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symplectic submanifolds
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Abstract. In this paper we use Donaldson’s approximately holomorphic techniques
to build embeddings of a closed symplectic manifold with symplectic form of integer class
in the Grassmannians Gr(r, N). We assure that these embeddings are asymptotically holo-
morphic in a precise sense. We study first the particular case of CP" obtaining control on
N and we improve in a sense a classical result about symplectic embeddings [16]. The main
reason of our study is the construction of singular determinantal submanifolds as the in-
tersection of the embedding with certain “‘generalized Schubert cycles” defined on a product
of Grassmannians. It is shown that the symplectic type of these submanifolds is quite more
general that the ones obtained by Donaldson and Auroux [2], [7] as zeroes of “very ample”
vector bundles.

1. Introduction and statement of the main results

Let (M, w) be a symplectic manifold of integer class, i.e. [0/2n] € H*>(M;R) lifts to
an integer cohomology class. Such a symplectic manifold has an associated line bundle L
with first Chern class ¢ (L) = [w/2x], which is equipped with a connection V of curvature
—i@.

In his outbreaking work [5] S. Donaldson proved the existence of symplectic sub-
manifolds of M that realize the Poincaré dual of a large enough integer multiple of [w/27].
These are constructed as zero sets of appropriate sections of L®*. This extends a classical
result in Kéhler geometry saying that L is ample, so L®* has holomorphic sections with
smooth holomorphic, and so symplectic, zero sets.

Later on, D. Auroux and R. Paoletti have proved independently an extension of Do-
naldson’s theorem, constructing more symplectic submanifolds as the zero sets of asymp-
totically holomorphic sections of vector bundles. These bundles are obtained by tensoring
an arbitrary complex bundle with large powers of L [2], [3], [13]. In his paper, D. Auroux
also shows that, asymptotically, all the sequences of submanifolds constructed from a given
vector bundle E are isotopic. (For a summary of these results see for example the review

paper [6].)
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The key idea to understand these works is the concept of ampleness of a complex holo-
morphic bundle, which allows the flexibilization of the bundles in the holomorphic cate-
gory by means of increasing their curvatures. Donaldson [5] has translated the definition of
ampleness to the symplectic category. For this he studies the asymptotical behaviour of
sequences of sections of the bundles L®*. The change to the non-integrable setting is con-
trolled by this concept. We need to fix a compatible almost complex structure J in (M, w).
So the pair (w,J) gives a metric ¢ in the tangent bundle. We have a sequence of metrics
gr = kg indexed by integers k£ = 1. An important point in our work is the definition of the
concept of asymptotic holomorphicity for sequences of embeddings.

Definition 1.1. Let X be a Hodge manifold with complex structure Jy. Let y > 0. A
sequence of embeddings ¢,: M — X is y-asymptotically holomorphic if it satisfies the fol-
lowing conditions:

1. dp: oM — Ty, (X has a left inverse 0 of norm less than y~1 at every point
xeM.

2. (@) J — Jolg, = O(k’l/z) on the subspace (¢, ), TxM.
3. |VP¢yly = O(1) and |VP 70|, = O(k™1/?), for all p = 1.

A sequence of embeddings is asymptotically holomorphic if there is some y > 0 such that
it is y-asymptotically holomorphic. (The norms are taken with respect to the sequence of
metrics gx.)

The first important result we give is a generalization to the symplectic category of the
classical Kodaira’s embedding Theorem:

Theorem 1.2. Given (M,w) a closed symplectic 2n-dimensional manifold of integer
class endowed with a compatible almost complex structure, then there exists an asymptotically
holomorphic sequence of embeddings ¢,: M — CP> ! with dilors| = [kw]. Moreover, given
two such sequences of embeddings asymptotically holomorphic with respect to two compatible
almost complex structures, then they are isotopic for k large enough.

A sharper, in a sense, result has been obtained by Borthwick and Uribe in [4] using
completely different ideas. Their result also obtains control in the symplectic part (equi-
valently the metric part) allowing to obtain asymptotically holomorphic embeddings which
are also asymptotically symplectic. Their approach is based on ideas from Tian [15] who
solved the problem in the Kéhler case.

Our main interest for proving Theorem 1.2 is given by the possibility of studying
“projective symplectic geometry”. We mean by this the study of sequences of asymptot-
ically holomorphic submanifolds, namely obtained as images of asymptotically holomor-
phic embeddings, in the projective space. The strength of this approach is shown in the
following

Theorem 1.3. Let ¢, be an asymptotically holomorphic sequence of embeddings
in CP*"™ with ¢} wrs] = [kw] and let &> 0. Let us fix a holomorphic submanifold N in
CP>™. Then there exists an asymptotically holomorphic sequence of embeddings qgk, at dis-
tance at most ¢ in C"-norm from the initial sequence and verifying that ¢, (M) N is sym-
plectic for k large enough.
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Actually we get that M n qg,:l(N ) is a sequence of asymptotically holomorphic sub-
manifolds, in the sense of Definition 3.9. This result will imply a projective version of the
symplectic Bertini’s Theorem proved in [5]. But the constructive method could allow to find
more general types of symplectic submanifolds. This is shown in a more general situation.
For this we generalize Theorem 1.2 to the Grassmannian case.

Theorem 1.4. Let (M,w) be a closed symplectic 2n-dimensional manifold of integer
class endowed with a compatible almost complex structure. Suppose also that we have a rank
r hermitian vector bundle with connection, and that N > n+r — 1 and r(N —r) > 2n. Then
there exists an asymptotically holomorphic sequence of embeddings ¢;: M — Gr(r, N) with
$iU = E ® L%, where U — Gr(r,N) is the universal rank r bundle over the Grassmannian.
Moreover, given two such sequences of embeddings asymptotically holomorphic with respect
to two compatible almost complex structures, then they are isotopic for k large enough.

In Section 5 we will take profit of this result to extend the construction of determi-
nantal submanifolds to the symplectic category in the following way.

Definition 1.5. Let M be a differentiable manifold and let £, F be complex vector

bundles over M. Given a morphism of vector bundles ¢: E — F, the r-determinantal set
X'(p) is defined as

¥'(¢p) = {xe M |rank g, = r}.

In the algebraic category, if the vector bundle £* ® F is very ample, we can find a
morphism ¢: E — F such that £"(¢p) is a smooth submanifold in M of complex codimen-
sion (r, — r)(ry —r), where r, and ry are the ranks of E and F, respectively (if this number
is greater than the dimension of M then the set is empty). Our goal will be to adapt the
algebraic discussion to the symplectic category to prove

Theorem 1.6. Let (M, ) be a closed symplectic manifold of integer class. Let E and
F be hermitian vector bundles of rank r, and ry, respectively. Then, for k large enough, there
exists a morphism ¢, E ® (L*)®k — F ® L® verifying that:

1. 2(py) is an open symplectic submanifold of M.

2. codimX'(p;) = 2(r, — r)(ry — r). The set of manifolds {X" (¢, )}, constitutes a strat-
ified submanifold, called determinantal submanifold.

Moreover, given two stratified determinantal submanifolds constructed following the
process described in the proof then there exists an ambient isotopy making the r-determinantal
submanifolds associated to each stratified submanifold isotopic.

Theorem 1.6 was the original motivation of this paper. In algebraic geometry the
manifolds constructed as zeroes of sections of vector bundles have many topological re-
strictions, so the set of submanifolds of a given manifold constructed in this way is very spe-
cial in the set of all the submanifolds. However the determinantal submanifolds are more
generic. For instance, every (complex) codimension 2 submanifold of an algebraic manifold
can be constructed as the determinantal degeneration loci of certain bundle homomorphism
[17]. An obvious guess is that in symplectic geometry things are similar. Recall that the most
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general submanifolds constructed using asymptotically holomorphic techniques were Au-
roux’ ones [2]. These are zeroes of sections of vector bundles, so many of their topological
properties are determined. In fact, Auroux cannot easily assure that these submanifolds are
different from the ones constructed by Donaldson in [5]. In Section 6 we give two properties
showing that the determinantal submanifolds are more general. First we show that the ho-
mology groups of the determinantal submanifolds do not satisfy the Lefschetz hyperplane
theorem. In fact, they satisfy another kind of Lefschetz isomorphism. Secondly we compute
some Chern numbers of determinantal submanifolds showing that they are clearly different
from the Chern numbers of Auroux’ and Donaldson’s submanifolds. So the symplectic type,
and even the topological type, of the constructed submanifolds is necessarily different. These
two results show that the class of determinantal submanifolds is more general.

Remark that, in any case, all the preceding results are obtained by means of twisting
vector bundles with large powers of the line bundle L. So the submanifolds constructed in
this way are not generic. It would be desirable to avoid this restriction, but this generaliza-
tion cannot be made with the techniques in [5].

From a symplectic point of view determinantal submanifolds are also interesting.
They constitute a step in the study of singular symplectic submanifolds following the pro-
gram sketched by Gromov [9]. Donaldson and Auroux have attacked this question in [7]
and [3]. Donaldson studies the local symplecticity of the fibers of asymptotically holomor-
phic applications f: C" — C at a neighborhood of a critical point, solving it by a local per-
turbation argument. The conclusion of Donaldson’s work is that the topological behavior
of that kind of functions is similar to the holomorphic Morse functions. Auroux studies the
local symplecticity of asymptotically holomorphic maps f: C*> — C? at a neighborhood of
a critical point, showing that they are topologically equivalent to one of the two generic
models of a holomorphic map [1]. From this point of view Theorem 1.6 can be considered,
in part, an extension of these results to generic singularities.

The organization of the paper is as follows. In Section 2 we give the basic ideas of the
Donaldson-Auroux’ theory needed in our work and prove Theorem 1.2. In Section 3.2 we
prove Theorem 1.3. For this we explain some euclidean notions concerning the estimation
of angles between subspaces. In Section 4 we generalize all the discussion to the case of the
Grassmannian embeddings, proving Theorem 1.4. This allows us to prove Theorem 1.6 in
Section 5 and to analyze the topological properties of the constructed submanifolds.

Acknowledgements. We want to acknowledge D. Auroux, S. Donaldson and R.
Paoletti for their kindness communicating us their results. Special thanks to D. Auroux for
detecting a mistake in a previous version. Also we thank A. Ibort and D. Martinez for a lot
of interesting discussions. Second author was conducting his research financed by the Ph.D.
program of the Consejeria de Educacion de Madrid. Finally we thank the referee for useful
comments.

2. Asymptotically holomorphic embeddings in projective space
As in the introduction, let (M, w) be a symplectic manifold of integer class with as-

sociated line bundle L and a compatible almost complex structure J. In the Kéhler setting
this line bundle supports a holomorphic structure and it is ample in the algebraic geometry
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sense, i.e. L®¥ has a lot of holomorphic sections. This allows to embed M in the projective
space CPY, for some N. In this section we shall extend this classical result to the symplectic
case inspired in the ideas of [5], thus proving Theorem 1.2.

2.1. Asymptotically holomorphic sequences. In this subsection we collect the rele-
vant results of the asymptotically holomorphic theory, as stated by D. Auroux in [3], that
we shall use extensively along this work.

Definition 2.1. A sequence of sections s; of hermitian bundles E; with connections
on M is called asymptotically J-holomorphic if there exist constants (C,) »en such that, for

all k, at every point of M, |si| < Co, |[V?s¢| < C, forall p =2 0, and (VP Las;| < Cpk‘1/2 for
all p = 1. The norms are evaluated with respect to the metrics g.

In Donaldson’s first work on the subject [5], E; = L®*. Donaldson imposed an ad-
ditional condition of improved transversality to the sequence of sections to assure that its
zero sets are symplectic submanifolds for k large enough.

Definition 2.2. A section s; of the line bundle L®* is said to be #-transverse to 0 if
for every point x € M such that |si(x)| < 7 then |Vsg(x)| > 7.

If we get an asymptotically J-holomorphic sequence s of sections of L&* such that all
of them are -transverse to 0, with # > 0 independent of k then we have |ds; (x)| > |dsy(x)] if
x is a zero of s, for k large enough. A simple linear algebra argument shows that the zeroes
of sy are symplectic submanifolds for k large enough.

In [2] D. Auroux extended the notion of transversality to the case of higher rank
bundles. Let E be a rank r hermitian bundle with connection.

Definition 2.3. A section s of the bundles E ® L®* is y-transverse to 0 if for every
x € M such that |s;(x)| < # then Vs;(x) has a right inverse 6 such that |0;| < 7!

We name universal constant to a number which only depends on the manifold geom-
etry and on the constants involved in the data given to start with, i.e. a number independent
of k and the point x € M. Similarly a universal polynomial is a polynomial only depending
on the geometry of the manifold and on the constants provided in the original data. Do-
naldson uses highly localized asymptotically holomorphic sections, satisfying the following
definition.

Definition 2.4. A sequence of sections s; of hermitian bundles E; with con-
nections has Gaussian decay in C"-norm away from the point x € M if there exists a
universal polynomial P and a universal constant A > 0 such that for all y e M, |s(y)],
IVs(D)lge»- - - [V"s()]g, are bounded by P(di(x,y))exp(—Adi(x, y)). Here dj is the dis-
tance associated to the metric g.

The starting point for Donaldson’s construction is the following existence Lemma.

Lemma 2.5 ([5], [2]). Given any point x € M, for k large enough, there exist asymp-
totically holomorphic sections sref of LB over M satisfying the following bounds: |sref| > s
at every point of a ball of gj- radlus 1 centered at x, for some universal constant c; > 0; the

sections s,ﬁef have Gaussian decay away from x in C"-norm.
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Moreover, given a one-parameter family of compatible almost-complex structures
(Jo), c(o,1] and a one-parameter family of points (x1), e (0,1 there exist one-parameter families

of sections s{ekf v, Which depend continuously on t and satisfy the same precedent properties. [

The proof of this lemma uses in particular a refined version of Darboux’ Theorem
taking into account the holomorphic structure. We state this result for later use (the result
is given in [3] only for n = 2 but the general case is analogous).

Lemma 2.6 ([3], section 2.1, Lemma 3). Near any point x € M, for any integer
k =1, there exist local complex Darboux coordinates (z},...,z}') = ®y: (M, x) — (C",0)
for the symplectic structure kw such that the following bounds hold universally:

[k ()|* = O(di(x, »)?)

on a ball By, (x,c) of universal radius ¢ around x; |V'®;'|, = O(1) for all r=1 on a
ball B(0,c") of universal radius ¢' around 0; and, with respect to the almost-complex struc-
ture J on X and the canonical complex structure Joy on C", [0®;'(z)|,, = O(k~'/?|z|) and
VoD, = O(k™'/?) for all r = 1 on B(0,c").

Moreover, given a one-parameter continuous family of compatible almost-complex
structures (J,) refo,1) and a continuous family of points (x,)te[o’u, there exists a continuous
SJamily of Darboux coordinates @, satisfying the same estimates and depending contin-
uously ont. [

In [3] D. Auroux used three asymptotically holomorphic sections to set up a projec-
tion from a symplectic 4-manifold M to CP2. To control the behavior of this projection
he needs to assure global transversality conditions between the sections. He develops a very
useful scheme to pass from local transversality conditions to global ones by means of a
globalization process inspired in the results of [5]. Now we explain his idea to formalize
Donaldson’s techniques.

Definition 2.7. A family of properties #(¢,x) s .o Of sections of bundles over
M is local and C"-open if, given a section s satisfying #(¢, x), any section ¢ such that
lo(x) — s(x)|cr < 5 satisfies (e — Cn, x), where C is universal.

For example, the property |s(x)| > ¢ is local and C%-open. The property that s be
e-transverse to 0 at a point x is local and C'-open.

Proposition 2.8 ([3], section 2.1, Proposition 3). Let 2(&,X) ..y >0 Pe a local and
C"-open family of properties of sections of vector bundles Ey over M. Assume that there exist
universal constants c, ¢', ¢ and p such that given any x € M, any small § > 0, and asymp-
totically holomorphic sections s of Ey, there exist, for all large enough k, asymptotically
holomorphic sections i  of Ex with the following properties:

N
L. |tk x|cr,g < ¢"6.

1 . s
2. The sections 5 Tk have Gaussian decay away from x in C"-norm.

3. The sections sy + Tk satisfy the property P(n,y) for all ye€ By (x,c), with
n=c'd(log0 ")
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Then, given any o. > 0 and asymptotically holomorphic sections sy, of Ey, there exist, for
all large enough k, asymptotically holomorphic sections oy of Ey such that |si — or|cr g, < o
and the sections oy satisfy P (e, x) for all x e M with & > 0 independent of k.

Moreover, the result holds for one-parameter families of sections, provided the existence
of sections t, i, . satisfying properties 1, 2 and 3 and depending continuously on t. []

The heart of these techniques is a series of local transversality results which allow to
apply Proposition 2.8. These results are based on ideas of complexity of real polynomials
coming from real algebraic geometry. The most powerful result is the following, proved in
[7]-

Definition 2.9. A function f: C" — C" is o-transverse to 0 at a point x € C" if it
satisfies at least one of the following properties:

1. [f(x)| > 0.

2. df (x) has a right inverse 0 such that |0] < o~

Proposition 2.10 ([7], Theorem 12). There exists a universal integer p verifying the
1 -
following property: for 0 <6 < 3 let ¢ = 5(10g((571)) " Let f be a function with values in

11

C" defined over the ball B = B(O’I_O

) < C" satisfying the following bounds over B*:

If1=1, |of| €0, |VIf| <o

Then there exists w € C" with |w| < 6 such that f — w is a-transverse to 0 over the unit ball in
C". The same result holds for one-parameter families of functions f; depending continuously
on t € [0, 1], where we obtain a continuous path w: [0,1] — B(0,9). [

We mention also that in [11] the result is refined to control the derivatives of the
path w, allowing so a generalization to the contact case of the asymptotically holomorphic
techniques.

2.2. Asymptotically holomorphic embeddings in CP?"*!. 1In this section we will
study the existence of asymptotically holomorphic embeddings of a closed symplectic
manifold (M, w) of integer class and dimension 2n, endowed with a compatible almost com-
plex structure J, in the projective space CP?*!. In Section 4 we will develop the techniques
to study the more general Grassmannian embeddings.

Theorem 2.11.  Given an asymptotically J-holomorphic sequence of sections sy of the
vector bundles C*"? @ L®* and o > 0 then there exists another sequence oy verifying that:

1. |Sk — O'k|cl’gk < a.

2. P(oy) is an asymptotically holomorphic sequence of embeddings in CP*" for k
large enough.

3. [kw] = [ wFs].
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Moreover, let us have two asymptotically holomorphic sequences (,752 and (,75,1{ of embed-
dings in CP*1 | with respect to two compatible almost complex structures. Then for k large
enough, there exists an isotopy of asymptotically holomorphic embeddings ¢; connecting ¢2
and ¢,1(

Remark 2.12. It is easy to check, following the proof later, that the needed k’s
in Theorem 2.11 depend only on «, J and the bounds of asymptotic holomorphicity
of s;. Moreover, in the statement about isotopy, the needed integer depends on the #-
transversality of the sequence, on J and on the bounds of the sequence. So, if we consider
the moduli of x-asymptotically holomorphic embeddings with fixed bounds and almost
complex structures varying in a compact set, then there exists a fixed k¢ such that for any
k > ko all the embeddings in such moduli are isotopic.

The very same ideas do apply to all the proofs along the paper and are assumed
without being detailed in each statement.

This result gives a proof of Theorem 1.2. We shall proceed by steps to obtain asymp-
totically holomorphic embeddings of M into CP*"*!.

Definition 2.13. An asymptotically J-holomorphic sequence of sections s; of the
vector bundles C*""* @ L®* is y-projectizable if for all x € M, |si(x)| > .

This is a sufficient condition to get a map to CP*™! defined as

¢ = P(sp): M — CP>H1,
as the y-projectizability assures that the sections s = (s?, ... ,s,?”“) are not simultaneously
zero and so the P operator is well defined. To get local injectivity we need to impose the
following.

Definition 2.14. Let s; be an asymptotically J-holomorphic y-projectizable sequence
of sections of the vector bundles C*"*? ® L®* for some y >0 and let 0 </ < n. Then s;
is #-generic of order /, with 7 > 0, if |\’ OP(sx)(x)|g, > n for all x e M. For [ = 0 the con-
dition is vacuous.

We have the following result that will be proved in the following two subsections.

Proposition 2.15. Let s, be an asymptotically J-holomorphic sequence of sections of
the vector bundles C*"*? @ L®* and o > 0. Then there exists another asymptotically holo-
morphic sequence oy verifying:

1. |Sk — O'k|cl7gk < .

2. oy is y-projectizable and y-generic of order n for some y > 0.

Moreover, the result holds for one-parameter families of sections where the sections and
almost complex structures depend continuously on t € [0, 1].
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Proof of Theorem 2.11. We first prove the existence result. The last property is
obvious since the hyperplane bundle of CP?*! restricts by construction to L®X. Let
us begin with an asymptotically J-holomorphic sequence o; of sections of the bundles
€22 ® L®*. Now we perturb it using Proposition 2.15 to obtain an asymptotically holo-
morphic sequence s; with [sx — gx|c1 4, < o, which is y-projectizable and y-generic of order
n, for some y > 0. We have only to check that the sequence ¢, = P(sy) satisfies the required
properties in Definition 1.1. More specifically, we shall check that ¢, is an immersion of
M in CP*! | for k large. To get rid of the possible self-intersection we take into account
that 2dim M < dim CP?"*! so we can make a generic C’-perturbation of norm less than
O(k™'/2) to get an embedding keeping the asymptotic holomorphicity and the genericity
of order n.

Choose a point x € M. By a rotation with an element of U(2n + 2) acting on C>"*2,
we can assure that sg(x) = (s2(x),...,s¢""(x)) = (s2(x),0,...,0). This produces a global
isometric transformation of ¢, (M) in CP>"*!. Now using the y-projectizable property we
know that |s?(x)| = y. By the asymptotically holomorphic bounds of s there is a universal
¢ such that |s?| = 7/2 on By, (x,c) for all k. We define the application:

Jit By (x,¢) — c

y <S’£(y) S’znﬂ(y)).
s sU()

This application can be written as f; = @ o ¢,., where @ is the standard trivialization ap-
plication in CP*"*! defined for the chart Uy = {x = [xo, ..., X2..1]|x0 + 0}. It is well known
that @, is an isometry at the point [1,0,...,0] if we use the standard metric structure of
C>"*!. So we can compute the bounds required in Definition 1.1 using f; instead of ¢,. The
asymptotic holomorphicity of s, and the bound |sP| = y/2 imply that |V”f(x)| = O(1) and
\V20fi(x)| = O(k~'/?), for p = 0. This proves condition 3 in Definition 1.1.

Now we pass to the issue of the existence of a left inverse. We have

N'dg = N' 04, + O(k™'12),

where the last term is obtained thanks to [0, = O(k~'/?). By the y-genericity of order n
of di, IN" 0¢lg. = v, s0 |\ dylg, = 7/2 for k large. Let

Ok = (dpp) " (41).TM — T M.

By the asymptotic holomorphicity condition, we have |d¢; |, < Co for a universal constant
Co, so |0k| = Cy~! for another universal constant C. Now define 0; = 6; o pr*, where prt
is the orthogonal projection of 7, ¢k(x)C|]3’2"+1 onto (¢;), T+M to get the sought left inverse.

To prove condition 2 in Definition 1.1, we compute the norm of

(¢k)*J — Jo: (¢k)*TxM — T¢k(x)C|]j)2ﬂ+1.



158 Muiioz, Presas and Sols, Almost holomorphic embeddings in Grassmannians
But it can be written as
(bi).J — Jo = d T — Jo = (A + Jo dy )T O = 206, T = O(k™"1?).

For the isotopy result we follow the ideas of [2]. We need the following auxiliary
result, which we prove in Subsection 2.5.

Lemma 2.16. Let ¢,: M — CP?"*! be a sequence of asymptotically holomorphic
embeddings with ¢, [wps] = [kw]. Then there exists an asymptotically holomorphic sequence
of sections s of C*" ® L®*, for k large enough, which is y-projectizable and y-generic of
order n, for some y > 0, such that ¢, = P(si). The same holds for continuous one-parameter
Sfamilies of embeddings and compatible almost complex structures.

Using Lemma 2.16, we can suppose that ¢}; =P(s}), i =0,1, where s,? and s} are two
asymptotically holomorphic sequences which are y-projectizable and y-generic of order n,
y > 0. We construct the following family of asymptotically holomorphic sequences of sec-
tions:

(1-3¢)s?, with J, = Jy, te0,1/3],
(2.1) st =240, with J, = Path(Jy,J1), te([l/3,2/3],
(3t —2)s}, with J, = Jj, te2/3,1].

Choose o > 0 such that any perturbation of s, i = 0, 1, of C'-norm less than « is still y/2-
projectizable and y/2-generic of order n. Applying Proposition 2.15 to s; with this o, we
obtain a family o] which is #-projectizable and #-generic of order n for some 7 > 0. We
define the family of asymptotically holomorphic sequences of sections:

(1 —31)s) + 310y, te0,1/3],
=4 o L, te(1/3,2/3],
(3t —2)si + (3 —-30)a), 1€[2/3,1].

These are e-projectizable and e-generic of order n sequences of sections, with ¢ = min{y/2, 5},
so that ¢, = P(z}) are asymptotically holomorphic embeddings (maybe after a further small
perturbation to get rid of self-intersections). This implies that ¢2 and ¢}€ are isotopic for k
large enough. []

An important corollary is the existence of symplectic embeddings of M. The following
result is similar to [16], but we do not obtain an exact symplectic embedding. On the other
hand we control the dimension of the projective space.

Corollary 2.17. Let (M,w) be a closed symplectic manifold of dimension 2n with
symplectic form of integer class. Then there exists a symplectic embedding ¢: M — CP*'*!
verifying that ko = ¢* wrs, for k large enough.

Proof. Take a y-asymptotically holomorphic sequence ¢, of embeddings of M in
CP?>™*!. The key idea is that the linear segment of forms , joining two symplectic forms
compatible with a fixed J is symplectic for every z. In our case we have this condition
asymptotically. Define the family of 2-forms in M given by w, = (1 — t)kw + t¢; (wrs),
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where ¢ € [0, 1]. All of them are cohomologous, so to apply Moser’s trick [12] we only need
to prove that they are symplectic. Take any unitary tangent vector ve T, M, for some xe M.
Then the y-asymptotically holomorphic embeddings yield that gzs(d¢,v, 0d,v) = y*. Now

(v, Jv) = (1 — Hkw(v,Jv) + td;wrs(v, Jv)
(1 — 1)kg(v,v) + twps(ddv, Jood, v — JoOd,v)

= (1 = )k + tgrs (0 v, 04 v) + O(k™"7%) > 0,

for k large enough, since |0¢,| = O(k~'/?). So w, is symplectic. []

2.3. Construction of y-projectizable sections. Our objective is to prove the following
perturbation result.

Proposition 2.18. Let s, be an asymptotically J-holomorphic sequence of sections of
vector bundles C*'"*> @ L®K. Then given o. > 0, there exists an asymptotically J-holomorphic
sequence of sections oy verifying:

L [sx — oklcr g < ot
2. oy is y-projectizable for some i > 0.

Moreover, the result can be extended to continuous one-parameter families of asymp-
totically J,-holomorphic sequences s, obtaining continuous one-parameter families of sec-
tions o, i satisfying the two precedent conditions.

Proof. The result is a generalization of Proposition 1 in [3] where the result for 4-
manifolds is proved. We proceed by using the globalization argument described in Propo-
sition 2.8. First we deal with the non-parametric case. For this we define the local and C°-
open property (g, x) as |sg(x)| > & Let 6 > 0. We only need to find for a point x € M a
section 7y , with Gaussian decay away from x, assuring that s; + 74 , verifies Z(#, y) in a
ball of universal gi-radius ¢, with # = ¢’6 (log(éfl))_p , ¢’ and p universal constants.

For this choose a section s;°%. verifying the conditions of Lemma 2.5. Then we select
¢ = 1 (obviously, universal). The lower bound of s,ﬁei in the ball B, = By, (x, 1) lets us define
the map

fiy= Sk B, — C¥*2.

ref :
sk. b

The lower bound of s,iei and the asymptotic holomorphicity of s, imply that
(2.2) [fixl < C, |0fixl < CK7V2 |VOfi | < CkV2,
where C is a universal constant. With the aid of Lemma 2.6 we can build f; = fi o CI),:1

defined on a fixed ball B(0,c¢’) = C". Scaling the coordinates by a universal constant

11
0 (¢! )7l we can suppose that f; is defined on B*. In this ball, the bounds (2.2) yield

(2.3) lfil < Co, |0fi| < Cok™'2,  |Vofi| < Cok™'/2,
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where Cy is a universal constant. The application f, = o fr verifies the hypothesis of
0

Proposition 2.10 and so there exists, for k large enough, a number wy € B(0,6) such that
/e = wi| > 0 =6(log(6™"))”. Therefore |f; — Cowi| > Coo on B. Now define

ref
Tk,x = —C()Wk ® Sk,x’

so that |ty y|cr g < "8, for some universal constant ¢”. Using the lower bound of s/ we
obtain that [sy + .« = ¢'d(log(d™")) ™ on a ball B, (x,c), for some ¢ > 0, with ¢’ and p
universal constants. Then Proposition 2.8 applies and the proof is concluded in the non-
parametric case.

The globalization to the one-parameter case is trivial because all the ingredients in the
proof can be easily chosen in a continuous way. []

2.4. Inductive construction of sections y-generic of order . Now we study the prob-
lem of perturbing a y-projectizable sequence of sections to achieve genericity of order n. We
shall do this in steps. The result to be proved is the following

Proposition 2.19. Let s be an asymptotically J-holomorphic sequence of sections of
the vector bundles C*"** ® L®* which is y-projectizable and y-generic of order 1. Then given
o > 0, there exists an asymptotically J-holomorphic sequence of sections oy verifying:

1. |Sk — o'k|C1,gk < a.
2. oy is n-generic of order [ + 1 for some n > 0.

Moreover, this can be extended to continuous one-parameter families of asymptoti-
cally J;-holomorphic sequences s, . obtaining continuous one-parameter families of sections
o1k verifying conditions 1 and 2.

Proof.  We construct local 1-forms to control the perturbations. For this at a neigh-
borhood of a point x € M we fix local complex Darboux coordinates (z},...,z}) using
Lemma 2.6. As in proof of Theorem 2.11, by applying a unitary transformation to C>"*2,
we can suppose that si(x) = (s9(x),0,...,0). Also there exists a ball with center x and uni-
versal gy-radius ¢ on which [s?| = y/2. We define, following [3], a local basis of asymptoti-
cally holomorphic 1-forms:

where s,ﬁei are given by Lemma 2.5. They have Gaussian decay away from x thanks to the

behavior of s,ﬁei. At x they form an orthogonal basis of 7) M. We use the trivialization @

to define the application

(2.4) Ji: By (x,¢) — €

Y= (s,l(y) s,f"J“l(y)).
s 50)
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We define the following property for sections s; which are y/2-projectizable and
y/2-generic of order I. A section s, has the property 2(e,x) if |\ 0Psi(x)| > ¢. This
property is local and open in C!-sense. For applying Proposition 2.8 we need to build, for
0 <0 <yp/2¢"C, a local perturbation 7 , with |74 | < ¢”0 and Gaussian decay with the
property #(#, y) in a neighborhood of x of universal g, radius ¢, with 7 = ¢0 (log(é_l))fp )
(Here C is the constant of the C'-openness of 2(e, x) in Definition 2.7.) We define f; as
in (2.4). Then it is easy to see that there exists a universal constant ¢ such that

N oP(si)| 1
I+1 > 5
INT ol 2
on By, (x,c). So we can do the computations for the applications f;. By a unitary trans-

formation in U(2n 4 1) (on C*"*2 fixing (1,0,...,0)) and another in U(n) (on the complex
Darboux coordinate chart) we can assure that

ull(x) 0 0
0 ur(x) 0 0
(2.5) Ifi(x) = )
0 0 0
0 0 u”(x) O 0
where [u}!(x) - ull(x)| > y/C’, C" a universal constant. Shrinking c if necessary we can as-
sure that [(9f;l A -+ A 6fk’)ﬂ N A#,] > »/2C’ for all the points of the ball By, (x,c), where
we denote by (OfE A A afk )l pA Al the component of df;' A --- A df{! in the direction of
[EA - Apk. This I- form is an'element of the basis composed by the /-wedge products of
the 1-forms 4}, ..., u?. In matrix form we are denoting the order / left upper minor of Jf.

Now we construct the (/ + 1)-form

0 (y) = O A A pongs AT
Note that if / = 0 then the first term in the right hand side simply does not appear. We
can suppose that || > ¢sy with ¢; > 0 a universal constant. We also consider the follow-
ing family of (/4 1)-forms
M] = (fil n NOREND) i nnid apirts I 1S p <2041
These forms are components of /\1+1 Ofr.. If we perturb so that the norm of
My = (MY M

is bigger than 7 = ¢'0(log(6 ")) " then we have finished because if [My| > # then

INTofi| > Con

where Cj is again a universal constant (using that the basis {x}' A -+ A ,uf{’“ H<iic o <iy <n
is almost orthogonal on the ball B, (x, ¢), in fact orthogonal at x).



162 Muiioz, Presas and Sols, Almost holomorphic embeddings in Grassmannians

We define the following sequence of asymptotically holomorphic applications,

M1+1 M2n+1
hk — (hl]c+1 h2n+1) _ ( k k )

RS
So we obtain, scaling the coordinates by universal constants if necessary, he: BT — ¢
which is asymptotically holomorphic thanks to the lower bound of 6, and to the asymp-
totic holomorphicity of M} and 6. We have that n < 2n+ 1 — / and so we can find |wi| <
such that | — wy| > =0 (log(é’l))_p . Thus we obtain that

(M — w0, o MY — w0 > e

Recall that all the constants depend on y and the asymptotic holomorphicity constants of

Sk, so they are independent of x and k The perturbation — (w,i“@k, .. 2”“ 0r) is achieved
by adding the section 74« = —(0, .., 0,w;H z srel L wirt izt r‘*) o sc. This section

verifies the Gaussian decay bounds requlred n Proposmon 2.8 and |z, 1, g, < "0 for some
universal constant ¢”. This completes the proof in the non-parametric case.

Now we pass to the one-parameter case. With appropriate continuous unitary trans-
formations, we may assume that s (x) = (s s (x), 0,0, 0) and that df; «(x) is written as
in (2.5). The interval [0, 1] may be split in a finite number (depending on k) of subintervals
[#;, t;i+1] such that, for every x € M and for each of the subintervals, there is a fixed order /
minor of df; x(x) with norm bigger than y/C’, for every ¢ in the subinterval. This allows to
find continuous global small perturbations of s, x in every [t;, t;11].

Now we work as follows. For the first subinterval [0, 7], consider s, , € [0, #;], to find
a perturbation ;. 7 € [0, 1], such that |s; x — g/ ;| < /2 on [0,4] and o}, is #,-generic of
order / + 1, for some #, > 0. The same can be done for all the odd subintervals [ty;, £2;11].
Using that the bounds can be chosen uniformly, we obtain perturbations 0[2}(“, t € [ta, tiv1],
which are #;-generic of order / + 1, with [s, s — g, ’“ | < o/2. Now we may find a global
perturbation o, x, ¢ € [0, 1], satlsfylng that:

1. o, = a7, for all ¢ € [ty;, thiy1]. So o, is n;-generic of order / + 1 on these sub-
intervals.

2. |ouk — Sek|cr < /2, for all £ € [0,1].

This perturbation can be found by connecting 02’“
ment, choosing ¢ > 0 small enough (depending on k) ‘Now we choose a constant y > 0 with
y<o/2andn; — 'y >n, /2, where ¢’ is the constant of C'-openness of the genericity prop-
erty required. Now we look for a perturbation Tt . on each of the even subintervals [t5;_1, t2;]
which achieves #,-genericity of order / + 1, for some n, > 0. Again we extend these per-
turbations to a global continuous perturbatlon Tk, t € [0, 1], which is #,-generic of order
I + 1 on the even subintervals, and with |7, x — o, x| < y. Therefore |s, x — 7, | < @ and 7, «
is min{#, /2, n,}-generic of order / + 1, for all 1€ [0,1]. [

& with s, 1.« through a linear seg-

2.5. Lifting asymptotically holomorphic embeddings. In this subsection we prove
that the sequences of asymptotically holomorphic embeddings into CP?"*! that we are
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considering in Theorem 1.2 come always from asymptotically holomorphic sequences of
sections s of C?"*? ® L®* which are y-projectizable and y-generic of order n, for some
y > 0 (at least for k large).

Proof of Lemma 2.16. Suppose that we have a sequence of y-asymptotically holo-
morphic embeddings ¢,: M — CP*!, for some y > 0, with ¢ = LO*. Here % is the
hyperplane line bundle defined over the projective space. The dual of % is the universal line
bundle

&= {(lvs) |S€ l} c ([:[P’z"“ X CZn+2 _ @2n-%-27

interpreted as a sub-bundle of the trivial bundle C>"+2. Consider the following sequence
of line bundles, £ = ¢;& ® LOK = C = C*" ® L®*, which are topologically trivial. We
look for everywhere non-zero sections sy of E; = C*2 ® L®* as they satisfy b = P(sk)-

Let 2(e,x) be the C'-open property for sequences of sections s; of Ej of being
e-transverse to 0 at the point x (see Definition 2.2). We shall use Proposition 2.10 to find
sequences of sections s; which are #-transverse to 0, for some # > 0. Fix any asymptotically
holomorphic sequence s of Ej (e.g. the zero sections) which will act as the starting point of
our perturbation process. Let x € M. Consider the sections s,ﬁ‘?i of L®* given by Lemma 2.5

and define also the local sections of the line bundle ¢;& = C*'*2,
Ok ng (X,kl/G) N ([3211+27

by setting o4 (x) any vector of norm 1 in the direction defined by ¢, (x) and satisfying the
condition V,ox(y) L ok (y), for any y € By, (x,c), where r is the radial vector field from x.
This determines oy, uniquely. The following estimates hold:

(2.6) oMl =1, [Vor(y)| = O(1 +di(x,)),
0ok (y)| = O(k™' 2 (1+ di(x, ), [Vaor()| = O(k™*(1 + di(x, y)))-

The first one follows from V,{oy, oxy = V.01, 01> + {or, V,ar) = 0. For the second one,
write Voy = Vi + (Vay, ox yax, where we identify Ty, (,)CP*"™! = [o4()]" = C**2, iso-
metrically. We already know that |V¢,| = O(1). So

V.{Voy,01) = {V.Vor, o1 ) +Vor, Vior ) = {VV,oi, 01 ) + Vo, V.o
= —<Vr0'k, VO'k> + <V0'k, Vl’o-k> = _<Vl‘¢k7 V¢k> + <V¢k7 Vl¢k> = 0(1)

The first equality uses that V is the standard derivative for functions with values in C*"*2,
and hence the second derivatives commute. The second equality follows from {V,oy, g > = 0.
So we have that {Vay, x> = O(di(x, y)) and hence [Vai| = O(1 4 di(x, y)). The other two
cases are worked out analogously.

Now define the application

Sk
fk :T: ng(X,C) — C,
sk,xak

which is asymptotically holomorphic by construction. Using a complex Darboux chart
we trivialize B, (x, ¢) to obtain (scaling the coordinates by appropriate universal constants)
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an application fk: B — C to which we apply Proposition 2.10 to obtain wy € B(0,0) such
that fk — wy is y-transverse to 0 in B, where 7 =6 (log(é_l))ﬁ). Rescaling and passing to
the manifold, we have that f; — Cwy is C’y-transverse to 0, for some universal constants

C and C'. Define the asymptotically holomorphic sequence of sections 7 , = —wks,fiak

of Ex, which has Gaussian decay by (2.6), to get a perturbation satisfying the conditions
in Proposition 2.8.

Thus there exists an asymptotically holomorphic sequence s; of sections of E; which
is n-transverse to 0, for some # > 0. For k large enough, the zeroes of s is a symplectic
submanifold representing the trivial homology class, hence the empty set. So s; is nowhere
vanishing and hence ¢, = P(s).

We have that s, is an asymptotically holomorphic sequence of sections of
C?*2 ® L®k. Let us check that s; is y-projectizable, i.e. that |s;| =5 everywhere. Sup-
pose that this is not the case and take the point x € M where |si| attains its minimum.
As |sk(x)| < #, p-transversality implies that |Vsi(x)| = 7. Also s¢ is asymptotically ho-
lomorphic, so for k large Vsi(x): T*M — (E), is surjective. Take ve T M such that
V,sk(x) = si(x). Evaluating the equality

Vise|* = (Vi 51> + sk, Vi)

at the point x and along the direction of v, we obtain |s;(x) |2 = 0, which is impossible since
we have already proved that s; is nowhere vanishing.

Finally the extension to the one-parameter case is trivial. [

3. Estimated intersections of symplectic submanifolds

3.1. Notions on estimated Euclidean geometry. In order to set up the definitions
needed in Subsection 3.2 we state the relevant notions and results on angles between sub-
spaces of Euclidean spaces that we shall need. From now on we assume that we are in R”
equipped with the standard Euclidean inner product, but all the proofs apply to a general
finite dimensional Euclidean space.

The angle between two non-zero vectors v, w € R” is defined as

/(v,w) = arccos (<U’ W>) e [0, 7).

[of[w

The angle is symmetric and satisfies the classical triangular inequality,
Lu,w) < L(u,v) + /(v,w),

for non-zero vectors u, v, w € R". Also the angle of a vector u % 0 with respect to a subspace
V # {0} is defined as

[(u, V) = ver;ligo}{z(u, )} = L(u,v(u)) € [O,g},

where v: R” — R" is the orthogonal projection onto V/, well understood that when v(u) = 0
the angle is 7/2.
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Definition 3.1. The maximum angle of a subspace U + {0} with respect to a sub-
space V' #+ {0} is defined as

(U, V) = uen(lﬁ){(o} L(u, V).

Notice that this angle is not in general symmetric. But in the case dim U = dim V'
symmetry does hold. This is easily checked by constructing an orthogonal transformation
permuting the two subspaces. Indeed the maximum angle /,,(U, V') gives a notion of prox-
imity between U and V whenever dim U < dim V.

Lemma 3.2. Given U, V, W non-zero subspaces in R" then:
(U, W) S Iy (U V) + Ly (V, W),

Proof.  'We will denote by v(u) the orthogonal projection of the vector u onto the
subspace V. In the following inequalities, if v(u) = 0, we suppose that the angle in which
this expression appears is /2. We have

(U, W) = i /
w0 = max . min (G}

lIA

mas, { min {2000) + Gt} )

ue U—{0} (we W—{0

Cmax {g(u,v(u))Jr min {Z(v(u),W)}}

ue U—{0} we W—{0}

A

<, max o))+ max { min (ot}

ue U-{0} ue U={0} | we W—{0}

lIA

/ i /
M(U’ V> * verrl}a){(O}{weHI/Ilflzl{O}{ (07 W)}}

Definition 3.3. The minimum angle of two non-zero subspaces U, V' of R" is defined
as:

e [fdim U +dim V < nthen /,(U, V) =0.
e If their intersection is not transverse then /,,(U, V') = 0.

e [If their intersection is transverse then let W be their intersection. Define U, as
the orthogonal subspace in U to W, and V, in the same way. Then

In(U V)= min {/(u Vo)) € 0.7/2).

u
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The definition is symmetric because (in the transverse case)

/m(U, V)= min { min {/(u, v)}}

ue U,—{0} (ve V.—{0}
and the two minima commute. Also /,,(U, V) = rLllnn {L(u, V)}.
ue U,

Lemma 3.4. For non-zero subspaces U and V of R" we have that

/m(U, V)= min { min {/(u, v)}}

ue UL—{0} | ve V+-{0}

Proof.  This is trivial in the case dim U + dim V' < n or when U and ¥ do not inter-
sect transversely. In the transverse case, we can restrict ourselves to the subspace (U n V)"
to compute the angles. So without loss of generality we can suppose that U @ V' = R",
U,=Uand V, = V.Asdim U = dim VV*, we may construct an orthogonal transformation
¢ permuting U and V-, ie. g(U) = V*+ and ¢(V'*+) = U. Therefore also ¢(V) = U*. So

ue UL—{0} (ve V+-{0}

LU, V) = Ly($(U),¢(V)) = Ly(V+-,UT) = min { min {Z(u,v)}},
which proves the lemma. []
Proposition 3.5.  For non-zero subspaces U, V, W of R" we have that
[m(U, V) S (U, W) + LW, V).

Proof. By Lemma 3.4 we have that

ue UL—{0}

/w(U, V)= min {Ueryqig{o}{Z(u,v)}}

= / /
< uerﬁm{o {/(u,w)} +b€rgnn {/(w,v)},

for any w € R”. Choose wy € W+ — {0} satisfying
/(W V)= mi , _ o
e WEIVIVEIH{O}{UGIVW{O}{ o U)}} oo P 100, 0

Then we have

/(U V) £ mm {Z(u wo) Y + L(W, V) S Lyg(WH U + £,(W, V).

ueULt—

The result follows once we show that /y (W, U*) = /3 (U, W). Put /3 (U, W) = .
Let u e U with /(u, W) = . Denoting by w the projection of u onto W+, we have that

Hu, W) = /(u,w) = g —a.So /(w,U) £ g— o and hence /(w, Ut) = «. This implies that

/(W UL) = o= /(U, W). The opposite inequality follows by symmetry. []
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Corollary 3.6. Given non-zero subspaces U,U',V of R" with /,(U,V) > ¢ and
/y(U,U") <0 then /,,(U', V) > e— Co, where C is a universal constant (C = 1 in fact). []

The following result will be very important for our purposes.

Proposition 3.7.  Given ¢ > 0 and U € Gr(m,n), V € Gr(r,n) subspaces satisfying that
!m(U, V) > ¢ Then there are y, > 0 and a constant C, depending only on ¢, such that for any
y <90, if U' € Gr(m,n) and V' € Gr(r,n) verify that

ZM(U7 U/) <7 ZM(Vv V/) <7,
then U’ and V' intersect transversely and /(U NV, U n V') < Cy.

Proof: By Proposition 3.5 choosing y, > 0 small enough, only depending on &, we
can assure that the following intersections are transverse: UnV =W, UnV', U' nV and
U nV’'=W’ and that /,,(U’, V') = ¢/2. By Lemma 3.2 we have

(W WY < ly(W, UV )+ Ly (W, UV,

We are going to bound the first term in the right hand side of the inequality, the bounding
of the second term being analogous.

Put s = dim W = r + m — n. Choose an orthonormal basis (ej,...,es) of W, extend
it to an orthonormal basis (ej,...,e,) of V and finally extend it to an orthonormal basis
(e1,...,e,) of R". Note that (esy1,...,e,) is an orthonormal basis of V.. As

[(U, V)= "Lm(Ue, V) >e and Ly (V, V') <y,

we have /,,(U., V') >¢/2 (decreasing y, if necessary). So U.nV'={0}. Recalling that
V ® U. = R", we see that there is a basis (e; +¢1,...,e- + &) for V'’ where ¢; € U,. Using
that /,,(U, V) > ¢ and that the decomposition R" = W @ V, @ V= is orthogonal, we have

pry; (&) =0,

pry; (&) < |cosellej],

priz (g7) = /1 —[cose|* [¢;] = |sinel|z;|.

Checking the angle of e; + ¢; with respect to V', we get that

siné||g]| sine
3.1 IV, VY > arctan‘ij > arctan | ———|¢;| ).
(3.1) u(V, V) 2 1 + |coselle;] — 1+|8j]|8]|

For y, > 0 small enough we get that |¢;| < C/y(V, V') for a constant C depending on &.



168 Muiioz, Presas and Sols, Almost holomorphic embeddings in Grassmannians

Now we compute /y (W, U n V'). The intersection U n V' has basis (e; +¢p,. .., e + &).
For u; = e; + ¢; we have

/(u;, W) = arccos = arctan|¢;| < |g|.

1
1+ e

Therefore / (W, U V') < ma \s,| SC/u(V, VY ECyp. O

1<i

II/\

Now we are going to set up the relationship between the transversality of maps in the
Donaldson-Auroux approach and the angles defined above.

Lemma 3.8. Let U,V be two non-zero subspaces of R" and let g: U — V and
h: U — V= be the projections from U with respect to the decomposition R" =V @ V*. If
h has a right inverse 0 satisfying |0| < y~! for some y > 0 then /,,(U, V) > y.

Proof. In the first place, as / is onto, the intersection between U and V' is trans-
verse. Let W = U n V. Define § = pr; o 0: v U, which is an inverse of i: U, — V*+
such that || < y~!. Now consider any u € U, — {0} and put v = h(x). Then

[(u)] ol

/(u, V') = arcsin = arcsin —
jul 16(v)]

.1
> arcsin— >,
=

and the proof is concluded. []

3.2. Projective symplectic geometry. In this subsection we will prove Theorem 1.3.
This will provide a geometrical proof of Bertini’s theorem, the main result of [5]. Although
our proof is more technical and long, it has the advantage of giving us a more general kind
of symplectic submanifolds than those in [5], [2]. In fact our technique will allow us a simple
generalization to solve the problem of constructing determinantal symplectic submanifolds
in Section 5. First of all, in order to measure the holomorphicity of submanifolds, let us in-
troduce the complex angle of even dimensional subspaces V' = C" as

p: Grg(2r,2n) — [0,7/2],
Vs [V, IV).

Clearly (V) = 0 if and only if V' is complex and (V) < =/2 if and only if V" is symplectic.

Definition 3.9. Let (M, w) be a symplectic manifold endowed with a compatible al-
most complex structure J. A sequence of submanifolds Sy < M is asymptotically holomor-
phic if B(TS;) = O(k~1/?).

Note that if the submanifolds S; are asymptotically holomorphic then they are sym-
plectic for k large. If ¢,: M — CP" is a sequence of asymptotically holomorphic embed-
dings then ¢, (M) is a sequence of asymptotically holomorphic submanifolds.

Proposition 3.10. Let ¢,L: (My,Jy) — CPY and ¢,§: (M, J5) — CPY be two se-
quences of asymptotically holomorphic embeddings. Suppose that there exists ¢ > 0 indepen-
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dent of k such that for any x € ¢, (My) O ¢ (M), the minimum angle between (¢;), TM;(x)
and (¢7), TM,(x) is greater than ¢. Then Sy, = ¢, (M) 0 ¢ (M) is a sequence of asymptoti-
cally holomorphic submanifolds (hence symplectic for k large). Also S,{ = (¢,{)_1(Sk) is a se-
quence of asymptotically holomorphic submanifolds of M;, j = 1,2. Moreover there exists a
sequence of compatible almost complex structures Jj, J of M such that S/ is pseudoholomor-

phic for J], [T} — J;| = O(k='/?) and @] restricted to (S, J]) is a sequence of asymptotically
holomorphic embeddings in CPY, j =1,2.

The same statement holds for the case of omne-parameter families of embeddings
1 2
(¢t,k)re[0, 1] and (¢zrk)te[0,1]'

Remark that M; and M, are not necessarily compact manifolds.
Proof. Let J; be the standard complex structure of CP?**!. Then
L ((60).TM, Jo($]),TM) = O(k™/?)

for j = 1,2. By Proposition 3.7, /y/(TSk, JoTSi) = O(k~'/?). As |(¢,ﬁ)*J] —Jo| = O(k™1/?)
on (¢;),TM, we have Ly (TSk, (¢;),J;TSk) = O(k~1/?) and so Ly (TS}, J;TS]) = O(k~'/?),
i.e. S is a sequence of asymptotically holomorphic submanifolds of M;.

Finally we have to build J/ on M; such that |J/ — Jj| = O(k~'/?) and S| is J}-
holomorphic. The composition of J TSJ — TM with the orthogonal projection TM — TS/
has square close to —1, for k large enough So we can homotop it to an almost complex
structure J{ on S/. Then we extend this J/ to a small tubular neighborhood of S}/ by giving

a complex structure to the normal bundle of S] Finally a homotopy between J;, ] and J; al-
lows us to extend J}, J off a little bigger nelghborhood of Sj, J matching with J; on the border
This gives the required Jj.

The result for continuous one-parameter families is trivial from the non-parametric
case. [

Let us have a smooth submanifold N of a manifold X. If we fix a metric on X we can
define a geodesic flow ¢,. In particular, following the perpendicular directions to N we can
identify a tubular neighborhood of the zero section of the normal bundle of N (defined as
|n| < tog, n € v(N), for some small z, > 0) with a tubular neighborhood Uy < X of N. So we
can define a distribution Dy in Uy as

DN((pn(x)) =(p,),TxN, V¥xeN,nev(N),|n| < to.
where (¢,,), denotes parallel transport along the geodesic tangent to n.

Definition 3.11. Suppose ¢,: M — X is a sequence of asymptotically holomorphic
embeddings into a Hodge manifold X. Let us fix a complex submanifold N < X. We say
that ¢, is o-transverse to N, with ¢ < fy, if for all x e M and all k,

d(¢k(x)>N) <o= Zm((ﬂbk)*(TVM)aDN (¢k(x))) > 0.
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This property is C'-open, i.e. given ¢, an embedding #-transverse to N, then a per-

turbation of ¢, with dci(¢,, ;) <0 is (y — Cd)-transverse to N, where C is a universal
constant.

Obviously a g-transverse sequence of embeddings ¢, verifies the conditions of Prop-
osition 3.10 with ¢,1€ =¢,: M — X and ¢,€ =1i: N — X. The following result then com-
pletes the proof of Theorem 1.3.

Theorem 3.12.  Let ¢ = P(sk), where si is an asymptotically holomorphic sequence of
sections of C*2 ® L®X which is y-projectizable and y-generic of order n, for some y > 0. Let
us fix a holomorphic submanifold N in CP**'. Then for any 6 > 0 there exists an asymp-
totically holomorphic sequence of sections oy of C*"** ® L®* such that:

1. |O’k — Sk|gk‘rcl < 0.

2. g/;k = P(ax) is an y-asymptotically holomorphic embedding in CP*' which is e-
transverse to N, for some 1 >0 and &> 0. In the case dimc M +dime N <2n+1 we
actually have that dgs (¢, (M), N) > ¢, for k large enough.

Moreover the result can be extended to one-parameter continuous families of com-
plex submanifolds (Nt)te[O,l]’ taking in this case as starting point a continuous family
b, = P(s.x) where s,y are asymptotically J-holomorphic sections of C** ® L®* which
are y-projectizable and y-generic of order n, for some y > 0.

The proof of this result will be the content of Subsection 3.3. As a corollary we get a
geometric proof of the main Theorem of [5].

Corollary 3.13. Given a compact symplectic manifold (M,w), suppose that
[w/2n] € H*(M, R) is the reduction of an integral class h. Then for k large enough there exists
symplectic submanifolds realizing the Poincaré dual of kh. Moreover, perhaps by increasing k,
all the symplectic submanifolds realizing this Poincaré dual, constructed as transverse inter-
sections with a fixed complex hyperplane of asymptotically holomorphic sequences of embed-
dings with respect to two compatible almost complex structures, are isotopic. The isotopy can
be made by symplectomorphisms.

Proof. By Theorem 2.11 we build an asymptotically holomorphic sequence of em-
beddings to CP?**!. In CP?"*! we choose a complex hyperplane H. By Theorem 3.12 we
perturb the sequence of embeddings to find a new asymptotically holomorphic sequence
of embeddings ¢, such that ¢, (M) intersects H with minimum angle greater than ¢ > 0.
Finally Proposition 3.10 implies that ¢, (M) n H = H), is an asymptotically holomorphic
sequence of submanifolds, which are symplectic for k large enough. Also ¢;1(H M) is a
symplectic submanifold of M for k large enough. A direct topological argument shows us
that it is Poincaré dual of kh.

For the isotopy statement, we take two sequences of symplectic submanifolds,
Wk0 and W}!, obtained as intersections between two #-asymptotically J;-holomorphic se-
quences P(sx.;), j = 0,1, and two fixed complex hyperplanes Hy and H; in CP*""! with
angles greater than a fixed ¢ > 0. Then we prove that they are isotopic. We construct the
straight segment H,, in the dual space, of hyperplanes connecting Hy and H;. We construct
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the family of asymptotically holomorphic sequences s, ; as in (2.1). Using Theorem 3.12,
we obtain a family ¢, , = P(o, ) of asymptotically J;,-holomorphic embeddings which are
5/2-transverse to N, choosing the perturbation 6 > 0 small enough. This gives a family of
symplectic isotopic submanifolds (W)’ in M for each fixed large k. The problem is that
W2 does not coincide with (W)’ (and respectively for = 1). For § > 0 small enough, they
are isotopic, in fact the linear segment ((1 — )00,k + ts07k) re[0.1] provides a family of asymp-
totically holomorphic embeddings transverse to Hy, for k large enough giving the desired
isotopy. [

The constructive technique of Theorem 3.12 is more general as we can take any
algebraic subvariety of CP?"*! to make the intersection. However, the difficulty in finding
topological information about the constructed submanifolds makes it hard to prove that
they are more general than those produced in [2]. To overcome this problem we shall con-
struct in Section 5 a special kind of submanifolds where we can compute symplectic in-
variants using formulas from algebraic geometry.

3.3. Estimated intersections in CP?"*!,  Now we aim to prove Theorem 3.12. Our
objective is to find sequences ¢, of asymptotically holomorphic embeddings which are o-
transverse to N.

Proof of Theorem 3.12. As usual we begin with the simplest case, when the com-
plex codimension of N is 1. Also we consider the non-parametric case, being the parametric
one a simple generalization. We say that a sequence of sections s which is y/2-projectizable
and y/2-generic of order n verifies 2 (¢, x) if P(sy) is e-transverse to N at the point x. This
property is local and open in C'-sense, for ¢ < ). To make use of Proposition 2.8 we need to
find local sections with Gaussian decay obtaining local transversality. To achieve this local
transversality we are going to use Proposition 2.10.

As N is a fixed holomorphic submanifold, we may fix a finite covering of CP*"*! by
balls U; such that N is defined as the zero set of a holomorphic function f;: U; — C in each
U; and such that for any z1,z; € Uy n Uy, Ly (Dn(z1), Dn(z2)) < ¢, and for any z1,z; € Uj,
/y(kerdfj(z1), ker df;(z2)) < e, with ¢ > 0 an arbitrarily small number fixed along the proof.

We choose a constant C independent of k such that |V¢,|, < C. Therefore
$1 (B, (x,¢)) = By (41(x), Cc), for any c. Now we choose ¢ > 0 small enough satisfying
the following premises:

1. Let x e M. With a transformation of U(2n + 2) in €22 we may suppose that
Se(x) = (s,? (x),0,...,0). As s is p-projectizable and asymptotically holomorphic, we can
choose a universal gg-radius ¢ with [sP| = 7/2 on B, (x,20c). Also the sections s,iei of
Lemma 2.5 satisfy |s{,| = ¢, on By, (x,20c). Note that ¢, (By, (x,20c)) = By, (4 (x),20Cc).

2. We use the standard chart @, for CP?"*! around p = ¢, (x) = [1,0,...,0] to triv-
ialize the ball By, (p,20Cc). We may choose ¢ small enough so that @y is near an isometry,
in the sense that

§|(I)o(q)| < drs(p, q) < 2/o(g)|
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for g € By,;(p,20Cc). Also we require |V®y| < 2 in such ball. With respect to this trivial-
ization the map ¢, is given locally as

Jie = @y o ¢yt By, (x,20c¢) — B(0,40Cc),
(s )
s S0 )

3. We can reduce c so that, for any p, B, (p,20Cc) < U, for some U;. Therefore N
is defined in B(0, 15Cc) by a function f: B(0,15Cc) — C. Call Z = Z(f) in such ball. The
angle condition means that kerdf'(z;), kerdf(z;) are close enough (say less than 7/6) for
Z1,2p € Z.

Clearly |Vfi| < 2C uniformly in k.

Let xe M. In the case d(¢;(x),N) =2Cc, as we perform a small perturbation,
- 1 N |
say of norm & > 0 such that dps (4 (x), @ (x)) < ECC, for all x e M, there is still ECc-
transversality at a c-neighborhood of x. So we are finished.
Suppose d(¢;(x),N) < 2Cc. Then take a point zy € B(0,4Cc) N Z giving the mini-
mum distance from 0 to Z. If 0 ¢ Z, take v = (vy,...,v241) € C>*! a unitary vector in the

direction of the line from 0 to z. This vector is perpendicular to 7., Z. If 0 € Z then let v be
a unitary vector orthogonal to 7yZ. Therefore

1
(32) ()0 2 Sl )
for any z € Z n B(0, 15Cc¢), by the condition on the angle (taking & > 0 small enough).

Let rg € C with rov = zg € Z. We look for a function r, = r(y): By, (x,¢) — C such
that r¢(x) = ro and

(3-3) SURD) +rivn, o, S () + rivzg) = 0.

This corresponds to tracing a straight line from the image of the point y € By, (x,c) to
Z with direction v. Such r; can be found with the use of the implicit function theorem ap-
plied to the function F: By, (x, c) x B(ry,4Cc) — C given as the left hand side of (3.3). This
F is well-defined since f is defined on B(0,10Cc) = ®((U;). To guarantee the existence of
re = r¢(y) for all y € By, (x,c) we have to check that

RICAD
(df vy

' V,F <4c,

aF/a}’k

which holds thanks to (3.2). This gives the existence of r; in the whole of the ball By, (x, ¢)
as well as the bound |Vri| < 4C, and hence |r| < 8Ce.

Now our task is to prove that r, is asymptotically holomorphic, so we trade a
geometrical transversality problem into a local one. For this let us compute dr;. Recall
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that f; is asymptotically holomorphic and f is holomorphic. Differentiate the equality
S (fe(y) +1(y)v) =0, s0

(3.4) 0=0(/(fe(») +r(»)v)) =0f(2) - (0f(») + dre(y)v)
= O(k™'?) + df (2),v)0re (),

with z = fi(») + re(y)v. Using (3.2) we get that dr = O(k~'/?). We already know that
|Vri| = O(1). Differentiating (3.4) one easily obtains also that |Vor,| = O(k~'/?). So ry is
asymptotically holomorphic. Now the function

0

h =i By, (x,c) — C,

k.
ref °
Sk, X

is also asymptotically holomorphic.

Dividing /. by an appropriate constant, using the chart ®; defined in Lemma 2.6 and
scaling the coordinates by a universal constant, we obtain a function 4, defined on B™ sat-
isfying the hypothesis of Proposition 2.10, for k large enough. So going back to /i through
universal constants, we find |wy| < J such that /i — wy is n-transverse to 0 in a ball of uni-
versal g-radius around x with 7 = ¢’6(log(6™"))”.

Now we have a direction v and a modulus wy, for a perturbation. The perturbation we
give is

ref ref
T = (0, WkULS s+ WD 1)) -

Let us look at the perturbed map qgk = P(sk — 7k, x). It is asymptotically holomorphic and
y'-projectizable and y’-generic of order n, for some y’ > 0, with |74 | < ¢ (for 6 > 0 small
enough). Let us check that ¢, is #-transverse to N with 7 = ¢0 (10g(57l ))_p and ¢’ a constant
depending only on ¢ and the asymptotically holomorphic bounds of s;. With this, applying
Proposition 2.8, the proof in this case is concluded. (If ¢, is an immersion, we take a pertur-
bation of order O(k~'/?) to make it an embedding.)

The A associated to qgk js fzk = hi — wy. The final point i§ to set up the relationship
between the transversality of /; to 0 and the transversality of ¢, to N. Note that we have

ref
. A SEy 4 - . A
rk:hks—o,szd)ooqbkandnszk—i—rkv:nk.
k

Using that |s,£6fY /s?| is bounded above and below uniformly and that

IV(set /s = O(1),

it is easy to prove that if By is n-transverse to 0 then 7, is coy-transverse to 0, for some
universal constant cy.

Let y € By (x,¢). If |7 (y)| = con then d(g/gk(y), N) = ¢, for some universal constant
ci. Otherwise |Vix(y)| > con. We shall use Lemma 3.8 for the subspaces U = (df;,),. T, M
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and V = T, () Z of C>*1. Let ¥’ = [v]. The projections from U to the summands of the
decomposition C*"*! = V' @ V" are given respectively by g = dny o (dfk)fl and

h=—vd# o (df,) .

This follows from dn; = df, + d#y v which gives Id = dn o (df,) ™" — vdiy o (df,)™". The
map 4 has a right inverse of norm bounded by C’5~!, for some universal constant C’ (here
we use that ¢, is generic of order » and that the perturbations are small). It is easy to check
that Lemma 3.8 is still valid when 7" and V'’ are almost orthogonal (and not just orthogonal),
so we have

L (df), Ty M, Toy( 0 Z) Z con.

Push forward the distribution Dy through the chart ®y to a distribution D in
B(0,15Cc). Then there exists a constant C” independent of k& such that

Im(T-Z,Dz(z + Av)) < C"d(z + Av, Z),
for z e Z, 2 € C with |z| < 14C¢, |A] < Cc. Now use Proposition 3.5 to get

Zrn((dek)*Y}Mv DZ(fk(y))) >N — C"d(fk(y),Z).

For d(fk(y),Z) < cm/2C" we get Zm((dfk)*]}M,DZ(fk(y))) > con/2. Passing to the
manifold we get /,,((d¢y), T,M, Dy (¢ (y))) > cbn, whenever d(¢,(y),N) < ¢{, for some
universal constants ¢{ and c5.

To achieve the solution when the codimension of N is r > 1, we follow the same
ideas as in the precedent case. In this case f: B(0,15Cc¢) — C" and one chooses the point
zo giving the minimum distance from 0 to Z which yields a vector v; orthogonal to Z at z.
Then one completes to a unitary basis (vy, ..., v,) for the orthogonal to 7-,Z. The function
ri: By (x,¢) — C" is defined by the condition f(fi + r,im + -4 rjv,) = 0. The perturba-
tion will be of the form

1,1 ref 1 ref 1,.2n+1 _ref 2n+1 ref
T x = (0, WU Spy o w,ﬁvrskﬁx, )" Sextot wivs" sk’x),
where v; = (v}, ..., vf”“), i=1,...,rand wy = (w},...,w}). The proof above works again.

The parametric case is easy and we leave the reader to fill in the details. [

4. Asymptotically holomorphic embeddings to Grassmannians

Let (M, w) be a symplectic manifold of integer class and let L stand for the hermitian
line bundle with a connection V with curvature —icw. Let E be a rank » hermitian bundle
over M endowed with a hermitian connection. Fix a compatible almost complex structure
J on M. In this section we shall deal with the issue of constructing sequences of embeddings
of M into the Grassmannian Gr(r, N) which are asymptotically J-holomorphic in the sense
of Definition 1.1. More specifically, we aim to prove the following result from which The-
orem 1.4 follows.
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Theorem 4.1. Suppose N >n+r—1 and r(N —r) > 2n. Given an asymptotically
J-holomorphic sequence of sections s of the vector bundles CY ® E @ L®* and o. > 0 then
there exists another sequence ay, verifying that:

1. |Sk — O'k|cl’gk < a.

2. ¢, = Gr(oy) is an asymptotically holomorphic sequence of embeddings in Gr(r, N)
for k large enough.

3. ¢ U = E ® L®k, where U — Gr(r, N) is the universal rank r bundle.

Moreover given two asymptotically holomorphic sequences ¢2 and ¢,1( of embeddings in
Gr(r, N) with respect to two compatible almost complex structures, then for k large enough
there exists an isotopy of asymptotically holomorphic embeddings ¢;, connecting ¢2 and (15,1(.

4.1. Proof of main result. First let us fix some notation. A point s € Gr(r, N) corre-

sponds to an r-dimensional subspace ¥, = C". Choosing a basis s1, . .., s, for V;, we denote
S1 S S22 o SIN
S = =
Sy S S22 SN

This identifies s as the equivalence class of r x N matrices of rank r under the action of
GL(r,C) on the left. The standard metric gg, for Gr(r, N) is the metric induced by the
Fubini-Study metric grs under the Pliicker embedding [8], Chapter 1, Section 5. We pro-
ceed by steps to obtain asymptotically holomorphic embeddings.

Definition 4.2. Let y >0 and 0=</=<r. A sequence of asymptotically J-
holomorphic sections s; = (s}, ..., s} ) of the Vector bundles CY ® E ® L®* is said to be
y-grassmannizable of order / if for all xe M, N si(x )| > y. It is y-grassmannizable when
it is y-grassmannizable of order r. (Here sk = (s,...,s{) is interpreted as a morphism of
bundles C¥ — E ® L®* and /\ Sk 1s the correspondmg [-fold wedge product.)

If we have the condition of y-grassmannizability for a section s; then we obtain a
morphism ¢, = Gr(sx): M — Gr(r,N), called the grassmannization of si, as follows. At
a point x take a basis (ej,...,e,) for the fiber of E at x. Then

11 12 . lN

Sk Sk Sk
¢k(x) = [sli(x)v'-wsliv(x)] = : ’

S/ZI S/z2 . ZN

where s} (x) = sj’e; + - - - + si’e,. This is well-defined and independent of the chosen basis.

Definition 4.3. Let # >0 and 0 </ <n. A sequence of asymptotically J-holomorphic
y-grassmannizable sections s, of vector bundles CV ® E ® L® is y-generic of order / if
Gr(sy) satisfies | 0 Gr(sk)(x)|g, > n, forall xe M.

In order to prove Theorem 4.1 we shall use the following auxiliary proposition that
will be proved in the following subsections.
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Proposition 4.4. Suppose N >n-+r—1 and r(N —r) > 2n. Let s, be an asymp-
totically J-holomorphic sequence of sections of the vector bundles CV ® E ® L®* and « > 0.
Then there exists another sequence ay verifying:

1. |Sk — O'k|cl’gk < a.
2. oy is y-grassmannizable and y-generic of order n for some y > 0.

Moreover, the result holds for one-parameter families of sections where the sections and
the compatible almost complex structures depend continuously on t € [0, 1].

There is an analogue of Lemma 2.16 in the case of Grassmannian embeddings.
We state it without proof, since we shall not make use of it in this work. Details of the
proof can be found in [14]. If we do not use it then we need to impose in the isotopy part
of the statement of Theorem 4.1 that ¢,i, i=0,1, come from sequences of sections of
CY®E ® LO.

Lemma 4.5. Let ¢,: M — Gr(r,N) be a sequence of asymptotically holomorphic em-
beddings with $;U = E ® L®*. Then there exists a sequence of asymptotically holomorphic
sections si of C¥ @ E ® L®*, for k large enough, which is y-grassmannizable and y-generic of
order n, for some y > 0, such that ¢,, = Gr(sx). The same holds for continuous one-parameter
families of embeddings and compatible almost complex structures.

Proof of Theorem 4.1. Note that the last property is obvious by the construction.
Let us begin with an asymptotically J-holomorphic sequence oy of sections of the bundles
CY ® E ® L®* and perturb it using Proposition 4.4 to obtain an asymptotically holomor-
phic y-grassmannizable and y-generic of order n sequence of sections si. The first property
implies that ¢, = Gr(sx) is well-defined, the second that it is an immersion. To get an em-
bedding we use that 2dim M < dim Gr(r, N) = 2r(N — r) to find a generic C?-perturbation
of norm less than O(k~!/?) to get rid of the self-intersections and keeping the asymptotic
holomorphicity, the grassmannizability and the genericity of order n. Now we only have to
check that the sequence ¢, = Gr(sy) satisfies the required conditions in Definition 1.1.

Choose a point x € M and trivialize E in a neighborhood of x by fixing an ortho-
normal basis e, ..., e.. Now by a rotation with an element of U(N) acting on C" and an
element of U(r) acting on E, we can assure that

sit(x) 0

(4.1) S(x) =

S O O O

0
0 e 0
0

where s/ are sections of L®*. This corresponds to an isometric transformation of Gr(r, N).
The y-grassmannizable property implies that |s}!---s/"| = y. By the asymptotic holomor-
phicity bounds it is |sx| = O(1), so that |s}| = y/C, for some universal constant C. There-
fore on a ball By, (x,c) of fixed universal radius c, the first » x r minor of s;(y) has an in-
verse of norm bounded by C’y~!, for some universal constant C’.
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Let vy, ..., vy be the canonical basis of C". We consider the standard local chart for

Gr(r, N) around Iy = ¢, (x) = [v1, . .., v,] for the open set Uy = {I1 |I1N[v,11,...,on] ={0}}
as

Oy: Uy — C"X(Nir),

-1
Sirocc SIN Siroc S Strel Str2 700 SIN

S\l SN et Sy Sror+l Sp2 0 tt SkN

It is easy to check that @, is an isometry at the point I1y. In this chart, we have the map
Jx = @ o ¢,.. We can compute the bounds required in Definition 1.1 using f; instead of ¢,.
The proof of Theorem 2.11 now carries, over verbatim. For the isotopy result we use
Lemma 4.5. []

4.2. Construction of y-grassmannizable sections. Our goal is to prove:

Proposition 4.6. Suppose N > n+r — 1. Let s; be an asymptotically J-holomorphic
sequence of sections of the vector bundles CY @ E @ L®K which is y-grassmannizable of order
L, for some y > 0. Then given o > 0, there exists an asymptotically J-holomorphic sequence of
sections oy, verifying:

1. |Sk — Gk|C1,gk < .

2. oy is n-grassmannizable of order [ + 1 for some > 0.

Moreover, the result can be extended to continuous one-parameter families depending
continuously of t € 0, 1].

Proof. Again we use the globalization argument in Proposition 2.8. Let us do the
non-parametric case, the other one being a trivial extension by now. Define the local and
C-open property 2(e, x) as [N si(x)| > &. We need to find for a point x € M a section
Tk, With Gaussian decay away from x, with s; + 74 , satisfying 2(, y) in a ball of uni-
versal gj-radius c.

Choose a point x € M. Fix an orthonormal basis ey, ..., e, trivializing F in a neigh-

borhood of x, so s; may be interpreted as a morphism CV — C” ® L®X. Again we can
suppose that s (x) is as in (4.1), with |s}!(x) - - s¥(x)| = y. Define

P _ 1+1
Mk - (/\ Sk)(81/\~~/\(31+1)®<(31/\“'/\(:'[/\ep)
as the component of /\1+1 s along (ey A+ Aep1) @ (e A= AepAepy). Also

i
|(/\Sk)(€] A-ner) @ (er /\~--/\€1)| > y/z

on a ball By, (x, ¢) of fixed radius c. Let s/l be the sections given by Lemma 2.5 and define
;
Ok = (N SK) (6) - ner) ® (e n o n o) Siexe Clearly [0k > ¢7/2 on By, (x,¢).
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If we perturb s; so that the norm of M, = (M,i“,...,M,ﬁV ) is bigger than
n = c'6(log(d~")) " then we have finished. For this we define

MH—I MN
he = (W) = ( . 6}/:)

We obtain, scaling the coordinates by universal constants if necessary, /x: BT — CV~/
which is asymptotically holomorphic. As n < N — /, we can find |wi| < J so that

\lie — wie| > 6(log(6™")) .

Then we obtain that [(M/*' —w/10,.... MY —w]0,)| > n = c's(log(6™")) ", for some
universal ¢’. This perturbation term is achieved with the section

! I+1 ref N ref
Tk x = —(0, D0, Wi LIS s -+ o5 W @IS x)

of the bundles CV ® E ® L®*. This finishes the proof. []

Remark 4.7. We cannot improve the condition N > n+r — 1 in Proposition 4.6.
As we shall see in Section 5, we expect the locus of points of M where the rank of
sp: CV — E ® L®% is not maximum to have codimension N — r + 1.

4.3. Inductive construction of sections y-generic of order . Now we study the prob-
lem of perturbing the sequence s; to achieve genericity of order 7.

Proposition 4.8. Suppose r(N —r) > 2n. Let s; be an asymptotically J-holomorphic
sequence of sections of the vector bundles CV ® E ® L®*, which is y-grassmannizable and
y-generic of order l. Then given o > 0, there exists an asymptotically J-holomorphic sequence
of sections oy, verifying:

1. |Sk — G'k|cl,gk < a.
2. oy is n-generic of order | + 1 for some n > 0.

Moreover, this result can be extended to continuous one-parameter families of sections
and almost complex structures.

Proof. Define the property #(¢,x) for a section s; which is y/2-grassmannizable

and y/2-generic of order / as |\ @ Gr(sy)(x)| > &. A perturbation of our initial section
verifies the hypothesis if we perturb by adding sections of C'-norm smaller than y/2C, C
some universal constant. For applying Proposition 2.8 we need to build, for 0 < J < y/2Cc”,
a local perturbation 74 , with |7 | < ¢”6 and Gaussian decay with the property # (7, y) on
By, (x,c) with n = ¢'5(log(6™")) ™.

Choose a point xe M. We can suppose that si(x) is as in (4.1) with
st (x) -+ - s/"(x)| = 7. The asymptotically holomorphic bounds imply that |sx| = O(1), so
that |s(x)| = y/C for some universal constant C. There is a fixed universal radius ¢ such
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that the first » x r minor of s;(y) has an inverse of norm bounded by C’y~!, for some uni-
versal constant C’, on By, (x, c). Then we can use the trivialization @ to define the maps

Jit By, (x,¢) — CcrxW-

') o s\ ““m s (y)

st () sE() s s )
Let A, be the first  x r minor of s;. Then we can define C"-valued 1-forms, for
1<isr,1£j<n,as
ul = 0((4e) ™' Bzsihen),
where B is a constant matrix of GL(r, C) chosen to assure that ,uZ is an orthonormal basis
of T*M ® C" ® L® at x (and hence approximately orthonormal at a universal neighbor-

hood). By the lower and upper bounds of si(x) it is easy to check that all the coefficients of
B are universally bounded.

Denoting by f;/, 1 ¢ < N — r, the r-th column of f;, we have f; = 3" u'u]. So
i7j

SRR 121 12 Inl, 1n 211 21 r(N=r)
i = (e e + e A L e Ky )

Now we spread out the coefficients (i, ¢) in one single row to get an n x r(N — r) matrix uy.
After a suitable unitary transformation of U(n) on the complex Darboux coordinate chart
and a horizontal relabeling of the coordinates, we can suppose that

ull(x) * *
- 0 ur(x)  * <
(4.2) ofic(x) = . ,
0 e . * *
0 0 u(x) = *

where |u}!(x) - ul'(x)| > y/Co, Cy a universal constant. The relabeling is given by a func-
tion o e {l,...,r(N—r)} — (i(x),7(x)) € {1,...,r} x {1,...,N —r}. Consider the func-
tion 0 (y) given by the determinant of the first / x / minor of (4.2). Shrinking c if necessary
we can assure that 0x(y) > 7/2Cy on the ball B, (x, ¢). Also we define the functions M/ (y)
given as the determinant of the (/4 1) x (/4 1) minor given by the first / + 1 rows of (4.2)
and the first / columns together with the p-th column [+1=<p=r(N-—r).Ifwe perturb
so that the norm of My = (M/}*',..., M) gets bigger than 5 = '6(log(0™")) " then

"N—r
M >> |

0 o
N—r)-[

we are done. We define the asymptotically holomorphic maps /; = (
So we obtain, scaling the coordinates by universal constants if necessary, /i: BT — C'¢
which is asymptotically holomorphic. As n < r(N —r) — [ we can find |wi| < such that
e — wie| > 9(log(0™")) . Thus

(MY —witoy, .. M,:(N_r) - w,:(N_r)Qkﬂ >n=c'6(log(6™")) .
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The perturbation term —(w/ 0y, ..., w,'fN_r) 0x) is achieved by adding the section
Tk,x = —bD- (0, .(T). s 0, Z WZZ[Jrlei(a)S/fi, ey Z WZZHlei(oc)S]g?i) .
t(o)=r+1,0>1 t(o)=N, o>/

This finishes the proof in the non-parametric case. The other case is left to the reader. []

4.4. Zero sets of vector bundles. Following the ideas of Subsection 3.3 and using
Proposition 3.10 we can prove the following two results.

Theorem 4.9. Given ¢, = Gr(si), where sy is a sequence of asymptotically holomor-
phic sections of CY ® E ® L®*, which are y-grassmannizable and y-generic of order n, for
some y > 0. Fix a holomorphic submanifold V in Gr(r, N). Then for any o. > 0 there exists a

sequence of asymptotically holomorphic sections o of CY ® E ® L®* such that:
1. |O’k — Sk|gk-,C' < .

2. Gr(ox) is an n-asymptotically holomorphic embedding in Gr(r,N) which is e-
transverse to V, with n > 0 and ¢ > 0 independent of k. In the case dim M +dim V < 2r(N —r)
we have that dg, (¢, (M), V) > ¢, for k large enough.

Moreover the result can be extended to one-parameter continuous families of com-
plex submanifolds (Vt)m[o,l]a taking in this case as starting point a continuous family
¢k = Gr(s,,x), where s, is a continuous family of asymptotically J,-holomorphic sequences
of sections which are y-grassmannizable and y-generic of order n. []

We call universal planes to the zero sets of algebraic sections transverse to zero of the
universal bundle % over the grassmannian Gr(r, N). Now we can deduce the main result of
2]-

Corollary 4.10. Let (M,w) be a compact symplectic manifold of integer class. Let
E be a hermitian vector bundle over M. Then for k large enough there exist symplectic sub-
manifolds obtained as zero sets of the bundles E ® L®*. Moreover, perhaps by increasing
k, we have that all the symplectic submanifolds constructed as transverse intersections of
asymptotically holomorphic sequences with a fixed universal plane are isotopic. The isotopy
can be made through symplectomorphisms.

5. Determinantal submanifolds of closed symplectic manifolds

Let (M,w) be a symplectic manifold of integer class, endowed with a compatible
almost complex structure. Let E and F be two vector bundles of ranks 7, and ry, respec-
tively. Recall that for any morphism ¢: E — F we have defined in Definition 1.5 the r-
determinantal set as

¥'(¢p) = {xe M |rank g, = r}.

We want to prove Theorem 1.6, which allows to construct £'(¢) as a symplectic sub-
manifold, after twisting £ and F with large powers of L. We prove this by embedding M in
a product of two Grassmannians and cutting its image with suitable “generalized Schubert
cycles”. The next section is devoted to this task.
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Remark 5.1. A naive approach to proving Theorem 1.6 consists on taking
the r-fold wedge product of ¢, A ¢, whose zero set is the stratified submanifold
g ) U ... UZ(p). If g, is an asymptotically J-holomorphic sequence of sections of the
bundle E* @ F ® L®?* one could try to use Donaldson’s techniques to get a new sequence
of sections transverse in an adequate sense to assure symplecticity. The following example
shows the main obstacle to this approach: Take a symplectic 8-manifold in the hypothesis
of Theorem 1.6 with two hermitian vector bundles £ and F of rank 2. Using Auroux’ tech-
niques we can assure that the zero sets of ¢, are y#-transverse to 0, for some 7 > 0. For /\2 @k
we need the condition

0N ol < 10N il

But at any x € Z(¢;) both terms vanish, so we cannot impose a global transversality prop-
erty for the section /\2 @, This case is very similar to that in [5] and can be treated with an
“ad hoc” argument, but more general cases do not admit a treatment based on the use of
normal forms of the singularities, because for higher dimensions the problem becomes in-
tractable [1].

5.1. Bigrassmannian embeddings. Choose two sequences of sections s; and SZ of the
bundles CY ® E* @ L®* and CY ® F ® L®* respectively, which are y-grassmannizable and
y-generic of order n, for some y > 0, providing by Theorem 4.1, asymptotically holomorphic
sequences of embeddings Gr(s;) and Gr(s,{ ) of M in Gr(r,, N) and Gr(rs, N), respectively,
for N a large integer number. Thus we obtain an asymptotically holomorphic sequence of
embeddings of M into the bigrassmannian Bi(r.,rs, N) = Gr(re, N) x Gr(rs, N),

¢ = Gr(sf) x Gr(s]): M — Gr(r,, N) x Gr(rs, N) = Bi(r,, 17, N).

Let %, and %, be the universal bundles over Gr(r.,N) and Gr(rs, N) respectively.
Write 7,: Bi(r,,rr, N) — Gr(r,, N) for the projection onto the first factor (and analo-
gously 77). Recall that Gr(sf)" (%) = E* ® L®* and Gr(s,{)*(%f) = F® L®%. Then
U = 1, (Ue) @ nf(Uy) satisfies ¢ Uy = E* @ F ® L®% and it has a holomorphic sec-
tion s verifying that:

1. D, = X'(s) is an open complex submanifold in Bi(r.,rs, N).
2. codime D, = (r, — r)(ryp — ).

Actually this section comes naturally: pull back the inclusion and projection mor-
phisms %} — C¥ and C" —» % to the bigrassmannian, and compose them after having
taken a suitable identification of the trivial bundles C".

Now if we assure that, for each r, ¢, is transverse to D, with an angle ¢ > 0 inde-
pendent of k, we have finished the proof of Theorem 1.6 by Proposition 3.10.

Lemma5.2. Let ¢,: M — Bi(r,, 1y, N) be a y-asymptotically holomorphic sequence of
embeddings. Suppose that ¢,, is a-transverse to D,. Then there exists ¢ > 0, depending only on
y, @ and the universal bounds of the derivatives of the sequence, such that ¢, is a/2-transverse
to Dy, r' > r, when we restrict to an e-neighborhood of D,.

In other words we do not have to care about the behavior of the angle near the border
of the strata.
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Proof. Choose a point x € D, N ¢, (M). Recall that by o-transversality, the minimum
angle between 7. D, and T¢, (M) is greater than . We trivialize Bi(r., 7y, N) by a chart @
defined as the cartesian product of two standard charts in the Grassmannians, which is an
isometry at the origin and satisfies that ®y(x) = 0. Since D, is contained in the closure of
D, and the {D,}, form a Whitney stratification, we have

(5.1) |y| <= Lu(To®@o(D,), T, ®o(D,)) < cpd, Yy e B(0,¢,) N Do(D,).

The angles are measured with respect to the standard Euclidean metric which is close to
that induced by the bigrassmannian if we choose ¢, small enough. Here ¢p is universal.
Also by the asymptotic holomorphicity bounds of ¢, we know that

(5.2) \y] <o= ZM(T()(D() (¢k(M)), Y}CD() (¢k(M))) < C¢5,
Vy e B(0,c,) n Dy (gbk(M)),

where ¢, is universal. Now Proposition 3.5 says that

Lm(To®o(Dy), To®@o (¢ (M))) = Laa (To@o(D,), T,®o(D;1))
(00D, Tyon (g ()

+ L (T @0 ($ (M), To®o (4, (M))).

Using inequalities (5.1) and (5.2) and recalling that the angles are measured with respect
to the bigrassmannian metric (which is related to the standard metric in the ball B(0, ¢,) by
non zero universal constants), we get the required result. []

With Lemma 5.2 the proof of Theorem 1.6 reduces to the following result, whose
proof is similar to that of Theorem 4.9.

Proposition 5.3. Let s; and s,{ be two asymptotically holomorphic sequences of
the vector bundles CY ® E* ® L®% and CN ® F ® L®* which are y-grassmannizable and y-
generic of order n, defining so an asymptotically holomorphic embedding in Bi(r,,rs, N). Fix
an algebraic open submanifold V in Bi(r,, rr, N) with compactification V.=V 0 W. Then for
any &,o > 0, there exist n > 0 and two asymptotically holomorphic sequences o and O’,{ of
sections of the vector bundles CY @ E* ® L®* and CY ® F @ L®* respectively, verifying:

L. |of —s{ly.cr < xand |a,{ — S1{|glﬂcl < o

2. ¢, = Gr(agf) x Gr(a[) is a sequence of n-asymptotically holomorphic embeddings
in Bi(re,rr, N).

3. Denoting by V. the compact submanifold of V obtained by removing an e-
neighborhood of W, we obtain that ¢,, is n-transverse to V,-.

Moreover the result can be extended to continuous one-parameter families of sec-
tions (sg ,)icio,1) and (Sl{,t)te[o, ) providing embeddings to the bigrassmannian and to contin-
uous one-parameter families of open submanifolds V;. Thus we obtain continuous families of
sequences o}, , and a,{ , verifying the required conditions. []
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5.2. Dependence loci of sections of a vector bundle. Suppose that E is a hermi-
tian vector bundle of rank n and consider sy, ..., s, sections of E. Then we can interpret
s = (S1,...,5,) as a morphism of bundles s: C" — E. The r-determinantal set of s is

2'(s) = {x e M |dim[s;(x),...,sm(x)] =r},

and it is called the r-dependence locus of the sections sy, ...,s,. The following result is
proved with arguments similar to those of Subsection 5.1.

Theorem 5.4. Let (M,w) be a closed symplectic manifold of integer class and let E
be a rank n hermitian vector bundle. Then, for k large enough, there exist s = (s}, ... SE)
sections of C™ ® E such that:

1. X"(s) is an open symplectic submanifold of M.

2. codimX'(s) = 2(m — r)(n —r). The set of manifolds {Z' (si)}, constitutes a strati-
fied submanifold.

Moreover, any two stratified submanifolds constructed as intersections of the image
of asymptotically holomorphic embeddings of M into the Grassmannian with the relevant
Schubert cycles are isotopic. []

6. Topological considerations

6.1. Homology and homotopy groups of determinantal submanifolds. In this sub-
section we prove a weaker version for the topology of smooth determinantal submanifolds
of the symplectic Lefschetz hyperplane theorem proven in Proposition 39 in [5] and Prop-
osition 2 in [2]. The main result is

Proposition 6.1. Let E,F be vector bundles of ranks r., ry, respectively, over a
closed symplectic manifold (M, w) of integer class and let DX be a sequence of determinantal
submanifolds constructed, by using the vector bundles E ® (L*)®k and F ® L®*, as a trans-
verse intersection of an asymptotically holomorphic sequence of embeddings in Bi(r.,rs, N)
with the determinantal varieties of a fixed generic section s of the universal bundle U, over
Bi(re, 1y, N). Assume that there is only one stratum DX in the stratified determinantal sub-
manifolds. Then the inclusion i: D¥ — M induces, for k large enough, an isomorphism on
homotopy groups m; for

. 1 ..
j= mm{l,z dlme‘ — 1}

. I ..
and a surjection on m; with j = mln{2,§ dim D,k} The same property also holds for ho-
mology groups.

If there is only one stratum in the determinantal submanifolds then it must be
r=min{r.,rs} —1 and D,_; = 0. We shall assume that r, < rs, as otherwise we may change
the roles of £ and F. Therefore r + 1 = r, < ry. Nonetheless, most of the arguments in this
subsection work for any r =0, 1,..., min{r,,r/} — 1.
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The idea for proving Proposition 6.1 is the following. Consider an asymptotically
holomorphic sequence of embeddings of ¢,: M — Bi(r.,rs, N) which are e-transverse to
D, =%'(s). Then ¢, = ¢;.5: E® (L*)®k — F ® L®% is an asymptotically holomorphic se-
quence of vector bundle maps such that DX = X" (¢, ). We may consider ¢,: E — F ® L®%*.
Let

(6.1) . Gr(ro —r,E) = M

be the fibration whose fiber at any point x € M is the Grassmannian Gr(r, —r, Ey).
Using the hermitian connection V£, we have a natural almost complex structure J for
Gr(r, — r, E) such that n is pseudo-holomorphic and the fibers are complex manifolds.
The metric g, on Gr(r, — r, E) is obtained by lifting the metric g, on M with the connec-
tion and using the standard metric for the Grassmannian in every fiber. Note also that
dim Gr(r, — r, E) = dim M + 2r(r, — r).

We associate to ¢, a morphism of bundles oy: #* — n*F ® L®** on Gr(r, — 1, E)
given as the composition of the inclusion #* < n*E with n*¢,, where % is the universal
bundle. So gy is a sequence of sections of the bundles # ® n*F ® L®% over Gr(r, —r,E).
It is easy to see that g is asymptotically holomorphic, using that ¢, is asymptotically holo-
morphic and that the connection V¥ is within O(k~'/?) of being flat in any ball By, (x,¢)
of fixed radius c. Moreover oy is holomorphic along the fibers.

As Di~! is empty, there is a one-to-one correspondence between the zeroes of oy
and the points in D}. Also codim Z(oy) = 2r(r, — r) + 2(ry — r)(re — r) = 2rg(r, — r) which
is the rank of % ® 7*F ® L®% . Our idea is to prove that gy is a transverse sequence of
sections and then to use the proof of the Lefschetz hyperplane theorem ([2], Proposition 2)
in our case.

Lemma 6.2. gy is a sequence of sections y-transverse to 0, for some y > 0.
Proof. Consider a universal construction over the bigrassmannian. Let
n: Gr(re —r, %)) — Bi(re, 17, N).

The section s of %, = U. ® Uy gives a morphism o: %" < n*%U, — n*%Us as above. The
embeddings ¢,: M — Bi(r., s, N) produce embeddings

b Gr(re—r,EQ® (L*)®k) — Gr(re —r, %))

such that o, = ¢fo: U* = n*E @ (L*)®* — n*F @ L®F. Let us see that the embeddings ¢,
are transverse to Z(o).

~ Fix a point p in Gr(re -rnEQ® (L*)®k) lying over a point x = n(p) € M. Then
¢(p) € Gr(re —r,%,) corresponds to a rank r. —r subspace Il = (%), (). Choose or-
thonormal trivializations of %, and %; over a ball B(gbk(x),c). We may suppose that
II=[v,...,v,—,]. With these trivializations, the map s: %, — % is a map C'* — C".
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Decomposing C™ = C™™" @ C’, we may write s = [s1,52]. Choose a trivialization around
¢(p) given by

B(gi(x),¢) x CU" — Gr(r, — 1, 2)),

(9, 4) = (9, I, A]).

In this trivialization, the map o: % — 7*% is written as 6 = 51 + 5247: C™" — C".

If ¢, (p) € Z(o) then the tangent space T} 7. @)Z( o) is defined as

(6.2)  {u= (v, W) e Ty (xBi(re,rs, N) x CleXr| V51 + 52 W = 0}.

If qgk( p) does not belong to Z(a) but it is close enough to this subvariety, we may define the
distribution Dz, by the same formula (6.2).

The embedding qgk gives us trivializations for the corresponding fiber bundles over a
ball By, (x,c¢') in M. With respect to these trivializations, we may write ¢, = [p}, p7]. As
Di~!is empty, |\ ¢ =7, for some 7 > 0. We may choose a universal constant C such
that for p close enough to Z(o), say satisfying |p}| < Cr, we have |\"¢Z| = /2. Therefore
7 has a left inverse O: C" — C" of norm less than C'n~!, for some constant C’. For any
u=(v,W)eDyy (¢k( ), one has

(63) W = —HkVUsl
and then |W| £ C"5~!|v|, for some universal constant C”.

This implies that the angle of D(,) (¢ (p)) and the fiber Gr(r, —r, (E ® (L*)®*) ¢k(x>)
is bigger than a universal ¢ > 0. Using that M is transverse to D, in the bigrassmannian,
we get that the angle between (¢;),7,Gr(r, —r, E ® (L*)®*) and Dy, (¢(p)) is bigger
than a universal ¢’ > 0. Thus the embeddings ¢k are ¢'-transverse to Z(a).

Now it follows that o = (¢k) s is a sequence of sections of % ® n*F ® L®* over
Gr(re—r,EQ (L )® ) which are a-transverse to 0, for some o > 0. It is easy to check that
this implies that the corresponding section oy of % ® n*F ® L®** over Gr(r, — r, E) is o/-
transverse to 0, by working in balls By, (x, ¢), where we may trivialize L by a section whose
norm is universally bounded below and above. []

Proof of Proposition 6.1. First note that any Grassmannian Gr(r, N) is connected,
simply connected and 7, (Gr(r, N)) = Z. Therefore (6.1) induces an isomorphism in 7o and
71 and an epimorphism in 7. Next we shall prove that the inclusion Z(oy) < Gr(r, — r, E)
satisfies the Lefschetz hyperplane theorem for k large in our case. As n induces a diffeo-
morphism Z(oy) = Dy, this concludes the proof of the proposition.

We consider the (possibly degenerate) Morse function f; = 10g|sk]2. Let p be a criti-
cal point of f;.. Consider the subspace

V" ={u=(v,w) e T,Gr(r, —r,E) = TyM x T, Gr(Ey) | V,or(x) = 0}
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of dimension at least dim D + 1. By the discussion in Section 5.1 of [2], we have for any
unitary vector u = (v, w) € 7,

Hy(u) + Hy(Ju) = =2i00fi(u, Ju) = _21'#(1{(“, Ju)a, o) + O(k™/?),
g

where R is the (1, 1)-part of the curvature of % ® n*F ® L®*. The curvature form is, with
respect to the metric § = g,

R(u, Ju) = Ry(w,Jw) — i2keo(v, Jv) + O([v||w]) + O(Jv]?).
Using the inequality 2[v||w| < k'/2|v|* + k~1/2|w|?, we have that
R(u, Ju) = Ry(w, Jw) — 2iker(v, Jv) + Ok ?|o]?) + Ok~ ?|w]?).

Now we restrict to the case r = r, — 1. Then Gr(r, — r, Ey) is a projective space and % is
its O(1)-bundle. Therefore Ry (w,Jw) = —iwps(w, Jw), where wrs is the standard symplec-
tic form for a projective space. Thus we get that H,(u) + H;(Ju) is negative for k large
enough and u € 7. As in Section 5.1 of [2], this implies that the index of f; at p is at least

1 .. . . .
3 dim D; + 1. A standard Morse theory argument gives us the claimed result. []

Remark 6.3. In the case r + 1 =r, <1y, the proof above gives a Lefschetz hyper-
plane theorem for the inclusion D) =~ Z(ox) < P(E). Therefore for dim D; = 6, we have
that the inclusion i: D, — M does not induce isomorphisms in the homotopy and homo-
logy groups in general.

6.2. Chern classes of the constructed submanifolds. For computing the Chern classes
of determinantal submanifolds, we use the results of Harris and Tu in [10]. All their results
are stated for holomorphic determinantal submanifolds in a holomorphic manifold, but
they are valid without the condition of integrability of the complex structure. We state the
formulas that we shall use. Following Subsection 5.1 we denote r, = rank E, ry = rank F,
2n = dim M and D, is the r-determinantal locus of a bundle map ¢: E — F constructed in
Theorem 1.6. First of all, set

CrffrJr[l Cr/ﬂ‘Jril +1
Cr/-—r+i3—1 crf—r+i3

(6.4) A,

seensbro—r T . )

crf—r+i,z,,r
where ¢; = ¢;(F — E). For instance, Ay o = A = PD([D,]), which is the classical Porteous
formula for the homology class of a determinantal locus. We can suppose that the indices j;
are decreasing, and so we do not write any index i; = 0, e.g. As 10 = Ay 1.

In [10] a complete description of the Chern numbers of the tangent bundle of a
determinantal submanifold is performed, supposing that D, ; = () and so D, is smooth. We
shall give examples in the cases dim¢ D, = 1 and dim¢ D, = 2.
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6.2.1. Example 1. Choose dim¢ M = (r. —r)(rr —r) + 1. We apply the formula for
dim¢ D, =1 in page 474 of [10]. Also suppose that r=1andr,=2,sodim¢c M =ry =n>1.
By Proposition 6.1 the submanifolds D; are connected. Now PD[D]=A=¢,_; and A} =¢,.
Computing we get

voly, (D1) = Awy = (2" + O(k ™)) vol,, (M),
n (D]) = —(I’l + 2)ka + (2 — I’Z)Al + O(k_l) VOlwk (M)
= ((2 —n—n?)2"+ O(kfl)) voly, (M),

nl(Dl)

4
_— =22 - k.
volg, (D1) nt n + O™

To compare with Auroux’ case we compute the precedent symplectic invariants for this sit-
uation. Denote by Z the zero set of a transverse section of the bundle £ ® L®*. We choose
rank E = n — 1 to set up the comparison. Suppose that Z is symplectic. Using Proposition 5
in [2] we obtain

voly, (Z) = (1+ O(k™1)) vol, (M),
nm(Z) = (1—n+ Ok ")) vol,, (M),

}’ll(Z)

mis) .
volo, (Z) n+0(k™)

n(Dy)
volg, (D1)
obviously for k£ large enough. So Auroux’ sequences of submanifolds are not

Therefore there does not exist any # = 2 such that the quotients coincide with

ni(Z)
voly, (Z)
symplectomorphic to our sequences of determinantal submanifolds.

To check that, for k large, our determinantal submanifolds do not coincide with
Auroux’ examples we work as follows. Suppose that for integers ki, k, the submanifold
Dy = D{“ is isotopic to Z = Zj,. Then they define the same cohomology class and hence
n2" =l = jei 4 O(k2 + k372). Also ny(Dy) = ny(Z) implies

<—2— 2n+%)k1 = (1 —-n)k, + O(1).

o _
So, for large enough k’s, (1 —n)" 'n2"~1 = (—2 —2n+ —) which gives n" = (n +2)"""
n

and hence n = 2. Therefore for n > 2 we get new examples of symplectic submanifolds.

Note that for n=r,=r; =2, the determinantal set D; for a morphism
9: E® (L*)®* — F @ L®* is the zero set of the section A’ of AVE* ® N F @ L%,
Since this zero set is smooth of the expected codimension, our example is just one of Au-
roux’ examples.

6.2.2. Example 2. Now choose dim¢ M = (r, —r)(ry —r) + 2. We apply the for-
mula for dime D, =2 in page 474 of [10]. Again we suppose that r =1 and r, = 2, so
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dim¢ M =r; 4+ 1 =n > 2. By Proposition 6.1 these submanifolds are connected. In this
case we have

For the Auroux’ case with rank £ = n — 2 we obtain

voly, (Z) = (1 + O(k™1)) vol, (M),
n(Z) = ((n—2)*+ 0(k™)) vol,, (M),

(n—1)(n-2)

I’lz(Z) = 3

+ 0(k‘1)> voly, (M),

m(Z)  n-1 1
nmi(Z) 2n-2) Ok™).

For 4-manifolds the numbers n, =y and n;; = (2y+ 30)/4 are topological invariants.

ny . . . .
Therefore — is a topological invariant. For n > 3, comparing the Auroux’ case and the de-
n

terminantal example we see that these symplectic submanifolds are not even homeomorphic,
for k large enough (even choosing different ’s in either case). In the case n = 3, the mani-
folds D{“ and Zy, coincide if we take k» = 4k;. This is due to the same reason as in the first
example.
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