisfy suitable smoothing estimates; see Lemma 2.2. Then using the results in [16] we
are able to add perturbations to the equation along the lines described above, see Lemma 2.6 and Theorem 2.10. Some
extension to fractional-like derivatives in (1.2) can be found in Theorem 2.15. In this case a, b are nonnegative real and
0<a+b<4.

The same strategy is carried out in Section 3 for (1.1) in the uniform Bessel-Lebesgue scale. These spaces have been used
for linear and nonlinear heat equations in [4,6,8]. Such spaces are very useful because, among other properties, they are
very large spaces whose functions do not satisfy any smallness behavior at infinity and contain the standard Bessel-Lebesgue
spaces as closed subspaces. Also, these spaces contain constant functions and are embedded as Lebesgue spaces are in a
bounded domain.

After some result on these spaces in Proposition 3.1 that complements the ones in [4], we obtain resolvent estimates for
the Laplacian operator that prove that it is sectorial. Then in Lemma 3.4 we show that the bi-Laplacian parabolic equation
defines an analytic semigroup with suitable smoothing estimates in the uniform Bessel-Lebesgue scale. In Theorem 3.7 we
introduce the perturbations and prove an analogous result to Theorem 1.1 in this scale. Note that since uniform spaces are
not reflexive (even for ¢ =2) we can only consider perturbations as in (1.2) with b =0, see Theorem 3.7.

Finally, in Section 4 we show how to obtain all the results in Sections 2 and 3 for other powers of the Laplacian (—A)™,
m € N as the main part in the elliptic operator.

At the end of the paper we have included four appendixes where we collect several results that we need for the main
arguments in the previous sections. In particular, results from [16] are collected in Appendix A; some results from [2] are
in Appendix B and some extension of them can be found in Appendix C. Appendix D contains some extensions to higher
order operators.

The results presented here will be used somewhere else to study fourth order nonlinear problems.

2. Some fourth order equations in the Bessel-Lebesgue spaces in RY

We take, Ag = —A in LI(@RV), with 1 < q < oo with domain D(Ag) = HZ4(RN), where H*9(RN), k € N denotes the
standard Sobolev spaces (often denoted W*4(RN)). In this setting, —A is a sectorial operator, see [14,3], and type(—A) :=
inf{Re(o(—A))} =0.

Using complex interpolation, these spaces can be extended to non-integer indexes, known as Bessel spaces. These spaces
are very convenient because they satisfy the sharp Sobolev embeddings

Lr(RN),S—%2—¥,q<r<oo, ifs— N <0,

q
HS(RN) c § L'(RN), 1<r < o0, ifs—%:O,
C(RM) ifs—%>n>0.

Also, for the negative indexes, we have
H=59(RN) = (H*9 (RV))'. (2.1)

For more details, see [14, p. 35], [1,3] [2, 1.2] or [18]. In what follows we will denote Ey := H**9(RN), o € R, the
Bessel-Lebesgue scale of spaces.
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Also it is known, see [14] and [1], that for 1 < q < oo the heat equation

{ut—Auzo, xeRN, t>0,

(2.2)
u(0) = ug, inRN,

defines a semigroup S_a (t) in the scale of Bessel spaces {Eq}acr := {H2*9(RN)}4er that satisfies the smoothing estimates

My getot
||5—A(t)uo|| H2a®N) S t;‘%ﬂ”UOHHMq(RNy t>0, upe Hzﬁ'q(RN),
for1<g<oo, a,B€R, o> g, and
M el’LOt
IS-a®uol| @y, < %IIUOIIN(RN)’ t>0, up € L9(RY),
2

for 1 <q <r< oo and some constant M; 4. In both estimates above (o > 0 can be arbitrarily small, because type(—A) =0.
This as well as some other useful properties of —A and A? in LI(RN), 1 < q < oo, are collected in the next lemma.

Lemma 2.1. Take 1 < q < oo and denote Eq = LI(RN).

i) The Laplace operator —A in Eq with domain E; = D(—A) = H>4(RN) satisfies the estimate

[(=a-n~" HL(EO) <MA|™Y forall x € S

for the sector

Sup=1{z€C: ¢p<largz—a)| <7, z#a} C p(Ao) (2.3)
with ¢ > 0 arbitrarily small. Furthermore o (—A) = [0, 0o) and therefore

type(—A) = inf{Re(o (—A))} =0.

ii) The bi-Laplacian operator A2 in Eq with domain E; = D(A?) = H*4(RN) satisfies the estimate
2 -1 -1

[(a%—2) ||L(EO) <MIA™Y forallh e So

with ¢ > 0 arbitrarily small. Furthermore o (A2) = [0, co) and therefore

type(A?) = inf{Re(o (A%))} = 0.

Proof. The first part, for the Laplacian, is well known. The resolvent estimate, in particular, can be found in pages 32 and 33
of [14].

For proving ii), since in i) ¢ > 0 can be taken arbitrarily small, we can apply Proposition 10.5 in [15] (see also Proposi-
tion C.1) and we get that A? is sectorial with sector So,2¢, where 2¢ > 0 can be arbitrarily small. Then o (A%) C [0, 00) is an
immediate consequence of the fact that ¢ > 0 is arbitrarily small. On the other hand, it can be proved that in the uniform
space L{;(RN), we have o (A?) = [0, c0), see Proposition 3.3 below for more details. Then, o (A%) = [0, 00) in LI(RN) as
well. From this, we get type(A2)=0. O

Then we can prove the following.

Lemma 2.2. Consider the problem

{ut—i—Azu:O, xeRN, t>0,

24
u(0) = ug, inRN. (24)

i) Then for each 1 < q < oo, (2.4) defines an analytic semigroup, S x2(t), in the scale Xy = Ezq = H*9(@RN), a € R, such that for
any Lo > O there exists C such that

Cla—B)
||SA2 (®) ||E(H4ﬁ~q(RN),H4“*q(RN)) < WEHO , t>0,a,BeR, a>8.
ii) The analytic semigroup S 2 (t), in LY(RV), 1 < q < oo, satisfies

M
q.r ¢

”SAZ(t)“L(LQ(RN),U(RN)) < N1_T, M5 >0,
tdta 1

forany o >0and 1 < q <r < oo and some Mg r > 0 (which also depends on (o).
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Proof. i) This is a consequence of Proposition C.2 for Ag = —A.
Note that from Lemma 2.1, type(A2) =0 and then o > O is arbitrary.
i) For 1 < q < oo, we use i) with « =0 and we have that A2 defines an analytic semigroup in LY(RN).
Now, if r > g we use i) again, now with =0, and choosing & such that — & = 4o — % we get

Mettot
Y luollLagrny,

S a2 ®uo]| gy < [Sa2 o] jacca ey < —

which leads to

Mr’qe,u“()t

ﬁHHOHLfI(RN)'
talg—v)

IS a2 (t)UOHLr(RN) <
Again, because of part ii) of Lemma 2.1, type(A%) =0 and then pio > 0 is arbitrary. O

Remark 2.3. For q = 1, if we take any r > 1 and any 8 > f then we have H4." (RN) — [%°(RN) and therefore L1 (RN) —
H—4 (RN,
Now using i) with @« =0 we get

M; leﬂot

Mr’.leuo :
T F lluollLt )

t
HSAZ (t)u()”Lr(RN) < THUOHHWH(RN) <

for any 8 > %(1 — %). Hence we obtain the estimate in ii) for g =1 and any r > 1, for an exponent as close as we want to

N 1

7(I—7).

Remark 2.4. Observe that the solution of problem (2.4) can be described as the convolution of the initial data with the
self-similar kernel for the bi-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [12,13] and [11,7].

Remark 2.5.

i) Observe that the Bessel spaces described above, naturally appear as a result of an abstract procedure, using complex
interpolation, to construct spaces associated to sectorial operators; see e.g. [2,1] and Appendix B.

i) Note that using [3, 9.7, p. 648] we get that —A has bounded imaginary powers in LY(RN) for 1 < q < co. Hence, because
of [2, V.1.5.13, p. 283], see also Remark B.4, the Bessel spaces described above coincide with the usual fractional power
spaces of this operator, see [14].

iii) Also, some results on sectorial operators that apply to other higher order differential operators instead of A2 in (2.4)
can be found in Theorem 5.5 in [10]. These operators have always bounded imaginary powers (see (2.15), page 25
in [10]). Hence again their complex interpolation scale and their fractional power scale coincide, again by [2, V.1.5.13,
p. 283] (see Remark B.4). Note however that Theorem 5.5 in [10] does not give the description of these spaces.

Now we can use the results in [16] to perturb Eq. (2.4). For this, let D" denote any partial derivative of order r € N and
fix m € N. Then if m >r, we have D" : H™9(RN) — H™"4(RN). On the other hand, D" : H-™4(RN) - H~™T"4(RN), is
defined as

(D'u, )= (=1)" / uD"¢ forallg e Hm+r’q/(RN).
RN

Finally, if m <r, D" : H™9(RN) — H™"4(RN) is defined as

(D'u, @)= (-1)"" / D™uD" Mg forall g € H' ™4 (RN)
RN
which corresponds to the composition D" = D"~™D™, where D™ : H™4(RN) — LI(RN) and D"~™ : LI(RN) — H™4(RN).
Thus for any 1 < q < oo, r € N and m € Z, we have
s N -, N
D" e L(H™I(RY), H""(R")), I Dr”L(Hmﬂ(RN),Hm*W(RN)) <¢

for some C independent of r, m, q.
Now we extend this definition to non-integer m. For this take m € Z and s € (m,m + 1) and take 6 € (0, 1) such that
s=0m+ (1 —0)(m+ 1). Then by interpolation

D - [Hm-H,q(RN)’ Hm,q(RN)]Q — Hs,q(RN) — [Hm-&-]—r,q(RN)’ Hm—r,q(RN)]g — Hs—r,q(RN)’
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and we get that for any re N and s e R
D" e L(H*(RY). H*TI(RY)). D | 2ctsaqemy,psragemy) < € (25)

for some C independent of r, s, q. Note that above we denoted by [-, -]o the complex interpolation functor, see [2] and [18].
Using this and the results in [16] we get the following result in which we allow perturbations with derivatives of order
k<3.

Proposition 2.6. Take | e Nand aj e R, k; e N for j =1, ..., ] with max;|aj| < Ro and k = max; |k;| < 3. Then for each 1 <
q < oo the problem

J

U+ A2u +ZajDkfu =0, xRN, t>0,
=1

u(0) = ug inRN,

(2.6)

defines an analytic semigroup, S(t), on the scale { Xy }acr With Xo = E2o = H*9(RN), o« € R, such that

C(yl - V) e”’[

/ /
NG ”L(H‘lyvq(RN),H‘ly’,q(RN)) < oy ¢ t>0,y.y eR, y 2y,

and also

CH
NG “L(Lq(RN),U(RN)) S N1 e, t>0,

t4 (q r)

for 1 < q <r < oo, with u, C(y' — y), C(q,r) depending on {a;} only through Rg. The constant C(y’ — ) is bounded for y, y' in
bounded sets of R.

Furthermore, if for all j =1, ..., J, we have a§ — ajas & — 0 then forany T >0, y’ >y orr > q, there exists C(¢) — 0 as
& — 0, such that the corresponding semigroups satisfy
C(e)
” Se(t) - S(t) ”L(H‘ll’v‘?(RN),H‘h’/vq(RN)) < ta—_ﬂv VO<t<T,
and
C(e)
||S€(t)_S(t)”[,(Lq(RN)’LT(RN)) < N(l 1, ° V0<t< T7
talg—r

forl<q<r<oc.
Proof. Since Xy = Ezq = H**4(RN), o € R, we get from Lemma 2.21i) that

C
1420 £xy 0 < o 0<tslapeR azp

From (2.5) each of the perturbations P; = ajD"J' satisfies || Pjl c(x,.x

wkj/4) < C for all @ € R with C = C(Rp) independent
of j, and we have that

J
P=Y PjeLXa. Xacksa):  IPlcxy X i) <CU.R0). a€eR.
j=1

Hence, we can apply [16, Proposition 10] (see also Theorem A.1) with ¢ € R, f = — % and since the scale is nested,

we get a semigroup S(t) = Sp(t) in X, for any y € E(a) := (¢ — 1, ] that satisfies the smoothing estimates

t
Myvy/e/*

NG ”L(xy,xy,) < =7 (2.7)

with u depending on Ry and for every y,y’ such that

y eE(a) =(a—1,a], y' eR(B):=[B,B+1)=[a—k/4,a—k/4A+1), y' >y.

We now want to see the largest range for y and y’, in which (2.7) holds, that can be achieved in 2 “jumps” in the scale.
For this we perform a bootstrap argument as follows. Given o € R, take 8 =« — % as above. In this situation the semigroup
transforms X, into X, for any y € E(a) to any y’ € R(8). We now choose an o’ >« such that B <o’ =1 <g+1=
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o — % +1, s0 R(B) NE(a’) # @. Then we can “jump” again, starting from any space X,, ¥’ € R(8) NE(a’), into X,» with
y"eR(B), B =a — IZ<' Schematically, we write
y €E(@)— y' €R(B)NE(a') > y" €R(B).
Then, using S(t) = S(t/2) o S(t/2) we get
Meﬂ(t/z) Meﬂ(t/z) Meﬂ(t/z) Meﬂt
——— | S(t/2)uq| 7 — lluolly = —7= lluolly (2.8)
(t/2)y"—v /2y v /2y -7

ty"=v
for y e E(@)=(a¢—1,] and y” € R(B’) =[B’, B+ 1) and M depending on y and y”. Note that the range for R(8") moves
continuously as we move o/, thus

Isuo

V// g y/ <

I

v'e U re)= U KB.F+1)= | [a’—%,o/—:i#—l)

B<a'—1<p+1 B<a'—1<p+1 B<a’'—1<p+1
L I S O T L
B 4’ 4] 4 ’ 4 ’

Hence, after one or two “jumps” we get the estimate (2.7) for any y € E() := (¢ — 1,] and y’ € [@ — %‘, o — % +3)
with y’ > y.

Note that this argument can be repeated to obtain that we can have in (2.7) y’ € [0 — kK o— ”7" +(2n—1)) for any n e N.
So, since o € R is arbitrary, after a finite number of iterations we get (2.7) for any y,y’ €R, y' > y.

Now, if 1 <q < oo and r > q we take y =0 and y’ such that H*"9(RN) < L"(RN), that is N =gy - %. Then we get

C(y'yett

ut
HS(t)uo ”Lr(]RN) < CHS(t)UO ”H4y’.q(]RN) < THUOHLQ(]RN) = ¢ T luollzamn)-

q,r
i
The analyticity comes again from Lemma 2.2 and [16, Theorem 12] (see Theorem A.3).

The convergence of the semigroups is consequence of [16, Theorem 14| (see Theorem A.2) since if a§ — a; we would
have P, — P in L(Xy, Xq—k/4) as € - 0 forany @ e R. O

Remark 2.7. For a similar result with g =1, we can proceed as in Remark 2.3.

Remark 2.8. Note that the estimates in Lemma 2.2 and Proposition 2.6 give that the solutions of problems (2.4) and (2.6)
satisfy that u(t) € H¥ "(RN), for all t > 0, y’ € R and q < r < oo. Since the semigroups are analytic we have u.(t) €
H4V’*T(RN) as well. Therefore, (2.4) and (2.6) are satisfied in a classical sense.

Finally, we study more general perturbations in which we allow a space dependence. For this, take k € N, which is the
order of the perturbation, and take a, b € N such that a + b = k. We define P, to be a perturbation of the form

Pgpu =DP(d(x)D%), xeRN,
for a given function d(x) with x € RV, in the sense that for any smooth enough ¢
(Paptt, ) = (—=1)° / d(x)D%uD’¢. (2.9)
RN
We will assume below that the coefficient d(x) belongs to the locally uniform space Lﬁ(RN) composed of the functions

feLl (RN) such that there exists C > 0 such that for all xo € RN

IfIP<C (210)
B(xo.1)

endowed with the norm

£l ey = SUP £ 122 3ixe. 1)
v xo€RN

(for p=o0, LF(RN) =L ®RN)).
The following result states the spaces of the Bessel scale between which a perturbation P, is a well behaved linear
operator. For this, below we will denote (x)_— = min{0, x} and (x); = max{0, x}, the negative and positive parts of x € R.
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Proposition 2.9. Let P, , be as above, d € Lf] (RNYand let s >a, 0 > b. Then for 1 < q < oo and

N N N
s—a——) +(o-b-—) >-= (2.11)
q/_ qa)_ p
we have
Pay € L(HSIRN), H=IRN)),  11Papll cqpsacem) m—ragny < Cldllp .

Proof. Let {Q;}, i € ZN, be a partition of RN in open disjoint cubes centered in i € Z" with sides of length 1, parallel to the
axes. Note that RN = Uiezy Qi and QiN Q=4 for i # j. Then

e ] fr) fio) [ o)

i i i
where we have applied Holder’s inequality with % + 1+ 1 =1.1f (211) holds, we can choose n, T as before such that

s — % >a-— % and o — g >b— g Now, we can use the embeddings of Bessel spaces and, for some C being independent

of the cube Qj, obtain

/ dD“uD"w’ < Cldllyg ey D ullsacan I@lo.d (g
RN !

1/q , 1/q
< c||d||L5(RN)<Z ||u||‘l,s.q(Qi)> (Z ||<p||‘}m,(Qi)> : (2.12)
i i

Then, as in [5, Lemma 2.4|, we get forany 0 <o <2 and any 1 <q <o
2a,q (N
> 161200, < ClENfowa gy, forallp € H2*4(RY),
i

and we obtain from (2.12)

/dDaub(p‘ < C”d”LZ(]RN)”u”HSJJ(]RN)”(p”Ho,q’(RN)
RN

which gives the result. O
Now we can use again the results in [16] (see Appendix A) to obtain the following.

Theorem 2.10. Let P, , be as in (2.9) with k,a,b € {0, 1, 2, 3}, k = a + b. Assume that ”d”Lf,(RN) < Rp with p > %, then for any
1 < q < oo and such Py p, there exists an interval 1(q, a,b) C (—1+ %, 1-— %) containing (—1 + % + %, 1-— % — %), such that for

any y € 1(q, a, b), we have a strongly continuous analytic semigroup, Sp, , (t), in the space H4-4(RN), for the problem

Au+ DP(d(x)D%) =0 RN, t>0
{ut—i- u+D’(dx)D%) =0, xeR", t>0, (213)

u(0) = ug inRN.
Moreover the semigroup has the smoothing estimates
¢
M,/ et

4 N
W||U0||H4y,q(RN), t>0, up e H4(R"Y),

H Spa (O)Uo H HAY a@®N) S
forevery y,y’ €l1(q,a,b) withy’ >y, and
Mg et

NI, luollpageny, t>0, upe Lq(]RN),

[P0y ©uoll gy < N1
tdtqa 1

with 1 < q <r < oo and some My ,,, Mg and (1 € R depending on d only through Ro.
Furthermore, the interval I1(q, a, b) is given by

I(qab)—( 1_{_a_{_N(l l) 1 b N(l 1))
o 4 4\p q), 4 4\p q).)
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2|z

§+6=-N

Fig. 1. Admissible § and 6 with p >q,q'.

Finally, if

N
4k
then for every 1 < q < oo and T > 0 there exists C(¢) — 0 as € — 0, such that

Sp.(6) = Sp(t <@
” Pg( ) —Sp( )HL(H47=Q(RN),H4V,~Q(]RN)) X tV/—*V’

de —d inL)(RY), p>

VO<t<T,

forally,y’ €l(q,a,b),y’ >y andforany1 <q<r<oo

C(e)

HSPg (t) - SP(t) HL(LQ(RN),L"(RN)) < N(1_1 , YO<t<T.
t4a

r

Proof. By Proposition 2.9 and using Xy = Ezq = H**4(RN), o € R, if we assume for a moment that (2.11) is satisfied for
some s and o, then we would have

P e L(Xs/4, X—5/a), 1Pl Xg/aX o a) < ClldllLZ(Rw).

Hence we can apply Theorem A.1 with @« =s/4 and 8 = —0 /4 provided 0 <o — 8 <1, that is, s+ 0 <4.
Thus, we check now that (2.11) and s + o < 4 hold for suitable pairs (s, o). For this we rewrite the ranges for s, o in

Proposition 2.9 in terms of S=s—a — % and 6 =0 — b — qﬂ s0 5> —%, &> —g since s >a, o > b. Then (2.11) and
s+ 0 <4 read
- N - N N . - - .
s> ——, o=——, —— <S-+0-, S+0 <4—k—N. (2.14)
q q p
Note that since necessarily —g <4—k—N, we get that p > ;.

The set of admissible parameters (3, &) given by (2.14) depends on the relationship between g, ¢ and p. Note that (2.14)
defines a planar trapezium-shaped polygon, P, whose long base is on the line S+ 6 =4 —k— N and the short base is on the

line S+ 6 = —% in the third quadrant. As for the lateral sides note that the restriction —% <5_ + 6_ adds the condition
that § > —% in the second quadrant and & > —% in the fourth. These have to be combined with § > —% and 6 > —g.

Therefore the lateral sides are given by the lines s = max{—%, —%} and 6 = max{—%, —g}. One of the possible cases is
depicted in Fig. 1. ~

Note that the polygon P transforms into a similar shaped polygon P which determines the region of admissible pairs
(s,0). _

In any case, projecting P onto the axes gives the following ranges for § and &

- N N N N

se|maxy——,——t,4—k—N-—maxi——,—— 1),
p q P q

- N N N N

0 €| maxy——,—— ,4—k — N —max =, =1
p q p q
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Thus the projection ranges for s and o are given by

N N N N
seh=ja+|——= ,4—b— - - = ) (215)
a pJ). a p/4
N N N N
a p/4 a pJ);
For each pair of admissible pairs (s, o) € P, by [16, Proposition 10] (see Theorem A.1) with @ =  and 8= —%, we get

a perturbed semigroup and smoothing estimates in the spaces corresponding to

yeE@=(@—-1,al, Yy eRB=[BB+1, ¥y >v.

Hence, as (s, o) range in the region P, a repeated bootstrap argument as in (2.8) gives that the smoothing estimates
hold for y € U gyep E(s/4) and y' € Us »)cp R(0/4), ' > y. This leads to

(infh suph] , [ sup J» inf J;
€ 1 , Yy el— 1-—

!
- >y,
4 T g 4 4)’ y=v

which, after a simple calculation, reads

7/)//el(qab)—<1+a+N<1 1) -0 N<1 1))—(% Vinax)
[l s Uy 4 4 q p/ +1 4 4 q/ p/ N mins ymax)-

For the estimates in Lebesgue spaces we use the Sobolev inclusions. First note that for any 1 < q < oo, I(q,a,b) D

-1+ % + %,1 - % — %) which does not depend on q and is not empty because p > %. Let y:=1— % - % > 0 and

take 0 < y < 7, then H*-4(RN) — LI(RN), for § > q such that —% =4y — %, ie. % - % =% and we get

HSP,,,,, (t)UOH Li(RN) < ||5Pa,b (t)u0HH4y.q(]RN) < %(yl—e_l)”UOHLQ(RNy
t4'a" g

In particular we can take 0 <y < % and we get the estimate above for all § > q such that % — % e [0, Q] and this interval

does not depend on q.

We now use a bootstrap argument as in (2.8), jumping between different Lebesgue spaces at intermediate times. Starting
with rg := q and defining the numbers r;, i=1, 2,3, ..., such that % — ﬁ = ZWV we obtain the estimate above for any q > q
such that q € [q,ri4+1]. Hence in a finite number of steps we can reach any ¢ with g < g < oo.

The convergence of the semigroups is a direct consequence of [16, Theorem 14| (see Theorem A.2), since Proposition 2.9
gives that if d — d in Lﬂ(RN), then Py — P in L£(Xs/4, X_s/4) for any pair of admissible (s,0) € P. The case of Lebesgue
spaces follows from this as well.

Finally, the analyticity comes from Lemma 2.2 and [16, Theorem 12] (see Theorem A.3). O

Remark 2.11. Now we make precise in what sense Eq. (2.13) is satisfied.

i) First note that since p > ;% we have 4yna >4 —b — % >a, and 4ypin < —4+a+ % < —b. Hence [-£, 41 C I(q.a,b).

ii) Because of the analyticity of the semigroup, and as in Remark 6 in [16], the equation u; + A%u = Pu is satisfied in
H=ba®N).
Therefore, we have that u(t) € H*24(RN), for all t > 0. In terms of the scale, u(t) € Xys, y*=1- % > Ymax- Note that

in Theorem 2.10 we did not get an estimate of u(t) in the space H*24(RN) though.
Also, since the semigroup is analytic in X, u¢(t) € X,, for all y €I(q,a,b) and t > 0.
iii) In particular, Eq. (2.13) is always satisfied as

/utgo—i—/quq)—i—/d(x)D“qu(p:O, t>0,
RN RN RN

for any ¢ € HP4' (RN).
However, for b =3, a=0 we have y* > 1, that is u(t) € H"9(RN), t > 0, and therefore

/ugo—/VuV(Ago)—/d(x)uD3go=O.
RN RN

RN
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For b=2,a <1 we have y* > % that is u(t) € H>4(RN), t > 0, and therefore

/ urg + / AuAgp + f d(x)D*uD?*¢ = 0.

RN RN RN
For b=1, a <2 we have y* > %, that is u(t) € H>4(RN), ¢t > 0, and therefore

/ Urp — / V(Au)Vy — /d(x)D”uD(p =0.

RN RN RN
Finally, b =0, a < 3 we have y* =4, that is u(t) e H*4(RN), t > 0, and therefore

/ ur@ + / Augp + /d(x)D“ugo =0.

RN RN RN
Now we analyze which perturbations can be combined together. Notice that not all combinations are allowed.

Proposition 2.12. Consider a finite family of perturbations P; := Pg, p, as in (2.9) with ”d,‘”Lpi(RN) < Ro, with ki, a;, b; € {0, 1, 2,3},
u
ki =a; +b;, pi > 4*Lki'i= 1,..., J. Denote P := ", P;, then forany 1 < q < oo, if

N N N N
maxia; + | — — - +maxybi+ | ——— <4 (2.17)
1 Di a /. 1 Di a4
then there exists an interval I(q, P) C (—1+ %'m"], 1-— %’Kb"l) containing (—1 + max;{% + 4%1,}, 1— maxi{% + 4%'_}), such that

forany y € I(q, P), we have a strongly continuous, analytic semigroup, Sp(t), in the space H4Y-9(RN), for the problem

{u[+A2u+Pu:0, xeRN, t>0,
u(0) =ug inRN.
Moreover the semigroup has the smoothing estimates

ut
My/ Ve

||SP(t)u0||H4y’,q(RN) < ty;i_y”u()”H“V-Q(]RN)’ t> O’ Ug € H4y3q(RN)7

forevery y,y’ €1(q, P) withy’ >y, and

gret

M t
||SP(t)u0||Lr(RN) < 7l)||u0”Lq(RN)! t> 07 Ug € Lq(RN)a

t% (% T
with 1 < q <r < oo and some M ,,, Mq; and i1 € R depending on d only through Ro.
Furthermore, the interval 1(q, P) is given by

1(q P)—< 1—i—max{ai—i-N<1 1) }1 max{bi-i-N(l 1) })
T i l4 4\p o)) il4 4A\p q).))

Finally, ifas e — 0

N
4k’
then for every 1 < q < oo and T > 0 there exists C(¢) — 0 as € — 0, such that

Sp, (€)= Sp(t <@
H Pg( ) —Sp( )H,C(H4V»q(RN),H4V/~q(RN)) X ty/—_y,

& —d; inL](RY), pi >

VO<t<T,

forally,y' €l(q,P),y' >y andforany1 <q<r < oo

C(e)

|Sp.(t) = Sp(®) Hz:(Lq(RN).U(RN)) S Wi 0 VO<t<T.
: taG-T



1116 C. Quesada, A. Rodriguez-Bernal / J. Math. Anal. Appl. 412 (2014) 1105-1134

Proof. From Theorem 2.10 we know that for each perturbation P; there exists a nonempty trapezoidal polygon P; of
admissible pairs of spaces (s, o) described in terms of S =5 —a; — % and 6 =0 —b; — g, see (2.14).
Therefore the polygon P; of the perturbation P; is given by a planar trapezium whose long base is on the line s+ o0 =4

and the short base is on the line s+ o0 =k; + % in the third quadrant, with k; = a; + b;. As for the lateral sides they are
given by the lines s =a; + (% - §)+ and o =b; + (% - §)+. Thus the projection of P; on the axes gives the intervals
and o€ ]lz = [Gi;“u'n’ 4- sf‘nin)

S€ Jll = [Sj11in’4 - Ovi'nin)

see (2.15) and (2.16).

According to Lemma 13, iii) in [16], we can consider P :=)"; P;, that is, all perturbations acting at the same time, if
there exists a common region P of admissible pairs (s, o), that is if P :=(); P; # 0.

Since the admissible sets P; always have the long base on the line s + 0 =4 and the lateral sides are parallel to the
axes, the set P is nonempty if and only if

max{inf J{} <min{sup Ji} ie max|si;,} <min{4—o};}
1 1 1 1

and
max{inf J4} < min{sup J4} ie. max{o.;} <min{4—si;}
1 1 1 1

which are equivalent to (2.17), that is

N N N N
morfo (1) Jempe (2 |
! pi qa/+ ! Di q +

In such a case the projection of P =("); P; on the axes gives the intervals

se 1= [miax(infjﬁ),miin(sup]%)) = [miax{a,- + (g - g>+},4— miax{b,- + (% — g)J)
o€ = [miax(infjé), rniin(sup ]'2)) = |:miax{b,- + (ﬁ - ﬁ)4—},4 - max{a,- + (ﬁ - E)J)

bi ¢ i bi 4

For each pair of admissible pairs (s, o) € P, by [16, Proposition 10] (see Theorem A.1) with o = % and 8 = —%, we get
a perturbed semigroup and smoothing estimates in the spaces corresponding to y and y’ as in [16], i.e.

Yy €E(@)=(x—-1,a] Y eRB)=[B,B+1), y'zv.

Hence as (s, o) range in the region P a repeated bootstrap argument as in (2.8) gives that the smoothing estimates hold
for y € Us.oyep E(s/4) and ¥’ € U5 yep R(=0/4), ¥ 2> v, see also the proof of Theorem 2.10. This leads to

E(iﬂfll SUle], yle[_supfz 1_insz>’ /

_1, : >y,
4 4 4 4 v=y

which, after a simple calculation, reads

"el(q P)—( 1—|—max{ai—|—N<1 1) }1 max{bi—l—N<1 1) D
624 T i l4 4\p q/).) i |4 4\p q/.))

Note that this interval is contained in an interval (—1+ %{“’} 1— %{b‘}) and contains (—1+max;{% + 4%_}, 1 —maxi{% +

4%}), which is nonempty because p; > %ki. To see this note that the latter condition gives § + 4%_ <1-%<1and

b; N ai
Z’+4—pi<1—z’<l. a

Remark 2.13. Note that now, since p; > 4%,{'_, 1(q,a,b) D [— min{%}, min{%}], thus all the comments on Remark 2.11 hold
for min{b;}, min{a;} instead of b, a.

Remark 2.14. In some cases the condition (2.17) can be simplified and simpler description can be given.

i) If there is only one perturbation, then (2.17) is equivalent to p > % as in Theorem 2.10.
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(@b)

(0,0)
10) (01

20 (1,1 k=2
@1 (12 (03) |k=3

A
= o

Fig. 2. Combining perturbations.
ii) If a; =a and b; = b (thus k; = k) for all i, then

P= Z D’(di(x)D) = D*(d(x)D") whered := Zdi

can be considered as a perturbation with d Lf] (RN) for p = min;{p;}. Then (2.17) holds if and only if p > % as in
Theorem 2.10.
iii) Assume now p; = p for all i. Then (2.17) is equivalent to

max{ai}+max{bi}<4—<ﬁ—ﬁ) —(ﬂ—ﬁ) . (2.18)
i i p q/4 b q/.

Hence, if we denote k := max{a;} + max{b;}, then (2.18) is satisfied provided p > %, which resembles the condition in
Theorem 2.10. Note that k can be regarded as the order of the perturbation P =3, P;.
In particular, if

N
k := max{a;} + max{b;} <4 and p> —%
1 1 -

are satisfied, then Proposition 2.12 applies with an interval for P given by

max;{a;} N /1 1 max;{bj} N/1 1
IqgP)=\-14+——+—--"-=) 1-—————— = .
4 4\p ¢/, 4 4\p q/,

Compare it with I(q, a, b) in Theorem 2.10 to see the resemblance.

iv) We now describe how to determine if two perturbations as in iii) can be combined.
For example, if we fix a perturbation P, j with k =3, then any perturbation P. 4 with ¢ <a and d <b can be combined
with it, and the interval is I(q, P) =1(q,a,b), P = Pqp + P 4.
Also, a perturbation P, 1 can be combined with all the ones included in the shaded area in Fig. 2 with interval I(q, 2, 1).
However, the encircled perturbations P3¢ and Pg > cannot be combined together.
If we fix a perturbation P, with k=2 then, all perturbations P4 with ¢ <a and d <b can be combined with it, and
also those with ¢ —1 < a or d — 1 <b, but not both at the same time.
The same happens for P, with k=1, all perturbations P. 4 with k <1 can be combined with it.

v) There are 127 possible combinations for pairs of perturbations as in iv).

Observe that perturbations in (2.9) can be handled as above because we could determine the spaces of the Bessel scale
between which a perturbation P, is a well behaved linear operator; see Proposition 2.9. However the fact that a, b are
integer derivatives is not really essential. Therefore, this class of perturbations can be extended to the following one, where
derivatives are replaced by fractional powers of the Laplacian as long as this one is well defined in our scale. For example
—A +cI, with ¢ > 0 can be used in this way, because the operator (—A + cI)'/2, r > 0, satisfies for any s € R,

(—A+ch? e L(HS(RN), HI(RY)),  [[(=A +cD? C

”L(HW(RN),HS*W(RN)) <

for some C independent of s, r, q. Note that this estimate is analogous to (2.5) for a non-integer r.
Thus, the perturbations

Paptt = (=A+cD??(dX)(—A +cDu), a,b>0,

for any 0 < a, b € R, in the sense that for any smooth enough ¢
(Papl, @) = / d(x)(—A + cDY?u(=A + )P, (2.19)
RN

with d € L} (RV), satisfy the statement in Proposition 2.9.
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Then proceeding exactly as in Theorem 2.10, we recover the same results for this kind of perturbations, with the only
difference that now k =a+ b is a real number smaller than 4.

Theorem 2.15. Let a, b, k > 0 be real numbers such thatk =a+b < 4 and P, be asin (2.19). Assume that ”d”Lf,(RN) < Ry with p >

2%, then forany 1 < q < oo and such Pq j, there exists an interval I(q, a,b) C (—1+%,1— %) containing (=14 % + %, 1-2- %),
such that for any y € 1(q, a, b), we have a strongly continuous, analytic semigroup, Sp, , (t), in the space H¥-9RN), 1 < q < oo, for

the problem

U+ A%u+Popu=0, xeRN, t>0,

u(0) =ug inRN.
Moreover the semigroup has the smoothing estimates
¢
M,/ et

”SPHJ7 (t)u()“H4y’.q(RN) < ||u0||H4y,q(RN), t> O, Up € H4y’q(RN),

ty'=v
forevery y,y’ €1(q,a,b) withy' >y, and

q

Mg rett
|| SPa,b (t)uO ” L' (RN) < N1, g_l) ”uO”Lq(RN), t >0, Up € L9 (IRN)7
t r

4(q

with 1 < q <r < oo and some My ,,, Mg and (1 € R depending on d only through Ro.
Furthermore, the interval I1(q, a, b) is given by

I(qab)—( 1+a+N(l l) ’ b N(l 1))
o 4 4\p q), 4 4\p q).)

Finally, if, as € — 0,

N
4
then forevery 1 <q <r <ooand T > 0 there exists C(¢) — 0 as € — 0, such that
C(e)
forally,y’ €l(q,a,b) withy’ >y and forany 1 <q <r < oo

C(e)
HSPE(t)_Sp(t)H,C(Lq(]RN),Lr(RN)) g t%(li—l)’ V0<t<T
q

T

de —d inLh(RY), p>

“ng (t) - SP(t)Hﬁ(H4y,q(RN)‘H4y’.q(]RN)) X VO <t<T,

Note that Remark 2.3 and Remark 2.11, Proposition 2.12 and Remark 2.14 apply here as well.
3. Fourth order equations in the uniform Bessel-Lebesgue spaces in RV

The heat equation (2.2) and therefore the bi-Laplacian equation (2.4) can be also considered in much larger spaces than
the Bessel spaces above, by taking the initial data in locally uniform spaces. )
For this, consider the locally uniform space L‘l’] (RN) for 1< g < oo defined as in (2.10) and denote by L?] (RN) the closed

subspace of L‘L’, (RN) consisting of all elements which are translation continuous with respect to | - || 19 RN that is
ITy$ — $llyg vy — O as |yl =0,

where {7y, y € RN} denotes the group of translations. Note that LI(RN) i?j (RN) for 1< q < oo and for g = oo we get
L5 ®RN) = L®(RN) and LP(RN) = BUC(RN).
Thus we introduce the uniform Bessel-Sobolev spaces H'qu(RN ), with k € N, as the set of functions ¢ € H;‘O‘E(RN ) such that

k, = Su k, <X
||¢||ch]q(RN) xeRBV 1y a(B(x,1))

for k € N. Then denote by H’qu(RN) a subspace of H’Z,‘q(RN) consisting of all elements which are translation continuous
with respect to | - | that is

|H’{;"(RN)'
ltye _¢”H’L‘;‘I(RN) —>0 as|y|—>0

where {7y, y € RN} denotes the group of translations.
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Consider the complex interpolation functor denoted by [-, -]g, for 6 € (0, 1), see [18] for details. Then for 1 < q < oo,
ke NU{0} and s € (k,k + 1) we define 6 € (0, 1) such that s=6(1+k) + (1 — 0)k, that is & = s — k. Then one can define the
intermediate spaces by interpolation as

Hy! (RY) = [HE I (RY), H? (RY) ],
and
Ayt (RY) = [Ag™ 9 ®Y), Hg® (RY)],.

For details on the construction of the interpolation scale, see [2] and Appendix B.
Using Proposition 4.2 in [4] it is easy to see that the sharp embeddings of Bessel spaces translate into

L, @®N), s—g>—§, 1<r < o0, ifs—%<0,

HHY(RN) c { LG ®N), 1< < o0, ifs— =0, (3.1)
CRN) ifs— % >n>0.

In [4], the Laplace operator was considered in the scale of spaces Hi,’q(]RN), s>0, and HZ’"(RN), and it was proved that
—A defines an analytic semigroup. However in the “undotted” spaces the semigroup generated by —A is analytic but not
strongly continuous. These spaces are less convenient to use because smooth functions are not dense in them; see [4].

It was moreover proved in [4, Theorem 5.3, p. 290], that —A has bounded imaginary powers, and therefore this scale
coincides with the fractional power one; see [2, V.1.5.13, p. 283] (see Remark B.4). Note that from the results in [4] we
have in particular that Hb’q(RN) = [lejq(RN), I'f[]] (RN)]l/z; see Remark 5.7, page 291 in that reference. From this reiterations
properties of interpolation gives that H,zjg'q(RN) = [H[zjq(RN), Ly, ®Ny]y for 6 € [0, 1].

The scale above can be extended to negative indexes by a general extrapolation procedure as in [2], see Appendix B
and Remark 2.5. In this way one can define the extrapolated space Hak’q(]RN ) as the completion of L‘Z, (RN) with the norm
I(—A + I)fk/2u||i?](RN), Again, by complex interpolation, for 0 < s <k, k € N, the intermediate spaces are given by

witho = >

=S, . . —k,
() = [ (BY), FEI (), .

Note that because of the reiteration property of the complex interpolation (see (2.8.4) in page 31 in [2] and Theorem 1.5.4
in [2]) this definition of Has’q(RN ) does not depend on k. Also the operator —A and the analytic semigroup it generates,
extends to the spaces with negative index above.

However, since the uniform Sobolev spaces are not reflexive, even for g = 2, we do not get the description of the negative
part of the scale in terms of the dual spaces as in (2.1), see Appendix B.

Therefore, we start with some description of the negative spaces which complements the results in [4].

Proposition 3.1. We have that

iB(RY) <> 159 (RN) yy-g>— 5> 0.

F?

Proof. We first assume that 0 <s < 2.

i) First note that H;>9(RN) is the completion of Hy, *%(RN) with the norm [|(—A + 1)~ (see Appendix B).

. IIHz—s,q(RN)
This means that f € A;>(R") if and only if there exists an approximating sequence {fn} I:Iffs‘q(RN) that converges to f
in H=S9(RN).

Since (—A + ™! is an isometry from H; >9(RN) to H;"9(RN), see Appendix B, this is equivalent to

(—A+ D7 o> (—A+ DT in H2TSI(RY),

and observe that since f, € Hz_s’q(RN) then (—A+D"1f, e H?,_S’q(]RN). Thus, we get that f € A;>(RN) if and only if
there exists {u,} € Hﬁ_s’q(RN) such that u, - (A +D~1f in Hﬁ_s’q(RN).

ii) Now, take f e LI (RN), then from the results in [4] we have u=(-A+D)71f € lej’p(RN) and since s — % > —
holds by assumption, we have Hy? (RN) < HZ*9(RN), and 2 — s > 0. Therefore u € Hy, *(RV).

Since Hp; *9(RN) is dense in H*9(RN), there exist u, € Hp; *9(RN) such that [[u, —u||

==

n—oo
L 0 and therefore

by i), feH ,;S’q(]RN ). Note that the inclusion is continuous, since (—A + I)~! is an isometry on the scale and then

”f”I:IJS’q(RN) = || (—A —+ I)_1f”Hé_s,q(RN) < C” (_A + I)_]fHHZUvP(RN) = C”f”LILJ](]RN)
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In order to prove the result for s > 0, we can repeat the whole argument above, using (—A + I)~", which is an isometry
on the scale, for a suitable n. If 2 < s <4 we use n =2, thus in part i) we obtain that f € H;s'q(RN) if there exists
a sequence {u,} e Hg_s’q(RN) converging to u = (—A 4+ I)"%f in H?]_S'q(RN). In part ii) we now have u € Hﬁ’p(RN) EN
Hﬁ_s’q(RN) since now 4 — s > 0 and the result follows as before.

In the same way, for 2(k — 1) < s < 2k, we use n =k and repeat the argument above. 0O

Remark 3.2. Note that the embedding in Proposition 3.1 is precisely the one that one could expect from (3.1) if the spaces
were reflexive. Also this is the embedding that holds for the standard Bessel scale as in Section 2. Needless to say the
conditions for the embeddings read also s > % — %.

Using the spaces above and the convolution with the heat kernel, it was proved in Proposition 2.1, Theorem 2.1 and

Theorem 5.3 in [4] that the heat equation defines an order preserving analytic semigroup in L?j (RV) and, for 1 < q < oo,
which is strongly continuous in L;(RV) and in Eq := Hf,a’q(RN), o € R. Moreover, this semigroup satisfies the smoothing
estimates

M; get

t
||5—A(t)u0|| ir, (RN) < mHUOHLE(RN), t>0, upe L?J (RN),
t2a

1
!
for 1 < g <r<oo for u > 0 arbitrary, and

Mg gett 128,94 (N
HS—A(f)UOH 29 RN < ta—_ﬁ”UOHHf]ﬁ.q(RN), t>0, up € Hy Y(RY),
with @ > 0 arbitrary, for any o, 8 € R, o > B. ) )
It was also proved in [4] using a parabolic argument that type(—A) =0 in the L(Z, (RN) spaces (and thus in Hf‘,’q(RN)),
which explains why p > 0 above is arbitrary.
We now show some relevant information on the spectrum and resolvent of —A and A? in the uniform spaces which is

analogous to Lemma 2.1.
Proposition 3.3.

i) For 1 <q < oo, in the space Eq := L}, (RN) the operator — A, with domain E1 := D(—A) = qu'q(RN), satisfies the estimate

[(=Aa =2~ <MA!

! ” L(Eg)

for all & in a sector Sg 4 as in (2.3) for ¢ > 0 arbitrarily small.
Furthermore, o (—A) = [0, o0), and thus, type(—A) = 0.
ii) For 1 <q < oo, in the space Eq := L{,(RN) the operator A2, with domain E; := D(A?) = H?,’q(RN), satisfies the estimate

-1
I (Az —2) ”L(Eo) S

for all & in a sector Sg 24 as in (2.3) for ¢ > 0 arbitrarily small.
Furthermore, o (A2) = [0, 00), and thus, type(A%) = 0.

Mr| !

Proof. First recall that from Theorem 2.1 in [4] we have that the domain of the Laplacian operator in ffgj (RN) is given by
D(—A) = Hf,‘q(RN). To prove part i), observe that, as in pages 32-33 in [14], we can obtain an expression for the operator
(—A 4 uI)~1, provided Re(,/it) > 0, as a convolution operator. The expression is

u=(—A+u) 'f=ryxf, Re(J/jx)>0,
with

N-2

) =i “Ga(/1ix), xeRN, Re(yt) >0,
where G; is as in page 132 in [17] or page 33 in [14], that is
g1-N/2

Ga2(x) = W

o0
/s‘N/Ze_E(”‘ll_s) ds, xeRV,
0

o0
—NJj2—t—%%
—(4n)N/2 /t e a dt =
0

with & = 4/x - x > 0. This definition can be extended to complex variables as
1-N/2

o0
Wfs’wze’é(s*%)ds, zeCN, £=./7-7 Re(€)>0.

0

G2(2) =
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According to [14], we have for z e CN with Re(¢) > 0, if N > 2

1G2(2)| < ClE|@ N2 Reg) 2 N2e3ReE & = /777, (3.2)
and if N =2,
|Gz(z)|<Cmax[ln]£—€,l}e‘%Re§, E=4z 2 (3.3)

Now observe that if A € Sg 4 with ¢ > 0 then for © = —1 € C\ (—o00,0] we can choose Re(,/w) > 0. For such A and
similarly to Lemma 2.1 we are going to check that for f € I',?J (RN) we have the following estimate for u = Ty f,

”u”LZ(RN) M'“f”]_q(RN)’ )LGSO,W ¢ >0.

Let {Q;}, i € ZN, be a partition of RN in open disjoint cubes centered in i € ZN with edges of length 1, parallel to the
axes. Thus Q; N Qj=¢ for i # j and RN = J; Q;.

Then we fix i € ZN and decompose f € I'_‘Z, (RN) in a far and a near region as in Proposition 2.1 in [4]. For this we denote
by N(i) the set for indices j such that Q; N Q; # 0. That is, the set for which

d;j := inf{dist(x, y), x€ Q;i, y € Qj}
satisfies that d;j = 0. Thus we can define, for each i € ZV fixed

Qinear — U Qj and Qifar =]RN \ Qinear.

jeN(@)
Hence, we decompose f := fi”‘“"—i—fiﬁ'r = foinear +fXQ[ar, where x denotes the characteristic function and u := u?ear—ku{ar
with '
near . near far far
ui ™ =Ty * f; up =Ty *fi.

The resolvent estimate will follow from the following estimates of the two terms of the decomposition. For A as above,
we have first,

’ near

‘Lq(Q ) X ”f“LQ(Qnear)v A € SO,¢7 (3'4)

and, second,

Ju f‘"||mQ)\ NSy opry +€ S (35)

for some C independent if i € ZN.
Using (3.4) and (3.5), since the constants for the embedding L*°(Q;) — L9(Q;) and the restrictions L?j RNy — LI(Q ™),

LqU (RN) — L},(Q?ear) depend on N but can be chosen independent of p, q and i, (3.4) and (3.5) imply
C
llullracgy) < mllflng](RN), A€ Soe,

for each i € ZN with C independent of i and A € So,¢, which gives the result.
Hence, we first prove (3.4). As a consequence of Lemma 2.1, we get for all 1 € Sg ¢

C(N)
”u?ear”LQ(Q) ” ?ear”Lq(RN) |A|”fnear”Lq(RN) Al ”f”Lq(Q"E”’)

We show now (3.5) for N > 2. Observe that f,far = fXQJ_"ar = ZjezN\N(i) fxq,- Hence, because of (3.2) with z = ,/ux,
Re(\/it) >0, xe RN, wu=—xand 1 e So,¢, we have for all x € Q;

W0l = 37 (T fxa,) )]

JEN@)
2 1-N/2 1-N/2,-1
< 3 Csup | VR (VEIK=)) " Re(Vilx — yl) M 2e BRI £y g
jgNG) YR

N/2-1 _ _1
<CUflly VIR Re(/E) N2 37 sup [x — y2-Nem 2 hyIRe VI,
o jENG YEU
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Note that for all x e Q; and y € Q; it holds |x — y| > d;;, thus

N/2-1
far VAL 2-N_—ld;jRe Jit
|u (x)|<C||f||Lb(Q{ar)<Re(ﬁ) ngN(:i)d,-j e~ 3dijRe VT

Hence

m N/2—-1 . N __d .
”uiar”Lm(Q) S C”f”Ll Qfar ( ) Z d ij ef
Re (\/—) JEN(@D)

Now, using that #i{j € Z, dij =k} < CkN~! we obtain

x N/2—1 oo
” far”LOO(Q) =X C||f||L1 Qfar <£> Zke—%kReﬂ

Re(/10) Pt
Nj2—1 P
<Oy o (el ) [setetesas
= Ly (@) \ Re( /1t )
1

Finally, changing variables in the integral above as r = Re(,/it)s, we obtain

N/2-1
] < (LN
1oL (Qy) Re( /%) Re(ﬂ)z Ly(Qi)
which can be arranged as
”ufar” <<7 W>N/2+1£
i @) = \Re(y/m) Al

To conclude, observe that for all A € Sg,4 we find

1153 gt

| sopn ) < ————
“ ”L Q) COS(¢/2)N/2+1 A ||f||,_1 (qur)

Thus, (3.5) is proved for N > 2.
We show now (3.5) for N = 2. Proceeding as above and using (3.3) we get

far 1 —1dijRe yIt
| ||L°°(Q)\C”f”L1 Q) > max{ln - ,1}@ 2 :
€N ) dijRe(/10)

Using again that fi{j € Z, dij =k} < CkN~1 we get

o SkRe It

o
far 1
”ui ”Loo(Qi) < C”f”L}J(Q,.f“r) ;kmax{ln W, ]

¢}

1 —~1sRe iz
<C”f”Lb(Q{ar)/Smax{lnw,1}9 2 ds
0

and with the change of variables r = Re(,/{t)s we obtain

C VI )\ €
e cap < 11 i 7= ( iy oy
i 0@ Re(/I£) Re( /1)

Ju

Thus for all A € Sg,4 we find

” far C

< - o~ ar
||LOO(Q) COS(¢/2)2 |)\-| ||f||L1 Qf )

and the result is proved.
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In particular since ¢ > 0 is arbitrary, o (—A) C [0, c0). For the opposite inclusion, note that u(x) = elX @ e RN, satisfies
uell(®N) and

—Au=Au

for A = |w|? C [0, 00), and thus [0, 0c0) C 0 (—A).

For part ii), since —A is sectorial with sector Sg 4 with ¢ <7 /4 and we have the estimate |(—A — M < ﬁ for

A € So,4, we apply [15, 10.5] (see Proposition C.1). Therefore, we get that A? is sectorial with sector So,2¢. Note that

o (A2) C [0, 00) because ¢ > 0 is arbitrarily small. Also, note again that u(x) = e!®*, w € RV, satisfies u e i‘Z, (RN) and
A%u=)u

for A =|w|* C[0,00). O

Now, using Proposition C.2 and an argument as in Lemma 2.2 we get the next result.

Lemma 3.4. Consider the problem

2. N
{ut—i—A u=0, xeR", t>0, (3.6)

u(0) = ug inRN.

i) Then for each 1 < q < oo, (3.6) defines an analytic semigroup, S 2(t), in the scale Xy := Ezq = Hﬁa‘q(RN), o € R, such that for
any 4o > O there exists C such that

Ma,ﬁe‘”

- 48,
W||u0”yzllﬂ,q(RN), t>0, uge HU/3 q(RN),

[RIRTGOUL] FRRvpIES

witha,BeR, a > B. )
ii) The analytic semigroup S x2(t), in LZ (RM), 1 < q < o0, satisfies

Mg,retot 14 (N
”SAZ(t)uO”j_{](RN) < YT ||”0||L;7,(RN)! t>0, up € LU(R )
talg—r

forany po>0and 1 <q <r < ooand some Mg r > 0.

For a similar estimate with g =1 <r < 0o, we can proceed as in Remark 2.3.
We can now adapt the arguments for Bessel and Lebesgue spaces in Section 2 to the uniform Bessel spaces to perturb
Eq. (3.6) as follows. First, as in [16, Lemma 26, p. 43| we have

Lemma 3.5.
i) Assume thatm € LZ (RN), then the multiplication operator
Pu(x) = mx)u(x)
satisfies, forr > p’and 1 =1 4 %, that
N N
PeL(Ly®Y). Ly([RY)). Pl cay @)@y < Clmile @n,.-
ii) If moreover m € LY, (RN) we have forr > p’and 1 =1 + %, that
i Ny j N
PeL(Ly®Y). Ly®Y)). 1Pl gy @n).is @y < Clmile g
Now, we consider perturbations similar to the perturbations in (2.9) with b =0, that is,

Pqu =d(x)D% (3.7)

with d € iﬁ(]RN) and a € N. Note that since the uniform Bessel spaces are not reflexive (even for g = 2), the negative spaces
cannot be described as dual spaces, and thus, the approach in Proposition 2.9 cannot be carried out for b # 0 in uniform
spaces. We will use Proposition 3.1 instead.
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Proposition 3.6. Let Pqu = d(x)D%u withd € if,(]RN), ac{0,1,2,3}andlets >a,o > 0.Then for 1 < q < oo, if

N N N
(o) i)
q/_ a/_ p
we have
Pa € L(HG'(RY). HG" T RY)). I1Pall gz any =gy < Clldllip @w)-

Proof. First note that u € H;;7(RV), thus D% € Hy, “?(RN). Because of (3.8) we can choose r, p > 1 such that (s—a— %)_ >

N N N with 1 141 /
—7and(0—3)72—7w1th5_7+5(andsor2p).

Therefore we can use the inclusion Hj “?(RN) — L (RV) and then part ii) in Lemma 3.5 gives Pqu € L{;(RN) and
finally, because of Proposition 3.1, we use the inclusion L (RN) < H,”9(RV) and we get the result. O

With this, we can obtain the main result for perturbations of (3.6).

a

Theorem 3.7. Let a € {0, 1,2,3}, d € L}, (RN) be such that ldlljp gy < Ro with p > 2. Then for any 1 < q < oo and any Pq as
in (3.7) there exists an interval 1(q,a) C (—1 + %, 1) containing (—1 + % + %, 1-— %), such that for any y € 1(q, a), we have a

continuous, analytic semigroup, Sp, (t), in the space Hﬁy’q (RN), for the problem
{ut—i—Azu +dxD% =0, xRN, t>0,
u(0) = ug in RN,
Moreover the semigroup has the smoothing estimate

ut
M),/,ye

4V (N
W”“OH%M(RN), t>0, up € H (RY),

IS (t)”()”,;,zy’,q(RN) <
forevery y,y’ €l(q,a) withy' >y, and

Mg re?t .
. -ar- ; 9 (mN
”SPg(t)uO”LL(RN)< t%(%_%) ”uO”L?J(RN)’ t>0, uOGLu(R )7

for 1 < q <r < oowithsome My ,,, Mg and u € R depending on d only through Ro.
For each Pg, the interval 1(q, a) is given by

ga=(-1+2+ 021y Ao Yo (mie
9.0)= it 7)), 1)

Finally, if, as e — 0

dg—)d lan](RN), p>m,

then for every T > 0 there exists C(¢) — 0 as € — 0, such that

C(e)
”SPS (t) - sP(t)”ﬁ(HfJV’q(RN),HfJ",'q(RN)) X ty,—_y, VO<t<T,
forally,y’ €l(g,a,b),y’ >y andforalll1 <q<r< oo,
C(e
) VO<t<T.

Sp,(t) — Sp(t ; : < —,
” P, (t) P()”[:(L?J(RN),L{](RN))\t%(% 1

T

Proof. The proof is as the proof of Theorem 2.10 but using Proposition 3.6 instead of Proposition 2.9. The analyticity comes
again from [16, Theorem 12] (see Theorem A.3). O

Note that Remark 2.11, Proposition 2.12 and Remark 2.14 apply here as well. Also, we can replace D% in (3.7) by
(—=A + c)%2 with 0 <a <4 as in Theorem 2.15.
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4. Some other higher order equations

In this section we show that all the results in Sections 2 and 3 above also hold true for other natural powers of suitable
operators, and in particular, for any power of the Laplacian, (—A)™, with m € N. The proofs below have barely no changes
with respect to the ones above, and we now detail the main points for them.

Lemma 4.1. For 1 < q < oo, in Eg = LI(RN) the operator (—A)™, with domain Ep, = D(—A™) = H¥™4(RN), satisfies the estimate
-1 _
(=)™ =2) " | ja@wy <MY forall & € Somg,

where ¢ > 0 is arbitrarily small. Furthermore o ((—A)™) = [0, 0o) and therefore
type((—A)™) =0.

The proof is exactly as the one of Lemma 2.1, using again Proposition 10.5 in [15] (see also Proposition C.1). Also,
Proposition C.2 can be adapted to any m. These two pieces of information together lead to

Lemma 4.2. Consider the problem

AV — N
{ut—i-( A™u=0, xeR", t>0, (1)

U(O) =1Up in RN,

withm e N.

i) Then for 1 < q < oo, (4.1) defines an analytic semigroup, S—aym (t), in the scale Xy = Emg = H¥"*4(RN) o € R, such that for
any 4o > 0O there exists C(o — B8) such that

C@=B)

||S(—A)m (t) ”E(HZmﬁ.q(RN)’HZma,q(RN)) < W t> 07 o, ,3 € R! o> ,B

ii) The analytic semigroup, S(_aymn (t), in LY(RN), 1 < q < oo, satisfies that for any po > 0 there exists Mg, such that
Mg, r

Mot
——e, t>0,
g2 (a7

IS am O 2oy 1@y <
forl<g<r<oo.

Note that the proof of Lemma 2.2 can be carried out now taking (—A)™ instead of A? in the scale of spaces.

Also note that the solution of problem (4.1) can also be described as the convolution of the initial data with the funda-
mental kernel for the m-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [11,7].

We can now add the perturbations to (4.1), as in Theorem 2.10.

Theorem 4.3. Leta, b e Nwithk=a+b <2m — 1 and P, be as in (2.9). Assume that ||d||L5(1RN) < Ro with p > % Then for
any 1 < q < oo and such Py there exists an interval 1(q, a,b) C (—1+ 5%, 1 — -2 containing (=1 + 2 + %, 1— 2 %),
such that for any y € 1(q, a, b), we have a strongly continuous, analytic semigroup, Sp, , (¢), in the space H2mY-4(RN)Y, for the problem
ue + (—A)™u+ DP(d(x)Du) =0, xeRN, t>0,
u(0) =ug inRN.
Moreover the semigroup has the smoothing estimates
¢
M, ,e?

2 N
WHUOHHZT”V»‘I(RN)! t> 0, Ug € H my’q(R ),

|Sp., ©uol H2my a RNy S
forevery y,y’ €1(q,a,b) withy’ >y, and

Mg et 4 (N
||Spu_b(t)u0”]_r(]RN)< ﬂ(lil)HUOHLq(RN), t>0a UOEL (R )!
t2mq r

with 1 < q <r < oo and some My ,,, Mg and j1 € R depending on d only through Ro.

Furthermore, the interval 1(q, a, b) is given by

1q.a.b) = 1+a+Nl 1 1 b N /1 1
400 = 2m  2m\p ¢/, 2m 2m\p q),)
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Finally, ifase — 0

N
P (N
de —d inLj(R )’p>2m—k’

then for every 1 < q < oo and T > 0 there exists C(¢) — 0 as € — 0, such that

C(e)
“SPS (t) - SP(t)||L(HZmy,q(RN)yHZmy’Tq(RN)) X W, VO <t < Tv
forally,y’ €1(q,a,b), withy’ >y and

C
||SPg (t) - SP(t)”[(Lq(]RN),LT(]RN)) < i V0 <t < T7

N (__%
foralll <qg<r<oo.

Note that now, the amount of possible combinations of perturbations becomes enormous, however, they can be combined
just as explained in Proposition 2.12 and Remark 2.14. Also, Remark 2.11 still holds.

We finally turn into the uniform spaces L?] (RN). First of all, we check the information about the spectrum and resolvent
set for (—A)™ in i?] (RN), with the same ideas as in Proposition 3.3 and using again Proposition C.1.

Lemma 4.4. For 1 < q < oo, the operator (—A)™, in the space Eq = Lq (RNY with domain Ej = D((—A)™) = 2m (RN, satisfies
the estimate

” ((_A)m - )‘)_1 ”t‘gj(RN) < M|}‘|_]

forall & in a sector So mg as in (2.3) for ¢ > 0 arbitrarily small.
Furthermore, o ((—A)™) = [0, 00), and thus, type((—A)™) = 0.

Again, this leads to

Lemma 4.5. Consider the problem

AV — N
{ut—i—( A)"u=0, xeR", t>0, (4.2)

u(0) = ug inRN.

i) Then for each 1 < q < oo, (4.2) defines an analytic semigroup, S ayn (t), in the scale Xy := Emg = lejma'q(RN), o € R, such
that for any (1o > 0 there exists C such that

Mg, get

4
. " ol pany 0> 0. uo € HPIRY),

||5(—A)m (t)UOHH?]qu(RN) <

witha,BeR, a > B. )
ii) The analytic semigroup S—aym (t), in Lq (RV), 1 < q < oo, satisfies

Mg ettt .
”S(—A)m(t)uO”ib(RN) < #Huollﬂ (RN)> t>0,upe L‘g] (RN):

forany 1 <q <r <ooand wo and some Mg ; > 0.
Then adding perturbations as above, we have

Theorem 4.6. Leta € N, a < 2m — 1 and ||d||Lp @Yy < Ro with p > % then for any 1 < q < oo and any P, as in (3.7) there

exists an interval 1(q,a) C (—1+ 2m , 1) containing (—1 + % + %, 1-— ), such that for any y € 1(q, a), we have a continuous,

2mp
analytic semigroup, Sp,(t), in the space qumy’q(RN),for the problem
[ U+ (—A)"u+dx)Du=0, xeRN, t>0,
u(0) = ug inRN.
Moreover the semigroup has the smoothing estimate
t
y.ye

M - om
Y4 (N
”SPa(t)uO”Hf]mV/*q(RN) < WHUOHH@my.q(RNV t>0, upe Hy TI(RY),
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forevery y,y’ €1(q,a) withy' >y, and

M

eMt .
” SPa (t)uO”LL(RN) < ﬂq{_l) ”uOHi.Z(RN)’ t>0, Upg € L(Z] (RN)a
t T

Zm(q

with 1 < q <r < oo and some My ,,, Mg and (1 € R depending on d only through Ro.
For each Pq, the interval 1(q, a) is given by

e (—1e e N (Y N Y Y (e
4@ = 2m  2m\p ¢/). 2m\p gq/, 2m’ )

Finally, ifase — 0

N
2m—k’

de —d inL)(RY), p>

then for every 1 < q < oo and T > 0 there exists C(¢) — 0 as € — 0, such that

C(e)

” SPe t) — Sp(t)H‘C(qumy,q(RN)’HZUmy/‘q(RN)) Sy VO<t<T,
forally,y"el(g,a,b), y' >y and
15p.®) = SO prjo o | <@ voci<r
P PN ey ey gy @y S AT o

foralll <gqg<r<oo.

The proofs of both Lemma 4.5 and Theorem 4.6 follow the proofs of Lemma 3.4 and Theorem 3.7, just replacing A by
(—=A)™ as the order of the operator involved.

Appendix A. Some previous results

We recall some results from [16] that are needed for this article. Let {Xy}qe; be a family of Banach spaces, with « in an
interval I, endowed with a norm || - ||. Let S(t) be a semigroup on a scale {Xy}qes, such that

Mo (B, )

SO 5.0 =15O] £x,. ) < —ap > YO<t<l, (A1)

for all o, B €1, o > B for some constant My(f, ) > 0.
Now, assume that for some fixed o > 8, with 0 <« — 8 <1 we have a linear perturbation satisfying

Pel(Xy Xg), O<a—pB<l. (A2)

Sometimes, “nested” spaces are used, that is, for all «, 8 € I with o > 8 we have

Xa C Xp (A.3)

with continuous inclusion and the norm of the inclusion will be denoted ||i||¢,g-
Consider the perturbed problem

t
u(t; uo)=S(t)uo—i—fS(t—r)Pu(r;uo)dt, t>0, (A4)
0

which corresponds to solving the problem u; + Au = Pu, where —A is the infinitesimal generator of the semigroup S(t).
The following result is taken from [16, Proposition 10] and states the existence of a perturbed semigroup defined by (A.4).

Theorem A.1. Assume (A.1) and (A.2). Then for every Rg > 0 and every
P e L(Xa,Xp) with |P|lzx,.x5 < Ro

and for every y, y’ € I such that

yeE@=(@—-1,alnI, Yy eRB)=[B.B+DNI, ¥y >y,
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there exist constants w = w(y,y’, Rg) = 0 and Mg = Mo(y, ¥’, Ro) such that, for t > 0, there exists a unique solution of (A.4),
which defines a mapping from X,, into X, as

Sp(t)ug :=u(t;up) forallt>0
such that

< Moe®t= " " ugll,, ¥ >v.

|Sp(tyuo v
In particular for any y € [B, a], Sp(t) € L(Xy) and it is a semigroup of linear continuous operators in X,,.

The same is true for any y € E(w), if the scale is nested.

Now we turn into the continuity of the perturbed semigroup with respect to the perturbation. With the setting above,
assume that we have two perturbations

Pi e L(Xu, Xp), IPillcXe.xs) S R0, i=1,2, 0@ - <1,

for some Ry > 0.
Consider then an initial data ug € Xy, and the corresponding solutions of the perturbed problem

t
ul(t; uo)=sp,.(t)uo=S(t)u0+/5(t—r)P,»ui(r;uo)dr, t>0.
0

Then we have the following continuity result, see [16, Theorem 14].

Theorem A.2. With the notations above, for any Ro > 0, there exists a sufficiently small Tq such that for all perturbations P;, i =1, 2,
such that ”Pi”,C(Xa,X,g) g R(),

L(To, Ro)

vy IP1— P2llc(xy.x5 forallO<t<To,

ISP, (&) = Sp, (0) ||£(xy,xy/) =
and forevery T > Ty

[$p,®) = SpaO] £ix, x, ) < LT To. RO)IP1 = Pallccxy ) forall To <t <T.
with

yeE@=(@-1alnl. Yy eR@B=[L+DNL Y >y.

Finally we will also need the following result about the analyticity of the semigroup defined by (A.4). Note that the first
part of the theorem below is taken from [16, Theorem 12], while the second part is easy to prove.

Theorem A.3. Assume that the scale is nested, that is, (A.3), and that for any y € I, if —A,, denotes the infinitesimal generator of S(t)
in Xy, then its domain is given by D(Ay) = Xy 1.
Also assume that the scale satisfies either one of the following interpolation properties:

i) If Y isa Banach spaceand T € L(Xy,,Y) and T € L(X,,Y) then T € L(Xpy+1-0)y', Y) for 6 € [0,1] and

6 1-6
IT ||L(X9y+<1_9)y/,Y) < T ||£(xy,y) IT “[;(xy/’yy

ii) Foranyy,y’ €land0 <6 <1
0 1-6
1l Xy +1-0, < Cllully, IIHIIXV, .
Finally, as in Theorem A.1, assume that for some fixed o > B, with 0 < a — B < 1 we have a linear perturbation satisfying

P e L(Xa, Xp) With ||Pll£xy.x) < Ro-
Then, there exists some 0 < wp = wo(Ro) such that for any Re()) > wo and any y € (a — 1, B) the operator Ay, 4+ LI — P, between
Xy 41 and Xy, is invertible and

[ Ay + 21— P)~ Re(A) > wo,

1“c(xy,x},) S m
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and
[CAy +21 =Py ) SC Re() >wn

where C is independent of P and A.
In particular, for every y € (« — 1, B), the semigroup Sp(t) in X, in Theorem A.1 is analytic.

Remark A.4. Using this we get that u(t) = Sp(t)ug, with Sp(t) as above, satisfies the equation

ue+Ayu=Pu, t>0,inX’,

see also Remark 6 in [16].
Appendix B. Scales of spaces for sectorial operators

Here, we review the construction of suitable scales of spaces for sectorial operators in Banach spaces in [2] and, in view
of the applications in this paper, we particularize for the scales of complex interpolation-extrapolation spaces and the scale
of fractional power spaces.

Following [2], let Eg, E1 be Banach spaces with continuous inclusion E; C Eg and consider the class H(E1, Ep) of linear
operators in Eg, with dense domain E; such that if Ag € H(Eq, Eg), then —A( generates a strongly continuous analytic
semigroup in Eg, {e~40; t > 0}. In other words, A is sectorial as defined in [14].

Note that for Ag € H(Eq, Ep), we define type(Ap) = —inf{Re(o (Ap))}.

In what follows we will momentarily assume that

0 € p(Ap). (B.1)

With this it can be proved that the norm |- ||g, is equivalent ||Ag - ||g,, and we can start a recurring construction as follows.

Consider E; := D(A1) ={u € E{, Aju € E1} where Aq: Ey — Eq is the realization (and also the closure) of Ay in E; and
endowed with the norm | - ||g, = |A1 - |Ig, -

We can iterate this process to get a discrete scale of Banach spaces {E,, n € N} and the realizations of Ay in E,, which
we denote by Ay, satisfy A, € H(En+1, En) and are isometric isomorphisms from E,y1 — Ejp, see [2, V.1.2.1, p. 256].

For the construction of the negative side of the scale, define E_; as the completion of Eg relatively to the norm |- ||_, :=

||Aa] - llgg» which is a Banach space such that Eg < E_; densely and A_; is the unique continuous extension of Ag, which
is an isometric isomorphism from Eg — E_1. This extension is called again the realization of Ag in E_;.

Again, we iterate the process of completion with the norm generated by the new operator and we get a negative discrete
scale {E_,, ne N} and A_, € H(E_n+1, E_;), where A_, denotes the realization of Ao, the closure of A_;; in E_, and is
an isometric isomorphism from E_,.q — E_; see [2, V.1.3.2, p. 263] and the comments on [2, p. 264].

So we have a two-sided discrete nested scale [2, V.1.3.4, p. 264]:

{Ek, k € Z}, Ak € H(Ek+1, Ex) (B.2)

where Ay denotes the realization of A, the closure of Ay;1 in Ex and is an isometric isomorphism from Ej,; — E; which
satisfies

P(AK) = p(Ao), keZ. (B.3)

Now we construct intermediate spaces between the discrete scale {Ey, k € Z} following two different procedures.
B.1. Construction of the interpolation-extrapolation scale for Ag

Starting with the discrete scale (B.2) and taking the complex interpolation method, we proceed as in [2, V.1.5.1, p. 275]
to obtain the spaces

Eq := Exyg :=[Exy1, Exlg, 0 €(0,1), keZ,
and the operator A, as the interpolation of Ay;1 and Ag. Thus we obtain the continuous nested interpolation scale
{Eq, @ €R}, Aq € H(Eq+1, Eq)

and Ay is an isometry from Ey4q into E. Note that if @ > 8, Ey is densely included in Eg and Ay is the realization of Ag
in Ey. Moreover, for every o € R

P(Aq) = p(Ao),
see [2, V.1.1.2.e), p. 252].
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Now, since Ag € H(Eg1, Eg), —Ap generates an analytic semigroup in Eg with the property [2, V.2.1.3, p. 289]:

C@—p) ot

HeiAﬁtHL(Eﬂ,Ea) S T ¢

t>0, 0,BeR, a >4, (B.4)

for any o > type(Ap) and C(a — B) is bounded for «, 8 in bounded sets of R.
If Ep is reflexive, we can interpolate in the dual scale {Eﬁ, n € Z} as well. We take again the complex interpolation [, -]g,
and the negative intermediate spaces can be identified with the dual of the positive ones as

E o= (Eg,)/ and A_, = (Ag,)/ fora > 0,

see [2, V.1.5.12, p. 282]. Also, the semigroup in the spaces of the negative side can be identified with the duals by [2, V.2.3.2,
p. 298]:

#t
e Aol — (e’A“t)/, a>0.
Note that the semigroups in (B.4) are extensions or restrictions of each other one, that is, given o > 8, then
e‘Aﬂt]E —e At >0,
o
For details see Lemma [2, V.2.1.2]. Hence, we have the following.

Definition B.1. Under the assumptions above we say that the operator Ag defines an analytic semigroup Sa,(t) in the
interpolation scale {Ey}qcr in the sense that

Sa,(Olg, =e 4!, VaeR.

Observe that

C@—p) ot

HSAO(t)H’C(Eﬁ,Eu)\ o F , t>0,a,8€R, a>p,

for any o > type(Ap) and C(«a — B) is bounded for «, 8 in bounded sets of R.
Now we construct the interpolation scale and the semigroup in the scale, as in Definition B.1, without assuming (B.1).

Proposition B.2. Let Ag € H(E1, Eo) and take c such that 0 € p(Ag + cl).
Then the scale {Ey }qcr generated by Ao + cl, as above, is independent of ¢ and for any « € R, the realization of Ag in E, denoted
as Ay, satisfies

Ay € H(Eq+1, Eq)

and forall € R, p(Ay) = p(Aop).
Hence we have an analytic semigroup S a, (t) defined in the scale {Eq }qcr Such that Sa,()|g, =e

Cla—p)
| Sa0(®) ”z:(Eﬁ,EO,) < Wem

—Aet o € R, and satisfies

, t>0,a>peR,

forany o > type(Ap).
Furthermore if Eq is reflexive, then E_y = (Eg)’, Ay = (Agl)’fora > 0, and

_ YN
e~ Aol _ (e Aat) )
B.2. Construction of the fractional power scale for Ag

Now, starting again with the discrete scale (B.2), we construct a fractional power scale {Fy}qcr following [2]. See
also [14] and [15]. For this we will also assume for a moment that

(=00,0] C p(Ag). (B.5)

Since the intermediate spaces between the integer scale (B.2) might be different to the ones in the previous section, see
Remark B.4 below, we denote now

Fy=E; forkeZ.

For the negative scale, note that (B.5) together with (B.3) implies (—o0,0] C p(Ap) for any n € Z. Fix now N € N and
take A_y € H(F_n+1, F_n). Thus, we get the extrapolated fractional power scale of order N,
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Fo_n=D(A%)., a=>0,
see [2, V.1.3.8, p. 266] and [2, V.1.3.9, p. 267]. Then we have

{Fo, ¢ > —N}, Aq € H(Fy+1, Fa), P(Ag) = p(Ag), a>=-—N,

and A, is an isometry from Ey41 into Eg.
Now fix Ag: Fgy1 — Fg for any B > —N. Renaming Fg = Z, Fgq1 = Z! we have the following reiteration property
(see [2, V.1.2.6, p. 260] or [15, Proposition 10.6])

Z° =D(Aj) = Fpye
for £ € [0, 1], and Ag is sectorial in Z, thus we can apply [14, [.1.4.3, p. 26] to get
Cle—p)

7AﬁtH[,(F/5,FDt) 5SS ta_ﬁ

le , t>0,0>=B8>-N,

for any o > type(Ap).
As above, if Eg is reflexive, we can identify the negative side of the scale with some dual spaces by means of [2, V.1.4.12,
p. 274] getting

Foo=(Fi) and A_q=(A%), a>0,
with
e Aat — (efAf,t)’_

Therefore analogously to Definition B.1 we say that Ag defines an analytic semigroup S, (t) in the fractional power scale
{Fy}a>—n in the sense that

Sao®lp, =e 4!, Vo> —N,
and

Cla —B)

IS4 Ol gy < —a=p— >0 @=p>-N.

Now we construct the fractional power scale and the semigroup without assuming (B.5).

Proposition B.3. Let Ag € H(E1, Eo) and take c such that (—o0, 0] € p(Ag + cI).
Thengiven N e N, the scale {Fy}o>—n generated by Ag +cl, as above, is independent of ¢ and the realizations of Ag in F, denoted
by Ay, satisfy
Aq € H(Fy11, Fo), p(Ag) = p(Ao), a>=—N.

Hence we have an analytic semigroup S a, (t) defined in the scale {Fy }o>—n such that Sa, ()|, = e~ Al o > —N, satisfies

C@—=p) ot

1S a0 () ”c(Fﬁ,Fa) < ta—p s t>0,0=p>-N,

for any o > type(Ap).
Furthermore if Eq is reflexive, then F_q = (F5)', A_q = (AL) and e=A-at = (e*Afjlt)/for 0<a<N.

Remark B.4. Note that after Propositions B.2 and B.3, for Ag € H(E1, Eg) we have a discrete scale (B.2) and with the
notations of these propositions, we have

Fy,=E, forkeZ, k> —N.

However, the intermediate spaces, F, and Eq, for « e R\ Z, « > —N, do not need to coincide in general. But, if Ap has
bounded imaginary powers, that is, there exist &€ > 0 and M > 1 such that

| Ak ||L<ELE0) <M forte[—¢,c¢l, (B.6)

then E, and the scale of fractional powers F, coincide, see [2, V.1.5.13, p. 283].
An important case when this happens is when Eg is a Hilbert space and Ay is self-adjoint.
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Appendix C. The scales and semigroup for A(z,

In this section we show how the scale of spaces constructed in Appendix B for Ag can be used for the squared operator
A% := Apo A1. That is, our goal here is to relate the scales of the square of an operator, A%, with the scale of the Ag. We will

show that if we perform the constructions in Appendix B with A(Z) we arrive to the same spaces as for Ap with a suitable
labeling.
Hence, we assume as in the previous section that
Ao € H(Eq, Eop).

Observe that by Propositions B.2 and B.3 we can consider the associated interpolation scale {E,}qcr or the fractional power
scale {Fy}o>—n, N €N, without assuming 0 € p(Ag) or (—oo, 0] € p(Ag), respectively. Also, note that with the notation of
the previous section,

A3 :=Ag o A : E3 — Eo.
Hence, we will assume furthermore that
A3 € H(Ea, Eg).

The following result, which is a particular case of [15, Proposition 10.5], gives a criteria for determining when Ag is a
sectorial operator.

Proposition C.1. Let Ag € H(E1, Eg) with (—o0, 0] C p(Ao) and satisfying ||(Ao — 1)~ 1| < % for & € So,¢ with ¢ € (0, ) where
So,¢ is a sector as in (2.3) with vertex a = 0.
Then A} satisfies So 29 C p(A3) and
K
|A]
for & € So.2¢, thus A2 € H(E2, Eo).

-1
[(A3—2) " ]lg, <

So now we can construct both interpolation and fractional scales for A% following the procedures explained in
Appendix B. In the next two results we will show that these scales coincide with the ones for Ag after a suitable labeling.

Proposition C.2. Let Ag € H(E1, Eg) and assume A2 := Ag o A1 € H(E2, Eg). Let {Eq}acr be the interpolation scale for Ag as in
Proposition B.2. Then on the scale X, = E,, with a € R we have A?x = Agq 0 Ag+1 € H(Xa+1, Xo) and Aé defines a semigroup

SAg (t) in the scale { Xy }aer that satisfies SA(z) ®lx, = e—4at and
Cla—p) .
1421 2xy %0 < —Fw ¢ >0 apeR a>p,

forany u > type(A%). The constant C(cc — B) is bounded for «e, B in bounded sets of R.
If Eg is reflexive, the negative side of the scale can be described as

X_a=(X3) and A%, =(AY), a>0,

and it holds that e=A%at = (e*Aéut)/.
Furthermore, the problem
{ut+A§u=0, t>0,
u(0) =ug € Xgy,

. . 2
forany a € R has a unique solution u(t) = SA%(t)uo =e Mty
Now we turn to the fractional power scale to obtain

Proposition C.3. Let Ag € H(E1, Eo) and assume A% = Ago Ay € H(Ez, Ep). Let N € Nand {Fy }o>—2n be the fractional power scale
for Ag as in Proposition B.3. Then on the fractional power scale Yo = F2q with @ > —N we have Agt = Ay 0 Ag+1 € H(Ya+1, Ya)
and A% defines a semigroup SA(zJ(t) in the scale {Yq }o>—n that satisfies SAg ®lf, = e~ At

Cla—p)
|| SAg(f) ”z:(yﬁ,yo,) S te—p e/t

and

, t>0,a>B2>—N,

forany u > type(A%). The constant C(x — B) is bounded for e, 8 in bounded sets of R.
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If Eg is reflexive, the negative side of the scale can be described as
Y_ o= (Yé)’ and A%, = (AEZ)’, a >0,
and it holds that e="%at = (e*Ainf)’.
Furthermore, the problem
u +Aiu=0, t>o0,
{ u0) =up €Yy,
for any o > —N has a unique solution u(t) = SA(z) Hug = e‘Agvfuo.

Remark C.4. According to Remark B.4 if Ap has bounded imaginary powers, then A(Z) does as well, see (B.6). In such a case
both scales and semigroups in Propositions C.2 and C.3 coincide, that is, X = Yy for & > —N, see [2, V.1.5.13, p. 283].

Appendix D. The scales and semigroup for Af'
We can extend these results to any other natural powers AT, m € N, reviewing the abstract results above.

Proposition D.1. Proposition C.1 remains true for A, m € N, as long as the sector So 4 for Ag has an opening angle ¢ < %

In fact, this is the original result in Theorem 10.5 in [15].
Now, for the interpolation scale, similarly to Propositions C.2, we get

Proposition D.2. Let Ag € H(E1, Eo) and assume AT := Ago---0Am € H(Em, Eg), m € N. Then on the interpolation scale Xo = Emng
with @ € R we have Af} := Ay 0 -+ 0 Agim € H(Xa+m, Xo) and Af' defines a semigroup SAB" (t) in { Xy }oer Such that SAB" ®lx, =

_am
e A« and

C@=P) u

||SA81(t)“£(X/j,Xa)\tﬁ7—Ol s t>0, a,ﬂER, C()ﬂ,

forany > type(AJ'). The constant C(a — B) is bounded for o, B in bounded sets of R.
If Eg is reflexive, the negative side of the scale can be described as

X o=(X5) and A", =(AF¥), a>0,
and it holds that e=#"" = (e=A%"
Furthermore, the problem
{Ut-i-Ag}u:O, t>0,
u(0) =up € Xy,
At

for a € R has a unique solution u(t) = SAg (t) = e "atuy.
On the other hand, for the fractional power scale, as in Proposition C.3, we get
Proposition D.3. Let Ag € H(E1, Eo) and assume Af' :== Ag o --- o A € H(Em, Eo). Also, fix N € N. Then on the fractional power

scale Yo = Fng with @ > —N we have A} := Ay o --- 0 Agym € H(Yo1m. Yo) and AT defines a semigroup SAg © in{Yo}az-nN
such that S am (©)ly, = e—4at and

C@=P) u

|| SAgl(t)“l:(Yﬂ,Ya) X W ) t> Ov o 2 /3 2 _N7

forany > type(Af'). The constant C(a — B) is bounded for o, f in bounded sets of R.
If Eg is reflexive, the negative side of the scale can be described as

Yoo=(Y5) and A", =(A3%), a>0,
and it holds that e~ At = (e‘Agm)’.
Furthermore, the problem
{ut—i—Ag’u:O, t>0,
u(0) =up € Yo,

for a > —N has a unique solution u(t) = SAg t) = e*Agfuo.
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