OPERATOR RANGES AND ENDOMORPHISMS WITH A PRESCRIBED
BEHAVIOUR ON BANACH SPACES
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ABSTRACT. We obtain several extensions of a theorem of Shevchik which asserts that if R is
a proper dense operator range in a separable Banach space F, then there exists a compact,
one-to-one and dense-range operator T : E — E such that T(E) N R = {0}, and some
results of Chalendar and Partington concerning the existence of compact, one-to-one and
dense-range endomorphisms on a separable Banach space £ which leave invariant a given
closed subspace Y C F, or more generally, a countable increasing chain of closed subspaces
of E.

1. INTRODUCTION

A linear subspace R of a Banach space E is said to be an operator range (in E) if there
exist a Banach space X and a bounded linear operator 7' : X — E such that R = T'(X).
If X = E, we say that R is an endomorphism range in E. These subspaces possess
rather surprising disjointness properties. A classical theorem of von Neumann, reformu-
lated by Dixmier in terms of operator ranges (see e.g. [11, Theorem 3.6]), yields that if
R is a non-closed endomorphism range in a separable Hilbert space H, then there exists a
unitary operator 7' : H — H such that R and (the endomorphism range) T'(R) are essen-
tially disjoint, that is, RN T(R) = {0}. This theorem implies that every separable Banach
space contains a couple of dense essentially disjoint operator ranges [5, Proposition 2.6]. A
strengthening of this result was obtained by Shevchik [19], who proved that if R is a proper
dense operator range in a separable Banach space E, then there exists a compact, one-to-one
and dense-range operator 1" : E' — E such that T(E) N R = {0}. Such operator is actually
nuclear, that is, there exist sequences {e, }, C E and {f, }, C E* (the dual space of E) such
that Y o, [len|||fall < 00 and T'(x) = >, <, fu(x)e, for all z € E. It is worth to mention
that, according to a result of Bennet and Kalton [2], the operator range R in this result can
be replaced with non-barrelled dense subspaces of E. However, this assertion is not true
if R is an arbitrary (infinite-codimensional) linear subspace of E: as it was pointed out by
Drewnowski [8], every Banach space F contains a dense (barrelled) subspace V' C E which
is not essentially disjoint with respect to the range of any one-to-one operator T : X — F
defined on an infinite-dimensional Banach space X. For further developments related to
essential disjointness of operator ranges, we refer to the works [6], [9], [16] and [18].
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Some other kinds of constructions, concerning the existence of compact, one-to-one and
dense-range endomorphisms on separable Banach spaces which leave invariant closed infinite-
dimensional subspaces of such spaces, were carried out by Yahagi [23], and by Chalendar
and Partington [7]. In particular, Theorem 2.1 in [7] yields that if Y is a closed infinite-
dimensional subspace of a separable Banach space E, then there exists a compact (in fact
nuclear) one-to-one and dense-range operator T': E' — E such that T'(Y) is a dense subspace
of Y. A generalization of this theorem, where the subspace Y is replaced with a sequence
{Y,}n of closed subspaces of E such that Y,, C Y, for all n > 1, was also obtained in
[7, Theorem 2.2]. For more information on the existence of operators with other striking
properties on separable Banach spaces we refer to the paper of Grivaux [14].

In this work, we establish several extensions of the aforementioned theorems of Shevchik
and Chalendar and Partington. The proofs of these results, to be stated in sections 3, 4 and 5,
rely on the existence of M-bases with some special features in separable Banach spaces, and
some stability properties of minimal sequences in Banach spaces with a “disjoint behaviour”
with respect to infinite-codimensional operator ranges, or more generally, countable unions of
infinite-codimensional operator ranges in those spaces, to which we devote the next section.
In the sequel, we denote by R(E) the family made up of all infinite-codimensional operator
ranges in a real Banach space E, and by S(E) the class of sets of the form | J, -, R,, where
R, are elements of R(E). It is worth to mention (see e.g. [1, Corollary 2.17]) that if R is a
proper dense operator range in a Banach space E, then R € R(E).

Section 3 deals with some generalizations of Shevchik’s theorem. The first result of that
section ensures the existence of a nuclear and dense-range endomorphism 7" on a separable
Banach space F such that T'(F) is essentially disjoint with respect to a given set R € S(FE)
and T*(E*) (being T* the adjoint operator of T') fills a given closed separable total subspace
Z C FE*. Recall that a linear subspace F' of the dual of a Banach space E is said to be
total if F'is w*-dense in E*. The construction of the operator 7' in that result also yields
that T*(E*) NV = {0}, for a given set V € S(Z). Next, we obtain two more extensions of
Shevchik’s theorem, both of which imply that if £ is a separable Banach space, then for any
R € S(E) and V € S(E*) there exists a nuclear, one-to-one and dense-range endomorphism
T :E — E such that T(E)NR = {0}, T*(E*)NV = {0} and T*(E*) is (not only total but)
A-norming for F, for any given number A € (0,1). Recall that if A € (0, 1], then a linear
subspace F' C E* is said to be A-norming (for F) if sup{f(z) : f € F, ||f| < 1} > A||z||
for each x € E. The latter result yields that if £ is a separable Banach space, then for
every proper dense operator range R C E* there is a dense operator range V' C E* which is
isomorphic to R and satisfies RNV = {0}. This (non-separable) weak version of Shevchik’s
theorem provides a refinement of a result of Plichko [18], who proved the existence of two
dense essentially disjoint operator ranges in />°, answering a question possed by Borwein and
Tingley [3].

In Sections 4 and 5, we obtain several extensions of the aforementioned theorems of
Chalendar and Partington, which yield as well some disjointness properties of the involved
operators. In the first result of Section 4, we consider a closed infinite-dimensional and
infinite-codimensional subspace Y of a separable Banach space F, and provide conditions
on two sets R € S(F) and V € S(E*) to ensure the existence of a nuclear, one-to-one and



OPERATOR RANGES AND ENDOMORPHISMS WITH A PRESCRIBED BEHAVIOUR 3

dense-range operator T : E — E which, among other properties, satisfies that T(Y) =Y,
T(E)N R = {0}, T*(E*) NV = {0} and the subspace F' = T*(E*)|y C Y* (the restriction
to Y of T*(E*)) is A-norming for Y, for any given number 0 < A < 1. We also prove that
if X and Y are quasicomplemented subspaces of a separable Banach space E (that is,
if XNY = {0} and X + Y is dense in E), then there exists a nuclear, one-to-one and
dense-range operator T : E — E such that T(X) = X, T(Y) = Y and T(E) and T*(E*)
are essentially disjoint with respect to certain sets in S(E) and S(E*). In Section 5, we
consider an increasing sequence {Y,}, of closed subspaces of a separable Banach space FE
such that dim(Y,) = dim(Y,,11/Y,) = oo for each n, and establish conditions on two sets
R € S(E) and W € S(E*) to guarantee the existence of a nuclear, one-to-one and dense-
range operator 1" : E — E which, among other things, preserves the subspaces of the chain
(that is, T(Y,,) = Y, for each n) and satisfies the disjointness properties T(E) "R = {0} and
T*(E*)NW = {0} (the second property whenever the subspace U,,Y,, is infinite-codimensional
in F).

The notation we use is standard. We consider real normed spaces. The symbols Sg, Bg
and Ig stand respectively for the unit sphere, the closed unit ball and the identity operator
of a normed space E. If A is a subset of E, we denote by span(A) (or span A), co(A) and
c0(A) the linear span, the convex hull and the closed convex hull of A, respectively. If {x,},
is a sequence in E, we write [{x,},] for its closed linear span. The symbol A+ refers to the
annihilator subspace of a set A C FE, that is, At = {f € E* : f(x) = 0 for all z € A}.
Analogously, given a set F' C E*, we write F'y ={z € E: f(x) =0 for all f € F}.

2. MINIMAL SEQUENCES AND COUNTABLE UNIONS OF OPERATOR RANGES

A key ingredient in the proofs of the aforementioned results is the following lemma con-
cerning the existence of minimal sequences in a Banach space with a special behaviour with
respect to countable unions of infinite-codimensional operator ranges in that space. Recall
that a sequence {x,}, in a Banach space E is said to be minimal whenever there exists a se-
quence { f, }n C E* such that {x,, f,} is a biorthogonal system in E, that is, f,(2m) = dnm,
for all n,m > 1. If all the functionals f,, lie in a given subspace F' C E*, then we say that
{z,}» is an F-minimal sequence. It will be convenient to introduce the following notation:
A sequence {x,}, in a Banach space F is said to have property (x) with respect to a
subset V C FE if the conditions {a,}, € ¢' and )" a,x, € V imply a, =0 for all n > 1.

Lemma 2.1. Let (E, || -||) be a Banach space, let X C E and F C E* be closed subspaces
and S € S§(X). If {z,}n is an F-minimal sequence in X then, for every e € (0,1) there
exist an isomorphism ¢ : E — E and an F-minimal sequence {y,}, C Bx such that

(1) ¢ —Ig| <e.

(2) o([{zn}nl) = {yn}tnl.

(3) p(X) = X.

(4) ¢*(F) = F.

(5) span(co({£y,}n)) NS = {0}.

(6) {yn}n satisfies property (x) with respect to S.
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In the proof of this lemma, we shall use the following strenghtening of a result of Fonf
[12, Lemma 3].

Lemma 2.2. Let {V,,}n be a sequence of symmetric closed conver and bounded sets in a
Banach space (E, || - ||) such that codimg(spanV,,) = oo for all m > 1. Then, for every
pair of sequences {v,}, C Sg and {e,}, C (0,00) there exist sequences {wy,}, C Sg and
{7 }tn € (0,00) satisfying >, vn < 1,

|vn, — wy|| < &n,  forall n>1

and

span(co({£y,wn tory)) NspanV,, = {0},  forall m > 1.

Proof. We may assume that V,, C %BE for all m > 1, and thus |J,, V;, is closed and
symmetric. Let us write, for each m > 1, L,, := spanV,,. Because of the convexity
and symmetry of V,, we have L,, = |J,~, kV,5. Since UJ,, L, = Umk kV,, is a countable
union of closed sets with empty interior in E, thanks to Baire’s category theorem the set
E\ (U,, Ln) is dense in E. Notice that if A # 0 and w € E, then Aw € E\ (U,, L) if
and only if w € E\ (U,, Lm). Thus, the set Sg \ (U,, Lm) is dense in Sg. So, there is
wy € Sp\ (U,, Lm) such that ||w; — v < e1.

Now, for every m > 1 we define L,,1 = L,,, and L, 2 = span({w; }UL,,1). By hypothesis,
codimpg(Ly, 1) = 0o = codimg(Ly,2), 80 Ly, 2 # E. It can be checked that

Lo = Jkco({w } UV;,)
k>1
and co({xw,} U V},) is a symmetric closed convex and bounded set with empty interior.
Thus |J,,, Lm,2 is a countable union of symmetric closed convex and bounded sets with empty
interior in £. A new appeal to Baire’s category theorem yields that the set £\ (U, Lim2) =
EN\ (U, b co({wi }UV,,)) is dense in E. Also, if A # 0 and w € E, then Aw € E\(U,, Lim,2)
if and only if w € E '\ ({U,, Lm,2). That is, the set Sg \ (U,, Lm,2) is dense in Sk and there
is wy € Sg \ (U,, Lmz2) such that ||wy — va|| < e2. Notice that, because of the construction,
we have span {wy,ws} N (U,, Ln) = {0}.
By induction, we get a sequence {w,}, C Sg such that, for every n,

|lw, —vn|| <&, and w, € Sg\ ULm»"’
m

where L,, ,, is defined for each m > 1 as
Ly = Ly, and Ly, , := span({w,—1 }UL, »,—1) = span({wy, ..., wn—1}ULy, n—1), for n > 2.

Arguing as before we can deduce that
® Ly =i kcol{tws, ..., fw, 1} U V),
e the closed convex bounded and symmetric set co({£wy, ..., *tw,_1}UV,,) has empty
interior in F,
e codimg(L,,,) = oo and

e spanf{wy, ..., w,} ((U,, Lm) = {0}.
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Now, for each n we set W), := span{wy, ..., w,} and consider the function

ro(t) == dist(tSw,, | JVin) = inf{|lz — y|| : 2 € tSw,,, y € | JVin}, for ¢ >0.

Since J,, Vin is closed and tSw, N (U,, Vin) = 0 we have dist(z,,, Vin) > 0, whenever
x € tSw, and t > 0. As tSy, is compact we get 7, (t) = inf{dist(z,,, Vin) : © € tSw, } >0
for all ¢ > 0. Also, since {W,,}, is a strictly increasing sequence of sets, we have r,1(t) <
rp(t) for all n > 1 and all ¢ > 0.

We claim that r, is strictly increasing. Indeed, let us fix 0 < ¢t < /. For every = € Sy,
and y € ,, Vin we have [tz —y|| =t|z — 4| = & |tz — £
tr € tSw, and Sy € £(U,, Vin) € U,, Vin it follows that

t/

ra(t') > zrn(t) > 7, (t).

, and bearing in mind that

Let us define, for each k > 1,

1
=27 kp (2).
Vi T‘k(k)

Notice that 7,(3) <
n > 1 we have

Z o= Z 2 Z 2 ra (1 Z 2k (L) = 2 "rn(%).

k=n+1 k=n+1 k=n+1 k=n+1

% for all £ > 1, and thus Zk21 Ve < Zk21 % < 1. Moreover, for all

Now, we shall prove that

o ({Eywr k) N (L Vin) = {0}
Suppose that z # 0 and z € co({Ety,wk}k). Let us fix a natural number n large enough
such that [|z]| > £ 4+ 27"r,(+). Then, for every 0 < e < |z|| — + —27"r, (%) there is a sum
> r—1 Ayewy such that Y7 |Ae] < 1 and ||z — > 7 Aevewe|| < €, where we may assume
that s > n. In particular,

Z ARV W Z ARV W
=1

k=n+1

Z AR Yk W
=1

" IS B |
>zl —e= D w= el —e—27"m(-) >

.
k=n+1

Then, for every y € U, Vin,

> Mews — y > A

S
Iz =yl = 2= AR
n S
> Tn <|| Z)\k'ykwk”> D
k=1 k=n+1

1 1
> (=) — 27 (=) — €.
> 7a(~) () —e
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Since this inequality holds for every 0 < e < ||z — £ — 27", (1), we get
1 1

-yl = rn(—=)—=2""r, (=) >0
Iz =yl = ra( ) —27r ()

for all y € |, Vin. Therefore, z & J,, Vin.
The above implies that

span(@o({£wi}i21)) N (U Lm) = {0}.

m

Indeed, observe that
span(eo({yewi }i2,)) = | noo({Enun}iz,).
n>1

Thus, if 2 € span(e({£ 7 121)) Uy, L) = span(e0({£905E.)) Uy o1 Vi), then
there exist natural numbers ng, so and mg such that z € (ngco({Evewe}2,)) N (So Ving)-

Therefore,
z 1__ ~ 1 _ 0
€ (—o({Emwe1isr)) N (—Ving) C col{dyewi}iZy) N Vg = {0},
So 1o S0 o
and this yields z = 0. 0
Proof of Lemma 2.1. We may assume without loss of generality that ||z,| =1 for all n > 1.

Let {fn}n C F be a sequence such that {x,, f,}, is a biorthogonal system in E and fix a
sequence {&,}, of positive numbers with ) _, e, <e. Let {R,,}, a sequence in R(E) such
that S =J,,~; Rm. We will define a sequence of subsets {V;, }.,, of F satisfying the hypothesis
of Lemma 2.2 and such that R,, C spanV,, for every m. Fix a natural number m > 1. If
the operator range R,, is closed, we consider the symmetric closed convex and bounded set
Vi = R, N Bg, which obviously satisfies spanV,, = R,,, and so codimg(spanV,,) = oc.
If R,, is not closed we define E,, = R,,. Then, R,, is a proper dense operator range in
E,,. Consider a Banach space Z,, and a one-to-one operator A,, : Z,, — FE,, such that
R, = A(Z,,), and set V,,, = A,,,(Byz,,). Notice that V,, has empty interior in £, (otherwise,
by the open mapping theorem, A,,(Z,,) = E,,, which is not true). Consider the vector space
W,, = spanV,, = Uj21 JjVim, and let || - ||, the norm on W,, whose closed unit ball is V,,.
Then, (Wi, || - ||lm) is a Banach space (see e.g. [10, Exercise 2.22]). Moreover, because of the
boundedness of the set V,,, there is a constant C,, > 0 such that ||z| < C,, whenever x lies
-y (the closed unit ball of (W, || - ||)). Therefore, the inclusion operator
m) = (Em, || - 1]), being || - || the norm in E,, inherited from E, is continuous.

in Vi, = Buw,,,
I (Wo, || -
Consequently, W, = spanV,, is a proper dense operator range in FE,,, which yields that

codimg,, (span V,,,) = oo, and hence codimg(spanV,,,) = co.
Applying now Lemma 2.2, we deduce the existence of a normalized sequence {w,}, C X
and a sequence of positive numbers {7, }, such that > -, v, <1,

|zn — wnl| < enllfull™ forall n>1

and
span (@0 ({£ynw, }n)) N (| span V;,,) = {0}.
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In particular,
(2.1) span(co({£y,wn}n)) NS = {0}.
Since Y, o [l fallllwn — @ull < 37,5, 80 < € <1, the formula

olr)=a+ an(x)(wn —x,), TEFE
n>1
defines an isomorphism ¢ : E — E with ||¢ — Ig|| < e. Moreover, taking into account that
{n, fn}n is a biorthogonal system we get

o(ry) =y + (W, — ) =w, foral n>1.

Since ¢ is an isomorphism we have o([{z,}n]) = [{wn}n]. We claim that ¢(X) = X. As
X is a closed subspace of E and {z,}n, {wn}n C X we get ¢o(X) C X. Moreover, if
x € X then there is y € E such that o(y) = vy + >~ fu(y)(w, — x,) = x. Therefore
y=a—> 1 foly)(w, — z,) € X, which yields X C p(X)

Now, we shall prove that o*(F) = F. Indeed, for each f € E* we have

e (f)=[f+ Zf(wn — Tp) fn-
n>1
In particular, as F' is a closed subspace and {f,}, C F, we obtain ¢*(f) € F' whenever
f € F, that is ¢*(F') C F. On the other hand, since ¢ is an isomorphism on F we have
that ¢* is an isomorphism on E*. Thus, for every f € F we can find g € E* such that
f=¢(9) =g+ 59w, —x,)f. Hence, g = f =3 - g(w, —2,)fn, and so g € F.
Consequently, p*(F) C F.
Now, for every n > 1 we define

Yn = YnWn and gn = ’yrjl((pil)*(fn>

It is clear that y,, € co({EVwn}n), gn € F and g,(yx) = dpy for all n,k > 1. So, {yn} is
an F-minimal sequence in By, and because of (2.1), it satisfies (5).

It remains to check that {y,}, enjoys property (x) with respect to S. Let {a,}, be a
sequence in ¢* such that the vector y = Y -, a,y, lies in S. Since y € span(co({£y,wn }n)),
thanks to (5) we get y = 0. Therefore, a, = g,(y) = 0 for all n. > 1. O

Remark 2.3. It is worth noticing that in Lemma 2.1, in the case that F is a dual space, say
E = X* for some Banach space X, the isomorphism ¢ is the adjoint of certain isomorphism
¢ X — X. In particular, ¢ is (w*, w*)-continuous.

3. ESSENTIAL DISJOINTNESS

The purpose of this section is to establish some strenghtenings of Shevchik’s theorem. We
observe that, because of the injectivity of the operator T : E — E provided by that result,
the subspace T*(E*) C E* is total (over E). Moreover, the compactness of T' guarantees that
T*(E*) is also separable. Thus, it is natural to wonder on the existence of a nuclear dense-
range operator T : E — FE such that T*(E*) fills a given closed total separable subspace
Z C E*,and T(E)NR = {0} for a given proper dense (or an infinite-codimensional) operator
range R C E. More generally, we have the following result.
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Theorem 3.1. Let E be an (infinite dimensional) separable Banach space and Z be a closed,
separable and total subspace of E*. Then, for any R € S(F) and any V € S(Z) there exists
a nuclear operator T’ : E — E such that

(1) T(E) = E.
(2) T(E*) C Z.

(3) T*(Z) = Z (in particular, T is one-to-one).

(4) T(E) N R ={0}.
(5) T*(E) NV = {0}.

In the proof of this theorem, as well as of almost all the results in this work, we shall
make use of the existence of M-bases with some special features on separable Banach spaces.
Reall that a biorthogonal system {e,, e’ },, in a (separable) Banach space F is said to be a
Markushevich basis (in short, an M-basis) of E if [{e,},] = E and span({e;‘l}n)w* = E*.
For a detailed account on such bases, we refer to the monographs [15] and [22].

Proof of Theorem 3.1. According to [22, pg. 224, Theorem 8.1] (see also [15, pg. 8, Lemma
1.21]), there is an M-basis {z,, 2, }, of F with [{z,},] = Z. By Lemma 2.1, applied to the
sequence {x,},, the set R € S(E) and the subspaces X = F and F' = Z, there exist a Z-
minimal sequence {y, }, C Bg satisfying property (x) with respect to R and an isomorphism
¢ : E — E such that ¢([{z,}s]) = [{yn}n]. Therefore, [{y,},] = E.

Applying again Lemma 2.1, now in the space E*, to the E-minimal sequence {z,},, the
set V € §(Z) and the subspaces X = Z and F' = E, we deduce the existence of a sequence
{fn}n C Bz which is F-minimal and has property (x) with respect to V', and an isomorphism
W E* — E* such that [{¢(2,)}n] = [{fn}n] and ©(Z) = Z. Hence, [{fu.}n] = Z.

Let us write, for each x € F,

T(x) = Z 2_nfn(x)yn-

n>1

Since the sequences {y,}, and {f,}, are bounded, this formula defines a nuclear endomor-
phism on E. The E-minimality of {f,}, entails that y, € T(E) for all n > 1. Indeed, if
{en}n is a sequence in F such that {e,, f,}, is a biorthogonal system then T'(e,,) = 27"y,
that is, y, € T(E) for all n > 1. Therefore, E = [{yn}n] C T(E), and property (1) is
fulfilled.

Moreover, as

T*(f)=> 27" f(yn)fa forall fe E",

n>1

we immediately get (2), and taking into account that the sequence {y,}, is Z-minimal, it

follows that f, € T*(Z) for all n > 1, so Z = [{fu}n] = T*(E*).

It remains to show (4) and (5). Pick x € E such that T'(x) € R. Since the sequence
{yn }n satisfies property (*) with respect to R and {27 f,(z)}, € ¢* we get f,(x) = 0 for all
n > 1, and therefore Tz = 0. Consequently, T(E) N R = {0}. Bearing in mind that {f,},
satisfies (%) with respect to V, the same argument entails that 7*(E*) NV = {0}. O
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It is well-known (see e.g. [22, pg. 225, Lemma 8.1 or [15, pg. 8, Theorem 1.22]) that
every separable Banach space admits a closed, 1-norming and separable subspace Z C E*.
This fact and Theorem 3.1 lead to the following result.

Corollary 3.2. If E is a separable Banach space then, for every R € S(E) there exists a
nuclear, one-to-one and dense-range operator T : E — E such that T(E) N R = {0} and the
subspace T*(E*) is 1-norming for E.

The next result provides another extension of Shevchik’s theorem.

Theorem 3.3. If Y is a closed infinite-dimensional subspace of a separable Banach space
E then, for every R € S(Y), every V€ S(Y*) and every A € (0,1) there exists a nuclear
one-to-one operator T' : E — I such that

(1) T(E) CY

(2) T(Y)=Y.

(3) T(E)N R ={0}.

(4) T*(E")ly nV ={0}.

(5) T*(E*)|y is A-norming forY .

(6) In addition, if Y* is separable, then the operator T' can be built so that T*(E*)|y = Y.

(7) In addition, if E* is separable, then the operator T can be built so that T*(E*) = E*.

In the proof of this theorem we shall use a result of Singer [20, Theorem 2], which asserts
that, if Y is an infinite-dimensional and infinite-codimensional closed subspace of a separable
Banach space F and {y}}, C Y* is a total sequence (that is, such that span({y},) is total
over Y'), then there exists a sequence {f,}, C E* such that f,|y =y for each n and {f,},
is total over E. We shall also need the following variant of this result.

Lemma 3.4. Let E be a Banach space with separable dual, let Y be a closed subspace of E
and {y:}n a sequence in Y* such that [{y:},] = Y™*. Then, there exists a sequence {f,}, in
E* such that f,|y =y for each n and [{f.}n] = E*.

Proof. Since (E/Y)* identifies with Y+ C E* and E* is separable so is Y+, and there is a
dense sequence {27}, in Y+. For every n, let us consider a linear continuous extension to £
of the functional ¥, and denote it by A} € E*. For convenience, let us relabel the sequence
{hy}n in the form {A}, i} jen. Since for every fixed m,

*
h ]ﬁoo %

il H

3
Z, T

hy . . .
we have 2%, € [{z} + m . k,j € N}, thus for every m, j we get

*

b€ {2z + ———
s € W+ ey

. ki e N}.
Let us define, for every m, 7,
Jmyj = thin,jHZ* + h*

Clearly, fmjly = Ry, ;lv and [{ fi; : k,j € N}] = [{z}+ j”h : k,j € N}]. Let us check that
{2e e U LRy e s] = E*. Let us rewrite {h), ;}m; as {h:}n by reverting the first relabeling.
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Fix f € E* and take ¢ > 0. Since Y* = [{y;},], there is a finite linear combination ), a;y;
such that || fly — >, a;yf|| < e, that is,

Ifly =) abily] <e.
7

Since Y* is isometrically isomorphic to the quotient space E*/YL, there exists a functional
g € Y+ such that || f — >, a;hf — g|| <. On the other hand, as {2}, is dense in Y+, there
is a finite linear combination »_; b;27 with [[g — >, b;27|| < e. Therefore,

If - Zalh* ijz I < 2e.

Thus, f € [{z;}x U{h} k). Finally, we rewrite {fn ;}m; as {fn}n by reverting the first
relabeling, which yields f,|y = hl|y =y for each n, and the proof is finished. O

Proof of Theorem 3.3. According to [15, pg. 8, Theorem 1.22] (see also [22, pg. 226, Corollary
8.1]) there is an M-basis {e,, e} }, of Y such that the subspace [{e}},] C Y* is 1-norming
for Y. Fix a number 0 < € < 1 such that (1 —3¢)/(1+¢) > A. Thanks to Lemma 2.1, there
exist an isomorphism ¢ : Y — Y with ||¢ — Iy| < € and a minimal sequence {y,, },, C By
which enjoys property (%) with respect to R and satisfies [{y,}.] = [{¢(en)}n] = Y-

Evidently, the functionals y* := (¢~ ')*(ef) € Y* (n > 1) constitute a Y-minimal se-
quence. Applying Lemma 2.1 to this sequence, we deduce the existence of an isomorphism
¥ Y* — Y* with || — Iy+|| < € and a Y-minimal sequence {v},, C By« satisfying property
(%) with respect to V and [{v:},] = [{¥(y5) }al-

Since ||¢* — Iy« || < & we have ||(¢*)7"|| < 1/(1 —¢). Thus, the isomorphism 7 : Y* — Y*
defined as 7 = 1) o (¢*) ! satisfies

7] < (1 +e)/(1-e¢)
and

< @)l =@l < e(@ =) (1Y — Iy=ll + [l¢™ — Iy-|l) < 2e(1 — )"

The last two inequalities imply that the subspace [{v:},] C Y* is ll—f—norming, and hence
A-norming. In particular, the sequence {v’}, is total over Y, and thanks to [20, Theorem
2], we obtain a total sequence {f,}, C £E* such that f,|y = v} for alln > 1.

At this point, we consider the nuclear operator T : F — E defined by the formula

22 (L4 1) ful@)yn, =€ E.

HT — Iy*

It is clear that T satisfies (1). Moreover, if z € ker T then Y ., 27"(1+ || ful]) ' fu(@)yn = 0.
Because of the minimality of the sequence {,, }, we obtain f,(z) = 0 for all n > 1, and taking
into account that {f,}, is total over E we get x = 0. Therefore, T' is one-to-one. Observe
also that, since {f,,}, is Y-minimal (being an extension of {v}},), we have {y,}, C T'(Y)
and hence [{y,}n] C T(Y). As [{yn}n] =Y and T(Y) C Y we get T(Y) =Y, and assertion
(2) is proved.

To check (3), pick € E such that T'(z) € R. Then, > -, 27"(1+ || full) " fu(2z)yn € R.
As {y,}» has property (%) with respect to R we obtain fn(i) 0 for all n > 1, and thus
T(x)=0.
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To prove (4) and (5), consider a sequence {g, }, C E* such that {y,, g, } is a biorthogonal
system in E (recall that {y,}, is minimal). Since T*(f) = 32,5, 27" (1 + || full) 7" f (yn) fu for
all f € E* we have T*(g,) = 27"(1 + || full) " f» for each n > 1, thus

(3.2) span({fu}n) C T"(E").
fnly = v} for all n > 1 we get span({v}},) C T*(E*)|y, and therefore,
(3:3) Hontnl ©TH(E)]y-

Since T*(f)ly = Y51 271 + | fall) ' f(yn)vy for all f € E*, {y,}, is bounded and the
sequence {v*},, satisfies property () with respect to V, it follows that T*(E*)|y NV = {0}.
Also, since [{v’},] C Y* is A-norming for Y, so is T*(E*)|y.

Now, assume that Y* is separable. Then the initial M-basis {e,, e:}, of Y can be chosen
to be shrinking, that is, [{e}},] = Y* (see e.g. [15, pg. 8, Theorem 1.22]). Since ¢* and
1 are isomorphisms on Y* and [{v:},.] = [{¢ o (¢*)7*(e})}n], taking into account (3.3) we
obtain Y* = [{v}},] C T*(E*)|y, and assertion (6) is proved.

To finish, suppose that E* is separable. As before, we can assume that the sequence {e} },,
is linearly dense in Y*, hence {v’}, C Y* is also linearly dense in Y*. Therefore, by Lemma
3.4, the corresponding extension {f,}, C E* of {v}}, can be chosen so that [{f,}.] = E*,

and using (3.2) we get T*(E*) = [{fu}n] = E*. O

Next, we establish a dual counterpart of the previous theorem.

Theorem 3.5. Let E be a separable Banach space. If Z is a w*-closed infinite-dimensional
subspace of E* then, for any R € S(F) and any V € S(Z) there exists a nuclear operator
T:FE — E such that

(1) T(E) = E.

(2) T*(E") C Z.

(8) T*(Z) is w*-sequentially dense in Z.

(4) T(E) N R = {0}.

(5) T*(E*) NV = {0}.

(6) In addition, if Z is separable, then property (3) may be replaced with T*(Z) = Z.

In the proof of this theorem, we shall use the following lemma.

Lemma 3.6. Let E be a separable Banach space. If Z is a w*-closed infinite-dimensional
subspace of E* then there exists a biorthogonal system {x,,, z,} C EXZ such that [{x,},] = E
and the subspace [{z,}n] is w*-sequentially dense in Z. If in addition, Z is separable, then

{zntn] = Z.

Proof. Let Q : E — FE/Z, be the quotient map and 7 : Z — (E/Z})* the isometric (w*, w*)-
isomorphism from Z onto E/Z, that assigns to each z € Z the functional 7(2) € (E/Z,)*
defined as (7(2), Q(x)) = z(x), x € E. According to [15, pg. 8, Theorem 1.22] (see also
22, pg. 226, Corollary 8.1]) there exist sequences {e,}, C E and {g,}, C (E/Z.)* such
that {Q(en), gn}n is an M-basis of £/Z, and [{g,},] is norming for £/Z,. In particular,
thanks to a well-known result of Banach (see e.g. [4, Theorem V.12.11]), [{gn}n] is w*-
sequentially dense in (E/Z,)*. Let us write, for each n > 1, z, = 77 (g,). Then, [{2,},] is
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w*-sequentially dense in Z. On the other hand, by a result of Singer [21, Theorem 3], there
is a sequence {z,}, C E such that [{z,},] = E and Q(z,) = Q(e,) for all n > 1. It is
clear that z,(x;,) = gn(Q(em)) = Onm for each n,m > 1, that is, {x,, 2, }, is a biorthogonal
system. Moreover, in the case that Z is separable, the M-basis {Q(x,), gn}n of E/Z, can
be chosen to be shrinking, that is, [{gn}n] = (F/Z1)*, and hence [{z,},] = Z. O

Proof of Theorem 3.5. By the previous lemma, there is a biorthogonal system {z,, z,}, C
E x Z such that [{z,},] = E and [{z,},] is w*-sequentially dense in Z. Applying now
Lemma 2.1 to the sequence {z,},, we can find a Z-minimal sequence {y,}, C Bg which
enjoys property (x) with respect to R and satisfies [{y,},] = E. Another appeal to that
lemma (applied to the sequence {z,},) yields a sequence {f,}, C Bz which is E-minimal,
has property (%) with respect to V' and satisfies that [{f,},] is w*-sequentialy dense in Z.
Moreover, if Z is separable, the initial biorthogonal system {x,, z,}, can be chosen so that
{zn}n] = Z, and hence [{f,.}.] = Z.

The arguments in the proof of Theorem 3.3 yield that the operator T': £ — E defined
by the formula

T(x)= Z 27" f(X)yn, xEFE
n=1

satisfies the required properties. Indeed, the E-minimality of the sequence {f,}, implies

that y, € T(F) for all n > 1, hence £ = [{yn}n] = T(F). The inclusion T*(E*) C Z is
obvious. Moreover, by the Z-minimality of {y,}, we get f, € T*(Z) for each n > 1. As
[{fu}n] is w*-sequentially dense in Z, so is T*(Z), and in the case that Z is separable we
get Z = T*(Z). Finally, since {y,}» and {f,}, have property (x) with respect to R and V'
respectively, we obtain (4) and (5). O

Applying Theorem 3.3 with Y = E (or Theorem 3.5 with Z = E*) we obtain at once the
following result.

Corollary 3.7. If E is an (infinite dimensional) separable Banach space then, for every
couple of elements R € S(E) and V € S(E*) and any number 0 < X\ < 1 there ezists a
nuclear one-to-one dense-range operator ' : E — E such that

(1) T(E)N R ={0}.

(2) T*(E*) is A-norming for E.

(3) T*(E*) NV = {0}.

(4) In addition, if E* is separable, then assertion (2) may be replaced with T*(E*) = E*.

The former corollary leads to the following statement.

Corollary 3.8. If E is an (infinite dimensional) separable Banach space then, for any
two operator ranges R € R(E), V. € R(E*) and any € > 0, there exists an isomorphism
¢ : E — E such that p(R)N R = {0}, o*(V)NV = {0} and ||¢ — Ig| <e.

Proof. The previous corollary guarantees the existence of a one-to-one and dense-range op-
erator T : £ — FE such that T(E) N R = {0} and T*(E*) NV = {0}. We can assume
without loss of generality that ||T|| < . Hence, the operator ¢ = I — T is an isomorphism
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on E and ||¢ — Ig|| <e. Pick z € RNy(R). Then x = u — T(u) for some u € R, that is,
T(u) =u—x € R. Thus T(u) € RNT(R), therefore T'(u) = 0, so (by the injectivity of T'),
u = 0, and consequently z = 0. Moreover, as W = F we have that T™ is one-to-one, and
arguing as before we obtain *(V) NV = {0}. O

In [3, Problem 8|, Borwein and Tingley asked if, for a given Banach space E, in particular
for E = (>, there exist two dense operator ranges R and V' in F such that RNV = {0}.
Plichko [18] proved that the answer is affirmative if £ = ¢>(I") for any set I". Taking into
account that isomorphisms in a Banach space carry proper dense operator ranges into proper
dense operator ranges in that space, Corollary 3.8 yields the following refinement of Plichko’s
result in the case that ' is countable.

Corollary 3.9. If E is a separable Banach space, then for any proper dense operator range

R in E* there exists a dense operator range V. C E* which is isomorphic to R and satisfies
VN R=/{0}.

4. ENDOMORPHISMS PRESERVING A CLOSED SUBSPACE OR A COUPLE OF
QUASICOMPLEMENTS

In this section, we provide two extensions of the result of Chalendar and Partington con-
cerning the existence of nuclear, one-to-one and dense-range endomorphisms on a separable
Banach space which leave invariant a closed subspace of that space [7, Theorem 2.1]. The
first one reads as follows.

Theorem 4.1. Let E be a separable Banach space, let Y be a closed infinite-dimensional
and infinite-codimensional subspace of E, and let R € S(E) and V € S(E*) such that

RNY €S8(Y), V]yeSY*) and VNYteSYH).

Then, for any X € (0,1) there exists a nuclear one-to-one dense-range operator T : E — E
such that

(1)TY)CY and T(Y) =Y.

(2) T*(Y+) C Y+ and T*(Y) is w*-sequentially dense in Y.

(3) T(E)N R ={0}.

(4) THE) NV = {0},

(5) T*(E*)|y is A-norming forY .

(6) T*(E*)ly N V]y = {0}.

(7) In addition, if (E/Y)* or Y* is separable, then properties (2) and (5) can be replaced

respectively with

T*(YY) =Y+ and T+(E*)|y =Y~
(8) In addition, if E* is separable, then the operator T can be built so that T*(E*) = E*.

Proof. According to Theorem 3.3, there exists a nuclear one-to-one operator A : £ — E
with the following properties:

(a) A(E) CY and A(Y) =Y.
(b) A(Y)Nn R = {0}.
(c) A*(E*)|y is A-norming for Y (and A*(E*)|y = Y* is Y* is separable).
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(d) A*(E)ly nV]y ={0}.

Notice that the requirements RNY € S(Y) and V|y € S(Y*) are essential to achieve
that A(Y)N R = {0} and A*(E*)|y NV]y = {0}.

Since R € S(F), there are operator ranges R, € R(E) such that R = |J, R,. By
[5, Proposition 2.2|, the subspace A(E) + R, is an operator range in F for every n > 1.
Moreover, since A(E) N R = {0} (thus A(E) N R, = {0} for all n > 1) and A(F) is not
closed, thanks to [5, Theorem 2.4] it follows that A(E) + R, is not closed for every n > 1.
Hence, codimg (A(E) + R,,) = oo for all n > 1, and therefore A(E) + R,, € R(F). This
yields A(E)+ R =,(A(E) + R,) € S(E).

Moreover, taking into account that V N Y+ € S(Y*), an appeal to Theorem 3.5, with
Z =Y, entails the existence of another nuclear operator B : E — E such that

(e) B(F)=E.

(f) B(E) N\ (A(E) + ) = {0}.

(g) B*(E*) Cc ', B*(Y'') is w*-sequentially dense in Y+ (and B*(Y1) = Y- if Y- is

separable).

(h) B*(E*)nV ={0}.

We shall prove that the operator T' = A + B satisfies the required properties. The
nuclearity of A and B yields that T is nuclear as well. Moreover, because of (a) and (g) we
get, respectively, ker A* = Y1 and ker B = Y. From the latter it follows that T'(y) = A(y) for
ally € Y, hence, by (a), T(Y) C Y and T(Y) = Y, and property (1) is checked. Analogously,
as ker A* = Y+, using (g) we deduce that T7*(Y1+) = B*(Y+) C Y and T*(Y') = B*(Y1)
is w*-sequentially dense in Y+, thus (2) is also fulfilled.

Before proving that 7' is one-to-one and dense-range, let us check that

(4.4) T'(Y)cY
and
(4.5) (T (Y*H) c Y+

Firstly, if z € T71(Y) then, by (a), B(z) € Y. Therefore, for all f € Y+ we have
0 = f(B(x)) = B*(f)(x). So, x € [B*(Y1)]., and bearing in mind that B*(Y1) S
get z € Y, thus (4.4) is proved. Secondly, if f € (T*)~}(Y1), then T*(f) € Y and because
of (g), A*(f) € YL. Now, by (a), A*(f) = 0. Since ker A* = Y+ we get f € Y+ and (4.5) is
also checked.

Now, pick z € F with T'(x) = 0. Then, by (4.4), z € T"1(Y) C Y, s0 T(z) = A(z), hence
A(z) = 0, and the injectivity of A yields x = 0. Analogously, if f € E* and T*(f) = 0, then
fe (T (Yt) c Yt As ker A* = Y we get A*(f) = 0, and taking into account that,
because of (e), B* is injective, we get f = 0. So, T* is injective as well, and consequently,
T(E) = E.

Let us check (3). Choose a vector x € E with T'(x) € R. Then B(x) = —A(z) + T(x) €
A(E) + R. Thus, by (f), B(x) =0, that is, © € ker B =Y and therefore, A(z) = T'(x) € R.
A new appeal to (b) yields A(x) = 0, consequently x = 0.

To prove (4), pick f € E* such that T*(f) € V. Then T*(f)|y € V|y, and taking into
account that B*(f) € Y1 we have T*(f)|ly = A*(f)ly € V]y. From (d) it follows that
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A*(f)ly = 0, thus T*(f)|ly = 0, i.e. T*(f) € Y+, and thanks to (4.5) we get f € Y+. So,
T*(f) = B*f and hence B*(f) € V. Using now (h) we obtain B*(f) = 0, and the inyectivity
of B* yields f = 0. Thus, (4) is fulfilled.

Now, since B*(E*) C Y+ we get T*(E*)|y = A*|y. So properties (5) and (6) follow
immediately from (c) and (d).

Let us prove (7). If (E/Y)* is separable then (recall property (g)) the operator B can
be constructed so that B*(Y1) = Y. Taking into account that ker A* = Y+, we get
T+(YL) = B*(YL) = Y*. Analogously, if Y* is separable then, by property (c), we may
assume that the operator A satisfies A*(E*)|y = Y™, thus T*(E*)|y = A*(E*)|y = Y™.

Finally, if E* is separable, then Y+ and Y* are separable as well. Thus, the operator
T can be chosen to satisfy both T#(Y1) = Y+ and T*(E*)|y = Y*. Therefore, for any
f € E* and any € > 0 there is g € E* such that ||(f —T%(g))|v]| < ¢, and bearing in mind
that Y* is isometrically isomorphic to E*/Y+ and T*(Y 1) = Y+ we can find h € Y with
|f —T*(g) —T*(h)|| < e. Consequently, T*(E*) = E*, and property (8) is proved. O

Remark 4.2. Notice that if R is a subset of E of the form R := R; + Ry, where R; € S(Y)
and Ry € S(E) satisfy Ro NY = {0}, then RNY = Ry € S(Y). Moreover, if Q : E* — Y*
denotes the restriction map, then for any V; € S(Y*), any V» € S(E*) with Vo NY+ = {0},
and any W € S(Y™), the set
Vi=Vi+VnQ (W)

satisfies that VNY+ =1V, € S(Y1) and V]y = (Vo N Q~YW))]y. Moreover, V € S(E*).
Indeed, since V; =, Vi, Vo = U, Van and W = J, W,, with Vi, € R(Y™), Va,, € R(E*)
and W, € R(Y™) respectively for all n > 1, we get

V=] Vix+ Vo N Q7 (Wn)).
k,n,m
So it is enough to check that V' € R(E*) whenever V = V;+V,NQ (W) for any V; € R(Y1),
Vo € R(E*) with VonY+ = {0}, and any W € R(Y*). First, it is clear that codim(V') = oco.
Moreover, as W is an operator range in Y*, thanks to [5, Proposition 2.1] we have that W
admits a complete norm || - ||; such that ||y*||; > ||y*|| whenever y* € W. It is easy to check
that the formula

1A= £l + 1QfIh,  f€QTH (W)
defines a complete norm on the vector space Q1 (W). Thus, a new appeal to [5, Proposition
2.1] guarantees that Q~'(W) is an operator range in E*. Therefore, V € R(E*).

We point out that the requirement V]y € S(Y*) in Theorem 4.1 has been used only
to achieve property (6), more precisely, T*(E*)|y N V|y = {0}. Thus, if X and Y are
infinite-dimensional quasicomplemented closed subspaces of the separable space E then, as
XNY = {0} and X*NnY+ = {0}, for any R, € S(X), Ry € SY), V; € S(X*) and
Vo € S(Y1) there exists a nuclear, one-to-one and dense-range operator T': E — E such
that

TY)=Y, T(E)N(R + Ry)={0} and T*(E*)n (Vi + Vs) = {0}.
The next result guarantees the existence of an operator 7' : E — FE which, in addition to
these properties, satisfies 7(X) = X. Although in contrast with Theorem 4.1, we loss the
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normingness property of T*(E*)|y over Y. Bearing in mind that, by the classical theorem
of Murray and Mackey [17], every closed subspace of a separable Banach space admits a
quasicomplement, this result provides another extension of [7, Theorem 2.1].

Theorem 4.3. If X and Y are closed infinite-dimensional quasicomplemented subspaces
of a separable Banach space E then, for any Ry € S(X), Ry € S(Y), Vi € S(X*) and
Vo € S(Y1) there exists a nuclear one-to-one dense-range operator T : E — E such that

(1) T(X) and T(Y) are dense subspaces of X and Y, respectively,
(2) T*(X*) and T*(Y) are w*-dense subspaces of X+ and Y+, respectively,
(3) T(E) N (Ry + Ry) = {0} and T*(E*) N (Vi + V3) = {0}.

Proof. Lemma 2.1, applied separately in the subspaces X and Y, ensures the existence of
minimal sequences {z,}, C Bx and {y,}, C By satisfying property (x) with respect to R;
and R, respectively, and such that [{z,},] = X and [{y,}n] = Y. Another use of Lemma
2.1 (in X+ and Y1) yields F-minimal sequences {f,}, C Bx. and {g,}, C By. which

enjoy property (x) with respect to Vi and V, respectively, and satisfy span{f,}, = X*
and span {g,}, =Y. It is clear that the formulas

A(u) = f: 27"gp(u)x, and B(u) = i 27" f(Wyp, uweEE
n=1 n=1

define nuclear endomorphisms on E.

We shall show that the operator T" = A + B has the specified properties. First, since
A and B are nuclear, so is T. Let us check property (1). The construction of A and
B immediately yields that the subspaces X and Y are T-invariant. Let us prove that
T(X) = X. Because of the E-minimality of {g, }n, there is a sequence {u,}, in E such that
{tn, gn}n is a biorthogonal system. Thus, for every fixed n > 1 we have

(4.6) Aluy) = 27"y,

Since the sum X + Y is dense in E, there exist sequences {Z;}x C X and {yx}r C Y such
that liin |, — (Zk + yx)|| = 0. Bearing in mind that the operator A vanishes on Y, we get

lilgn | A(u,) — A(Zk)|| = li]£n | A(uy,) — T(Zg)|| = 0, hence A(u,,) € T(X), and because of (4.6)

we have z,, € T(X) for all n > 1. Taking into account that [{z,},] = X and T(X) C X it
follows that T(X) = X. The same argument yields T(Y) =Y.

Let us check (2). Notice that A*(f) = > 27" f(zn)g, and B*(f) = >, 27" f(yn) fn for
all f € E*. This yields X+ and Y are T*-invariant subspaces of E*. Moreover, using the
minimality of the sequence {,, },, arguing as before we obtain f,, € T*(X*) = B*(X*) c X+
for all n > 1. Thus X+ = span({fn}n)uj* = T*(Xl)w*. Proceeding identically we get
Yyt =T(vD)" .

Notice also that property (1) and the denseness of X +Y in E entail that T(E) = E.
Moreover, since X NY = {0} it follows that X+ + Y~ is w*-dense in E*. This and assertion
(2) imply that T=(E%)" = E*, which is equivalent to the injectivity of .

It remains to check (3). Take u € F such that T'(u) € R+ Ry. Then A(u)+B(u) = r1+79

for some r € Ry and 5 € Ry. Hence A(u) —ry = r9 — B(u). Since X NY = {0}, we get
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A(u) =1 =0 =ry— B(u). Thus, A(u) =r; € Ry and B(u) =13 € Ry. As {z,,}, and {y, }»
satisfy property (%) with respect to Ry and Ry respectively, we obtain A(u) = B(u) = 0.
Consequently, T'(z) = 0, and so T'(E) N (R + Re) = {0}. The same argument yields that
T*(E*) N (Vi + Va) = {0}. [

5. ENDOMORPHISMS PRESERVING CHAINS OF CLOSED SUBSPACES

In this section, we shall refine the previous techniques to give a partial extension of
Theorem 4.1 when the subspace Y C F is replaced with a countable chain of closed subspaces
{Y,}n of E such that Y, C Y, for all n > 1. This result provides also a strenghtening
of the result of Chalendar and Partington concerning the existence of a nuclear, one-to-one
and dense range operator endomorphism on E preserving each Y,, [7, Theorem 2.2].

We point out that if R € R(E) and A : F — FE is any operator from a Banach space
F to E such that R = A(F) = |J,,»; mA(Br), then the arguments given in the proof of

Lemma 2.1 yield codimg(span A(Br)) = oo, and thus span A(Bp) € R(E). Let us mention
that the subspace span A(Bp) is independent of the selection of F' and A, and only depends

on R. We omit the proof of this assertion because it is not needed in the proof of the next
theorem. This fact allows us to define the operator range

R* = span A(Br).
Evidently, R C R" for every R € R(E). The reverse inclusion is fulfilled for instance in
the following cases:

e If R is a closed infinite-codimensional subspace of F.
o If R is the image of an operator A : F' — FE defined on a reflexive Banach space F'
(in particular if R is an endomorphism range on a reflexive space).

Indeed, in the first case, as R is the image of the identity operator I : R — R we clearly
have R € R(FE) and RT = R. On the other hand, if there exist a reflexive Banach space F
and an operator 7' : F' — E such that T(F) = R then, because of the weak compactness
of the ball Br, the set T(Bp) is weakly closed in E, hence T(Br) = T(Bp), and thus
T(F)t =T(F).

Analogously, if R € S(E) we will refer as RT to any countable union of subspaces U, of

E of the form U,, = span A,,(Bpg,), where R, = A,(F,) € R(FE), F, is a Banach space and
A, : F, — E is an operator for every n > 1, and R = |J, R, € S(E), ie. Rt =, R;.
Again, the set R is independent of the selection of the operator ranges R,, € R(E) satisfying
R =, R,, and only depends on R. We also omit the proof of this assertion because we
will not need it.

The main result of this section reads as follows.

Theorem 5.1. Let E be a separable Banach space, let {Y,}, be a chain of closed subspaces
of E such that dim(Y7) = dim(Y,41/Y,) = oo foralln > 1, let Y =, Y,, and consider sets
R e S(E) and W € S(E*) such that:

(a) R*NY, € §(Y,) foralln > 1,

(b) W|y1 c S(Y?), and I/V|yn M Yn{1|yn € S(Yn{ﬂyn) an > 2.

(c) In the case that E]Y is infinite-dimensional, W N Y+ € S(Y1).

n
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Then there exists a nuclear and one-to-one operator T' : E — FE with the following

properties:
(1) T(Y,) =Y, foralln>1.
(2)TY)=Y.
(3) T(E) = E.
(4) T(E)N R ={0}.
(5) T*(E*)|y, "Wy, = {0} for alln > 1 and T*(E*)|y N W|y = {0}.

(6) If im(E/Y) = oo then T*(E*) N W = {0}.
(7) T*(Y) is a w*-sequentially dense subspace of Y+, and T*(Y L) = Y+ whenever Y+
18 separable.

(8) If Y.* is separable for some n > 1 then T*(E*)|y, =Y, .

(9) If Y* is separable then T*(E*)|y = Y™.
(10) If E* is separable then T*(E*) = E*.

If condition (a) is replaced with the weaker condition (a’): “RNY, € S(Y,) for all

n > 17, then all assertions (1)-(10) remain true with the exception of (4), which becomes:

(4°) T(Y,)NR={0} for alln and T(E'\Y)N R = {0}.

In order to prove Theorem 5.1 we will need the following lemmas.

Lemma 5.2. Let {V,,},, be a sequence of symmetric closed convex and bounded sets in
a Banach space E and {K,;}; C Bg be a sequence of symmetric compact and conver sets
satisfying

((Jspan(vi)) (Z K;) = {0}

m

for alln > 1. Then, there exist constants 0 < ~; <1 such that 2]21 v; < 00 and
((spanV,) Nspan (>~ 4, K;) = {0}
m 7j=1

Proof. We may assume that K; # {0} and V,, C %BE for all m > 1, so |,, Vin is closed
(and symmetric). Denote ty, = max{|v|| : v € K1} > 0. For each n > 1 we consider the
function 7, : (0, 9] — [0, 00) defined as

rn(t):inf{Hx—yH : xE(K1+~--+Kn)ﬂtSE,y€UVm}, 0<t<tp.

If v € (Ki+---+ K,)NtSg for some 0 < t <ty then, by the hypothesis, & ,, Vin,
and since J,, Vin is closed we get dist(z,J,, Vi) = inf{|lz —y|| : v € U,, Vi} > 0. As
(Ky+ -+ K,) NtSg is compact we derive that r,(¢) > 0 for each 0 < ¢t < ;. Also, since
{Ki+ -+ K,}>, is an increasing sequence of symmetric compact and convex sets, we
have that r,.1(t) < r,(t) for all n > 1 and all 0 < t < .

We claim that the function r, is strictly increasing. Indeed, take 0 < t < ¢/ < to. For
every ¢ € (Ky+---+ K,,) Nt'Sg and every y € J,, Vi we have

t t
;xe[§(K1+---+Kn)]mtSEc(K1+---+Kn)mtSE
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and Ly € £(U,, Vin) C U,, Vin- Therefore,

t/

e — ol Ly L
r—y||l=—
gi=7

7T

>_nt7
o = 5o

and consequently, r,(t') > tt—,rn(t) > rp(t).
Now, let us fix the smallest natural number ngy such that nio < tg, and define

A o1
v =37t if 1<j<ng and ~;=2"7r;(=) for j>no.
J

Notice that, for every j > no, rj(%)'g v, — 0] < %, being v; any point in K; N %SE, and
thus Yo% <D0 %+ D et 2—1% < to. Moreover, for every n > ng we have

% oo B 1 % » 1 00 B 1 » 1
Z Y= Z 2 ]rj(_-) < Z 2 Jrn(_-) < Z 2 ]Tn(_) =2 Tn(_)-
j=n+1 j=n+1 J j=n+1 J j=n+1 n n

Now, we shall prove that

(5.7) (Z 7%15) N (| Vin) = {01

Suppose that z # 0 and z € Zj v;K;. So there are points k; € K such that z = Zj vik;-

Now, let us fix a natural number n > ng such that [|>°7_, vksl| > 1. Notice that

1375 ksl < 2 wllksll < 305 < to and Y75, vk € Ky + -+ + K, Thus, for
every y € J,. Vi, we have

Iz =yl = >

Z Y5k,

> ki —y
j=1 j=n+1

>y (HZ%‘@'H) = > wllksll = (HZ%‘@H) - >
j=1

1 1
>ra(=) —27"r(—).
> 1y () - 27, ()
Therefore, ||z — y|| > rp(2) —27"r, (%) > 0 for all y € {J,, Vi and derive that z € |J,, V.
To finish, pick z € span(zj Vi 8;) N (U, span(Vin)) = (Upen pzj ViE) N (U seny 8Vim)-

Then, there are natural numbers py, so and mg such that z € (po >_; K;) N (5o Vin,). Thus
1
— e (=Y k)N p—OVmo C (O %K) N Vo, = {0},
2> Jj=1
and thanks to (5.7) we get z = 0. O

By iterating Lemma 5.2 we can derive the next one.

Lemma 5.3. Let E be a Banach space and let {K;}; be a sequence of symmetric compact
and convez sets of Bp satisfying Kn 0 (3_5_,,11 K;) = {0} for allm > 1 and all n > m.
Then, there exists a sequence {7;};>2 C (0,1] such that y_..,7; < oo and

span(K,,) N span ( Z v K;)={0} forall m>1.

j=m+1
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Proof. First, we notice that span(/;) N (3_7_, K;) = {0} for all n > 2. Indeed, if z €
span(K1) N (3°7_, K;) then, since span(K;) = (J;Z, sK1, there is a natural number s such
that z € (sK1) N (37, K;). So, 2 € Kin (37, K;)) € Kin (37, K;) = {0} and
z = 0. Applying Lemma 5.2, we deduce the existence of a sequence {7 ;};>2 C (0, 1] such
that > ;5,71 < 00 and

span(K7) N span(z 7, K;) = {0}.
Jj=2
The previous argument yields that if n > 3 then span(K3) N (3 7_5 K;) = {0}, and taking
into account that > 7 gy ;K; C 3°7 4 Kj, we obtain span(Ks) N (3 7_sm ,;K;) = {0}. A
new appeal to Lemma 5.2 yields a sequence {7, ;};>3 C (0, 1] such that > j>3 725 < 00 and

span(K,) Nspan(d  y2,71,K;) = {0}.
j>3
We proceed inductively. In the m-th step, since span(K,,) N ( Z Y1+ - 71,;8;5) = {0}
j=m+1
for all n > m+ 1, we can apply Lemma 5.2 to get a sequence {7V, ;}j>m+1 C (0, 1] such that

> jsmi1 Ymj < 00 and

span(K,,) N span( Z Ymj - - - T1;0;) = {0}.

j>mA1
Finally, let us define, for each j > 2, v; := -1, - ... - 71,;. Clearly, 2j22 v; <oo. Ifm>1
then for each j > m > 1 we have v; < v, ;- - -71; and thus,
span(K,,) N span( Z v;K;) C span(K, Z Yy N HG) = {0},
Jj=m+1 Jj=m+1
as we wanted. 0

We are able to prove the main result of this section.

Proof of Theorem 5.1. The operator T': E — E will be sum of a norm-convergent series
of nuclear endomorphisms on E. The construction of these endomorphisms relies mainly on
the next statement.

Claim. For each n > 1 there exist a minimal sequence {y,;}; C By, and a Y,-minimal
sequence {sj ;}; C By. such that, if K, and K] denote the symmetric compact convex
sets
K, =({+27yn;};) C By, and K, =c({£27s} ;};) C By ,
and T, : E — F is the nuclear operator defined by the formula
24 ]snj Vnj, x€E,
j>1
then the following properties hold:
(as) span (K,) N (R" + span (Z?:_ol K;)) = {0}, where K, = {0}.
(by) span (K} |y, ) N (W]y, + span (Z;:Ol Klly,)) = {0}, where K} = {0}.
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(cn) Tn(Yn) =Y, and ker T,, = Y,,_;, where ¥y = {0}.
(dn) If (Y,,/Y,_1)* is separable then T*(Y.: )|y, = Y- 1 ly,

Moreover:

(x) If Y* is separable and ¢ : E* — Y™* denotes the restriction map, then the operator
(qoTy)* : Y* — E** is one-to-one.
(xx) If E* is separable, then the operator T;* : E** — E** is one-to-one.
The construction proceeds inductively. Since RT N'Y; € S(Y1), thanks to Lemma 2.1
applied in Y; to any minimal linearly dense sequence {e; ;}, in Y7), there exists a sequence
y y JJi
y1;}i C By, such that [{y; ;};] =Y, and RT Nspan(co ({£y; ;};)) = {0}. From the latter
3J 1T 1 J 1 J 1
we get

R* nspan (co({£27y1,;};)) = {0},

and property (a;) is satisfied.

Another appeal to Lemma 2.1 (applied in Y7, to any total Y;-minimal sequence {ej ;}; C
Y)*) gurantees the existence of a total and Yj-minimal sequence {vj;}; C Y;* such that
Wy, Nspan(co({+v7 ;};)) = {0}, in particular

Wk, N span(eo({=2 725 ;},)) = {0}.

Moreover, if Y}* is separable the sequence {e’{’j}j can be chosen so that [{e’{’j}j] =Y}, thus
[l bl =7

Using now [20, Theorem 2|, we obtain a sequence {¢; ;}; C E* which is total over £ and
satisfies g1 ;y; = vy ; for all j > 1. Let us write, for each j > 1,

st =1+ gD gu
Then {s7 ;}; is a Y;-minimal sequence in Bg- that is total over £ and satisfies
Wiy, Nspan (e5({£2 775 ;v };)) € Wy Nspan (@({£27v] ;};)) = {0},

thus (b;) is also fulfilled. Properties (¢1) and (d;) can be achieved as in the proof of Theorem
3.3. Indeed, since {s7 ;}; is Yi-minimal and [{y1;},] = Y1 we get T1(Y1) = 1. Furthermore,
the minimality of {y;;}; and the fact that {s] ;}; is total over E entail that ker T} = {0},
and (c;) is proved. Moreover, if Y} is separable, the sequence {v} ;}; satisfies [{v] ;};] = Y7,
and so [{s] |y, };] = Y7". In addition, by the minimality of {y,;}; we have {s} ,}; C T7(E*),
and thus Tl*(E*)’Yl = [{Sik,j|yl }J] = Y?

Let us check (x). First, we observe that if Y is separable, the sequence {sj;}; can be
chosen so that (apart of being total over F) satisfies

(5.8) {silv sl =Y~

Indeed, according to Lemma 3.6, there is a sequence {hy ;}; C Y* such that [{hy ;};] = Y*
and hy;ly = vj; for all j > 1. Thus, an appeal to [20, Theorem 2] yields a sequence

{91,5}; € E* which is total over E and satisfies g1 |y = hi; (and hence gy |y, = vy ;) for
all j > 1. Therefore, the functionals s} ; = (1 + |lg1,1/)"91; C Bp~ constitute a sequence

satisfying (5.8).
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Next, take y** € Y**. For each f € E* we have
((qoTH) (™), /) =D 47 flr)y™ (s5,lv) .

Jj=1

hence
(qoTr)" (y™) = > _ 47y (si,ly) vy,

i>1
where each y, ; is identified with a functional in £** via the canonical map £ — E**. Thus,
if (¢ o T7)*(y**) = 0 then, thanks to the minimality of {y; ;}, we obtain y** (Sij‘y) =0 for
all j > 1. Taking into account (5.8) we get y™* = 0, and assertion (x) is proved. The proof
of property (xx) follows in the same way.

Now, fix n > 1 and assume that for each 1 <1i < n—1 there exist sequences {y; ;}; C By,
and {s};}; C By = satistying the specified properties. An appeal to Lemma 3.6 (with Y,
instead of E and Z = Y- ,|y, C Y,) ensures the existence of sequences {w, ;}; C Y,
and {w}; ;}; C YL |y, such that {wy;, w} }; is a biorthogonal system, [{wy;};] = ¥, and
span {w}; ;}; is w*-sequentially dense in Y,;"|y,. Moreover, in the case that (Y;,/Y,_1)* is

separable, [{w;, ;};] = Y- 1|y,
Since Z;:ll K; is a symmetric compact and convex subset of Y, _; and RT NY, € S(Y,,),

according to [13, Lemma 3.3] we have

n—1

span (Z K)+ (R"NY,) € S(Y,).

i=1
Notice that {wy,;}; is a Y, ;-minimal sequence in E. Therefore, by Lemma 2.1 (applied to
that sequence and the subspaces Y,, C E and Y} | C E*), there is a Y- ,-minimal sequence
{yn;}; C By, such that [{y,;};] =Y, and

n—1
<R+ + span (Z Kl)) Nspan (co({xy,;};)) = 0.
i=1
The latter clearly implies (ay,).

Now, bearing in mind that W1y, € S(Y;- ]y, ), a new appeal to Lemma 2.1 (applied to the
Y,,-minimal sequence {w; ;}; C Yt ||y,) yields a ¥,,-minimal sequence {v}; ;}; C Y, |y, such
that span({v} ;},) is w*-sequentially dense in Y, [y, and Wy, Nspan (eo({£v}, ;};)) = {0}.
In particular,

(5.9) Wly, Nspan (Co({£277v; ;};)) = 0.

Moreover, if (Y;,/Y,,_1)* is separable we can assume that [{v; ;};] = Y, |y,

Let {s;;}; be a sequence in E* such that s |y, = vy, and [[s; ]| = |lv}; ;|| for all
j > 1. We shall show that the set K, = co({£277s}, ;};) satisfies (b,). Pick w € W and
2z € span (377! K7) such that

(5.10) (w+ 2)|y, € span (K |y,).

Take functionals z; € K, ...,2,-1 € K]_, and scalars a4, ..., a,_; such that z = Z?;ll a;%.
Firstly, we shall prove that z = 0. We can assume that a; # 0 for each 1 <17 <n — 1. Since
K| C Yt for each 2 <i <n —1, it follows that
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n—1
2y, = maly, 2y, = aaly, +anly, o 2lve, = Y azlv,
i=1
On the other hand, from (5.10) we get (w + 2)|y; = 0, thus z|y, = —wly, € Wly,.

Since, by the inductive hypothesis, span (K{ly,) N W|y, = {0} we have z|y, = 0, therefore
z1ly; = 0. Moreover, as lim; 277} ; = 0 we can find scalars A; such that >, [A;| <1 and
21 =35 \277s7; (see e.g. [10, Exercise 3.86]). Consequently

Z )\jQ_jSij’Yl = Zl‘Yl = 0.

Jjz1

Jj21

Since {s7 ;|v; }; is a Yi-minimal sequence in Y}* it follows that \; = 0 for all j > 1, so z; = 0,
and hence z = Z?:_; a;z;. Iterating this process we obtain z; = 0 for each 1 <7 < n —1,
and thus z = 0. From this and (5.10) we get

wly, € span (K|y,) N Wly, = span (co({£277v;, ;};)) N Wly,,

and thanks to (5.9) we have w|y, = 0. Hence (w + 2)|y, = 0, as we wanted.

It remains to show that the operator T, : £ — FE satisfies (¢,) and (d,). This follows
as in the proof of Theorem 3.5. Since {s}, ;}; is ¥,,-minimal and {y,;}; is Y, ,-minimal we
obtain respectively y; € T,,(Y,) and s}, ; € T (Y,- ) for all j > 1, hence

span({yn,i};) C Tu(Ya) and  span({v; ;};) = span({s;;lv, -, };) € Ty (Vi )y,

As [{yn;};] = Yo and span({v};};) is w*-sequentially dense in Y, |y, we deduce that
T.(Y,) =Y, and T*(Y::,|y,) is w*-sequentially dense (and hence w*-dense) in Y- |y, . The
latter yields ker T,, = Y,, 1. Finally, if (Y;,/Y,, )" is separable then [{s, |y, };] = [{v; ;};] =

Yt ly,, thus T(Y:5 |y,) = Y5 |y, and the claim is proved.

Notice that if n > 1 then
To(x) =Y 4798 (@)yny = > 2785 ;(2)(27yny) € |2 K forall z€E
i>1 i>1
and
Ti(f) =Y 27 flun,)(27s,,) € I,  forall  feE"
Jj>1

On the other hand, according to property (a,) we get

R+H(ZKi):{O}foralln21 and K, N ( Z K;) = {0} for all n > m > 1.

=1 i=m+1

Thus, taking into account that RT is the union of a sequence of symmetric closed convex
and bounded sets, the first equality and Lemma 5.2 ensure the existence of a sequence
{¥n}n>1 C (0,1] such that »_ v, < oo and

(5.11) R™ M span (Z ) = {0}.

n>1
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Analogously, Lemma 5.3 yields a sequence {7, }n>2 C (0,1] such that > ~,~, < oo and

(5.12) span(K,) Nspan ( Z vK;) ={0} forall n>1.

i>n+1

Before performing the endomorphism 7', we need to build one more symmetric compact
convex set K, C Bg and one more nuclear endomorphism 7}, : £ — E with the following
properties:

(aw) (R* +span (3,51 7 K,)) Nspan (K,) = {0}.

(by) T,(F)+Y is dense in E and T,,(z) € ||z|| K, for all x € E.

(c,) Tr (Y1) is a w*-sequentially dense subspace of Y+ (hence ker T,, = Y), and if Y is
separable, T*(Y1) = Y.

(dy) If dim(E/Y) = oo then T*(E*) N W = {0}.

To prove this assertion we assume first that dim(E/Y) = co. As > -, 7./, is a sym-
metric compact convex subset of Y and R NY € S(Y), thanks to [13, Lemma 3.3] we
have RT +span (> -, o, K,,) € S(Y'). Thus, proceeding as in the proof of the claim (with
n > 2) we obtain a minimal sequence {z;}; C Bg such that [{z;};] = F and the set
K, = co({£277z;};) satisfies (a,). As in addition, W N Y+ € S(Y*), we can find an E-
minimal sequence {s}}; C By. such that span({s};) is w*-sequentially dense in Y* and
W Nspan (co{£27/s5};) = {0}. Arguing as before we deduce that the operator T, : E — E
defined for each =z € E as

T,(x) = Z 477 5% (x)x;
Jj=1
satisfies (b,,), (c,) and (d,,).

On the other hand, if dim(E/Y) = d < oo there exist linearly independent vectors

uy,...,ug € E such that ¥ + span ({u;}9_,) = E. Lemma 2.1 (applied to any minimal

sequence in E containing {u;}{_,) yields another linearly independent set {z1,...,z4} C Bg
such that (R +span (32,5, 1 Kn)) Nspan ({z;}9_,) = {0} and Y +span ({z;}%_,) = E. In
particular, the set K, = co ({£x;}%_,) accomplishes (a,,). Moreover, if {sj,...,s;} is any

basis of Y+ then the operator
d
T,(z) = ZQ‘js;(x)xj, rekl
j=1
clearly satisfies (b,) and (c,), and the assertion is proved.

Now, we are able to construct the operator 7. Let us write a3 = v and a,, = 7,7, if
n > 1, where {7, },>1 and {7/ }n>2 are the sequences in (0, 1] coming from equalities (5.11)
and (5.12). Taking into account that {y,;}; C By, and {s;, ;}; C Bpg- for each n > 1, and
Y s O < 00, the formula

T(x)=T,(z)+ ZanTn(a:) =T,(x)+ Z Zanél_js;,j(x)ynﬁj, =

n>1 n>1 j>1
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defines a nuclear endomorphism on E. Moreover, if a vector € F satisfies T'(z) = 0, then

T,(r) = = 5 anTn(z). Thus,

T, (x) € span (K,) N span (Z oann) C span (K,) N span (Z %Kn),

n>1 n>1

and thanks to property (a,) we get T,(z) = 0. Consequently > ., a,,T,(z) = 0, thus
aTy(x) = =3 5 @,/ Tn(x), and hence

Ti(x) € span(K7) N span (Z o, K,,) C span(Ki) N span (Z v Ky).

n>2 n>2
Using (5.12) we obtain 7 (z) = 0, and taking into account that ker 77 = {0} we get x = 0,
therefore T is injective.
Next, we shall prove properties (1) — (10).

(1) Fix n > 1. Since ker Ty, = Y31 D Y,, whenever k > n and ker 7, =Y D 'Y,,, we have
T(y) = Zaka(y) for each y €Y,
k=1

and bearing in mind that Ty(E) C Y, for & < n we obtain T'(Y,,) C > ,_, Tx(Y,) C Y,..

To show that T'(Y,,) = Y, we proceed inductively. As Y; = T1(Y1) and T'(Y1) = T1(Y1)
we get Y7 = T'(Y7), and the assertion is proved if n = 1. Now, assume that T(Y,,_1) = Y,,_1
for some n > 1. We only need to check that Y, C T(Y,). For every y € Y, we have
anTo(y) = T(y) — Sor—+ axTi(y), therefore

T, (Y,) C T(Y,) + niTk(Yn) CT(Y,) + Yoy =T(Y,) +T(Yn1) C T(Y,),
k=1

and taking into account that T, (Y,,) =Y, we obtain Y,, C T(Y},).

(2) Since kerT;, = Y we have T'(y) = >_, -, a,T,,(y) whenever y € Y, and bearing in
mind that T,,(E) C Y, C Y for all n > 1 we get T(Y) C Y. On the other hand, as by
property (1), Y, =T(Y,,) C T(Y) for all n > 1, it follows that Y C T'(Y), so T(Y) =Y.

(3) For each =z € E we have

T.(x) =T(x) = Y a Tu(z) € T(E) + T(E) = T(E),

consequently T,,(F) C T'(F). As by the previous property, T'(Y) =Y, we get
T.EY+Y CT(E)+T(Y)=T(F),

and taking into account that 7,,(F) + Y is dense in E we obtain E C T'(E).

(4) Pick x € E such that T'(z) € RT. Then
T,(x) =T(x) — Z a,T,(x) € RT + span (Z o Ky).

n>1 n>1
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Thus
T..(z) € span (K,) N (R" + span (Z an K,

n>1
therefore T,,(z) = 0, that is, T'(z) = > ., anTn(z). Hence T(z) € |[z] X, 5, 1 Kn, s0
T(x) € RT Nspan (3,5, 7 Kn), and hence T(z) = 0.

(5) Since ker T, D Y,, whenever k > n > 1 and ker T, = Y, we have
Oly, = ZakT* ly, forall n>1 and fe€E"
Thus, if a functional f € E* satisfies T*(f)|y, € Wly, then Ty (f)|ly, € Wly,, therefore

Ty (f)ly, € Wly, Nspan(K{ly,), and hence Ty (f)|y, = 0.
Now, fix n > 2 and choose f € E* such that T*(f)|y, € Wly,. Then,

n—1
Ty (O)lv, =T (v — Z% Dy, € span (K} |y, )N <W|Yn +span () Kﬂn)) = {0},

=1

that is, T;;(f)[y, = 0, hence f|r,(v,) = 0, and therefore flz 5 = 0. Since T,,(Y,) = T(Y,)
it follows that f|r(y,) = 0, that is, T f|y, = 0. Consequently T*(E"‘)|yn NWly, = 0.

It remains to check that T*(E*)|y N W|y = 0. Choose f € E* with T*(f)|y € W|y.
Then, for each n > 1 we have T%(f)|y, € Wly,, and hence T*(f)|y, = 0. Since J, Y, is
dense in Y it follows that T%(f)|y = 0.

(6) Firstly, we observe that if f € Yt then T*(f)|y, = 0 for all n > 1, and therefore
T*(f) = Tx(f). So T*(Y1) = T*(Y1). Now, suppose that the space E/Y is infinite-
dimensional, and take f € E* such that T*(f) € W. Then T*(f)|y € W]y for each n > 1,
and because of the previous property we get 7*(f)[y = 0. Hence f|zzy = 0, so (by (2))
fly = 0, consequently T*(f) = T*(f) € T(E*), and bearing in mind that 7' (E*)NW = {0}
we get T*(f) = 0.

(7) Since T*(Y+) = T*(Y*), this assertion is an immediate consequence of property (c,,).

(8) We proceed inductively. If Y} is separable then T} (E*)|y, = Y{*, and bearing in mind
that T*(E)ly, = T¢ (E*)ly; we get T-(E")ly, —

Now, suppose that Y,* is separable for some n > 2, and assume that T*(E*)|y, , =Y.* ,.
Fix a functional v* € Y,* and pick ¢ > 0. By the inductive hypothesis, there is v* € E*
satisfying ||u*|y, , — T*(v*)|y,_ .|| < €. Since Y, ;| isometrically identifies with the quotient
space Y* /(YL ]y,), from the latter inequality we deduce the existence of a new functional

w* € Y1, such that
(5.13) [u” =T (W) ly, = wly, || <e.
On the other hand, as T*(Y;- )|y, = Y, |y, there is 2* € Y1 | such that

1T () v, — wly, [ < e
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Observe that T*(2*)|y, = a, T (z*)]y,. Indeed, for each &k < n — 1 we have T(F) C Y,
and taking into account that z* € Y1 | it follows that T;(2*) = 0. Hence

)y, = ZakT IR O | 0

Therefore, ||, 'T*(z*)|y, — w*|y,|| < . Combining this inequality with (5.13) we obtain
lu* = T (0" + 0, 2 v | < flw” = T (") v, — w Iyl + w0y, = T (0, 27 v || < 22
Thus, u* € T*(E*)ly,, and consequently 7% (E*)|y, = Y, .

(9) Assume that Y* is separable, and let ¢ : E* — Y* be the restriction map. Then,
according to (%), the operator (¢ o 77)* : Y** — E** is one-to-one. We shall show that
(qoT*)* : Y** — E** is one-to-one as well. Since T*(E*) C Y+ we have goT* = 0, therefore

(qoT™) (y* Z an(qoT))*(y™) forall y*™ eY™.

n>1
Thus, if a functional y** € Y** satisfies (q o T%)*(y*™*) = 0 then
ai(go Ty (y™*) == anlqgo T;) (y™).
n>2
But for each n > 1,
(qOT** *ok 24] Kk n]|Yn)yn]
j>1
(where the vectors y, ; are identified with elements in £**), hence (q o T))*(y**) € ||y**|| K.
Consequently
(qo 1Y) (y™) € span (K;) N span (Z o, K,,) C span (K;) Nspan (Z K
n>2 n>2
So (qo T7)*(y*™) = 0, and thus y™ = 0. Consequently (g o T*)* is an injective operator, and
therefore (g o T*)(E™) is a dense subspace of Y*, that is, T*(E*)|y = Y™*.

(10) The proof of this assertion can be achieved either arguing as in the previous one, by
showing that the operator T** : E** — E** is one-to-one via property (xx), or combining
assertions (7) and (9), since by the separability of E*, T*(Y1) = Y+ and T*(E*)|y =Y

Finally, if condition (a) is replaced with the weaker condition (a’): “RNY, € S(Y,)
for all n > 17, then every step in the proof holds true with the exception of property
Rt nspan (3, <, 7 K,) = {0} (equality (5.11)), which has been needed only in the proof
of assertion (4). Instead, if (a’) holds, we can achive assertion (4’): “T'(Y,) N R = {0} for
all n and T(E\Y)N R = {0}”. Indeed, in this case and along the proof, the set RT is
replaced with R (with the exception of equality (5.11)), and if y € Y,,, then T)(y) = 0 for
k> nand T,(y) = 0. So T'(Y,) C span(}_,_, a,K,). Since RN (>, K;) = {0} we get
that T'(Y,) N R = {0} for all n. Also, if z € E'\'Y, then T(z) = T,,(z) € span K,,. Since
RN K, = {0}, we get T'(z) = 0, which yields T'(F \ Y) = {0}. O
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We end this paper with a pair of examples describing natural situations in which condition
(a) in Theorem 5.1 is fulfilled.

Example 5.4. Let {Y,}, be an increasing sequence of closed subspaces of a separable
Banach space E satisfying the conditions of Theorem 5.1, and set Yy = {0}. For each n > 1,
consider an arbitrary sequence {Y} ,}i of closed infinite-codimensional subspaces of Y, such
that Y, NY,—1 = {0} for all £ > 1. As we already mentioned, Y, € R(Y,) and Y,:n =Yin
for every k > 1. Thus, the set R =, ;> Ykn is an element of S(E) satisfying R = R and
RNY, =Usq Yen € S(Y,,) for each n > 1.

Example 5.5. Let {Y,}, be an increasing sequence of closed subspaces of a separable
Banach space E satisfying the conditions of Theorem 5.1, and set Yy = {0}. For each n > 1,
we shall construct a proper dense operator range R,, in Y,, such that

R,NY, y={0} and R'=R,.

Since Y,,_1 € R(Y,), there is a nuclear, one-to-one and dense-range operator 4, : Y, — Y,
such that A,(Y,) NY,_1 = {0}. On the other hand, as it is well-known, the separability
of E yields a nuclear, one-to-one and dense-range operator B,, : > — Y,. Consider the
composition T}, = A, o B, : > = Y,,, and define

R, = T,(¢*).

Then, R, is a proper dense operator range in Y,,, hence R, € R(F). Moreover, bearing in
mind that A, (Y,) NY,_1 = {0} we get R, NY,,_1 = {0}. On the other hand, because of the
reflexivity of ¢* we have R} = R, for each n > 1. In particular, the set R = |J, R, satisfies
R™NY, =R, € R(Y,) C S(Y,) for each n > 1.

More in general, if we consider for each n > 1 a sequence of proper and dense operator
ranges { Ry, }r C Y, with the previous properties (that is, Ry ,,NY,_1 = {0} and RZH = Ry
for every k > 1), then the set R = J, >, Rin lies in S(E) and satisfies RT = R and
RNY, € §(Y,) forall n > 1. -
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