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Abstract

Herein we study p-parabolicity on graphs. We prove that if a
uniform graph satisfies the (Cheeger) isoperimetric inequality, then
it is non-p-parabolic for every 1 < p < ∞. Moreover,
we give sufficient conditions for a uniform graph to be non-
parabolic and to be p-parabolic for every 1 < p < ∞.
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1 Introduction

Quasi-isometries preserve many of the large scale properties of metric spaces,
starting with Gromov hyperbolicity (see, e.g., [18], [15]). M. Kanai proved that
a useful strategy to study large scale properties in manifolds is to consider a
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quasi-isometric discrete approximation. In [22], [23], [24], he studied several
geometric properties (such as volume growth rate, isoperimetric inequali-
ties, Liouville type theorems, Poincaré-Sobolev inequalities and parabolicity)
for a large class of Riemannian manifolds with certain conditions on their
local geometry. Kanai proved that these properties are preserved under
quasi-isometries between these manifolds and between a manifold and its
approximating graph.

Kanai’s ideas have inspired many works relating the large scale behavior of
a manifold and some associated graph or allowing to characterize some large
scale properties using some graph approximation (see, e.g., [1], [2], [6], [14],
[17], [27], [28], [29], [32], [33], [34], [36], [37], [40]).

Quasi-isometries also preserve the parabolic Harnack inequality (see [11])
and several estimates on transition probabilities of random walks, such as heat
kernel estimates. Also, the existence of non-trivial solutions of a wide class of
partial differential equations is invariant under quasi-isometry (see, e.g., [20],
[21], [39]).

A manifold M is said to be p-parabolic if all positive p-superharmonic func-
tions on M are constant. This is equivalent to not having p-Green’s function
(i.e. a positive fundamental solution of the p-Laplace-Beltrami operator). The
classical definition of parabolicity is just the case where p = 2. It is a classic
problem in complex analysis to give criteria for a Riemannian surface to be
parabolic. For a deeper exposition see the book by Sario and Nakai [38].

In [30] we studied the stability of p-parabolicity (with 1 < p < ∞) by
quasi-isometries between Riemannian manifolds weakening Kanai’s assump-
tions. Also, we obtained some results on the p-parabolicity of graphs and trees;
in particular, we characterized p-parabolicity for a large class of trees. Then,
in [31], we continued the study of p-parabolicity on (uniform) graphs consid-
ering the behavior of p-parabolicity through certain decompositions or vertex
identifications. We also gave necessary and sufficient conditions for a uniform
hyperbolic graph to be p-parabolic in terms of the boundary at infinity of
the graph. Finally, we proved that Cheeger isoperimetric inequality implies
non-p-parabolicity in uniform hyperbolic graphs.

The main result of this paper extends this last result proving that Cheeger
isoperimetric inequality implies non-p-parabolicity for every uniform graph,
see Section 4. To obtain this, first in Section 3 we need to extend some
known results relating the Cheeger isoperimetric constant and the bottom of
the spectrum of the p-Laplacian and prove that if M is a complete Rieman-
nian manifold with isoperimetric inequality, then M is non-p-parabolic for any
1 < p < ∞; this result, which is interesting by itself, was already known for
the case p = 2 (see [10], [13]).

Finally, in Section 5 we give sufficient conditions for a (uniform) graph to
be non-parabolic and p-parabolic.
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2 Definitions and background

A function between two metric spaces f : X → Y is said to be an (a, b)-quasi-
isometric embedding with constants a ≥ 1, b ≥ 0, if

1

a
dX(x1, x2)−b ≤ dY (f(x1), f(x2)) ≤ a dX(x1, x2)+b , for every x1, x2 ∈ X.

Such a quasi-isometric embedding f is a quasi-isometry if there exists a con-
stant c ≥ 0 such that f is c-full, i.e., if for every y ∈ Y there exists x ∈ X with
dY (y, f(x)) ≤ c.

Two metric spaces X and Y are quasi-isometric if there exists a quasi-
isometry between them. It is well-known that to be quasi-isometric is an
equivalence relation (see, e.g., [22]).

Given a complete Riemannian manifoldM and a relatively compact domain
with smooth boundary Ω ⊂M , define

capp Ω = capp(Ω,M) = inf
{∫

M

|∇u|p : u ∈ C∞c (M), u|Ω= 1
}
.

A useful characterization of the existence of p-Green’s function is:

Theorem 1 Given 1 < p < ∞, a complete Riemannian manifold is p-parabolic if
and only if capp Ω = 0 for some (and then for every) relatively compact domain with
smooth boundary Ω ⊂ X.

The proof of Theorem 1 appears in [23] for p = 2 and in [19] for 1 < p <∞.
Given a function u on the set of vertices V (G) of a graph G, define the

p-modulus of its discrete gradient |∇Gu|p and its discrete p-Dirichlet integral
Dp,G(u), respectively, by

|∇Gu|p(x) :=
( ∑
y∈N(x)

|u(y)− u(x)|p
)1/p

,

Dp,G(u) :=
∑

x∈V (G)

|∇Gu|pp(x) = 2
∑

vw∈E(G)

|u(v)− u(w)|p,

where the edges are considered non-oriented.
Note that the definition of discrete p-Dirichlet integral in [20] is slightly

different, but both are equivalent.
For a finite subset S of V (G), the p-capacity of S is defined by

capp S = capp(S,G) = inf
{
Dp,G(u) : u function on V (G) with finite support, u|S= 1

}
.
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A graph G is said to be µ-uniform if each vertex p of V (G) has at most µ
neighbors, i.e.,

sup
{
|N(p)| : p ∈ V (G)

}
≤ µ.

If a graph G is µ-uniform for some constant µ we say that G is uniform.

Theorem 2 Given 1 < p < ∞, a uniform graph G is p-parabolic if and only if
capp S = 0 for some (and then for every) non-empty finite subset of S ⊂ V (G).

For a proof of Theorem 2, see [24, Proposition 6] and [20, Final remark
5.16].

Corollary 1 Every finite graph is p-parabolic for every 1 < p <∞.

The following result is an interesting remark.

Proposition 3 Let 1 < p < ∞ and let G be a uniform graph. If G is p-parabolic,
then it is p′-parabolic for every p′ ≥ p.

Proof Fix a finite subset S of V (G). We claim that

capp S = inf
{
Dp,G(u) : u function on V (G) with finite support, u|S = 1, 0 ≤ u ≤ 1

}
.

Let us consider a function u on V (G) with finite support and u|S = 1. Define the
function u0 on V (G) by

u0(x) :=


u(v) if 0 ≤ u(v) ≤ 1,

0 if u(v) < 0,

1 if u(v) > 1.

Thus, 0 ≤ u0 ≤ 1 and |u0(v)− u0(w)| ≤ |u(v)− u(w)| for every v, w ∈ V (G). Hence,
Dp,G(u0) ≤ Dp,G(u) and the claim holds.

If G is p-parabolic, then Theorem 2 implies capp S = 0. Let us consider a function
u on V (G) with finite support, 0 ≤ u ≤ 1 and u|S = 1. Since |u(v) − u(w)| ≤ 1

for every v, w ∈ V (G), we have |u(v) − u(w)|p
′
≤ |u(v) − u(w)|p for every p′ ≥ p.

Therefore, Dp′,G(u) ≤ Dp,G(u) and 0 ≤ capp′ S ≤ capp S = 0. Hence, capp′ S = 0

and Theorem 2 implies that G is p′-parabolic for every p′ ≥ p. �

Also, Corollary 7 in [23] can be trivially extended to the general case to
obtain the following:

Proposition 4 If two uniform graphs P and Q are quasi-isometric, then P is p-
parabolic if so is Q.
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3 Eigenvalues and non-parabolicity

Let 1 < p <∞, and assume that M is a complete Riemannian manifold. The
bottom of the spectrum of the p-Laplacian is

λp(M) := inf
v∈W 1,p

0 \{0}

∫
M
|∇v|p∫
M
|v|p

.

Given a Riemannian manifold M , the linear isoperimetric constant or
Cheeger’s constant h(M) is defined by

h(M) = inf

{
|∂Ω|
|Ω|

: Ω ⊂M is a nonempty relatively compact domain in M

}
.

Throughout, |Ω| (respectively, |∂Ω|) refers to Riemannian volume of Ω
(respectively, (n− 1)-Riemannian volume of ∂Ω).

A manifold M satisfies the (Cheeger) isoperimetric inequality if h(M) > 0,
since this means that

|Ω| ≤ h(M)−1|∂Ω|
for every nonempty relatively compact domain Ω in M .

Definition 1 The combinatorial Cheeger isoperimetric constant of a graph G is
defined to be

h(G) = inf
U

|∂U |
|U | ,

where U ranges over all non-empty finite subsets of vertices in G,

∂U = {v ∈ G | dG(v, U) = 1}

and |U | denotes the cardinality of the set U .

A graph G satisfies the (Cheeger) isoperimetric inequality if h(G) > 0,
since this means that

|U | ≤ h(G)−1|∂U |
for every finite set of vertices U .

Inspired by the proof of [26, Appendix] for the compact case (see also [25,
Theorem 3]) we can prove the following result.

Theorem 5 If M is a complete Riemannian manifold and 1 < p <∞, then

λp(M) ≥
(
h(M)

p

)p
.

Proof First of all consider a non-negative function u ∈ C∞c (M). Define

Wt := {x ∈M : u(x) > t}.
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The co-area formula and Fubini’s theorem imply∫
M
|∇u| =

∫ ∞
−∞
|∂Wt| dt ≥

∫ ∞
−∞

h(M) |Wt| dt = h(M)

∫
M
|u| . (1)

Since W 1,1
0 (M) is the closure of C∞c (M), this previous inequality (1) holds for every

u ∈W 1,1
0 (M).

For each 1 < p <∞ and v ∈W 1,p
0 (M), consider w = |v|p−1v. Thus, ‖w‖1 = ‖v‖pp

and Hölder inequality gives∫
M
|∇w| = p

∫
M
|v|p−1|∇v|

≤ p
(∫

M

(
|v|p−1)p/(p−1)

)(p−1)/p(∫
M
|∇v|p

)1/p

= p ‖v‖p−1
p ‖∇v‖p

and so, w ∈W 1,1
0 (M). Hence, we can apply (1)∫

M
|∇w| ≥ h(M)

∫
M
|w| = h(M)

∫
M
|v|p .

These two last inequalities imply

h(M) ≤
∫
M |∇w|∫
M |v|p

≤
p ‖v‖p−1

p ‖∇v‖p∫
M |v|p

=
p ‖∇v‖p
‖v‖p

and this finishes the proof. �

Theorem 6 If M is a complete Riemannian manifold with isoperimetric inequality,
then M is non-p-parabolic for any 1 < p <∞. In fact,

capp Ω ≥ |Ω|λp(M) ≥ |Ω|
(
h(M)

p

)p
for any relatively compact domain with smooth boundary Ω ⊂M .

Proof Since M satisfies the isoperimetric inequality, h(M) > 0 and Theorem 5 gives
λp(M) > 0.

Fix 1 < p <∞, a relatively compact domain with smooth boundary Ω ⊂M and
any function u ∈ C∞c (M) with u|Ω = 1. We have

0 < λp(M) ≤
∫
M |∇u|

p∫
M |u|p

≤
∫
M |∇u|

p∫
Ω|u|p

≤
∫
M |∇u|

p

|Ω|

and so,
∫
M |∇u|

p ≥ |Ω|λp(M). Since u is any fixed function in C∞c (M) with u|Ω = 1,
we conclude that

capp Ω ≥ |Ω|λp(M) ≥ |Ω|
(
h(M)

p

)p
> 0.

Hence, Theorem 1 gives that M is non-p-parabolic for any 1 < p <∞. �
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4 Cheeger isoperimetric inequality and
p-parabolicity on graphs

Let us recall the following result in [4, Theorem 19].

Theorem 7 Every uniform graph G is quasi-isometric to a 3-regular graph.

The idea is to transform locally the graph as it is shown in figure 1.

Fig. 1 Given any uniform graph G the following local transformations generate a 3-regular
graph G′.

A Riemannian n-manifold M has bounded local geometry if there exist
positive constants r, c, such that for every x ∈ M there is a diffeomorphism
F : B(x, r)→ Rn with

1

c
d(x1, x2) ≤ ‖F (x1)− F (x2)‖ ≤ c d(x1, x2)

for every x1, x2 ∈ B(x, r).
The injectivity radius inj(x) of x ∈ M is the largest radius for which the

exponential map at x is a diffeomorphism. If M has non-positive sectional
curvatures, then the injectivity radius can be defined, also, as the supremum of
those r > 0 such that the ball B(p, r) is simply connected or, equivalently, as
half the infimum of the lengths of the (homotopically non-trivial) loops based
at x. The injectivity radius inj(M) of M is the infimum over x ∈M of inj(x).
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Remark 1 If M has positive injectivity radius and a lower bound on its Ricci cur-
vature, then M has bounded local geometry [3]. The arguments in the proofs of the
results in [22], [23] and [24] for manifolds with positive injectivity radius and a lower
bound on its Ricci curvature allows to obtain the same conclusions for manifolds
with bounded local geometry.

A subset A in a metric space (X, d) is called ε-separated, ε > 0, if d(a, a′) ≥
ε for any distinct a, a′ ∈ A. Note that if A is maximal with this property, then
the union ∪a∈ABε(a) covers X. A maximal ε-separated set A in a metric space
X is called an ε-approximation of X.

Let X be a complete Riemannian manifold and denote by d the induced
metric. Given any ε-approximation A of X, the graph ΓA = (A,E) with E :=
{xy |x, y ∈ A with 0 < d(x, y) ≤ 2ε} is called an ε-net.

The following results are trivial extensions of [23, Theorems 2 and Corollary
7] for the general case of p-parabolicity.

Theorem 8 Given 1 < p <∞ and e>0, let X be a complete Riemannian manifold
with bounded local geometry, and let P be an ε-net in X. Then X is p-parabolic if
and only if P is p-parabolic.

Theorem 9 Suppose that P and Q are uniform graphs quasi-isometric to each other
(with respect to their combinatorial metrics). Then P is p-parabolic if so is Q for any
fixed 1 < p <∞.

Kanai proved in [22] that quasi-isometries also preserve isoperimetric
inequalities between Riemannian manifolds with bounded local geometry and
uniform graphs. This result also holds with weaker hypotheses in the context
of Riemann surfaces, see [7], [16], [29]. As a particular case, we can state the
following:

Theorem 10 Let X be a manifold with bounded local geometry, G be a uniform graph
and suppose X and G are quasi-isometric. Then, h(X) > 0 if and only if h(G) > 0.

A Y-piece (or a pair of pants) is a compact bordered Riemann surface with
curvature K = −1 which is topologically a sphere without three disks and
whose border is the union of three simple closed geodesics. Given three positive
numbers a, b, c, there is a unique (up to conformal mapping) Y-piece such that
its boundary curves have lengths a, b, c (see, e.g., [35, p.410]). Y-pieces are a
standard tool for constructing Riemann surfaces (see [8, Chapter X.3] and [5,
Chapter 1]).

Theorem 11 If G is a uniform graph with isoperimetric inequality, then G is non-
p-parabolic for every 1 < p <∞.
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Proof By Theorem 7, we can consider a 3-regular graph G′ quasi-isometric to G. Let
Y0 be a Y -piece with boundary curves of length 1 (and constant curvature K = −1).
Now, let us build a surface X by considering for each vertex in G′ a Y -piece isometric
to Y0, and pasting these Y -pieces with the same structure of G′ (two boundaries
are identified if and only if the corresponding vertices are adjacent). One can check
that X is quasi-isometric to G′. Since Y0 is a compact surface, inj(Y0) > 0 and
so, inj(X) > 0. Also, X has constant curvature K = −1 and so, X has bounded
local geometry. Therefore, by Theorem 10, h(X) > 0 and by Theorem 6, X is non-
p-parabolic for any 1 < p < ∞. Thus, by theorems 8 and 9, it follows that G is
non-p-parabolic for any 1 < p <∞. �

In [13] the authors proved that for a hyperbolic Riemann surface S (with
constant curvature K = −1), the bottom of the spectrum of the Laplacian is
greater than 0 if and only if h(S) > 0. Thus, it is a natural question if for
hyperbolic graphs, or at least for trees, the converse of Theorem 11 could be
true. The answer is negative as we can see from the following result for Cantor
trees.

Given two sequences of positive integers L = {`n}∞n=1 and R = {rn}∞n=1,
with 2 ≤ rn ≤ N for every n ≥ 1 and some constant N , the Cantor tree
(TL,R, v0) is a rooted tree such that the root, v0, has degree r1, the vertices at
distance `1 + · · · + `n−1 have degree rn + 1, and any other vertex has degree
two. Note that (TL,R, v0) is uniform since R = {rn}∞n=1 is a bounded sequence.

The Cantor tree (TC , v0) is a rooted tree such that the root, v0, has degree
two and any other vertex has degree three, i.e., (TC , v0) = (TL,R, v0) with
`n = 1 and rn = 2 for every n ≥ 1.

Theorem 12 [30, Theorem 4.21] Given 1 < p < ∞ and sequences L = {`n}∞n=1

and R = {rn}∞n=1, the Cantor tree (TL,R, v0) is p-parabolic if and only if

∞∑
k=1

`k
(r1 · · · rk)1/(p−1)

=∞.

Theorem 12 allows to show the following non-p-parabolic graph (for every
1 < p <∞) without isoperimetric inequality.

Example 1 Consider the Cantor tree (TL,R, v0) with `k = k and rk = 2 for every
k ∈ N. Thus, by Theorem 12, to see that this tree is non-p-parabolic for every
1 < p <∞ it suffices to check that

∞∑
k=1

k

(2k)1/(p−1)
=

∞∑
k=1

k

(21/(p−1))k
<∞.

This follows immediately from D’Alembert criterion since

lim
k→∞

k + 1

k · 21/(p−1)
=

1

21/(p−1)

and

p > 1 ⇒ 1

p− 1
> 0 ⇒ 21/(p−1) > 1.
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However, by construction, (TL,R, v0) contains arbitrarily long path graphs where
every vertex has degree two. Thus, we can find subsets Ck ⊂ (TL,R, v0) with |Ck| = k
for k arbitrarily large and so that |∂Ck| = 2. Therefore, h(TL,R, v0) = 0.

5 Sufficient conditions for non-parabolicity and
p-parabolicity on graphs

Let us recall the following result from [12]:

Given a Riemannian manifold M , define

ϕM (t) = inf{|∂Ω| : Ω is a smooth relatively compact domain in M with |Ω| ≥ t}.

Theorem 13 [12] If M is a complete Riemannian manifold satisfying∫ |M | dt
ϕM (t)2

<∞, then M has a Green’s function (i.e., it is non-parabolic).

Recall that every finite graph is p-parabolic for every 1 < p < ∞, by
Corollary 1. Given an infinite uniform graph G, let us define:

ϕG(t) = inf{|∂A| : A ⊂ V (G) with |A| ≥ t},

where |A| denotes the cardinality of A.

Then, let us prove the following discrete version of Theorem 13:

Theorem 14 If G is an infinite uniform graph such that

∞∑
k=1

1

ϕG(k)2
<∞,

then G is non-parabolic.

Proof Let µ ∈ Z+ such that G is µ-uniform. By Theorem 7, there is a 3-regular graph
G′ which is quasi-isometric to G. Moreover, from the construction in [4] (see Figure
1) it follows that every vertex in G′ corresponds to a vertex in G and a vertex v in G
gives rise to k ≤ µ vertices in G′ if deg(v) = k > 2, 4 vertices in G′ if deg(v) = 2 and
5 vertices in G′ if deg(v) = 1. Thus, given v ∈ V (G), let us define the equivalence
class [v] in V (G′) as the vertices corresponding to v in the construction of G′. Then,
the cardinal of every class satisfies that |[v]| ≤ n0 = max{µ, 5}.

Let A′ be any finite subset of V (G′) and let

A := {v ∈ V (G) | v′ ∈ [v] for some v′ ∈ A′}.

Since |[v]| ≤ n0, we have 1
n0
|A′| ≤ |A| ≤ |A′|.

Also, notice that if a vertex w in ∂A is adjacent to some vertex u in A one of the
following occurs:



Springer Nature 2021 LATEX template

Parabolicity and Cheeger’s constant on graphs 11

� there exist two adjacent vertices in V (G′), w′ ∈ [w] and u′ ∈ [u] ∩ A′, and
thus w′ ∈ [w] ∩ ∂A′.

� there exist two adjacent vertices in V (G′), u′1 ∈ [u] ∩ A′, u′2 ∈ [u] \ A′, and
thus u′2 ∈ [u] ∩ ∂A′.
In the first case, different vertices w1, w2 in ∂A induce two different points w′1, w

′
2

in ∂A′. In the second case, two different vertices w1, w2 in ∂A may induce the same
vertex u′2 ∈ ∂A′ only if w1, w2 are both adjacent to the same vertex u. Since G is
µ-uniform, it follows that |∂A| ≤ µ |∂A′|. Thus,

|A′| ≥ k ⇒ |A| ≥ k

n0
⇒ µ |∂A′| ≥ |∂A| ≥ ϕG

( k
n0

)
.

Then,

ϕG′(k) ≥ 1

µ
ϕG

( k
n0

)
,

and since for each m ∈ N and each (m−1)·n0 < j ≤ m·n0 we have ϕG
( j
n0

)
= ϕG(m),

we conclude that
∞∑
k=1

1

ϕG′(k)2
≤
∞∑
k=1

µ2

ϕG( kn0
)2

= n0

∞∑
k=1

µ2

ϕG(k)2
<∞.

Let Y0 be a Y -piece with boundary curves of length 1 (and constant curvature
K = −1). Now, let us build a surface X by considering for each vertex in G′ a Y -
piece isometric to Y0, and pasting these Y -pieces with the same structure of G′ (two
boundaries are identified if and only if the corresponding vertices are adjacent). One
can check that X is quasi-isometric to G′. Since Y0 is a compact surface, inj(Y0) > 0
and so, inj(X) > 0. Also, X has constant curvature K = −1 and so, X has bounded
local geometry. Since G is an infinite graph and every Y -piece has area 2π, we have
|X| =∞.

Let us define
φX(t) = inf{|∂Ω̂| : |Ω̂| ≥ t},

where Ω̂ = ∪i∈IYi is connected, for some finite family {Yi}i∈I of Y -pieces from
the construction of X. If |Ω̂| ≥ t with 2πk ≤ t < 2π(k + 1), then Ω̂ is the union
of k Y -pieces, and since every boundary curve of these Y -pieces has length 1, then
|∂Ω̂| ≥ ϕG′(k) and so, φX(t) ≥ ϕG′(k) and∫ ∞

2π

dt

φX(t)2
≤
∞∑
k=1

1

ϕG′(k)2
<∞.

From this, we are going to prove∫ ∞
2π

dt

ϕX(t)2
<∞.

Let Ω be a nonempty relatively compact domain in X with |Ω| ≥ t. We are going
to find a lower bound for |∂Ω|.

We say that a domain is doubly connected if its fundamental group is isomorphic
to Z.

Assume that Ω is either a simply or doubly connected domain. Thus, [13, Lemma
1.1] gives |∂Ω| ≥ |Ω| and so, |∂Ω| ≥ t.

Assume that ∂Ω is the union of the simple closed curves g1, . . . , gm. If every gj is
homotopically trivial, then we can remove m−1 boundary curves obtaining a simply
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connected domain with more area and less perimeter. If some gj is homotopically non-
trivial, then we can remove the trivial curves in ∂Ω obtaining a new domain with more
area and less perimeter; if this new domain has either one or two boundary curves,
we have proved that |∂Ω| ≥ t. Hence, we can assume that each gj is homotopically
non-trivial and that m ≥ 3.

Denote by I1 the set of indices i such that Yi ∩ Ω 6= ∅. For each 1 ≤ j ≤ m, let
Aj be the set of indices i ∈ I1 such that Yi ∩ gj 6= ∅, and let Tj be the set of indices
i ∈ Aj such that gj ∩ Yi does not contain a curve joining two different simple closed
geodesics in ∂Yi.

Claim 1. If i ∈ Aj \ Tj for some 1 ≤ j ≤ m, then L(gj ∩ Yi) ≥ c1 for some
universal constant c1.

In order to prove Claim 1, denote by γ1, γ2, γ3 the simple closed geodesics in ∂Yi
and by σj1j2 the shortest geodesic in Yi joining γj1 and γj2 for 1 ≤ j1 < j2 ≤ 3.
If we cut Yi along σ12, σ13, σ23, then we obtain two isometric right-angled geodesic
hexagons H1, H2; by symmetry, the three sides of H1 contained in γ1, γ2, γ3 have
length 1

2 . The usual trigonometric formulas in the hyperbolic plane (see e.g. [5, p.40])
give

sinhL(σ12)

sinh 1/2
=

sinhL(σ13)

sinh 1/2
=

sinhL(σ23)

sinh 1/2
.

Thus, L(σ12) = L(σ13) = L(σ23) and so, L(gj ∩Yi) ≥ L(σ12). We also have (see e.g.
[5, p.40])

cosh 1/2 = sinh21/2 coshL(σ12)− cosh21/2 ,

L(σ12) = arg cosh
cosh 1/2 + cosh21/2

sinh21/2
=: c1.

Claim 2. We have

d(γ1, σ23) = d(γ2, σ13) = d(γ3, σ12) = arg cosh
(

sinh c1 sinh 1/2
)

=: c2.

Denote by σ the shortest geodesic in H1 joining γ1 and σ23. If we cut H1 along σ,
then we obtain two right-angled geodesic pentagons P1, P2. The usual trigonometric
formulas (see e.g. [5, p.39]) and Claim 1 give

cosh d(γ1, σ23) = coshL(σ) = sinhL(σ13) sinh 1/2 ,

d(γ1, σ23) = arg cosh
(

sinh c1 sinh 1/2
)
.

The same argument gives the other equalities.

Since Ω is a connected set, Ω̂ := ∪i∈I1Yi is also connected and we have |Ω̂| ≥ |Ω|.
We are going to prove |∂Ω̂| ≤ c0|∂Ω|, with c0 := 3 max{2, 4

c1
, 1
c2
}.

The boundaries of Ω and Ω̂ are contained in ∪1≤j≤m ∪i∈Aj
Yi. Hence, |∂Ω̂| ≤

3
∑

1≤j≤m|Aj | because |∂Yi| = 3 for every i.
If i ∈ Aj \ Tj for some 1 ≤ j ≤ m, then Claim 1 implies L(gj ∩ Yi) ≥ c1; in

this case, there are at most three Y -pieces in Tj for each Y -piece in Aj \ Tj and so,

|Tj | ≤ 3|Aj \ Tj |, |Aj | ≤ 4|Aj \ Tj | and L(gj) ≥ c1|Aj \ Tj | ≥ 1
4c1|Aj |.

If Aj = Tj for some 1 ≤ j ≤ m, then |Tj | = |Aj | ≤ 2. Recall that, by hypothesis,
gj is homotopically non-trivial. If gj is freely homotopic to some closed geodesic γ
in ∂Yi with i ∈ Tj , then L(gj) ≥ L(γ) = 1. Otherwise, |Tj | = |Aj | = 2 and there
exist i ∈ Tj , γ in ∂Yi and g∗j ⊂ gj ∩ Ti such that g∗j is a path starting and ending in
γ and the connected components of Yi \ g∗j are not simply connected. Hence, Claim
2 implies that L(gj) ≥ L(g∗j ) ≥ 2c2. We have in both cases L(gj) ≥ min{1, 2c2} ≥
1
2 min{1, 2c2}|Aj |.
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Therefore,

|∂Ω̂| ≤ 3
∑

1≤j≤m
|Aj | ≤

3

min{ c14 ,
1
2 , c2}

∑
1≤j≤m

L(gj) = 3 max
{

2,
4

c1
,

1

c2

}
|∂Ω|.

Since |Ω̂| ≥ |Ω| ≥ t, we conclude

1

c0
φX(t) ≤ 1

c0
|∂Ω̂| ≤ |∂Ω|,

if Ω is neither simply nor doubly connected. Since |∂Ω| ≥ t if Ω is either simply or
doubly connected, we have

min
{
t,

1

c0
φX(t)

}
≤ ϕX(t).

Hence, we conclude∫ ∞
2π

dt

ϕX(t)2
≤
∫ ∞

2π
max

{ 1

t2
,

c20
φX(t)2

}
dt ≤

∫ ∞
2π

dt

t2
+ c20

∫ ∞
2π

dt

φX(t)2
<∞

and X is non-parabolic, by Theorem 13. Since X is a complete Riemannian surface
with constant curvature −1 and it has positive injectivity radius, Theorem 8 implies
that any ε-net P in X is non-parabolic. Since both uniform graphs P and G are
quasi-isometric to X, they are also quasi-isometric and Theorem 9 gives that G is
non-parabolic. �

Note that requiring the graph to be infinite in the hypothesis in Theorem 14
is not a restriction, since Corollary 1 gives that every finite graph is parabolic.

We have the following sufficient condition for p-parabolicity on manifolds.

Theorem 15 [9, Corollary 3.2] If M is a complete Riemannian manifold satisfying∫ ∞
1

( t

|BM (u, t)|

)1/(p−1)
dt =∞

for some 1 < p <∞ and u ∈M , then M is p-parabolic.

Let us prove the following discrete version of Theorem 15:

Theorem 16 If G is a uniform graph such that

∞∑
k=1

( k

|BG(u, k)|

)1/(p−1)
=∞ (2)

for some 1 < p <∞ and u ∈ V (G), then G is p-parabolic.

Proof First of all note that if G is a finite graph, then |BG(u, k)| = |V (G)| for every
k > diamG and so, (2) holds and G is p-parabolic. Assume now that G is an infinite
graph.
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Given any fixed v ∈ V (G), since BG(v, k) ⊂ BG(u, k + d(u, v)), we have

∞∑
k=1

( k

|BG(v, k)|

)1/(p−1)
≥
∞∑
k=1

( k

|BG(u, k + d(u, v))|

)1/(p−1)

=

∞∑
n=1+d(u,v)

( n− d(u, v)

|BG(u, n)|

)1/(p−1)

≥
∞∑

n=1+2d(u,v)

( n− d(u, v)

|BG(u, n)|

)1/(p−1)

≥
∞∑

n=1+2d(u,v)

( n

2|BG(u, n)|

)1/(p−1)
=∞.

Hence, condition (2) does not depend on the vertex u.
Since G is a uniform graph, Theorem 7 implies that there exist a 3-regular graph

G′ and an (a, b)-quasi-isometry g : G′ → G for some constants a ≥ 1 and b ≥ 0. The
argument in the proof of [22, Lemma 3.4] gives that there exists a positive constant
µ such that |BG′(v, k)| ≤ µ|BG(g(v), ak + b)| for every v ∈ V (G′) and k ≥ 1.

If dae denotes the upper integer part of a (i.e., the least integer greater than or
equal to a), then there are at most dae integers n satisfying ak+ b ≤ n < a(k+1)+ b
for each k ≥ 1; in this case, BG(g(v), ak + b) ⊆ BG(g(v), n) and∑
ak+b≤n<a(k+1)+b

( n

|BG(g(v), n)|

)1/(p−1)
≤

∑
ak+b≤n<a(k+1)+b

( a(k + 1) + b

|BG(g(v), ak + b)|

)1/(p−1)

≤ dae
( (2a+ b)k

|BG(g(v), ak + b)|

)1/(p−1)
.

Therefore,

∞∑
k=1

( k

|BG′(v, k)|

)1/(p−1)
≥
∞∑
k=1

( k

µ|BG(g(v), ak + b)|

)1/(p−1)

≥ 1

dae

( 1

µ(2a+ b)

)1/(p−1) ∑
n≥a+b

( n

|BG(g(v), n)|

)1/(p−1)
=∞

for every v ∈ V (G′) and so, G′ satisfies the same hypothesis than G.
Let Y0 be a Y -piece with boundary curves of length 1 (and constant curvature

K = −1). Recall that the constant c1 in the proof of Theorem 14 is the distance
between two closed geodesics in ∂Y0. As in the proof of Theorem 14, let us build a
surface X by considering for each vertex in G′ a Y -piece isometric to Y0, and pasting
these Y -pieces with the same structure of G′. One can check that X is quasi-isometric
to G′. Since Y0 is a compact surface, inj(Y0) > 0 and so, inj(X) > 0. Also, X has
constant curvature K = −1 and so, X has bounded local geometry.

We are going to prove that∫ ∞
1

( t

|BX(x, t)|

)1/(p−1)
dt =∞

for any x ∈ X. Fix v ∈ V (G′) and x ∈ X a point in the Y -piece Yv corresponding to
the vertex v. Define c := d(x, ∂Yv). The ball BX(x, c+kc1) is contained in the union
of the Y -pieces corresponding to the vertices in BG′(v, k) = BG′(v, k+1). Therefore,
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|BX(x, c+ kc1)| ≤ 2π|BG′(v, k + 1)| because |Y0| = 2π. Since k − 1 ≥ (k + 1)/4 for
every k ≥ 2, we have∫ ∞

c+c1

( t

|BX(x, t)|

)1/(p−1)
dt =

∞∑
k=2

∫ c+kc1

c+(k−1)c1

( t

|BX(x, t)|

)1/(p−1)
dt

≥
∞∑
k=2

∫ c+kc1

c+(k−1)c1

( (k − 1)c1
|BX(x, c+ kc1)|

)1/(p−1)
dt

≥
∞∑
k=2

c1

( (k + 1)c1
4|BX(x, c+ kc1)|

)1/(p−1)

≥
∞∑
k=2

c1

( (k + 1)c1
8π|BG′(v, k + 1)|

)1/(p−1)
=∞.

Hence, we have ∫ ∞
1

( t

|BX(x, t)|

)1/(p−1)
dt =∞

and Theorem 15 gives that X is p-parabolic. Since X has bounded local geometry,
Theorem 8 implies that any ε-net P in X is p-parabolic. Since both uniform graphs
P and G are quasi-isometric to X, they are also quasi-isometric and Theorem 9 gives
that G is p-parabolic. �
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[28] Mart́ınez-Pérez, A., Rodŕıguez, J. M., A note on isoperimetric inequalities
of Gromov hyperbolic manifolds and graphs, RACSAM 115, 154 (2021).
https://doi.org/10.1007/s13398-021-01096-2.
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