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data in large uniform Bessel–Lebesgue spaces are considered as well as equations with
higher order powers of the Laplacian.
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1. Introduction

In this paper we address the solvability of some fourth order linear parabolic equations in R
N . More precisely, we

consider{
ut + �2u + P u = 0, x ∈R

N , t > 0,

u(0) = u0 in R
N ,

(1.1)

with u0 a suitable initial data defined in R
N and P a linear perturbation. We will consider space dependent perturbations

of the form P u := ∑
a,b Pa,bu with

Pa,bu := Db(d(x)Dau
)
, x ∈R

N , (1.2)

for some a,b ∈ {0,1,2,3} such that a + b � 3, where Da , Db denote any partial derivatives of order a, b, and d(x) is a given
function with x ∈R

N .
Our main goal is to consider in (1.1) some large classes of initial data u0 in R

N as well as to consider wide classes of
low regularity perturbations. For the latter we will consider classes of coefficients d(x) with weak integrability properties.
More precisely, we will assume below that the coefficient d(x) belongs to some locally uniform space L p

U (RN ), 1 � p < ∞,
composed of the functions f ∈ Lp

loc(R
N ) such that there exists C > 0 such that for all x0 ∈ R

N
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∫
B(x0,1)

| f |p � C

endowed with the norm ‖ f ‖Lp
U (RN ) = supx0∈RN ‖ f ‖Lp(B(x0,1)) . For p = ∞, L∞

U (RN ) = L∞(RN ).

As for the initial data we will consider the standard Lebesgue space, Lq(RN ), 1 < q < ∞, or Bessel–Lebesgue spaces
Hα,q(RN ), with 1 < q < ∞, α ∈R, and even uniform Bessel spaces Ḣα,q

U (RN ) to be introduced below.
Given such classes of initial data and perturbations we want to find suitable smoothing estimates on the solutions of (1.1)

as will be explained below.
Note that for P = 0 the solution of problem (1.1) can be described as the convolution of the initial data with the

self-similar fundamental kernel for the bi-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [12,13] and
[11,7].

Recently, results in Bessel–Lebesgue spaces have been proved in [9] for P �= 0. By means of resolvent estimates for
�2 + P , the authors proved the well posedness of (1.1) with P u = d(x)u, that is, a perturbation with a,b = 0. They also
found suitable smoothing estimates on the solutions as the ones we will find in (1.2).

Here, instead of relying on elliptic resolvent estimates for the operators �2 + P , with P as in (1.2), we rely on a more ab-
stract “parabolic” argument developed in [16] and applied there to parabolic equations with second order elliptic operators.
With this approach we consider a simpler problem, the one with P = 0, that we can solve in several spaces simultaneously.
That is, we consider a semigroup of solutions defined on a scale of spaces. For such simpler problem we start by proving
suitable smoothing estimates on the spaces of the scale. Then we consider a suitable perturbation, P , that acts between
two spaces of the scale. With these ingredients the abstract results in [16] allow to obtain a perturbed semigroup that
corresponds to Eq. (1.1) with P �= 0. Such a perturbed semigroup inherits some of the smoothing estimates of the original
one in some of the spaces of the scale which are determined by the perturbation P itself.

Another important result that we are able to stablish using the tools developed in [16], is that of the robustness with
respect to the perturbation. In this direction, we are able to prove two important results. First, we show that all constants
involved in the smoothing estimates of the perturbed semigroups, including the exponential bounds on them, are bounded
uniformly for bounded families of perturbations (i.e. for families of coefficients d(x) as in (1.2) which are bounded in
the uniform space Lp

U (RN )). Second, we prove that the perturbed semigroups obtained as above, continuously depend on
the perturbation. That is, if the coefficients d(x) depend on a parameter and converge in the space L p

U (RN ), then the
corresponding semigroups converge in norm.

As mentioned above this approach was applied in [16] to second order parabolic equations in bounded and unbounded
domains, allowing perturbations in the equation and in the boundary conditions.

In this paper we carry out these ideas to fourth order parabolic equations in R
N as in (1.1). For that, we use an existence

and regularity theory in suitable scales of spaces for the parabolic bi-Laplacian equation, i.e. (1.1) with P = 0, in order to
later introduce the perturbations. For this we use some available information about the heat equation ut − �u = 0, in R

N

and use that �2 is the square operator of −�. In particular, the same scales of spaces available for −� can be used for (1.1).
In such scales suitable smoothing estimates for (1.1) with P = 0 are obtained.

We now state one of the main results that we prove below, see Theorem 2.10. Note that this result applies in the
Bessel–Lebesgue scale. A similar one, with technical differences, holds in the uniform Bessel scale, see Theorem 3.7.

Theorem 1.1. Let Pa,b be as in (1.2) with k,a,b ∈ {0,1,2,3}, k = a + b. Assume that ‖d‖Lp
U (RN ) � R0 with p > N

4−k .

Then, for any 1 < q < ∞ and such Pa,b, there exists an interval I(q,a,b) ⊂ (−1+ a
4 ,1− b

4 ) containing (−1+ a
4 + N

4p ,1− b
4 − N

4p ),

such that for any γ ∈ I(q,a,b), we have a strongly continuous analytic semigroup, S Pa,b (t), in the space H4γ ,q(RN ), for the problem{
ut + �2u + Db(d(x)Dau

) = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimates

∥∥S Pa,b (t)u0
∥∥

H4γ ′,q(RN )
�

Mγ ′,γ eμt

tγ ′−γ
‖u0‖H4γ ,q(RN ), t > 0, u0 ∈ H4γ ,q(

R
N)

,

for every γ ,γ ′ ∈ I(q,a,b) with γ ′ � γ , and

∥∥S Pa,b (t)u0
∥∥

Lr(RN )
� Mq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(
R

N)
,

for 1 < q � r � ∞, with some Mγ ′,γ , Mq,r and μ ∈R depending on d only through R0 .
Furthermore, the interval I(q,a,b) is given by

I(q,a,b) =
(

−1 + a

4
+ N

4

(
1

p
− 1

q′

)
,1 − b

4
− N

4

(
1

p
− 1

q

) )
.

+ +
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Finally, if

dε → d in Lp
U

(
R

N)
, p >

N

4 − k
,

then for every 1 < q < ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that

∥∥S Pε (t) − S P (t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for every γ ,γ ′ ∈ I(q,a,b), γ ′ � γ and for every 1 < q � r � ∞
∥∥S Pε (t) − S P (t)

∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T .

Note the ranges of spaces for which we can solve the equation are determined by the base space in terms of 1 < q < ∞,
the integrability p of the coefficient d(x) and the order of derivatives a,b. Observe that in the theorem above just one
perturbation Pa,b is considered. Several perturbations can be thus combined together, although not all combinations are
allowed. We discuss below a general procedure to determine whether or not some given perturbations can be combined
together; see Proposition 2.12 and Remark 2.14. Also Eq. (1.1) is satisfied in the sense explained in Remark 2.11.

The paper is organized as follows. In Section 2 we prove that �2 defines an analytic semigroup in the scales of Lebesgue
and Bessel–Lebesgue spaces, which satisfy suitable smoothing estimates; see Lemma 2.2. Then using the results in [16] we
are able to add perturbations to the equation along the lines described above, see Lemma 2.6 and Theorem 2.10. Some
extension to fractional-like derivatives in (1.2) can be found in Theorem 2.15. In this case a, b are nonnegative real and
0 � a + b < 4.

The same strategy is carried out in Section 3 for (1.1) in the uniform Bessel–Lebesgue scale. These spaces have been used
for linear and nonlinear heat equations in [4,6,8]. Such spaces are very useful because, among other properties, they are
very large spaces whose functions do not satisfy any smallness behavior at infinity and contain the standard Bessel–Lebesgue
spaces as closed subspaces. Also, these spaces contain constant functions and are embedded as Lebesgue spaces are in a
bounded domain.

After some result on these spaces in Proposition 3.1 that complements the ones in [4], we obtain resolvent estimates for
the Laplacian operator that prove that it is sectorial. Then in Lemma 3.4 we show that the bi-Laplacian parabolic equation
defines an analytic semigroup with suitable smoothing estimates in the uniform Bessel–Lebesgue scale. In Theorem 3.7 we
introduce the perturbations and prove an analogous result to Theorem 1.1 in this scale. Note that since uniform spaces are
not reflexive (even for q = 2) we can only consider perturbations as in (1.2) with b = 0, see Theorem 3.7.

Finally, in Section 4 we show how to obtain all the results in Sections 2 and 3 for other powers of the Laplacian (−�)m ,
m ∈N as the main part in the elliptic operator.

At the end of the paper we have included four appendixes where we collect several results that we need for the main
arguments in the previous sections. In particular, results from [16] are collected in Appendix A; some results from [2] are
in Appendix B and some extension of them can be found in Appendix C. Appendix D contains some extensions to higher
order operators.

The results presented here will be used somewhere else to study fourth order nonlinear problems.

2. Some fourth order equations in the Bessel–Lebesgue spaces in RRR
N

We take, A0 = −� in Lq(RN ), with 1 < q < ∞ with domain D(A0) = H2,q(RN ), where Hk,q(RN ), k ∈ N denotes the
standard Sobolev spaces (often denoted W k,q(RN )). In this setting, −� is a sectorial operator, see [14,3], and type(−�) :=
inf{Re(σ (−�))} = 0.

Using complex interpolation, these spaces can be extended to non-integer indexes, known as Bessel spaces. These spaces
are very convenient because they satisfy the sharp Sobolev embeddings

Hs,q(
R

N) ⊂

⎧⎪⎪⎨
⎪⎪⎩

Lr(RN), s − N
q � − N

r , q � r < ∞, if s − N
q < 0,

Lr(RN), 1 � r < ∞, if s − N
q = 0,

Cη(RN) if s − N
q > η � 0.

Also, for the negative indexes, we have

H−s,q(
R

N) = (
Hs,q′(

R
N))′

. (2.1)

For more details, see [14, p. 35], [1,3] [2, I.2] or [18]. In what follows we will denote Eα := H2α,q(RN ), α ∈ R, the
Bessel–Lebesgue scale of spaces.
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Also it is known, see [14] and [1], that for 1 < q < ∞ the heat equation{
ut − �u = 0, x ∈ R

N , t > 0,

u(0) = u0, in R
N ,

(2.2)

defines a semigroup S−�(t) in the scale of Bessel spaces {Eα}α∈R := {H2α,q(RN )}α∈R that satisfies the smoothing estimates

∥∥S−�(t)u0
∥∥

H2α,q(RN )
� Mα,βeμ0t

tα−β
‖u0‖H2β,q(RN ), t > 0, u0 ∈ H2β,q(

R
N)

,

for 1 < q < ∞, α,β ∈R, α � β , and

∥∥S−�(t)u0
∥∥

Lr(RN )
� Mr,qeμ0t

t
N
2 ( 1

q − 1
r )

‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(
R

N)
,

for 1 � q � r � ∞ and some constant Mr,q . In both estimates above μ0 > 0 can be arbitrarily small, because type(−�) = 0.
This as well as some other useful properties of −� and �2 in Lq(RN ), 1 < q < ∞, are collected in the next lemma.

Lemma 2.1. Take 1 < q < ∞ and denote E0 = Lq(RN ).

i) The Laplace operator −� in E0 with domain E1 = D(−�) = H2,q(RN ) satisfies the estimate∥∥(−� − λ)−1
∥∥
L(E0)

� M|λ|−1 for all λ ∈ S0,φ

for the sector

Sa,φ = {
z ∈C: φ �

∣∣arg(z − a)
∣∣ � π, z �= a

} ⊂ ρ(A0) (2.3)

with φ > 0 arbitrarily small. Furthermore σ(−�) = [0,∞) and therefore

type(−�) = inf
{

Re
(
σ(−�)

)} = 0.

ii) The bi-Laplacian operator �2 in E0 with domain E2 = D(�2) = H4,q(RN ) satisfies the estimate∥∥(
�2 − λ

)−1∥∥
L(E0)

� M|λ|−1 for all λ ∈ S0,2φ

with φ > 0 arbitrarily small. Furthermore σ(�2) = [0,∞) and therefore

type
(
�2) = inf

{
Re

(
σ

(
�2))} = 0.

Proof. The first part, for the Laplacian, is well known. The resolvent estimate, in particular, can be found in pages 32 and 33
of [14].

For proving ii), since in i) φ > 0 can be taken arbitrarily small, we can apply Proposition 10.5 in [15] (see also Proposi-
tion C.1) and we get that �2 is sectorial with sector S0,2φ , where 2φ > 0 can be arbitrarily small. Then σ(�2) ⊂ [0,∞) is an
immediate consequence of the fact that φ > 0 is arbitrarily small. On the other hand, it can be proved that in the uniform
space L̇q

U (RN ), we have σ(�2) = [0,∞), see Proposition 3.3 below for more details. Then, σ(�2) = [0,∞) in Lq(RN ) as
well. From this, we get type(�2) = 0. �

Then we can prove the following.

Lemma 2.2. Consider the problem{
ut + �2u = 0, x ∈R

N , t > 0,

u(0) = u0, in R
N .

(2.4)

i) Then for each 1 < q < ∞, (2.4) defines an analytic semigroup, S�2 (t), in the scale Xα = E2α = H4α,q(RN ), α ∈ R, such that for
any μ0 > 0 there exists C such that∥∥S�2(t)

∥∥
L(H4β,q(RN ),H4α,q(RN ))

� C(α − β)

tα−β
eμ0t, t > 0, α,β ∈R, α � β.

ii) The analytic semigroup S�2 (t), in Lq(RN ), 1 < q < ∞, satisfies∥∥S�2(t)
∥∥
L(Lq(RN ),Lr(RN ))

� Mq,r

t
N
4 ( 1

q − 1
r )

eμ0t, t > 0,

for any μ0 > 0 and 1 < q � r � ∞ and some Mq,r > 0 (which also depends on μ0).
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Proof. i) This is a consequence of Proposition C.2 for A0 = −�.
Note that from Lemma 2.1, type(�2) = 0 and then μ0 > 0 is arbitrary.
ii) For 1 < q < ∞, we use i) with α = 0 and we have that �2 defines an analytic semigroup in Lq(RN ).
Now, if r � q we use i) again, now with β = 0, and choosing α such that − N

r = 4α − N
q we get

∥∥S�2(t)u0
∥∥

Lr(RN )
�

∥∥S�2(t)u0
∥∥

H4α,q(RN )
� Mαeμ0t

tα
‖u0‖Lq(RN ),

which leads to

∥∥S�2(t)u0
∥∥

Lr(RN )
� Mr,qeμ0t

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ).

Again, because of part ii) of Lemma 2.1, type(�2) = 0 and then μ0 > 0 is arbitrary. �
Remark 2.3. For q = 1, if we take any r > 1 and any β > N

4r′ then we have H4β,r′
(RN ) ↪→ L∞(RN ) and therefore L1(RN ) ↪→

H−4β,r(RN ).
Now using i) with α = 0 we get

∥∥S�2(t)u0
∥∥

Lr(RN )
� Mr,1eμ0t

tβ
‖u0‖H−4β,r(RN ) � Mr,1eμ0t

tβ
‖u0‖L1(RN )

for any β > N
4 (1 − 1

r ). Hence we obtain the estimate in ii) for q = 1 and any r > 1, for an exponent as close as we want to
N
4 (1 − 1

r ).

Remark 2.4. Observe that the solution of problem (2.4) can be described as the convolution of the initial data with the
self-similar kernel for the bi-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [12,13] and [11,7].

Remark 2.5.

i) Observe that the Bessel spaces described above, naturally appear as a result of an abstract procedure, using complex
interpolation, to construct spaces associated to sectorial operators; see e.g. [2,1] and Appendix B.

ii) Note that using [3, 9.7, p. 648] we get that −� has bounded imaginary powers in Lq(RN ) for 1 < q < ∞. Hence, because
of [2, V.1.5.13, p. 283], see also Remark B.4, the Bessel spaces described above coincide with the usual fractional power
spaces of this operator, see [14].

iii) Also, some results on sectorial operators that apply to other higher order differential operators instead of �2 in (2.4)
can be found in Theorem 5.5 in [10]. These operators have always bounded imaginary powers (see (2.15), page 25
in [10]). Hence again their complex interpolation scale and their fractional power scale coincide, again by [2, V.1.5.13,
p. 283] (see Remark B.4). Note however that Theorem 5.5 in [10] does not give the description of these spaces.

Now we can use the results in [16] to perturb Eq. (2.4). For this, let Dr denote any partial derivative of order r ∈ N and
fix m ∈ N. Then if m � r, we have Dr : Hm,q(RN ) → Hm−r,q(RN ). On the other hand, Dr : H−m,q(RN ) → H−m−r,q(RN ), is
defined as〈

Dru,ϕ
〉 = (−1)r

∫
RN

uDrϕ for all ϕ ∈ Hm+r,q′(
R

N)
.

Finally, if m < r, Dr : Hm,q(RN ) → Hm−r,q(RN ) is defined as

〈
Dru,ϕ

〉 = (−1)r−m
∫
RN

DmuDr−mϕ for all ϕ ∈ Hr−m,q′(
R

N)

which corresponds to the composition Dr = Dr−m Dm , where Dm : Hm,q(RN ) → Lq(RN ) and Dr−m : Lq(RN ) → Hm−r,q(RN ).
Thus for any 1 < q < ∞, r ∈ N and m ∈ Z, we have

Dr ∈ L
(

Hm,q(
R

N)
, Hm−r,q(

R
N))

,
∥∥Dr

∥∥
L(Hm,q(RN ),Hm−r,q(RN ))

� C

for some C independent of r, m, q.
Now we extend this definition to non-integer m. For this take m ∈ Z and s ∈ (m,m + 1) and take θ ∈ (0,1) such that

s = θm + (1 − θ)(m + 1). Then by interpolation

Dr : [Hm+1,q(
R

N)
, Hm,q(

R
N)] = Hs,q(

R
N) → [

Hm+1−r,q(
R

N)
, Hm−r,q(

R
N)] = Hs−r,q(

R
N)

,

θ θ
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and we get that for any r ∈N and s ∈ R

Dr ∈ L
(

Hs,q(
R

N)
, Hs−r,q(

R
N))

,
∥∥Dr

∥∥
L(Hs,q(RN ),Hs−r,q(RN ))

� C (2.5)

for some C independent of r, s, q. Note that above we denoted by [·, ·]θ the complex interpolation functor, see [2] and [18].
Using this and the results in [16] we get the following result in which we allow perturbations with derivatives of order

k � 3.

Proposition 2.6. Take J ∈ N and a j ∈ R, k j ∈ N for j = 1, . . . , J with max j |a j| � R0 and k = max j |k j | � 3. Then for each 1 <

q < ∞ the problem⎧⎪⎪⎨
⎪⎪⎩

ut + �2u +
J∑

j=1

a j Dk j u = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N ,

(2.6)

defines an analytic semigroup, S(t), on the scale {Xα}α∈R with Xα = E2α = H4α,q(RN ), α ∈R, such that

∥∥S(t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(γ ′ − γ )

tγ ′−γ
eμt, t > 0, γ ,γ ′ ∈ R, γ ′ � γ ,

and also∥∥S(t)
∥∥
L(Lq(RN ),Lr(RN ))

� C(q, r)

t
N
4 ( 1

q − 1
r )

eμt, t > 0,

for 1 < q � r � ∞, with μ, C(γ ′ − γ ), C(q, r) depending on {a j} only through R0 . The constant C(γ ′ − γ ) is bounded for γ ,γ ′ in
bounded sets of R.

Furthermore, if for all j = 1, . . . , J , we have aε
j → a j as ε → 0 then for any T > 0, γ ′ � γ or r � q, there exists C(ε) → 0 as

ε → 0, such that the corresponding semigroups satisfy

∥∥Sε(t) − S(t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(ε)

tα−β
, ∀0 < t � T ,

and ∥∥Sε(t) − S(t)
∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T ,

for 1 < q � r � ∞.

Proof. Since Xα = E2α = H4α,q(RN ), α ∈R, we get from Lemma 2.2 i) that

∥∥S�2(t)
∥∥
L(Xβ ,Xα)

� C

tα−β
, 0 < t � 1, α,β ∈ R, α � β.

From (2.5) each of the perturbations P j = a j Dk j satisfies ‖P j‖L(Xα,Xα−k j/4) � C for all α ∈ R with C = C(R0) independent

of j, and we have that

P =
J∑

j=1

P j ∈ L(Xα, Xα−k/4), ‖P‖L(Xα,Xα−k/4) � C( J , R0), α ∈R.

Hence, we can apply [16, Proposition 10] (see also Theorem A.1) with α ∈ R, β = α − k
4 and since the scale is nested,

we get a semigroup S(t) = S P (t) in Xγ for any γ ∈ E(α) := (α − 1,α] that satisfies the smoothing estimates

∥∥S(t)
∥∥
L(Xγ ,Xγ ′ ) �

Mγ ,γ ′eμt

tγ ′−γ
(2.7)

with μ depending on R0 and for every γ ,γ ′ such that

γ ∈ E(α) := (α − 1,α], γ ′ ∈ R(β) := [β,β + 1) = [α − k/4,α − k/4 + 1), γ ′ � γ .

We now want to see the largest range for γ and γ ′ , in which (2.7) holds, that can be achieved in 2 “jumps” in the scale.
For this we perform a bootstrap argument as follows. Given α ∈R, take β = α − k

4 as above. In this situation the semigroup
transforms Xγ into Xγ ′ for any γ ∈ E(α) to any γ ′ ∈ R(β). We now choose an α′ > α such that β < α′ − 1 < β + 1 =
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α − k
4 + 1, so R(β) ∩ E(α′) �= ∅. Then we can “jump” again, starting from any space Xγ ′ , γ ′ ∈ R(β) ∩ E(α′), into Xγ ′′ with

γ ′′ ∈ R(β ′), β ′ = α′ − k
4 . Schematically, we write

γ ∈ E(α) → γ ′ ∈ R(β) ∩ E
(
α′) → γ ′′ ∈ R

(
β ′).

Then, using S(t) = S(t/2) ◦ S(t/2) we get

∥∥S(t)u0
∥∥
γ ′′ � M̃eμ(t/2)

(t/2)γ
′′−γ ′

∥∥S(t/2)u0
∥∥
γ ′ � M̃eμ(t/2)

(t/2)γ
′′−γ ′

M̃eμ(t/2)

(t/2)γ
′−γ

‖u0‖γ = Meμt

tγ ′′−γ
‖u0‖γ (2.8)

for γ ∈ E(α) = (α − 1,α] and γ ′′ ∈ R(β ′) = [β ′, β ′ + 1) and M depending on γ and γ ′′ . Note that the range for R(β ′) moves
continuously as we move α′ , thus

γ ′′ ∈
⋃

β<α′−1<β+1

R
(
β ′) =

⋃
β<α′−1<β+1

[
β ′, β ′ + 1

) =
⋃

β<α′−1<β+1

[
α′ − k

4
,α′ − k

4
+ 1

)

=
(

β + 1 − k

4
, β + 3 − k

4

)
=

(
α − 2k

4
+ 1,α − 2k

4
+ 3

)
.

Hence, after one or two “jumps” we get the estimate (2.7) for any γ ∈ E(α) := (α − 1,α] and γ ′ ∈ [α − k
4 ,α − 2k

4 + 3)

with γ ′ � γ .
Note that this argument can be repeated to obtain that we can have in (2.7) γ ′ ∈ [α − k

4 ,α − nk
4 + (2n −1)) for any n ∈N.

So, since α ∈ R is arbitrary, after a finite number of iterations we get (2.7) for any γ ,γ ′ ∈R, γ ′ > γ .
Now, if 1 < q < ∞ and r � q we take γ = 0 and γ ′ such that H4γ ′,q(RN ) ↪→ Lr(RN ), that is − N

r = 4γ ′ − N
q . Then we get

∥∥S(t)u0
∥∥

Lr(RN )
� C

∥∥S(t)u0
∥∥

H4γ ′,q(RN )
� C(γ ′)eμt

tγ ′ ‖u0‖Lq(RN ) = Cq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ).

The analyticity comes again from Lemma 2.2 and [16, Theorem 12] (see Theorem A.3).
The convergence of the semigroups is consequence of [16, Theorem 14] (see Theorem A.2) since if aε

j → a j we would
have Pε → P in L(Xα, Xα−k/4) as ε → 0 for any α ∈R. �
Remark 2.7. For a similar result with q = 1, we can proceed as in Remark 2.3.

Remark 2.8. Note that the estimates in Lemma 2.2 and Proposition 2.6 give that the solutions of problems (2.4) and (2.6)
satisfy that u(t) ∈ H4γ ′,r(RN ), for all t > 0, γ ′ ∈ R and q � r < ∞. Since the semigroups are analytic we have ut(t) ∈
H4γ ′,r(RN ) as well. Therefore, (2.4) and (2.6) are satisfied in a classical sense.

Finally, we study more general perturbations in which we allow a space dependence. For this, take k ∈ N, which is the
order of the perturbation, and take a,b ∈ N such that a + b = k. We define Pa,b to be a perturbation of the form

Pa,bu = Db(d(x)Dau
)
, x ∈R

N ,

for a given function d(x) with x ∈ R
N , in the sense that for any smooth enough ϕ

〈Pa,bu,ϕ〉 = (−1)b
∫
RN

d(x)DauDbϕ. (2.9)

We will assume below that the coefficient d(x) belongs to the locally uniform space L p
U (RN ) composed of the functions

f ∈ Lp
loc(R

N ) such that there exists C > 0 such that for all x0 ∈R
N

∫
B(x0,1)

| f |p � C (2.10)

endowed with the norm

‖ f ‖L p
U (RN ) = sup

x0∈RN
‖ f ‖L p(B(x0,1))

(for p = ∞, L∞
U (RN ) = L∞(RN )).

The following result states the spaces of the Bessel scale between which a perturbation Pa,b is a well behaved linear
operator. For this, below we will denote (x)− = min{0, x} and (x)+ = max{0, x}, the negative and positive parts of x ∈ R.
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Proposition 2.9. Let Pa,b be as above, d ∈ Lp
U (RN ) and let s � a, σ � b. Then for 1 < q < ∞ and(

s − a − N

q

)
−

+
(
σ − b − N

q′

)
−

� − N

p′ (2.11)

we have

Pa,b ∈ L
(

Hs,q(
R

N)
, H−σ ,q(

R
N))

, ‖Pa,b‖L(Hs,q(RN ),H−σ ,q(RN )) � C‖d‖L p
U (RN ).

Proof. Let {Q i}, i ∈ Z
N , be a partition of RN in open disjoint cubes centered in i ∈ Z

N with sides of length 1, parallel to the
axes. Note that R

N = ⋃
i∈ZN Q i and Q i ∩ Q j = ∅ for i �= j. Then

∣∣∣∣
∫
RN

dDauDbϕ

∣∣∣∣ �
∑

i

∣∣∣∣
∫
Q i

dDauDbϕ

∣∣∣∣ �
∑

i

(∫
Q i

|d|p
) 1

p
(∫

Q i

∣∣Dau
∣∣n

) 1
n
(∫

Q i

∣∣Dbϕ
∣∣τ ) 1

τ

where we have applied Hölder’s inequality with 1
p + 1

n + 1
τ = 1. If (2.11) holds, we can choose n, τ as before such that

s − N
q � a − N

n and σ − N
q′ � b − N

τ . Now, we can use the embeddings of Bessel spaces and, for some C being independent
of the cube Q i , obtain∣∣∣∣

∫
RN

dDauDbϕ

∣∣∣∣ � C‖d‖L p
U (RN )

∑
i

‖u‖Hs,q(Q i)‖ϕ‖Hσ ,q′
(Q i)

� C‖d‖L p
U (RN )

(∑
i

‖u‖q
Hs,q(Q i)

)1/q(∑
i

‖ϕ‖q′
Hσ ,q′

(Q i)

)1/q′

. (2.12)

Then, as in [5, Lemma 2.4], we get for any 0 � α � 2 and any 1 < q < ∞∑
i

‖φ‖q
H2α,q(Q i)

� C‖φ‖q
H2α,q(RN )

for all φ ∈ H2α,q(
R

N)
,

and we obtain from (2.12)∣∣∣∣
∫
RN

dDaubϕ

∣∣∣∣ � C‖d‖L p
U (RN )‖u‖Hs,q(RN )‖ϕ‖Hσ ,q′

(RN )

which gives the result. �
Now we can use again the results in [16] (see Appendix A) to obtain the following.

Theorem 2.10. Let Pa,b be as in (2.9) with k,a,b ∈ {0,1,2,3}, k = a + b. Assume that ‖d‖Lp
U (RN ) � R0 with p > N

4−k , then for any

1 < q < ∞ and such Pa,b, there exists an interval I(q,a,b) ⊂ (−1 + a
4 ,1 − b

4 ) containing (−1 + a
4 + N

4p ,1 − b
4 − N

4p ), such that for

any γ ∈ I(q,a,b), we have a strongly continuous analytic semigroup, S Pa,b (t), in the space H4γ ,q(RN ), for the problem{
ut + �2u + Db(d(x)Dau

) = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N .

(2.13)

Moreover the semigroup has the smoothing estimates

∥∥S Pa,b (t)u0
∥∥

H4γ ′,q(RN )
�

Mγ ′,γ eμt

tγ ′−γ
‖u0‖H4γ ,q(RN ), t > 0, u0 ∈ H4γ ,q(

R
N)

,

for every γ ,γ ′ ∈ I(q,a,b) with γ ′ � γ , and

∥∥S Pa,b (t)u0
∥∥

Lr(RN )
� Mq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(
R

N)
,

with 1 < q � r � ∞ and some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
Furthermore, the interval I(q,a,b) is given by

I(q,a,b) =
(

−1 + a

4
+ N

4

(
1

p
− 1

q′

)
,1 − b

4
− N

4

(
1

p
− 1

q

) )
.

+ +
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Fig. 1. Admissible s̃ and σ̃ with p > q,q′ .

Finally, if

dε → d in Lp
U

(
R

N)
, p >

N

4 − k
,

then for every 1 < q < ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that∥∥S Pε (t) − S P (t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q,a,b), γ ′ � γ and for any 1 < q � r � ∞
∥∥S Pε (t) − S P (t)

∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T .

Proof. By Proposition 2.9 and using Xα = E2α = H4α,q(RN ), α ∈ R, if we assume for a moment that (2.11) is satisfied for
some s and σ , then we would have

P ∈ L(Xs/4, X−σ/4), ‖P‖L(Xs/4,X−σ/4) � C‖d‖L p
U (RN ).

Hence we can apply Theorem A.1 with α = s/4 and β = −σ/4 provided 0 � α − β < 1, that is, s + σ < 4.
Thus, we check now that (2.11) and s + σ < 4 hold for suitable pairs (s, σ ). For this we rewrite the ranges for s, σ in

Proposition 2.9 in terms of s̃ = s − a − N
q and σ̃ = σ − b − N

q′ , so s̃ � − N
q , σ̃ � − N

q′ since s � a, σ � b. Then (2.11) and
s + σ < 4 read

s̃ � − N

q
, σ̃ � − N

q′ , − N

p′ � s̃− + σ̃−, s̃ + σ̃ < 4 − k − N. (2.14)

Note that since necessarily − N
p′ < 4 − k − N , we get that p > N

4−k .
The set of admissible parameters (s̃, σ̃ ) given by (2.14) depends on the relationship between q, q′ and p. Note that (2.14)

defines a planar trapezium-shaped polygon, P̃ , whose long base is on the line s̃ + σ̃ = 4−k − N and the short base is on the
line s̃ + σ̃ = − N

p′ in the third quadrant. As for the lateral sides note that the restriction − N
p′ � s̃− + σ̃− adds the condition

that s̃ � − N
p′ in the second quadrant and σ̃ � − N

p′ in the fourth. These have to be combined with s̃ � − N
q and σ̃ � − N

q′ .

Therefore the lateral sides are given by the lines s̃ = max{− N
p′ ,− N

q } and σ̃ = max{− N
p′ ,− N

q′ }. One of the possible cases is
depicted in Fig. 1.

Note that the polygon P̃ transforms into a similar shaped polygon P which determines the region of admissible pairs
(s, σ ).

In any case, projecting P̃ onto the axes gives the following ranges for s̃ and σ̃

s̃ ∈
[

max

{
− N

p′ ,−
N

q

}
,4 − k − N − max

{
− N

p′ ,−
N

q′

})
,

σ̃ ∈
[

max

{
− N

′ ,−
N
′

}
,4 − k − N − max

{
− N

′ ,−
N

})
.

p q p q
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Thus the projection ranges for s and σ are given by

s ∈ J1 =
[

a +
(

N

q
− N

p′

)
+
,4 − b −

(
N

q′ − N

p′

)
+

)
, (2.15)

σ ∈ J2 =
[

b +
(

N

q′ − N

p′

)
+
,4 − a −

(
N

q
− N

p′

)
+

)
. (2.16)

For each pair of admissible pairs (s, σ ) ∈ P , by [16, Proposition 10] (see Theorem A.1) with α = s
4 and β = −σ

4 , we get
a perturbed semigroup and smoothing estimates in the spaces corresponding to

γ ∈ E(α) = (α − 1,α], γ ′ ∈ R(β) = [β,β + 1), γ ′ � γ .

Hence, as (s, σ ) range in the region P , a repeated bootstrap argument as in (2.8) gives that the smoothing estimates
hold for γ ∈ ⋃

(s,σ )∈P E(s/4) and γ ′ ∈ ⋃
(s,σ )∈P R(σ /4), γ ′ � γ . This leads to

γ ∈
(

inf J1

4
− 1,

sup J1

4

]
, γ ′ ∈

[
− sup J2

4
,1 − inf J2

4

)
, γ ′ � γ ,

which, after a simple calculation, reads

γ ,γ ′ ∈ I(q,a,b) =
(

−1 + a

4
+ N

4

(
1

q
− 1

p′

)
+
,1 − b

4
− N

4

(
1

q′ − 1

p′

)
+

)
= (γmin, γmax).

For the estimates in Lebesgue spaces we use the Sobolev inclusions. First note that for any 1 < q < ∞, I(q,a,b) ⊃
(−1 + a

4 + N
4p ,1 − b

4 − N
4p ) which does not depend on q and is not empty because p > N

4−k . Let γ̃ := 1 − b
4 − N

4p > 0 and

take 0 � γ < γ̃ , then H4γ ,q(RN ) ↪→ Lq̃(RN ), for q̃ � q such that − N
q̃ = 4γ − N

q , i.e. 1
q − 1

q̃ = 4γ
N and we get

∥∥S Pa,b (t)u0
∥∥

Lq̃(RN )
�

∥∥S Pa,b (t)u0
∥∥

H4γ ,q(RN )
�

Mγ eμt

t
N
4 ( 1

q − 1
q̃ )

‖u0‖Lq(RN ).

In particular we can take 0 � γ � γ̃
2 and we get the estimate above for all q̃ � q such that 1

q − 1
q̃ ∈ [0,

2γ̃
N ] and this interval

does not depend on q.
We now use a bootstrap argument as in (2.8), jumping between different Lebesgue spaces at intermediate times. Starting

with r0 := q and defining the numbers ri , i = 1,2,3, . . . , such that 1
ri

− 1
ri+1

= 2γ̃
N , we obtain the estimate above for any q̃ � q

such that q̃ ∈ [q, ri+1]. Hence in a finite number of steps we can reach any q̃ with q < q̃ � ∞.
The convergence of the semigroups is a direct consequence of [16, Theorem 14] (see Theorem A.2), since Proposition 2.9

gives that if dε → d in Lp
U (RN ), then Pε → P in L(Xs/4, X−σ/4) for any pair of admissible (s, σ ) ∈ P . The case of Lebesgue

spaces follows from this as well.
Finally, the analyticity comes from Lemma 2.2 and [16, Theorem 12] (see Theorem A.3). �

Remark 2.11. Now we make precise in what sense Eq. (2.13) is satisfied.

i) First note that since p > N
4−k we have 4γmax > 4 − b − N

p > a, and 4γmin < −4 + a + N
p < −b. Hence [− b

4 , a
4 ] ⊂ I(q,a,b).

ii) Because of the analyticity of the semigroup, and as in Remark 6 in [16], the equation ut + �2u = P u is satisfied in
H−b,q(RN ).
Therefore, we have that u(t) ∈ H4−b,q(RN ), for all t > 0. In terms of the scale, u(t) ∈ Xγ ∗ , γ ∗ = 1 − b

4 � γmax . Note that
in Theorem 2.10 we did not get an estimate of u(t) in the space H4−b,q(RN ) though.
Also, since the semigroup is analytic in Xγ , ut(t) ∈ Xγ , for all γ ∈ I(q,a,b) and t > 0.

iii) In particular, Eq. (2.13) is always satisfied as∫
RN

utϕ +
∫
RN

u�2ϕ +
∫
RN

d(x)DauDbϕ = 0, t > 0,

for any ϕ ∈ Hb,q′
(RN ).

However, for b = 3, a = 0 we have γ ∗ � 1
4 , that is u(t) ∈ H1,q(RN ), t > 0, and therefore∫

N

utϕ −
∫

N

∇u∇(�ϕ) −
∫

N

d(x)uD3ϕ = 0.
R R R
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For b = 2, a � 1 we have γ ∗ � 1
2 , that is u(t) ∈ H2,q(RN ), t > 0, and therefore∫

RN

utϕ +
∫
RN

�u�ϕ +
∫
RN

d(x)DauD2ϕ = 0.

For b = 1, a � 2 we have γ ∗ � 3
4 , that is u(t) ∈ H3,q(RN ), t > 0, and therefore∫

RN

utϕ −
∫
RN

∇(�u)∇ϕ −
∫
RN

d(x)DauDϕ = 0.

Finally, b = 0, a � 3 we have γ ∗ = 4, that is u(t) ∈ H4,q(RN ), t > 0, and therefore∫
RN

utϕ +
∫
RN

�2uϕ +
∫
RN

d(x)Dauϕ = 0.

Now we analyze which perturbations can be combined together. Notice that not all combinations are allowed.

Proposition 2.12. Consider a finite family of perturbations Pi := Pai ,bi as in (2.9) with ‖di‖L
pi
U (RN )

� R0 , with ki,ai,bi ∈ {0,1,2,3},

ki = ai + bi , pi > N
4−ki

, i = 1, . . . , J . Denote P := ∑
i P i , then for any 1 < q < ∞, if

max
i

{
ai +

(
N

pi
− N

q′

)
+

}
+ max

i

{
bi +

(
N

pi
− N

q

)
+

}
< 4 (2.17)

then there exists an interval I(q, P ) ⊂ (−1 + maxi{ai}
4 ,1 − maxi{bi}

4 ) containing (−1 + maxi{ ai
4 + N

4pi
},1 − maxi{ bi

4 + N
4pi

}), such that

for any γ ∈ I(q, P ), we have a strongly continuous, analytic semigroup, S P (t), in the space H4γ ,q(RN ), for the problem{
ut + �2u + P u = 0, x ∈R

N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimates

∥∥S P (t)u0
∥∥

H4γ ′,q(RN )
�

Mγ ′,γ eμt

tγ ′−γ
‖u0‖H4γ ,q(RN ), t > 0, u0 ∈ H4γ ,q(

R
N)

,

for every γ ,γ ′ ∈ I(q, P ) with γ ′ � γ , and

∥∥S P (t)u0
∥∥

Lr(RN )
� Mq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(
R

N)
,

with 1 < q � r � ∞ and some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
Furthermore, the interval I(q, P ) is given by

I(q, P ) =
(

−1 + max
i

{
ai

4
+ N

4

(
1

pi
− 1

q′

)
+

}
,1 − max

i

{
bi

4
+ N

4

(
1

pi
− 1

q

)
+

})
.

Finally, if as ε → 0

dε
i → di in Lpi

U

(
R

N)
, pi >

N

4 − ki
,

then for every 1 < q < ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that

∥∥S Pε (t) − S P (t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q, P ), γ ′ � γ and for any 1 < q � r � ∞
∥∥S Pε (t) − S P (t)

∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T .
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Proof. From Theorem 2.10 we know that for each perturbation Pi there exists a nonempty trapezoidal polygon Pi of
admissible pairs of spaces (s, σ ) described in terms of s̃ = s − ai − N

q and σ̃ = σ − bi − N
q′ , see (2.14).

Therefore the polygon Pi of the perturbation Pi is given by a planar trapezium whose long base is on the line s + σ = 4
and the short base is on the line s + σ = ki + N

pi
in the third quadrant, with ki = ai + bi . As for the lateral sides they are

given by the lines s = ai + ( N
q − N

p′
i
)+ and σ = bi + ( N

q′ − N
p′

i
)+ . Thus the projection of Pi on the axes gives the intervals

s ∈ J i
1 = [

si
min,4 − σ i

min

)
and σ ∈ J i

2 = [
σ i

min,4 − si
min

)
see (2.15) and (2.16).

According to Lemma 13, iii) in [16], we can consider P := ∑
i P i , that is, all perturbations acting at the same time, if

there exists a common region P of admissible pairs (s, σ ), that is if P := ⋂
i Pi �= ∅.

Since the admissible sets Pi always have the long base on the line s + σ = 4 and the lateral sides are parallel to the
axes, the set P is nonempty if and only if

max
i

{
inf J i

1

}
< min

i

{
sup J i

1

}
i.e. max

i

{
si

min

}
< min

i

{
4 − σ i

min

}
and

max
i

{
inf J i

2

}
< min

i

{
sup J i

2

}
i.e. max

i

{
σ i

min

}
< min

i

{
4 − si

min

}
which are equivalent to (2.17), that is

max
i

{
ai +

(
N

pi
− N

q′

)
+

}
+ max

i

{
bi +

(
N

pi
− N

q

)
+

}
< 4.

In such a case the projection of P = ⋂
i Pi on the axes gives the intervals

s ∈ J1 =
[

max
i

(
inf J i

1

)
,min

i

(
sup J i

1

)) =
[

max
i

{
ai +

(
N

pi
− N

q′

)
+

}
,4 − max

i

{
bi +

(
N

pi
− N

q

)
+

})
,

σ ∈ J2 =
[

max
i

(
inf J i

2

)
,min

i

(
sup J i

2

)) =
[

max
i

{
bi +

(
N

pi
− N

q

)
+

}
,4 − max

i

{
ai +

(
N

pi
− N

q

)
+

})
.

For each pair of admissible pairs (s, σ ) ∈ P , by [16, Proposition 10] (see Theorem A.1) with α = s
4 and β = −σ

4 , we get
a perturbed semigroup and smoothing estimates in the spaces corresponding to γ and γ ′ as in [16], i.e.

γ ∈ E(α) = (α − 1,α], γ ′ ∈ R(β) = [β,β + 1), γ ′ � γ .

Hence as (s, σ ) range in the region P a repeated bootstrap argument as in (2.8) gives that the smoothing estimates hold
for γ ∈ ⋃

(s,σ )∈P E(s/4) and γ ′ ∈ ⋃
(s,σ )∈P R(−σ/4), γ ′ � γ , see also the proof of Theorem 2.10. This leads to

γ ∈
(

inf J1

4
− 1,

sup J1

4

]
, γ ′ ∈

[
− sup J2

4
,1 − inf J2

4

)
, γ ′ � γ ,

which, after a simple calculation, reads

γ ,γ ′ ∈ I(q, P ) =
(

−1 + max
i

{
ai

4
+ N

4

(
1

pi
− 1

q′

)
+

}
,1 − max

i

{
bi

4
+ N

4

(
1

pi
− 1

q

)
+

})
.

Note that this interval is contained in an interval (−1+ maxi{ai}
4 ,1− maxi{bi}

4 ) and contains (−1+maxi{ ai
4 + N

4pi
},1−maxi{ bi

4 +
N

4pi
}), which is nonempty because pi > N

4−ki
. To see this note that the latter condition gives ai

4 + N
4pi

< 1 − bi
4 < 1 and

bi
4 + N

4pi
< 1 − ai

4 < 1. �
Remark 2.13. Note that now, since pi > N

4−ki
, I(q,a,b) ⊃ [−min{ bi

4 },min{ ai
4 }], thus all the comments on Remark 2.11 hold

for min{bi},min{ai} instead of b,a.

Remark 2.14. In some cases the condition (2.17) can be simplified and simpler description can be given.

i) If there is only one perturbation, then (2.17) is equivalent to p > N as in Theorem 2.10.
4−k
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Fig. 2. Combining perturbations.

ii) If ai = a and bi = b (thus ki = k) for all i, then

P =
∑

i

Db(di(x)Da) = Db(d(x)Da) where d :=
∑

i

di

can be considered as a perturbation with d ∈ Lp
U (RN ) for p = mini{pi}. Then (2.17) holds if and only if p > N

4−k as in
Theorem 2.10.

iii) Assume now pi = p for all i. Then (2.17) is equivalent to

max
i

{ai} + max
i

{bi} < 4 −
(

N

p
− N

q

)
+

−
(

N

p
− N

q′

)
+
. (2.18)

Hence, if we denote k := max{ai} + max{bi}, then (2.18) is satisfied provided p > N
4−k , which resembles the condition in

Theorem 2.10. Note that k can be regarded as the order of the perturbation P = ∑
i P i .

In particular, if

k := max
i

{ai} + max
i

{bi} < 4 and p >
N

4 − k

are satisfied, then Proposition 2.12 applies with an interval for P given by

I(q, P ) =
(

−1 + maxi{ai}
4

+ N

4

(
1

p
− 1

q′

)
+
,1 − maxi{bi}

4
− N

4

(
1

p
− 1

q

)
+

)
.

Compare it with I(q,a,b) in Theorem 2.10 to see the resemblance.
iv) We now describe how to determine if two perturbations as in iii) can be combined.

For example, if we fix a perturbation Pa,b with k = 3, then any perturbation Pc,d with c � a and d � b can be combined
with it, and the interval is I(q, P ) = I(q,a,b), P = Pa,b + Pc,d .
Also, a perturbation P2,1 can be combined with all the ones included in the shaded area in Fig. 2 with interval I(q,2,1).
However, the encircled perturbations P3,0 and P0,2 cannot be combined together.
If we fix a perturbation Pa,b with k = 2 then, all perturbations Pc,d with c � a and d � b can be combined with it, and
also those with c − 1 � a or d − 1 � b, but not both at the same time.
The same happens for Pa,b with k = 1, all perturbations Pc,d with k � 1 can be combined with it.

v) There are 127 possible combinations for pairs of perturbations as in iv).

Observe that perturbations in (2.9) can be handled as above because we could determine the spaces of the Bessel scale
between which a perturbation Pa,b is a well behaved linear operator; see Proposition 2.9. However the fact that a, b are
integer derivatives is not really essential. Therefore, this class of perturbations can be extended to the following one, where
derivatives are replaced by fractional powers of the Laplacian as long as this one is well defined in our scale. For example
−� + cI , with c > 0 can be used in this way, because the operator (−� + cI)r/2, r > 0, satisfies for any s ∈R,

(−� + cI)r/2 ∈ L
(

Hs,q(
R

N)
, Hs−r,q(

R
N))

,
∥∥(−� + cI)r/2

∥∥
L(Hs,q(RN ),Hs−r,q(RN ))

� C

for some C independent of s, r, q. Note that this estimate is analogous to (2.5) for a non-integer r.
Thus, the perturbations

Pa,bu = (−� + cI)b/2(d(x)(−� + cI)a/2u
)
, a,b � 0,

for any 0 � a, b ∈R, in the sense that for any smooth enough ϕ

〈Pa,bu,ϕ〉 =
∫
RN

d(x)(−� + cI)a/2u(−� + cI)b/2ϕ, (2.19)

with d ∈ Lp
(RN ), satisfy the statement in Proposition 2.9.
U
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Then proceeding exactly as in Theorem 2.10, we recover the same results for this kind of perturbations, with the only
difference that now k = a + b is a real number smaller than 4.

Theorem 2.15. Let a,b,k � 0 be real numbers such that k = a +b < 4 and Pa,b be as in (2.19). Assume that ‖d‖Lp
U (RN ) � R0 with p >

N
4−k , then for any 1 < q < ∞ and such Pa,b there exists an interval I(q,a,b) ⊂ (−1+ a

4 ,1− b
4 ) containing (−1+ a

4 + N
4p ,1− b

4 − N
4p ),

such that for any γ ∈ I(q,a,b), we have a strongly continuous, analytic semigroup, S Pa,b (t), in the space H4γ ,q(RN ), 1 < q < ∞, for
the problem{

ut + �2u + Pa,bu = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimates

∥∥S Pa,b (t)u0
∥∥

H4γ ′,q(RN )
�

Mγ ′,γ eμt

tγ ′−γ
‖u0‖H4γ ,q(RN ), t > 0, u0 ∈ H4γ ,q(

R
N)

,

for every γ ,γ ′ ∈ I(q,a,b) with γ ′ � γ , and

∥∥S Pa,b (t)u0
∥∥

Lr(RN )
� Mq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(
R

N)
,

with 1 < q � r � ∞ and some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
Furthermore, the interval I(q,a,b) is given by

I(q,a,b) =
(

−1 + a

4
+ N

4

(
1

p
− 1

q′

)
+
,1 − b

4
− N

4

(
1

p
− 1

q

)
+

)
.

Finally, if, as ε → 0,

dε → d in Lp
U

(
R

N)
, p >

N

4 − k
,

then for every 1 < q � r � ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that∥∥S Pε (t) − S P (t)
∥∥
L(H4γ ,q(RN ),H4γ ′,q(RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q,a,b) with γ ′ > γ and for any 1 < q � r � ∞∥∥S Pε (t) − S P (t)
∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T .

Note that Remark 2.3 and Remark 2.11, Proposition 2.12 and Remark 2.14 apply here as well.

3. Fourth order equations in the uniform Bessel–Lebesgue spaces in RRR
N

The heat equation (2.2) and therefore the bi-Laplacian equation (2.4) can be also considered in much larger spaces than
the Bessel spaces above, by taking the initial data in locally uniform spaces.

For this, consider the locally uniform space Lq
U (RN ) for 1 � q � ∞ defined as in (2.10) and denote by L̇q

U (RN ) the closed
subspace of Lq

U (RN ) consisting of all elements which are translation continuous with respect to ‖ · ‖Lq
U (RN ) , that is

‖τyφ − φ‖Lq
U (RN ) → 0 as |y| → 0,

where {τy, y ∈ R
N} denotes the group of translations. Note that Lq(RN ) ⊂ L̇q

U (RN ) for 1 � q < ∞ and for q = ∞ we get
L∞

U (RN ) = L∞(RN ) and L̇∞
U (RN ) = BU C(RN ).

Thus we introduce the uniform Bessel–Sobolev spaces Hk,q
U (RN ), with k ∈ N, as the set of functions φ ∈ Hk,q

loc (RN ) such that

‖φ‖
Hk,q

U (RN )
= sup

x∈RN
‖φ‖Hk,q(B(x,1)) < ∞

for k ∈ N. Then denote by Ḣk,q
U (RN ) a subspace of Hk,q

U (RN ) consisting of all elements which are translation continuous
with respect to ‖ · ‖

Hk,q
U (RN )

, that is

‖τyφ − φ‖
Hk,q

U (RN )
→ 0 as |y| → 0

where {τy, y ∈ R
N} denotes the group of translations.
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Consider the complex interpolation functor denoted by [·, ·]θ , for θ ∈ (0,1), see [18] for details. Then for 1 � q < ∞,
k ∈N∪ {0} and s ∈ (k,k + 1) we define θ ∈ (0,1) such that s = θ(1 + k)+ (1 − θ)k, that is θ = s − k. Then one can define the
intermediate spaces by interpolation as

Hs,q
U

(
R

N) = [
Hk+1,q

U

(
R

N)
, Hk,q

U

(
R

N)]
θ
,

and

Ḣ s,q
U

(
R

N) = [
Ḣk+1,q

U

(
R

N)
, Ḣk,q

U

(
R

N)]
θ
.

For details on the construction of the interpolation scale, see [2] and Appendix B.
Using Proposition 4.2 in [4] it is easy to see that the sharp embeddings of Bessel spaces translate into

Ḣ s,q
U

(
R

N) ⊂

⎧⎪⎪⎨
⎪⎪⎩

L̇r
U (RN), s − N

q � − N
r , 1 � r < ∞, if s − N

q < 0,

L̇r
U (RN), 1 � r < ∞, if s − N

q = 0,

Cη
b (RN) if s − N

q > η � 0.

(3.1)

In [4], the Laplace operator was considered in the scale of spaces H s,q
U (RN ), s � 0, and Ḣ s,q

U (RN ), and it was proved that
−� defines an analytic semigroup. However in the “undotted” spaces the semigroup generated by −� is analytic but not
strongly continuous. These spaces are less convenient to use because smooth functions are not dense in them; see [4].

It was moreover proved in [4, Theorem 5.3, p. 290], that −� has bounded imaginary powers, and therefore this scale
coincides with the fractional power one; see [2, V.1.5.13, p. 283] (see Remark B.4). Note that from the results in [4] we
have in particular that Ḣ1,q

U (RN ) = [Ḣ2,q
U (RN ), L̇q

U (RN )]1/2; see Remark 5.7, page 291 in that reference. From this reiterations

properties of interpolation gives that Ḣ2θ,q
U (RN ) = [Ḣ2,q

U (RN ), L̇q
U (RN )]θ for θ ∈ [0,1].

The scale above can be extended to negative indexes by a general extrapolation procedure as in [2], see Appendix B
and Remark 2.5. In this way one can define the extrapolated space Ḣ−k,q

U (RN ) as the completion of L̇q
U (RN ) with the norm

‖(−� + I)−k/2u‖L̇q
U (RN ) . Again, by complex interpolation, for 0 < s < k, k ∈N, the intermediate spaces are given by

Ḣ−s,q
U

(
R

N) = [
L̇q

U

(
R

N)
, Ḣ−k,q

U

(
R

N)]
θ
, with θ = s

k
.

Note that because of the reiteration property of the complex interpolation (see (2.8.4) in page 31 in [2] and Theorem 1.5.4
in [2]) this definition of Ḣ−s,q

U (RN ) does not depend on k. Also the operator −� and the analytic semigroup it generates,
extends to the spaces with negative index above.

However, since the uniform Sobolev spaces are not reflexive, even for q = 2, we do not get the description of the negative
part of the scale in terms of the dual spaces as in (2.1), see Appendix B.

Therefore, we start with some description of the negative spaces which complements the results in [4].

Proposition 3.1. We have that

L̇p
U

(
R

N)
↪→ Ḣ−s,q

U

(
R

N)
if s − N

q′ � − N

p′ , s > 0.

Proof. We first assume that 0 � s � 2.
i) First note that Ḣ−s,q

U (RN ) is the completion of Ḣ2−s,q
U (RN ) with the norm ‖(−� + I)−1 · ‖

Ḣ2−s,q
U (RN )

(see Appendix B).

This means that f ∈ Ḣ−s,q
U (RN ) if and only if there exists an approximating sequence { fn} ∈ Ḣ2−s,q

U (RN ) that converges to f
in Ḣ−s,q(RN ).

Since (−� + I)−1 is an isometry from Ḣ2−s,q
U (RN ) to Ḣ−s,q

U (RN ), see Appendix B, this is equivalent to

(−� + I)−1 fn → (−� + I)−1 f in Ḣ2−s,q(
R

N)
,

and observe that since fn ∈ Ḣ2−s,q
U (RN ) then (−� + I)−1 fn ∈ Ḣ4−s,q

U (RN ). Thus, we get that f ∈ Ḣ−s,q
U (RN ) if and only if

there exists {un} ∈ Ḣ4−s,q
U (RN ) such that un → (−� + I)−1 f in Ḣ2−s,q

U (RN ).

ii) Now, take f ∈ L̇ p
U (RN ), then from the results in [4] we have u = (−� + I)−1 f ∈ Ḣ2,p

U (RN ) and since s − N
q′ � − N

p′

holds by assumption, we have Ḣ2,p
U (RN ) ↪→ Ḣ2−s,q

U (RN ), and 2 − s � 0. Therefore u ∈ Ḣ2−s,q
U (RN ).

Since Ḣ4−s,q
U (RN ) is dense in Ḣ2−s,q

U (RN ), there exist un ∈ Ḣ4−s,q
U (RN ) such that ‖un −u‖

Ḣ2−s,q
U (RN )

n→∞−−−−→ 0 and therefore

by i), f ∈ Ḣ−s,q
U (RN ). Note that the inclusion is continuous, since (−� + I)−1 is an isometry on the scale and then

‖ f ‖Ḣ−s,q
(RN )

= ∥∥(−� + I)−1 f
∥∥ ˙ 2−s,q N � C

∥∥(−� + I)−1 f
∥∥ ˙ 2,p N = C‖ f ‖L̇ p

(RN ).
U HU (R ) HU (R ) U
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In order to prove the result for s � 0, we can repeat the whole argument above, using (−� + I)−n , which is an isometry
on the scale, for a suitable n. If 2 � s � 4 we use n = 2, thus in part i) we obtain that f ∈ Ḣ−s,q

U (RN ) if there exists

a sequence {un} ∈ Ḣ6−s,q
U (RN ) converging to u = (−� + I)−2 f in Ḣ4−s,q

U (RN ). In part ii) we now have u ∈ Ḣ4,p
U (RN ) ↪→

Ḣ4−s,q
U (RN ) since now 4 − s � 0 and the result follows as before.

In the same way, for 2(k − 1) � s � 2k, we use n = k and repeat the argument above. �
Remark 3.2. Note that the embedding in Proposition 3.1 is precisely the one that one could expect from (3.1) if the spaces
were reflexive. Also this is the embedding that holds for the standard Bessel scale as in Section 2. Needless to say the
conditions for the embeddings read also s � N

p − N
q .

Using the spaces above and the convolution with the heat kernel, it was proved in Proposition 2.1, Theorem 2.1 and
Theorem 5.3 in [4] that the heat equation defines an order preserving analytic semigroup in Lq

U (RN ) and, for 1 � q < ∞,

which is strongly continuous in L̇q
U (RN ) and in Eα := Ḣ2α,q

U (RN ), α ∈ R. Moreover, this semigroup satisfies the smoothing
estimates∥∥S−�(t)u0

∥∥
L̇r

U (RN )
� Mr,qeμt

t
N
2 ( 1

q − 1
r )

‖u0‖L̇q
U (RN ), t > 0, u0 ∈ L̇q

U

(
R

N)
,

for 1 � q � r � ∞ for μ > 0 arbitrary, and

∥∥S−�(t)u0
∥∥

Ḣ2α,q
U (RN )

� Mα,βeμt

tα−β
‖u0‖Ḣ2β,q

U (RN )
, t > 0, u0 ∈ Ḣ2β,q

U

(
R

N)
,

with μ > 0 arbitrary, for any α,β ∈ R, α � β .
It was also proved in [4] using a parabolic argument that type(−�) = 0 in the L̇q

U (RN ) spaces (and thus in Ḣα,q
U (RN )),

which explains why μ > 0 above is arbitrary.
We now show some relevant information on the spectrum and resolvent of −� and �2 in the uniform spaces which is

analogous to Lemma 2.1.

Proposition 3.3.

i) For 1 < q < ∞, in the space E0 := L̇q
U (RN ) the operator −�, with domain E1 := D(−�) = Ḣ2,q

U (RN ), satisfies the estimate∥∥(−� − λ)−1
∥∥
L(E0)

� M|λ|−1

for all λ in a sector S0,φ as in (2.3) for φ > 0 arbitrarily small.
Furthermore, σ(−�) = [0,∞), and thus, type(−�) = 0.

ii) For 1 < q < ∞, in the space E0 := L̇q
U (RN ) the operator �2 , with domain E2 := D(�2) = Ḣ4,q

U (RN ), satisfies the estimate∥∥(
�2 − λ

)−1∥∥
L(E0)

� M|λ|−1

for all λ in a sector S0,2φ as in (2.3) for φ > 0 arbitrarily small.
Furthermore, σ(�2) = [0,∞), and thus, type(�2) = 0.

Proof. First recall that from Theorem 2.1 in [4] we have that the domain of the Laplacian operator in L̇q
U (RN ) is given by

D(−�) = Ḣ2,q
U (RN ). To prove part i), observe that, as in pages 32–33 in [14], we can obtain an expression for the operator

(−� + μI)−1, provided Re(
√

μ) > 0, as a convolution operator. The expression is

u = (−� + μ)−1 f = Γμ ∗ f , Re(
√

μ) > 0,

with

Γμ(x) = √
μ

N−2G2(
√

μx), x ∈R
N , Re(

√
μ) > 0,

where G2 is as in page 132 in [17] or page 33 in [14], that is

G2(x) = 1

(4π)N/2

∞∫
0

t−N/2e−t− x·x
4t dt = ξ1−N/2

(4π)N/2

∞∫
0

s−N/2e−ξ(s+ 1
4s ) ds, x ∈R

N ,

with ξ = √
x · x > 0. This definition can be extended to complex variables as

G2(z) = ξ1−N/2

(4π)N/2

∞∫
s−N/2e−ξ(s+ 1

4s ) ds, z ∈C
N , ξ = √

z · z, Re(ξ) > 0.
0
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According to [14], we have for z ∈C
N with Re(ξ) > 0, if N > 2∣∣G2(z)

∣∣ � C |ξ |(2−N)/2(Re ξ)(2−N)/2e− 1
2 Re ξ , ξ = √

z · z, (3.2)

and if N = 2,

∣∣G2(z)
∣∣ � C max

{
ln

1

Re ξ
,1

}
e− 1

2 Re ξ , ξ = √
z · z. (3.3)

Now observe that if λ ∈ S0,φ with φ > 0 then for μ = −λ ∈ C \ (−∞,0] we can choose Re(
√

μ) > 0. For such λ and
similarly to Lemma 2.1 we are going to check that for f ∈ L̇q

U (RN ) we have the following estimate for u = Γμ ∗ f ,

‖u‖Lq
U (RN ) � C

1

|λ| ‖ f ‖Lq
U (RN ), λ ∈ S0,φ, φ > 0.

Let {Q i}, i ∈ Z
N , be a partition of R

N in open disjoint cubes centered in i ∈ Z
N with edges of length 1, parallel to the

axes. Thus Q i ∩ Q j = ∅ for i �= j and R
N = ⋃

i Q i .
Then we fix i ∈ Z

N and decompose f ∈ L̇q
U (RN ) in a far and a near region as in Proposition 2.1 in [4]. For this we denote

by N(i) the set for indices j such that Q i ∩ Q j �= 0. That is, the set for which

dij := inf
{

dist(x, y), x ∈ Q i, y ∈ Q j
}

satisfies that dij = 0. Thus we can define, for each i ∈ Z
N fixed

Q near
i =

⋃
j∈N(i)

Q j and Q far
i =R

N \ Q near
i .

Hence, we decompose f := f near
i + f far

i := f χQ near
i

+ f χ
Q far

i
, where χ denotes the characteristic function and u := unear

i +ufar
i

with

unear
i := Γμ ∗ f near

i , ufar
i := Γμ ∗ f far

i .

The resolvent estimate will follow from the following estimates of the two terms of the decomposition. For λ as above,
we have first,∣∣unear

i

∣∣
Lq(Q i)

� C

|λ| ‖ f ‖Lq(Q near
i ), λ ∈ S0,φ, (3.4)

and, second,∥∥ufar
i

∥∥
L∞(Q i)

� C

|λ| ‖ f ‖
L1

U (Q far
i )

, λ ∈ S0,φ, (3.5)

for some C independent if i ∈ Z
N .

Using (3.4) and (3.5), since the constants for the embedding L∞(Q i) ↪→ Lq(Q i) and the restrictions Lq
U (RN ) ↪→ Lq(Q near

i ),
Lq

U (RN ) ↪→ L1
U (Q near

i ) depend on N but can be chosen independent of p, q and i, (3.4) and (3.5) imply

‖u‖Lq(Q i) � C

|λ| ‖ f ‖Lq
U (RN ), λ ∈ S0,φ,

for each i ∈ Z
N with C independent of i and λ ∈ S0,φ , which gives the result.

Hence, we first prove (3.4). As a consequence of Lemma 2.1, we get for all λ ∈ S0,φ∥∥unear
i

∥∥
Lq(Q i)

�
∥∥unear

i

∥∥
Lq(RN )

� C

|λ|
∥∥ f near

i

∥∥
Lq(RN )

= C(N)

|λ| ‖ f ‖Lq(Q near
i ).

We show now (3.5) for N > 2. Observe that f far
i = f χ

Q far
i

= ∑
j∈ZN \N(i) f χQ j . Hence, because of (3.2) with z = √

μx,

Re(
√

μ) > 0, x ∈ R
N , μ = −λ and λ ∈ S0,φ , we have for all x ∈ Q i∣∣ufar

i (x)
∣∣ =

∑
j /∈N(i)

∣∣(Γμ ∗ f χQ j )(x)
∣∣

�
∑

j /∈N(i)

C sup
y∈Q j

∣∣√μ
N−2 · (√μ|x − y|)1−N/2

Re
(√

μ|x − y|)1−N/2
e− 1

2 Re
√

μ|x−y|∣∣‖ f ‖L1(Q j)

� C‖ f ‖
L1

U (Q far
i )

√|λ|N/2−1
Re(

√
μ)1−N/2

∑
sup
y∈Q i

|x − y|2−N e− 1
2 |x−y| Re

√
μ.
j /∈N(i)
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Note that for all x ∈ Q i and y ∈ Q j it holds |x − y| � dij , thus

∣∣ufar
i (x)

∣∣ � C‖ f ‖
L1

U (Q far
i )

( √|λ|
Re(

√
μ)

)N/2−1 ∑
j /∈N(i)

d2−N
ij e− 1

2 dij Re
√

μ.

Hence

∥∥ufar
i

∥∥
L∞(Q i)

� C‖ f ‖
L1

U (Q far
i )

( √|λ|
Re(

√
μ)

)N/2−1 ∑
j /∈N(i)

d2−N
ij e− 1

2 dij Re
√

μ.

Now, using that �{ j ∈ Z, dij = k} � CkN−1 we obtain

∥∥ufar
i

∥∥
L∞(Q i)

� C‖ f ‖
L1

U (Q far
i )

( √|λ|
Re(

√
μ)

)N/2−1 ∞∑
k=1

ke− 1
2 k Re

√
μ

� C‖ f ‖
L1

U (Q far
i )

( √|λ|
Re(

√
μ)

)N/2−1 ∞∫
1

se− 1
2 s Re

√
μ ds.

Finally, changing variables in the integral above as r = Re(
√

μ)s, we obtain

∥∥ufar
i

∥∥
L∞(Q i)

� C

( √|λ|
Re(

√
μ)

)N/2−1 1

Re(
√

μ)2
‖ f ‖

L1
U (Q far

i )

which can be arranged as

∥∥ufar
i

∥∥
L∞(Q i)

�
( √|λ|

Re(
√

μ)

)N/2+1 C

|λ| ‖ f ‖
L1

U (Q far
i )

.

To conclude, observe that for all λ ∈ S0,φ we find

∥∥ufar
i

∥∥
L∞(Q i)

� C

cos(φ/2)N/2+1

1

|λ| ‖ f ‖
L1

U (Q far
i )

.

Thus, (3.5) is proved for N > 2.
We show now (3.5) for N = 2. Proceeding as above and using (3.3) we get

∥∥ufar
i

∥∥
L∞(Q i)

� C‖ f ‖
L1

U (Q far
i )

∑
j /∈N(i)

max

{
ln

1

dij Re(
√

μ)
,1

}
e− 1

2 dij Re
√

μ.

Using again that �{ j ∈ Z, dij = k} � CkN−1 we get

∥∥ufar
i

∥∥
L∞(Q i)

� C‖ f ‖
L1

U (Q far
i )

∞∑
k=1

k max

{
ln

1

k Re(
√

μ)
,1

}
e− 1

2 k Re
√

μ

� C‖ f ‖
L1

U (Q far
i )

∞∫
0

s max

{
ln

1

s Re(
√

μ)
,1

}
e− 1

2 s Re
√

μ ds

and with the change of variables r = Re(
√

μ)s we obtain

∥∥ufar
i

∥∥
L∞(Q i)

� ‖ f ‖
L1

U (Q far
i )

C

Re(
√

μ)2
=

( √|λ|
Re(

√
μ)

)2 C

|λ| ‖ f ‖
L1

U (Q far
i )

.

Thus for all λ ∈ S0,φ we find

∥∥ufar
i

∥∥
L∞(Q i)

� C

cos(φ/2)2

1

|λ| ‖ f ‖
L1

U (Q far
i )

and the result is proved.
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In particular since φ > 0 is arbitrary, σ(−�) ⊂ [0,∞). For the opposite inclusion, note that u(x) = eiωx , ω ∈R
N , satisfies

u ∈ L̇ p
U (RN ) and

−�u = λu

for λ = |ω|2 ⊂ [0,∞), and thus [0,∞) ⊂ σ(−�).
For part ii), since −� is sectorial with sector S0,φ with φ < π/4 and we have the estimate ‖(−� − λ)−1‖ � C

|λ| for

λ ∈ S0,φ , we apply [15, 10.5] (see Proposition C.1). Therefore, we get that �2 is sectorial with sector S0,2φ . Note that
σ(�2) ⊂ [0,∞) because φ > 0 is arbitrarily small. Also, note again that u(x) = eiωx , ω ∈R

N , satisfies u ∈ L̇q
U (RN ) and

�2u = λu

for λ = |ω|4 ⊂ [0,∞). �
Now, using Proposition C.2 and an argument as in Lemma 2.2 we get the next result.

Lemma 3.4. Consider the problem{
ut + �2u = 0, x ∈R

N , t > 0,

u(0) = u0 in R
N .

(3.6)

i) Then for each 1 < q < ∞, (3.6) defines an analytic semigroup, S�2 (t), in the scale Xα := E2α = Ḣ4α,q
U (RN ), α ∈ R, such that for

any μ0 > 0 there exists C such that

∥∥S�2(t)u0
∥∥

Ḣ4α,q
U (RN )

� Mα,βeμt

tα−β
‖u0‖Ḣ4β,q

U (RN )
, t > 0, u0 ∈ Ḣ4β,q

U

(
R

N)
,

with α,β ∈ R, α � β .
ii) The analytic semigroup S�2 (t), in L̇q

U (RN ), 1 < q < ∞, satisfies

∥∥S�2(t)u0
∥∥

L̇r
U (RN )

� Mq,reμ0t

t
N
4 ( 1

q − 1
r )

‖u0‖L̇q
U (RN ), t > 0, u0 ∈ L̇q

U

(
R

N)
,

for any μ0 > 0 and 1 < q � r � ∞ and some Mq,r > 0.

For a similar estimate with q = 1 < r � ∞, we can proceed as in Remark 2.3.
We can now adapt the arguments for Bessel and Lebesgue spaces in Section 2 to the uniform Bessel spaces to perturb

Eq. (3.6) as follows. First, as in [16, Lemma 26, p. 43] we have

Lemma 3.5.

i) Assume that m ∈ Lp
U (RN ), then the multiplication operator

P u(x) = m(x)u(x)

satisfies, for r � p′ and 1
s = 1

r + 1
p , that

P ∈ L
(
Lr

U

(
R

N)
, Ls

U

(
R

N))
, ‖P‖L(Lr

U (RN ),Ls
U (RN )) � C‖m‖L p

U (RN ).

ii) If moreover m ∈ L̇ p
U (RN ) we have for r � p′ and 1

s = 1
r + 1

p , that

P ∈ L
(
L̇r

U

(
R

N)
, L̇s

U

(
R

N))
, ‖P‖L(L̇r

U (RN ),L̇s
U (RN )) � C‖m‖L p

U (RN ).

Now, we consider perturbations similar to the perturbations in (2.9) with b = 0, that is,

Pau = d(x)Dau (3.7)

with d ∈ L̇ p
U (RN ) and a ∈ N. Note that since the uniform Bessel spaces are not reflexive (even for q = 2), the negative spaces

cannot be described as dual spaces, and thus, the approach in Proposition 2.9 cannot be carried out for b �= 0 in uniform
spaces. We will use Proposition 3.1 instead.



1124 C. Quesada, A. Rodríguez-Bernal / J. Math. Anal. Appl. 412 (2014) 1105–1134
Proposition 3.6. Let Pau = d(x)Dau with d ∈ L̇ p
U (RN ), a ∈ {0,1,2,3} and let s � a, σ � 0. Then for 1 < q < ∞, if

(
s − a − N

q

)
−

+
(
σ − N

q′

)
−

� − N

p′ (3.8)

we have

Pa ∈ L
(

Ḣ s,q
U

(
R

N)
, Ḣ−σ ,q

U

(
R

N))
, ‖Pa‖L(Ḣ s,q

U (RN ),Ḣ−σ ,q
U (RN ))

� C‖d‖L̇ p
U (RN ).

Proof. First note that u ∈ Ḣ s,q
U (RN ), thus Dau ∈ Ḣ s−a,q

U (RN ). Because of (3.8) we can choose r,ρ � 1 such that (s−a− N
q )− �

− N
r and (σ − N

q′ )− � − N
ρ ′ with 1

ρ = 1
r + 1

p (and so r � p′).
Therefore we can use the inclusion Ḣ s−a,q

U (RN ) ↪→ L̇r
U (RN ) and then part ii) in Lemma 3.5 gives Pau ∈ L̇ρ

U (RN ) and

finally, because of Proposition 3.1, we use the inclusion L̇ρ
U (RN ) ↪→ Ḣ−σ ,q

U (RN ) and we get the result. �
With this, we can obtain the main result for perturbations of (3.6).

Theorem 3.7. Let a ∈ {0,1,2,3}, d ∈ L̇ p
U (RN ) be such that ‖d‖L̇ p

U (RN ) � R0 with p > N
4−a . Then for any 1 < q < ∞ and any Pa as

in (3.7) there exists an interval I(q,a) ⊂ (−1 + a
4 ,1) containing (−1 + a

4 + N
4p ,1 − N

4p ), such that for any γ ∈ I(q,a), we have a

continuous, analytic semigroup, S Pa (t), in the space Ḣ4γ ,q
U (RN ), for the problem

{
ut + �2u + d(x)Dau = 0, x ∈R

N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimate

∥∥S Pa (t)u0
∥∥

Ḣ
4γ ′,q
U (RN )

�
Mγ ′,γ eμt

tγ ′−γ
‖u0‖Ḣ

4γ ,q
U (RN )

, t > 0, u0 ∈ Ḣ4γ
U

(
R

N)
,

for every γ ,γ ′ ∈ I(q,a) with γ ′ � γ , and

∥∥S Pa (t)u0
∥∥

L̇r
U (RN )

� Mq,reμt

t
N
4 ( 1

q − 1
r )

‖u0‖L̇q
U (RN ), t > 0, u0 ∈ L̇q

U

(
R

N)
,

for 1 < q � r � ∞ with some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
For each Pa, the interval I(q,a) is given by

I(q,a) =
(

−1 + a

4
+ N

4

(
1

p
− 1

q′

)
+
,1 − N

4

(
1

p
− 1

q

)
+

)
⊂

(
−1 + a

4
,1

)
.

Finally, if, as ε → 0

dε → d in L̇p
U

(
R

N)
, p >

N

4 − k
,

then for every T > 0 there exists C(ε) → 0 as ε → 0, such that

∥∥S Pε (t) − S P (t)
∥∥
L(Ḣ

4γ ,q
U (RN ),Ḣ

4γ ′,q
U (RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q,a,b), γ ′ � γ and for all 1 < q � r � ∞,

∥∥S Pε (t) − S P (t)
∥∥
L(L̇q

U (RN ),L̇r
U (RN ))

� C(ε)

t
N
4 ( 1

q − 1
r )

, ∀0 < t � T .

Proof. The proof is as the proof of Theorem 2.10 but using Proposition 3.6 instead of Proposition 2.9. The analyticity comes
again from [16, Theorem 12] (see Theorem A.3). �

Note that Remark 2.11, Proposition 2.12 and Remark 2.14 apply here as well. Also, we can replace Da in (3.7) by
(−� + cI)a/2 with 0 � a < 4 as in Theorem 2.15.
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4. Some other higher order equations

In this section we show that all the results in Sections 2 and 3 above also hold true for other natural powers of suitable
operators, and in particular, for any power of the Laplacian, (−�)m , with m ∈ N. The proofs below have barely no changes
with respect to the ones above, and we now detail the main points for them.

Lemma 4.1. For 1 < q < ∞, in E0 = Lq(RN ) the operator (−�)m, with domain Em = D(−�m) = H2m,q(RN ), satisfies the estimate∥∥(
(−�)m − λ

)−1∥∥
Lq(RN )

� M|λ|−1 for all λ ∈ S0,mφ,

where φ > 0 is arbitrarily small. Furthermore σ((−�)m) = [0,∞) and therefore

type
(
(−�)m) = 0.

The proof is exactly as the one of Lemma 2.1, using again Proposition 10.5 in [15] (see also Proposition C.1). Also,
Proposition C.2 can be adapted to any m. These two pieces of information together lead to

Lemma 4.2. Consider the problem{
ut + (−�)mu = 0, x ∈R

N , t > 0,

u(0) = u0 in R
N ,

(4.1)

with m ∈ N.

i) Then for 1 < q < ∞, (4.1) defines an analytic semigroup, S(−�)m (t), in the scale Xα = Emα = H2mα,q(RN ), α ∈ R, such that for
any μ0 > 0 there exists C(α − β) such that

∥∥S(−�)m (t)
∥∥
L(H2mβ,q(RN ),H2mα,q(RN ))

� C(α − β)

tα−β
eμ0t, t > 0, α,β ∈R, α � β.

ii) The analytic semigroup, S(−�)m (t), in Lq(RN ), 1 < q < ∞, satisfies that for any μ0 > 0 there exists Mq,r such that

∥∥S(−�)m (t)
∥∥
L(Lq(RN ),Lr(RN ))

� Mq,r

t
N

2m ( 1
q − 1

r )
eμ0t, t > 0,

for 1 < q � r � ∞.

Note that the proof of Lemma 2.2 can be carried out now taking (−�)m instead of �2 in the scale of spaces.
Also note that the solution of problem (4.1) can also be described as the convolution of the initial data with the funda-

mental kernel for the m-Laplacian operator, which satisfies suitable Gaussian bounds; see e.g. [11,7].
We can now add the perturbations to (4.1), as in Theorem 2.10.

Theorem 4.3. Let a, b ∈ N with k = a + b � 2m − 1 and Pa,b be as in (2.9). Assume that ‖d‖Lp
U (RN ) � R0 with p > N

2m−k . Then for

any 1 < q < ∞ and such Pa,b there exists an interval I(q,a,b) ⊂ (−1 + a
2m ,1 − b

2m ) containing (−1 + a
2m + N

2mp ,1 − b
2m − N

2mp ),

such that for any γ ∈ I(q,a,b), we have a strongly continuous, analytic semigroup, S Pa,b (t), in the space H2mγ ,q(RN ), for the problem{
ut + (−�)mu + Db(d(x)Dau

) = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimates

∥∥S Pa,b (t)u0
∥∥

H2mγ ′,q(RN )
�

Mγ ′,γ eμt

tγ ′−γ
‖u0‖H2mγ ,q(RN ), t > 0, u0 ∈ H2mγ ,q(

R
N)

,

for every γ ,γ ′ ∈ I(q,a,b) with γ ′ � γ , and

∥∥S Pa,b (t)u0
∥∥

Lr(RN )
� Mq,reμt

t
N

2m ( 1
q − 1

r )
‖u0‖Lq(RN ), t > 0, u0 ∈ Lq(

R
N)

,

with 1 < q � r � ∞ and some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
Furthermore, the interval I(q,a,b) is given by

I(q,a,b) =
(

−1 + a

2m
+ N

2m

(
1

p
− 1

q′

)
,1 − b

2m
− N

2m

(
1

p
− 1

q

) )
.

+ +



1126 C. Quesada, A. Rodríguez-Bernal / J. Math. Anal. Appl. 412 (2014) 1105–1134
Finally, if as ε → 0

dε → d in Lp
U

(
R

N)
, p >

N

2m − k
,

then for every 1 < q < ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that

∥∥S Pε (t) − S P (t)
∥∥
L(H2mγ ,q(RN ),H2mγ ′,q(RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q,a,b), with γ ′ � γ and

∥∥S Pε (t) − S P (t)
∥∥
L(Lq(RN ),Lr(RN ))

� C(ε)

t
N

2m ( 1
q − 1

r )
, ∀0 < t � T ,

for all 1 < q � r � ∞.

Note that now, the amount of possible combinations of perturbations becomes enormous, however, they can be combined
just as explained in Proposition 2.12 and Remark 2.14. Also, Remark 2.11 still holds.

We finally turn into the uniform spaces L̇q
U (RN ). First of all, we check the information about the spectrum and resolvent

set for (−�)m in L̇q
U (RN ), with the same ideas as in Proposition 3.3 and using again Proposition C.1.

Lemma 4.4. For 1 < q < ∞, the operator (−�)m, in the space E0 = L̇q
U (RN ) with domain Em = D((−�)m) = Ḣ2m,q

U (RN ), satisfies
the estimate∥∥(

(−�)m − λ
)−1∥∥

L̇q
U (RN )

� M|λ|−1

for all λ in a sector S0,mφ as in (2.3) for φ > 0 arbitrarily small.
Furthermore, σ((−�)m) = [0,∞), and thus, type((−�)m) = 0.

Again, this leads to

Lemma 4.5. Consider the problem{
ut + (−�)mu = 0, x ∈ R

N , t > 0,

u(0) = u0 in R
N .

(4.2)

i) Then for each 1 < q < ∞, (4.2) defines an analytic semigroup, S(−�)m (t), in the scale Xα := Emα = Ḣ2mα,q
U (RN ), α ∈ R, such

that for any μ0 > 0 there exists C such that

∥∥S(−�)m (t)u0
∥∥

Ḣ2mα,q
U (RN )

� Mα,βeμ0t

tα−β
‖u0‖Ḣ4β,q

U (RN )
, t > 0, u0 ∈ Ḣ4β,q

U

(
R

N)
,

with α,β ∈ R, α � β .
ii) The analytic semigroup S(−�)m (t), in L̇q

U (RN ), 1 < q < ∞, satisfies

∥∥S(−�)m (t)u0
∥∥

L̇r
U (RN )

� Mq,reμt

t
N

2m ( 1
q − 1

r )
‖u0‖L̇q

U (RN ), t > 0, u0 ∈ L̇q
U

(
R

N)
,

for any 1 < q � r � ∞ and μ0 and some Mq,r > 0.

Then adding perturbations as above, we have

Theorem 4.6. Let a ∈ N, a � 2m − 1 and ‖d‖L̇ p
U (RN ) � R0 with p > N

2m−a , then for any 1 < q < ∞ and any Pa as in (3.7) there

exists an interval I(q,a) ⊂ (−1 + a
2m ,1) containing (−1 + a

2m + N
2mp ,1 − N

2mp ), such that for any γ ∈ I(q,a), we have a continuous,

analytic semigroup, S Pa (t), in the space Ḣ2mγ ,q
U (RN ), for the problem{

ut + (−�)mu + d(x)Dau = 0, x ∈R
N , t > 0,

u(0) = u0 in R
N .

Moreover the semigroup has the smoothing estimate

∥∥S Pa (t)u0
∥∥ ˙ 2mγ ′,q N �

Mγ ′,γ eμt

γ ′−γ
‖u0‖Ḣ

2mγ ,q
(RN )

, t > 0, u0 ∈ Ḣ2mγ ,q
U

(
R

N)
,

HU (R ) t U
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for every γ ,γ ′ ∈ I(q,a) with γ ′ � γ , and

∥∥S Pa (t)u0
∥∥

L̇r
U (RN )

� Mq,reμt

t
N

2m ( 1
q − 1

r )
‖u0‖L̇q

U (RN ), t > 0, u0 ∈ L̇q
U

(
R

N)
,

with 1 < q � r � ∞ and some Mγ ′,γ , Mq,r and μ ∈ R depending on d only through R0 .
For each Pa, the interval I(q,a) is given by

I(q,a) =
(

−1 + a

2m
+ N

2m

(
1

p
− 1

q′

)
+
,1 − N

2m

(
1

p
− 1

q

)
+

)
⊂

(
−1 + a

2m
,1

)
.

Finally, if as ε → 0

dε → d in L̇p
U

(
R

N)
, p >

N

2m − k
,

then for every 1 < q < ∞ and T > 0 there exists C(ε) → 0 as ε → 0, such that

∥∥S Pε (t) − S P (t)
∥∥
L(Ḣ

2mγ ,q
U (RN ),Ḣ

2mγ ′,q
U (RN ))

� C(ε)

tγ ′−γ
, ∀0 < t � T ,

for all γ ,γ ′ ∈ I(q,a,b), γ ′ � γ and

∥∥S Pε (t) − S P (t)
∥∥
L(L̇q

U (RN ),L̇r
U (RN ))

� C(ε)

t
N

2m ( 1
q − 1

r )
, ∀0 < t � T ,

for all 1 < q � r � ∞.

The proofs of both Lemma 4.5 and Theorem 4.6 follow the proofs of Lemma 3.4 and Theorem 3.7, just replacing �2 by
(−�)m as the order of the operator involved.

Appendix A. Some previous results

We recall some results from [16] that are needed for this article. Let {Xα}α∈I be a family of Banach spaces, with α in an
interval I , endowed with a norm ‖ · ‖α . Let S(t) be a semigroup on a scale {Xα}α∈I , such that

∥∥S(t)
∥∥

β,α
:= ∥∥S(t)

∥∥
L(Xβ ,Xα)

� M0(β,α)

tα−β
, ∀0 < t � 1, (A.1)

for all α,β ∈ I , α � β for some constant M0(β,α) > 0.
Now, assume that for some fixed α � β , with 0 � α − β < 1 we have a linear perturbation satisfying

P ∈ L(Xα, Xβ), 0 � α − β < 1. (A.2)

Sometimes, “nested” spaces are used, that is, for all α,β ∈ I with α � β we have

Xα ⊂ Xβ (A.3)

with continuous inclusion and the norm of the inclusion will be denoted ‖i‖α,β .
Consider the perturbed problem

u(t; u0) = S(t)u0 +
t∫

0

S(t − τ )P u(τ ; u0)dτ , t > 0, (A.4)

which corresponds to solving the problem ut + Au = P u, where −A is the infinitesimal generator of the semigroup S(t).
The following result is taken from [16, Proposition 10] and states the existence of a perturbed semigroup defined by (A.4).

Theorem A.1. Assume (A.1) and (A.2). Then for every R0 > 0 and every

P ∈ L(Xα, Xβ) with ‖P‖L(Xα,Xβ ) � R0

and for every γ ,γ ′ ∈ I such that

γ ∈ E(α) = (α − 1,α] ∩ I, γ ′ ∈ R(β) = [β,β + 1) ∩ I, γ ′ � γ ,
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there exist constants ω = ω(γ ,γ ′, R0) � 0 and M0 = M0(γ ,γ ′, R0) such that, for t > 0, there exists a unique solution of (A.4),
which defines a mapping from Xγ into Xγ ′ as

S P (t)u0 := u(t; u0) for all t > 0

such that∥∥S P (t)u0
∥∥
γ ′ � M0eωtt−(γ ′−γ )‖u0‖γ , γ ′ � γ .

In particular for any γ ∈ [β,α], S P (t) ∈L(Xγ ) and it is a semigroup of linear continuous operators in Xγ .
The same is true for any γ ∈ E(α), if the scale is nested.

Now we turn into the continuity of the perturbed semigroup with respect to the perturbation. With the setting above,
assume that we have two perturbations

Pi ∈ L(Xα, Xβ), ‖Pi‖L(Xα,Xβ ) � R0, i = 1,2, 0 � α − β < 1,

for some R0 > 0.
Consider then an initial data u0 ∈ Xγ , and the corresponding solutions of the perturbed problem

ui(t; u0) = S Pi (t)u0 = S(t)u0 +
t∫

0

S(t − τ )Piu
i(τ ; u0)dτ , t > 0.

Then we have the following continuity result, see [16, Theorem 14].

Theorem A.2. With the notations above, for any R0 > 0, there exists a sufficiently small T0 such that for all perturbations Pi , i = 1,2,
such that ‖Pi‖L(Xα,Xβ ) � R0 ,

∥∥S P1(t) − S P2(t)
∥∥
L(Xγ ,Xγ ′ ) � L(T0, R0)

tγ ′−γ
‖P1 − P2‖L(Xα,Xβ ) for all 0 < t � T0,

and for every T > T0∥∥S P1(t) − S P2(t)
∥∥
L(Xγ ,Xγ ′ ) � L(T , T0, R0)‖P1 − P2‖L(Xα,Xβ ) for all T0 < t � T ,

with

γ ∈ E(α) = (α − 1,α] ∩ I, γ ′ ∈ R(β) = [β,β + 1) ∩ I, γ ′ � γ .

Finally we will also need the following result about the analyticity of the semigroup defined by (A.4). Note that the first
part of the theorem below is taken from [16, Theorem 12], while the second part is easy to prove.

Theorem A.3. Assume that the scale is nested, that is, (A.3), and that for any γ ∈ I , if −Aγ denotes the infinitesimal generator of S(t)
in Xγ , then its domain is given by D(Aγ ) = Xγ +1 .

Also assume that the scale satisfies either one of the following interpolation properties:

i) If Y is a Banach space and T ∈L(Xγ , Y ) and T ∈L(Xγ ′ , Y ) then T ∈L(Xθγ +(1−θ)γ ′ , Y ) for θ ∈ [0,1] and

‖T ‖L(Xθγ +(1−θ)γ ′ ,Y ) � ‖T ‖θ
L(Xγ ,Y )‖T ‖1−θ

L(Xγ ′ ,Y ).

ii) For any γ ,γ ′ ∈ I and 0 < θ < 1

‖u‖Xθγ +(1−θ)γ � C‖u‖θ
Xγ

‖u‖1−θ
Xγ ′ .

Finally, as in Theorem A.1, assume that for some fixed α � β , with 0 � α − β < 1 we have a linear perturbation satisfying

P ∈ L(Xα, Xβ) with ‖P‖L(Xα,Xβ ) � R0.

Then, there exists some 0 < ω0 = ω0(R0) such that for any Re(λ) � ω0 and any γ ∈ (α−1, β) the operator Aγ +λI − P , between
Xγ +1 and Xγ , is invertible and

∥∥(Aγ + λI − P )−1
∥∥
L(Xγ ,Xγ )

� C
, Re(λ) � ω0,
|λ|
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and ∥∥(Aγ + λI − P )−1
∥∥
L(Xγ ,Xγ +1)

� C, Re(λ) � ω0

where C is independent of P and λ.
In particular, for every γ ∈ (α − 1, β), the semigroup S P (t) in Xγ in Theorem A.1 is analytic.

Remark A.4. Using this we get that u(t) = S P (t)u0, with S P (t) as above, satisfies the equation

ut + Aγ u = P u, t > 0, in Xβ,

see also Remark 6 in [16].

Appendix B. Scales of spaces for sectorial operators

Here, we review the construction of suitable scales of spaces for sectorial operators in Banach spaces in [2] and, in view
of the applications in this paper, we particularize for the scales of complex interpolation–extrapolation spaces and the scale
of fractional power spaces.

Following [2], let E0, E1 be Banach spaces with continuous inclusion E1 ⊂ E0 and consider the class H(E1, E0) of linear
operators in E0, with dense domain E1 such that if A0 ∈ H(E1, E0), then −A0 generates a strongly continuous analytic
semigroup in E0, {e−A0t; t � 0}. In other words, A0 is sectorial as defined in [14].

Note that for A0 ∈H(E1, E0), we define type(A0) = − inf{Re(σ (A0))}.
In what follows we will momentarily assume that

0 ∈ ρ(A0). (B.1)

With this it can be proved that the norm ‖ · ‖E1 is equivalent ‖A0 · ‖E0 , and we can start a recurring construction as follows.
Consider E2 := D(A1) = {u ∈ E1, A1u ∈ E1} where A1 : E2 ↪→ E1 is the realization (and also the closure) of A0 in E1 and

endowed with the norm ‖ · ‖E2 = ‖A1 · ‖E1 .
We can iterate this process to get a discrete scale of Banach spaces {En, n ∈ N} and the realizations of A0 in En , which

we denote by An , satisfy An ∈H(En+1, En) and are isometric isomorphisms from En+1 → En , see [2, V.1.2.1, p. 256].
For the construction of the negative side of the scale, define E−1 as the completion of E0 relatively to the norm ‖·‖E−1 :=

‖A−1
0 · ‖E0 , which is a Banach space such that E0 ↪→ E−1 densely and A−1 is the unique continuous extension of A0, which

is an isometric isomorphism from E0 → E−1. This extension is called again the realization of A0 in E−1.
Again, we iterate the process of completion with the norm generated by the new operator and we get a negative discrete

scale {E−n, n ∈N} and A−n ∈H(E−n+1, E−n), where A−n denotes the realization of A0, the closure of A−n+1 in E−n and is
an isometric isomorphism from E−n+1 → E−n see [2, V.1.3.2, p. 263] and the comments on [2, p. 264].

So we have a two-sided discrete nested scale [2, V.1.3.4, p. 264]:

{Ek, k ∈ Z}, Ak ∈ H(Ek+1, Ek) (B.2)

where Ak denotes the realization of A0, the closure of Ak+1 in Ek and is an isometric isomorphism from Ek+1 → Ek which
satisfies

ρ(Ak) = ρ(A0), k ∈ Z. (B.3)

Now we construct intermediate spaces between the discrete scale {Ek, k ∈ Z} following two different procedures.

B.1. Construction of the interpolation–extrapolation scale for A0

Starting with the discrete scale (B.2) and taking the complex interpolation method, we proceed as in [2, V.1.5.1, p. 275]
to obtain the spaces

Eα := Ek+θ := [Ek+1, Ek]θ , θ ∈ (0,1), k ∈ Z,

and the operator Aα as the interpolation of Ak+1 and Ak . Thus we obtain the continuous nested interpolation scale

{Eα, α ∈R}, Aα ∈ H(Eα+1, Eα)

and Aα is an isometry from Eα+1 into Eα . Note that if α > β , Eα is densely included in Eβ and Aα is the realization of A0
in Eα . Moreover, for every α ∈R

ρ(Aα) = ρ(A0),

see [2, V.1.1.2.e), p. 252].
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Now, since Aβ ∈H(Eβ+1, Eβ), −Aβ generates an analytic semigroup in Eβ with the property [2, V.2.1.3, p. 289]:

∥∥e−Aβ t
∥∥
L(Eβ ,Eα)

� C(α − β)

tα−β
eσ t, t > 0, α,β ∈R, α � β, (B.4)

for any σ > type(A0) and C(α − β) is bounded for α,β in bounded sets of R.
If E0 is reflexive, we can interpolate in the dual scale {E�

n, n ∈ Z} as well. We take again the complex interpolation [·, ·]θ ,
and the negative intermediate spaces can be identified with the dual of the positive ones as

E−α = (
E�
α

)′
and A−α = (

A�
α

)′
for α > 0,

see [2, V.1.5.12, p. 282]. Also, the semigroup in the spaces of the negative side can be identified with the duals by [2, V.2.3.2,
p. 298]:

e−A−αt = (
e−A�

αt)′
, α > 0.

Note that the semigroups in (B.4) are extensions or restrictions of each other one, that is, given α � β , then

e−Aβ t
∣∣

Eα
= e−Aαt, t � 0.

For details see Lemma [2, V.2.1.2]. Hence, we have the following.

Definition B.1. Under the assumptions above we say that the operator A0 defines an analytic semigroup S A0 (t) in the
interpolation scale {Eα}α∈R in the sense that

S A0(t)|Eα = e−Aαt, ∀α ∈ R.

Observe that∥∥S A0(t)
∥∥
L(Eβ ,Eα)

� C(α − β)

tα−β
eσ t, t > 0, α,β ∈R, α � β,

for any σ > type(A0) and C(α − β) is bounded for α,β in bounded sets of R.
Now we construct the interpolation scale and the semigroup in the scale, as in Definition B.1, without assuming (B.1).

Proposition B.2. Let A0 ∈H(E1, E0) and take c such that 0 ∈ ρ(A0 + cI).
Then the scale {Eα}α∈R generated by A0 + cI , as above, is independent of c and for any α ∈ R, the realization of A0 in Eα , denoted

as Aα , satisfies

Aα ∈ H(Eα+1, Eα)

and for all α ∈ R, ρ(Aα) = ρ(A0).
Hence we have an analytic semigroup S A0 (t) defined in the scale {Eα}α∈R such that S A0 (t)|Eα = e−Aαt , α ∈ R, and satisfies

∥∥S A0(t)
∥∥
L(Eβ ,Eα)

� C(α − β)

tα−β
eσ t, t > 0, α � β ∈ R,

for any σ > type(A0).
Furthermore if E0 is reflexive, then E−α = (E�

α)′ , A−α = (A�
α)′ for α > 0, and

e−A−αt = (
e−A�

αt)′
.

B.2. Construction of the fractional power scale for A0

Now, starting again with the discrete scale (B.2), we construct a fractional power scale {Fα}α∈R following [2]. See
also [14] and [15]. For this we will also assume for a moment that

(−∞,0] ⊂ ρ(A0). (B.5)

Since the intermediate spaces between the integer scale (B.2) might be different to the ones in the previous section, see
Remark B.4 below, we denote now

Fk = Ek for k ∈ Z.

For the negative scale, note that (B.5) together with (B.3) implies (−∞,0] ⊂ ρ(An) for any n ∈ Z. Fix now N ∈ N and
take A−N ∈H(F−N+1, F−N ). Thus, we get the extrapolated fractional power scale of order N ,
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Fα−N = D
(

Aα−N

)
, α � 0,

see [2, V.1.3.8, p. 266] and [2, V.1.3.9, p. 267]. Then we have

{Fα, α � −N}, Aα ∈ H(Fα+1, Fα), ρ(Aα) = ρ(A0), α � −N,

and Aα is an isometry from Eα+1 into Eα .
Now fix Aβ : Fβ+1 → Fβ for any β � −N . Renaming Fβ = Z , Fβ+1 = Z 1 we have the following reiteration property

(see [2, V.1.2.6, p. 260] or [15, Proposition 10.6])

Zε = D
(

Aε
β

) = Fβ+ε

for ε ∈ [0,1], and Aβ is sectorial in Z , thus we can apply [14, I.1.4.3, p. 26] to get

∥∥e−Aβ t
∥∥
L(Fβ ,Fα)

� C(α − β)

tα−β
, t > 0, α � β � −N,

for any σ > type(A0).
As above, if E0 is reflexive, we can identify the negative side of the scale with some dual spaces by means of [2, V.1.4.12,

p. 274] getting

F−α = (
F �
α

)′
and A−α = (

A�
α

)′
, α > 0,

with

e−A−αt = (
e−A�

αt)′
.

Therefore analogously to Definition B.1 we say that A0 defines an analytic semigroup S A0 (t) in the fractional power scale
{Fα}α�−N in the sense that

S A0(t)|Fα = e−Aαt, ∀α � −N,

and

∥∥S A0(t)
∥∥
L(Fβ ,Fα)

� C(α − β)

tα−β
, t > 0, α � β � −N.

Now we construct the fractional power scale and the semigroup without assuming (B.5).

Proposition B.3. Let A0 ∈H(E1, E0) and take c such that (−∞,0] ∈ ρ(A0 + cI).
Then given N ∈N, the scale {Fα}α�−N generated by A0 +cI , as above, is independent of c and the realizations of A0 in Fα , denoted

by Aα , satisfy

Aα ∈ H(Fα+1, Fα), ρ(Aα) = ρ(A0), α � −N.

Hence we have an analytic semigroup S A0 (t) defined in the scale {Fα}α�−N such that S A0 (t)|Fα = e−Aαt , α � −N, satisfies

∥∥S A0(t)
∥∥
L(Fβ ,Fα)

� C(α − β)

tα−β
eσ t, t > 0, α � β � −N,

for any σ > type(A0).

Furthermore if E0 is reflexive, then F−α = (F �
α)′ , A−α = (A�

α)′ and e−A−αt = (e−A�
αt)′ for 0 < α � N.

Remark B.4. Note that after Propositions B.2 and B.3, for A0 ∈ H(E1, E0) we have a discrete scale (B.2) and with the
notations of these propositions, we have

Fk = Ek for k ∈ Z, k � −N.

However, the intermediate spaces, Fα and Eα , for α ∈ R \ Z, α � −N , do not need to coincide in general. But, if A0 has
bounded imaginary powers, that is, there exist ε > 0 and M � 1 such that∥∥Ait

0

∥∥
L(E1,E0)

� M for t ∈ [−ε, ε], (B.6)

then Eα and the scale of fractional powers Fα coincide, see [2, V.1.5.13, p. 283].
An important case when this happens is when E0 is a Hilbert space and A0 is self-adjoint.
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Appendix C. The scales and semigroup for A2
0

In this section we show how the scale of spaces constructed in Appendix B for A0 can be used for the squared operator
A2

0 := A0 ◦ A1. That is, our goal here is to relate the scales of the square of an operator, A2
0, with the scale of the A0. We will

show that if we perform the constructions in Appendix B with A2
0 we arrive to the same spaces as for A0 with a suitable

labeling.
Hence, we assume as in the previous section that

A0 ∈ H(E1, E0).

Observe that by Propositions B.2 and B.3 we can consider the associated interpolation scale {Eα}α∈R or the fractional power
scale {Fα}α�−N , N ∈ N, without assuming 0 ∈ ρ(A0) or (−∞,0] ∈ ρ(A0), respectively. Also, note that with the notation of
the previous section,

A2
0 := A0 ◦ A1 : E2 → E0.

Hence, we will assume furthermore that

A2
0 ∈ H(E2, E0).

The following result, which is a particular case of [15, Proposition 10.5], gives a criteria for determining when A2
0 is a

sectorial operator.

Proposition C.1. Let A0 ∈ H(E1, E0) with (−∞,0] ⊂ ρ(A0) and satisfying ‖(A0 − λ)−1‖ � K
|λ| for λ ∈ S0,φ with φ ∈ (0, π

4 ) where
S0,φ is a sector as in (2.3) with vertex a = 0.

Then A2
0 satisfies S0,2φ ⊂ ρ(A2

0) and

∥∥(
A2

0 − λ
)−1∥∥

E0
� K

|λ|
for λ ∈ S0,2φ , thus A2

0 ∈H(E2, E0).

So now we can construct both interpolation and fractional scales for A2
0 following the procedures explained in

Appendix B. In the next two results we will show that these scales coincide with the ones for A0 after a suitable labeling.

Proposition C.2. Let A0 ∈ H(E1, E0) and assume A2
0 := A0 ◦ A1 ∈ H(E2, E0). Let {Eα}α∈R be the interpolation scale for A0 as in

Proposition B.2. Then on the scale Xα = E2α with α ∈ R we have A2
α := Aα ◦ Aα+1 ∈ H(Xα+1, Xα) and A2

0 defines a semigroup

S A2
0
(t) in the scale {Xα}α∈R that satisfies S A2

0
(t)|Xα = e−A2

αt and

∥∥S A2
0
(t)

∥∥
L(Xβ ,Xα)

� C(α − β)

tβ−α
eμt, t > 0, α,β ∈R, α � β,

for any μ > type(A2
0). The constant C(α − β) is bounded for α,β in bounded sets of R.

If E0 is reflexive, the negative side of the scale can be described as

X−α = (
X�

α

)′
and A2−α = (

A2�
α

)′
, α > 0,

and it holds that e−A2−αt = (e−A2�
α t)′ .

Furthermore, the problem{
ut + A2

αu = 0, t > 0,

u(0) = u0 ∈ Xα,

for any α ∈R has a unique solution u(t) = S A2
0
(t)u0 = e−A2

αt u0 .

Now we turn to the fractional power scale to obtain

Proposition C.3. Let A0 ∈H(E1, E0) and assume A2
0 := A0 ◦ A1 ∈H(E2, E0). Let N ∈ N and {Fα}α�−2N be the fractional power scale

for A0 as in Proposition B.3. Then on the fractional power scale Yα = F2α with α � −N we have A2
α := Aα ◦ Aα+1 ∈ H(Yα+1, Yα)

and A2
0 defines a semigroup S A2

0
(t) in the scale {Yα}α�−N that satisfies S A2

0
(t)|Fα = e−A2

αt and

∥∥S A2
0
(t)

∥∥
L(Yβ ,Yα)

� C(α − β)

tα−β
eμt , t > 0, α � β � −N,

for any μ > type(A2). The constant C(α − β) is bounded for α,β in bounded sets of R.
0
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If E0 is reflexive, the negative side of the scale can be described as

Y−α = (
Y �

α

)′
and A2−α = (

A�2
α

)′
, α > 0,

and it holds that e−A2−αt = (e−A2�
α t)′ .

Furthermore, the problem{
ut + A2

αu = 0, t > 0,

u(0) = u0 ∈ Yα,

for any α � −N has a unique solution u(t) = S A2
0
(t)u0 = e−A2

αt u0 .

Remark C.4. According to Remark B.4 if A0 has bounded imaginary powers, then A2
0 does as well, see (B.6). In such a case

both scales and semigroups in Propositions C.2 and C.3 coincide, that is, Xα = Yα for α � −N , see [2, V.1.5.13, p. 283].

Appendix D. The scales and semigroup for Am
0

We can extend these results to any other natural powers Am
0 , m ∈N, reviewing the abstract results above.

Proposition D.1. Proposition C.1 remains true for Am
0 , m ∈ N, as long as the sector S0,φ for A0 has an opening angle φ < π

2m .

In fact, this is the original result in Theorem 10.5 in [15].
Now, for the interpolation scale, similarly to Propositions C.2, we get

Proposition D.2. Let A0 ∈H(E1, E0) and assume Am
0 := A0 ◦· · ·◦ Am ∈H(Em, E0), m ∈N. Then on the interpolation scale Xα = Emα

with α ∈ R we have Am
α := Aα ◦ · · · ◦ Aα+m ∈H(Xα+m, Xα) and Am

0 defines a semigroup S Am
0
(t) in {Xα}α∈R such that S Am

0
(t)|Xα =

e−Am
α t and∥∥S Am

0
(t)

∥∥
L(Xβ ,Xα)

� C(α − β)

tβ−α
eμt, t > 0, α,β ∈R, α � β,

for any μ > type(Am
0 ). The constant C(α − β) is bounded for α,β in bounded sets of R.

If E0 is reflexive, the negative side of the scale can be described as

X−α = (
X�

α

)′
and Am−α = (

Am�
α

)′
, α > 0,

and it holds that e−Am−αt = (e−Am�
α )′ .

Furthermore, the problem{
ut + Am

α u = 0, t > 0,

u(0) = u0 ∈ Xα,

for α ∈ R has a unique solution u(t) = S Am
0
(t) = e−Am

α t u0 .

On the other hand, for the fractional power scale, as in Proposition C.3, we get

Proposition D.3. Let A0 ∈ H(E1, E0) and assume Am
0 := A0 ◦ · · · ◦ Am ∈ H(Em, E0). Also, fix N ∈ N. Then on the fractional power

scale Yα = Fmα with α � −N we have Am
α := Aα ◦ · · · ◦ Aα+m ∈ H(Yα+m, Yα) and Am

0 defines a semigroup S Am
0
(t) in {Yα}α�−N

such that S Am
0
(t)|Yα = e−Am

α t and

∥∥S Am
0
(t)

∥∥
L(Yβ ,Yα)

� C(α − β)

tα−β
eμt, t > 0, α � β � −N,

for any μ > type(Am
0 ). The constant C(α − β) is bounded for α,β in bounded sets of R.

If E0 is reflexive, the negative side of the scale can be described as

Y−α = (
Y �

α

)′
and Am−α = (

Am�
α

)′
, α > 0,

and it holds that e−Am−αt = (e−Am�
α )′ .

Furthermore, the problem{
ut + Am

α u = 0, t > 0,

u(0) = u0 ∈ Yα,

for α � −N has a unique solution u(t) = S Am
0
(t) = e−Am

α t u0 .
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