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1 Introduction

Let © be a bounded domain in IRV, N > 1, with smooth boundary 9. Consider the linear non
autonomous model equation

w—Au = Ct,z)u in, t>s
Bu = 0 on 0N (1.1)
u(s) = wg
with the boundary operator
.. ou ou )
Bu = u, Dirichlet case, or Bu= Ert Neumann case, Bu = Er + b(z)u, Robin case,
7l 7l

being 7 the outward normal vector-field to O and b(z) a C! function.

Note that if C € C?(IR, LP(2)), with 0 < # < 1 and some p > N/2, then (1.1) is well
posed for every initial data ug € L7(Q) for 1 < ¢ < oo; see [9] and [10]. Hence, (1.1) defines an
evolution operator in LI(Q2), 1 < g < oo, Uc(t, s), as Uc(t, s)ug := u(t, s;up).

Moreover, there exist M > 0 and 8 € IR such that

Ut 8)l| cpagay < M=) forall t>s. (1.2)
Therefore, we can define the exponential type
Bo(C) = inf{ € IR, such that (1.2) holds for some M > 0}, (1.3)

which measures the growth/decay of solutions of (1.1).
In this paper we want to discuss the question of the minimal amount of perturbation needed
to change the exponential type of the evolution equation.
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Observe that in the autonomous case, that is, when C' = C'(z), with C' € LP(2), and p > N/2,
the exponential type of the associated semigroup is determined by the first eigenvalue of the
associated eigenvalue problem

{ —Au=C(z)u+ M inQ,
Bu=0 on Jf)

which is given by
Jo VP — [oC(2)|¢l?

M) = T Top
and
Bo(C) = M (). (1.4)

Note that the minimum above is attained over a suitable set of test functions, depending on the
boundary conditions. Therefore, if 0 < P € LP(Q), with p > N/2, it is clear that \;(C + P) <
A1(C) and using that the minima are attained and that P # 0 then we get

)\1(C+P) < )\1(0)

Hence any signed, no zero, perturbation actually modifies the exponential type.

In the T—periodic case, that is when C(¢,z) in (1.1) is a T periodic function, using the
Poincare map associated to (1.1), using the positivity properties of the parabolic equation and
the Krein-Rutman theorem, the exponential type (1.3) can be determined in terms of the
periodic—parabolic eigenvalue problem

w—Au = Ct,z)u+pu inQ, 0<t<T
Bu = 0 on 0N (1.5)
w(T) = u(0).

In fact, if p is such that the solution u of (1.5) is positive in © x (0,7") then from Proposition
14.4 in [4] we have
Bo(C) = e .

See [4] for precise assumptions on the regularity of the coefficients and boundary conditions and
further details. In particular note that C(t,z) is assumed to be Holder continuous in space and
time and, for the case of Robin boundary conditions, it is assumed that b > 0 on the boundary
of Q.

Using these tools, Lemma 15.5 in [4] implies that for P(¢,x) > 0, T—periodic, not identically
zero and satisfying certain regularity properties, we have again

Bo(C) < fo(C + P)

and the exponential type is actually modified.

In the general case, that is, when no assumption is made on the time behavior of the co-
efficients, we have no associated eigenvalue problems anymore. In fact there is no complete
spectral theory as for the finite dimensional case, [12]. Thus, a different approach must be
explored. Therefore, our goal here is to give sharp conditions on time dependent perturbations
P(t,x) of C(t,z) in (1.1) to ensure that the exponential type of the perturbed equation

w—Au = Ct,z)u+P(t,z)u inQ, t>s
Bu = 0 on 0}
u(s) = wug



is either increased or decreased.

As will be seen below, our results state that the exponential type is decreased provided the
favorable part in the perturbation is “effectively positive” and the defavorable part is not too
big. In doing this, we will only require conditions on the asymptotic values of the perturbation
as t — £o0o. Also, we will show that the good part of the perturbation must be “sustained” at
infinity, that is it must be active for large times and on the whole domain; see Theorems 4.4
and 4.5. Otherwise we can not change the exponential type; see Remark 4.6. In particular, it
is not true that any non—negative nontrivial perturbation changes the exponential type. Note
in particular, that we can change the exponential type with periodic perturbations even if the
original problem is not periodic. In particular the exponential type is decreased if the T—periodic

perturbation P(t,z) satisfies
T

1
7/ ;relg P(r,z)dr > 0.

A particular important case is when the original system (1.1) is at the limit of stability (or
neutrally stable) in the sense that the norm of the evolution operators are bounded above and
below (in particular, the exponential type is fy = 0). Then our results give qualitative and
quantitative threshold values on the perturbations that can stabilize the system, that is, to have
solutions that decay exponentially.

In summary, our results, which are of perturbative nature, do not assume any kind of pe-
riodicity or almost—periodicity in the equation. Also, no sign conditions are imposed in the
boundary coefficient in the case of Robin boundary conditions. Finally, perturbations are only
assumed to be in the class C?(IR, LP(f2)), for some p > N/2. Indeed all the results here apply
for much more general linear non—-autonomous parabolic problems than (1.1), of the form

u+ Alt)u = C(t,z)u inQ, t>s
B(t)u = 0 on 0N
u(s) = wup

with time dependent elliptic part of the form

N N
A(t,D)u = — Z a;j(t, x)0;0;u + Z a;(t,x)0u + a(t, z)u
ij=1 i=1

with suitable smooth coefficients and either Dirichlet boundary conditions or time-dependent
boundary conditions of Robin type
ou
B(t)u = — + b(t, x)u,
(tyu = 55 + bit. )

for suitable exterior (oblique) vector 7; see (6.1).

Using these results, we also analyze the asymptotic behavior of the positive solutions of the
nonlinear equation

u—Au = f(t,z,u) inQ, t>s
Bu = 0 on 0N} (1.6)
u(s) = wup>0
with the conditions f(¢,x,0) > 0 and
t
GER0) decreasing for u >0 (1.7)
u



and improve some results in [11]. In fact, in [9] there were given conditions on the nonlinear
term f(¢,z,u) ensuring the existence of some special complete positive solutions of (1.6), that
is, which are defined for all times; see Definition 3.6. Condition (1.7) guarantees the uniqueness
of such solution ¢(t,x), see [11].

This special solution describes the asymptotic behavior of all positive solutions of (1.6) in a
pullback sense, that is, for any positive initial data ug, for s < ¢y and for any ¢ € IR, we have
that

u(t, s;ug) —@(t) — 0, ass— —oo in C(9Q).
Furthermore, ¢(t, ) also describes the forwards behavior of positive solutions of (1.6), since in
fact it was also shown in [11] that for any s € IR and for any two positive solutions of (1.6), for
t > s, we have,
ui(t,z) —ug(t,z) -0 ast—oo in C(Q).

Our goal here is to show that such convergences are actually exponential, see Theorems 5.3

and 5.4.

An important particular example considered in [11] are logistic equations, for which
St z,u) = mt, 2y —n(t,2)e?,  p>2

where m € C?(IR, LP(Q)) for certain p > N/2 and 0 < # < 1 and n > 0 is continuous and locally
Holder in ¢, not identically zero. Our results here also apply to these models; see Remark 5.2.

The paper is organized as follows. In Section 2 we present some of the basic estimates on the
solutions of (1.1) that will be used as building blocks for the rest of the results. We also define the
exponential type of the evolution operator at oo which reflects the possible different behavior
of solutions for large positive and very negative times. We show then that the exponential type is
independent of the space in which we look at the solutions. Some relationship with the principal
spectrum, as defined in [7], [6] is also given. In particular the exponential type coincides with the
so called principal Lyapunov exponent. Also, some estimate on the exponential type is derived
form the elliptic part of the equation.

In Section 3 we take advantage of the order preserving properties of the solutions, that is, of
the maximum principle, and relate the exponential type with the behavior of positive solutions.
In particular we show how the exponential type at infinity can be estimated by observing the
forwards behavior of a given particular positive solution. On the other hand, we also show how
the exponential type at minus infinity is related to the behavior of complete positive solutions.
The existence of such objects has been studied in [6, 7] and [8].

In Section 4 we give our main results on the linear problem above, giving conditions on the
perturbations that guarantee the change in the exponential type of the evolution operators; see
Theorems 4.4 and 4.5. As mentioned before this is done by only imposing conditions only in the
asymptotic values of the perturbations as ¢t — +o0o. As a by product we also show that if the
perturbation is not sustained enough at +oo then, actually, no change in the exponential type is
achieved. Some particular easy—to—apply cases are also given in Propositions 4.7 and 4.9. Note
in particular that in the latter result we allow sing changing perturbations with very large bad
values in small time—wandering sets in €.

In Section 5, we apply our previous results to the nonlinear non-autonomous problem (1.6).
In particular we first show that the special solution ¢(¢, ) mentioned above, is linearly expo-
nentially stable, both forwards and in pullback senses; see Proposition 5.1. Then we show that



©(t, z) attracts the dynamics of positive solutions of (1.6) exponentially fast; see Theorems 5.3
and 5.4.

Finally, in Section 6 we discuss how all the previous results on linear equations apply for much
more general classes of parabolic equations including time—dependent coefficients and boundary
conditions.

2 Exponential type of evolution equations

We consider the problem

u—Au = C(t,z)u, in Q, t>s
Bu = 0, on 00, t>s (2.1)
u(s) = g

posed in X = L9(Q) with 1 < ¢ < oo or in X = C(Q). Then, quoting results from [10],
we have that if C € CY(IR,LP(Q)), with 0 < § < 1 and some p > N/2, then (2.1) defines
an order preserving evolution operator in X. We denote this evolution operator by Uc(t,s),
ie. u(t,s;ug) = Uc(t, s)up is the solution of (2.1).

Moreover for each ¢ and r with 1 < ¢ < r < oo and Ry > 0 there exist L = L(Ry,r,q) > 0
and § = 0(Rp,r,q) > 0 such that the evolution operator Uc(t, s) satisfies

e6(15—5)
|Uc(t, s)uollro) < Lmnuoum(ﬂy t>s (2.2)
— S q r

for every C' € C?(IR, LP(f2)), with 0 < # < 1 and some p > N/2, such that |Cl oo (R, Lr(02)) < Ro-
Also, the evolution operator smoothes the solutions. More precisely, for every ug € L1(Q)
and t > s we have

o C4%(Q) ifp>N/2
(s,00) >t — u(t,s;up) := Uc(t, s)up € {C’B’V(Q) ifp> N

5 { CJ¥(Q)  for Dirichlet , see e.g. [10].

is continuous for some v > 0. Here C%"(Q) = ) 2%
' 1 re G (1) C7¥(Q) for Neumann or Robin

Note that (2.2) implies that, with r = ¢, the evolution operator satisfies
[Uc(t, )|l g(ray) < Le’

with L = L(Ro,q) and § = §(Ro, q) if [|C||ec(r,zr(0)) < Ro-
We will see now that, in fact, for a given C(¢,z) an exponent in such an estimate can be
taken independent of ¢; see Lemma 3.1 in [9)].

Lemma 2.1 Assume that U = Ugc, as above, as an evolution operator in L4(Q2), 1 < q < oo,
satisfies
U (t, 8|l £(ragay) < MePt=) (2.3)

for some constants M > 0 and § € IR and for allt > s > sg ortg >t > s respectively.
Then, as an operator in L"(Q), with 1 < r < oo, U(t,s) satisfies, for all t > s > sg or
to>t>s
1UE )|l i) < K5 forall t>s,

5



respectively, for K = Le’ max{Me Pc(|Q|),e%~}, where B_ = max{—3,0} > 0 denotes the
negative part of f and L,6 as in (2.2).

Proof. Suppose that r > ¢, so that L"(Q2) C L(Q2). Then, if ¢t —s > 1, since U(t,s) =
Ut,t—1)U(t—1,s),
U (&, s)uollro) < NU®t = D)l zza@),cr@) U # — 1, 8)uol La(q)-
Using now (2.3) and (2.2) we have
U (¢, $)uol|rey < LM PP fug | pa(qy < LM Pe(|20)e” ™ [lug|| (-

Thus
U, S)HE(LT(Q)) < Koeﬁ(t—s)

for all t — s > 1 with Ko = LMeSPc(|Q)).
Suppose now that 1 < r < ¢, and therefore L7(Q) C L"(2). Now, if ¢t —s > 1 we remark
that U(t,s) = U(t,s+1)U(s + 1,s). So, using (2.3) and (2.2)

U s)uollr@) < c(QDIUE, s)uoll Loy
c(IDNU(E, s + Dl epan U (s + 1, s)uol Lo
(|2 LM P lug| 1 0

IN

IN

Thus,
U, S)HE(LT(Q)) < Koeﬁ(t—S)

for all t — s > 1, with K as above.
Finally, for t — s < 1 and for either case of r, from (2.2), we have

HU(t,S)Hc(LT(Q)) < Leéefﬁ(tfs)eﬁ(tfs) < Kleﬁ(tis)

. Le® if 5>0
th K7 = =
W {Le‘s_ﬂ if 5 <0

part of (.

Now we take K = max{Ky, K1} and the result follows. m

} = LA~ where f_ = max{—/3,0} > 0 denotes the negative

Note that the constant K in the lemma also depends on ¢ and r but we will not pay attention
to this dependence.
Hence we can define

Definition 2.2
i) The exponential type at oo of the evolution operator Uc(t,s) is the best exponent in the
inequality

1U(E )|l (o)) < MPE=9) forall t> s> s, (2.4)

that 1is,

By (C) =inf{B € IR, such that (2.4) holds for some M >0 and t > s > so}

for some sg.



it) The exponential type at —oo of the evolution operator Uc(t,s) is the best exponent in the
inequality
|U(E, 8)|l2(zaca)) < MePE=9) for all ty>t> s, (2.5)

that 1is,
By (C) =inf{B € IR, such that (2.5) holds for some M >0 and ty >t > s}

for some t.
i11) The exponential type of the evolution operator Uc(t, s) is the best exponent in the inequality

Ut 8)ll pagay < M) forall t> s,

that 1is,
Bo(C) = max{f; (C), By (O)}.

Now observe that for each [ such that (2.4) or (2.5) are satisfied, the optimal constant in
these inequalities depends on 3, i.e. M = M ([3). Also, it can be easily shown that M(f) is a
decreasing function of 8. This constant may depend on ¢ and €2 as well, but we will not pay
attention to such dependence.

In general it may happen that as @ approaches the optimal value, ﬁoi (C), the best constant
M (3) diverges. Hence we have the following

Definition 2.3 We say Uc(t,s) has “defect v > 07 at oo, if for € > 0 we have that the best
constant in (2.4) or (2.5) satisfies

M(fy(C) +¢e) < Do(e™” +1)
for some constant Dy > 0.

Note that the defect is zero iff the exponential type is attained, that is, if (2.4) or (2.5) hold
for g = ﬁ(j)E(C) respectively. Hence, summarizing the consequences of Lemma 2.1, we have

Corollary 2.4 With the notations above,

i) The exponential type of the evolution operator Uc(t,s) at £oo, is independent of the L(2)
space.

i1) The defect v > 0 of the evolution operator Uc(t, s) at £oo, is independent of the L1(SY) space.

Proof. Part i) is clear. For part ii) just note that the constant K in Lemma 2.1 satisfies
K(B) = Le® max{M(B)e ?c(|Q]), e}, and the result follows taking 3 = G5 (C) +c. m

Remark 2.5 Note that if ﬁar(C) < 0 then for a bounded set of initial data ug, all solutions of
(2.1), u(t, s;up), decay exponentially to zero, ast — oo. We say then that Uc(t, s) is exponen-
tially stable at oco.

On the other hand, if B, (C') < 0 then for a bounded set of initial data ug, all solutions of
(2.1), u(t, s;up) decay exponentially to zero, as s — —oo, that is in the pullback sense. We say
then that Uc(t, s) is exponentially stable at —oo or exponentially pullback stable.



Observe that the concept of exponential type used above is closely related to that of principal
spectrum for nonautonomous equations, [6], [7], [5] and references therein. More precisely the
principal spectrum, related to the dynamical spectrum or the Sacker and Sell spectrum in finite
dimensions, [12], is defined as the set of all possible limits

_In 1U (tn, 5n)ll c(ze(e))

n tn — Sn

on all sequences such that ¢, — s, — oo. This set is a closed interval and thus coincides with
[/B’mfa /Bsup] where

I (U (tn, 5n)ll (2o
tn — Sn

I |U (tn, 80) |l £na)
tn — Sn

—00 < Bipy = liminf , Bsup = limsup

where the liminf and limsup are taken on all sequences such that ¢, — s, — o0o. It is clear then
that

ﬁO(C) = 5sup7

which, is also denoted the principal Lyapunov exponent.
Also note that considering only sequences such that t, — s, — 0o and s, > sg or tg > t,
leads, respectively, to the numbers 3% and 6;'; 5 Also clearly

sup

See Section 3 for further details on the principal spectrum for (2.1).
Now we show that the exponents in (2.4), (2.5) are also related to the smoothing estimates
between Lebesgue spaces of the evolution operator, see [9], Lemma 3.2.

Lemma 2.6 If (2.4) or (2.5) is satisfied with M = M(f3) then, for 1 < q < r < oo, for every
e>0

”Uc(t, S)HL(L‘I(Q),LT(Q)) < M(& )w, (2.6)
fort > s> sp ortg >t > s respectively, with

fl<e<g =2

Mz, B) = K (B)el { g%)%_a ife> e = Og ¢ } < K(B)elle(a) (e + 1)

where K(B) = Le’ max{1, M(3)e™"}, with L,d as in (2.2), and o =

=

VS

Q=
|

S =

~—

Proof. From (2.2) for t —s <1,

_N(1_1
U, )l c(za),r@) < Le(t —s)7 2 (i-+)

and, for ¢ —s > 1, from (2.2) and (2.3)

IN

U, t = Dl zeza),cr@pllUE = 1,8)| nage)
LM (B)e®Belt=9),

1T, 8)ll(za(e),Lr@)

IN



Hence,

N (1 1
K@) (t—s)2G7) ire—s<1
U(t,s r < 2.7
IU(E, $)ll c(ra(),1r ) {K(ﬁ)eﬁ(t—s) Grao (2.7)
for K () = Le® max{1, M(B)e "}.
The right hand side in (2.7) can be bounded above by a right hand side as in (2.6), iff

M(e, ) > K(B)e_(ﬁ+€), and M(e,3) > K(B)suph(z)
z>1

with a = % (l - l) and h(z) = 2% %, Note that max{1,e~(3+2)} < el hence the condition
q T

above can be recast as
M (e, 8) > K(B)e!® max{1,sup h(z)}.

z>1
Since, the sup of h(z) for z > 0 is attained at z, = «/e and h(z,) = (£)%e~*, comparing
with A(1) = e ¢ we get
a) —a
suph(z)={<e) e® fore<a
2>1 e ¢ for e >«
Now, comparing this sup with 1, the result follows. =
Next we give an upper bound on the exponential type of an evolution operator Ucx(t, s). See
the next section for further upper and lower bounds.

Lemma 2.7 Let C € C/(IR, LP(Q)) with 0 < 6 < 1 and p > N/2. Denote by \i(t) is the first
eigenvalue of the problem

—Au—C(t,z)u = At)u in
Bu = 0 on OfL.

Assume there exists so (or tog respectively), T > 0 and m € IR, such that for allt > s > so (or
s < t <ty respectively) and t —s > 1

1
t—s

/t Ai(r)dr > m.
S
Then the exponential type of evolution operator Uc(t,s) satisfies
By (C) < —m.
(B (C) < —m respectively).

Proof. As the exponential type is independent of the Lebesgue space, we take X = L?(2) and
for any fixed t € IR, the first eigenvalue satisfies

| (196 = Ct.a)lel) da+1(w.B) = MOl (2:8)

for all smooth functions ¢ satisfying Bu = 0 on 012, where we have denoted by || - || the norm
in L*(Q) and I(u, B) = 0 for Dirichlet or Neumann boundary conditions or I(u, B) = [5q b(x)u?
for Robin boundary conditions.



Multiplying the first equation in (2.1) by u(t) and integrating in €2, we have
1d 2 2 2
5 sl + /Q (1Vul? - C(t.0)ul?) de + I(u(t), B) = 0.
By (2.8) we have
%HW)II2 + 221 (1) ||u(t)* <0
and then
lu@? < e 20 ) 2.
The rest follows from part v) of the Lemma below. m
Now we prove the Lemma used above, that introduces a class of real functions that will be

used several times henceforth.

Lemma 2.8 Given m € IR, define the class Ct(m) (or C~(m) respectively) of real continuous
and bounded functions f(t), such that there exists sy (or tog respectively) and T > 0, such that
forallt > s > sy (or s <t <ty respectively) and t — s > T

1
t—s

/:f(r)dr > m.

Then
i) C*(m) is a nonempty, conver, closed subset of Cy(IR).
ii) If f(t) = m for all t, then f € C*(m).
i) If f € CE(m) and g(t) is a continuous and bounded function such that g(t) > f(t), then
g € Ct(m).
) If f(t) is a T-periodic continuous function, set

m:;/OTf(T)dT.

Then f € Ct(m —¢) for every € > 0.
v) If f € C(m) then there exists so (or to respectively) and M = M(f,m) such that for all
t>s>s0 (ors<t<ty respectively) we have

o S I < rommit=s)
FEven more M =1 if f >0 and m > 0.

Proof. Parts i)-iii) are immediate. For part iv), given ¢ > s, using z =t — s > 0, we have

1
t—s

/:f(r)dr:i/ozf(qus)dr.

Therefore it is enough to prove that for a T-periodic function and for every £ > 0 there exists
7 = 7(¢) > 0 such that for t > 7 we have

FO) =1 [ 50)drzm—c,

10



for every € > 0, with 7 independent of all translations of f.
Now note that F'(0) = f(0) and F(§7) = m for j = 1,2,.... Then for ¢t € [jT,(j + 1)T),
t = 3T + s, with 0 < s < T, using periodicity we have

Ft) = ——( OjT fr)dr+ /3 ;Tﬂ £(r) dr)

= T (jmT+/Usf(r)dr).

- JT + s
But for 0 < s < T, [§ f(r)dr > I := — f(;f f=(r)dr, where f_(t) = max{—f(t),0} denotes the
negative part of f(¢). Also, the same bound hold for any translate of f. Hence,

1

F(t) > m

(jmT—i—Io) —m, asj— o0

and the result follows.
Finally, for v), if f € C*(m) let so (or tg respectively) and and 7 > 0 as in the definition.
Then, clearly, for all t > s > sg (or s < t < to respectively) and t — s > 7, we have

e iSO < gmmit=s),

Then it is enough to observe that for any v € IR there exists M = M(f,~) such that for all
t>s>sg (or s <t<tgrespectively) and t — s < 7, we have
o S FW A < et < prens)
for
ellf~lleoT ify>0
e(Hffnoo—W)T ify<0.

M(frv)={

Then we take y =m. =

As we will see below the classes C*(m) and C~(m) will play an important role in the results
of the next sections.

3 Exponential type, principal spectrum and positive solutions

One crucial property of (2.1) that has not been exploited in the previous section is the order
preserving property. Thus, in this section we take advantage of this property and relate the
exponential type with the behavior of positive solutions.

Lemma 3.1 i) Ifug > 0 then Uc(t, s)ug > 0 and is strictly positive in Q, fort > s. Additionally
for every ug € L1(Q) we have |Uc(t, s)up| < Uc(t, s)|ugl.
In particular, positive functions grow at the mazimum rate, i.e. ﬂoi(C) is the best exponent
in the inequality
U (¢, 8)uoll paga) < M’ ug|| Lo

for all 0 < wug € LYQ) and for allt > s > sg or s <t < tg, respectively.
i1) Assume that for allt > s > sg or s <t < ty, we have

Cy(t,x) < Cy(t, ).

11



Then
By (Ch) < By (Ca)

i11) In particular, assume that for either allt > sy ort < to we have
Co(z) <C(t,z) or C(t,x) <Ci(x)
for every x € Q and for some C; € LP(Q) for some p > N/2,i=1,2. Then
—A\(Co) < By (C) or Fy(C) < —=Mi(Ch),
respectively, where A\1(C;) is the first eigenvalue of the problem

—Au—Ci(x)u = Au in Q
Bu = 0 on 0.

Proof. For i) we just refer to [10]. Just observe that Uc(t, s)ug > 0 and is strictly positive in 2,
for t > s, as a consequence of the maximum principle. This in particular implies, since Uc(t, s)
is order preserving, that |Uc(t, s)ug| < Uc(t, s)|ug| and the rest is easy.

For ii) note that from comparison, we have for ug > 0, t > s and s > sg or t < ty

Uc, (t, s)ug < Ug, (t, s)uo

and the result follows from i).
For iii) note that we have again, for ug >0, ¢ > s and s > sg or t < ¢y

Uc(t, s)ug > Ugy(t, s)ug = Sy, (t — s)ug > 0

or
Uc(t, s)ug < Ug, (t, s)ug = Sy (t — s)up

where S¢; (t) denotes the semigroup associated to the autonomous linear equation

z2— Az = Ci(x)z, inQ
Bz = 0 on 0f.

Then the result follows easily from ii) and (1.4). m

The next result states that we can obtain some estimates on the norms ||Uc(t, s)| £(za(q))
for t > s > sg by observing the forwards behavior of a particular positive solution.

Lemma 3.2
i) If there exists ug € L1(2), ug > 0 a.e. in Q, and a § € IR, such that

u(t, s0;u0)lLan) < MePt=s0) for all t> sg (3.1)
then for some positive constant Mi(s) we have
1Uc(t, 8) || c(ray) < Mi(s)e® ™9, forall t>s> s
ii) If there exists ug € L4(Q) and 3 € IR, m > 0, such that

me? 1790) < Jlu(t, s0;u0) || Lagy, for all t > sg

12



then
|Uc(t, $)|l czagy) = Mo(s)e® =2, for all t> s> s

with My(s) = m%.
i11) Therefore, if
mef (t=s0) < Ju(t, 505 u0) || o) < MeBt=s0), forall t> sg
with 3 < 8, then
Mo (s)e? =9 < ||Ua(t, $)lz(ac)) < M (s)e?t=9), forall t>s> s
for My(s) = %e_(ﬂ_ﬂ/)(s_s‘)) and some positive constant Mi(s).

Proof. For i), observe first that we can always assume that (3.1) is satisfied for every t > s > s.
For this define w(s) = e #(5=%0)u(s, s9;u0). Then lw(s)| ey < M and

lu(t, 53 w(8))|| oy < MU,

Also w(s) € L1(2), w(s) > 0 a.e. in .
Now, fix s > sg and take any t > s > sp and consider an initial data vy € LI(2), such that
there exists A = A(s,vg) such that |vg| < Aw(s). Then

e Pt s)uo| < Ae™ XU (1, s)u(s).
Thus
||e_ﬁ(t_5)UC(t, s)vollLaco) < A(s,v0) M, for any ¢t > s.

Now observe that the set
C(s) ={v, IA>0, |v(z)] < w(s,z) a.e. x € N}

is dense in L9(Q2) since w(s) > 0 a.e. in €2, see Lemma 3.3 below.

Hence, T'(t,s) = e_ﬁ(t_s)Uc(t, s), for t > s > sp, is pointwise bounded in a dense subset of
L%(Q) and hence, the upper bound follows from the Uniform Boundedness Principle.
ii) Just note that [lu(t, so; uo)|lLe(0) > me? (5=50)e8'(t=5) and also

u(t, s0;u0)l|Laa) = IUc(t, s)u(s, so; uo)llLa) < [[Uc(t, s)lzcra)lluls, s0;uo)ll Laq)-
Hence, the lower bound follows and iii) is obvious. m
Now we prove the Lemma used above.
Lemma 3.3 Let Q C IRYN bounded, 1 < q < oo and 0 < ug € LI(Q) in Q. Then they are
equivalent

i) The set
C=A{v, IA>0, |v(x)] < Aup(x) a.e. x € Q}

is dense in L1(Q2).
it) up > 0 a.e. in 2.
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Proof. i) = ii) Assume Ay = {z € Q, ug(x) = 0} has positive measure. Define ¢ = X4, €
L9 (Q) and then

/qbv:O for all v eC.

Q

Thus C is not dense, which is absurd.

ii) = i) Denote A. = {z € Q, ug(x) < e}, for ¢ > 0. This is a decreasing family of sets with

intersection Ag. Thus their measure converge to zero. Now if v € L((2) then v. = vXq\ 4,

converges to v in L(Q). Now, with fixed e, we truncate v. at height R > 0, that is, vft =
Ve if |U5| < R, R R . . R R . q

{R if o> R Thus [v;*] < Zug in €, that is v;* € C and v;* — v. in LY(Q), as R — oo,

Therefore C is dense in LI(2). =

In order to get constants My, M7 independent of s in Lemma 3.2 above, we will need some
additional properties of the solutions. For this we recall the following definition introduced in
[11].

Definition 3.4 A positive function z(t,-) with values in X = L1(Q), 1 < ¢ < oo or X = C(Q),
is non—degenerate (ND) at oo (respectively —oc) if there exists to € IR such that z is defined in
[to,00) (respectively (—oo,tg]) and there exists a C*(Q) function ¢o(x) > 0 in Q, (vanishing on
00) in case of Dirichlet boundary conditions), such that

2(t,z) > po(x) forall t>ty
(respectively for all t < ty).
With this, we have the following improvement of Lemma 3.2.
Lemma 3.5 If there exists ug € L1(Q), up > 0 a.e. in Q, and a § € IR, such that
[u(t, 503 u0) || pag) < M50 forall t> s

and e_ﬁ(t_SO)u(t, s0;ug) is nondegenerate, then for all s > sy and for all nontrivial vy > 0,
e PU=5)y(t, s;v0) is nondegenerate, for t > s+ 1. Moreover,

Moe ™) < Ut 8)lleqroey < Mie® ™), forall > s> s

for some My, My independent of t > s > sg.
In particular the exponential type satisfies

By (C)=p and has defect v =0 at oo.
Proof. Let s > sop and vp > 0 and observe that for ¢ > s+ 1 we have u(t, s;v9) = Uc(t, s)vg =
Uc(t,s + 1)Uc(s +1,8)vg and wg = Uc(s + 1, s)vg € CE(R) is positive in . Then there exists
0 = d(s,vg) > 0 such that wg > du(s + 1, sp; up) and then
u(t, s;v0) = Up(t, s + Dwo > dUc(t, s + u(s + 1, s0; uo) = dult, so; ug) > e E=9)efls750) 5.

Thus,
e_B(t_S)u(t, s;v0) > 56/3(8—80)(’00
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and it is nondegenerate.
On the other hand notice that by assumption we have w(s) = e~ #(5=50)y(s, s0;ug) > o as
in Definition 3.4. In particular, this solution satisfies the assumptions of point iv) Lemma 3.2
with 3" = 3. Hence, the lower bound on [|Uc(t, )|l (Le(q)), With Mo independent of s, follows.
For the upper bound we proceed as in the proof of point ii) in Lemma 3.2. In fact now
for every t > s > s consider an initial data vy € L4(f2), such that there exists A = A(vp),
independent of s, such that |vg| < Agp. Then

eIt syuo| < AT IV (1, s)us).
Thus
||e*ﬁ(t*S)Uc(t, s)vollLa() < A(vo) M, for any ¢t > s.

Now the set
C={v, IN>0, [v(x)] < Apo(x) a.e. x € N}

is dense in L9(£2), see Lemma 3.3. Hence the result follows again from the Uniform Boundedness
Principle on the family of operators T'(¢, s) = e_ﬁ(t_s)Uc(t, s), for t > s > sq.
The rest follows easily. =

On the other hand, in order to get some estimates on the norms |Uc(t,s)|lz(za(q)) for
s < t < tg, for sufficiently negative tg, we will rely on the concept of complete trajectory as
follows.

Definition 3.6 A complete solution of (2.1) is a solution defined for all times, in the sense that

it is a continuous function z(t,z) with values in X = LI1(2), 1 < ¢ < o0 or X = C(Q), such
that for each s € IR the solution of (2.1) with initial data ug(z) = z(x, s) is given by z(t,x) for
each t > s. In other words, for every s € IR and t > s we have

z(t) = Uc(t, s)z(s).

When C(t,z) is smooth, [7], [6], or at least bounded, [5], then (1.1) has a unique (up to
multiple) global positive solution, vc(t). Note that we are unaware of such results for the case
of nonsmooth-in-space potentials C € C?(IR,LP(Q)), with 0 < # < 1 and some p > N/2,
considered in this paper.

Thus, if complete positive solutions exist, we have the following

Lemma 3.7 i) Assume there exists a complete positive solution such that
12(t) || Loy < MeP,  forall t <t

and for some (3 > (3
e Pzt x) is nondegenerate at — oco.

Then for every t <ty and s <t we have

Mo(t)eP=2) < ||Uc(t, )|z < Mi(t)e® =), forall s<t<tg

with My(t) = ”%HTLqm)eW*ﬁ)t and M, (t) = Mye= =B for certain positive constant M.
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it) In particular, assume that (2.1) has a complete positive solution, z(t,x), such that fort < tg,
e Pla(t,x) is bounded and nondegenerate at  — co.
Then for each s <t <ty we have
Mo (to)e" =) < [[Uc(t, 8)ll 2zay) < Mi(to)e”—*)

Hence
By (C) =B, with defect v =0 at —oc.

Proof. First note that for each ug € C*(), vanishing on 99, there exists A = A(ug) such that
lup(x)| < Apo(x) in Q, where g is as in Definition 3.4. Then by comparison, we have for each
s<t<tp

U (t, s)uo(z)| < AUc(t, s)po(z) < AUc(t, s)e 7 *2(s)(z) = Ae P 2(t, x)

and then
le”5Uc(t, s)uollpa(ay < Allz(t) || Lag) < AMe™.

Hence, 75U (t, s) is pointwise bounded in a dense subset of L?(£2) and hence, from the Uniform
Boundedness Principle we get the upper bound on €% ||Ug(t, $)|lz(ray < Mie, independent
of t,s. Now we rewrite this estimate as

e UL, 8) || cipagy) < Mie™ @A = My (t)

for s <t and we get the upper bound in the statement.
On the other hand, note that

26| Laey = 1Uc(t, 8)2(s) || agey < 1Uc(t, )l 2oy 2(s) | ooy < MeP*|Uc(t, 9)l| £(ragoy)-

Thus,
lpoll a0 et _
1Uc(t, )l cpa)) = T(ﬁs) = Mo(t)e’" =),
Hence, the result follows.
The second part follows using 3= /'. =

As mentioned in the previous section, the exponential type is related to the principal spec-
trum. On the other hand, as shown above, the exponential type is also related to the behavior
of positive solutions. In fact, when C(¢,z) is smooth, [7], [6], or at least bounded,[8], [5], then
(1.1) has a unique (up to multiple) global positive solution, v (t). Moreover, for every s € IR
and t > s, any solution of (2.1) can be split in a unique way

u(t, s;u0) = ave(t) + w(t, s;wo)

with ug = ave(s) + wo, @ € IR and w(t, s;ug) is a sign changing solution of (2.1).
Furthermore there is exponential separation of non positive solutions in the sense that for
any sign changing solution of (2.1), we have, for any s € IR and ¢t > s

lwt, s;uo)llx _ pe —ot—s) _Ilwollx
loe@®lx  — lve ()l x
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with X = L*(Q), for some K > 0 and o > 0.
From here one easily gets that the exponential type is that of this particular global positive
solution, i.e.
In [Jve (tn)ll La) — In llve(sn)ll La@)
tn — Sn

Bo(C) = limsup

where the limsup is taken on all sequences t,, — s, — 00. Moreover, if we restrict the sequences
above to satisfy s, > sg or t, <ty we get the exponential types at +oo, ﬁoi(C’).

As mentioned above, we are unaware of analogous results for the case of nonsmooth-in-space
potentials C' € CY(IR, LP(2)), with 0 < # < 1 and some p > N/2, considered in this paper.

4 Effectively changing the exponential type

In this section our goal is to give sufficient conditions on some perturbations of (2.1) to ensure
that exponential type of the resulting evolution operator is actually modified.

Note that these results allows to quantitatively estimate the sizes of the “favorable” and
“defavorable” parts allowed in the perturbation term. Also, observe that we can assume with-
out loss of generality that all evolution operators considered below satisfy (2.2) with the same
constants L and 9.

Before going further, note that if the perturbation is a multiple of the identity, then

Uc—a(t,s) = e D U4(t, 5)
and hence
By (C —a) = 5 (C) — o
In particular we prove the following result which complements and somehow improves Propo-

sition 4.4 in [9)].

Theorem 4.1 Let 19 > —oo and denote J = (19,00). Assume that U = U is the evolution
operator defined by the solutions of (2.1) as above and satisfies (2.3), that is

1Uc(t, 8) || ceray) < M(B)e” = for all t> s> (4.1)

for some 8 € IR and a constant M(3) > 0.
Assume that P € C9(J,LP(Q)) with 0 < § < 1 and some p > N/2, is a given time-dependent
perturbation of C(t,z). Assume there exists a decomposition

P(t,x) = P(t,x) — PX(t,x), P'ecC’J,LP(Q), i=1,2
such that for all x € Q and t > 79,
P2(t,x) > aft)

for some continuous and bounded function such that there exists T > 0, such that for allt,s € J
witht —s> 71
1

t—s

t
/ a(r)dr > agp

and ag € IR. Also, assume
Pl e L7(J, LP(Q)).
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Then,
i) Ifo =1 and p = oo,

1Ucsp(t,8)ll ceraqy < M(B)eP=®)=9) ¢ > 5> 7, (4.2)

i) If1 <o < oo andp > NT”/ then for every € > 0, there exists so(e) with so(e) — 0o as e — 0,
such that

[Uctp(t, )l oipay) < 2M(B)elP-w0r2E=s), (4.3)
fort > s> sg(e).
If 19 = —o0 then, additionally, for every e > 0, there exists ty(e) with to(e) — —o0 ase — 0
such that
[Ucsp(t,8)|l c(ragy < 2M (B)elPmror2e)izs), (4.4)

forto(e) >t > s.
i11) If o = 00 and p > % then for every e > 0,

1Ucsp(t, 8) || c(ragy < M(B)c(p, N)elPmaotu@t=s) " ¢ > s > 5 (4.5)

where p(e) = 8—1—(M(g,ﬁ)l“(l—oz)HPlHLoo(J,Lp(Q)))i with M(g,3) as in (2.6),0 < a = 2—1\; <1
and some constant c(p, N).

Proof. We consider solutions of (2.1) in L(Q2), 1 < ¢ < oo to be chosen below.
First we have, by the variation of constants formula, that for every ug € L4(£2) the solution
u(t, s,up) = Ugyp1(t, s)up satisfies for ¢ > s > 7,

t
ult, s;u0) = Uc(t, s)uo + / Uo(t, ) P (7)u(r, s uo) dr-

Using this, we chose ¢ such that p > ¢/. Then the term P! (7)u(7, s;ug) can be estimated, us-
ing Hélder’s inequality, in L"(Q) with 1 = %—f—%. Thus, denoting z(t) = e~ (B+)(E=9) ||y (¢, 5 ;10) [l a(e)
and a(1) = M(e, 3)||P*(7) || 1r(02), With M (e, 8) as in (2.6) (or M(O,ﬂ) = M(pB) if € = 0, that is,
for 0 =1 and p = o0), we get, for t > s > 719, from (4.1) and (2.6)

)ﬂZ(T) dr.
s t_T)Qp

z(t) < M(B)l|uollpa() +

Using the singular Gronwall Lemma below, Lemma 4.11 and Corollary 4.12, with o = 2% <1

and A = M(B)lluoll oy we get,
lu(t, 5,u0) || Loty < M(B)e”" ™ |uol| oy, ¢ > s> 70 (4.6)

if o =1 and p = oo (and a = 0). Also, we get
lu(t, s, u0) | Lagy < 2M (8)e+29U=) Jlug| oo (4.7)

ifl<o<ooandp> N?", for t > s > sg(e) with so(e) — 0o as € — 0. Additionally, if 1) = —oco
we get (4.7) for to(e) > t > s with tg(¢) — —oo as € — 0. Finally

lu(t, 5,u0)l| ooy < M(B)e(@)el PN fug| L), ¢ 25> (4.8)
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1
where p(e) = e+ (M (e, 5)T'(1 — a)HPluLoo((&oo)’Lp(Q)))1_a’ if o =00 and p > %
Now, we prove that for ¢t > s > 13, we have

1Ucp(t,8)| o)) < Moe | Upy pi(t, )| o)) (4.9)

for some constant My = My(a, ag).

To see this, note first that if ug > 0 then Ucy p(¢, s)ug > 0 which implies that Uy p(t, s)ug| <
Ucyp(t,s)|ug|. Therefore it is enough to prove the claim for non-negative initial data. In such
a case, let u(t, s;up) = Ucyp(t, s)ug > 0 then, since P?(t,z) > a(t), we have for t > s

Bu =0

{ ur — Au = C(t,x)u+ PH(t,x)u — P%(t,z)u < O(t,z)u + PL(t,x)u — a(t)u
u(s) = wp.

t
Now let 0 < v(t,z) = u(t, s; uo)efs am)dr which satisfies

Bu=0 (4.10)

v(s) = wuo.

{vt — Av < C(t,x)v+ Pl(t,z)v, t>s
Hence, see [10], for t > s > 719

0< 'U(t,.%‘) < UC+P1 (tv S)UO

and then (4.9) follows from the assumption on a(-) see v) in Lemma 2.8.
The result then follows from (4.6), (4.7), (4.8) and (4.9). m

Observe that we do not assume in Theorem 4.1 above any sign on ag. However, as we are
interested in giving conditions on P(t,z) such that the exponent in (4.2), (4.3), (4.4) and (4.5)
is less than 3, we have the following results. Note that the results below only make use of the
asymptotic properties of the perturbations as ¢ — 4+oo. Also note that we will use the classes
C*(m) as in Lemma 2.8.

Corollary 4.2 Assume that U = Ug is the evolution operator defined by the solutions of (2.1)
as above and satisfies for some sg € IR,

1Uc(t, 8) || ceray < M(B)e? =9 for all t> s> s

for some 8 € IR and a constant M(3) > 0.
Assume that P € CO(IR, LP(Q)) with 0 < @ < 1 and some p > N/2, is a given time-dependent
perturbation of C. Assume there exists a decomposition

P(t,z) = P'(t,z) — P*(t,z), P'ec CY(R,LP(Q)), i=1,2
such that for all x € Q and t > sq
P%(t,z) > a(t) with a € CT(ao).

satisfying,
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Also, assume that
P! € L7((s0,00), LP(Q))

for some o,p, such that either c =1 and p =00, or 1 < o < o0 and p > NT"/, or o = oo and
p> N/2.
Then, for some sufficiently large té > s0, the perturbed evolution operator satisfies

1Uctp(t, )l c(ragay < M'e? =), (4.11)
fort>s> tsr, with
g < B,
provided that
i)ifo=1andp= o0
ag >0

and in such a case M' = M(3)My(a,ag), for certain constant Moy(a,ag), or
Ly No’
i) if 1 <o < oo and p > ~5-
ag >0
and in such a case M' = 2M () My(a, agp), or
i) if o = o0 and p > %,
ap > ag(limsup H.Pl(t)HLp(Q)) >0 (4.12)

t—o0

where the continuous functions a§(s) is given by

) = {0 o BUZEET
0 1+ cosT-a, if s> s*

where o = % < 1 and all positive constants cy,c1,co,s* depend on N,p, 0, L as in (2.2), 5 and
M(B). In such a case M' = M(B)c(p, N)My(a, ag) with My(a,ag) and c¢(p, N) as in Theorem
41

Proof. First note that, as in (4.9),
1Ucp(t, 8) zag)) < Moe | Upy pi(t, )| o)) (4.13)

for sufficiently large ¢t > s > tar and some constant My = My(a, ag), since a € CT(agp), see v) in
Lemma 2.8.
Now, if 0 = 1 and p = oo, we get from i) in Theorem 4.1 we get

1Ucipr(t, 8l ceraqay < M(B)eU9, ¢ > s> tf

and, with (4.13), we get case i) above.
Ifl<o<ooandp> NT”/ then from ii) in Theorem 4.1 we have that for every € > 0, there
exists so(e) with so(e) — 0o as € — 0, such that

[Ucypr(t,8) |l 2(ragy < 2M(B)ePT20)(=),

for t > s > so(e) and, with (4.13), we get case ii).
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For ¢ = 0o note that from iii) in Theorem 4.1 and taking J = (t7, 00) for tJ large enough,
we get that for every € > 0, as in (4.5)

1Uc p1 (£ )| cqpacy < M(B)elp, N)eBHEOE0) 4> > 4 (4.14)

where u(e) = e+ (M(e, 5)I'(1 — a) limsup,_, ||P1(15)|]Lp(9))ﬁ with M (e, 3) as in (2.6) and
a:%<1, that is

- g [ (2)% @ if0<e<e =2
M(e, B) = K(B)e {1 ife>eo=2

where K () = Le® max{1, M(3)e ?}.
Hence setting LS(P') = limsup, ., |[P*(t)||1r(q), for some constants Ag, A; that depend
only on N,p, d§, L as in (2.2), § and M(() we have

Iu(g)_{5+AOLS(Pl)11%1_(L if0<e<eq
- 1 .
e+ ALS(PYHT—= if e >

Thus ©(0) = p(oo0) = 0.

But the function h(e) = ¢ + AOLS(Pl)ﬁE% has a unique minimum at e = BoLS(P?),
and h(e1) = B1LS(P?') for some constants By, By that depend only on N,p, 6, L as in (2.2), 3
and M (3). Therefore, using (4.14) and (4.13), comparing ¢y and &1, minimizing p(e) and setting
ag > infr.~ oy p(e) leads to (4.12).

In all the cases, (4.13) leads to (4.11). =

Analogously, for sufficiently negative time, we have

Corollary 4.3 Assume that U = Ug is the evolution operator defined by the solutions of (2.1)
as above and satisfies for some ty € IR,

1Uc(t, )| c(rany < M(B)e?=2) forall to>1t>s (4.15)

for some 8 € IR and a constant M(3) > 0.
Assume that P € CO(IR, LP(Q)) with 0 < @ < 1 and some p > N/2, is a given time-dependent
perturbation of C. Assume there exists a decomposition

P(t,x) = P'(t,z) — P?(t,z), P'e CY(R,LP(Q)), i=1,2
such that for all x € Q and tg >t
P%(t,x) > a(t) with a € C (ao).

Also, assume that
P! € L7((—o0,tg), LP(Q))

for some o,p, such that either c =1 and p =00, or 1 < o < o0 and p > NT"/, or o = 0o and
p> N/2.
Then, for some sufficiently negative t, < to, the perturbed evolution operator satisfies

|Uc+p(t, 8) |l cpagy < M'e? =), (4.16)
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forty >t > s, with

B < B,
provided that
i)ifo=1andp= o0

ag >0

and in such a case M' = M(8)My(a, ag), for certain constant My(a,ag), or
.. . N /
i) if 1 <o < oo and p > ~3-

ag >0

and in such a case M' = 2M (8)My(a, agp), or
iii) if o = 0o and p > & X
ap > ag(limsup || P*(t)| zr()) > 0 (4.17)
t——o00

where the continuous functions a§(s) is given by

e [ cos, if0<s<s*
ag S)_ % . *
1+ cosT-o, ifs>s

respectively, where o = % < 1 and all positive constants cy, c1,c2,s* depend on N,p, §,L as in
(2.2), B and M(B). In such a case M' = M(B)c(p, N)Mo(a,ag) with My(a,ap) and c(p, N) as
in Theorem 4.1.

Proof. First, note that (4.13) can be obtained in the same way as in Corollary 4.3 for sufficiently
negative t, and t; >t > s.

Now observe that we can redefine C(t,z) for t > ¢, in such a way that the corresponding
evolution operator satisfy (4.15) for all ¢ > s > —o0. Also we can redefine P(t,x) for t > t; in
such a way that (4.13) holds for all t > s > —co and P! € L7(IR, L?(Q)). Even more we can
always assume that ||P!|| o (g 1)) < (1 +(5)HPlHLa((ioo’ta),L,,(Q)) for any § > 0,if 1 < o < o0,

or [P oo, z0(0)) = 1P| oo ((—oo ), L0(02))-
Thus, we can apply Theorem 4.1 to get at once (4.16) in cases i) and ii). For case iii) note
that indeed by taking ¢, very negative we get in (4.5),

ule) == + (M(2. AP — o) lmsup | P (1) o))

with M(g,3) as in (2.6) and o = % < 1. Minimizing in €, as in Corollary 4.2 we get (4.17). =

Note that the estimates in Theorem 4.1 and Corollaries 4.2 and 4.3 above, give a quantitative
estimate on the admissible sizes of the favorable and defavorable parts of the perturbation P2
and P!, respectively, for which one can ensure that a given exponent for an evolution operator
is effectively modified.

In the previous results we have considered the question of decreasing the given exponent of
the evolution operator Uc(t, s) in (4.1). As we shall see, if we pose the same question about the
optimal of such exponents, that is, the exponential type of the evolution operator (see Definition
2.2), some times a higher price must be payed, as the optimal constant (which gets involved in
the computations of the perturbation) may get worse as one is closer to the exponential type,
that is when 8 = (p(C) 4+ €. This is expressed in the next results where we will assume below
that the evolution operator Uq(t, s) has a “defect v > 0”7 as in Definition 2.3.
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Theorem 4.4 Assume that U = U¢ is the evolution operator defined by the solutions of (2.1)
as above and has defect v > 0 at 0o, as in Definition 2.5.

Assume that P € C°(IR, LP(Q)) with 0 < § < 1 and some p > N/2, is a given time—dependent
perturbation of C(t,z). Assume there exists a decomposition

P(t,x) = PY(t,z) — P*(t,z), P'e CY(R,LP(Q)), i=1,2
such that for all x € Q and sufficiently large sg and t > sg
P%(t,z) > a(t) with a€C"(ag), ap > 0.
Then, for some sufficiently large tg € IR, the perturbed evolution operator satisfies

Uc+p(t 8) | £(raay < M'e” ), (4.18)

fort>s ZtS’, with
8 < By (0),

provided that either
i) P € LY((sp,0), L%°()) or P! € L7((sg,0), LP(R)), with 1 < 0 < oo and p > NT"/, and in

such a case a
M <2Dy((77) 77 + 1)

where Dy is as in Definition 2.3, or
i) if Pt € L>®((sq,00), LP(Q)) with p > %, and

ag > A§(limsup [P ()| zr(e)) > 0 (4.19)
t—o0
where the continuous function A§(s) is given by

1 ,
AS(s) = oSt ) if0<s<s*
1+ cosT-a, if s> s*

and in such a case
Norr g 1 *
M < d boLS(P)+1, if 0 < LS(PY) <
| by, if LS(P1) > s*
where LS(P') = limsup, ., [|P'(t)| o) and all positive constants co,c1,bo, b1, s* depend on
N,p,d,L, 35 (C),v and Dy and o = N/2p < 1.
In particular, in all the cases above, we have

By (C+ P) < B3 (C).

Proof. We proceed as in Theorem 4.1 and Corollary 4.2 with § = (o(C) + € and M () <
Do(e™7 + 1) to obtain (4.2), (4.3) and (4.5) for t > s > t{, according to the cases for P(t,z).
Then (4.18) for the cases in i) follows by taking 0 < 2¢ < ag, e.g. € = 4. In these cases,
from (4.2), (4.3) we have M’ < 2M(f).
For case ii) note that we have in (4.5), u(e) = 2e+ (M (e, ﬁ)F(l—a)LS(Pl))ﬁ with M (g, 5)

as in (2.6) and a = % < 1. Thus, according to (2.6) and Definition 2.3, we have

Bye7™® if0<e<ey=2
M < . .
(E’ﬁ)_{Bl if e >e 0
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for some constants By, By that depend on ¢, L as in (2.2) and Dy. Hence

o) < { 9% + AgLS(P")Tae T if 0 < & < &
= 1 .

2¢ + AgLS(P1)T-= ife>eg
and p(0) = pu(oco) = 0o, for some constant Ay that depends on d, L and Dy. )

1 —Y—«
But the function h(e) = 26+ Ao LS(P!)T-a¢ = has a unique minimum at £, = By LS(PY)7+1,
1

and h(e1) = B3LS(P')7+1, for some constants B, Bs that depend on §, L and Dy. Therefore,
setting

ap > inf pu(e) =

p(er) = h(er) if 1 < eg
{e>0}

p(€0) = 2e0 + AOLS(Pl)i if e1 > &g

leads to (4.19).
Also, in this case, from (4.5), we have M' < M (5y(C) +¢)c(p, N) < Mo(e™7 +1)c(p, N) and
then taking e = ¢ if 61 < gg or € = ¢gq if €1 > g9, we get the result. m

Analogously, we have

Theorem 4.5 Assume that U = Ug is the evolution operator defined by the solutions of (2.1)
as above and has defect v > 0 at —oo, as in Definition 2.3.

Assume that P € C?(IR, LP(Q)) with 0 < 0 < 1 and some p > N/2, is a given time-dependent
perturbation of C(t,z). Assume there exists a decomposition

P(t,z) = Pl(t,z) — P*(t,z), P'e C’(R,LP(Q)), i=1,2
such that for all x € Q and sufficiently negative ty and tg >t
P%(t,z) > a(t) with a€C (ag), ag > 0.
Then, for some sufficiently negative t, € IR, the perturbed evolution operator satisfies
|Ucsp(t, )l ceraqay < M'e? =),

forty >t > s, with
3 < By (O),
provided that either
i) Pt € L1((—00,80), L®()) or P! € L7((—00,5s0), LP(Q)), with 1 < 0 < 0o and p > NT"', and
i such a case
M’ < 2Do(()7 +1)

where Dy is as in Definition 2.3, or
i) if Pt € L>®((—o0, s0), LP(R)) with p > &, and

a0 > A1 s | () 15(0y) > 0
——00
where the continuous function A§(s) is given by

1
L , .
A5(s) = coswr,L if0<s<s
1+ cosT-o, jf s> s*
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and in such a case
.
M < d boLS(PY)+T, if 0 < LS(P') < s*
b, if LS(P1) > s*
where LS(P') = limsup,_, . || P! ()|l r(q) and all positive constants co, c1,bo,b1,s* depend on
N,p, 6,L as in (2.2), B, (C),y and Dy and o = N/2p < 1.
In particular, in all the cases above, we have

By (C+ P) < By (C).

Remark 4.6

i) Observe that we get no information on the defect of the perturbed evolution operator.

i1) All the results above are written in terms of decreasing the exponential type. On the other
hand, assume that a given time dependent perturbation P(t,x) is such that the defect of Ucyp(t, s)
at +00 is v and that we can decompose —P(t,x) = P (t,x) — P%(t,x) such that P'(t,x) satisfy
the assumptions in either Theorem 4.4 or 4.5. Then we have, respectively

By (C) < By (C + P).

iii) On the other hand, note that with Theorem 4.1 it is easy to obtain, taking P?(t,x) = 0, that

if
P e LO(IR, LP(Q)).

witho=1andp=00 orl <o < andp>NT"l, then
By (C £ P) = 55 (C).

In other words, perturbations which are not sustained at 0o do not change the exponential type
of an evolution operator.

Now we illustrate the scope of our results with the following two examples in which we apply
Theorems 4.4 or 4.5. The first one allows to improve the conclusions of [11, Propositions 2, ii)],
for t — —oo and [11, Proposition 4, ii)], for ¢ — co. In fact in that reference only convergence
to zero of solutions of (2.1) as t — +oo was obtained, for fixed initial data; here exponential
convergence is obtained in operator norm.

Proposition 4.7 Assume that U = Ug is the evolution operator defined by the solutions of
(2.1) as above and has defect v > 0 at £oo, as in Definition 2.5.

Assume also that P € CO(IR, LP(Q)) with 0 < 6 < 1 and some p > N/2, is a given time—
dependent perturbation of C(t,x) that for t > sg, ort < ty, respectively, satisfies

P(t,z) < —p(x), 0<¢eLP(Q2), p>N/2
and assume for 0 < a sufficiently small we have
p{zx e Q, 0 < p(z) <a}) < Ka”
with = >~ and K > 0. Then, we have
By (C+ P) < 3y (O),

respectively.
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Proof. Observe first that for any initial data, we have,
|Uc+p(t, s)uol < Ucp(t, s)|uo| < Uc—yp(t, s)|uol
and from here
By (C+P) < G5 (C o).
Now take
p(x) = () — ¢ (x)

with
w5 (x) = max{p(r),a} = a >0
and then 0 < ¢f(z) < a with
1 v
o810y < KalTH7.
Then the result follows from Theorem 4.4 or 4.5 respectively, taking Pl(t,z) = ¢$(x) and
P%(t,7) = p%(x) and ag = a > 0 small, provided (1 + %)ﬁ >l ie 2>7. =

Remark 4.8 Note that Theorems 4.4 or 4.5 also give that the constant for the perturbed evo-

. . 1412y =2
lution operator is of order )T

For example, if ¢ is a C'(Q) with nonzero gradient at the points it vanishes, the above is
satisfied with v = 1. More generally, if ¢ is a C?(Q), with no “flat” parts where it vanishes,
then typically v = %. Note that in particular, in any case, ¢(x) > 0 a.e. in  is required.

The next example is a time dependent variant of the one above. Observe that we remove
the sign assumption above on the perturbation and allow very large bad perturbations in small
time—wandering sets in 2. More precisely we have

Proposition 4.9 With the notations in Proposition 4.7, assume that for t > so or for t < tg,
respectively, we have for 0 < a(t) sufficiently small,

p({x € Q, P(t,z) > —a(t)}) < Kpa(t)”

with vg > 0, Ko > 0 and
sup P(t,z) < Kja(t)™
Q

with v1 > 0. Furthermore, assume that if K1 =0 then % > v, while if K1 > 0 then
Y
U v+ 14,
p

where v > 0 is the defect of the evolution operator Uc(t,s) at 0o respectively.
Then, if limy_ 10 a(t) = ag > 0 is sufficiently small,

B (C+P) < (0,

respectively.
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Proof. We decompose P = P! — P2 where —P?(t,z) = min{P(t,2), —a(t)}. Then P?(t,z) >
a(t) and

1 1
1P (¢ )HZZ(IQ (Kra(t)™ + a(t)) 71 (Koa(t)"0) 770

with C7 > 0. Then the result follows from Theorem 4.4 or 4.5, respectively, since in either case
for K the leading term in the estimate above has exponent greater than 1 and a(t) is small.
Also note that a € C*(%). =

Remark 4.10 Note that Theorems 4.4 or 4.5 also give that the constant for the perturbed

— it -
evolution operator is of order (Kiag™ + ag)7+1 (Koag’)?0+0 .

We now state the singular Gronwall lemma used above. Note that a very similar result was
proved in Lemma 4.5 in [9] and the present one follows from that proof. Here we pay detailed
attention to the dependence of the constants involved. As the proof is short we include it for
the reader’s convenience.

Lemma 4.11 A singular Gronwall lemma
Assume that a € L7((10,00)) N LS. (19, 00) with 1 < o < 00, 79 > —o0 and that z(t) > 0 is a
locally bounded function that for t > s > 1y satisfies

A(8) < Ma(s) + / t (t‘@)az(f) dr (4.20)

with ao’ < 1. Then
i) Ifo =1 (and o =0), we have fort > s >

0<z(t) < Mz(s).

it) If 1 < 0 < 0o and ac’ < 1, for every v > 0 there exists so > 7o such that if (4.20) holds for
t> s> sy then
0<z(t) <2M%2(s), t>5> s,

and sop = so(y) — o0 as v — 0.
If 19 = —o00, for every v > 0 there exists tg such that if (4.20) holds for to >t > s then

0< 2(t) <2M 9 z(s), to>1t> s,

and tg = to(y) — —o0 as vy — 0.
1) If o = 00 and 0 < a < 1 then we have fort > s > 1

0 < 2(t) < M(a)e" =) z(s)

with v = ~y(a, s, @) = (||l oo (s,00) (1 = a))l/(l_a) and M(«) depends only on M and o but not
on the function a(-) or s or vy or 7.

Proof. Note that the case ¢ = 1, @ = 0 reduces to the usual Gronwall lemma and then
t
2(t) < Mz(s)efs o) 4™ and the result is obvious.
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On the other hand the case ¢ = co and 0 < « < 1 is a particular case of the singular Gronwall
lemma in Henry [3, Lemma 7.1.1, page 188] which gives v = (|[a|| o0 (5,00)I (1 — a))l/(l_o‘) and
M (o)) = Mc(a) for certain constant c(«).

Therefore, we will consider now the case 1 < o < co and ao’ < 1. Note that in this case we
can take so large enough such that [|a[[ 1+ (s),0c) 15 as small as we want. Also, from (4.20) we get
that for s < s <t < s+ 7T we have, denoting w(s,T) = sup,<,<s,7 2(7) and using Hélder’s
inequality o

z(t)

IN

t 1 1/o’
M(s) (s, D) ol (| G—yamr @)
< Mz(s)+w(s, T)d(so,T)

where we have set 0(s0, 1) = ||al| 1o (s,,00)C (v, o')T'/7' = for some constant C(«,o”).
Now, given sg, choose T' such that

5(50.T) = [l o sp.00) Cl, 0" )TV = = 1/2. (1.21)
Taking the supremum for s <t < s+ T we get
z(t) <w(s) <2Mz(s) forall s<t<s+T.

Writing s; = s 4+ 1" and repeating the process and the estimate above we get a sequence
Sp, = s+ nT such that

z(t) < (2M)"z(s), forall s+ (n—1)T<t<s+nT.
From here it follows that

In(2M)

tla(s) =2Me 17 9z(s), forall t>s> s.

2(t) < (2M)'T
Now given v > 0 we choose T such that v = % and s large enough, such that (4.21) is
satisfied and we get the first part of the result. In particular sy = so(y) — 0o as v — 0.
If 79 = —o0, we slightly change the argument above and proceed “backwards”. Take ty such
that |lal|zo(—co,t,) 15 as small as we want. Then from (4.20) we get that for t — T < s <t <ty
we have, denoting w(t,T) = sup;_r<,<; 2(7) and using Hélder’s inequality

2(t) < Mz(s)—l—w(t,T)HaHLa(tT,t)(/st(t;w,/dr)l/ol
< Mz(s) +w(t, T)d(to, T)

where we have set 6(to, T') = ||al| o (—o0,t9)C (a, o')T/7' = for some constant C(c, o”).
Now, given tg, choose T" such that

5(t0,T) = [[all (- o0.0)Cler, ") T =0 = 1/2. (4.22)

Then we get
z(t) <2Mz(s) forall t—T <s<t<t.

Writing ¢t; = t — T' and repeating the process and the estimate above we get a sequence
t, =t — nT such that

z(t) < (2M)"z(s), forall t—nT <s<t—(n—1)T.
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From here it follows that

—s In(2M)
z(t) < (QM)%HZ(S) =2Me T (79z(s), forall s<t<t.
Now given v > 0 we choose T such that v = % and s large enough, such that (4.22) is
satisfied and we get the result. In particular ty = to(y) —» —occ asy — 0. m
As a consequence we obtain the following corollary that was used before.

Corollary 4.12 Assume that a € L7 ((19,00)) N L7S (19, 00) with 1 < o < 0o, 19 > —o0 and that
z(t) > 0 is a locally bounded function that for t > s > 1y satisfies

a(r)
(t—m1)

z@<A+Lt A7) dr (4.23)

with ac’ < 1. Then
i) Ifo =1 (and a =0), we have fort > s > 19
0<z(t) <A

i) If 1 < o < 0o and ac’ < 1, for every v > 0 there exists so > 7o such that if (4.23) holds for
t > s> sy then
0<z(t) < 2Ae7<t—5), t> s> sg,

and sp = so(y) — o0 as v — 0.
If 19 = —o0, for every v > 0 there exists tg such that if (4.23) holds for tg >t > s then

0<z(t) < 2Ae7<t—5), to >t > s,

and tg = to(y) — —o0 as v — 0.
i11) If o = 00 and 0 < a < 1 then we have fort > s > 1

0 < z(t) < A(a)e?=9)

with v = y(a, s,a) = (||a| Lo (5,00 (1 — a))l/(lfa) and A(«a) depends only on A and o but not
on the function a(-) or s or -~y or Tp.

Proof. Denote now Z(t) = A+ [! (t‘i(gaz(r) dr and note that for every s < p <t we have

a(t a(t

Z(t):A+/sp (t—T))O‘Z(T)dT+/,,t (t_T))aZ(T)dT

and using that ¢t > p > s and z(7) < Z(7), we get

a(r)
(t—m7)e

Z(t) < Z(p) + /pt G(TT))az(T) dr < Z(p) + /pt Z(7)dr.

(-

Therefore Z(t) satisfies (4.20) with M = 1 and then Lemma 4.11 applies and we get the result.
n
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5 The nonlinear equation

We apply now the previous results in the analysis of the asymptotic behavior of the positive
solutions of the nonlinear problem

u—Au = f(t,z,u) inQ, t>s
Bu = 0 on 0N (5.1)
u(s) = up>0

where f: IR x Q x IR — IR is suitably smooth and f(¢,z,0) > 0.

In [9] there were given conditions on the nonlinear term f(¢,x,u) ensuring the existence of
complete positive solutions of (5.1). Also, conditions guaranteeing that positive solutions are
nondegenerate at oo and/or —oo, in the sense of Definition 3.4, where also given in [11].

Finally it was also shown in [11] that the additional assumption

f(t7 x? u)

decreasing for u >0 (5.2)
u

implies the uniqueness of the complete, positive, bounded and nondegenerate at —oo solution
of (5.1), ¢(t,x).

Moreover, such solution ¢(¢,x) describes the asymptotic behavior of all positive solutions of
(5.1) in a pullback sense, that is, for any bounded set of positive nondegenerate initial data u(s)
for s < tp and for any t € IR, we have that

u(t,s;u(s)) —p(t) = 0, ass— —oco in C(Q). (5.3)

Furthermore, ¢(t, z) also describes the forwards behavior of positive solutions of (5.1), since
in fact it was also shown in [11] that for any s € IR and for any two positive solutions of (5.1)
for t > s, we have,
ur(t,r) —up(t,z) -0 ast—oc in C(Q). (5.4)
Note that standard parabolic regularization implies that (5.3) and (5.4) can also be obtained in
CcHQ).
An important particular example considered in [11] are logistic equations, for which

ft,z,u) = m(t,x)u — n(t,x)u’, p>2 (5.5)

where m € CY(IR, LP(12)) for certain p > N/2 and 0 < # < 1 and n > 0 is continuous and locally
Holder in ¢, not identically zero. See [11] for precise conditions on m(t, z), n(t,z) such that the
results above apply.

Assuming (5.2), our goal here is to give conditions such that the convergences in (5.3) and
(5.4) above are exponential. In fact, we first have

Proposition 5.1
i) Let u(t,x), for t > s > sg, be a positive, bounded and nondegenerate at oo solution of (5.1).

Assume
f(t,z,ult,x))
u(t, x)

P(t,2) = 2§t u(t,2)) - (<0)
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(which is nonpositive thanks to (5.2)), satisfies the assumption in Theorem 4.4 or Propositions
4.7 or 4.9 with v =0, as t — oo.
Then the exponential type at oo of the linearized equation along u(t,x) i.e. (2.1), with

0
Ct,x) = 5-f(t @ ult,z),
18 negative, 1.e.
5 (C) <.

In other words, u(t,z) is linearly exponentially stable for (5.1) ast — oo.
it) Let u(t,x) be a positive, bounded and nondegenerate at —oo complete solution of (5.1). As-
sume we have, that for t < tg

ft,x,u(t,z))
u(t, )

d
P(t,.’l/’) = %f(tvxvu(ta J")) - ( < 0)
(which is nonpositive thanks to (5.2)) satisfies the assumption in Theorem 4.5 or Propositions
4.7 0r 4.9 with v=0 as t — oo.

Then the exponential type at —oo of the linearized equation along u(t,x) i.e. (2.1), with
C(t,x) 0 flt, z,u(t,x))
= — u
) au ) b ) )

1s negative, i.e.

By (C) < 0.

In other words, u(t,z) is linearly exponentially stable for (5.1) in the pullback sense.

Proof. i) In fact the linearized equation along u, can be written as

me— A= 2t ut, ) = (P(tx) + Colt, )

_ fzu(t))
u(t,x) °

But, since u(t, x) is positive bounded and nondegenerate at 400, from Lemma 3.5, see also
Proposition 3 in [11], we have that, for s > sy and some positive constants Mo, My, My <
U, (t, s)|| < M ie.

with boundary conditions Bn = 0, with P(¢,z) as in the statement and Cy(¢, z)

ﬁar(CO) = 07

and the defect in oo is v = 0.
From the assumptions on P(t,x) we get

ﬂJ(CO+P)<0

and the solutions of the linearized equation decays exponentially as ¢t — oo.
The case ii) follows along the same lines. m
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Remark 5.2 Note that in the case of logistic equations as in (5.5), that is,
f(tv Z, U) = m(t7 1‘)@6 - n(tv x)up7 P > 27
(5.2) is satisfied and

flt,x,u(t,z))

u(t, ) = (1—P)n(t, :L’)upfl(t,x) < (1_p)n(t,x)g08_1(x) <0

0
P(t,x) = —f(t,z,u(t,x))—
(t,2) == 2 f(t,,ult, )

since u(t,x) > po(x) is non degenerate. Then Proposition 5.1 above applies, provided P(t,x)
satisfies the assumptions of either Theorem 4.4 or 4.5, Proposition 4.7, or Proposition 4.9 with
v =0.

For exzample, if liminf, 1o n(t,x) = No(z) > 0 a.e in 2, does not have flat regions where
it vanishes, then Proposition 4.7 applies.

Now we can translate this linear behavior to the nonlinear equation. In particular, we can
prove the next result which improves (5.4).

Theorem 5.3 Assume (5.2) and, fort > so, 0 < u(t,z) is a nondegenerate at oo and bounded
solution of (5.1), satisfying the assumptions in Proposition 5.1 i).
Then any other nonnegative, nontrivial solution of (5.1) v(t, z) is nondegenerate and bounded
and, ast — oo,
u(t,z) —v(t,x) — 0, exponentially in C(LQ).

Proof. Note that it was already proved in [11] that any other nonnegative, nontrivial solution
of (5.1) is nondegenerate at oo and bounded. Now consider such a solution v(¢,z) and observe
that it is enough to prove the result in the cases v(t,z) < u(t, x) or u(t,x) < v(t, z).

Assume first then that v(¢,z) < u(t,z). Denote

w(t,x) = u(t,z) —v(t,x) >0

which satisfies
wy — Aw = f(ta x7u(t7$)) - f(ta x,v(t, l‘)) = C(ta x)w

Bw =0
where 9
C(t,z) = %f(t,w,ﬁ(t,:c)), with  v(t,x) < (¢, ) < u(t, z).
Hence

C(t,2) = Colt,2) + P(,2), Colt.a) = o f{t,,ult,x)
and from [11], see (5.4), we have

P(t,:)—0 in L®(Q)

as t — oo.
Since, u(t, z) satisfies the assumptions in Proposition 5.1 above, we then have

,33_(00) <0
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and then, from Theorem 4.4, with P%(t,x) = 0 and P!(t,z) = P(t,z), we get
s(C) <o.

Thus w(t, x) converges to zero exponentially as ¢t — oo.
On the other hand, if u(t,z) < v(¢,x) then (5.2) implies that

0 0
Cy(t,z) = %f(t,x,v(t,x)) < Co(t,x) := %f(t,x,u(t,x))
which implies, from Lemma 3.1,
Ba(Cy) < B5(Cy) <.

Repeating the argument above, interchanging the roles of u and v, we get the result. m

Finally, concerning the pullback behavior, we have the following result that improves (5.3).

Theorem 5.4 Assume (5.2) and, fort < tg, let 0 < p(t,z) be a positive nondegenerate at —oo
and complete bounded solution of (5.1), satisfying the assumptions in Proposition 5.1 ii).

Then for any bounded set of nondegenerate positive initial data u(s) for s < tg and for any
t € IR, we have that

u(t, s;u(s)) — p(t) — 0, ezponentially as s — —oco in  C(Q).
Proof. Take t; <t to be chosen later and denote
w(t,x) = p(t,x) —ult,s,z;u(s)) for ty >t>s
which satisfies, for t; >t > s,

{ wy — Aw = f(t,x,p(t, ) — f(t,z,ult,s,z;u(s))) = C5(t,x)w
Bw =0

w(s) = ¢(s) — u(s)

where
Cs(t7$) = %f(t,x,ﬁs(t,x)), with és(t,l‘) = eu(tv $7$;U(8)) + (1 - 9)90@733)
and 0 < 0 =46(t,s,x) < 1.
Hence

C¥(t,x) = Co(t,z) + Q°(t,x), with Cy(t,z) = %f(t,x,go(t,x))
Then from [11], see (5.3), we have that

sup [|Q°(t)||pee) = 0 as tg — —oo.
s<t<t,

Then we can choose ¢, and extend Q*(t,z) for t < s to have a family P*(¢,z), with s <1,
such that

sup  ||[P*(t)| Lo ()
—oo<t<ty

33



is as small as we want.
Since, ¢(t, ) satisfies the assumptions in Proposition 5.1 above, we then have

By (Co) <0
and then, from Theorem 4.5, we get, for all s <ty

By (D%) < Bo <0,

where

Dé(t,x) = Co(t,z) + P°(t,z), Co(t,z)= (%f(t, z,o(t,x)).

Therefore, for all s and all ¢{; >t > 7, we have
[Ups (t, 7) || £(noe () < MePt=7).
In particular, if we restrict to 7 = s we get

lp(t) — u(t, s;u(s)) || o) = lw(t)l| L) = Ups(t, 8)w(s)||pe (@) < MeﬁO(t_s)Hw(S)HLoo(Q)

which goes to zero as s — —o0, since ¢(s) — u(s) remains bounded in L>*(2). =

6 Final remarks

Note that all the results in this paper have been worked out for the model problem (1.1). In
fact, from the proofs above it is clear that building blocks of our approach are the smoothing
estimates between Lebesgue spaces (2.2) and the subsolution argument around (4.10), which
basically amounts for the maximum principle to hold. All the remaining estimates are obtained
from this and the variations of constants formula. Hence, everything in this paper applies as
well for more general linear non—autonomous problems

u+Alt)u = C(t,z)u inQ, t>s
B(t)u = 0 on 0N (6.1)
u(s) = wug

with time dependent elliptic part of the form

N N
A(t,D)u = — Z a;j(t, x)0;0;u + Z a;(t,z)0u + a(t,x)u
ij=1 i=1

with suitable smooth coefficients and either Dirichlet boundary conditions or time—dependent
boundary conditions of Robin type
ou
B(t)u = — + b(t, x)u,
(tyu = 55 + bit. )

for suitable exterior (oblique) unit vector 7j, as long as the estimates mentioned above hold true.
For example, for smooth coefficients and time—independent boundary conditions see [4], [2] or
[1]. In particular, this applies to the problems considered in [5].
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