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ABSTRACT. Given a principal SU (2)-bundle 7m: P — M, the structure of differential forms
on J!(P) which are invariant under the natural representation of the gauge algebra of P, is
analyzed.

1. INTRODUCTION

Given a principal SU (2)-bundle #: P — M, we study the structure of the algebra of dif-
ferential forms on J' (P) (the 1-jet bundle of local sections of 7) which are invariant under
the natural representation of the Lie algebra of all infinitesimal automorphisms of P and
also under the subalgebra of m-vertical infinitesimal automorphisms, the so-called gauge al-
gebra of P. In [HM1], [HM2] the structure of the invariant differential forms with respect to
the above two algebras has been determined in the case of a principal U (1)-bundle. In the
non-abelian case however this structure seems to be much more complex. Because of this we
proceed to analyze the invariant differential forms on the 1-jet bundle of sections of P as a
first step to obtain the invariant differential forms on the bundle of connections. This is a
well-known technique in gauge theories (e.g., see [A2], [B], [G], [GS], [K]) which is based on
the fact that the bundle of connections can be identified to the quotient bundle of J* (P)
modulo de action of the structure group, so that we recover the action of the gauge algebra
and also the algebra of all infinitesimal automorphisms of P on connections as a quotient
action of these algebras on J'(P) by infinitesimal contact transformations.

Key words and phrases: Automorphism of a principal bundle, bundle of connections, contact forms, gauge
algebra, gauge group, infinitesimal contact transformation, invariant differential forms,jet bundle.
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2. PRELIMINARIES AND NOTATIONS
2.1. AUTOMORPHISMS

An automorphism of a principal G-bundle 7: P — M 1is an equivariant diffeomorphism
®: P — P;ie.,
O(u-g)=®(u)-g, Yue P Vged.

The set of all automorphisms of P is a group denoted by AutP. An automorphism ® € AutP
induces a diffeomorphism on the ground manifold ¢: M — M, such that r o ® = pox. If
¢ 1s the identity map then ® is said to be a gauge transformation. The set of all gauge
transformations is a normal subgroup GauP C AutP, and we have an exact sequence of
groups

1 — GauP — AutP — DifftM.
In the case of the trivial bundle pry: P = M x G — M, every ® € AutP can be written as

O (z,9) = (¢ (), (x)-9),
with @ € M, g € G, € C>* (M, ). Hence

Gau (M x G) ~ C* (M, ).

2.2. G-INVARIANT VECTOR FIELDS
A vector field X € X (P) is G-invariant if and only if
R,- X=X, Vged.
Let ®; be the flow of X. Then,
X is G-invariant & &, € AutP, VieR.

The G-invariant vector fields are a Lie algebra denoted by aut P. G-invariant vector fields
are w-projectable. The gauge algebra of P is the ideal gauP of w-vertical vector fields in the
Lie algebra autP; i.e.,

gauP = {X € autP | n.X =0}.

The group G acts naturally on T'(P) by setting:
X-g=(Ry), (X), VXeT(P)Vged.
The quotient manifold T'(P) /G exists and we have
autP ~ T (M, T(P)/G).
If adP = (P x g) /G is the bundle associated to P by the adjoint representation of G on g

(cf. [A1]), then
gauP ~ T (M,adP).
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By passing to the quotient modulo & in the exact sequence of vector bundles over P,
0—V(P)—T(P) ™ x"TM — 0,

where V(P) stands for the vertical subbundle, we obtain an exact sequence of vector bundles

over M (the so-called Atiyah sequence, [Al], [Bl], [G], [GS], [K]),
0 —adP — T(P)/G =5 TM — 0.

2.3. SU (2) NOTATIONS

We consider the standard basis of the Lie algebra su(2) normalized by the factor 35 b€,

L(i 0 1/ 01 L(0 i
Bl_ﬁ(O—z’)’BQ_§(—10)’33_5(@'0)’

with 1 = v/—1. Note that 27 B,, 1 < a <3 are the Pauli matrices. We have
[B1, Bo] = Bs, [Bs, B3] = B1, [Bs, Bi] = Bs.
As is well-known (e.g., see [NS]), SU (2) can be identified to the 3-sphere; i.e.,
SU(2) ~ 8% c €%

Let (y° 4 iy',y* + iy®) be the standard coordinates in C?. Then, a matrix ¢ € SU (2) is
uniquely written as

y— ( v°(9) +iy'(9) v(9) +@y ’(9) )
—y*(9) +iy*(9) v°(9) —iy'(9)

v (9 +y' (9 + v (9) + (9 =1

3. THE BUNDLE OF CONNECTIONS
3.1. CONNECTIONS AND SPLITTINGS

A connection I' on a principal G-bundle 7: P — M gives an splitting
op:TM — T(P)/G, w.oor =lrum

of the Atiyah sequence (¢f. [Al], [K], [MV]), by setting op(X) = X*, where X* stands for the
[-horizontal lift of X to P, as the horizontal lift of a vector field X € X(M) is G-invariant
(see [KN]). The bundle of connections,

p:C(P)— M
is the bundle of all R-linear maps
AT, M — (T(P)/G), such that m, oA =17,m

Connections on P are the global sections of p:C (P) — M. Moreover, C (P) is an affine
bundle modelled over the vector bundle

Hom (T'M,adP) ~ T"M @ adP.
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3.2. COORDINATES ON C (P)

Let (U;2',...,2") be a coordinate open domain in M such that a given principal SU (2)-
bundle 7: P — M is trivial over U. For every B € su(2), we define

WPir Tt (U) > U x SUQ2) — =~ (U)

by the formula:

i (2,9) = (z,exp (tB) - g)
and we denote by B the infinitesimal generator of @B Tt follows that B is a m-vertical SU(2)-
invariant vector field; i.e., B € gauP. Furthermore, (Bl, B,, Bg) is a basis of I' (U, adx~! (U)).
Hence for each or there exist unique functions A? (I') € C*° (U) such that,

B o |
UF(%):%—AJ(F)B(M 1§]§n

The functions 4
(2/;A7), 1<j<n, 1<a<3

are a coordinate system on p~ (U) = C (#~*U), which will be called the natural coordinate
system induced by the coordinate system (U;z',...,2™) on the bundle of connections.

4. AutP ACTING ON C(P)

FEach ® € AutP acts on the connections of P as follows: given I', ' = & (I') is the connection
corresponding to the connection form

wrr = ((I)_l)*wr.

It ¥ € AutP, then
(Wo®) (1) = U (B(I).

For each ® € AutP there exists a unique diffeomorphism
$e:C(P)—C(P)
such that po®¢ = @op, where ¢ € Diff M is the diffeomorphism induced by ®. Furthermore,
¢ o or = 041y,
for every connection I'. We obtain a group homomorphism
AutP — Diff C(P), &+ Pc.
If &, is the flow of a G-invariant vector field X € autP, then (®,), is a one-parameter group

in C(P). We set

Xc¢ = infinitesimal generator of (@), .
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In this way we obtain a Lie algebra representation of the Lie algebra of all infinitesimal
automorphisms of P on the vector fields of its bundle of connections,

autP — X(C(P)), X r— Xc.
Note that X and X¢ both are projectable onto the same vector field of M. By using a
coordinate domain (U;a!,... 2") in M and the basis (Bl, By, Bg), each X € autwm~!(U) can
be written as p
X=Jigit9'Ba firg" € C7(U).
x
The local expression of the above representation is as follows:

d dg' i 342 243y 9
Xcsz@—gm(@wxﬁ“gAf—gAf DAL’

where 6123 stands for cyclic sum over the indices 1,2, 3. In particular, if X is an infinitesimal
gauge transformation then f; = 0. Hence

gt 0
XC = —6123 (% —|— 93A§ — ng?) 8—14}

5. THE IDENTIFICATION (J'P) /G ~C(P)

Let 7: P — M be an arbitrary principal G-bundle and let 7y: J'P — M be the 1-jet bundle
of local sections of 7. The group ( acts (on the right) on J'P by
j;S'g:j;(RgOS)v

where s is a local section of 7, ¢ € G and R, stands for the right translation. The quotient

(J'P) /G exists as a fibred differentiable manifold over M which can be identified to C (P).
Let us describe this identification. Let

q¢:J'P — C(P)
be the mapping defined as follows. Each local section s defines a retract
Lywy: Ts@y P — Vi) P = ker (ﬂ'*)s(l,)
of the inclusion
Vi) P C Ty P,
by setting
Loy (X) = X — 5,7 (X).
For every u € w7 !'(x) there exists a unique ¢ € G such that v = s(z) - ¢ and we define
I, T,P — V,P as
[y = (Ry)« 0 Lyay 0 (Fg-1)w.

In this way we obtain a “connection I' at #”; that is, an element of C (P) which only depends
on jls. Hence we set
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5.1. AutP ACTING ON J'P

Let X be a w-projectable vector field on P, let X’ be its projection onto M and let ®;, ¢,
be the flows of X, X’  respectively. A flow CI)EI) can be defined on J!'P by the formula

O (j1s) = jd (Proso ).
If X is m-vertical (i.e., X’ = 0 or even ¢; = idps) then
ol = JY(®,).

We denote by X the infinitesimal generator of the flow CI)EI) which is called the infinitesimal
contact transformation associated to X (or also the natural lift of X to the 1-jet bundle).
The mapping X — X is a Lie algebra monomorphism and X" is 71o-projectable onto X,
where 71 is the canonical projection,

T0:J'P — P, 1o (]is) = s(x).

For every ® € AutP we have
qo JY(®)=dcogq.

Hence for every X € aut P the vector field XM is ¢-projectable and its projection is X¢; i.e.,
G~ o XM = X, 4.

Therefore

Proposition. The representation

autP — X(C(P)), X r— Xc.

can be obtained “by projecting” the natural representation of the algebra autP on J'P by
infinitesimal contact transformations by means of the identification (J'P) /G ~ C (P).

6. GAUGE INVARIANCE IN J'P
6.1. CONTACT FORMS ON J'P

Let 7: P — M be a principal SU (2) -bundle. We define a su(2)-valued 1-form  on J'P as
follows. For every Y € T}1,(J'P) we have

q(755) ((710):Y) € Vi) P,

If B* € X(P) is the fundamental vector field (¢f. [KN]) associated to B € su(2) we have a
vector bundle isomorphism
P xsu(2) — V(P),
given by
(u, B) — Br.
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Hence there exists a unique B € su(2) such that
Q(j;S) ((m10)Y) = B:(x)7
and we set
oY) =B.
In the standard basis we have
0 =0"® B,,
where 01, 02, 6% are global ordinary 1-forms on J!P called the standard contact forms. The

following properties of the form € are easily checked:

1. For every ® € GauP, we have
JH (@) = 0.

2. Hence for every X € gauP,

Lyny0* =0, 1 <a<3

3. For every B € su(2), let B® be the fundamental vector field associated to B under the
action of SU (2) on J'P. Then,

LB.Q — [Q,B] .

6.2. INVARIANT DIFFERENTIAL FORMS

A differential form w, on J'P of degree r € N is said to be gauP-invariant if for every
X € gauP we have

Lymyw, =0.

We denote by Zgaup the set of gauP-invariant differential forms. (Usually, gau P-invariant
differential forms are called gauge invariant forms.)

FExample. The standard contact forms are gauge invariant.

Note that Zgaup is a Z-graded algebra over Q*(M).
A differential form w, on C (P) of degree r € N is said to be aut P -invariant if for every
X € aut P we have

LXCWT =0.

We denote by Z,,tp the set of autP-invariant differential forms. Note that Tgaup is a Z-
graded algebra over Q°(M) and that Z,,p C Zgaup is a subalgebra.
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6.3. STATEMENT OF THE MAIN RESULT

Theorem. The algebra of gauge invariant forms on J'P is generated over w;Q*(M) by the
forms

(0°,d0"), 1 < a<3,

that is,
Tgaup = 7 Q° (M) [0, d0"]

1<a<3 "

The only aut P-invariant differential forms on J'P are:

Toutp =R [0°, d‘ga]1ga<3'

6.4. CONCLUSIONS

If 7: P — M is a principal SU (2)-bundle, we have seen that the algebra of gauge invariant
(resp. aut P-invariant) differential forms on J' (P) is differentiably generated over the graded
algebra of differential forms on M (resp. over the real numbers) by the standard structure
forms. In a previous paper ([EM, Theorem 3]) it was proved that if #: P — M is an arbitrary
principal G-bundle with G and M connected, then on J'(P) the unique gauge invariant
Lagrangian densities are the differential n-forms on M. This result was originally motivated
by Utiyama’s theorem ([U]; also see [B], [Bl], [G] for the geometric interpretation of Utiyama’s
theorem) which stated the structure of gauge invariant Lagrangian densities on J!' (C (P)).
In the case G = SU (2) Theorem 3 in [EM] can be obtained as a consequence of the theorem
above remarking that contact forms on the 1-jet bundle are not horizontal over the base
manifold.
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