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ABSTRACT. In this work we study the behavior of a family of solutions of a semilinear elliptic equation,
with homogeneous Neumann boundary condition, posed in a two-dimensional oscillating thin region with
reaction terms concentrated in a neighborhood of the oscillatory boundary. Our main result is concerned
with the upper and lower semicontinuity of the set of solutions. We show that the solutions of our perturbed
equation can be approximated with one of a one-dimensional equation, which also captures the effects of all
relevant physical processes that take place in the original problem.

1. INTRODUCTION

In this paper we investigate the behavior of a family of solutions given by a semilinear elliptic equation,
with homogeneous Neumann boundary condition, defined in a two-dimensional oscillating thin region R.
with reaction terms concentrated in a neighborhood o. of the oscillatory boundary of R.. We deal with an
elliptic reaction-diffusion equation posed in the bounded open set R. which degenerates into a line segment
as the positive parameter € goes to zero. Also, we assume that the reaction of the model only occur in a
narrow strip o. close to the border, which also can present high oscillatory structure. See Figure (1] below
which illustrates the open region R. and the narrow neighborhood o, mentioned here.
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FiGURE 1. The thin domain R, and the strip o, where reactions take place.

Our main result is that the family of solutions are upper and lower semicontinuous at € = 0. Indeed, we
show that the starting singular equation defined in the two-dimensional region can be approximated with
one which is a one-dimensional regular equation, which captures the effects of all relevant physical processes
that take place in the original problem. Therefore, the limit equation will preserve features of the original
system, giving conditions to access the qualitative behavior of the modeled problem in a simpler way.

Let us recall that elliptic boundary value problem models diffusion and interactions among agents which
can be cells, amount of chemicals or biological organisms. Thus, we are supposing here that the agents are
located in an extremely thin region with reactions taking place just in a small neighborhood of the border. It
is worth noting that our model includes the possibility that the thin region as well the narrow neighborhood
present high oscillatory behavior, modeling complex regions of interactions.

Indeed, we are dealing with phenomenas which are posed in very thin channels and that also may present
several heterogeneities. In a precise way, we establish the effective behavior of the process by neglecting the
squeezing of the region as well as the fluctuations due to the heterogeneities on the boundary. At the end,
we get the homogenized model whose behavior must be as closer as possible to the original one.
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Potential applications of our modeling are in fields such as lubrication, nanotechnology, fluid-structure
interaction mechanism in vascular dynamics, management and control of aquatic ecological systems and so
on. See for instance [I} 2] B 4], [5 [6] [7} 8] where theoretical and practical aspects of mathematical modeling and
applications in this context are investigated. In particular, it is well known from the literature of ecological
modeling that lakes with complex geometry show larger spatial variability of limnological parameters than
lakes with a simple shape [9]. Thus, it is important analyzing models where a larger class of roughness and
thickness of the domain are allowed.

From the numerical point of view, it is not difficult to see that the combination of the squeezing channel
and heterogeneities on the boundary makes hard a direct numerical simulation of the model. In fact, a very
fine discretization mesh would be needed meaning a significant time of computation. On the other side,
the homogenized model obtained is a one-dimensional regular equation where no numerical difficult appears.
Moreover, it is known, for instance from [10} [I1] and references therein, that homogenized equations are good
approximations to heterogeneous problems in the sense that they describe global and essential properties of
the modeled phenomena.

There are several works dealing with partial differential equations posed in thin domains. We first mention
the pioneering works [12] [13], as well the subsequent papers [I4], [I5] 16], where the authors investigate the
asymptotic behavior of dynamical systems given by a class of semilinear parabolic equations in thin domains
of R", n > 2. We also cite [I7], [I8] where the p-Laplacian problem in thin regions is considered, and [19],
which studies a linear elliptic problem in perforated thin domains with rapidly varying thickness. In [20]
the authors consider nonlinear monotone problems in a multidomain with a highly oscillating boundary. In
[211, 221, 23, 241, 25 26], 27] 28] and references therein, we have recently studied many classes of oscillating thin
regions for elliptic and parabolic equations with Neumann boundary conditions, discussing limit problems
and convergence properties. For nonlocal equations in thin structures we also mention [29] 30} [31] [32].

On the other hand, there are many works in the literature concerned with singular elliptic and parabolic
problems featuring potential and reactions terms concentrated in a small neighborhood of a portion of the
boundary. In fixed bounded domains, we cite the pioneering works [33, 34, B5]. In regions presenting
oscillatory behavior, we mention the recent ones [36], 37]. In [38, B9] we also have studied problems allowing
narrow strips with oscillatory border in fixed bounded open sets.

Our main goal here is to discuss a model combining these both singular situations (the thin domain
problem and concentrated reactions) in a more general framework. For this, we generalize [40] adapting
methods and techniques developed in [33] to deal with a larger class of concentrated integrals and thin sets
getting appropriate estimates which must be uniform for any e close to zero. As we will see, this is not a
trivial task. Indeed, a non-standard functional spaces as Lebesgue-Bochner spaces have to be considered in a
context of nonlinear analysis, compact convergence and Fixed Point Theorem in such a way that we are able
to estimate our solutions. Finally, we pass to the limit in the model obtaining its asymptotic behavior at
e = 0. As we have already mentioned, the limit equation will explicitly show the effect of both the oscillatory
behavior and geometry of the regions where the differential equation is defined.

The paper is organized as follows: in Section 2] we set our assumptions, notations and state the main
result concerning to the upper and lower semicontinuity of the set of solutions. In Section [3] we introduce
our functional setting, and obtain results which allow us to estimate the concentrated integrals. In Section
[] we deal with nonlinear maps related with the nonlinear reaction terms of the equation, and in Section
we show our main result getting the asymptotic behavior of the solutions at e = 0.

2. ASSUMPTIONS, NOTATIONS AND MAIN RESULT
Let us consider the following semilinear elliptic equation with homogeneous Neumann boundary conditions
€ £ 1 o £ :
—AvE 4+ v° = —x%*f(v°) inR.
€

5 (2.1)
v _ g on OR.
ove
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where for each ¢ > 0, R. C R? is an oscillating thin domain given by
R.={(z,y); 0<z <1, 0<y<eg(z/e)}.

The vector v¢ = (15, 5) denotes the unit outward normal vector to the boundary OR., 9/0v° is the normal
derivative, and x° is the characteristic function of the set o. defined by

0c = {(z,9); 0 <z <1, e(g(x/e) — ch(x/e)) <y <eg(x/e)}.
We assume
(i) B> 0;
(ii) the nonlinearity f: R — R is a C2 function;

(443) the functions g, h : (0,1) — R are positive, L, and Lj-periodic, respectively, and possess go, g1, ho, b1 €
R such that

0<go<g(zr)<gi<oo, 0<hyg<h(z)<h <oo, Vxe(0,1);
(iv) g has bounded derivative.

Remark 2.1. Notice that, calling g-(x) = g(x/¢) and h.(x) = h(z/e?), it follows from [AT, Theorem 2.6]
that there exist [ig, un € R such that
Lp

Ly . 1
/ g(s)ds and he = pp = - h(s)ds in L*(0,1).
0

ge — Mg = 7
5 97 n Jo

The constants pg and py, are the average of the periodic functions g and h respectively.

Let us emphasize that R. C (0,1) x (0,e¢91) is a two-dimensional thin region with oscillatory boundary
which degenerates to the unit interval as ¢ — 0. Also, 0. C R, represents an oscillating e-neighborhood to
the upper boundary of R, where the reaction term takes place.

Notice that here, we are in agreement with [33]. We combine the characteristic function x° and the
positive parameter ¢ in order to set concentration of reactions on the small strip oo C R, through the term

1
EXOE € L*™(R.).

We will show that, in a certain functional setting, the family of solutions from the perturbed problem
converges to a solution of a one-dimensional equation of the same type, with homogeneous Neumann
boundary condition, capturing the variable profile of the domain R. as well as the oscillatory behavior of
the neighborhood o.. Indeed, we obtain the following limit problem

—qotgz +u = fo(u) in (0,1),
g (0) =uz(1) =0

with 5
1 X L
9 = oo 1= ——(y1,92 }dy1dy2 and  fo(-) = = pnf (). 2.3
v {1 =yl © 23
The function X is the unique solution of the auxiliary problem

—AX =0in Y™

9X =0in By

g% = N]_ in Bl

X is Lg-periodic in y;

fy* Xdyldy2 =0
where Y* given by

V= {(y1,92) € R% 0 <y1 < Ly, 0 <y2 < g(yn)}

is the representative cell of the thin region R.. The vector N = (N7, Na) is the outward normal vector to
the boundary dY™* with By and By denoting the upper and lower boundary of Y™ respectively.



4 J. M. ARRIETA, A. NOGUEIRA AND M. C. PEREIRA

We first notice that the diffusion coefficient qg, usually called homogenized coefficient, is a positive constant
by [2I, Theorem 4.3]. Besides, it exhibits the effect of the geometry and the oscillatory behavior of the thin
region since depends on the auxiliary solution X which is set in the representative cell Y*. On the other side,
nonlinearity fy captures the influence of the concentration neighborhood on the reaction f by the average up,
and also the effect of the geometry and oscillatory behavior of R, by the term L,/|Y™*|. The limit problem
is often called homogenized equation. Consequently, from homogenization and asymptotic analysis
results [10, [T11, 411, 42 [43], we can say that establishes the global and essential properties of the original
model being a good and non-singular approximation.

It is worth noting that the results obtained here generalize the ones from [40] since the thin domain
analyzed there does not exhibit any oscillatory behavior. Furthermore, we emphasize that our task is not
easy here. In order to accomplish our goal, we have to be able to estimate the solutions in very small
neighborhoods of the oscillatory boundary in such way that we can pass to the limit at ¢ = 0.

The solutions of our problem are defined in open sets which varies with respect to parameter € > 0. Thus,
the first step in our analysis is to set an approach in order to face this domain perturbation problem. Here we
adopt the same strategy used, for instance, in [2I]. We rescale the thin region R. keeping the z-coordinate
and multiplying the values of y by a factor 1/e avoiding the thin domain situation. Performing this change
of variable, we obtain the following problem:

%uf 1 0%uf
0r? €2 Oxl
0 o 10w
8l‘1 ! g2 8$2
where N¢ = (N§, N$) is the outward normal vector to the boundary 9§,
Q. ={(r1,22); 0< 21 <1, 0 <23 < ge(r1)} and

0. = {(z1,22); 0 <1 <1, go(w1) — €he(x1) < 2 < ge(21)}-

+u® = 1Xeff(us) in Q,,
¢ (2.4)

N5 =0 on 0y,

Be

F1GURE 2. The modified domain €2, and the neighborhood 6..

It is not difficult to see that problems and are equivalent. In some sense, we have rescaled the
neighborhood o, into the strip 8. C €. and substituted the thin region R, by the oscillating domain 2., at a
cost of introducing a very strong diffusion mechanism in the z5-direction given by the factor 1/e2. This will
make the solutions from to become more and more homogeneous in this direction as € goes to zero. In
this way, the limit solution will not depend on x2, and therefore, the limit equation will be one dimensional.
Notice that is in full agreement with the intuitive idea that a partial differential equation posed in a thin
domain should approach one defined in a line segment.

In order to obtain our convergence results, we have to compare functions defined in different functional
spaces. Fixed 1/2 < s < 1, we consider the Lebesgue-Bochner spaces

X =L*0,1;H°(0,91)) and  X. = L*(0,1; H(0, ge(21))),
which will be discussed in Section [3| as well as the Hilbert space Xy = L?(0, 1) with the norm given by
lullxo = vigllullL2(0.1)-
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The perturbed problem ([2.1)) will be set in X, and the limit equation (2.2)) in Xj.
Since Xy C X., we can consider the operator

Es : XO *)Xs
u(z1) = (Eeu)(21, 22) = u(z1) (2.5)
which satisfies
1 1
|Beull%, = 1(Bew) (@1, Mire 0,g. @oyder = [ ge(@n)ule)Pday
0 0

= gllullrzon) = llullk,, ase—0.
As in [43], we obtain an appropriate way to compare solutions from and .
Definition 2.2. We say that {u®}.s0 C Xc E-converges to a function u € Xy, if ||u® — Eeul|lx. — 0 as
e — 0, where E. is given by . It is denoted by u. B

This notion of convergence can be also extended to sets in the following manner: let J. be a family of
sets in X.. We say that J. C X, is

(i) upper semicontinuous at € = 0, if disty(J., EcJo) o0, 0;
e—0

— 0.
Here, disty (A, B) denotes the Hausdorff semi-distance given by

(ii) lower semicontinuous at ¢ = 0, if disty (EeJy, Je)

distgr (A, B) = sup inf ||z — y| x..
zcAYEB

Remark 2.3. Also, the following characterizations are very useful:

(i) The family {J:} is upper semicontinuous at € = 0 if every sequence {u.}, with u. € J. and € — 0, has
a subsequence E-convergent to an element of Jy;
(ii) The family {J:} is lower semicontinuous at € = 0 if Jy is compact and for all u € Jy exists a sequence

{uc}, with ue € J. and e — 0, such that u. B
Finally, let us consider, for 0 < ¢ < ¢g, the folowing sets given by problem (2.4])

E.r = {uf € H'(Q.); u° is a solution of (24) and ||u®||=(q.) < R}

and
Eo,r = {u € H'(0,1); uis a solution of (2.2) and |[ul|r(0,1) < R}.

Now, we state our main result which concerns on upper and lower semicontinuity of the set £ r at e = 0.

Theorem 2.4. (a) For any sequence u. € E r, with € — 0, there is a subsequence (also denoted by u.) and

E ,
ug € &, such that u, — ug in X, when € — 0.

(b) For any hyperbolic equilibrium point ug € &y g, there is sequence u. € E. g such that u. ECN ug in X as
e —0.

Remark 2.5. Recall that a solution u of a boundary value problem is hyperbolic if A = 0 is not an eigenvalue
of the linearized problem around w. In other words, u € & g is hyperbolic if A = 0 is not an eigenvalue of
the eigenvalue problem

—qoVzz + v = Oy fo(u)v + v in (0,1)
v:(0) =v,(1) =0

where qo and fo are defined in (2.3)).

Remark 2.6. Since we are concerned with solutions which are uniformly bounded in L (Q2), we may take
f of class C? bounded with bounded derivatives. In fact, we may perform a cut-off in f outside the region
|u| < R without modifying any of these solutions (see for instance [42, Remark 2.2] or [45, Remark 2.2]).

Remark 2.7. The assertions (a) and (b) in Theorem respectively mean upper and lower semicontinuity
of the equilibria set to the parabolic problem associated with (2.4) at e = 0.
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3. FUNCTIONAL SPACES AND CONCENTRATED INTEGRALS

In this section, we first establish the functional spaces used to analyze the concentrated integrals. Next,
we perform some estimates in such functional spaces.

Definition 3.1. Let s =m+o0 >0, withm =0,1,...,0< 0 < 1 and let O C R" a domain. For1 <p < oo,
we call fractional Sobolev space W#P(O) the space of functions u such that

(i) we W™P(0) if o =0,
0%u(z) — 0%u(y)|”
dxdy < oo
/~/O><O |x_y|n+np
if o > 0.

(i) w e W™P(O) and
The norm in W*P(0), that makes it Banach, is:

llwllyym, »(0) = Z / |0%u|Pdx in the case (4)

la|]<m

and

0%u(z) — 9u(y)|” : .
||UH€VS,;D(O) = [Jull} wme0) T Z //O ; |$ e dxdy in the case (i3).
X

|| =

Furthermore, if p =2 we call it H*(O) and it is a Hilbert space.

Now let us follow [50] to introduce what we call Lebesgue and Sobolev-Bochner generalized spaces. They
are a natural generalization to Lebesgue and Sobolev spaces using Bochner integrals. The usual Lebesgue
and Sobolev-Bochner spaces may be found for instance in [41}, [52].

Let us consider a function G : (0,1) — R satisfying that there exist 0 < Gy < G; with Go < G(x) < Gy.

Definition 3.2. Let us consider a function G : (0,1) — R satisfying 0 < Gy < G(x) < Gy for some
constants 0 < Go < G1. Let 1 <p < oo, 1 < g < 0. The Lebesgue-Bochner generalized spaces, denoted by
L?(0,1; LY(0,G(x1))), are defined by

LP(0,1; LY0,G(z1))) == {u : Q- — R measurable; u(zy,-) € LU0, G(z1)) for almost every x € 1}

1 1/p
([ 1 Mageydn) o p<.

ess sup H'LL(I’l,')HLq(Q(;(:L.l)), p = 0.
z€(0,1)

and they are Banach spaces with the norm

[ullzr0,1;,29(0,G(a1))) =

When p = q = 2 such space is Hilbert with the inner product

1
(uvv)Lz(O,l;LQ(O,G(zl)) :/ (u(x17')7v(x15'))LQ(O,G(11))d‘x1'
0

Remark 3.3. Since ¢ < oo, the function x1 + ||u(x1,-)||La0,G(2y)) i measurable by Fubini’s Theorem.
Then the space LP(0,1; LY(0,G(x1)) is well defined.

Analogously, the Sobolev-Bochner generalized spaces, denoted by LP(0,1; W*2(0,G(x1))) for s > 0, are
defined by

LP(0,1; W*4(0,G(x1))) := {u € LP(0,1; LY(0, G(x1))); u(xy,-) € W*9(0,G(x1))}.
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Such spaces are Banach with the norm
1 1/p
([ 1o oy ) o p<

ess sup [lu(zr,)llwsa0.6(1)) p =00,
I1€(071)

[ullze0,1,w9(0,G(21))) =

and, again, they are Hilbert spaces if p = g = 2.

In general, it follows from [4I, Proposition 3.59] that, if H is a Hilbert space and 1 < p < oo, then the
dual space of LP(0,1; H) is given by
[LP(0,1; H))" = L*(0,1; H),

where H’ is the dual space of H and p, g are conjugates.

In our case we will consider the family of Lebesgue and Sobolev-Bochner generalized space for the function
G(z1) = g-(21), with g. as in Section [2] (see Remark [2.1)).

3.1. Some technical results. Next we will get some non-trivial properties which are important in our
context. First, we construct a unidimensional extension operator that will help us to work with different
definitions of Sobolev fractional spaces, making their norms equivalent.

Lemma 3.4. Fize > 0 and z1 € (0,1), if we call I. = (0, g (1)), with g. as in Section[d (see Remark[2.1)),
then there exists a continuous linear extension operator P : L*(I.) — L*(R) such that Pu = u in I., with
| Pull 2@y < Aollullz2ry, 1Pullrs®) < Asllullgsry and ||Pullgrwy < Mllullgr.y, for 0 < s < 1, where the
constants Ao, As, A\1 > 1 are independent of € > 0 and x1 € (0,1).

Proof. Notice that Iy := (0, go) C I, for all € > 0. The construction of the extension operator will be in two
steps: first we will extend the functions from I, into I = (0,¢1). Next, from interval I into R.
If 2go > g1, we define P. by a reflection procedure. If ¢ € L?(1.),

o(y), ifyel
(Pag)(w) = { 7Y fuel
0(2g9:(z1) —y), ifyel~NI
Let us see that P is well defined, that is, that (2¢g.(z1) —y) € . if y € I N I.. Indeed if y € T \ I,
29:(x1) —y > 2g:(21) — g1 > 29:(x1) — 290 > 0
2g-(21) —y < 29-(21) — ge(21) = ge (1)

then (2g.(z1) —y) € L.
Now, let us show the continuity of the operator. If o € H'(I.),

ge(z1) ge (1)
1PepllZ2(ry = Nl ey +/ lp(2)Pdz < |lplZ21.y +/ lp(2)Pdz < 2|9l 721
2ge(z1)—g1 290—9g1
Besides
OP.o|? / oy |? /-‘h B 2
= - + 2ge(71) —y)| dy
H oy 2 I. ay ge(w1) 5y P26l )
H ga(Tl) 3(,0 H
Ay L2(I.) 2go g1 8y dy L2(I

For 0 < s < 1, we have

|P-p(y1) — Peo(y2))?
Pool|%e iy = || P- + // d
| eSDHH = || ‘P”LZ(I) lyr — yo|1+25




8 J. M. ARRIETA, A. NOGUEIRA AND M. C. PEREIRA

|Peo(y1) — Peo(y2)] |1 -0(y1) e@(y2)|
< 2||p +// d
| ”Lz Le) I.xI. ly1 — Z/2|1Jr2S ly1 — y2|1+2s

|P-p(11) — Peo(y2))? IPgso Y1) E@(yz)l2
1+2 d + 142 dy
|y1—y2\ +2s |y1—y2| s
< ||90||L2(15) + el ) + I + T2 + I,

where
A={g:(71) <y1 < g1} x {g(1) <y2 < g1},
B ={g:(x1) <y1 < g1} x {0 <y2 <ge(21)},
C={0<y1 <ge(z1)} X {ge(r1) < y2 < g1}
We analyze each integral separately If we change variables as z; = 2g.(z1) — v, @ = 1,2, we get:

/ |P-o(y1) — Pep(y2)] / / lo(2ge (1) —y1) — ©(29: (1) — y2)|2dy
5(371) E(xl)

ly1 = I”Qs Y1 — a2

2
coff e,
Lx1. |z _Z2| tas

On the other hand, if (y1,y2) € B, then yo < g:(x1), and if we call z; = 2g.(z1) — 11

/ Peply)) = Pl ) /gl /gf @) |p(2ge(x1) — y1) — ¢ o)l
ly1 — y2|1+23 (1) ly1 — y2|1+25
|o( Zl o(ya)?
dyod
//1 w1, |29e(x1) — 21 — yo|tH28 b5

p(21) — @(y2)|?
< 3// " dyodz,
Lxi. |z1— y2|1+26 .

|21 — 2| = 129:(21) — y1 — y2| = |y2 + y1 — 29-(x1)]
<lye —yi| + 2ly1 — ge(21)| < 3|y1 — 2| = 3]29:(21) — 21 — Y2l

Analogously, we can show that
|P-p(y1) — Peg(ya)| o(y1) — ()2
/ ly1 — y2|1+25 d =3 x|y — ZQ\HQS Ty — e 2

I Poll sy < Clloll ms(1.)-
Now if g1 > 2gp, we first extend the initial function ¢ in the direction of negative y and then construct P:
in an analogous way to the previous one. In fact, if g is defined in I., we can extend it to {y € R; —gg <
y < ge(x1)} as

since

proving

or(y) = {soo(y% if0 <y <ge(x:)

po(—y), if —go<y<0
Iteratively, we can take
only) = & Pror W) if —(n—1)go <y < ge(a1)
! on-1(—y —2(n—1)go), if —ngy < z2 < —(n—1)go
Thus, given g € H'(I.), there is n sufficiently large such that ngy > g1, and then, we can define P. as

_ Jenw), ifyel
(Pespo) (y) = {apn@gs(fﬂl) —y), ifyel~I.
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It is not difficult to see that P. is well defined. Besides using ngo > g1, if I? = (—ngo, g1), we have

| Pegoll2ar) = / Pagol® = / Pecgol? + / Peigo?
I I INI.

g1 95(11)
- / lonl? + / o1, 200 (@1) — y)Pdy < / loul? + / lon(w)|2dy
I g€($1) I. 2 (

ge () —g1
<2[nll2rny < 2(n+ Dllwollz(ry-

In a similar way, we can perform the same estimate in H*(I) and H!(I), obtaining a extension operator
from I. into the interval I. Finally, we can set P to the whole real line. Indeed, for u € H'(I.), let
¥ € C°(R) such that I C supp(v), with ¢ =1in I and ¢ =0 in R\ (—go, g1 + go). Then we set

Pu=¢P.(u),
completing the proof. O

Now we state some properties of Lebesgue and Sobolev-Bochner generalized spaces that we will be needed
in the analysis below.

Proposition 3.5. Let I. = (0,g:(x1)), withe > 0, 1 € (0,1) and 0 < s < 1 fized. Then there exist Cy,
Cs > 0 independent of € such that

Cillullmery < llullmg ) < Collullas .y, Yu € H* (L),
where Hﬁ(lg) 18 the complex interpolation space

H{(I.) = [L(I), H' (I.)]s, for0<s<1.

Proof. Using that there exists a continuous linear extension operator P : L3(I1.) — L?*(R) given by Lemma
if we define the space H*(I:) = {v|, ; v € H*(R)}, then for all u € H*(l.)

K ullzre .y < lull ey < EXsllull e,

where K > 0 and || P||z(gs(1.),5°(r)) < As are independent of &, with same notation from Lemma Indeed,
if ue H*(I.), there is U € H*(R) such that u = U}, and lull =y = Ul zrw)- It follows that

lullers 2y < WUl ms@y = lull g= .-
Reciprocally, if u € H*(I.), then u = U|;. for U = Pu. It follows that u € H*(1.), with
Null gecry < NUllasry = 1Pull s vy < Asllull s (ry-
Analogously, by [51, Lemma 4.2] and Lemma we have
)‘871)\175||U||Hs(15) < ”uHHﬁ(IE) < lullgs(r.)-
Then
AT K ull ey < A5 ol g < lull gy
Slullgery < KAsllullze .

proving the result for C; = )\SflAszfl and Cy = K)\,, with 0 < s < 1. O

Proposition 3.6. For each ¢ > 0, H*(Q.) — L?*(0,1; H*(0,gc(x1))) for all 0 < s < 1, with embedding
constant independent of €. Moreover, if 0 < s < 1, the embedding is compact.

Proof. For each 27 € (0,1) and & > 0, we have by Proposition and properties of interpolation spaces that
luCs, Mz 0. o) < Clluer, Mg ooy < Clhatn, Mz g ooy i@ M o g, ey
where C' > 0 is independent of € > 0 and z; € (0,1). It follows that

(@, M 0. @) < Cllul@ Mo, oo 141 M1 0,62 (20)):
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and then
lu(@r, M 0.g. @)y < Cllul@s, )l 0,6, 1))
Consequently, if we integrate in z1 € (0,1)

1 1
T / a1, M09, oy 21 < C / luer Y2 o, oy

= Cllull2(0,1581 (0,90 (w1))) < Cllullin ey
concluding the first statement. To prove the last one, let us consider @ = (0,1)? and the function
Oe: Q = Qe (z,y) = (z1,22) = de(,y) := (z,yge()).
Consequently, we can set
O H'(Q:) » HY(Q)
ur O (u) :=uo .
and
W L2(0, 1,H®(0,1)) — L*(0,1; H*(0, ge (1))
urs U (u) :=uog !
It is not difficult to see that ® and ¥ are continuous and satisfy
[@<(w)l[rr(@) < Cullullmry  and [ We(u)llL20,1505 (0,9. (21))) < C2llullL2(0,1500,1))

for every 0 < s < 1, and constants C7,Cy > 0 independents of ¢.
Hence, we can use [41], Proposition 3.57] to obtain that the inclusion

HY(Q) = L*(0,1; H°(0,1))
is compact. Thus, we have the following chain
H'(Q2) 55 H'(Q) = L(0, 1 H(0,1)) =5 L*(0, 1, H'(0, g2(1)),
that implies the compact immersion. O
3.2. Concentrated integrals. Finally, we consider here what we call concentrated integrals.

Theorem 3.7. For ¢g > 0 sufficiently small, there is a constant C > 0, independent of ¢ € (0,e0) and
u® € HY(Q.), such that, for all 1/2 < s <1,

/ 0| < Cllw a0 1m0 (0.9 (oryyr V42 1 (3.1)
and

2 ous 2

/ > < C IIuEHHs(Q )+ Hax ) (3.2)

2(920)
In particular,

1
> [ <l e (33)

Proof. Take u € H'(Q.). In a.e. 21 € (0,1), we have u(z1,-) € H*(0, g-(z1)). Define
* = go — eoh1 and 2° 1= g.(x1) — che(21)
for g > 0 sufficiently small in such way that, for all € < g(, we have

[2° — 2", 2°] C [0, ge(x1)].
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. g
ge(z1)
T2
2% = ge(x1) — ehe(21) . _
2= go — goh
e
0

FIGURE 3. Fixed x; € (0,1) and € > 0, we get this fiber to the oscillatory domain for € < gg.

Since (ge(z1) — ehe(x1)) < 22 < ge(x1) and 1/2 < s < 1, it follows from [48, Theorem 1.5.1.3] for n = 1
that exists K > 0 independent of € > 0 such that

[u(z1, z2)| < Klu(@1, ) #s 0y -2 o) < Kllu(@s, )5 0,g. (1))

Indeed, the interval where we are applying the result is fixed and independent of the parameters ¢ and .

Hence,
.‘]5(-1'1)
/ |U‘q_/ / |u(z1, 22)|drodry
0 € E(Il) —ch. (Il)

ge zl)
K9 uer, VY 0 o ooy o
/0 € /s(ﬂﬁ) ehe(xy) H=(0,9:(x1))

: Kth/o @1 M e 0.6, ey @1 = CollulLago,usm 0,90 20

where Cy is independent of e, proving (3.1)).
If ¢ = 2, due to Proposition [3.6] and previous inequality, we get

1
2 [ P < ol 0 < CrCallul e
proving ([3.3).

Now, let us prove (3.2). Here we use that C°°(€).) is dense in H'(f2.) (see [48, Theorem 1.4.2.2]). Let
u € C*°(Q,) and fixed x; € (0,1). By Fundamental Theorem of Calculus, we have

2 du
U(.’El,l‘g) :u($170)+ 8$2 (zlas)d‘s
0
Then
xro 811/ 2 1/2 T2 1/2
lu(z1, z2)* < 2Ju(zy,0)|* 4+ 2 / —(x1,8)| ds (/ 12ds>
0o |0z 0
2| Qu 2
< 2fuer, OF + 20.(0) [ [ (on,s)| d,
0 T2
Consequently,

ge(x1) ) ge(z1)
/ (e, 22) Pdey < 2/ (s, 0)[2das
g

ge(z1)—ch(z1,€) ge(z1)—¢ehe (1)
ga(xl) Z2
+ 295(131)/ /
ge(z1)—¢che (1) 0

ou

(91'2 (131, S)

2
ds> dxs
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Qa CUl 6'& 2
S 2€h1‘U(I1,0)|2 +2g1€h1/ (Il,CCQ) dzg.
0 Oz,
Hence, if y(u) is the trace of u given by [48, Theorem 1.5.1.3], we get
1 gs(xl)
f/ lu|? = / / lu(zy, x2)|*darodr,
€ Jo. —ehe(z1)
1 ge (1) 8'& 2
< 2h1/ |u($1,0)|2d$1 + lehl/ / 7(.’]317.’172) dzrodry
0 0 81'2

ou

<2 <||’Y( )||L2(0 1T s

L2(Q. )) .

On the other hand, if Q9 = (0,1) x (0, go), we have Qg C Q., and there exists a constant ¢ > 0 such that
v (w) |l 20,1y < cllullgs(ny) for all 1/2 < s < 1. Then, due to the previous inequality,
ou ||?
L2(Q.)

/ [ul? < 2y { clfullZe g + 01 <0 [ NullZe gy + || o
L2(Q.) Oy

with C independent of €. (]

ou
6x2

4. NONLINEARITIES

In this section, we show some properties to a class of nonlinear maps defined in Sobolev-Bochner spaces.
Such applications will define the nonlinearity of our elliptic problems.
Consider the Sobolev-Bochner spaces

X. = L*(0,1; H*(0,g(z1,¢))), and their dual X! = L*(0,1; {H*(0,g(z1,¢))}), (4.1)
for 1/2 < s < 1, and define
F.:X.— X!
urr Fo(u) : Xe - R (4.2)

v (. /f

where f € C%(R) is a bounded function with bounded derivatives (see Remark . Thus, we have:

Proposition 4.1. The function F. defined in (4.2)) satisfies, with constants independents of €:
(a) there is K > 0 such that

sup [|Fz(uf)]|x; < K
ufeX,

(b) F. is Lipschitz and, therefore, is continuous; in other words there is L > 0 such that
[1F2(ui) — Fe(u3)llx; < Lllui —u3l[x., Yui,uz € Xe;
Proof. (a) For u® € X,
[Fe(u)]lx; = sup  [(Fe(u®),v%)].

llvellx. =1

So, if v® € X., using Theorem [3.7] we have

1/2 1/2
< 2 [ < (2 [ 1rr) (2 [ wE) < n el

Therefore
sup | ()l < I fllech)?C < K

us e
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(b) Indeed, if u§, u§ € X, then
[Fe(ui) = Fe(up)l[x; = sup [(Fe(ui),v%) — (Fe(ug), v%)]

llosllx. =1

Using Theorem [3.7]
[(Fe(u1),v7) = (Fe(u), v%)| = [(Fe(u]) — Fe(uy), v%)] < é/e |(f (uf) = f(u3))v7]
1/2

< (2 [ 1 —seme) " (2 [ o)

<N oo C?[luf — usllx. [1v°]|x.
Thus
[Fe(uf) = Fe(us) | x; < 1 [loeC?|luf — usl|x.
and, therefore, F. is Lipschitz with constant independent of e.

5. UPPER AND LOWER SEMICONTINUITY

In this section, we prove the main result passing to the limit in problem (2.4). First, we write equations
(2.2) and (2.4) in an abstract way. Next, we combine the results from the previous sections with those ones
from [42] [45] concerned with compact convergence to obtain upper and lower semicontinuity to & g at € = 0.

5.1. Abstract setting and existence of solutions. In order to write problem (2.4]) in an abstract way,
we consider the linear operator

Ac: D(AL) € L*() — L)
R

UE — AEUE = ax% — ?Tx% + UE,
o 1 o
with D(A.) == {u € H2(Q.); %Nl + 7%1\@ =0
1 2

Let 20 = L?3(.), Z! = D(A.) and consider the scale of Hilbert spaces Z& constructed by complex
interpolation between Z° and Z!. In our context, such spaces isometrically coincide with the fractional
power space A% of the operator A. (see [49, Theorem 16.1]). Such scale can be extended to negative
exponents taking Z-* = (Z2)" for @« > 0. Notice that 7 = H!(Q.) and z7V? = (H1(Q.)) where
H!(9,) is the space H!(f2.) endowed with the equivalent norm

oue || 1 Haus

2
€12 _ €112
14 0 = 19 + | G o

572 .
L2%2(Q.) L2?2(Q.)
Then, if we consider the realizations of A. in this scale, we obtain A, _;/; € E(Z;m, Z;l/z) with
Ouf 0p° 1 Ouf 0p°

- €, € € Hl Qs .
Q. 8.131 6.231 g2 81‘2 81)2 tu L VSD < ( )

<Ae,—1/2 ut, o) =

With some abuse of notation, we identify all different realizations of this operator writing them as A.. Then
problem (2.4) can be rewrite as
Acu® = F.(u®), (5.1)
where the map F; is given by
Fe : L*(0,1; H*(0, ge())) — L*(0, 15 {H*(0, g (x))}")
u® s Fo(u®) : L?(0,1; H(0, g-(x))) —

R
o > (B (u), v°) = é/e Ful)or,
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with 1/2 < s < 1.

Thus u® € H(Q.) is a solution of if, and only if, u* = AZ'F.(uf). Then u® € H'(.) must be
a fixed point to A7 F.|pi(q.y : H'(Q:) — H'(Q:). The existence of such solutions follows from Schaefer
Fixed Point Theorem [53] Section 9.2.2, Theorem 4].

In a similar way, we can analyze the limit problem given by . We first consider Xo = L?(0,1) with
the norm [[ul%, = ug||u||L2(071) and, then, the linear operator

Ap : D(Ao) C Xog— Xo
u— Aou = —qoUqs + U,

with D(Ag) = {u € H?*(0,1);v/(0) = «/(1) = 0}. Next, we introduce the fractional power spaces, and set
the nonlinearity

Fo: Xo — L*(0,1)
u s Fo(u) : L*(0,1) = R

1
v (Fo(u),v) = / wn fo(u)dx
0
where ¢o and fy are given in ([2.3)).
Consequently, the limit problem (2.2)) can be rewritten as
Aou = Fy(u) (5.2)

and then, u € H'(Q) is a solution of (5.2)) if, and only if, u = Ay 'Fy(u). Thus, u € H'(0,1) is a fixed
point to Ay ' Fy : H*(0,1) — H'(0,1). The existence of a solution also follows from Schauder’s Fixed Point
Theorem.

5.2. Extension operator. Now, we consider a continuous extension linear operator that will be useful in
our situation. More precisely, from |21, Lemma 3.1] we have

Lemma 5.1. IfQ. = {(z1,22); 0 <21 <1, 0 <22 < ge(x1)} and Q = {(x1,22); 0 <21 <1, 0 <22 < g1},
then there ezist a constant K > 0, independent of € and p, and an extension operator

P. € L(LP(Q), LP(2)) N LIWP(Qe), WHP(Q)) N LWy (Q:), Wy ()
where WAP is the set of functions in WP that vanish in the domain’s lateral boundary) such that
12}

| Pe®l|Lr () < K||<PE||LP(Q )s

OP.° dp*
71 LP(Q) 1 LP(Q) T2l (0.)
’ OP.¢°
Oz LP(Q) 35172 LP(Q)

for all p* € WHP(Q,), with 1 < p < oo and n(e) = sup |gL(x1)].

This operator will play an important role in the convergence analysis since it extends the functions defined
in the perturbed domain 2. into the fixed one 2 in an appropriate way. One important property of this
extension operator is the following.

Proposition 5.2. If ||lul|g1(q.) < K, with K > 0 independent of €, then || Poul| g1 () is uniformly bounded
and we can extract a subsequence (still denoted by €) such that

JdP-uf

P.u® — ug in L?(Q), P.u® — ug in H'(Q),
T2

— 0 in L*(%),

for some ug € H'(0,1), where P- is the extension operator from Lemma . In particular, if 1/2 < s <1,
Pou® = ug, in X = L*0,1; H(0,91)).



ELLIPTIC EQUATIONS WITH TERMS CONCENTRATING ON THE OSCILLATORY BOUNDARY 15

Proof. In fact, since |[u®||f1(q.) < C we have

8“5 (>
HUE”LQ(Q) < C, ‘ - < C and ‘ < Ce.
0711 120 022|120
Using Lemma 5.1}
oP.uf ||? oP.us ||?
1P oy = WPl + | S|+ |25
1 llz ) T2 L2
oue || ou ||? ou ||?
<K |1l + | +iPe)| +|
01l 20 072l 2 (0) 022l 12 (0)
Since g has bounded derivative, it follows
1 C
n(e) = - Sup |9 (1/e)] < =
and then, for 0 < € < 1 there is M > 0 independent of € > 0 such that
1Pl rr o) < CllwlFq.) < M.
Consequently,
P.u® P.u®
1P || 12 () < M, ‘8 =Y < M, ‘a =t < eM.
01 l12(0) 072 lr2(q)
Thus, there exist a subsequence P.u® and a function uy € H'(Q) such that
OP.uf
P.u® = ug in L*(Q), P.u® — ug in HY(Q), Y 0 L*(Q).
T2
Further, from Proposition we have P.u® — ug in X = L%(0,1; H*(0,g1)).
Tt follows that ug(x1,x2) = up(x1) in , in particular,
0
a—z(;(xl,xg) =0 a.e. in Q.
Indeed, for all ¢ € C§°(2), we have
Oug dy ) Op . / OP.u®
—dridry = — —dzidry = —1 Pou’)——dxidry = — 1 dxy1dxs = 0.
/Q 8.%2%0 T1a2 /QUQ 01'2 T1d2 slirtl) Q( B )axg T1dtz slg% Q 61'2 paz1ats
Furthermore, since ug € H!'(Q) and ug(z,y) does not depend on the second variable, we may regard
ug(x,y) = ug(x) and ug € H(0,1), concluding the proof. O

5.3. Continuity of the equilibria set. In this section, we show our main result. First, let us collect some
lemmas and propositions in order to achieve our goal.

Lemma 5.3. Letu® € H*(Q.) and denote by w® € H'(Q.) the functionw® = A7 F.(u®). Then ||w®|| g1y <
C for some C > 0 independent of .

Proof. Since w® = AZ1F.u®, it follows that, for any ¢ € H'(Q.),

T T (R Y
Q. € Jo,

Q. 8:51 8%1 Q. 8x2 8%2
Therefore, if we take ¢ = w*®, it follows from Lemma [3.7] that

1 /2 /4 1/2 "
o a3 [ 106IR) (2] WB) " < 1Akl o

Thus, [[w®|[g1(a.) < C. 0

Now, we will analyze the asymptotic behavior of the nonlinearities.
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Proposition 5.4. If we have u® € H' () and ug € H'(Q) with P.u® — ug in HY(Q) and ug(z1,22) =
ug(w1), for all (z1,x2) € Q, then, for all p € H(0,1), we have

2 100 [ s (53

where py, is the average of the function h as in Remark [21]
Proof. Indeed,

: /g S )e—m /0  Fluo)o = : /0 () = oo + . /0 o) /0 i (o)

Using the definition of uj and with standard computations, we have

L[ s [ stwe] < 2 [ 15 - el

ge(ml 1
/ / Flun(1)) (1) deaday — / F(uo(@1))pnp(r )y
0

e(z1)—ehe(z1)

( /'f (z1,22)) = f(uo(ml))|2dx2dx1>l/2 (1/ |90($1)|2d:c2dx1>1/2

/ —[ge(z1) — (ge(w1) — ehe(w1))] f (uo(z1))p(w1)dr1 — / f(uo(21)) pnp(w1)dzy

0

_|_

Now, since ¢ = (z1) we have

/ lp(z1)] dxgdxl‘ < thapHLz(Ol < C’||g0||H1(01 Moreover, using
Theorem Remark [2.1] and the uniform bound of f and f’, it follows that, for 1/2 < s < 1,

1/2
< ||f/||0001 (5/0 |u®(x1,22) — U0($1)|2d$2d$1> H¢||H1(0,1) + ‘/0 Juo(z1))e(w1)(he(w1) — pn)dzy

1
< K|u® —uollx. + ‘/0 fuo(z1))p(x1)(he(z1) — pn)dx

1
< K||P-u® — uol|x + ’/ Fluo(z1))o(x1)(he(x1) — pp)dz| — 0 as e — 0.
0

This completes the proof. O

We also need a notion of compactness for sequences, and convergence for operators which are defined in
different spaces. We follow the exposition from [43]. See also [42].

In general, consider a family of Hilbert spaces X. and a limit Hilbert space X;. Besides, let E. : Xg — X,
a family of operators such that ||E.ulx. — ||ul|x, when ¢ — 0. We recall that a sequence u® € X,

E-converges to ug € Xo, if [[u® — E.u|x. — 0. This will be denoted by u. .
Definition 5.5. A sequence {u,}, u, € X, with e, — 0, is E-precompact if for all subsequence {un} there

are a subsequence {un~} and an element u € Xo such that Eou A family is said to be E-precompact is
all sequence {u,}, u, € Xc, with e, — 0, is E-precompact.

Definition 5.6. We say that a family of operators {T.}, with T. : X. — X, E-converges to T : Xg — X
when € — 0 if T.u® RN for any u® Ly u. We denote this convergence by T, EE 7.
Finally, we may define a notion of compact convergence for operators.

Definition 5.7. A family of compact operators {T.}, with T. : X. — X, converges compactly to T :
Xo — Xo when & — 0 if, for any family {u®} with |[u||g1(q.) uniformly bounded, we have that {T.u°} is

E-precompact and T BE T We denote this compact convergence by T. EENY
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For now on, consider again the spaces X, defined in (4.1). The next result show the compact convergence of
the operators AZ! to Ao_l, defined in ([5.1]), in the Sobolev-Bochner generalized spaces L?(0, 1; H*(0, g.(x1))).

Proposition 5.8. Using the notation given by (5.1) and (5.2)), we have AZ! °q At with A7V X, — X,

Proof. 1t will be proved in three parts.
(i) AZ! is compact for each & > 0.

Using previous results from, for instance [21], we have AZ1 : L2(Q.) — H'(€.) is compact. Hence,
since X is continuously embedded in L?(2.), and H'(£2.) is compactly embedded in X, by Proposition
we have that

i At i
X. = L*(0) < H'(Q) — X..
Thus, A!: X, — X, is a family of compact operators for each € > 0. The proof for € = 0 is analogous.
(ii) The family {A-!f¢} is E-precompact when || f¢||x. is bounded.

In fact, if {f*}.c(0,1) in X, is such that || f¢||x. < M, define u® := AZ'f°. Then A.u® = f¢, and u®

satisfies, for € sufficiently small, that

1/2 1/2
o < [ 1t () () )
Q. Q. Q.

= If* 2o llefll L2y < 17 Ix il o) < M[w®]lmy.)-

Using Proposition it follows that || P.u®|| g1 (g is uniformly bounded and there are ug € H'(0,1)
and subsequence, that we will also call P.uf, such that P.u® — wo in H'(Q) and, consequently,
P.u® — ug in X. Furthermore it follows that

|AZYf = Eougllx. = ||[u® — Eaugllx. = [|(P-u® — uo)|q. lx. < [[P-u® — ugllx — 0.

(iii) If £. 5 fo, then AZ1fe 5 A5 fo.
Indeed, like the previous item, suppose u® := AZ!f¢. It follows that A.u® = f¢, || f¢||x. is bounded,
since is E-convergent, and then there are again subsequence of u° (also called u®) and ug € H*(0,1)
such that P.u® — ug in H*(Q).

Since f. X fo, it follows that

R 95(121)
fe 2:/ fe(z1, z2)dae — fo
0

in L2(0,1). Thus, using [2I, Theorem 4.3] we have that ug € H*(0, 1) satisfies

1 1
/ (—qou3+uo)<p=/ fop, Yo € H'(0,1).
0 0

Furthermore, Agug = fy, that is, ug = Aalfo and
JAZ1fE = B AG follx. = llu® = Eougllx. = [[(Peu® —wo)lo. || x. < [[P-u® —uollx — 0.
Thus, we conclude the proof. O

Now, we prove the result that will guarantee the semicontinuity of the solutions of problem ([5.1)).

Proposition 5.9. Using the previous notation, we have AZ1F. e, Ao_lFo as e — 0.

Proof. We will also divide this proof in three parts.
(a) AZ1F. is compact for each € > 0, where AZ'F, : X, — X_.
In fact, since A1 is compact by Proposition and F; is Lipscthiz with constant that is independent

of ¢ by Proposition ), the result follows by composing those applications. Thus AZ'F. : X, — X,
is a family of compact operators for each € > 0. The proof for € = 0 is analogous.
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{AZ'F.(u®)} is E-precompact when ||uf]|x, is bounded.
Define 2° := AZ1F.(u®) and, consequently, A.z° = F.(uf). Since u® € X., we have 2 € H1(Q,.). If
we call f¢ = f(u)x? /e for each £ > 0, we obtain f¢ € L?(€).) and

82—1 1|2 2 .
=2 [ 1R < isim = K

where K > 0 is independent of . It follows that ||2°||f1(q,) < K and by Proposition we have that
| Pe2%[| 11 (q2.y is uniformly bounded, where P. is the extension operator from Lemma
Also, from Proposition there are z9 € H'(Q) and subsequence, that we will also call P.z¢, such
that P.z° — zp in X and z is independent of the second variable. Hence, we have zy € Hl(O, 1) C Xo.
Thus,

JAZ e (u) = Eezollx. = [12° = Eezollx. = [[(Pe2® = 20)la. [|x. < [|[P-2® = 20]lx — 0.
ATV (uf) B A7 Fy(uo) if uf Z uy.

Arguing as in the previous item, let us define 2¢ := AZ'F.(u®), and then, A.2° = F.(uf). Since
u® € X., we have 25 € H'(Q.). If we call f& = f(u®)x? /e for each ¢ > 0, we have

i 1 1>
[ 1rPde =2 [ 18R <17 = .
Q. € Jo.
with K > 0 independent of €. Furthermore, since u® EN ug, if we define
. 1 [9:(@1)
feon =7 | Fu (1, 22))dos,
g

€ 5(z1)76h5(11)

we have fe¢ — f in L%(0,1) by Proposition with f(z1) = pun f(uo(z1)). Indeed, for all ¢ € L2(0,1)

L/ peetan) . 1 . '
/0 (5 /gs(xl)_shs(m f(u)dzy — th(%)) pdry = - /9 fw)e _/o pun f (uo)p — 0.

Consequently, from [21, Theorem 4.3] there is 29 € H'(0, 1) such that P.2® — zp in X, where z; satisfies,
for all ¢ € H'(0,1),

1 1
L
/(qoz()so’Jrzw):/ =L g f (uo)ep-
0 o Y

It follows from the definition of Ag and Fy that zg = AalFo(uo), and then,
[AZ P (u)—E- At Fouo)llx. = [|12° — Ezzoll s 0.)
= [[(P-2 — 20)|a. [ x. < [[Pe2® — 20[x =0

concluding the proof.

As a consequence of Proposition we can get the following proposition:

Proposition 5.10. For any family of solutions {u} of (5.1)), there is u, solution of (5.2) and a subsequence

of uS, also called us, such that us EEN U .

Proof. It is a direct consequence of [42] Corollary 5.2] or [45] Proposition 5.6]. O

We also get the reciprocal of the previous proposition when the limit solution is hyperbolic.

Proposition 5.11. If the solution u* of (5.2) is hyperbolic, then there is a sequence {u:} of solutions of
(5.1) such that us s .

Proof. 1t follows from [42], Corollary 5.3] or [45] Proposition 5.7]. O
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Remark 5.12. In the case when all equilibria points from the limit equation (5.2)) are hyperbolic, we have
that all of them are isolated, and then, there exists only a finite number of them (see [45, Corollary 5.4 or
Proposition 5.5]).

Furthermore, the previous results prove the upper and lower semicontinuity of the equilibrium set at
e=0.

Proof of Theorem[2.]} The item (a) follows from Proposition and the item (b) is a consequence of
Proposition [5.11] O

6. FINAL CONCLUSION

In this work, we obtain the homogenized equation of a family of solutions of a semilinear elliptic equation,
with homogeneous Neumann boundary condition, posed in a two-dimensional oscillating thin region with
reaction terms concentrated in a neighborhood of the oscillatory boundary. The main challenge of our
analysis is the proof of Theorem [3.7] which gives us estimates for the concentrated integrals. Such result
allows us applying, in an appropriated way, mathematical methods and techniques such as Fixed Point
Theorem, compact convergence and homogenization theory to pass to the limit in the perturbed equation
(2.1) obtaining upper and lower semicontinuity of the set of solutions. The main result of the paper is
Theorem[2.4] It is a rigorous convergence result which allows us approximating the solutions of the perturbed
equation by the non-singular and one-dimensional equation . Also, we have that the homogenized
equation captures the effects of all relevant physical processes that take place in the original problem.
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