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Relaxation times do not capture logical qubit dynamics
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Quantum error correction procedures have
the potential to enable faithful operation of
large-scale quantum computers. They protect
information from environmental decoherence
by storing it in logical qubits, built from en-
sembles of entangled physical qubits accord-
ing to suitably tailored quantum error correct-
ing encodings. To date, no generally accepted
framework to characterise the behaviour of
logical qubits as quantum memories has been
developed. In this work, we show that gen-
eralisations of well-established figures of merit
of physical qubits, such as relaxation times, to
logical qubits fail and do not capture dynamics
of logical qubits. We experimentally illustrate
that, in particular, spatial noise correlations
can give rise to rich and counter-intuitive dy-
namical behavior of logical qubits. We show
that a suitable set of observables, formed by
code space population and logical operators
within the code space, allows one to track and
characterize the dynamical behaviour of logical
qubits. Awareness of these effects and the ef-
ficient characterisation tools used in this work
will help to guide and benchmark experimental
implementations of logical qubits.

1 Introduction

High-quality physical qubits with long coherence
times that allow one to reliably store fragile quan-
tum states form the backbone of currently developed
quantum processors [18, 26]. Over the last decades,
the development of methods to characterise physical
qubits and their coherence properties has been sub-
ject of intense study. Here, widespread and popular
figures of merit are the longitudinal and transverse re-
laxation time scales, known as T and T5. They were

originally introduced in the field of nuclear magnetic
resonance, describing a simple exponential decay dy-
namics of spin states [1, 26].

Such simple descriptions, however, become incom-
plete in the presence of, e.g., temporal noise cor-
relations giving rise to non-Markovian dynamics [4,
38]. Similarly, spatial noise correlations can play a
role in larger quantum registers, where such corre-
lations can be quantified and measured [32, 37] and
sometimes also harnessed for noise mitigation tech-
niques, for instance by storing quantum information
in decoherence-free subspaces [14, 16, 19, 21, 22, 45].

Currently, we are witnessing enormous efforts to
build and reliably control increasingly larger quan-
tum processors - often termed noisy intermediate-
scale quantum (NISQ) devices [35]. These devices are
also used to implement low-distance quantum error
correcting codes [5, 10, 15, 23, 27, 36, 39, 44], which
allow one to encode and protect quantum informa-
tion in so-called logical qubits formed of entangled
ensembles of physical qubits [20, 26, 43]. An impor-
tant short-term goal is to reduce the effective error
rates [3, 8, 12], as a first step towards the long-term
goal of protected large-scale fault-tolerant quantum
computation [9, 33, 42].

However, characterising the performance of logi-
cal qubits is naturally more involved, because fully
characterising the state of its constituents is not
feasible for even intermediate-size quantum regis-
ters. It is tempting to try to directly leverage the
well-established figures of merit developed for phys-
ical qubits to logical qubits, guided by the intuition
that the encoded information in logical qubits should
show qualitatively similar dynamical behaviour as
their physical constituents. In this work we illus-
trate that the analogy to a physical qubit does not
hold generally, and that the characterisation of log-
ical qubits as quantum memories [43] comes with
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a number of unique challenges. In particular, spa-
tial noise correlations can strongly affect QEC perfor-
mance [2, 6, 17, 28, 29, 34, 41] and influence dynamical
behaviour of logical qubits in a counter-intuitive way.

For example, we show that generalisations of, e.g.
Ty and T, times to logical qubits fail, even for en-
codings consisting of no more than 3 or 4 physi-
cal qubits. We theoretically discuss and experimen-
tally observe rich decay dynamics of small-scale log-
ical qubits, due to leakage of quantum information
from the code space, or temporal behavior governed
by multiple time scales in contrast to simple exponen-
tial decay. We foresee that awareness of these effects
and the efficient characterisation tools used in this
work will guide the development and optimisation of
logical qubits.

2 Experimental system and noise

The experimental setup consists of a trapped-ion
quantum information processor with 4°Ca™ ions, that
has been described in detail in reference [40]. The
qubits are encoded in the 48;,5(m; = —1/2) = 1)
ground state and the metastable excited state
3D5/2(mj = —1/2) =10) and transitions between
these states are driven with a narrow linewidth
laser [40]. The system provides a universal set of gate
operations consisting of Mglmer-Sgrensen (MS) en-
tangling gates and arbitrary local operations [25, 40].
Any local operation can be implemented by a combi-
nation of a resonant collective local operation U, (6) =
exp(—i#/2S;), with S, = 3. X; being the sum over
all single-qubit X Pauli operators’, and single-qubit
AC-Stark shifts, represented by rotations around the
z-axis of the Bloch sphere UZ(Z)(Q) = exp(—i6/27;).
The action of the entangling MS gate operation on
the entire qubit register is described as MS(f) =
exp(—if/452?).

The dominating noise source for storing informa-
tion in our experimental system is given by dephas-
ing caused by laser frequency noise and fluctuations
in the bias magnetic field [40]. In our system, the ef-
fect of fluctuations of the laser frequency as well as
the magnitude of the magnetic field cannot be distin-
guished. We can thus describe the dephasing process
using a single fluctuating variable B(t), referred to in
the following as effective magnetic field:

He(t) = %B(t)Z. (1)

In the following, we assume the random fluctuation
in the values of the effective magnetic field to obey a

"We denote the Pauli operators with their capital letters
X,Y, Z to facilitate the notation.

Gaussian distribution P(B), which implies that

<eXp [ii /O t Bt(t')dt/D |
— exp l;<( /0 B(t’)dt’> >] @)

We also assume a stationary autocorrelation function
of the noise source, implying

(B(t+7)B(t)) = (B(1)B(0)), (3)
and a further J-correlation of the noise, such that

(B(1)B(0)) = ([B(0)]*)d(r). (4)

Therefore, in the case of local dephasing, this implies
(Bi(t +7)Bi(t)) = ([B(0)]*)dx,0(7).  (5)

Using these properties, one finds

< Uot B(t’)dt’] 2> = ([B(0)]*)t = ~t, (6)

where we define v = ([B(0)]?).

We will, for completeness, now present a brief
overview of the relevant results obtained when de-
phasing noise is applied to a single physical qubit.
Writing a generic pure single-qubit state in terms of
the computational basis {|0), |1)} as [¢) = cos § |0) +
el? sing |1), with 6 and ¢ being real parameters (0 <
0 < m, 0< ¢ < 2m), the dephasing noise acts on the
state as [¢') = exp [fifot Hg(t’)dt’] [¥); , leading to

|4} = cos g |0) + exp {i (¢> + /Ot B(t’)dt')] sin g 1),
(7)

discarding a global phase exp [fé fot B(t’)dt’Z]

Denoting the distribution of the random values of
the magnetic field by P(B), the density matrix of the
qubit is given by p’ = [[¢') (¢/| P(B)dB. Assuming
P(B) to be a Gaussian distribution, and using Eq. (6),
the noisy density matrix can be simplified as

0 0
p/ = cos? 3 |0) (0] + sin? 3 [1) (1]
1 . .
#5e 1 sin0(e ™ [0) (1] + ¢ 1) (0] (8)

For a physical qubit represented completely by its
Bloch vectors 7 = (14, 7y, 7)), Where rp, = X, ry =Y,
and r, = Z, it is crucial to understand how the com-
ponents of the Bloch vectors are modified under the
application of the dephasing noise. The expectation
values of the components of the Bloch vector in the
state p’ evolve under dephasing as

(X) =Tr(Xp') = e 27" sinf cos ¢, (9)
(Y)y=Tr(Yp) = e~ 27 sin O sin ¢, (10)
(Z) =Tr(Zp') = cosb. (11)
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This behavior is a special case of the most general
qubit relaxation dynamics which is characterized by
the longitudinal and transverse the relaxation time-
scales T7 and T3, as introduced in the early nuclear
magnetic resonance experiments. These relaxation
times are defined as

ra(t) = 1S90 — e T 1S9 — 1 (0)] (12)

where 7| = /72 + 2, and the superscript “eq” signi-
fies the equilibrium time of the corresponding signal
when the system has fully relaxed. Here, T} repre-
sents the typical decay time of the eigenstates of the
Z Pauli matrix, and T quantifies the lifetime of quan-
tum coherence between them. Comparing Eqgs. (12)-
(13) with Egs. (9)-(10), one obtains T3 = oo, while
T = % for dephasing noise.

In a multi-qubit system, the spatial correlation of
the noise needs to be accounted for. We concentrate
on two extreme cases of spatial noise correlations: (i)
local dephasing noise, where each qubit has its own,
independent noise source, and (ii) a global, i.e. collec-
tive dephasing where one noise source is affecting all
qubits identically.

Local dephasing would be caused by local fluctuat-
ing magnetic fields, where each of the physical qubits
constituting the logical qubit experiences a different
random magnetic field, and the noise Hamiltonian is
given by

HL(0) = 5 3 B0) 2, (14)
k

where By (t) is the time-dependent strength of the
magnetic field local to the physical qubit &k, and Zj, is
the z-component of the Pauli matrices corresponding
to qubit k. On the other hand, the global dephasing
noise is due to a randomly fluctuating effective mag-
netic field that acts on all of the physical qubits, such
that the noise Hamiltonian is given by

Ho(t) = 3800 2, (15)
k

where B(t) is the time-dependent strength of the
global fluctuating magnetic field. In typical ion-trap
experiments, global dephasing is dominating, as the
typical length-scale of noise fields is much larger than
the inter-ion distance [32, 39]. Global dephasing is
also applicable to any system that uses a common lo-
cal oscillator as phase reference.

In the following sections, we showcase the perfor-
mance of our proposed parameters in quantifying the
quality of a logical qubit at the example of dephasing
noise. Naturally, a similar analysis can also be carried
out with other types of noise at play, e.g. amplitude
damping noise (see appendix C).

3 A logical qubit under dephasing

A logical qubit is constructed from N physical qubits,
and its generic pure logical state is denoted as |¢), =
cos § |0) . +e@sin & |1), . The logical basis states {|0)
and [1), are, in general, N-qubit entangled states. A
logical qubit is defined by the set of stabilizer genera-
tors {9, } and the set of logical operators { X, Yy, Z1}
as

XL|O>L:|1>L7 XL|1>L:|O>L7 (16)
Zy, |0>L = |O>L7 Zr, ‘1>L == ‘1>L~ (17)

Each of these logical operators is acting on multiple
physical qubits. Without any loss in generality, one
can express the logical state |0); as a superposition
of computational basis states of the physical qubits as
10y, =22, bu ),

The effect of dephasing noise on such a complex
N-qubit state can be analyzed straightforwardly by
grouping the physical basis states by their magneti-
zation. The magnetization of a basis state is defined
as the difference between the number of spins in the
ground state |0) with eigenvalue +1, denoted as n,
and the remaining number of spins in the excited state
|1) with eigenvalue —1, N — n. The magnetization is
expressed as

m=2n—N. (18)

Each magnetization value has the multiplicity
N, = N!/(m!(N—m)!). The magnetization has N+1
possible values given by m € {—N,—-N +2,--- /N —
2, N}. The logical basis state |0) ; can then be written
by grouping the physical basis states by their magne-
tization:

No

0), =Y b b)) (19)

m =1

The state |1); can also be written in a similar way.

Let us first consider the global dephasing noise rep-
resented by the noise Hamiltonian Hg(t). The effect
of the global dephasing noise on a generic logical state
), given by [v), = exp [—i fy Ha(#)dt'| [9),, is
determined by the eigenvalue equation

> %
k

Therefore, in the density matrix p =
J (" '), P(B)dB of the logical qubit, the

off-diagonal elements |b);" <b|ZL/ have coefficients

decaying with time as
1 /Am\? ’
2\ 2 )"

where the difference in magnetization Am = m — m’
takes integer values. Note that the time-decays of

o)y = mi)p" (20)

CAm = €XP ) (21)
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these coeflicients originate solely due to the difference
Am = m—m/ in the magnetization values correspond-
ing to different basis states |b);". For situations where
Am = 0, no manifestation of the global noise in the
form of the time-decay of the coefficients of the den-
sity matrix can be found. The subspace of the Hilbert
space of the N-qubit system hosting the basis states
for which Am = 0, therefore, forms a decoherence-
free subspace (DFS) which is not affected by global
dephasing noise.

In contrast to Eq. (20), the effect of local dephasing
noise governed by the Hamiltonian H,(t) on the log-
ical qubit state [¢), is determined by the eigenvalue
equation

[b)rs (22)

ZBk(t)Zk |b>l = [Z oy By(t)
k k

where the factors oy, = £1 are defined by Zj |k), =
ay |b),, i.e., whether the kth qubit in |b), is in |0) or |1)
state. For uncorrelated dephasing of equal strength on
the N qubits this leads to a decay of the off-diagonal
terms in the density matrix p’ as

CAn = €Xp |:_A2n’}/t:| ) (23)
where An is the number of positions in the basis states
|b), and |b),, where the entries differ (Hamming dis-
tance). Note that in this case the dephasing dynamics
is not governed by the (differences in) magnetization
m, and DFS does not exist in this case.

3.1 Assessing the quality of a logical qubit

We now discuss the relevant quantities to assess the
quality and to characterise decay dynamics of a logi-
cal qubit. A natural choice of such quantities would
be the components of the logical Bloch vector R =
(Rz, Ry, R.), where we identify R, , . as

Ry = (Xp), Ry = (Y1), R. = (Zr).  (24)

Here, (O) = Tr[Op'] is the expectation value of the
operator O in the noisy state p’ of the logical qubit.

A major issue for characterizing logical qubit dy-
namics is the fact that noise typically causes leakage
from the code space. It is therefore useful to also
quantify the code-space population, p = (P.), where

1 N
Po= 55 [1(+50) (25)
k=1

denotes the projector onto the code-space of an N-
qubit stabilizer QEC code [26]. Here, {Sk} is the set
of stabilizer generators that define the code, and I is
the identity operator in the Hilbert space of the N
physical qubits. Projecting on the code-space pop-
ulation corresponds to post-selecting on the no-error

outcome if one realized a perfect syndrome measure-
ment, i.e. the set of generators of the code, via ancilla
qubits.

Note that the code-space population and all other
quantities discussed below can be evaluated from mea-
suring the 2V stabilizer elements of the code, re-
quiring fewer measurements than full state tomog-
raphy. Furthermore, the number of measurements
could be reduced further using techniques proposed
in the context of efficient fidelity estimation of stabi-
lizer states [11].

In order to incorporate the effect of leakage from
the code space in the expectation values of the logical
operators, we also consider the quantities {ps, py,p.},
where

Pz = <XLPC>3 Py = <YLPc>apz = <ZLPC>' (26)

The relevant time-scales in the evolution of these
quantities under global dephasing noise are given
by Eq. (21) for magnetization differences Am. In
Sec. 3.2, we derive the theoretical results for the time
evolution of the expectation values of these quanti-
ties. We then also compare this to our experimental
results.

We stress here that these quantities are defined in-
dependent of the specific noise model. In the following
subsections, we demonstrate the performance of the
quantities using dephasing noise, which is the domi-
nant noise in the experimental setup considered in this
paper. However, these quantities can also be used to
investigate the quality of the logical qubit under other
types of noise. In appendix C we present a compar-
ison of simulated global dephasing versus simulated
amplitude damping noise.

3.2 Dephasing noise on small QEC codes

We now examine how the quantities discussed in
Sec. 3.1 evolve over time under global dephasing noise,
for a single logical qubit in a variety of three- and
four-qubit QEC codes.

3.2.1 A three-qubit bit-flip code

The first example we consider is that of a 3-qubit QEC
code, whose stabilizer operators are given by

S1 = Y1XoY3, S = X1YoYs, (27)
and the logical operators are
X = -YNYaZ3,
Zy, = X1 X2 X3,
Y, =iX, 7, = Z12:Ys (28)

The logical basis states {|0), ,[1),} are given by

0), = \% (l001) + 110))
1), = — (j000) — [111)). (29)

2

S
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The motivation behind choosing this specific form of
the logical basis is two-fold. Firstly, the effect of
the global dephasing noise depends explicitly on the
choice of the logical basis, as explained in Sec. 3.
Therefore, it is important to choose a set of logical
basis state that clearly demonstrates the effect of the
different magnetization values, which is achieved by
the chosen basis. Secondly, the chosen logical basis
states are easy to prepare, using only a single MS
gate.

Evidently, the basis states |b);" contributing in
|), have four specific values of m, given by m =
—3(|111)), —1(|110)), 1(|001)), and 3(]000)). There-
fore, following the discussions in Sec. 3, the dynamics
of the coefficients of the off-diagonal elements in p’
are governed by the exponential decay factors as given
by Eq. (21), namely exp [—%'yt] (corresponding to the
off-diagonal terms of the form |b)7" (b|77=?), exp [—27]
(corresponding to the off-diagonal terms of the form
6)™ (b7 4), and exp [—2~t] (corresponding to the
off-diagonal terms of the form [b)]" (b|7"*%). Explicit
calculation of the expectation values of the quantities
discussed in Eqs. (24)-(26) in Sec. 3.1 under global
dephasing noise leads to:

R, = e *"sinf cos ¢, (30)
R, = e~ 27" sin f sin ¢, (31)
1 0
R, = 5e*%’ﬂf [cos& + 2eMt cos? 3 1} ) (32)
1 0 0
p= 5 |:67%’yt COS2 5 + eig’yt SiIl2 5 + l]a (33)
5 3yt
pr =e 47" sinf cos ¢ cosh %, (34)
5 3t
py = e~ 37" sin fsin ¢ cosh %, (35)
1 0 0
Py = 3 [cose — e~ 37t gin2 3 + e~ 27 cog? 5} .(36)

The encoding of the logical qubit is a 3-qubit repe-
tition code and can be implemented by a single fully
entangling MS gate with unitary MS(7/2), followed
by a collective local operation collective operation
Ux(m/2) [39]. The individual eigenstates of the logi-
cal Pauli operators can be prepared by applying sin-
gle qubit operations Ug(0) = exp(—if/2Y7) on the
first physical qubit before applying the MS gate. The
rotation angle of Ug(0) is 6 € {0,7,7/2} to gener-
ate the {—1,+1,+1} logical eigenstates of the logical
{Z1,Z, X1} operators, in the following denoted as
{-Zr,+Zr,+Xr}. The encoding circuit is shown in
Fig. 1. We thus prepare the logical qubit in the +1
eigenstate of the logical X operator and the +1 eigen-
states of the logical Z operators.

In order to investigate the performance of the pro-
posed quantities in Sec. 3.1, we let the encoded state
freely evolve in time, which ideally corresponds to the
implementation of the identity operation with increas-
ing length. To get an estimate of the density matrix

describing the complete system after the evolution, we
perform quantum state tomography with maximum
likelihood reconstruction [31]. We use the obtained
density matrices to deduce estimates of all presented
expectation values i.e. the code space stabilizers, the
logical Bloch vectors and the fidelities inside the code
space.

Note, that we are assessing the performance of the
proposed quantities under collective dephasing noise,
since this is the dominant noise source in our exper-
imental setup. Importantly, the presented method is
not limited to this type of noise and could be readily
extended to other kinds of noise, like e.g. amplitude
damping. One could also investigate the action of op-
erations on logical qubits other than the identity, by
e.g. performing logical randomized benchmarking [7],
which is beyond the scope of this work.

In Fig. 2 we present measured data of the dynamics
after preparing the logical state in the {+1,4+1, -1}
eigenstate of the logical {X, Zr, Zr} operator. We
estimate the coherence time of the physical qubits by
performing least-squares fits of the dynamics of the
individual expectation values according to Egs. (30) -
(36), where the experimental imperfections are mod-
eled by multiplying the expectation value with a con-
stant contrast factor. The mean value of all individ-
ual fit results yields an experimental coherence time
Ty = 78(12) ms and a contrast 0.89(3), where the er-
ror describes the standard deviation of the mean. A
detailed discussion of the influence of slow drifts in
the dephasing noise can be found in the appendix B.
All lines depicted in Fig. 2 represent the theoretical
models with the mean coherence time and contrast es-
timated from experimental data. The relatively large
standard deviation comes dominantly from laser fre-
quency and magnetic field fluctuations in the exper-
imental apparatus, and also from the fact that the
method in its current form is not robust against state
preparation and measurement (SPAM) errors. Nev-
ertheless, the measured data can be described very
well by the theory model based on collective phase
noise where the SPAM error is included as a constant
contrast factor as shown in Fig. 2.

Notably, in Fig. 2 a) the expectation value of the
logical Z;, operator initially vanishes but then grows
with increasing storage time, as predicted by Eq. (32).
This is counter-intuitive to the expectation from de-
phasing from physical qubits. Furthermore, this be-
haviour cannot be described by a quantum channel
that originates from a Lindblad master equation with
a time independent rate acting only on the logical
qubit. An animation of the logical qubit behavior on
the Bloch sphere can be found in the online supple-
mentary material [30].

The expectation values of the +1 and -1 eigenstate
of the logical Z;, operator depicted in figure 2 b) and
c) are expected to show drastically different dynamics
according to Eq. (36), which is reflected in the experi-
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Figure 1: Circuit to prepare the a) 3-qubit |¢)), and b) 4-qubit |0)z and c) 4-qubit |[+)r encoded states.

mental data. Animations of the logical qubit behavior
on the Bloch sphere can be found in the online sup-
plementary material [30].

3.2.2 Four-qubit Grassl code

Next, we consider the four-qubit QEC code used for
correcting erasure noise, as proposed by Grassl et al.
[13], defined by the stabilizers

S1 = X1 X0 X3Xy,
Sy = Z3Zy,
Sy = Z1Zs. (37)

The computational basis corresponding to the logical
qubit is given by {|0), ,[1),}, with

0), =[@F)[@F), ), =[®7)[27),  (38)

where |®*) = %(|00> +(11)), and the logical opera-
tors are

Xy =217Z3,Z;, = X1Xo, Y, = —Y1X275. (39)

The forms of {|0),,[1),} suggest that the differ-
ent magnetization values corresponding to the basis
states |b);" contributing in |¢), are m = 4,0, —4.
This implies that the coefficients of terms of the
form [b);" (b]7*** in the density matrix would decay
as exp [—27t], while the coefficients of the terms of
the form [b)" (b]/"*® would have a time dependence
given by exp [—87t]. These characteristic time-decays
yield decays of the expectation values (see Sec. 3.1),
as given by the following equations:

R, =sinfcos ¢, (40)

R, = e *"sin O sin ¢, (41)

R, =e ?" cos¥, (42)
1

P=7 3+ e 87 4 (6_87’5 — 1) sinfcos ¢| , (43)
1

P = [e® — 1+ (e®" +3) sinfcos @] , (44)

py = e D'sinfsin g, (45)
p. =e Dcosh. (46)

The procedure to generate the 4-qubit Grassl code
consists of two half-entangling gates MS(w/4) with
additional local Z rotations U,(0) = exp(—i6/25,),

For the preparation of the logical state |0}, two spin
echo pulses between the MS gates on qubits 1 and 2

U,(m) = exp(—im/25,), in addition to two phase cor-
rection operations U, (—%) = exp(+in/4S.) on qubits
1 and 3 at the end of the sequence are implemented.

The preparation of the logical state |+); has no
need for spin echo pulses and hence the sequence
consists of only one fully entangling gate MS(7w/2)
and a single phase correction operation U.(3) =
exp(—im/4S,) on qubit 1.

The experimental results for this four-qubit code for
the +1 eigenstates of the logical X operator are shown
in figure 3a). Here, it is notable, that the logical X
expectation value does not decay, but the population
in the code space is decaying rapidly to the steady
state value of 0.5.

Figure 3b) shows the behavior for the 41 eigen-
state of the logical Z operator. Due to miscalibrated
single-qubit operations, which we discuss in detail
in appendix A, the experimentally generated eigen-
state has been rotated. The theoretical description
in Fig. 3b) is based on a qubit in the state |¥), =
cos(9) |0); + sin(d) |1); with 6 = 0.16 radian. It is
notable that the expectation value of the X logical
operator increases with the waiting time if the code
was initially close to the +1 eigenstate of the logical Z
operator. This behavior is predicted by Eq. (44). An-
imations of the logical Bloch vectors are shown in the
online supplementary material [30]. The estimated
coherence time is Tp = 25(5)ms. The difference com-
pared to the estimated 3-qubit code coherence time
can be explained by the fact that the measurements
were taken four months apart, where several changes
to the experimental apparatus have been made in the
meantime.

Note that one could work also with a variation of
this code, by working with logical basis states given
by

0y, = [F) [e),
Dy =) ), (47)

with |U+) = %(|01) +]10)). Note that this code is
up to local single-qubit rotations equivalent to the in-
vestigated code as defined by the basis states given in
Eq. (38), however, it is expected to provide immunity
against global dephasing noise.
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Figure 2: Expectation values of the logical Pauli operators and code space population for the 3 qubit code, initially in the a)
+1 eigenstate of the logical X operator, b) +1 eigenstate of the logical Z operator, c) -1 eigenstate of the logical Z operator.
The wait time for experimental data is given in units of 7> = 78(12)ms and the theoretical expectation values are multiplied

by a constant value of 0.89(3).

4  Conclusions

In this work, we illustrated that simple physical noise
models can lead to non-trivial dynamics of logical
qubits, which are not captured by usual relaxation
time scales. As shown by the examples explored in
this work, deviations from simple exponential decay
dynamics of logical qubits are possible even in Marko-
vian systems. However, the behavior of the encoded
system can be described by the logical Pauli expecta-
tion values in conjunction with the code space pop-
ulation, given by the expectation value of the code-
defining stabilizers.

Awareness of these effects is particularly relevant
for quantum error correction protocols that protect
quantum memories, where a key goal is to extend the
information storage time. Here, a careful choice of
logical operators, and local-unitary equivalent stabi-
lizer operators, actually matters, and should also be
taken into account when analyzing the expected per-
formance of longer algorithms on fault-tolerant hard-

ware.

Extensions of the present work could include the
analysis of spatial correlations which are not maximal
throughout the entire register, the effect of tempo-
ral correlations, and potential generalizations of spin-
echo techniques from physical qubits to logical qubits.
In this regard, physically Markovian dynamics implies
monotonic decay of the physical Bloch volume ele-
ment [24, 38]. This property can be translated to the
logical level by considering the logical Bloch volume
element relative to the code population. Namely, the
volume element induced by the mean values RS =
Tr[p.X1], Ry, = Trlp.Yr] and RS = Tr[p.Zy] for the
conditional state p. = P.pP./pg, which in our previ-
ous notation are nothing but RS = p,/po, Ry =py /Do
and RS = p,/po. A nonmonotonic decay of this vol-
ume element certifies non-Markovian evolution at the
logical level.

Furthermore, one could aim at the development
of state preparation and measurement error insen-
sitive versions of the characterization protocols used
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data is given in units of T5 = 25(5)ms and the theoretical expectation values are multiplied by a constant value of 0.93(1).

in this work. In the context of characterising logical
qubits not only as quantum memories, but also logical
gate operations for fault-tolerant quantum comput-
ing, first works are aiming at developing logical ran-
domised benchmarking or gate set tomography pro-
tocols [REFS]. Finally, an interesting and open chal-
lenge concerns the derivation of effective, efficiently
simulatable noise models for logical qubits. This is not
only relevant for the quantum memory scenario, but
also for reliable numerical predictions of the perfor-
mance of logical gates or gadgets like lattice surgery,
state distillation and injection techniques, which will
be required for the operation of large, fault-tolerant
quantum processors.
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Appendix

In this appendix, we discuss experimental imperfections due to miscalibrations and slow drifts, and we provide
additional details of the action of different types of noise on encoded qubits.

A Experimental imperfections due to faulty calibrations

In the case of the 4-qubit code, as introduced in Sec. 3.2.2, the experiment did not result in the correct state,
an eigenstate of the logical Z operator. Instead, the expectation value R, = (X ) shows a negative offset (and
hence also p, = (X1 P.)) already for the shortest measured evolution time, as can be seen in Fig. 3b). At the
same time the other expectation values R, = (Y7) and R, = (Zr) were close the theory without offset.

A possible explanation of this shifted R, value is that the single-qubit Z-operations on qubits 1 and 2,
between the two MS(%) operations in Fig. 1 b), were not properly calibrated. If we assume an over-rotation of
the Z-operations by an angle § as

U,(m) = U,(m +9), (A1)
the expectation values of the logical Bloch operators are altered to

1 52 . 1
Re = (Xe) =0 =0 T +0() =0~ EéJrO((SQ),
R, = (Y1) =0+ O(),

R.=(Z;)=1- % +0(8%) =1+ 0(5?). (A.2)

The equations above show that an over-rotation about an angle of § has the largest effect on the offset of R,,
where R, and R, are insensitive to first order in 6. This change in the expectation values can also be described
by a superposition of the two logical states |¥), = cos(d) |0), + sin(d) |1); to first in 4, as already introduced
in the main text.

The code stabilizers are unchanged in the presence of these over-rotation to first order as can be seen in the
following equations

(S1) =1-— % +O(8) =1+ 0(8?),

2

(Sy) =1— % +0(5%) =1+ 0(5%),

(S5) =1— § +O(8) =1+ 0(5?). (A.3)

Thus, the dephasing dynamics of the state generated with the mis-calibrated system should predominantly
follow the dynamics of a slightly rotated logical qubit. We estimate ¢ to be 0.16 radians from R, without any
free evolution.

For completeness, we also investigated whether an over-rotation of the MS gates (MS(%) —MS(% +9)), which
are depicted in the circuit of Fig. 1 b), can explain the rotated logical state. In this case the logical expectation
value R, is independent of ¢ to first order and can be described as

R, = (X)) =46 + O(8%) > 0. (A.4)

Thus a calibration error in the angle of the MS gate can not explain the negative offset of R,, as observed in
Fig. 3b).

B Experimental imperfections due to slow drifts

In the laboratory the qubit transition frequency can change due changing magnetic fields of external devices
or machines on the time scales of minutes to hours. Such slow frequency deviations can affect the quality of
individual data points. One of the largest deviation can be found in the 7th data point of the expectation value
p- (green triangle) in the 4-qubit encoding as illustrated in Fig. 3 and Fig. A.3. At a waiting time of ~ 12ms
a frequency deviation of ~ 10 Hz or a shift in the magnetic field on the order of ~ 20 uG could already explain
the observed imperfection.

Accepted in (Yuantum 2021-12-03, click title to verify. Published under CC-BY 4.0. 12



+X, initial state

0.0 0.2 0.4 0.6 0.8
Time (T3)

+Z, initial state

0.4 i

0.0 0.2 0.4 0.6 0.8
Time (T3)

Figure A.1: Time evolution of the purity Tr(p?) of the measured and reconstructed density matrices for the 4-qubit encoding
(see Fig. 3) in units of the coherence time T5 = 25(5) ms. The solid lines correspond to results of a numerical simulation with
global dephasing noise according to Eq. A.2 with coherence time T3 = 25 ms.

If incoherent noise were the reason for the drop in some expectation values, also the purity Tr(p?) of the
reconstructed state would be affected. As can be observed in Fig. A.1, there is no strong deviation from
the expected exponential decay in the data points. Thus we can conclude that the strong deviations in the
expectation values p, are caused by coherent phase errors, probably introduced by slowly varying experimental
parameters, such as e.g. the magnetic field or the laser frequency.

C Different types of noise affecting the encoded qubit

As explained in the main text, we derived analytic expressions that describe the time evolution of specific
observables (see Egs. (30) - (36)) under the action of global dephasing. Another possibility is to simulate the
dissipative dynamics by numerically solving the Lindblad master equation

(0 =~ 1 [0, p(0)] + 3 3 [2Cup(t)CL — pl)CEC — CLCup(1)] (A1)

where C),, = \/7,A,, are collapse operators with corresponding rates ~,,.
We simulate the time evolution of the reconstructed density matrices p(0) in the case of the three-qubit
repetition code for global phase noise and amplitude damping.

e Global phase noise can be simulated using the following collapse operator
C1=V7/2(0:®0i®0;+0;®0,®0;+0;R0,R0,), (A.2)

where v = 1/(2T3) describes the dephasing rate and 75 the coherence time, and o; denotes the identity
operator.

e Amplitude damping is simulated using the collapse operators

Ci= (0" ®0o;Q0;),
Ca=\(oi @0~ ®0y), (A.3)
C3=\(0i®oi®0"),

where v = 1/(2T}) describes the dephasing rate and T} = T5/2 the lifetime.

For the 4-qubit code we use the same collapse operators acting on four instead of three qubits.
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A. Global dephasing B. Amplitude damping
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Figure A.2: Time evolution simulation under the action of noise. The data points represent the experimental data for the
3-qubit encoding as shown in Fig. 2. Here the lines correspond to the numerical solution of the Lindblad master equation
for A. Global dephasing (see Eq. A.2) and for B. Amplitude damping (see Eq. A.3) using the estimated coherence time
T2 = 2T1 = 78 ms.

Numerical simulations of the time evolution of the encoded states under the action of different types of noise
are illustrated in Fig. A.2 and in Fig. A.3. As the initial state we use the reconstructed density matrix p(7" = 0)
and implement the simulation with the estimated coherence time T, = 277 = 78 ms for the 3-qubit encoding
(see Fig. 2) and Ty = 277 = 25ms for the 4-qubit encoding (see Fig. 3) from the main text. In Fig. A.2 and
A.3 it can be very well observed, that the global phase noise simulation (A.) properly resembles the measured
dynamics, whereas the simulation using amplitude damping (B.) deviates for some expectation values clearly
from the measurements.
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B. Amplitude damping
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Figure A.3: Time evolution simulation under the action of noise. The data points represent the experimental data for the
4-qubit encoding as shown in Fig. 3. Here the lines correspond to the numerical solution of the Lindblad master equation
for A. Global dephasing (see Eq. A.2) and for B. Amplitude damping (see Eq. A.3) using the estimated coherence time

T2 = 2T1 = 25 ms..
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