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1 Introduction

As a classical theory, unimodular gravity is a geometric theory of gravity obtained by
defining the configuration space of theory to be the set of Lorentzian metrics which satisfy
the unimodular condition det g,,, = —1. Hence, the covariance group of theory is no longer
the group of diffeomorphisms but a subgroup of it: the group of transverse diffeomorphisms.
As far as the classical equations of motion are concerned, unimodular gravity cannot be
distinguised from Einstein’s general relativity with an arbitrary Cosmological Constant.
Unimodular gravity thus appears to be a viable classical theory of gravity — for more
information, see [1-6]. That the determinant of the metric is no longer a degree of freedom
has the consequence that the vacuum energy does not gravitate. And thus, the problem
that arises in General Relativity of the huge discrepancy between the experimental value
of the Cosmological Constant and the quantum field theory “prediction” for that constant
does occur in unimodular gravity [7]. Of course, unimodular gravity does not predict the
value of the Cosmological Constant.

Although unimodular gravity and General Relativity seem to be equivalent classically,
this is not so at the quantum level, at least when analyzing phenomena where the Cosmo-
logical Constant cannot be set to zero. Some properties of unimodular gravity defined as
an effective quantum field theory have been analysed in a number of papers. It all points in
the direction that when the Cosmological Constant is set to zero, unimodular gravity and
General relativity have the same S matrix in the perturbative regime, but a proof of this
statement is still lacking. We refer the reader to references [8]-[22] for further information.

Supergravity was introduced in references [23, 24] and it is difficult to overstate the
impact that it has had and still has on high energy physics — see reference [25] for a
modern introduction. One of the salient, and most surprising, features of supergravity
is the way it ushers in Grassmann variables as a key ingredient in the description of the
spacetime dynamics. It thus seems imperative to see whether unimodular gravity can be
supersymmetrized to a supergravity theory.



Minimal off-shell formulations of N = 1,d = 4 supergravity were formulated in [26, 27],
so that the supergravity algebra closes without imposing the equations of motion of
the fields.

The purpose of this paper is to formulate the minimal off-shell N = 1,d = 4 Poincaré
supergravity counterpart of unimodular gravity. We shall call this theory N = 1,d = 4
unimodular supergravity. This is not the first time in the literature that a supergravity
counterpart of unimodular gravity is proposed. A unimodular supergravity was put for-
ward in reference [28]. Our unimodular supergravity formalism differs from the one in
reference [28] by three main aspects. First, our formalism is off-shell, theirs is on-shell.
It should be noticed that the existence of an off-shell formulation of a supersymmetric
theory is a highly non-trivial issue — see reference [29] and that the off-shell extensions of
N = 1,d = 4 supergravity is not unique — see [30]. Second, we do not use any Langrange
multiplier to implement the vierbein unimodularity condition, so we deal with a minimum
number of fields. Third, the equation to be satisfied by the parameters of the unimodular
supergravity transformations is not the same as in reference [28]. Very recently, there has
been another new construction of unimodular supergravity — see [31], where the invariance
under the full diffeomorphism group is restored by using the Super-Stiickelberg procedure.

The layout of this paper is the following. In section 2 we put forward the linearized
N = 1,d = 4 unimodular supergravity theory with auxiliary fields and show that the fields
carry an off-shell representation of N = 1 supersymmetry in four dimensions, up to gauge
transformations. We also see that it is a theory of free gravitons and gravitinos. The
minimal off-shell interacting unimodular supergravity theory of gravitons and gravitinos
is put forward in section 3. Here, we show that the algebra of unimodular supergravity
transformations closes modulo transverse diffecomorphisms and Lorentz transformations.
This closing is non trivial since on the one hand the parameters defining the unimodular
supergravity transformations are constrained and only transverse diffeomorphisms are al-
lowed as symmetries. In section 4, we discuss several aspects of the classical solutions to
the unimodular gravity equations of motion.

2 Linearized N = 1,d = 4 unimodular supergravity

In this section we shall supersymmetrize the linearized unimodular gravity theory. The
action, S(FUG) | of the latter is obtained [9, 32] by imposing the tracelessness constraint —

the linearized unimodular condition,

hl =0, (2.1)
on the graviton field in the Fierz-Pauli action. Thus, one obtains
1 1
S(LUG) — -1 /d% [2 WY Q2RMY 4 9,h* 0,7 | . (2.2)

Note that 9% stands for 9,0".
SIUG) is not invariant under arbitrary infinitesimal diffeormophisms but only under
transverse infinitesimal diffeomorphisms:

5Tdiﬁhuy = Mé} —i—a,/fu with auf“ =0. (23)



It is plain that to have a chance of obtaining a supersymmetric theory whose particle
spectrum contains the graviton field, h,,, we must add to the action S (LUG) the Rarita-

(RS)

Schwinger action, S, for a spin-3/2 Majorana spinor field 1,

i A 17
SRS) — _ 3 / d'z " POy, (2.4)

where P = ~liavyPl [uvp] stands for total antisymmetrization of the indices with
weight 1, i.e., there is a global factor 1/3! multiplying the sum running over all the signed
permutations of (u, v, p). Note that €223 = 1.

The action, S is invariant under the following gauge transformations

5gaugewu = 8MX7 (25)

where x is an arbitrary Majorana spinor. Let us recall that each component of the Majorana
vector-spinor v, (x) must be an odd element of a Grassmann algebra to prevent S(RS)
from vanishing.

We shall now look for infinitesimal rigid — i.e., not dependent on the coordinates —
fermionic transformations which turn the 1, field into the h,, field, and viceversa, while

RS)

leaving invariant the sum STUG) 4 §(RS) - An educated guess reads

T _
5eh,u1/ = -3 6(’7}/‘/}1/ + 7V¢u)

f (2.6)

5ewu = _1 8phz Ypo €,

where € is an infinitesimal rigid Majorana spinor.
Unfortunately, the previous transformations do not preserve the unimodular gravity
condition in (2.1), for, in general, 4*1, does not vanish. Notice that one cannot take

LUG) ynder the transverse diffeomorphisms in (2.3) and

advantage of the invariance of S
add to dchy,, above a transverse diffeomorphism so that the unimodular gravity condition,

hj; = 0 be preserved, for that would entail the following constraint on &,:

a,ugu = _€7pr>

which clashes with the transversality constraint on £#; unless, of course, y#,, = 0.
It would appear, in view of the previous analysis, that the value of the Majorana
vector-spinor field is to be restricted by constraint

’Yﬂwu = 07 (27)

if the N = 1 supersymmetrization of our linear unimodular gravity theory is to be success-
ful. From now on we shall always assume that the Majorana spin-3/2 field v, satisfies (2.7).
Notice that (2.7) is the so-called Rarita-Schwinger gauge, which was introduced in the sem-
inal paper by Rarita and Schwinger [33] to characterize the pure spin-3/2 states. In the
context of supersymmetry, (2.7) could be viewed as the supersymmetry counterpart of the
tracelessness constraint — see (2.1) — on the graviton field which defines linear unimodu-
lar gravity.



However, we are not done yet, for the constraint 1), = 0 is not preserved by the
second transformation in (2.6). Fortunately, now we can add to the right hand side of (2.6)
a suitably chosen gauge transformation, as defined in (2.5), so that the new transformation
preserves the constraint #, = 0. We shall not give yet the value of such gauge transfor-
mation, for it is time that we introduce the bosonic auxiliary fields that will lead to the
off-shell realization of N=1 supersymmetry.

Let S and P be scalar and pseudoscalar real fields, respectively, and A, a real pseu-
dovector field. Guided by supersymmetry transformations of the standard linearized N =
1,d = 4 supergravity theory — see [26], we define the following transformations of the
fields of the linearized unimodular supergravity theory under construction

1 _
5€Lh;w = _5 6('7#71111 + %ﬂl}u),
I 1 oo ) . 7 1 y
Sy = ~1 0 hy, Vpo€ + E’YM(S — iy P)e + 575 A, — g’y,/y A, ) e+ 0,0,
1
515 =~ e a0, 29
)
SEP = L ey Oyt
3_ 1 o
5eLA,u = 1 5 (nup - 3'7,u’7p> y? A&ﬁb)u

(=]

where 75 = i7%v'92~3 and

9[6](%)2—/d4yD(:v—y) [—iv“ﬁphﬁ(y)%aﬁ?(S(y)—ivsP(y))eJrévw“Au(y)e :
P, D(x—y)=0(z—y)
PO[e] = i7“8‘%;%06—%(S—ifyg,P)e—éfygﬁ“A#e (2.9)
The summand 0,0(x) in (2.8) is needed so that
SE(YMhu) = 0, Vhyu, ¥y, S, P, Ay (2.10)

Some comments regarding d,6(x) are in order. First, it is plain that 0,60(z) does not con-
tribute to the variation of the Rarita-Schwinger action in (2.4). Secondly, when it acts on a
physical gravitino it has to be contracted with the corresponding vector-spinor wave func-
tion, which is transverse, thus yielding a vanishing constribution. Thirdly, contributions
of the type 0[e](x) in (2.9) were not considered in [34], hence the negative result quoted in
the latter.

Let us stress now that (2.10) does not further constrain the fields h,, and 1, since the
last equation of (2.9) holds for arbitrary hy, vy, S, P, A,, with appropriate regularity and
boundary behaviour.

Recall that in the unimodular theory h,, and 1, are constrained by the unimodular
conditions in (2.1) and (2.7), respectively; which are indeed preserved by the transfor-
mations in (2.8). We shall see in the next section that 6%t and all the remaining su-
persymmetry transformations in (2.8) are the order x" contributions to the supergravity
transformations of the full unimodular supergravity theory.



(Aux)

Let us introduce the action, S , for the auxiliary fields

1
S = —2 / d'v (S* + P? 4+ ArA,) (2.11)
It can be readily shown that
§LgLUe) = fl/ ey Y (0% by + 0,0,hf + 0,0,h0]
Z v
5Ls®S) — -1 / ey (0% by — 0,0,h8 — 8,0,h1)]
4 (1 , L ox 1 A
+ [dx ge(S — iy P)0" ), + 56757‘) OpaA, + 56751748 {5
1 1 1

sEgA) = — /d4$ [36(5 — 5 P) 0"y, + fvaﬂf)plﬁ,\flp + 36751748)\1/0\]

Hence, if we define
S(LUSG) _ g(LUG) 4 g(RS) | g(Aux) (2.12)

we get
5L5(LUSG) —0.

We are thus entitled to define STUSG) as the action of the off-shell linearized unimodular
N = 1,d = 4 supergravity theory.
Our next task will be the computation of the commutator [551 , 552] Before carrying out

such computation we shall establish the following variations of arbitrary — and therefore
not restricted by the unimodular constraints in (2.1) and (2.7) — hl, and v,

8585 [P lih=0yw=0) = 0, 0405 [V U] lin=0,7-5=0) = O. (2.13)

The symbol |[j;—q.4—g) indicates that the unimodular constraints h = hly = 0 and
v -1 =", = 0 are imposed after having worked out the infinitesimal variations. The
action of 67 on the arbitrary fields is given by the definitions in (2.8) and (2.9) with the
unimodular constraints removed.
Now, because 6(z) in (2.9) makes sense for arbitrary fields, it is plane that the following
equation
U[hy, b, S, P, Ay) = 65 [v#4,] = 0,

holds for arbitrary fields — i.e., not constrained by A = 0 and - ¢ = 0, by construction.
Hence, its variation under 551 also vanishes. Hence,

kol [nh] = eadk [y*u] =0 (2.14)

€1 €2

We are now ready to work out the action of [§%,%] on the fields. Due to the re-
sults (2.10) and (2.13), one can readily do so by computing the action of such commutators
on arbitrary — i.e., not constrained by h = 0 and v -4 = 0 — fields and then imposing
the unimodular constraints on the result. Now, notice that if we remove the summand

0,0 from the transformations in (2.8), we are left with the standard linearized off-shell



supergravity transformations, whose algebra closes on translations — modulo gauge trans-
formations when the commutator acts of either h,, or v,. Hence, it is not difficult to
reach the conclusion that the following equations hold for the fields — constrained — of
our linearized unimodular supergravity theory:

1

[55Ll ) 5é]huu = igl'ypeQ a,oh,uz/ =+ auXV =+ auXu»
i_

[551 ) 552]% = 5517'062 8p¢u + au@7

i
[6F 6L1s = 5@7%2 9,5, (2.15)

€17 V€2

1
(6L oL1P = 517 €20,P,

€17 V€2

1
(6L, 614, = 5517’)62 OpAp,

€17 Y€l
with
i i ,
Xo = —gE el + 5 (E17.6le] — Ev0lel])
1 1
0= _§g17p€2¢p T g(gl’YUW)%er — @Y ¥ pe1) + 0, Oea] — Oz, 0[ea].

0[e] is given in (2.9).
Using the value of 0[] given in (2.9), one can show that this y, satisfies

8MX'LL =Y,

if hfy = 0. Hence, X defines an infinitesimal transverse diffeomorphism, as required.
Further, y#1,, = 0, (2.14) and (2.15) leads to the conclusion that

70 =0.

Hence, © defines a gauge transformation, 0,0, of v, which preserves the constraint
’Y“% =0.

It is clear that the algebra generated by the transformations in (2.15) closes on trans-
lations when these transformations act on local operators which are invariant under the
gauge transformations in (2.3) and (2.5). This invariance being a sensible requirement for
a local operator to qualify as an observable. We thus conclude that the fields of the lin-
earized supergravity theory with action in (2.12) carry a linear representation of the N = 1
supersymmetry algebra in four dimensions.

Let us now focus on the plane wave solutions to the equations of motion derived from
S(RS) in (2.4) with 1, such that y#1), = 0. We shall close this section by showing that
such solutions involve only helicity +3/2 quanta upon canonical quantization.

By setting to zero the change of S®9) under the variation

1
5¢u = ((5Z - 4'7;/71/) ooy,



where §o, is an arbitrary infinitesimal — i.e., not constrained — spinor-vector field, one
obtains the equation of motion to be satisfied by the v, of our linearized unimodular
supergravity theory. This equation reads

1
(55 - ﬂ“%) 7P70pths = 0.

Since y*1),, = 0, the previous equation of motion is equivalent to

1
P = 57(07)- (2.16)
We shall use below the fact that the previous equation implies the following one

P(9"¢u) = 0. (2.17)

A general Majorana plane-wave solution to the previous equation has following form
in terms of its positive and negative frequency parts:

d% L L
= (+) k ikx (=) —ikx
x = e + k)e 2.18
) = [ [P a0y o] (218)
with E(F) = k2, ke = E(R)a® — k- & o5 = C[@} )T and v = 0.

By substituting (2.18) in (2.16), one gets

o (k) = S (K052 (R)). (2.19)
where k? = (E(k), k). Obviously, (2.17) leads to

H(kPy () (k) = 0. (2.20)

Now, multiplying both sides of (2.19) by ¥, first, and then taking into account that
k% = 0, that fy“i/},(f) = 0 and that (2.20) holds, one reaches the conclusion that

k) (k) = 0.

Putting it all together, we conclude that the ¢ff(l¥:')’s of our plane-wave function
in (2.18) have to satisfy the following equations

FeiD () =0, RuPE =0 and A*uH(E) =0,

It is clear that the solution to the previous set of equations contains longitudinal
modes of the type kugbi(lg), gbi(lz/:) being spinors that satisfy l;c‘qbi(lg) = 0. And yet, this
longitudinal modes can be gauged away while preserving the constraint v#t, = 0, for
Ko+ (k) = 0. Finally, it is a well-established fact — sce, eg, [35] — that once these
longitudinal modes are disposed of, we are left only with modes which, upon quantization,
give rise to operators whose helicity is either +3/2 or —3/2.

To close this section we shall compute the supersymmetry current that the Noether’s
theorem associates to the supersymmetry transformations in (2.8). Let replace the rigid



parameter € in (2.8) with an z-dependent infinitesinal Majorana spinor €(x) and define the
following transformations

6£(x)h/“/ = _ii(x) ('7#¢1/ +7V¢#)7
1 ' . j 1
5Ly == OB Yoo e(@)+ 27 (S— 75 P)el()+ 575 <A — 3 A ) e(x)+0,00e()),
1 - loa
5eL(x)SZ D) €(x)7"7 Optho,

3_ 1 ;
OetayAn= 7€) (77#/)_37;/7,0> VP75, (2.21)

Ole(y))() = [a%y Da—y)
21

X [i VO R(Y) Yoo e(y)+ 5 (S(y) —i%P(y))E(y)+é75v“z4u(y)6(y) ;
9. D(z—y)=d(z—y) | |
P.0[e(y)](z) = iv"ﬁ"hz Voo€(T) — %(S—i%P)e(x) - %vw“flue(x) (2.22)

Now, since STUC is invariant under the rigid supersymmetry transformations in (2.8),
one concludes that

5€(w)S(LUSG) = /d4x Oye(z) JH(z) = — /d4:ce(x)8MJ“(x). (2.23)
Taking into account (2.2), (2.4), (2.11) and (2.21), one shows that

5€L(x)S(LUSG) 5L( )S(LUG) + 56(x)s(RS) + 66(x Aux /d aﬂe [iaphg,ypo,y)\pélbd} ‘
(2.24)

By comparing (2.23) and (2.24), one concludes that the supersymmetry current, J*, asso-
ciated to supersymmetry transformations in (2.8) reads

= LB s (2.25)

That this supersymmetry current is conserved when h,, and v, satisfy the equation of

(LUSG)

motion derived from S is a consequence of the fact that the variations in (2.21)

preserve the unimodularity constraints hj, = 0 and 1, = 0 and, hence,
8Ly ST =, (2.26)

if h,,, and 1, are solutions the equation of motion. Recall that e(z) in (2.23) is arbitrary
Majorana spinor.

Notice that J# in (2.25) is the very supersymmetry current that one obtains by ap-
plying, first, the technique above to the ordinary linearized supergravity theory and, then,



imposing on the fields the gauge conditions hj, = 0 and +*1),, = 0. Recall that, with our
conventions, the Fierz-Pauli action, Spp reads
1

(LUG)
s 4

1 1
= / d* [2 R Q2R + 9, kP 0, hY \ + hd) 0, — §h82h : (2.27)
where h = hl,.
Finally, the current J* in (2.25) plays a mayor role in the construction of the interacting
unimodular supergravity theory by means of the Noether method [36] as discussed in the

next section.

3 Off-shell unimodular N = 1,d = 4 supergravity

In this section we shall introduce the unimodular N = 1,d = 4 supergravity in its minimal
off-shell formulation. But, first, let us settle the notation.

Ny Will denote the Minkowski metric with mostly minus signature. g, will stand for
the metric of the semi-Riemannian 4d spin manifold. e, denotes a vierbein for the metric
g and el the inverse of the former. w,™ will stand for the spin connection and R [w]
the curvature of the latter:

ab _ ab ab ac b ac b
R} [w] = 0w, — Opw,” + w, "W, — w, "W,

The numerical Dirac matrices will be denoted by v* and they satisfy
{77} =20,

The matrix * is defined by the equation v* = ~%¢k. ,, will be the symbol representing
a Majorana spin-3/2 field on the manifold. ﬂ# = ¢L’70 wil denote the Dirac conjugate of
Yu. Dy, [wgb] will act on 1, as follows
D ab _ 1 ab
,u[wp ]wu — /ﬂﬂu + Zwu Vabwua

where v = %[fya, ). The following symbol will be much used
1
,Ymuzus _ ? Z (_DUW 7%(1)7#77(2)7#”(3)_
™

7m(1)7(2)m(3) denotes a permutation of 123 with signature o.
In view of the results presented in the previous section it is quite natural to postulate
that the action of the theory at hand should be

1 v pa c i s v a 1 a
5(USG) =—53 / d4xefz‘ebRﬂlz,[w(ep,1/Jp)]—§ / d'z " i ) / d'z [S?+P*+A"A,].
(3.1)
In the previous equation the vierbein, e}, and the field 9, are constrained by the following

unimodularity conditions:
e=dete, =1, ', =0. (3.2)



The constraint on the determinant of e, is what defines [37] the unimodular gravity theory
in the Palatini formalism. The invariance of the unimodularity — i.e., e =1 — of e}, under
the supergravity transformations is guaranteed by the constraint on ,, as we shall see
below. S, P and A, are the auxiliary fields needed to set up the off-shell formalism. S is a
real scalar, whereas P and A, are a real pseudoscalar and real pseudovector, respectively.
In the action in (3.1), w(ef, ;) denotes the following spin connection with torsion:

(av¢a): ( )+Kab( 0777/}0)

b e e (3.3)
K,ua (egv@bo) = Z(w;ﬁ/ P — 1 Yu” + 7a¢u)a

where w,ﬂb(eg) is the Levi-Civita spin connection for the vierbein ej;. The reader may
notice that S(USS) in (3.1) is the standard action [35] of N = 1,d = 4 supergravity when
e, and 1, satisfy the constraints in (3.2).

To define the supergravity transformations that will leave invariant S(VSS) in (3.1), we
shall proceed as follows. First, we shall recall the value of the supergravity transformations

of standard N = 1,d = 4 supergravity:

T o~ K= 7 ~ ~
b€y, = —2567“%, Yu = Va€y
L. 1 S . L A S N
0cthu = —Dplw(€s, Yo)le + £7u(S —ivsP)e+ 55 { 0 — 37" | €Aw,
. 1 -
5eS = — R, (3.4)
ggp = ig’y{)’?ﬂRM
~ 3= . 1
0:A% = 16’)/5 <el, — 37“7,,) RY,

where €, T/;u are, respectively, the vierbein and gravitino fields of standard supergravity,
and, therefore, they are not subjected to the constrains in (3.2), and S, P and A, are the
auxiliary fields. € is the standard supergravity transformation parameter. R* is given by
the formulae

TRM — :YW/J[)VJ%

< - o o5 LKL . ~ K 1. 5\ -
Dup = D“[wﬁb(ea,wa)]w,} - 167/)(5 — 5 P)Yy, — 1575 (5,2\ - 37/)7)\) YA,

~c 7 1 ~c 7 a
Du[wgb<eoﬂw0’)] = 6# + Zw<eo'7w0')u bf)/ab'

wab(ee, 1/)0) is the spin connection with torsion of standard N = 1,d = 4 supergravity. This

spin connection yields the connection in (3.3), when e, =€), and ¢u = Py:

ab

Wy (eﬁ, Vo) = wsb(égaia”[ea,ea@” Yl

The transformations in (3.4) were introduced by the authors of ref. [26], but the reader
should be warned that our conventions are not theirs.

~10 -



Taking into account the way the action S(VS®) in (3.1) was obtained, it is quite natural
to define the supergravity transformations of the fields in it by setting €, = e}, and ”‘;u =1,
in the transformations in (3.4). However this is not enough to obtain a set of meaningful
transformations, for it is plain that they will not preserve the constraint v#, = 0, if € is
arbitrary. We are thus lead to restrict the set of allowed values of € to those belonging to
the set of solutions of the equation:

0c (7"4h) = 7" Oeekitpy +"Seb, = 0, (3.5)

where dz€e; and 61, are defined as follows

Oceq = [6662] e =g Pu=1pu]’ Otp = [5€w“] [en=eg Pu=1u]"

The symbols on the right hand sides of the previous equations indicate that €}, = e}, and
Y, = 1, are imposed on the right hand sides of the corresponding transformations in (3.4).
By using the definitions in (3.4), one easily shows that (3.5) is equivalent to
i u K . 2k ) K,
7V Dulw(eg, bo)le + i (& a)r "ty + i (S — iy P)e + igy57"ed, = 0. (3.6)

From now on we shall denote by e(e};, v, S, P, A,) — or, just ¢, for short — any solution
to the equation in (3.6). We shall take the solution to (3.6) to be given by the formal
n(n)a
— the
1

C’,Sn)a’s are constrained by detej, = 1. Since this formal series expansion can be worked

series expansion in  that solves the equation upon setting e, = ¢}, + Yons1 K
out by sequentially solving an infinite set of inhomogeneous Dirac equations in flat space-
time, it is plain that (3.6) imposes on the fields e and 1, no constraints other than the
appropriate regularity and boundary conditions for the solutions to those Dirac equations
to be smooth enough. It is in this sense that (3.6) holds whatever the value of € Y, S, P
and A, and, in particular, for fields that differ infinitesimally. To be more concrete, let us
work out the first order in k solution to (3.6). Actually, the first order in x contribution
to €, gives rise precisely to supersymmetry transformations (2.8), as we had anticipated in

the previous section. Indeed, if we expand the metric around the Minkowski metric — i.e.,

ab

v = Npw + Khyy + o(k?), the spin connection wy,

(e%,1) inherits the following expansion
in x:

Wi (€5, V) = —=(0°hl, — O°h%) + o(K?). (3.7)

K
2

If we substitute now this expression and € = €(©) 4 re(™) + 0(k?) in (3.6), we obtain

P =0
PV = iwaﬂh; 'ypge(o) — %(5 — iy5P)el®) — é’yg,y“AHe(O). (38)
Hence, ¢()) can be taken to be given by
) =y / d*yD(x—y) [iwaﬂhz@me@ = 2(S) P — a5 A (),
9, D(x—y)=d(x—y). (3.9)
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where @) = 0 By choosing a rigid €?) and ) = 0, taking into account (3.7), (3.8)
and (3.9), and, using, finally, (3.4), one easily recovers the supersymmetry transformations
in (2.8). The full unimodular formalism we are developing is thus naturally, in harmony
with the linear unimodular supergravity theory we constructed in the previous section.
Note that, indeed, the second equation in (3.8) posses no contraints on the fields, as we
said above, for (3.8) always exist provided appropriate regularity and boundary conditions
are met.

Notice that the expansion in £ we have introduced in the previous paragraph is totally
in harmony with the fact that one may rightly consider unimodular supergravity as a theory
of gravitons and gravitinos propagating in Minkowski spacetime. Indeed, as we shall see
in the next section, the maximally supersymmetric solution to the equations of motion of
the unimodular supergravity theory is Minkowski spacetime.

Let us briefly discuss the construction of the full unimodular supergravity theory by
using the Noether method — see reference [36], for the ordinary case. We shall consider
the expansion of the unimodular supergravity action up to first order in x. Taking into
account (2.23) and (2.21), we define the following action

Sy = SILUSG) _ g/d% Y "+ o(K?), (3.10)

where J# is given in (2.25). Let us stress the fact that the previous action can be obtained

USG)

by expanding S¢ in (3.1) up to first order in k.

Now, 57 is invariant, up to order x, under the following local transformations

T _
5e(x)hp,ll = _5 6(95)(%1%—1-%@/1“)7

1 1 1 .
Oe(z)Up = Ec?ue(:c) 1 O hy Ypoe(x)+ é'yM(S—Z'yg,P)e(x)

575 (Au - ;’YM’YVAV> e(CL’) +8M9[6(y)]7

1 (3.11)
56(I)S - _57('7;)7'008/)1#07
i_ o
Oe(z)P = 3 €(2)57 Opo,
3_ 1 poA
5e(x)Au = if(x)’% Nup — g’Yu’Yp ¥P7 01y,

But we should also demand that the constraint #1, = 0, with v%el, be preserved by
the transformations in (3.11) up to order x° — the transformation for 1, starts with 1.
Clearly, this will constraint the allowed values of €(x) in the transformations in (3.11).
Using the expansions el = 04 — 5hl + o(k?) and €(z) = € + ke() + o(k?), one gets that
y#p,, = 0 is preserved up to order k0, if

@e(o) =0= @8(1).

Bearing in mind this last result and substituting e(z) = (© 4+ ke() + o(k?) in (3.11), one
obtains the same transformations rules that are obtained from (3.4) by expanding in powers
of k, once € is constrained by (3.6), i.e., once (3.8) and (3.9) are imposed.
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It is high time that we postulate what the unimodular supergravity transformations,
56(3“, dethyu, 0S5, 0eP and 0.A,, are. This we do now:

—a KR_ 4 _ a
Oc 6 - [6€ #][e €84 =ed dm ﬂm] 2567 w'u’ T ="Talp
1 ab/ ¢ 7 . 7 1
ewu_[ Ewﬂ][e eea_ea’wM Y] = D [ Wy (6071/}0)]64_E’YM(S_Z’Y5P)E+§’Y5 <5 3'7/#7) €Ay,
1

5.8 = [5:9] = —f'nﬂ%“,

[e= eez—ewwu =]

0P = [BePljeme g =) = 75 WR

a_ a 3 1
5 A= [0:A Jje= es=es Bu=tpu] = 1675 (e v =37 fy,,) RY, (3.12)

where
R/'L = /-YIU/PDpr’

K . K 1
,Duwp = Du[wﬁb(eﬁﬂﬁo)hﬂp - ZE’Y/J(S - 1’7513)% - 2575 (5,;\ - 37;)7)\) qu)n

ab( c 1 c a
Dﬂ[wub@a’wff)] = alt + Zw<eavw0)u bfyab'

w2(eS 1, ) is the spin connection with torsion in (3.3). It is most important to recall that

€ is a solution to (3.6), so that o, ('y“l/}u) = 0. The symbol

[0z(field)] field = &%, vy, S, P, Aq

[e=e.ef=ef =]’

indicates that the substitutions € — €, €}, — e, and 1/JM — 1), are applied to the polynomial
in the fields and their derivatives that are equal to the symbol d; (field) according to the
definition in (3.4).

Taking into account that

dee = [0z€] (emc.en et Bumtpy] = 0, where e =det e, €= det ¢,
56(7#1[)#) = [ ( ¢N)] [€=¢,é0=cl wu Yu] T =0,
and the definitions in (3.12), one concludes that
6 S(USG) — g, (3.13)

where S(USG) is the off-shell unimodular supergravity action in (3.1). Indeed, if we consider

b
ab,
by wu™ (€S, 15) in (3.3), so that one may apply the “1.5” formalism — see reference [35]

the spin connection, w?’, in (3.1) to be an independent field, its equation of motion is solved

— to the case at hand. Thus, one obtains

56 S(USG) = 5SEH + 5SRS + 5SA11X = O’
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for

—L d4$ (Eﬁy“wa)eZRZ’b/ [w(eg7 Qﬂa)],

1 v pa c
O0SEH = — 5 d4IE (5€eg)ebRpll)/[w(€a7¢a)] = 2%

2K2
dSrs = ;/d4l' Euypa[(éeau’Vo’VSDu [W(ega ¢a)]¢p + EMVa((SEeg)’75DV [W(€37 Q;Z)a)]"vbp
+ au'}/o')%Dv [w(€g7 ¢a)] (5€¢P)] =

d'z (Ey"1ha)ef RID [w (el tha)] — 6 Saux

i
T 2k

2
6SAux = 3/d4$ [S(SGS + P6€P + Aa(;eAa] .
Notice that in the previous equations we have used that

Yape™ = 0.

Otherwise (3.13) would not hold.

Let us move on and compute the commutator of two unimodular supergravity trans-
formations as defined in (3.12). Let €; and ez be any two solutions to (3.6), then, the
following equations hold

0e, (7“%) =0, Je (’Y“%) =0, J¢0c (’Y“%) =0. (3.14)

Let us point out that &, de, (v*,) = 0 comes from the fact that, in the formal series
expansion in k we are using to solve (3.6),

562 (7“%) = F[62(€Z,¢u757 P7 Aa)aefuw/usa P7 Aa] =0

holds for any value of e),v, S, P, A, with the appropriate regularity and boundary be-
haviour — the paragraph right below (3.6) is most relevant in this regard. We have
introduced the function F' to remark that Je, (W%) depends on the fields both explicitly
and implicitly, the latter dependence through es.

Using (3.14) and the definitions in (3.4) and (3.12), one readily comes to the conclusion
that

0e, 0cy (ufield) = da,, (utield) + [0z, 0z, (field) |, _, 2,y cn—en 3~ 0
Az =662, ufield = %, Wy, S, P, Ag;  field = &%, by, S, P, A

Recall that €; and ez depend on the unimodular fields so that Ay = d, €2 is not zero.
By employing the results in (3.15), one shows that

[0 0, (ufield) = 677 (ufield) + 657" (ufield) + dx:(ufield), (3.16)
where 5§Dif Disa diffeomorphism with parameters £°, 51({“07"6”&) denotes a Lorentz transfor-

mation with parameters A% and dy; is given by the supergravity transformations in (3.12)
with parameter ¥ instead of e. The value of each of these parameters is given next:
i
H — _g~Pe
¢ =gae,
A% = 0 % + e
b= 5 Ct)p b + 66

Y = 0¢ €2 — Ocp€1 — KELY,.

. K _ a .c
27% (S —ivsP)er — 562{7 1Y Frs€1Ae, (3.17)

— 14 —



Since we want the commutator of two unimodular supergravity transformations
in (3.12) to yield a unimodular supergravity transformation modulo a transverse diffeo-
morphism — not a general diffeomorphism — and a Lorentz transformation, the equation
in (3.16) cannot be the end of the story. It remains to be shown that 0,* = 0 and that
dx(v*9,) = 0. We do so next.

Let us show first that 9, = 0, where £ is given in (3.17). Let I'}, (€2, 15 ) be given by

Fﬁy(egv¢o‘) = Fﬁy(g) - Klep(eg,ﬂ}o-), (318)

a

1Cav and

where I'},,(g) detones the Christoffel symbols for the unimodular metric g, = e
K, " (e%,1,) is defined by

2
Ky *(€5: ) = i (8,070 = 6, 0a” + 0 1)

Then, taking advantage of the following results

K2 2K . K
Y Dylw(eg, ¥o)ler = —ZE(H’Y%aWa% - 13(5 — iv5P)er — Zg%ﬁ”ﬁlflm
a — M -/12 — b A 2K _ . K v
D,w(ey, o)y = —13(627 Ya)py* + Z362(5 —ivsP) + 52757 Ay,
1

9. ~Y
//7_}—4

wuab(eg7 %)[7@, 7]+ F/.Vl,p(eg” Vo)1’ =0,
one shows that
20,8" = ie1y e I (€5, Vs)- (3.19)
Now, I'l;,(g) = 0, for g, is unimodular, and Kf;,(e%,v,) = 0, since ¢, is Majorana and
v, = 0. Hence, putting together (3.18) and (3.19), one reaches the conclusion that
0u&H = 05 as required.
Let us show next that dx(7*¢,) = 0, where ¥ is given in (3.17), i.e., ¥ is an admis-

sible parameter for the unimodular supergravity transformation in (3.12). Now, since the
equations in (3.14) hold, we have

[5517552](’7M¢N) = Pya([5€276€1]eg)¢# + ’7“([561;562}1##) = O (320)

Using (3.16), one can readily deduce that
[0c,, 0ey el = —eper, (fpﬁpe?, + aygpe’; + Ab et — igffybwy) . (3.21)
We also have — see (3.16) — that

1 1
[8es Ocs b = &0ty + 0Py +  Dapy o + — Diafe™ (€, )]8

; ' ; 1 (3.22)

+ E’VM(S — i P)X 4+ 575 <5Z — Sv,/y”) YA,
By substituting first (3.21) and (3.22) in (3.20) and, then, performing a lengthy algebra,
one obtains — due to the occurrence of a surprising bunch of cancellations — that X

satisfies the following equation

K2
_F

= 2K . K,
5 (X7 a)y "y — i (S — i3 P) Y — i e 757" DA

V' Dpulwles, ¥o)]X =
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This is what was required for 3 to be an admissible unimodular supergravity transformation
parameter.

Summarizing, we have shown that the unimodular supergravity transformations
in (3.12) form a closed algebra modulo transverse diffeomorphims and Lorentz transfor-
mations.

To close this section we shall introduce the on-shell counterpart of our off-shell theory.
This is achieved by imposing that the auxiliary fields S, P and A, satisfy the corresponding
equations of motion derived from the action in (3.1). These equations of motion read

S=0, P=0 and A, =0. (3.23)
Hence, the action of our on-shell theory is
ns 1 vV Da c i ol v a
G (Onshell) —M/d% eﬁ:ebR,f;[W(ep, Vp)] — 2/‘14$ PP Dyw(ey, 1)ty

By substituting (3.23) in the off-shell transformations of ef; and 1, in (3.12), one ob-

tains the on-shell unimodular supergravity transformations which leave S(©*shell) invariant:
SO el — —iey T = Vab
. (3.24)
O g, = D, (5. e,
where D, [w(eS, 1) = 0, + iw(eg,wg)#ab%b. Of course, the infinitesimal parameter

€ = e(ef},¥y) in the on-shell transformations in (3.24) now satisfies the equation

2

V' Dplw(eg, ¥s)le + i%(?v”%)w“wb =0, (3.25)

so that the unimodular constraints detej, = 1 and +#¢, = 0 are preserved under the
transformations in (3.24). Of course, (3.25) can be obtained by substituting (3.23) in (3.6).
Finally, it can be shown, in analogy with the off-shell case, that the parameters
S(Onshell) i

Z — e (3.26)

E(Onshell) _ 5£10nshell)€2 _ 5£2Onshell)€1 o ngwpv

defining, respectively, the diffeomorphims and supergravity transformations that occur
when computing the commutator of two on-shell unimodular supergravity transformations

with parameters €; and €9 are, indeed, transverse — ¢ LonSheH) = 0 — and satisfy

2
A Dylief iSO i (OB )4 = 0,

respectively; as it must be.

~16 —



4 Unimodular supergravity and its classical solutions

A classical solution of a supergravity theory is a bosonic field configuration which satisfies
the equations of motion of the theory once the auxiliary fields have been removed and the
fermionic fields have been set to zero. Not every classical solution of a supergravity theory
is invariant under the supergravity transformations defining the latter. Those classical
solutions that preserve some of the aforementioned supergravity transformations are called
supersymetric or BPS solutions. In the case of the unimodular supergravity theory whose
action is in (3.1), setting ¢, = 0 and S = 0, P = 0 and A, = 0 leads to the conclusion
that the classical solutions of the theory at hand are those unimodular metrics which are
solutions to the unimodular gravity equations of motion, which read:

1
R'u,/ — ZRQMV = 0. (41)

R, and R denote the Ricci tensor and the scalar curvature for the unimodular metric
Juv = €,€av, Tespectively. It is plain that any classical solution of the standard N = 1,d = 4
Poincaré supergravity equation of motion is a solution to the equations of motion of the
unimodular supergravity theory put forward in this paper, but not the other way around.
Indeed, the equations in (4.1) admit de Sitter and anti-de Sitter spacetimes as solutions;
these spacetimes are not classical solutions of standard N = 1,d = 4 Poincaré supergravity.
So, standard N = 1, d = 4 Poincaré supergravity is not equivalent to the unimodular gravity
theory whose action is given (3.1) in the sense that their spaces of classical solutions are
not the same. However, the solutions to (4.1) with a non vanishing Cosmological Constant
are never invariant under the unimodular transformations (3.12). Indeed, the supergravity
invariance condition

1 1
0=0cthu=—Dye; Dy =0y + 70"(¢}.)Yabs

where wgb(ei) is the Levi-Civita spin connection, implies that € has to be a killing spinor.
But it is known [38] that if such a spinor would exist then R = 0, which would contradict
the hypothesis of a non vanishing Cosmological Constant. Notice that when 1, =0, S=0,
P=0and A,=0, any killing spinor satisfies (3.6) — which boils down to v* D, [wgb(eﬁ)]e =0
— and, therefore, it is an admissible unimodular supergravity transformation parameter.
We stress that, unlike in the standard N = 1,d = 4 Poincaré supergravity case, both de
Sitter and anti-de Sitter are vacua of the unimodular N = 1,d = 4 theory; they break —
spontaneously — unimodular supergravity invariance, though.

It is well known [39] that the maximally supersymmetric vacuum of standard N =1,
d = 4 is Minkowski spacetime. This spacetime is also the unique maximally supersym-
metric vacumm of unimodular N = 1,d = 4 Poincaré supergravity, for any killing spinor
satifies (3.6) when 1, = 0, and, of course, S =0, P = 0, A, = 0. Hence, it is legitimate
to view unimodular N = 1,d = 4 supergravity as a theory of gravitons and gravitinos
propagating in Minkowski spacetime, in the perturbative x-expansion.

Finally, it is plain that if we look for classical solutions of our N = 1,d = 4 unimodular
supergravity which partially break unimodular supergravity, we shall only find the standard
gravitational pp-waves: one has to solve the same killing spinor equation [39] as in the

ordinary N = 1,d = 4 Poincaré supergravity.
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5 Conclusions and discussion

The main conclusion of this paper is that a unimodular N = 1,d = 4 Poincaré super-
gravity can be formulated off-shell. This unimodular gravity theory is the counterpart of
the standard NV = 1,d = 4 Poincaré supergravity. Analogously to the case of unimodular
gravity, the infinitesimal parameters defining the unimodular supergravity transformations
are constrained by a differential equation which make those parameters field dependent.
Indeed, along with the gravitational unimodular contraint det ej, = 1, one has to impose
the constraint v#¢, = 0, if e = 1 is to be preserved by the supergravity transformations.
That the constraint v#1,, = 0 be preserved under supegravity transformations leads to the
differential equation we have just mentioned. We have shown that despite that field depen-
dence the commutator of two unimodular supergravity transformations closes on transverse
diffeomorphisms, Lorentz transformations and unimodular supergravity transformations.
We have shown that the unimodular N = 1,d = 4 Poincaré supergravity theory presented
here has de Sitter and anti-de Sitter spacetimes as classical solutions that break — sponta-
neously — supergravity. This phenomenon makes unimodular N = 1,d = 4 supergravity
different from its standard counterpart N = 1,d = 4 Poincaré supergravity, for all classical
solutions to the latter are Ricci flat.! And yet, the only maximally supersymmetric vac-
uum solution of our unimodular supergravity theory is Minkowski spacetime. Around this
vacuum our theory is a theory of interacting gravitons and gravitinos as we have shown
by studying the linearized unimodular supergravity theory which has a (rigid) N = 1
supersymmetry.

In view of the discussion above one may ask whether a unimodular counterpart of AdS
supergravity can be formalated by generalizing the framework presented here along the
lines of reference [40] — see also [41-43]. Thus, if successful, we will have a unimodular
theory whose maximally supersymmetric vacuum will be anti-de Sitter spacetime (AdS).
One can answer that question in the affirmative by adding to the action in (3.1) the term

_ 2 4 “21
SL=— d:c[s+4¢ W].

Indeed, it can be shown [44] that Sy, is invariant under the unimodular supergravity trans-
formations in (3.12), so that the resulting theory has AdS spacetime with radius L as a max-
imally supersymmetric vacuum. This unimodular supergravity theory also has Minkowski
spacetime and de Sitter spacetime as classical vacua, although they break supergravity
spontaneously. Further details can be found in reference [44].

A few years ago, 38 years after the formulation of N = 1,d = 4 AdS supergravity
in [40], a pure and complete N = 1,d = 4 supergravity theory having dS spacetime as
classical vacuum has been constructed in references [45] and [46] — see also [47] — within
the standard — i.e., no unimodularity conditions imposed — supergravity formalism by
using the superconformal approach — see chapter 16 of [25] —to N = 1, d = 4 supergravity.
Whether there is a relationship of this dS supergravity in [45] and [46] with the unimodular

Notice that the inclusion of a Cosmological Constant term in the action of standard — i.e., non-
unimodular — supergravity will make Minkowski spacetime to be a vacuum of the theory no longer.
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supergravity theory presented in this paper deserves to be studied. However, this study lies
outside the scope of this paper, for it seems to demand that the unimodular counterpart of
the superconformal approach to N = 1,d = 4 supergravity be formulated. Let us point out
that in the unimodular supergravity construction of reference [31] supergravity turns out
to be coupled to a goldstino much in analogy with the nonunimodular dS supergravities
we have just mentioned.

Finally, we have not considered in this paper the supersymmetrization of unimodu-
lar gravity as formulated in reference [4]. It will be much interesting to formulate the
supergravity counterpart of the theory put forward in [4]. Indeed, the latter theory con-
tains a gauge three-form which is involved in the dynamical generation of the Cosmological
Constant as does the so-called variant three-form off-shell supergravity — see [48-50] and
references therein. This is an intriguing coincidence that demands to be analysed in depth,
for variant three-form supergravity is relevant in the effective theory description of com-
pactified string theory.
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