J. Evol. Equ. (2023)23:42 .
© 2023 The Author(s) Journal of Evolution

https://doi.org/10.1007/s00028-023-00893-z Equations

®

Check for
updates

Self-similarity in homogeneous stationary and evolution problems

JAN W. CHOLEWA@ AND ANIBAL RODRIGUEZ- BERNAL

Abstract. We analyse self-similarity properties related to linear elliptic and evolutionary problems involving
homogeneous operators in several spaces including measures. We employ these techniques to analyse in
particular 2mth-order diffusion equations and the associated fractional problems.

1. Introduction

In this paper, motivated by the study of 2m-order parabolic equations (m € N)
and fractional diffusion problems, we consider general evolution problems defined by
homogeneous operators and address general properties related to self-similarity as we
now describe.

Homogenous operators are those that interact in a special form with the dilations
of functions in RY, defined by

¢r(x) = $(Rx), xeRY, R>0.
For example, a differential operator L that involves only derivatives of order m € N,

L = Z ag ah , with constant coefficients ag € C,
|Bl=m

satisfies for a sufficiently smooth function ¢,

Lgr)(x) = Y apd’(@r)(x) = Y R"apd’p(Rx) = R"Lp(Rx), x RV,
\Bl=m |Bl=m

In general, an operator L with domain D(L) in a Banach space X of functions or
distributions which is invariant by rescaling is homogeneous of degree o € R if

L(¢r) = R7 (L) . ¢ € D(L), R>0.
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The semigroup of solutions to
u; + Lu =0, xeRN,t>O, (1.1)

{S(#)};~0, turns out to be homogenous of degree o in the sense that fort > 0, R > 0
and ¢ € X

Stpr = (S(R°1)¢), inRY.

It was proved in [7,8] that if the space X is moreover homogeneous of degree v € R,
that is, its norm satisfies

I¢rllx = R"¢llx, ¢€X, R>0, (1.2)

then both semigroups and resolvent operators must satisfy some sharp estimates de-
rived only from homogeneity.

In this paper, we further analyse these types of semigroups and resolvent operators
along the following lines. In Sect. 2 we show that under quite general conditions,
2m-order parabolic equations

Wt Y @) (=)*9°u=0,1>0 xeRY,  u@ x)=¢@x), x eRY
|| <2m

(1.3)

have an associated kernel with suitable Gaussian bounds, that is,
at | | Im—1 2 T
e —[x — y|2m=
Ik(t, x, )| < e exp <—yl) , 1>0, x,y RV
t2m 41 2m—1

that allows to represent solutions as

S(t)¢ (x) =f k(t,x, o) dy, ¢eX, t>0, xeR
RN

in large spaces of initial data X which include Radon uniform measures, thatis ¢ =
such that

il py vy = sup |iel(B(xo, 1)) < o0, (1.4)
XQGRN

see Sect. 3.
Then, in Sect. 4, we prove that from the kernel for S(¢), the resolvent operator
R(A, L) inherits a Green’s function so that

RO L) (x) = (L =AD" ¢ (x) = /RN Gi(x,)p(y)dy, xeRY,

see Proposition 4.1. If moreover the semigroup commutes with spatial translations,
then the representation by the kernel is actually a convolution, that is k(f, x, y) =



J. Evol. Equ. Self-similarity in homogeneous stationary Page 3 0f 39 42

K (t, x — y) and the same is true for the Green function, G (x — y), see Proposition
4.3. This holds for parabolic problems as in (1.3) with constant coefficients. On the
other hand, for a homogeneous semigroup of degree o # 0, we prove the kernel is
self-similar in the sense that

1

k(t,x,y) = Nk0<i,ll>, >0, x,yeR",

T
t to to
and the Green’s function is also self-similar, see Proposition 4.5. With these pieces of
information, similar results are then proved for the associated fractional semigroups
and operators, see Sect. 4.4, where moreover we obtain bounds on the fractional kernel
and the fractional Green’s function from the semigroup kernel alone.

In Sect. 5, we study self-similar solutions for (1.1) and prove the existence of suit-
able naturally associated self-similar variables, which provide an alternative form of
describing the semigroup. First, in Theorem 5.2 we prove that homogeneous distribu-
tions in X of degree —f give rise to -self-similar solutions of (1.1) and characterise

all possible B-self-similar solutions, which must have the form

1 X N
u(t,x):—ﬁcb(—l), t>0, x e RY,
to to

where the self-similar profile @ satisfies a suitable elliptic problem. Indeed, we show
that 8 must be an eigenvalue of this elliptic operator and the profile ® must be an
associated eigenfunction. The existence of self-similar variables is then shown in
Theorem 5.6 where we show that, in self-similar variables, the semigroup is equivalent
to an Ornstein—Uhlenbeck-type semigroup.

Finally, in Sect. 6, we employ the previous general tools to analyse the heat as well
as higher-order diffusion equations and their corresponding fractional problems. We
also include some discussion on the heat equation with a Hardy potential.

The final Appendix contains a discussion involving dilations and homogeneous
distributions, which play an important role in the results of Sect. 5. In particular we
characterise the homogenous elements of several function spaces appearing in the

paper.

2. Elliptic operators and semigroups in uniform spaces

In this section, we show that under quite general conditions a linear 2m-order par-
abolic equations (1.3) have an associated kernel with Gaussian bounds, see Theorem
2.2.

We denote by 9; the partial derivative with respect to the variable x;, where j =
I,...,Nand x = (x1,...,xy) is a point in RN, Following [1, p. 635] we let D; :
—idj, and given a multi-index o € NV, we also set D = (—i)l*lg*.

Using this notation, we consider a 2mth-order operator of the form

A= Z aq(x)D* 2.1

l|<2m
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with higher-order coefficients a, € BUCH(R") with some 1 € (0, 1), for || = 2m,
and lower-order coefficients a, € L>(RY) when |a| < 2m.

Definition 2.1. The differential operator A in (2.1) is (M, 6p)—uniformly elliptic if
the principal symbol Ag(x, §) = Z\a|=2m ag(¥)E%, x, & € RY satisfies

. 1
inf  Re(Ap(x,8)) = —, 6p= sup |Arg(Ao(x,$§))l,
x,E€RV |g|=1 M xeRN |g|=1

with 6y < 7 and max|e|<om laallpoo@ryy < M.

Consider the locally uniform spaces LZ(RN ), 1 < p < oo, composed of ¢ €
Lf;c (RN) for which

||¢||L5(RN) = sup [@llLr(Bxy,1)) < OO.
xoeRN

In particular, L3P (RY) = L(R") and L*(RY) c LY RY) c L},(RY) for 1 <
p < 00. By considering the translations 7,¢(x) = ¢(x — y), x € RV, the dotted
uniform spaces, LZ (RN), are defined as the subspace of L[p] (RV) such that Typ—¢p —
0 as y — 0 in the norm of L}, (R"). In particular, L*(R") = BUC(R"). Sobolev
type spaces of functions with derivatives in uniform spaces are denoted Wf]’p (RN or
Wlk/’p (RN), respectively.

It was proved in [6] that if A is as above, with nondense domain lejm’p (RM) in
LY @®RY), 1 < p < oo, then (1.3) defines an analytic (but not strongly continuous)
semigroup of solutions {S(¢)};>0. The solutions are smooth for + > 0 and enter
lejm’q(RN ) for any p < g < oo. Also the semigroup extends to initial data in
L}](RN ). Furthermore, if the lower-order terms satisfy a, € BUC(RY), |a| < 2m,
then the semigroup is analytic and strongly continuous in LZ(RN ).

Then, we have the following result.

Theorem 2.2. The semigroup {S(t)};>0 above has a kernel function such that for
up € L, (RN)

S(1)uo(x) =/ k(t, x, Vuo(y)dy x eRY, +>0 2.2)
RN

and satisfies, for certain constants a > 0, b, ¢ > 0,

lk(t, x,y)| < ce*Gp(x —y), t>0, x,y eRY (2.3)
where
o —|x|2'%l
Gi(x) = Nexp[ ——] xeRY, r>0 (2.4)
tom 4¢2m—T1

2m
_|‘|2m71

and ¢y = || exp( 7 )”LI(RN), / Gi(x)dx = 1forallt > 0.
RN
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Proof. From the proof of [6, Theorem 3.1], for the weight function p(x) = (1 +
1x|?)~", with some v > %, there exists a uniformly elliptic operator A that defines a
semigroup {Sx (¢)};>o0 such that S(r) = o~ SA(t)p. Also, Sy (1) satisfies the estimates
in [6, Corollary 2.5], in particular S (¢) takes L'(RN) into L (RY). Hence, [2,
Theorem 1.3] ensures that Sy () in L' (RV) has a kernel, k (¢, x, y), which in turn
implies that p Y (X)ka(t, x, y)p(y) =: k(t, x, y) is a kernel for S(¢) in L:)(RN). In
particular, (2.2) holds for any ug € L}, (R") c L) (R").

On the other hand, by [13, Example 2.6 (B), pp. 151-152] (see also [6, Proposition 2.3
iv)]), the semigroup {S(#)};>0 in LY (RNV) satisfies |S(H)uo|(x) < ceat(th * |uo|)(x)
in (0, 00) x R¥ for every ug € C°(RN).

Hence, for any > 0 and x € RY and all 0 < ug € C(RY), we get

fR (e Grur = ) £ k(1 5, 9)ug(3) dy = 0

which yields (2.3). O

3. Diffusion semigroups in the space of uniform measures

Consider now the space of uniform measures My (RV) asin (1.4). Clearly, L}, (R")
C My (RY) isometrically. Then, the semigroup in Lb(RN ) in Theorem 2.2 can be
further extended to the space of uniform measures, by defining for € My (RY)

SE)pu(x) = /Nk(t,x, ydu(y), t>0. (3.1
R
Then, we have the following result. Observe that this result, in particular, improves

the estimates obtained in [6].

Theorem 3.1. For u € My RYN), (3.1) defines a function such that for 1 < p < oo

1
—I))HMHMU(RN), t>0 3.2)

N
2175

”S(t)l'L“LZ(]RN) =< Ceat(l +

and solves (1.3) for t > 0. In particular, S(¢t)ju has all the regularity obtained in [6].
Additionally, if w = ug € L{’](RN), 1 <p<q <o, then

IS@uoll L9 @y = ce®(1 + -t

1
vy ol vy 1> 0. (3.3)
t2mip g

Proof. Step I For x € RV, [S(H)p](x) < ce™ /N Gpi(x — y)d|u(y)|. Define
R

2m
1 —|z|zm—1

) :=—leXp(#) zeR, >0
8t 2m=1
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and then / gf (z) dz = ¢(8) and there exists § such that Gy (x) < ]_[iv: 1 gf (x;) for
R

x € RV, 1> 0. Letnow k = (ki ..., ky) € ZV and denote Oy = [T, [ki — 1, ki].
Therefore,

N
/= /RN Go(x = il = Y- /Q [ @ = ypdiu)l
k j=I1

keZN
hence

N N
J= Y s [ ety —yplu@ol=e Y T sup & Gj=) el vy @y

kezN Y€k j=1 kezn j=15€ki-1:kj]
N oo
8
=c([T X swp gt = )il v
i=1kj=—0c0 selki—1.ki]

Now for z € R there exists at most two k € Z such that z € [k — 1, k]. Removing
these intervals and using the fact that gf is an even function, decaying and with a
maximum gf 0)= %,

t2m

Z sup gf(Z—S)SC(leL/ gf(z)dz)fc(é)(Hil)

(oo SEIk—1.K] tm Jo 1om

m

and then |S(1)p|(x) < ce®™(1 + =)l pq, @n) that is
t2m

1
1Sl ooy < ce <1 4 —N) T
2m
Step 2 Using (2.3) and Fubini for every z € RV,
7= 18Ol gy < ce / / Gon(x — Y)Xpe () dje(y)] dx
RN JRN
— cet f / Gon(x — ¥) X (0) dx dlu ()]
RN JRN

and changing variables and Fubini again

- /R ) /];@ ) Xy () dwr dl ()

=Ceat/ th(w)/ Xpz—y,n(w) d|u(y)| dw.
RN RN

Now for fixedw € RY wehave,asa functionof y € R, Xp(,—y 1y(w)=Xpg—w.1)(»)
and

J < cet /R Gu(w) fR X () dipn()] dw

- ce*“/ Gon(w)|L|(B(z — w, 1)) dw
RN
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and then J < Ce™||itll pq, wy gy Gor(w) dw = ce® ||l pq,, ) that is
||S(1)M||L1U(RN) < ce™ il pmy @Yy-

Step 3 Now, by interpolation, for any z € RV and 1 < p < oo we get

1

1—1 1
IS@Omlzr s < ISORI g ISORIT g,

1-1 1
= IIS(f)MIILw'(RN)IIS(I)MIIZ}/(]RN)

which leads to (3.2).

Step 4 Now we prove, for | < p < oo and ug € L';](RN),

1
IS@uoll Lo mry < cpe® (1 + —N) luollp vy 1> 0. (3.4)

t 2mp
In fact from (2.3) we get foreach 1 < p < coandx € RV, ¢ > 0,
[S(Duol(x) < ceat/N Goi(2)|uo(x — 2)|dz
R
_1 1
= ce® A&N (Gue(2)' ™7 (Goe(2))? luo(x — 2)| dz

1-1 |

P L

< ce" (/ Gui(2) dz> (/ Goi(2) |uo(x — 2)|7 dz)»
RV RV

1
= Cpeat(/ Gui(2)|uo(x — 2)|” dz) "
RN

Now we proceed as in Step 1 in the proof of Theorem 4.3 in [6] and split the integral
as the sum of integrals in the cubes Oy = ]_[fv: 1Lki — 1, k;] and use properties of the
function Gy (z) as in Step 1 above to get

t 2mp

1
[S@)uol(x) < cgeat (1 + —N) Il @yy, X € RY, t>0

which proves (3.4).

Step 5 Now we show that for each 1 < p < 0o and ug € L, (RV) we have

IS0l p @y < cpeluollpp@yy > 0. (3.5)



42 Page 8 of 39 J. W. CHOLEWA AND A. RODRIGUEZ- BERNAL J. Evol. Equ.

Indeed, again the Gaussian bounds give for y € R, ¢ > 0,

1
PN
IS@uollLr(siy1y) < ce™ (/ </ G (2)|up(x — Z)le> dx)
B(y,1) \J/RN

< ceatf Gui(2) (/ lug(x — z)|? dx) ' dz
RN B(y,1)

— ce® / Gin(2) ( / IMO(X)I”dX> ! 4z
RN B(y—z,1)

at _ 1 at
< ce ( /R Gu() dz) ol g ey = cpe™ luoll

where we have used the generalised Minkowski’s inequality (see [20, §18.1, formula
(@)]). This proves (3.5).
Step 6 Now, by interpolation, forany y e RN and 1 < p < ¢ < o0
P P
1S@uollLaBy.1) < ”S(t)u()”LOO(B() 1))||S(t)u0”LP(B(y 1)
_pr r
< IS@uoll o, ISOuONp v,

and using (3.4) and (3.5) we get (3.3). ]

Restricting to Lebesgue spaces and to the space of measures of bounded total vari-
ation, Mgty (RY) that is, satisfying || ||V := ||(RY) < oo, we get the following
result.

Proposition 3.2. For jn € Mgty (RY), (3.1) defines a function such that for 1 < p <
00

at

R el pgpy wys 2> 0. (3.6)

SOl r@yy <
rm1=p

Additionally, if u = ug € LP(RN), 1 <p<q <o, then
at

ISuoll awnyy = —lluollLowny, > 0.

th(l )

Proof. Forx € RY, [SE)u](x) < ce‘“/ Gpi(x —y)d|u(y)| and then, using Fubini,
RN

1Sl g, < ce /R ) /R Gl = MR dx = e 1] pgyry i)

Also, [|S()pll poorry < &:”M”MBTV(RN) and then (3.6) follows by interpolation.
t2m
On the other hand, from properties of convolution, we have for é = % + % — 1 that
at
ISl La@ry < ce® |Gl pr@mylluoll p@yy = ﬁﬂ”uoﬂu(mw

= THMOHLP(RN) O
P q

N‘Z
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Now, we show the semigroup in Theorem 3.1 attains the initial data in the sense of
measures, if the kernel is symmetric. This will hold in the example in Sect. 6.

Proposition 3.3. Assume that k(t, x, y) in (3.1) is symmetric in x, y € RV,
Then, the semigroup {S(t)};>0 in My (@RN) defined in Theorem 3.1 is continuous
att = 0% in the sense that given any j1 € My @®RN)

[ ¢St dy —>/ ddu as t — 0" foreach ¢ € C.@RY).  (3.7)
RN RN

Proof. From (3.1), we have

/ ¢ (x)S@)p(x) dx =/ / POk, x, y)du(y)dx, >0, ¢ € C.(RY).
RN RV JRV

From the bound (2.3), Step 1 in the proof of Theorem 3.1 and Lemma 3.4 we can
change the order of integration and using the symmetry of the kernel we get

/qb(x)S(t)u(x)dx:[ (/ k(t,y,x)q)(x)dx)du(y):/ S(@(y)du(y).
RN RN JRN RN

Now, since ¢ € C.(RV) we have S(t)¢ — ¢ uniformly in RV, see [6, (4.6)],
and using Lemma 3.4 and Lebesgue’s dominated convergence theorem, we get the
result. 0

Now we prove the lemma used above.

Lemma 3.4. Given ¢ € C.(RY) and T > 0 there are constants C,y > 0 such that
2m

Zm—1

IS¢ (x)| < Ce 7! (3.8)
for all x eRN 0<r<T.
Proof. f 1l < p<2,x,y¢€ RY are fixed and x # 0, then the function

0@ = (1 — 8P H|x|? — (8'7 = 1)|y|? for s > 0,

P
. -1 . . p 22 .
attains at § = (%) =Y its maximum Lmax = ||x| 2 —|y|2 | < |x — y|” and letting

p:zi’fl,meN,weget

1 2m _ 1 2m 2m__ N
(1 _82m—l)|x|2m—1 —_ (8 2m—1 — 1)|y|2m—| S |x —_ y|2m—] , X,y (= R N 8 > O

We next consider a ball Bg of radius R around zero such that supp¢p C Br and
using the inequality above with arbitrarily fixed 0 < § < 1 we obtain

—1 %
IS1¢106) < ce™ (Guu * 91) (x) = ce® /R | e ('xy'> [91()dy

t2m 4 2m=1

N 1
R 12m 4t 2m—T

—1 1 2m _ 1 2m
C —(1 — §2m—1 2m—T1 S m—1 — ] 2m—1
<Ceat/ " exp( ( x| 7T 4 ( )yl )¢|(y)dy
B

¢ L 3T (1 T ([ T 5 TaT RTT
P (1=82m=T) (Jx| =T 5™ Zm=T R 2= )

t2m

xeRN,t>O,



42 Page 10 of 39 J. W. CHOLEWA AND A. RODRIGUEZ- BERNAL J. Evol. Equ.

~ —_ . 2m—1 _ 1
where ¢ = ccmll\,||¢||L|(BR). Since for |x| > 2 2m RS~ m we have

2m _ 1 2m 1 2m _ 1 2m
|x|2mfl — & 2m—1 R2m—1 > (1 —_ 82m71)|x|2m71 +5 2m=1 R 2m—1 s

letting

v P R R
M(t) — 5t—meate_zt 2m—1(§ 2m—T —1)R2m—1

we get
o1 1 2m
t 2m—=1(1—§2m—1 )2|X‘ 2m—1
b

1S((x)| < M(t)e™3 x| > 275 RS, 1 > 0,

and we get the estimate (3.8) withC = SUP, (0. 7] M(t)andy = %T_ﬁ(l—rﬁm]i—l)z.
For |x| < 2% RS_% from (3.3) with p = g = 0o, we get

-l 1
IS¢ (x)| < 2ce™@llLoepy), >0, x| <272 RS m,

2

2m 2
and we get (3.8) for any y > 0 with C = 2cea‘||¢||LOO(,_L;R)62VR2”'_l g amt O

4. Kernels, Green functions and self-similarity
We now analyse semigroup kernels and Green functions.
4.1. Semigroup kernels and Green functions
Motivated by (2.2) and the results in Sect. 3, in this section we consider semigroups

{S(#)};>0 defined in a linear space of functions in RV, X, whichhave akernel k(z, x, y),
that is, a function defined in (0, c0) x RN x R¥ such that

Stp(x) = f k(t,x,y)p(y)dy for o€ X, xc¢€ RN “4.1)
RN

Observe that if Z(RY) C X, then the kernel is uniquely determined. Also from the
results in [15,21] we can assume

IS llcixy < Me™, t>0
for some M > 0 and w € R and the semigroup curves solve
u; + Lu =0, t>0, ul0eX

where —L is the generator of {S(#)};>0, and has a domain D(L) C X.



J. Evol. Equ. Self-similarity in homogeneous stationary Page 11 of 39 42

Proposition 4.1. Under the assumptions above, {\., Re(A) < —w} C p(L) and if
Re(}) < —w,
the resolvent operator has a Green function such that for ¢ € D(L)
RG. 1g) = (L =276 = [ Guxyody. xeRY,
given by
o0
Gi(x,y) :/ Mk(t, x,y)dt, x,yeRV. (4.2)
0

Proof. For Re(A) < —w, we know, see, e.g. [9, Theorem 1.10, Chapter II], that
oo
R, L)y=(L—-1""= / e“S(t) df on D(L) which implies that forall¢ € D(L)

0
we have R(A, L)$(x) = [en (fo~ €*'k(t, x, y)dt)p(y)dy, x € RV, O
In view of Sect. 2, we assume now that
at
e xX—y N
|k(t,X,y)|§—Ng( - ) t>0, x,yeRY, o>1 4.3)
to to
—blz|7T

where g(z) = ce ' for some constants b, ¢ > 0. Observe that for the differential
operators in Sect. 2 with L = A = ZI a|<2m G (x) D%, from (2.3), the bound above
holds with & = 2m. Then, we get the following result.

Corollary 4.2. Assuming the bound above, we have the following estimate for the
Green’s function for Re(A) < —a,
|Gy(x,y)| decays exponentially as |x — y| — 00
and
bounded ifN <o
|Go(x, I = Clin(lx —yDI fN =0 as |x—y[—0.
Sfore UN>e
Proof. For Re(L) < —a
[e'e) oo ,(Re(r)+a)t _
Gyl = [P par e [ . ('x y') dt
0 0

N 1
to fo

= H,(x —y)

and splitting the integral according to whether @ is larger or smaller than 1, we get
to

—=yl© o0
Hyx — y) < C _ / M e Reta)t gy 4 C/ 5 eRe+ax 4,
lx —y|I™ Jo [x—ylo
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where we used the fact that g(z) < ¢z7" foranym > N and |z| > 1 and g is bounded
for |z] < 1.

Then, as [x — y| — 0, taking m = N the first term is of order ﬁ while for

¥l
the second: (a) If g < 1, it is bounded. (b) If g = 1, itis of order C|In(|x — y])]. (c)
N ‘s c
If > > 1, it is of order m.
For |x — y| — o0, notice that for |z| > landm > N, 7"g(z) < ce V12177 for any
0 < b < band that forany 0 < « < 1 to be chosen below, z = B2 > |x — y|* > 1

to
iff t < |x — y|1=9 and in such a case z"g(z) < cexp(—b'|x — y|7-1). Hence, we
split the integral for Hy (x — y) according to whether 2=! is larger or smaller than

to

|x — y|* to get

ReM)+a) 44

H,(x —y) <

’ ﬂf (I—a)o
Ce b'lx=ylo- lx—yl MmN
t o e
0

lx — y|™

o N
+C / 1~ eReWFTAN gy
\

x_y‘(l—oz)a

%W while the second
is of order Clx — y|~NUI=0Re)+a)lx=y""" "By comparing 2% and (1 — a)o
the fastest exponential decay in both terms is obtained when *%; = (1 — a)o which

Then, as |x — y| — 00, the first term is of order

gives o = "’VU;I = % and then % = 1 and we get the result. O

4.2. Invariance under translations: convolution kernels

Now we prove the following result that applies to (1.3) if the operator has constant
coefficients.

Proposition 4.3. Assume X is a Banach space of functions or distributions in RN
which is invariant under translations that is, for every ¢ € X and 'y € R, 1y¢p € X
and ¢ > Ty are continuous.

Assume {S(t)};>0 is a semigroup with ||S(t)|lcx) < Me®', t > 0, and —L is the
generator with domain D(L). Assume furthermore that the semigroup commutes with
translations, that is for t > 0,

7, 8(t) = STy inX.

(i) Then, the domain D(L) is invariant under translations and tyL = Lty in D(L).
Conversely, if L commutes with translations as above, then t,S(t) = S(t)ty in D(L).
(ii) Assume furthermore that the semigroup has a kernel k(t, x, y). Then,

k(t,x,y) =ko(t,x —y), x,yeRN (4.4)

for some function kg (t, 7). Hence, k is a convolution kernel.
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iii) Finally, for Re(L) < —w, the Green function of L satisfies
Gi(x.y) = Goalx =) x.y eR"

Sor some function G 5 (z).

Proof. (i) Observe that if ¢ € D(L), then —L¢ = lim;_.q 5Wé=¢ in X and then

t
ST,¢ — 7,0 Sp—9 _
t t

= lim 1,
t—0

—Lty¢ = lim —1yL.
t—0

For the converse, by the uniqueness for the equation u; + Lu = 0 with u(0) € D(L)
we get S(t)tyu(0) = 7,5()u(0) and the result follows.
(ii) Now for z € RV, .S (x) = / k(t,x —z,y)¢(y)dy equals
RN

S@) () (x) = A@N k(t,x, y)¢p(y —z2)dy, = [RN k(t,x,y+2)¢(y)dy,

forall € X. Hence, k(t,x —z,y) =k(t,x,y+2),x,y,Z € RY which implies
k(t,x,y) =k(t,x +z,y+z2), x,y,zeRN.

Taking z = —x or z = —y gives (4.4).
iii) The result for the Green function follows from (4.2). 0

4.3. Homogeneous operators and semigroups: self-similar kernels

Definition 4.4. Let X be a linear space of functions or distributions in R which is
invariant by rescaling, that is if ¢ € X then the dilation ¢g(x) = ¢(Rx) € X for
R > 0.

(1) A linear operator L is homogeneous of degree 0 € R if D(L) C X is invariant by
rescaling and for ¢ € D(L) and R > 0 we have

L(9r) = R7(Lo)y-

Notice that for o = 0 this implies that L commutes with dilations.
(i) We say that a family {7'(¢)};~¢ of linear mappings in X is a scaling family of
degree («, 8) on X, with o, B € R, if forevery ¢ € X, R > 0 and ¢ > 0 we have

T(t)(pr) = RP(T(R*D)9) .

(ii1) If a scaling family {7 (¢)};~¢ is also a semigroup (which implies necessarily
B = 0), then we say that {T'(t)};~ is a homogeneous semigroup of degree o € R.

It was proved in [8] that homogenous semigroups of degree o have homogenous
generator of the same degree. If additionally X is a homogeneous space of degree
v € Rasin (1.2), then

ISOlcex) =M, t>0. 4.5)
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For homogenous operators, L, of degree o it was proved in [7] that the resolvent
set p(L) is invariant by multiplication by positive numbers, that is sp(L) = {sA, A €
p(L)} = p(L) for all s > 0, and the resolvent operator R(A, L)¢ = (L — AI)~!
satisfies for A € p(L)

R 1)@0) = (Rt )6) *6)
PR T Re UM e Y R '
that is, the resolvent {R(A, L)}xep(r) is a scaling family of degree (—o, o).
For kernels and Green functions, we get the following self-similarity result.

Proposition 4.5. [f the semigroup (4.1) is homogeneous semigroup of degree o € R,
then
(i) If o # O, then the kernel is N-self-similar, that is

1
k(t, x.y) = —ko (il %) , >0, x,yeR". 4.7)
to 17 to
If moreover (4.3) holds, then we can assume a = 0.
If o =0, then
1
k(t, Rx, Ry) = k(1 x,y), 1>0, x,y € RN, R >0, (4.8)

that is, the kernel is homogeneous of degree —N.
(ii) If —L is the generator of the semigroup, the Green function of L is self-similar,
that is, for Re(A) < —wmax{l, R°}

G (Rx.Ry) = Gi(x,y) x,yeRV, (4.9)

RN—o
In particular, if o = 0 then the Green function is homogeneous of degree —N.

Proof. (1) From Definition 4.4 we have that

1
st = [ kex e @y dy =g [ k(rx 5) s

RN
equals S(Rt)¢p(Rx) = / k(R°t, Rx, y)¢(y)dy for all ¢ € X which gives
RN

1
Wk (t,x, %) =k(R°t, Rx,z), x,z€RVN.

Setting y = % gives oiyk(t, x,y) = k(R°1, Rx, Ry). Now, if o # 0, choosing R
such that Rt = 1 leads to (4.7). If o = 0 we get (4.8).

If o > 0 and (4.3) holds, then taking t = 1 we get |ko(x, y)| < g(x — y) and from
(4.7) we get (4.3) witha = 0.
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(i1) Using now the Green function as in Proposition 4.3, the self-similarity of the
resolvent (4.6) implies that

1
R, L) () (x) =fRN Gax. ) (Ry) dy = W/RN Gy (v, 5) ¢ @)z

equals 2R (5, L)(¢)(Rx) = RI—G/ G (Rx,y)¢(y)dy for all ¢ € X which
RN RO
implies
1 z 1 N
— ~)=—G., (R RV,
RV (x’ R) go O (R0, Xz €

Setting y = % leads to RI—NGA(X, y) = Rl—,,GL(Rx, Ry), x,y € R . Hence, we get
RO'
4.9). O

4.4, Fractional diffusion

In this section, we show the results above apply in particular to the case of fractional
diffusion. Our goal is to obtain as much information as possible on the fractional dif-
fusion problem from information on the original semigroup. So we consider {S(¢)};>0
a bounded semigroup in a Banach space X of functions in R", that is,

SOl <M, t=>0. (4.10)

Denote by —L the generator of the semigroup with domain D(L) in X.
From the general results compiled in the Appendix in [8], we have the fractional
semigroup {S,(¢)};~0 associated with the fractional evolution equation

u; + L% =0, a € (0,1).

This applies in particular for the case L = (—A)", m € N, in X = LP(RY),
1 < p < 00, since the corresponding semigroup of solutions of

u+(=AN)"u=0, xeRY, >0,

satisfies (4.5). For uniform spaces, see Proposition 6.1 and Sect. 6.2.
Then, we show below that the fractional semigroup also has a kernel and there exists
a Green function for L¢.

Corollary 4.6. Assume X, {S(t)};>0 and L as in (4.10), and the semigroup has a
kernel. Then, for a € (0, 1) the fractional semigroup {Sq(t)};>0 has kernel, called
fractional kernel, k4 (2, x, y).

Also, the resolvent of L* contains the set {}., Re(A) < 0} and has the Green’s
function, called fractional Green function,

o0
G(M(x,y)=/ Mk (t, x, y)dr, Re(r) < 0. 4.11)
0
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Proof. Following [24, p. 259] for«a € (0, 1) and ¢t > O let f; o ()
o+ioco
= 21? 2% dz for A > 0 and zero for & < 0 where o > 0 and the branch
o—io0
for z* is chosen such that Re(z%) > 0 if Re(z) > 0. From the results collected in [8,
Appendix], the fractional semigroup is given by

Se (1) = /00 Sra(s)S(s)ds, >0, (4.12)
0

thatis Sy (D (x) = fan (f5 fr.a($)k(s, x, y) ds)¢(y) dy. Hence, S (f) has the ker-
nel given by

ko(t, x,y) = / Jr.a($)k(s, x, y)ds. (4.13)
0

Then, (4.11) follows from (4.2). O
For semigroups that commute with translations, we get the following result.

Corollary 4.7. In addition to (4.10), assume as in Proposition 4.3 that the semigroup
commutes with translations and translations are continuous in X.

Then, for a € (0, 1), LY is invariant under translations. If the semigroup has a
kernel, then the fractional semigroup {Sq (t)};>0 has a fractional convolution kernel

ko(t,x,y) = kO,oz(t’ x—=y)
Sfor some function ko o (t, z). Also, forRe(L) < Othe fractional Green function satisfies
Gar(x,y) = Goaalx —y) x,y eRY

for some function G q;.(2).

Proof. It suffices to show that L is invariant under translations and apply Proposition
4.3. For this, notice

_ 1 00 SHOTYPX)—1yp(x) . 1 00 S (x)—¢(x)
L“ry(p(x) = T—w fo o : dr = F(—oz)ry<f0 Tdt)

= ry(L“q)(x)). 0

In particular, for homogenous semigroups, we get the following result.

Corollary 4.8. In addition to (4.10) assume that S(t) is homogenous of degree o € R
as in Definition 4.4.

Then, forany a € (0, 1) the fractional operator L% is homogeneous of degree o . In
particular the fractional semigroup { Sy (t)};>0 is a homogeneous semigroup of degree
oa, the resolvent set p(L%) satisfies sp(L*) = p(L%) for all s > 0 and the fractional
resolvent operator satisfies

A
RO, L*)(¢r) = RoG <R( L“)((P)) ,

oa’
R R
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for Re(A) < 0 and for all & € p(L%), if the dilations are continuous. Therefore, the
resolvent {R(A, L%)}rep(Le) is a scaling family of degree (—o o, o).

If the semigroup S(t) has a kernel k(t, x, y), then for a € (0, 1)
(i) The fractional kernel is N -self-similar, that is

1
ko(t, x,y) = — koo <LIL1) x,yeRN, >0

foa foa foa

(ii) The fractional Green function is self-similar, that is, for Re(A) < 0

G, 2 (Rx,Ry) = Gas(x,y), x,y eRY, R>0.

*RLU RN—o«a

Now, we exploit (4.13) to obtain upper bounds on the fractional kernel from those

on the semigroup kernel. For this, in view of the examples, Sect. 2 and Proposition
4.5, we will assume (4.3) with a = 0. Then, we have the following result.

Proposition 4.9. Assume {S(t)};>0 is as in (4.10) in a Banach space X of functions
in RN which has a kernel satisfying (4.3) with a = 0.

If either o = % ora € (0, %) and N < o, then the kernel ky of the fractional
semigroup {Sq(t)}:>0 satisfies the self-similar upper bound

N L
loa

1 _
ko (£, x, y)| < Cmin{t ™79, 1]x — y| N0} = Ha<x y),

foa

t >0, x,ye]RN,

. 1
where Hy(z) = C min{l, W}, C > 0.

Proof. Step 1 We first prove that for @ € (0, %] there exists C > 0 such that
ko (2, x, V)| < Ctlx —y|™¥79% >0, x,y e RV,

Indeed, from (4.13), using f; o > 0, (4.3) and Lemma 4.10, we have

00 00 N (X —Y
|ka<r,x,y)|s/0 fz,a(S)Ik(s,x,y)ldSS/O cats e F (222 ) s,

so

Taking the change of variable s = £!=° and for ¢, a multiple of ¢, we get
T S T S | R R AP %
ke (t, x, )| < (0 — 1)cat 3 CRR y de.
0

Now, the integral above is a multiple of #|x — y| V=% (see (4.15)) and we get the
result.
Step 2 If g < 1, then for @ € (0, 1) there exist C > 0 such that

lko(t,x,y)| < Ct™7a, >0, x,yeRY.
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Ifa = %, then this also holds when g > 1.

Indeed from (4.13), and using f; o > 0, (4.3) and (4.16) with 6, = we get

- 1+oz

|@@x¢ﬂ54 Fra)Ik(s, x, )| ds

1 (o[ y g(i?)
< —/ (/ e 108 OlGTHIT) Gin (s — 17%) sin Oy + ) dr>— ds.
T Jo 0

N
So

1 l

Changing variables as § = st~ «, 7 = rt« and omitting back the ‘tilde’, we get

ke (2, x, y)| < f/ (/ e 1e0sOulrHr) i ((sr — %) sin B +6a)dr)7ds
T Jo 0 o

and the integral in r above is precisely fi (s), see (4.16). Now since g(z) < c we

obtain
< T >
(SW)”

(sta)ff

waxyn</ Fra(s) m<a<ﬁ/mf¥nawm
0

and the integral is finite by Lemma 4.11. If ¢ = %, then the integral is finite by Lemma
4.12 even if g > 1. Hence, we proved Step 2.
The rest of the proof is immediate. 0

We include here the three lemmas used in the proof above.

Lemma 4.10. Given o € (0, %] there is cq > 0 such that f;(s) < cots™172 for
s, t > 0.

Proof. We remark that from [24, (17), p. 263] and [24, (8) p. 261 and (14), p. 262]

1 © @ g
Sfra(s) = —/ gSreosO=trteosal Gin (srsin® — tr¥ sinad + 6)dr, 6 € [=, 7], s > 0,
T Jo

00 (4.14)
S« =0 and / fra(s)ds = 1.
0
Choosingin (4.14)0 = 7 wehave f; o (s) = OOO e ST eI COSaN i (1% sin o) dr

g
for s > 0. Since |sin (trr®* sinaw)| < tr¥sinamw for r,t > 0, and e™" °5¢7 < ]

| sinam L e . .
when ¢ € (0, 7], we get fiqo(s) < t r%e " dr which gives the result
0

with g = 2271 (] + o) using
o0
/ rre ™ dr =T +2)k 7%, z>—1, k> 0. (4.15)
0

O
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Lemma 4.11. Given any o, w € (0, 1) there is ¢y, > 0 such that

o0
w
/ ST fra(s)ds < cqot” @, t>0.
0

Proof. Choosing in (4.14) 6 = ﬁ =: O, we have

1 [ @
Sfrals) = —/ e 1008 Oal(rHr) Gin (s — tr¥) sin Oy + 0y) dr, 5,1 > 0.
T Jo

(4.16)
Hence, we get
o0 1 o0 o0 o
/ Siwf[ w(s)ds < _/ </ waef\coseu\sreflcose,lltr dr)ds
0 ' 7 Jo 0
1 oo o o
— _/ e—\cosea\tr </ S—we—lcosﬂ,\rs ds)dr
T Jo 0
1 [ o
= _/ e~ 1088l P (1 — w) (| cos Oy |r) T dr,
T Jo
which after the change of variable r = Sal gives
o (- ® 4
/ S_wft L(s)ds < ( ) / é__a—le—|c056a|t5 d&.
0 ' am|cosby = [y
Due to (4.15), we get the result with ¢y o = FA=e)l@) = - O
’ am|cos Oy |1 =?| cos Oy | @
Lemmad.12. Ife = L andw > 0, then [ 5= (yds = 27T lord) o
emma 4.12. I[fa = 5 and v > 0, then [;" s ft’%s s = N for

t > 0.

2
Proof. From [24, (32), p. 268], we have fl_%(s) = (497'[)_%2‘S_%6‘_5TS, s,t > 0, and

then changing variables to s = £, we get

/oo S_wf; 1(s)ds = (49”)_%tf
0 i) ;

and using (4.15) we get the result. 0

eo]

2 oo 2
O35 ds = (49n)_%t/ éw_%e_tfé dé
0

Now, for the fractional Green’s function we get the following bounds.

Corollary 4.13. Under the assumption of Proposition 4.9, assume either « = % or
a € (0, %) and N < o. Then, the fractional Green’s function satisfies, for Re(L) < 0,

C
[Gan(x, y)| =< X y[VHoa |x —y| = o0

bounded if N <oa
and |G 1 (x, y)| { = ClIn(lx = yD| if N =0a, |x—y|—0.
C .
= oy fN>oa
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Proof. From the bounds in Proposition 4.9 on the fractional semigroup kernel

00 Re() 00 eRe(A)t x—y
|Ga,x<x,y)|sf oRe |ka<t,x,y>|drsf —H, <—> dr=Iq 5 (x—)
0 0

toa toa

and splitting the integral according to whether 'xlyl is larger or smaller than 1, we get

toa

¢ ol Re(A)t * - Re()t
Ia,;\(x—y):m/‘ te ¢ df+C/ t oae ¢ dt.
Y 0 Pe—yloe

Then, as |x — y| — oo the first term is of order | while the second is of

S O
x_leJraa ’

order Clx — y|~NeReMWr—yI®

On the other hand, as |x — y| — O then the first term is of order ﬁ, while
for the second: (a) If % < 1itis bounded. (b) If % = litis of order C|In(|x — y|)|.
(©If &£ > 1itis of order # O

Finally, we show that if the fractional semigroup {S,(f)};>0 is given as in (4.12),
where the semigroup {S(¢)};>0 is the one in Sect. 3, then the fractional semigroup is
continuous at ¢t = 0 in the sense of measures if the kernel in (3.1) is symmetric.

Proposition 4.14. Assume that k(t, x, y) in (3.1) is symmetric in x,y € RN and
a=0in(2.3).

Then, the semigroup {Sy(t)}:>0 is continuous att = 07" in the sense that given any
ne My@®RY)

/RN ¢Sq(Hudy — A;Nqbdu as t — 0% foreach ¢ € C.(RY)

and it is analytic and satisfies || Sy (t)”L‘,(MU(]RN) Lh®Y) <cforallt > 0.

Proof. Observe that for ¢ € C, (IRN), using [24, (207), p. 264],
/ ¢S () dy = / / Ofta($)S(sH)pudsdy = / / ¢f1,a($)5(€t5),u dédy
RN RN Jo RN Jo

o0
1
= / fl,a(é)f ¢S(Ere)udyds, t>0. 4.17)
0 RN
Now if B is a ball in R" containing the support of ¢ € C.(R") then, using (3.2),
| /R BSEORAY] = 19l ISE DRI By < RN 30 ISERILY @y,
< 2cer N I@l Lo Bry 1l Ay (mYY S

where cg, y is a number of balls in RN of radius 1 necessary to cover Bg.
Since from (3.7) lim,_, g+ [ ¢S(§t$)u dy = [pnv ¢ dpu for every & > 0, using
(4.14) and Lebesgue’s dominated convergence theorem from (4.17), we get the result.
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To prove that {Sy(f)};>0 is analytic, observe that uniform estimates on the semi-
groups and the time derivative can be obtained using (4.12) as in [24, proof of Theo-
rem 1, pp. 263-264]. Then, [15, Proposition 2.1.9] concludes the result, by observing
that the weak convergence to the initial data proved above is enough to reproduce the
Zr:]of. Finally, the estimate on || S (¢)|| LMy ®RN), LY ®N)) follows from [8, LemmDa

5. Self-similar solutions and self-similar variables

Now we pay attention to self-similar solutions of homogeneous semigroups. Our
main goal below is to determine those 8 € R for which S-self-similar solutions exist.

Definition 5.1. Assume S(¢) is a homogeneous semigroup of degree o € R, with
generator —L, in a Banach space of functions or distributions in RN, X, which is
invariant by rescaling as in Definition 4.4.

(1) A B-self-similar solution of the semigroup is a function (0, c0) > ¢ > u(t) € X,
such that for each t > s > 0 we have u(t) = S(t — s)u(s) and

RP(u(R°1)), =u(®), >0, R>0.

(ii) A strong B-self-similar solution of the semigroup is a B-self-similar solution of
the semigroup that is a strong solution of

u;+Lu=0, t>0.

That is, u(t) € D(L), u is differentiable in X for every + > 0 and satisfies the
differential equation above.

Notice that for 0 = 0 a §-self-similar solution is a homogeneous function of degree
—pB foreacht > 0.
Then, we prove the following result concerning self-similar solutions.

Theorem 5.2. Self-similar solutions. Let X be a Banach space of functions or distri-
butions in RN which is invariant by rescaling. Assume also S(t) is a homogeneous
semigroup of degree o # 0. Then,
(i) If there exists ¢ € X which is homogeneous of degree —pB, that is g = R™P ¢ for
R > 0, then u(t) = S(t)¢ is a B-self-similar solution of the semigroup and satisfies
(5.1) with ® = S(1)¢.

Conversely, if the semigroup is injective and u(t)==S(t)¢ is a B-self-similar solution
of the semigroup, then ¢ is homogeneous of degree — 5.
(ii) A function (0,00) > t — u(t) € X is a B-self-similar solution of the semigroup
if and only if it satisfies

u(t) = iﬁ(®)+, t>0 5.1
to t;
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for some ® € X such that

S(T)d = ;ﬁ(cb) L, T>0. (5.2)
(1417 47

(iii) If u is B-self-similar solution of the semigroup as in (5.1) and (5.2) and ® € D(L)
then u is a strong B-self-similar solution, R — Dy is differentiable in X, xV® € X
and

1
L® =—xVD 4 EQ in X, (5.3)
o o

that is, g is an eigenvalue of the operator L — %xV and ® is a corresponding
eigenfunction.

This happens for any semigroup with a smoothing effect.
(iv) Conversely, assume there exists ® € D(L) such that R — ®p is differentiable
in X, xV® € X and satisfies (5.3). Then, u defined in (5.1) is a strong B-self-similar
solution of the semigroup.

Proof. (i) Notice that for each ¢ € X and B8 € R
RF(S(R°1)¢) , = RPS(1)pr = S(1)(RP ).

Thus, if REpr = ¢, then u(r) = S(t)¢ is a B-self-similar solution. The converse is
also true if the semigroup is injective. That u satisfies (5.1) follows by the argument
below.

(i) If u(r) is a B-self-similar solution, then we take R°t = 1in R” (u(R"t))R = u(t)
and then, denoting ® = u(1) we have (5.1).
On the other hand, notice that for a function as in (5.1),

1 t
St —s)u(s) = - (S (— — 1) CI>>
So S

and setting T = § —1>0,wegetu(t) =St —s)u(s) fort > s > 0is equivalent to
(5.2).

Conversely, (5.2)isequivalenttou (t)=S(t—s)u(s) and by (5.1) we get RP(u(Rt))g
= (D)1 r=F (@)1 =ul).
(iii) If @ éMD(L), then t tr0—> S(7)® is differentiable in X and then R +— ®p is
differentiable in X, which by Proposition A.1 yields xV® € X. Also, from (5.1),
using Proposition A.1

—B/o

1
1
50

1 —1/o —pB/o 1/o0
du(r) = oy (Cb)% —i—t—gx(VCD)% o = I ((b)% T (xVCD)%
to to 1o to
and Lu(t) = ﬁ#“(L(dD))L,hence ® must satisfy (5.3).

I
t T
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For a semigroup with a smoothing effect, since S(t)® € D(L) for r > 0, (5.2)
implies that & € D(L).
(iv) From the assumptions on ® we get that & in (5.1) satisfies u(t) € D(L) fort > 0,
it is differentiable in X for r > 0 and, from the computation in part (iii) above, is a
strong self-similar solution of the semigroup. g

Remark 5.3. (i) Observe that from the semigroup property, either S(¢) is injective for
all # > 0 or not injective for any ¢ > 0.

(i) For strongly continuous semigroups such that the curves ¢ — S(t)¢ are analytic
(in particular for analytic semigroups), we obtain that S(¢) is injective for all # > 0.

The next result shows that, in general, in homogeneous spaces self-similar solutions
either have constant norm or decay to zero.

Corollary 5.4. Assume X is a homogeneous space of degree v € R and {S(t)};>0 is
a homogeneous semigroup of degree ¢ # 0 in X.

(i) Assume the semigroup is injective. A B-self-similar solution of the type u(t) = S(t)¢
with ¢ € X, can only exist for B = —v. In such a case, the norm of u(t) is constant
in time.

(ii) If there is a B-self-similar solution of the semigroup as in Definition 5.1, then for
t>0

+v

1 B
luOl = 5 IRIl,  with > 0. (5.4
t o o
Hence, if B = —v then all B-self-similar solutions have constant norm. Otherwise,

the B-self-similar solution converges to 0 in X ast — 0.
Furthermore, if the self-similar solution above is a strong one, then additionally

1
10;u(Dll = —7—IL®| — 0, ast — oo.
to !

Proof. Forpart (i), from Theorem 5.2 we know that self-similar solutions u () = S(¢)¢
correspond to ¢ € X homogeneous of degree —p, that is pr = R~ P¢. Since X is a
homogeneous space, by Lemma A.2, we get 8 = —v. In such a case the norm of u(z)
does not change in time as we prove (5.4).

For part (ii), from Theorem 5.2 we know that self-similar solutions are of the form
(5.1), which implies the first part in (5.4), since X is a homogeneous space.

Also, we have u(t + s) = S(s)u(t) and then, from (4.5) ||u(t + s)|| < M||u(?)||

which leads to (ﬁ) o < M fort,s > 0 which gives == 0.
If furthermore the self-similar solution is a strong one, from the proof of Theorem

5.2,

and we get the result since X is a homogeneous space. 0
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Observe that the results above relate the existence of some self-similar solutions to
X containing some homogeneous functions. So we search for homogenous functions
in some particular functions spaces. Notice that below we use the Morrey spaces
MPERN) € LY @RN), 1 < p < 00, £ € [0, N1, of functions ¢ € Lf _(RY) such that

loc

L_N
¢l preqryy = sup  RP 7 @llLr(B(xo,R) < OO
x0€RN ,R>0

Dotted Morrey spaces, MP-t (RN ), are defined as the subspace of M? £ (RN ) such that
Ty¢ —¢ — 0 as y — 0in the norm of MP-£(RN). These are homogenous spaces of

degree —%. Also, Morrey measures, MERY) with ¢ € [0, N1, are measures satisfying
Il peeyy = sup RN |ul(B(xo, R)) < oc.
xoeRN,R>0

Also MLERYY ¢ MYRY) isometrically and MY(RY) ¢ My (RY). These are
homogenous spaces of degree —£.
In particular, we get the following result.

Corollary 5.5. (i) For 1 < p < oc0oand 0 < B < %, there exist homogeneous
functions of degree —B in L},(RN), for example ¢ (x) = #. Thus, they give rise to
B-self-similar solutions for any homogeneous semigroup in LZ(RN ).

(ii) In the Morrey space MP"*(RN)) there exist homogeneous functions only of degree

—%, for example ¢ (x) = % which give rise to %—self—similar solutions of constant
x| 7

norm for any homogeneous semigroup in MP*(RV).

(iii) For 0 < B < N there exist homogeneous measures of degree —B in My (RN).
Thus, they give rise to B-self-similar solutions for any homogeneous semigroup in
My @RV).

In particular, for 8 = N, the measure is a multiple of § € Mgty RNy ¢ My@RN)
and gives rise to the only (except for multiples) N -self-similar solution if the semi-
group is injective. Moreover, it has constant norm, for any homogeneous semigroup
in Mprv(RY).

(iv) In the Morrey space M (RN), there exist homogeneous measures only of degree
—{. Thus, they give rise to L-self-similar solutions of constant norm for any homoge-
neous semigroup in M (RN).

Proof. The existence of self-similar solutions in parts (i)—(iv) comes from Lemmas
A.2, A4 and A.5 and part (i) in Theorem 5.2.

That in (ii)—(iv) the self-similar solution has constant norm comes from Corollary
54. O

Besides self-similar solutions as in Theorem 5.2, we show below that homogeneous
semigroups have naturally associated self-similar variables, which provide an alter-
native form of describing the semigroup. For this, observe that for the self-similar
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solutions in Theorem 5.2, from (5.2), we have that the self-similar profile satisfies

O =(1+1)7(S()®) >0

(14+0)7”
and if ® € D(L) then it satisfies the stationary equation (5.3). Then, setting s =
log(1 4 1), i.e. ¢ = 1 + 7, we have the following.

Theorem 5.6. Self-similar variables. Let X be a Banach space of functions or dis-
tributions in RN which is invariant by rescaling. Assume also S(t) is a homogeneous
semigroup of degree o # 0. Then,

(i) Forp € Xand p e R

Tg(s)p = egs (S(e‘Y - l)d))e%, s >0

defines a semigroup in X that we denote the B-Ornstein—Uhlenbeck semigroup asso-
ciated with S(t).

(ii) Assume X C ' (RN). If ¢ € D(L), then v(s) = Tg(s)¢ is a solution of the
Ornstein—Uhlenbeck equation

B

1
vs+Lv=—xVv+ —v, s>0.
o o

The same occurs for all ¢ € X if S(t) is a semigroup with a smoothing effect.

In particular, B-self-similar solutions of S(t) correspond to stationary solutions of
the semigroup Tg(s). More generally, if v(s, x) is a solution of the Ornstein—Uhlenbeck
semigroup above, then

1
u(t, x) = ———v(log(l +1), ——), >0, x e RY
(1+1)s 1+1)e

is a solution of the semigroup S(t).

(iii) If X € 2'(RN) is a homogeneous space of degree v € R, then

1
lu@®)|| = ————Fz llv(og(1 + 1)
(I1+1)~

and if u is a strong solution then ||u;(t)| = % ILv(s)]l.
1+1) o !

Proof. That Tg(0)¢ = ¢ and Tg(s1) o Tg(s2) = Tg(s1 + s2) follows from immediate
computations. Thus, (i) is proved.

For (ii) observe thatif ¢ € D(L) (or ¢ € X if S(¢) has a smoothing effect), we have
that t — S(t)¢ € X is differentiable and therefore s v(s)e,g = egsS(es 1o €
X is differentiable. Differentiating both sides we have

@), 1 +x(Vv) s (;)e—& - (g) £S(e® — 1) — b LS(e’ — e,
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Thus, we get
1
o5v — —xVv = (é)v - egS(LS(eS — 1)¢) se’ = <é)v — Lv.
o o g o

The rest follows easily.
For (iii) the estimate of the norm of u(¢) is immediate. Then, with s = log(1 + 1),

— 1 1 —1
duty=—LL7 (o) + . ((vs ®) 1 (V) 7/‘1’)
A+nct! oy (1400 (407 (s (+not
1 B x 1
= ﬁ(*;v@) + vs(s) — ;VU(S)) L = #_H(LU(S)) L
(14+1)co (1+t)% (1410 1+0)0
which leads to the estimate of the norm of the derivative. O

6. Some examples

We now apply the results to some relevant homogeneous operators.

6.1. Higher-order diffusion

Consider m € N and ahomogenous of degree 2m elliptic operator with constant real
coefficients, Ag = Y|4z, @« D as in Sect. 2 and the associated parabolic equation

ur +Aou=0, >0, xeRV. (6.1)

Proposition 6.1. Equation (6.1) defines a homogenous semigroup of degree 2m in
My @®RN)Y, S(1), that has a convolution kernel that satisfies
2m

1 z — |Z| 2m—1 N

k(t,z2) = —ko| — ), lko(@| <cGp(z) =cexp| ———|, t>0, zeR",
t2m t2m 4p2m—1

for some b > 0 and estimates (2.3) and those in Theorem 3.1 and Proposition 3.2 with
a = 0. Also ko is even and hence the kernel is symmetric.
(i) Except for multiples, k(t, x) is the only N-self-similar solution of (6.1) originating
in My (RN), and has constant L' (RN norm,

k(t,x —y)=S8(®)8,(x), x,y¢€ RN, t>0

and

X

N
Aoko = Vko + —ko.
2m

2m
(ii) For 0 < B < N there exist homogeneous measures of degree —pB in My (RN),
which are actually in the Morrey spaces MPRN), that give rise to B-self-similar
solutions as in (5.1), that is,
x p

VU + — W
2m + 2m

1
u(t) = — (V) L, 120, Agw =

t2m tm
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of constant MP RN norm.
(iii) For B € R, in self-similar variables, (6.1) is equivalent to the Ornstein—Uhlenbeck
equation

B

1
v+ Agv = —xVv+ —v, s>0
2m 2m

in such a way that

1 X N
ut,x) =———v|log(l+1), —— |, 1>0, x e R™.
(1+0)% (1+1)7

(iv) Form = 1 and Ay = —A, that is for the heat equation, ko(x) = (471)7N/267|x|2/4
and for each k € N and

Bk=N+k—1, k=12,...

1 X
there exists Bi-self-similar solutions of the form uy(t,x) = Tk\IJ(—

itV

) where ¥

belongs to the space spanned by {D%kg, || =k — 1}.

Proof. The results in Sects. 2 and 3 apply to L = Ap, so we have a well-defined
semigroup with a kernel and Gaussian bounds in My (RY). Hence, by Proposition
4.5 we geta = 0.

Now observe that if ¢(x) = ¢ (—x) then (S(1)$)(x) = (S(1)¢)(—x) which easily
gives that kg is even. Therefore, the kernel is symmetric. In particular, Proposition 3.3
applies and this and the analyticity of the semigroup curves in Theorem 3.1 and part
(ii) in Remark 5.3 implies that the semigroup is injective in My (RV).

For part (i), according to Theorem 5.2 and Corollary 5.5, the initial data ¢ = 6 €
Mprv(RY) ¢ My (RYN), which is homogeneous of degree —N, give rise to a N-
self-similar solution as in (5.1), with constant Mgty (RY) (or L (R™)) norm. Since
the semigroup is injective, except for multiples, this is the only such N-self-similar
solution. Since the kernel is N-self-similar and satisfies Eq. (6.1) pointwise, we get

| —

k(t,x) = S(1)8(x) = (®)+’ >0 xeRV

tm

)

t

and ®(x) = S(1)§ = ko(x). Also, using translations
S(1)8y(x) = 1, S(1)8 =k(t,x —y), x,yeRY, >0

and we also get the elliptic equation for k¢ and part (i) is proved. Observe that an
expression for kg in terms of Bessel functions can be found in [12].

Part (ii), follows from Corollary 5.5 and Theorem 5.2, while part (iii), in turn,
follows from Theorem 5.6.
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Iz
Finally, if m = 1 and Ag = —A, as k(t, z7) = — ¢~ 4 we get the expression
@2
for ko(x). Also, the equation in self-similar variables can be written as

1. B
vy — —div(pVv) = s > 0.
0

2"
with p(x) = exp(%) so it can be naturally studied in L%(RN). Indeed, A =
—%div(pVJ is self-adjoint in L2(R") and since H}(RY) C LZ(R") is compact,
then it has an increasing sequence of eigenvalues which are explicitly given by uy =
N+T’H, k = 1,2,..., of which the first one is simple with positive eigenfunction

P1(x) = p~ ' (x) = exp(
k — 1}, see [10,11,14,23].
Therefore, 8-self-similar solutions existfor 8y = 2ux = N+k—1,k=1,2,.... O

2
j{‘ ) and the eigenspace of u is spanned by {D*®, |a| =

6.2. Higher-order fractional diffusion

Given m € Nand o € (0, 1) such that ma is not an integer note that L = (—A)™¢
is homogenous of degree 2ma and consider

U+ (—AY"u =0, t>0. 6.2)

Notice the results below apply when (—A)™ is replaced by any other elliptic operator
with constant real coefficients, Ao =}, —o,, @ D* as in Sect. 2.

Proposition 6.2. Equation (6.2) defines a homogenous semigroup of degree 2ma in
My @RN), 8, (), that has a convolution kernel that satisfies

1 z
ko(t,2) = Nko,a( 1), zeRY, >0

1 2ma [ 2ma

Sfor some even function kg o that satisfies

e = > vor N o
2mo 2ma
and ko (t,x —y) = Se(t)dy(x) = 1,85.(1), x,y € RN, t > 0. In particular, the
kernel is symmetric.
(i) Except for multiples, kq (¢, x) is the only N-self-similar solution of (6.2) originating
in My (RN, and has constant LY(RY) norm.
(ii) For 0 < B < N, there exist homogeneous measures of degree —f in My @RM),
which are actually in the Morrey spaces MPRN), that give rise to B-self-similar
solutions as in (5.1), that is,
1 p

u(@)=—=(¥) 1, 1>0, (—A)"W= L v Py
f Ima T 2mao 2mo

1 2ma
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of constant MP RN norm.
(iii) For B € R, in self-similar variables, (6.2) is equivalent to the Ornstein—Uhlenbeck
equation

1
vy + (A" = —xVv+ —v, s>0.
2ma 2ma

in such a way that

w(t,x) = ———— <log(1 +1),

), t>0, xRV,
(1+ 1)

(1 + 1)@

Proof. Observe that we proved in Proposition 6.1 that, for « = 1, Theorem 3.1 and
Proposition 3.2 hold with a = 0 and therefore we have (4.10) in those spaces, and
we can apply the results in Sect. 4.4 to get all the stated properties of the kernel.
Proposition 4.14 applies and, using part (ii) in Remark 5.3, the semigroup in the
statement is analytic and injective in My (R"). The rest follows as in the proof of
Proposition 6.1. 0

In particular, form = 1, « € (0, 1) from the results in Sect. 4.4 we get the following
result.

Theorem 6.3. For 0 < y < 1, the fractional diffusion equation
U+ (=A)u=0, t>0, xeR"

has a nonnegative, convolution and N -self-similar kernel that satisfies

t2v t2Zy

1 X —
0<ky@t,x,y)=ky(t,x —y)~—H, <—1y>

1
where Hy,(z) = C min{l, ———1}, C > 0.

|Z|N+2y
—Nj. (lx=yl 2\
Moreover, ki (t,x —y) =t " 11 (=), where [,(z2) = ———— 7 andcy =
: : N
rh
NEL -
28772

Proof. First, that k, (¢, x, y) > 0 follows from (4.13) since the heat kernel is positive
and f; 4(s) > 0. Also that k, (¢, x, y) = ky,(t,x — y) follows from Corollary 4.7.
Finally, that the fractional kernel is self-similar follows from Corollary 4.8.

Fix y € (0,1) and take 2 < m € N such that N < 2m. Now observe that
the powers of the operator —A in, say, LPRM), 1 < p < oo satisfy , see [16,
Theorem 5.4.3, p. 123],

(=A™ = (=A™, meN, a>0.

Now take the semigroup generated by —(—A)"™. By Theorem 2.2, the kernel for
this semigroup satisfies (2.3), that is |k(z, x, ¥)| = |k(t, x — ¥)| < ce®Gp(x — y),
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because of the invariance with respect to translations and Proposition 4.3. Since the
. . . 1 Z
semigroup is homogenous, by Proposition 4.5 we also have k(¢, z) = —-ko(—).

t2m  tom
Therefore,

lk(L, 2)| = lko(2)| = cGp(x —y)
and self-similarity of the kernel gives in turn

C X —
|uux,w|=|uax-—w|s-7rcb< 1y>,

tam tIm

i.e. the semigroup generated by —(—A)™ satisfies the assumptions in Proposition 4.9
with o = 2m. Hence, we take o = % < % and Proposition 4.9 gives the upper bound.
The lower bounds can be seen in [4,5].
2
Now if @ = § we have f, 1 (s) = @*m) 7215~ 3™, see [24, (32), p. 268], and

le—y1?

then (4.13) with k(s, x, y) = (4m)~ ¥ 5= ¥ e="%" gives
o0 24 x—y?
ki, x—y) = 2_(N+9)n‘%r/ s P e g,
0

Changing variables as s = £ ! gives, up to the constant,
N1 7r2+\x—y\2$
k%(t,x—y):C E2e 1 d&
0
and by (4.15) we get the result. 0
1

_
(1+ ]z ="

Using estimates of the kernel as the ones in Theorem 6.3, it was proved in [5] that
the semigroup can be extended to the optimal class of measures satisfying

Remark 6.4. Observe that for y € (0, 1), H,(z) ~ I,,(2) =

Lﬂ+MYmeWM<w

that contains My (RY). This space contains homogeneous functions ¢ (x) = c|x|”
for 0 < y < 2« of degree y, so they give rise to (—y)-self-similar solutions, [5,
Section 7.2].

As a consequence, we get the following result.

Corollary 6.5. For 0 < y < 1 and Re()) < 0, the fractional Green’s function of
(—A)7 is positive if A < 0, of convolution type and self-similar and satisfies the
estimates from above in Corollary 4.13 with o = 2.

Moreover, for y = % and & < 0 we have the estimate from below of the form

/ )
Py 1nllj+y|}| N =1,
G%V)L(xﬁy) > cne 1 ( 1

N=T\jx—yN-T =

6.3)

) fN=2.
U+x—yP) 2
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Proof. Thatthe fractional Green’s function satisfies G, ;. (x, y) = Gy 5 (x—y) follows
from Corollary 4.7 and that it is self-similar follows from Corollary 4.8.

From the bounds in Theorem 6.3, we can estimate the Green’s function as in the
proof of Corollary 4.13 and we get the result. Also, if A < 0, from (4.11) we get
G, (x,y) > 0 since the fractional heat kernel is positive by Theorem 6.3.

Finally for y = %, since k1 (¢, x,y) = % , from (4.11) we have for
. (P Hlx—y?) 2
A <0
' ! A !
G% )L(x,y):cN[ e t—N_Hdt-i-cN/; e t—N_Hdtzll-‘rlz.

O @+ —yP T +lx—yP 2

Observe that e* < ¢* < 1fort € [0, 1] and by direct integration
In 1+ x—y?

1 ¢t = ifN=1
./ dt = 1 ; yll 1
N+L _1 _ :
0 (124 |x -y o1 (o <1+|x—y|2>N“) if N =2,

so the lower bound is (6.3). O
6.3. Heat equation with Hardy potential

2
Consider L = (—A)+ # withA > =, Ay = % the critical Hardy constant,
and the evolution equation

A
u,—Au—i—Wu:O, >0, xeRV. (6.4)
X

An associated number that plays an important role in the analysis is

N -2 (N —2)2
oc=0c) = T ) + A

which is the smallest root of 62 — (N — 2)o — A = 0 and satisfies o (—Ay) = NT*Z
0<o) < 32if -1, <1 <0,0(0) =0, while (1) < 0 for A > 0, [3].
Then, we have the following result.

s

Proposition 6.6. (i) For A > —\,, equation (6.4) defines an analytic semigroup of
contractions in L*(RN). It also defines a contraction semigroup in LP(RN) for 1 <
p < % and . > =y (p) = —hs.

(ii) The semigroup above has a self-similar kernel that satisfies the following estimates.
a) For A > —A,

c1Hy <m) H, (M) Gpii(x —y) <k(t,x,y) < c2Hy <M> Hs <M) Gy (x —y)

where Gy(x) is the heat kernel (2.4) with m = 1 and H, (r) is a bounded function in
Lor<i1

C?((0, 00)) such that Hy (r) = " =
1 r>2.
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b) For A = — Ay, we have

k(t.x.y) < —H, <M) H, (M)
(7 NG NG

(iii) For A > —Ay and B € R, in self-similar variables, (6.4) is equivalent to the
Ornstein—Uhlenbeck equation

A 1 B
vy — Av+ — |x|2 =§va+Ev, s > 0.
in such a way that
1 X N
u(t,x):—ﬂv logl+18), ——], t>0,xeR
(140" (1+0)?

(iv) For A > Ay, there exists an increasing sequence of positive numbers { B (1)} — oo,
such that By (A) is increasing in A for each k € N and (6.4) has B (L)-self-similar
solutions of the form

. lw(x>
u(t,x) = — —
AN W

with W in some finite dimensional space. Moreover for —L, < A < 0, f1(X) =
N+2+2V}‘*+)‘ s0 B1(—Ary) = NTH and B1(0) = N. For B1(A) can take V(x) =
e V2 - *exp(—0) so

2
u(x,t) =1 (1+\/?T)|x|«/*7+*7 exp( I:l )
Proof. Forthe semigroup in L2(RN), see, e.g.[7,22,23]. Forthe semigroupin L? (RM),
see [7, Theorem 8.11].

For part (ii), that the kernel is self-similar follows from Proposition 4.5, while the
estimates on the kernel follow from [18,19,22] for A > —A, and from [19, Theorem 1]
for A = —A,.

Theorem 5.6 gives the expression in self-similar variables in part (iii). Observe
that this equation can be written as vy — —dlv(va) + 2v = gv s > 0, with

px) = exp(%). Again, since A > —Ay, A = —Edlv(,oV-) + B |2I is self-adjoint in
Lf) (RN)Y and since H ; (RM) ¢ L% (RN)Y is compact, then it has an increasing sequence
of positive eigenvalues {ux}. Hence, B-self-similar solutions exist for Sy = 2.

For the computation of 81(X) and the corresponding W, further details and a com-
plete description of the spectrum above for —A, < A < 0, see [23, Section 9]. O

Remark 6.7. In [22, Proposition 3.1], it was shown that for A > —A,, the equation
has the following explicit solutions:
|x|?

2
_N _ X N_,_ _ X
i (x, 1) =177 7 |x| "% exp <‘T)’ up(x, 1) =127 2 x PN exp (—%)
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which coincide for A = —i, with ug(x, ) = ¢ x|~ a2 exp(—5 Ix? ), see [22, Re-
mark 3.2]. These are S-self-similar solutions as in (5.1) for g1 = N —o,d1(x) =
|x]|~° exp(—ﬁ) and Br = 042, Dy (x) = |x|>~NFC exp(—ﬁ) respectively. Notice
that ug is self-similar for 8 = B1(—Ay) = N +2 and is precisely the self-similar solu-

tion in part (iv) of Proposition 6.6, with A = —A*, with W (x) = |x|™ b2 exp(— |x| =5).
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Appendix A. Dilations and homogeneous distributions

We address here various aspects involving dilations and homogeneous distributions.
For functions in R", the dilations are given by

Dr¢(x) = pr(x) = p(Rx), x€RY, R>0
and then the family of linear operators { Dr}g~o forms a multiplicative group, that is
DroDs=Dgs, R,S>0, D;=1.

For distributions (either in 2’ (R") or .’ (RV)) the dilation ¢ is defined by duality
as

1
(PR, 0) = <¢>, R—pr}e>, for all test functions ¢.

This applies, in particular, to Radon measures. Also, the group {Dg}g~¢ extends to
distributions in Myoc(RY), 2'(RN), or .7/ (RN).
Then, we have the following result.

Proposition A.1. For any distributions ¢ € 2'(RN), the dilation curve

(0,00) 3 R > Dr(¢) = g € 7'(R")
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is differentiable in 2" (RN ) with

1 1
OrPr =x(VP)g = E(xv¢)R = Exv(ch).

Proof. Step 1 We start by proving the result for test functions ¢ € Z2(RY). That is we
prove that (0, 00) 3 R — Dg(¢) = ¢r € Z(RV) is differentiable in Z(R") with

1 1
OrRpr =x(Vo)r = E(XV‘P)R = EXVGPR).

Define
1
Arp(x, h) = (<PR+h (x) — @r(x))

which converges, as & — 0, to dg@g(x) pointwise for x € RV, Also, by the mean
value theorem, since ¢ has compact support, we get Agrp(h) — drer uniformly in
RV,

Now, we prove the convergence is also in Z(RY). For this, for any multi-index o
we have 3% Agg(x, h) = 3 ((R + 1) (30) g1 (x) — R1%! (3% ) g (x)) which we can
write as

(R + h)lel — Rl
h

@@ r(¥) + (R + 1“1 AR 9 (x, h).
Hence, from the argument above, this converges as 4 — 0, uniformly in R", to
|| R (0%9) r () + RN x (V3“0 R (x).
On the other hand, it is not difficult to show that
0% 0reRr(x) = R (V@) r(x) + || R (8% @) (x).

Therefore, 0 Arp(h) — 0%0gr@g ash — 0,uniformly in R and the claim is proved.
Step 2 Now it is standard to show that we can apply the chain rule to prove that

t = at)pra) € ZRY)

is differentiable in Z(RN) with derivative a’ O @r@) + a(t)(Ore) ra) R (1), provided
a(t), R(t) are differentiable.
Step 3 Now for a distribution ¢ € 2'(RY) and any ¢ € Z(RY), R > 0 and h € R,

1 1 1 1 —N 1
[(¢>R+h —¢r. 9)] = <¢ Remh e~ Rfoﬂ%> — <¢~ FERd W(3R¢)%>

as h — 0, where we used Step 2 for R +— R]—N(p 1 To conclude notice that using Step
1’

N 1 1 1
MR(@) : =793+ s R0y =y (No+xV9) =g (V).

R
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Also, using Step 1 above we can alternatively write

1 1
Mr(9) = oxmp (Noy +xV(01)) = 257 Vxg).

Using the first expression above, we get

-1 —1 1
(Ordr. @) = oxa (6. (Vx@)) 1) = — (bR, V(X)) = S {xV(r). ).

Using the second expression we get (Jrdr, ¢) = ﬁ(qub, Q1) = %((ngo)R, )
R
and the result is proved. U

Below, we turn our attention to homogeneous distributions, which in Sect. 5 play
an important role in producing self-similar solutions to the evolution problem (1.1).

Recall that a function 4 (x) in RY is homogeneous of degree o € R, if h(Rx) =
R h(x),for R > 0, x € RY. For example, /1 (x) = |x|° or h(x) = x* for some multi-
index such that |«| = o. Analogously, a distribution is homogeneous of degree ¢ € R
if pg = R ¢. For example, the Dirac delta is homogeneous of degree — N, since for
a compactly supported function (5g, ¢) = (4, RLN(p%) = R—1N<p(0) = RLN(S, @), 1.e.
Sg = R7Ns.

Observe, for 2m < N or odd N with N < 2m, for the polyharmonic operator
(—A)™ the fundamental solution IXIN+2’” is homogeneous of degree —(N — 2m) see

[17, p. 7.

Lemma A.2. Assume X is a linear space of functions or distributions in RY invariant
byrescaling and ||-|| x is a homogenous normin X of degree v € R. Then, if ¢ € X\ {0}
is homogeneous of degree o, then o = v.

Proof. Justnote ||¢pr| = R"|¢]| = R?||¢|| for all R > 0.

The next result characterises homogeneous distributions. According to the result
below, homogeneous distributions are the eigendistributions of the operator Gy =
—xV.

Proposition A.3. (Euler’s theorem) A distribution is homogeneous of degree o € R
ifand only if xV¢ = o¢ in 7' (RN).

Proof. The result follows by Proposition A.1 differentiating ¢p = R°¢ at R = 1.
For the converse, given ¢ € Z(RY), setting f(R) = (¢g,®) one gets, again by
Proposition A.1,

1
f'(R) = (x(Vo)r, ¢) = 7 VIR @) = %f(R)

which gives f(R) = f(1)R? and then ¢ = R ¢.

The following results determine homogeneous distributions in some of the spaces
appearing before. Observe that the function ¢ (x) = #, which is homogeneous of
degree 0 = —f and locally integrable for 8 < N, captures all the possibilities in the
Lemma.
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Lemma A4. For1 < p < oo, the space LP (RY) contains no nonzero homogeneous
functions. In L®(R") all homogeneous functions have degree O and are of the form
g(ﬁ), x # 0, for some bounded function in the unit sphere SV .

The space MP*(RN), for £ € [0, N), contains homogeneous functions only of
degree — %.

For1 < p < o0, the space Lg (RN) contains homogeneous functions only of degree
—% < o < 0 and they actually belong to MP*(RN) with £ = —po € [0, N).
Proof. First, observe that ¢ € Lf;c (RM), 1 < p < oo, can only be o-homogeneous
foro > —%. To see this note that for such a ¢ and for R > 0, setting y = Rx,

/ |¢><y)|"dy=R”"+N/ ¢ (x)|7 dx.
B(0,1) B(0.%)

So, if ¢ = 0 in B(0, 1), homogeneity ¢ (Rx) = R° ¢(x) yields ¢ = 0. Otherwise, as
R — o0

|
Bl dd = e [ g1 ad =0
/Bo,,'n RPN gy

which implies o > —%.

From Lemma A.2, if ¢ € LP(RN), 1 < p < oo is homogeneous, then o = —%
which contradicts the argument above. For p = oo, the argument above implies
o = 0. Thus, ¢(Rx) = ¢(x) for R > 0 and ¢ is constant along rays. Therefore,
¢(x) = g(lﬁ—‘), x # 0, for some bounded function.

In Morrey spaces, if ¢ € MP*(RV) is o-homogeneous, then Lemma A.2 implies
o= —%. To conclude we check that if ¢ is homogeneous of degree o = —% and
¢ € Lf](RN), as,e.g. ¢(x) = # with 8 = %, then ¢ belongs to MP-*(RY). In fact

for xg € RV, we get

RE—N/ (1P dy = R“”l’[ |6 (x)]” dx =/ p(0)|Pdx < C
B(xo.R) B(R.1) B(R.1)
independent of xg, R.

Finally, assume ¢ € L}, (RY), 1 < p < oo, is o-homogeneous with o > —%.
Then, for xg € RN and R > 0, setting y = Rx,

/ l¢(»)|” dy = RPN / ¢ (x)|7
B(Rxo, 1) B(xo, %)

where the left-hand side is uniformly bounded independently of xo and R and the

Lebesgue differentiation theorem implies that, as R — oo, RY | lp(xX)|P —
B(xo, )

¢ (xo) fora.e. xo € RV . Hence, we get o < 0. By the argument above, ¢ € M?-¢(RN)

for ¢ = —po € [0, N).
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Clearly the function ¢ (x) = ﬁ is homogeneous of degree ¢ = — B and belongs

to LZ(]RN) as soon as —% < o < 0 (and thus to MP-*(RN) for £ = pB € [0, N)).
O

We complete this analysis now with the case of measures.

Lemma A.S. The space MERN), for £ € [0, N), contains homogeneous measures
only of degree —X.

The only homogeneous Radon measures of degree —N are multiples of Dirac’s
delta 8. In particular, in Mptv (RN ) the only homogeneous measures are multiples
of 6.

The space My (RN) contains homogeneous measures only of degree =N < o < 0
and they actually belong to M*(RV) with £ = —o € [0, N) or are multiples of § if
o =—N.

Proof. Observe that a Radon measure it € Mio.(RY) is homogeneous of degree
o € R if and only if, for every open set O C RV

1w(RO) = R°N 1(0). (6.5)

In such a case, |u| is also homogeneous and satisfies (6.5). Hence, if we take the
unit ball O = B(0, 1), we get

[LI(B(O, R)) = R7*N|u|(B(O, 1))

and since the left-hand side must be non-decreasing in R, we get ¢ > —N or |u]| is
identically zero.

Now we prove that any — N-homogeneous Radon measure is a multiple of §. If o =
—N, then ||(B(0, R)) = |u|(B(0, 1)) and taking R — oo we get u € Mptv(RV).
Additionally, taking 0 < R < 1 and R > 1 we get, respectively,

lul(B(O, 1)\ B(0, R)) =0, [u[(B(O,R)\ B(0,1))=0

which implies that u is supported at {O}. So either & = 0 or u = ¢é.

If © € Mpry(RY) is homogeneous of degree o, then Lemma A.2 gives 0 = —N
and p is a multiple of §.

Therefore, hereafter we can assume o > —N. Now observe that if © € My (RY)
is homogeneous of degree o, then 0 < 0 and € Mt (]RN) with £ = —o. In fact,
taking O = B(, 1) in (6.5) we get R N|u|(B(xo, R)) = lnl(B(%, 1) < c for
some constant independent of xo € R and R > 0.

Ifo > 0, thenforevery compactsetand e > 0 there exists a finite covering of K with
balls of radius notexceeding ¢. Thus, |u|(K) < ¢ ), rl.N+" <ce’ ), rl.N. Minimising
over all finite coverings of K, we get e 7 |u|(K) < cHy ¢(K). As ¢ — 0, the right-
hand side converges to the Lebesgue measure of K and therefore | |(K) = 0 for any
compact set. As u is regular, we get © = 0. Hence, 0 < 0 and then u € MERN) for
{=—0.
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Finally, if a Morrey measure is homogeneous of degree o, Lemma A.2 gives o0 =

—L¢. AsinLemma A4, u = Ii_l);’ is homogeneous of degree 0 = —f and in My (RY),

0<pB<N. U
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