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ABSTRACT: We study principal eigenvalues and maximum principles for stationary nonlocal
operators in spaces of integrable functions defined on general metric measure spaces under
minimal assumptions on the kernels. Several characterizations of the principal eigenvalue are
given as well as several conditions guaranteeing existence. Characterization of the (strong)
maximum principle is also given. For evolution problems we prove the strong maximum principle
and characterize stability in terms of the sign of the principal eigenvalue. We recover, extend
and improve all previously known results, obtained for smooth open sets in euclidean space
under continuity assumptions on the data.

1 Introduction

Diffusion is an ubiquitous process in nature that is modeled with different tools in smooth and
in rough media. In smooth media (e.g. an open set in euclidean space or a regular manifold)
diffusion operators naturally involve differential operators which apply to smooth functions. A
prototype example in this situation is the Laplacian. In contrast, in rough media, different
operators must be considered and a large family of such operators are the so called nonlocal
diffusion ones (or dispersal) as we now introduce. Observe that nonlocal diffusion operators can
be considered in metric measure spaces defined as follows

Definition 1.1 A metric measure space is a metric space (2, d) with a o-finite, reqular, and
complete Borel measure dx in §2, and that associates a finite positive measure to the balls of €).
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Thus, if Q is a measure metric space, assume u(z,t) is the density of some population at
the point z €  at time ¢, and J(x,y) is a positive function defined in £ x € that represents
the fraction of the population jumping from a location y to location z, per unit time. Then
Jo J(x,y)u(y,t) dy is the rate at which the individuals arrive to location z from all other locations
y € Q. Analogously, [ J(y,z)u(x,t)dy = u(z,t) [ J(y,z)dy is the rate at which individuals
leave from location = to any other place in 2. Hence the evolution in time of the population
can be written as

ug(x,t) = /QJ(x,y)u(y,t) dy— hi(x)u(z,t), x€Q,t>0,
u(z,0) = uo(x), z€Q,

(1.1)

where wu is the initial distribution density of the population and h.(x) = [, J(y,z) dy. Observe
that in a symmetric media the rate at which individuals arrive to location z from location y
is the same to the rate at which they arrive to location y from location x. Hence, we have

J(x,y) = J(y,x) and (1.1 can be recast as
wlat) = [ I (ul.t)  u(w.0) dy. w20
Q
The general linear version of (|1.1)) that we consider in this paper reads

ut(x,t) = /QJ(x,y)u(y,t) dy— h(z)u(z,t), =€, t>0,
u(z,0) =up(x), =€,

(1.2)

where h and ug are suitable given functions in €.

This setting allows to study diffusion processes in very different types of media like, for
example, graphs (which are used to model complicated structures in chemistry, molecular biology
or electronics, or they can also represent basic electric circuits in digital computers), compact
manifolds, multi-structures composed by several compact sets with different dimensions (for
example, a dumbbell domain), or even some fractal sets such as the Sierpinski gasket, see [20]
for some details. The case when () is an open set of euclidean space, and variations of
it have been consider thoroughly in the literature, see e.g. [3] and references therein and some
more references at the end of this introduction. Other approaches to diffusion in non-smooth
media can be found in [5], 211, 29] 9].

Hereafter we consider the following general notations. Let {2 be a metric measure space as
defined above and let J be a nonnegative kernel defined as J : 2 x  — R and considered as a
mapping

Q>z— J(z,) >0 (anonnegative function defined in ).

Then the associated nonlocal diffusion operator is given by

Ku(zx) :/QJ(x,y)u(y) dy =€) (1.3)

for suitable functions defined in 2.
We will set (|1.2)) in several function spaces X (see Assumptions below) depending on the
properties of the kernel J, and we study several properties of the nonlocal diffusion operator

Ku—hu, uwelX (1.4)



and the corresponding evolution problem with ug € X. In particular, we are interested in
studying the existence of a principal eigenvalue, that is an eigenvalue with an associated positive
eigenfunction and the validity of the maximum principle, that is, wether Ku — hu < 0 implies
u > 0in . We will also explore the impact of these properties in the stability of , that
is, wether solutions of converge exponentially to zero or may grow exponentially as time
evolves.

Notice that maximum principles and principal eigenvalues are very powerful tools to deal
with diffusion problems modeled with second order elliptic or parabolic equations. In particular,
they provide tools for the analysis of nonlinear elliptic or parabolic diffusion problems such as sub
and supersolutions, apriori estimates, comparison etc. In such cases, the smoothing/compactness
properties of the associated resolvent operators imply, at least in the case of regular bounded
domains, that the spectrum of the elliptic diffusion operator is discrete and, typically through
Krein-Rutman type arguments (strongly related to the maximum principle), one can prove that
the first eigenvalue is the principal eigenvalue, in the sense defined above. On the other hand,
again the smoothing properties of the resolvent of differential operators, imply that eigenvalues
and eigenfunctions are quite independent of the space in which a particular problem is posed
(e.g. X = L*(Q) with @ C RY smooth and bounded). Also, this implies that solutions of
parabolic problems regularize in time. Finally, the principal eigenvalue captures the exponential
growth or decay of the corresponding linear parabolic problem.

For nonlocal problems, the situation is a little more involved since, has essential spec-
trum and then the spectral behaviour is more complicated for both the stationary and evolution
problems. Also, the resolvent of nonlocal diffusion operators enjoy no smoothing/compactness
properties and hence, even the spectrum can be rather space dependent for, say, spaces of inte-
grable or continuous functions. Also, solutions of the parabolic problem do not regularize and
remain as smooth as the initial data. So, most of the difficulties dealing with nonlocal problems
stem from this lack of smoothing/compactness. However, since the kernel J is nonnegative, the
operator K has nice positivity and compactness properties that can be exploited.

For differential diffusion operators, the simplicity of principal eigenvalues is linked to the
connectedness of the domain. For nonlocal problems in this paper, connectedness can be relaxed
to R-connectedness as we now define.

Definition 1.2 If R > 0, we say that ) is R-connected if for all x,y € €1, there exist N € N
and a finite set of points {xo,...,xN} in Q such that vo =z, xxy =y and d(z;—1,x;) < R, for
alli=1,... N.

Hence, €2 can have several connected components at a distance less than R from some other.

Also, the usual boundedness assumption for €2 for differential operators, which is linked to
the compactness of the resolvent of the diffusion operator, can be relaxed here to a finite measure
assumption on £2.

Now we describe in detail the main results in this paper. At the end of this Introduction we
collect references to previous related results in the literature. For most of the results here we
will assume the following standing hypotheses and notations. First, observe that we use | - | to
denote the measure of a set; for example [Q2] is the measure of .

Assumptions 1.3 e O is R—connected, |2 < oo, the measure of the balls of radius R do
not degenerate, i.e.
|B(z, R)| > mo >0, forall xe€Q, (1.5)



and h is s bounded measurable function in €.

e J is locally strictly positive in the sense that
J(x,y) > Jo >0 forallxz,y € Q, such that d(z,y) < R (1.6)
and J satisfies for some 1 < pg < oo either
JeL®(Q,LP(Q)) or Je BUC(Q,L(Q)) (1.7)
(where pjy, denotes the conjugate exponent to py, i.e. p% + % =1).

e Accordingly, if J € LOO(Q,L%(Q)) we will consider anyone of the following admissible
spaces

X =1LP(Q), forpyg<p<oo,ifheL>®), (1.8)
while if J € BUC(Q, LPo(2)) we will consider

X =LP(QY), forpo<p<oo,ifheL>®(Q), or X=Cy) ifheCy(). (1.9)

Assumptions (L.7) imply that for the spaces X as in (1.8) or (L.9), K € £(X,L>*(Q2)) and
moreover K € £(X, X) is compact, see Corollary This implies that K — hI has an essential
spectrum

Oess(K — hI) = R(—h)

where R(—h) is the essential range of the function —h, see , and a (possibly empty) discrete
point spectrum o, (K — hl) = {un}ﬁil, M e NU{oo}. If M = oo, then {uy},-, accumulates
in R(—h). See Theorem 2.3

Note that the essential spectrum above is independent of the space X and are the points
A in the spectrum such that K — (h + A\)I is not a Fredholm operator of index zero. On the
other hand, the point spectrum o,(K — hl) = {,un}ﬁ/[: | is potentially dependent of the space
X. However, condition guarantees that the point spectrum, hence the whole spectrum
o(K — hI), is independent of X, see Proposition In fact one proves that eigenfunctions
belong to all spaces X.

Then for K —hl we study questions related to principal eigenvalues and maximum principles
as we now define. Observe first that the spaces X in or have naturally defined order
relation“<” understood as a pointwise a.e. inequality w.r.t. the measure in 2. Also, we use
below the notion of an essentially positive (measurable) function, which we denote ¢ > 0, see
(2.4). Finally, we use below the essential infimum and supremum of functions in X, see (2.3)),
which, by simplicity, we denote inf and sup instead of essinf and esssup respectively.

Definition 1.4 Assume that J, h and X are as above.
i) We say p € R is a principal eigenvalue of K — hl in X iff there exists 0 < ¢ € X such
that

K¢ —hop=pup inS.

it) We say that for A € R the maximum principle is satisfied if u € X with

Ku—(h+MNu<0inQ, implies u>0 in Q.



iti) We say that for A € R the strong maximum principle is satisfied if u € X with
Ku—(h4+MNu<0inQ, implies eitheru=0 oru>a>0
for some constant o > 0.

One of our main result reads as follows, see Theorem

Theorem 1.5 Assume 2 is R—connected, 2| < oo and J, h and X are as in the standing

Assumptions 1.5
Then we define
Ko —
A:= inf sup Ko —hy

0<peX 0 ©
and we have the following results.
i)

—igfh < A =supRe(ox(K — hI)) <sup(hg — h)
Q

where ho(x) = / J(x,y)dy.

Q
In particular, A is the only possible principal eigenvalue of K — hl in X.
i) If
A > —inf h.
Q

then A is the principal eigenvalue of K —hlI in X. In such a case A is a simple isolated eigenvalue
of K — hI in X with bounded eigenfunction. If moreover J € BUC(Q, LPo(Q)) and h € Cy(Q),
the eigenfunction is continuous.

iti) The mazimum principle is satisfied for X > A and is not satisfied for X < A nor for
A=A> —infgh.

i) If X > A then the strong mazimum principle is satisfied.

Also, we have the following characterization of A, see Proposition [3.8

Ko —
A= sup infM.

(1.10)
0<peXx 2
Then, denoting h,, = infq h, we develop some criteria to guarantee that A > —h,,,, hence A

is the principal eigenvalue of K — hil. These include either one of the following conditions, see

Corollary and Corollary

{h = ha}| >0, (1.11)
or, there exists zp € Q and r < R as in (|1.6]) such that
dx
— = 00, (1.12)
L(mo,r) h(l‘) — hp,
or,
oscq(h) :=suph — inf h < inf hy. (1.13)
Q Q Q

When [{h = hy,}| = 0, condition can be obtained through measure-geometric properties
of the set {h = h,,} (related to its fractal dimension) and the way h approaches its infimum,
see Lemma [3.12 and Remark [3.13]

In particular, when h = 0 we prove the operator K is of Krein—Rutman type in X in the
sense that we have the following result, see Proposition



Proposition 1.6 Assume 0 compact and connected, holds and for some 1 < pg < 0o
J € BUC(S, LPo(1))
and denote X = LP(Q) for pg <p < oo or X = Cy(2). Then
0 < AK) =r(K) :=sup{|\], € o(K)}

that is, the spectral radius of K in X, is the unique principal eigenvalue of K and is simple.
In particular, we get

1
0<AK) < Inf Tl pqr @) < #EOP NN g b))

When A > —infg h we prove in Theorem the following characterization of the principal
eigenvalue in the same line as for second order elliptic differential operators, see [7, 24 1| 2, 25].

Theorem 1.7 With the notations above, assume A > —infq h. Then, the following statements
are equivalent

i) A <0.

i1) K — hl satisfies the mazimum principle in X.

i11) K — hI satisfies the strong mazimim principle in X.

i) There exists 0 < £ € X such that K& — h& £ 0.

We also analyse in detail the case A = —infq h. Notice that in this case A € gess(K — hI),
the essential spectrum, and therefore one expects the properties of K — (h 4+ A)I to be quite
different from the case where A is in the point spectrum. For this we assume, for some s > 1,

1

0< e L*(Q). 1.14
e (L) (1.14)
Then if s < pg then A = —h,,, is not a principal eigenvalue in any of the spaces X, see Proposition
and Corollary On the other hand, if pg < s < oo define 1 < py < qg by
1 1 1
0< —i=— ——.
q0 bo S
Then we analyse the kernel of the operator K — (h — h,,)I and prove that in some spaces
A = —h,, can still have an associated positive eigenfunction, whereas in other it can not, see
Propositions [3.17 and Moreover, if assume the set € := {h = h;,} is non empty (but of
zero measure by (1.11])) and A = —h,, does not have an associated positive eigenfunction, there

exists other singular “measure eigenfunctions” as in the following result, see Proposition [3.21
for a more refined statement.

Proposition 1.8 With the notations above, assume furthermore that
J e L1(Q,Cp(Q))  for some qo < q < 0.

and A = —h,, does not have a positive eigenfunction in X = LP(Q) for some (or any) po < p < s.
Then for each regular Borel measure with support in €, that is, do € M(€), there exists a
unique w such that
u=do+w



is a singular solution of Ku = (h — hy,)u. Moreover, w € LP() for all pg < p < p. = % < s.

If do is a positive measure then w > h—ihm > 0 for some a > 0 and u is a positive singular
solution of Ku = (h — hy)u.

Notice that this results says that the set of eigenfunctions for A = A = —h,,, can be identified
with the set of regular Borel measures concentrated in the set ¢ := {h = hy, }.
We also get the following result on the maximum principle for the operator K — (h — hp,)I,

see Proposition [3.22]

Proposition 1.9 With the assumptions above, assume A = —h,,, does not have a positive eigen-
function in X = LP(Q) for some (or any) po < p < s. Then we have the following results.
i) For X = Cyp(Q) or X = LP(Q) with g9 < p < 0o and s < p then for every nontrivial u € X
we have that

Ku— (h — hp)u  changes sign in ,
that is, any nonzero function in the range R(K — hI), changes sign in §Q.
i1) Assume 2py < s so that qo < s. Then the operator K —(h—hy,)I satisfies the strong maximum
principle in X = LP(Q) with qo < p < s. Moreover, if u € X and Ku — (h — hy,)u < 0 then
uZﬁforsomea>O.

Observe that the case X = LP(2) with pp < p < go remains open.

We also study continuous dependence of the spectrum of K — hl, see Proposition [2.6] and of
A with respect to h, J or €, see Propositions [3.2] and In case J is symmetric, a variational
characterization of A is obtained in Proposition Finally in Proposition and Corollary
we derive some criteria for the sign of A. Observe that the latter result sets the function h.
in as a natural threshold for the sign of A. This will be very useful when studying stability
properties of the parabolic problem , see Proposition below.

Turning now to the linear parabolic problem we prove the following results. First we
prove the strong maximum principle, see Proposition

Proposition 1.10 (Parabolic strong maximum principle)
With the assumptions above, for every ug € X, nonnegative and not identically zero, the

solution u(t,up) of satisfies

igfu(t,uo) >0, t>0.

We also prove that A gives upper and lower bounds for the solutions in (1.2). In particular,
we obtain stability when A < 0 and instability when A > 0, see Proposition

Proposition 1.11 Under the assumptions above fix any X\, A such that
A<A <A

Then
i) Any solution of with ug € X satisfies

Ju(®)||x < MeM||ugllx, t>0.

i) Assume either A > —infqh or J € BUC(Q, LY (Q)). Also, by Proposition assume
without loss of generality that 0 < ug € X is such that ug > a > 0.



Then there exists a positive bounded function ¢ in Q such that
0< 65‘t32>(a:) <u(z,t), ze€Q, t>0.

i11) For any solution of with ug € L>°(Q) there exists a positive function ¢ € X such that
lu(z,t,up)| < eMop(z) ze€Q, t>0.

Both parts i) and iii) hold true for A = X = A provided A > —infg h.

In particular, if A < 0 all solutions of converge to 0 in X as t — oco. Moreover, if
ug € L>®(Q) then u(t) — 0 uniformly in Q as t — oo.

On the other hand, if A > 0 then all positive solutions of converge pointwise to oo as
t — oo.

Some results in this paper have appeared before in somewhat more restrictive situations. To
the best of our knowledge, in all cases ) is an open connected set of R" and the kernel .J(z, ) is
assumed to be continuous. In many cases J has some special structure as for example symmetric
kernels J(z,y) = J(y, z) or convolution type kernels J(z,y) = Jo(z—y). Also h is assumed to be
a continuous function and the problems are set in the space of continuous functions X = C(Q).
This setting allows to use the Krein—-Rutman theorem. Notice that these assumptions on J fit
in our setting by taking pp = 1 in Assumptions[L.3

For example, restricting to the cases of bounded domains, [I8] deals with a one dimensional
finite interval €2, with a continuous positive symmetric kernel and a Lipschitz h. In their setting,
they prove that the principal eigenvalue exists working in L?(). In [4] the higher dimen-
sional situation was considered with a everywhere positive symmetric kernel and a continuous h.
Working in X = C(Q), via the Krein-Rutman theorem, they prove the existence of the principal
eigenvalue given as the largest real part in the spectrum of K — h and prove some monotonicity
w.r.t. h. In [I6] the authors consider the convolution symmetric smooth case with h = 1. They
prove the existence of the principal eigenvalue in X = C(Q), characterize it through variational
properties in L?(2) and study monotonicity and regular dependence w.r.t. the domain. In
the same setting, [15] studied maximum and antimaximum principles for the stationary prob-
lem. For a certain class of continuous non symmetric kernels, a continuous h and working in
X = C(9Q), in [10] they prove that condition (hence as well) guarantees that A is
the principal eigenvalue, i.e. A > —info h. They also study monotonicity properties of A with
respect to J, h and the domain and they prove the maximum principle holds for A > A. For the
latter they had to add a sign condition on the boundary (in RY) of Q. Also, [I1] with continuous
J and h, proved the existence of singular eigenfunctions when A = —infg h, assuming s = 1 in
. In [28] the authors consider a convolution type, C' smooth kernel and continuous h and
prove that condition implies A > —infg h. They also studied dependence on parameters.
Reference [6] deals with continuous J and h and prove different characterizations of A like the
ones in part iii) of Theorem or in Proposition Reference [23] deals with continuous J
and h and they give criteria, in the line of the results above, for the existence of the principal
eigenvalue, characterize it as in and studied the maximum principle and the sign of A
in X = C(Q); see Remark for a more technical comparison with the results in this paper.
Notice that most of the references above also deal with some nonlinear version of the parabolic

problem (1.2) and some consider also the case €2 is unbounded. See also, [19], [12], [17].



Therefore we prove here that neither the underlying euclidean structure of the set {2 in the
references above, nor the continuity assumptions on the data are essential and our results are
obtained in spaces of integrable functions in metric measure spaces with the minimal regularity
in J, h presented above. This extends the range of applicability to wider classes of non-smooth
media. Also, we avoid any use of the Krein—-Rutman theorem and hence our results apply in
spaces of integrable functions as in or . Although we use several ideas and approaches
of the references quoted above, our proofs become shortcuts for the proofs in them. Also, the
references above use in an essential way the continuity of J and h, so they arguments can not
be just adapted to the minimal regularity considered here.

Finally, observe that in the setting of the references above, our results provide some version
of the strong maximum principle both for stationary and evolution nonlocal diffusion problems.

2 Preliminaries on linear stationary operators

In this section we analyse several properties of the nonlocal diffusion operator (|1.4)).

2.1 Kernels and nonlocal operators

The next results state regularity and compactness properties of the nonlocal operator K in ([1.3))
derived from properties of the kernel J. For more details, see [26].

Proposition 2.1 i) Assumel <p, g < oo and J € LI(Q, L (Q)). Then K € L(LP(R), LI(Q)),
the mapping J — K is linear and continuous, and

HKHC(LP(Q),L‘I(Q)) < HJ||L<1(Q7LP’(Q))'
Moreover, if ¢ < oo then K € L(LP(Q2), L1(Q)) is compact.
i) Assume 1 <p < oo, J € L®(Q,LP () and for any measurable set D C Q

lim J(x,y)dy = / J(xo0,y) dy, Vg € Q.
D

z—zo |y
Then K € L(LP(Q),Cy(QY)), the mapping J — K is linear and continuous, and
1K 2(rr@),cp0) < 11l oo, 1o (00))-
In particular, if J € Cy(Q, LV (Q)) then K € L(LP(R), Cy()) and
1K (e ),c0) < 1oy, 1o (@)

Moreover, if J € BUC(Q, L' (Q)) then K € L(LP(Q),Cy(Q)) is compact. In particular, K €
L(LP(Q), L>()) is compact.

In particular notice that if J € L°(2, L'(2)) then K € £(L*>(£), L>(2)) and the function
hala) = [ ) dy (2.1)

satisfies hg € L>(Q). If moreover J € BUC(Q, L(Q)) then hg € Cy(£).
As a direct consequence of the previous Proposition, the following result collects cases in
which K € L(X, X), for X = LP(Q) or X = C(2).



Corollary 2.2 i) If for some 1 < p < oo, J € LP(Q,L¥ (Q)) then K € L(LP(Q),LP(Q)).
Moreover if p < oo then K € L(LP(Q2), LP(Q2)) is compact.

i) If J € Cp(Q, LY(Q)) then K € L(Cy(Q),Cy(Q)). Moreover if J € BUC(Q, LY(Q)), then
K € L(L*®(Q),Cy,(2)) is compact. In particular, K € L(L>®(Q),L>(2)) is compact and K €
L(Cy(Q), Cp()) is compact.

iii) If |Q| < oo and J € L®(, LP0(Q)) for some 1 < pg < oo, then K € L(LP(Q), LP(X)), for all
po < p < 0o and is compact. If moreover, J € BUC(, LPo, (Q)) then K € L(L>®(Q), L®(Q))
and K € L(Cy(2),Cp(2)) are compact.

Note that for a measurable function g : 2 — R we define the essential range of g (range
for short) as
R(g) = {s € R, [{=, |(3:)—s|<6}|>0f0ra116>0} (2.2)

which coincides with the set of s € R such that ——— — ¢ L>(Q). Also, if g is continuous this
coincides with the image set of g.

In a standard way, we will also make use of the essential infimum and supremum of a
measurable function, which we will denote infimum and supremum for short, defined as

igfg =sup{a € R, [{g <a}| =0}, supg=inf{a eR, [{g>a}| =0} (2.3)
Q

Note that both infg g and supg g belong to the (essential) range R(g) if they are finite.
The following result was obtained in [26], Theorem 3.24], treating K — hl as a compact
perturbation of the multiplication operator Al in X.

Theorem 2.3 If J € LP(Q, L (Q)) for some 1 < p < oo, denote X = LP(Q) while if J €
BUC(Q, LY(Q2)) denote X = L*>®(Q) or X = Cy(Q). If X = LP(Q), with 1 < p < oo, we will
assume h € L= () while if X = Cy(Q), we will assume h € Cp(Q).

Then the spectrum of K — hl satisfies 0(K — hl) = 0css U o), where the essential range is

Oess = R(—h)
and the (possibly empty) discrete point spectrum
0p = {im}ntr s M € NU{oo}.
If M = oo, then {pn},—, accumulates in R(—h).

Note that the essential spectrum above is independent of X and are the points in the spectrum
such that K — (h 4+ A)I is not a Fredholm operator of index zero. Also note that the point
spectrum, if nonempty, is potentially dependent of the space X. Hence, the following result,
taken from [26], Proposition 3.25], guarantees that the point spectrum, hence the whole spectrum
o(K — hI), is independent of X.

Proposition 2.4 Assume |Q| < oo and J € L®(, LPo(Q)) for some 1 < py < co and h €

L>°(Q) then for all pg < p < oo, K —hI € L(LP(2), LP(Q)), and or»q)(K — hI) is independent

of p.
If moreover J € BUC(Q, L0(Q)), the spectrum above coincides also with oreo() (K — hI).
If, additionally, h € Cy(S2), the spectrum above coincides also with o, (q)(K — hI).

Notice that indeed one proves that eigenfunctions belong to all spaces X.
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2.2 Continuous dependence

Now we present some results on the continuous dependence of the operators K — hl and their
spectrum, with respect to the kernel J and the function h.

Proposition 2.5 i) Assume for some 1 < p < 0o, {Ju}n C LP(Q, L (Q)) and J,, — J in that
space and hy, — h in L>°(Q). Then

K, —hpl — K —hl in L(LP(Q), LP(Q)).
ii) Assume {Jp}n C BUC(Q, LY(Q)) and J, — J in that space and h, — h in Cy(Q). Then
Ko —hol — K —hI in £(Cy(Q), Cy(S2)).

i) Assume |Q| < oo and for some 1 < py < oo we have {Jp}n, C L®(Q, LPo(Q)) and J, — J
in that space and h, — h in L>°(Q). Then for all py < p < oo,

Ko —hol — K —hI in L(LP(Q), LP(Q)).

If additionally, {J,}, C BUC(Q, LP0(Q)) and J,, — J in that space and h, — h in Cy(S2),

then we also get

Ky — hol = K —hI in £(Cy(R), Cy(R)).

Proof. Denoting X = LP(Q2) with 1 < p < oo or X = Cp(Q), parts i) and ii) are direct
consequences of Corollary and the estimates on K in terms of the kernel J in Proposition
combined with the convergence of the multiplication operators hy,I — hl in £(X, X).

For part iii) observe first that with the assumptions we get .J,, — .J in LP(Q, LP (Q)) for any
1 < po < p < oo and then use part i). Finally note that the additionally assumption on J,
implies J,, — J in BUC(2, L'(2)) and then we use part ii). m

Now combining this result with Theorem [2.3] and Proposition [2.4] we get the following result
about the continuity of the spectrum.

Proposition 2.6 Assume either one of the following cases.
i) For some 1 < p < o0, {Ju}n C LP(Q,LP/(Q)) and J, — J in that space and h, — h in
L>®(Q). Then denote X = LP(9).
i) {Jn}n C BUC(Q,LY(Q)) and J, — J in that space and hy, — h in L>(Q). Then denote
X = L>®(Q).

If moreover h, — h in Cy(Q) then denote X = L>®(Q) or X = Cy(92).
iii) |Q < oo and for some 1 < py < oo we have {Jy}n, C L®(Q, LP0(Q)) and J,, — J in that
space and hy, — h in L>°(Q). Then denote X = LP(Q) for any py < p < oo.
w) |Q] < oo and for some 1 < py < oo we have {J,}, C BUC(Q, LP0(2)) and J, — J in that
space and hy, — h in L>°(Q). Then denote X = LP(Q) for any py < p < oo.

If moreover hy, — h in Cy(Q2) then denote X = LP(Q2) for any pp < p < oo or X = Cy(Q).

Then, in each of the cases above we have

Kp—hol = K —hI in £(X,X),
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the spectrum of K, — hn,l and K — hl are independent of X and

a) For each A € p(K — hl) there exists ng € N such that for all n > ny we have \ €
p(Ky — hpI).

b) For A\ = p € op(K — hl), with multiplicity N, there exists ¢ > 0 such that for any
0 < & < gqg there exists ng € N such that for all n > ng in the ball B(\,e) C C, the operator
K,, — hpI has exactly N eigenvalues, counting multiplicities.

¢) For \ € R(—h) there exists A\, € R(—hy,) such that A\, — \.

Proof. Part a) follows from [20], Chapter 4, Section 3, Theorem 3.1, pag 208.

Part b) follows from [20], Chapter 4, Section 3, Theorem 3.16, page 212.

Finally, for part c¢) note that if A € R(—h) and there exists § > 0 such that for all n € N
we had d(\, R(—hy,)) > 6 > 0 the we would get |hp(z) + A > d > 0 for all z € Q and n € N.
From this we get |h(z)+A] > ¢ > 0 for all z € Q and therefore ﬁl/\ € L*>°(Q), which contradicts
A€ R(—h). m

2.3 Positivity properties

Now we define the essential support of a nonnegative measurable function.

Definition 2.7 Let z be a nonnegative measurable function z : 0 — R. We define the essential
support of z (support for short) as:

supp(z) = {z € Q : V6 >0, |{z > 0} N B(x,0)| > 0},
where B(x,6) is the ball centered in x, with radius §.

Observe that for a measurable nonnegative function z : Q@ — R
supp(z) = Q if and only if z > 0 a.e. in Q. (2.4)

In such a case we say that z is essentially positive (positive for short), and write it z > 0.
Given two measurable functions w,z :  — R we will say that w is (essentially) strictly
above z and write w > z, if w — z > 0 in the sense above.
The following result gives that under certain positivity of the kernel J, the operator K
strictly increases the support of a nonnegative function, see [26, Proposition 3.15]

Proposition 2.8 Assume J > 0 satisfies that, for some R > 0,
J(x,y)>0 for all x, y € Q, such that d(z,y)<R. (2.5)

If z > 0 is a nontrivial measurable function defined in € then,

supp(K () O B(supp(2), R) = | By, R).

yEsupp(z)

In particular, assume 2 is R—connected as in Definition Then either supp(z) = Q or
supp(K (z)) is strictly larger than supp(z). Indeed if supp(z) € 2 but supp(K(z)) = supp(z)
then B(supp(z), R) \ supp(z) = () then every point in 2\ supp(z) is at a distance larger than R
from supp(z), which contradicts that €2 is R—connected.

12



As a consequence of Proposition [2.8] successive iterations of K will increase the support of
z up to cover any compact set in €. In particular, if Q is compact and connected (hence R—
connected for any R > 0), then in a fixed number of iterations, independent of z, supp(K"(z)) =
2; see [26], Proposition 3.15] for full details.

The following result gives a more quantitative measure of the “positivization” properties of
K provided a stronger positivity condition than on J is assumed.

Proposition 2.9 Assume Q has finite measure, |Q] < oo and the balls in Q with fized radius
R > 0, do not degenerate in measure, that is, for some mg > 0

|B(z,R)| > mog >0, forall ze€. (2.6)
Assume also that J > 0 and satisfies that there exist Jo > 0 such that
J(x,y)>Jo>0 forallx,y e, such that d(x,y) < R. (2.7)
Then if z > 0, there exists & = a(z) > 0 such that
K(z)(z)>a >0, ae ze.
In particular, for z =1 we get that the function in satisfies
ho(x) > Jomg >0, a.e. x € Q.

Proof. Assume first infg z > § > 0. Then for any z € Q)

K(2)(x) = / J(,y)2(y) dy > / J(x,y)2(y) dy > Jo| Bz, R)|5 > Jomod > 0.
Q B(z,R)

Assume now infg z = 0. Then, since || < co we have [{z < §}| — 0 as § — 0. Then for §
small enough we can assume that for each z € Q, |B(z, R) N {z > d}| > mo/2.
Hence for z €

K(2)() 2 /

J(z,y)z(y)dy > Jo|B(z,R) N {z > d}|0 > Joﬂé > 0.
B(z,R)N{z>6} 2

The result for hg = K (1) is immediate. Observe that hg could be unbounded above unless
we asume J € L>®(Q, L}(Q)). =

Remark 2.10 Observe that even if || = oo the result above remains true for z > 0 such that
infg z =0 and, as § — 0,

sup |B(z,R)N{z <} — 0.
€

3 Principal eigenvalues and maximum principle

Now we discuss properties related to principal eigenvalues and maximum principles as in Defi-
nition [I.4] For this assume that J, h and X are as in Theorem
Then following ideas in [7], [10], [6, 23] and references therein we define
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Definition 3.1 With the notations above we define

Kp—h
A= inf sup ek e
0<peX ©

That is, A is the infimum of all A € R such that there exists 0 < ¢ € X such that
Ko —hp<Xp in Q. (3.1)
Some immediate consequences are the following

Proposition 3.2 i) The set of A for which holds for some 0 < ¢ € X is a half line, that
is, if N > X\ then also holds for X' (and the same ¢). If X > A then we can always assume
n that Ko — hp < Ap in €.
it) If J satisfies then

A>— igf h.

i) If | < co and J € L=(Q, LY(Q)) so ho defined in satisfies hy € L>®(Q), then A is
well defined and
A < sup(hg — h).
Q

w) If u is a principal eigenvalue of K — hl in X as in Deﬁnition then
> A
v) If Q is R—connected, J satisfies , A> —infoh and 0 < v € X is nontrivial and satisfies
K¢ —hp < Ap

then 0 < ¢ € X and X\ > A. If, additionally, || < oo, the measure of the balls satisfies (2.6])
and J satisfies , then there exists o > 0 such that ¢ > o > 0 in €.

vi) As a function of J and h, A = A(J,h) is increasing in J and decreasing in h. Moreover, if
for some 6 > 0 we have h1 + 90 < h < hg — J in ), then

A(hy) — 6 > A(h) > A(ha) + 6.

vit) If ' C Q, and we denote by X () the spaces LP(QY), with 1 < p < 0o, or Cy() respectively
and for ¢ € X() we define

Koplr) = / J(@,y)ely) dy, ze®

U

then

AQ) = inf  sup R2PTRP o\ pq).
0<peX () o )

Proof. The first part in i) is immediate. Also, if A > A, choose A > X' > A. Since for X', (3.1)
is also satisfied for some function 0 < ¢ € X then K¢ — hp < Np < Ap.
ii) If J satisfies (2.5 and (3.1) is satisfied for 0 < ¢ € X then

0<Kp<(h+MNp
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and therefore h + A > 0 in Q. Thus A > —infg h and then A > —infq h.
iii) Since hg € L>(R2), take ¢ =1 € X then

Hence, the set of A such that holds for some 0 < ¢ € X is non empty and A is well defined.
iv) If u is a principal eigenvalue, by definition, holds for A = p and then, by part i), u > A.
v) If supp(p) C €, since Q is R—connected, by Proposition the support of K¢ is larger than
the support of ¢ and we reach a contradiction with K¢ < (h 4+ \)p since h + A > 0. Hence
0 < e X and is satisfied, whence A > A. The rest follows from Proposition since
ch>o/>01mpliescp2%>Q>Oin9.

vi) The first part is immediate from the definition of A. For the rest observe that by Definition
3.1 we get A(h+c) = A(h) —c for c € R.

vii) Observe that if 0 < ¢ € X then the restriction to Q', ¢ = o satisfies 0 < ¢ € X (') and
for x € ¥, Kgp(x) < Kp(x). Hence

Ko K K
A(Q) < sup Q¢—hgsup—gp—hgsup—sp—h.
92 o P Q ¥

Minimising in ¢ we get the result. m

Now our goal here is to prove the following main result.

Theorem 3.3 Assume 2 is R-connected, |)] < oo and J, h and X are as in the standing
Assumptions[I.3 Then

i)
—igfh < A =sup Re(ox(K — hl)) <sup (ho — h).
Q

In particular, A is the only possible principal eigenvalue of K — hl in X.
i) If
A > —inf h.
Q

then A is the principal eigenvalue of K—hl in X. In such a case A is a simple isolated eigenvalue
of K — hI in X with bounded eigenfunction. If moreover J € BUC(Q, LPo(Q)) and h € Cy(Q),
the eigenfunction is continuous.

i11) The mazimum principle is satisfied for A > A and is not satisfied for X\ < A nor for
A=A> —infgh.

i) If A > A then the strong mazimum principle is satisfied.

In order to prove Theorem [3.3] we make use of the following Lemma. Notice it does not use
that K is compact.

Lemma 3.4 Assume Q is R—connected, || < oo, h and X are as above, @ holds true and
J satisfies and J € L®(Q, L (Q)) so K € L(XL®(Q)), A\ > —infqh, and there exist
0<peX and ¢ € X such that

Kp—hp<Xp in§.
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and
K¢>(h+ Ao in Q.

Then either ¢ < 0 in Q or ¢ > 0 in Q and is a multiple of v, Ko — hp = Ap and X is a
principal eigenvalue of K — hl in X.

Proof. Assume ¢ > 0 in a set of positive measure. By part v) in Proposition we have

p>a>0inQand ¢ < £% € L0(Q), hence ¢ is bounded above.

Thus, let s > 0 be the largest number such that ¢ > s¢, that is, % = Supg (%) > (0. Since

K(p—s¢) < (h+A)(p — s0),

if ¢ — s¢ > 0 is nontrivial, then from part v) in Proposition we get ¢ —s¢p > ¢ >01in Q for
some € > 0. But then there exist some s > 0 such that

po>e+sp>(5+9)p

which is a contradiction with the definition of s. Therefore ¢ = s¢ and the result follows. m
Now we can prove Theorem

Proof of Theorem We proceed in different steps.
Stepl. We prove now that if A > A > —infg h then X\ € px(K — hlI). This and part iv) in
Proposition implies that A is the only possible principal eigenvalue.

In fact, since A > —infg h then the multiplication operator (h + AI) : X — X is invertible

and K : X — X is compact, then it is enough to prove that K — (h + A\)I is injective. If we
assume otherwise then there exists a nontrivial ¢ € X such that K¢ = (h + \)¢. Since A > A
then by part ii) in Proposition [3.2) there exists 0 < ¢ € X such that K¢ —he < Ap. Since either
¢ or —¢ are positive in a set of positive measure in §2, then Lemma [3.4] implies ¢ is a multiple
of ¢ and K¢ — hp = Ap, which is a contradiction.
Step 2. We now prove that if A > —infg A then A is a principal eigenvalue. Moreover, in such
a case, Theorem implies A > —infq h is an isolated eigenvalue of K — hl and Lemma [3.4]
implies it is simple. Finally, if 0 < ¢ € X is an associated eigenfunction, then ¢ = % € L>(Q)
and is even continuous under the additional assumption on J and h. Thus we conclude the proof
of part ii) in the theorem.

To prove the claim, observe that for any € > 0 and A > A, from Step 1, there exists a unique
solution ¢, y € X of

K¢p—(h+XN)¢p=—¢.

Also, since A > A, there exists 0 < @) € X such that Koy — hpy < Apy. Then Lemma
applied to ¢y and —¢.  implies ¢, > 0, since A is not an eigenvalue, by Step 1.

But then, by part v) in Proposition we have ¢,y > a > 0 for some a = a(e, A).

Now, if for some € > 0, {¢- r}r<r<a+1 is bounded in X, since K € £(X, X) is compact, we
can assume that for some sequence A, = A, ¢, = ¢, , is such that 0 < K(¢,) converges in X
to some 0 < ¢ € X. Then

e+ K(pn) R e+&

n = — o inX.
0<¢ ht M hya YO0
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Then ¢ >0, { = K(p) € L™®(Q) and K¢ — (h + A)¢ = —¢ and then

Kp—h
sup kAL Sy
Q ¥
which contradicts that A is the infimum.
Therefore, we can take £, — 0 and A\, € [A, A + 1] such that ||¢c, x,[|x = 00, A\p = Ay €

A, A + 1] and such that, taking, 0 < ¢, = M, 0 < K(pn) converges in X to some
|Pen 2 llx
0 < ¢ e X. Since ¢, satisfies ’

- En
R =t len =5 = o T
En,yAn
then
n p— p— X'
0<w h+A, htrn 7"

Then |¢llx =1, ¢ >0, & = K(p) € L*°(Q) and Ko — (h+ \i)¢ = 0. Hence, A, is an eigenvalue
and thus A, = A by Step 1. Again, by part v) in Proposition we have ¢ > 0 and A is a
principal eigenvalue as claimed.
Step 3. Observe that from Steps 1 and 2 above, if either A > —infoh or A = —infg h, we
conclude that

A =sup (UX(K —hI)N R) < sup Re(ox (K — hl)).

The reverse inequality will be obtained below, using properties of the linear evolution equation,
see the end of Section [4] below Proposition

Now we turn to prove iii).
Step 4. Now we prove the maximum principle for A > A. Indeed if u € X satisfies

Ku—(h+Xu<0in

then ¢ = —u satisfies K¢ > (h 4+ A\)¢ and by Lemma since A is not an eigenvalue, we get
u > 01in Q.
Step 5. If A=A > —infg h then A is the principal eigenvalue and the positive eigenfunction
contradicts the maximum principle.
Step 6. Assume A < A and satisfies the maximum principle.
First, if A > —info h and ¢ is a positive eigenfunction of A then K(—¢) — (h + \)(—¢) =
(A= X)(—¢) <0in Q2 and thus the maximum principle implies ¢ < 0 which is a contradiction.
Second, if A = —infg h then A = {h + A\ < 0} has positive measure |A| > 0 and then the
characteristic function ¢ = —X4 < 0 satisfies K¢ — (h+ A)¢ < 0 in Q and this contradicts the
maximum principle. Notice that if X = Cp(€2) we use that A can be approximated by compact
sets from the interior and we can take a positive continuous function ¢ with compact support
in a compact subset of A. With such a ¢ we reach a contradiction as above.
Step 7. Now we prove v). For this, if A > A > —infg h and u € X satisfies Ku— (h+X)u <0
in Q, from Step 4 we know u > 0. Since Ku < (h 4+ A)u and €2 is R—connected, by part v) in

Proposition if u # 0 we get Ku > a > 0 and then u > 735 >ad'>0in. m
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Remark 3.5 The possibility that A = —infg h has positive eigenfunctions will be analysed
further below in Section [3.2
In particular, the reciprocal of part ii) will be discussed in Corollary .

Using Proposition and the characterization in part i) of Theorem [3.3| we obtain the
following.

Corollary 3.6 Assume Q, J,h and {Jp}n,{hn}n satisfy the assumptions in Theorem and
the assumptions in parts iii) or iv) in Proposition . Then we have

ILm A(Ky — hypl) = A(K — hI).
Proof. Note that since any A € C such that Re(\) > A := A(K — hl) satisfies A € p(K — hl),
by part a) in Proposition [2.6] we get A € p(K,, — hy,I) for all sufficiently large n. Hence, denoting
A(n) := A(K,, — hp1),
limsup A(n) < A.

If A > —infq h then it is a simple eigenvalue of K — hl and by part b) in Proposition
there is a sequence of simple eigenvalues of K,, — hy,I, denoted {uy, }, such that u, — A. Hence
Re(pyn) < A(n) and then

A= lizn Re(py,) < lirr}lian(n).

If A = —infqgh, since h, — h uniformly in €, then infg h, — infqh and then A(n) >
—infq A, which gives
A=— igfh < liminf A(n).

The following result, obtained in [27] for the case of a symmetric kernel, gives an alternative
description of A using the variational properties in L?(Q).

Proposition 3.7 Assume in Q, J and h are as in Theorem [3.3 and assume furthermore that

inwehavel§p0§2and
J(z,y) = J(y, z). (3.2)

Then the spectrum of K — hl is real, independent of X and

A= sip E()
PEL2(Q)
H‘PHLQ(Q):l

where
Be) = = | [ I@a)(el) = e@)Pdydr = [ (o) = hola) ¢¥(e) da
with hg as in .

The proof is based on the observation that, using Fubini, from (3.2)) one gets that K — hl is
selfadjoint in L?(2). Therefore its spectrum in L?(Q) is real and bounded above by

sup (K —hI)p,¢)r2(q)
peEL2(Q)
”‘P”LQ(Q)ZI
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which belongs to the spectrum, [8, p. 165]. Suitable integration gives that ((K —hI)p,¢)r2q) =
E(y). Since 1 < pg < 2 then X = L?(Q) is one of the admissible spaces and by Proposition
the spectrum is independent of X.

We can also give the following alternative characterization of A in Definition see [7] for
the case of second order differential equations and [6l 23], [I3] and references therein for the case
of nonlocal operators in open sets of the euclidean space RYV.

Proposition 3.8 We have

Ko—h
A= sup inf 2¥ P
0<peXx 2
Proof. Indeed denoting
~ Kp—h
A= sup inf 2P ¥
0<peX Q 2

notice first that A < A since, otherwise there would exists A > —infg h, and 0 < ¢, € X such
that

sup M < )\ <inf M
Q 2 Q ®
which would contradict Lemma [3.4]
For the converse, first if A > —infg A, from part ii) in Theorem so taking a positive
eigenfunction ¢, we get A > infq Ko—he _ p.
Second, if A = —infgh, denote h,, = infqh, take 0 < ¢, — 0 and consider the set of
h(z) z€Q,

he  x€Q\Q,

positive measure 2, = {z € Q, h(z) > hy, + ¢, } and define hy(z) = { which

is bounded, h,, < h, infq h,, = hy, and ||h — hpljco < €n.
Since h — e, < hy, < h we get

A<AK —hyd) <A+ep,.

On the other hand, since Q \ 2, has positive measure, part i) of Corollary below implies
A(K — hypI) > —hyy, and therefore A(K — h,I) = A(K — hp,I) — A as n — oo, by Corollary
and we get the result. =

3.1 Criteria for A > —infgh

Now we derive some necessary conditions for A.

Proposition 3.9 With the notations above, assume |Q] < oo, (@) holds true and J satisfies

. Then
i) For any zo € Q and R as in we have

1

€ LY(B(zo, R)).

In particular, ﬁ €L .(Q).
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Also, if J is lower semicontinuous in its second variable, then for any compact set A C Q
we have ;
inf (/ de) <1.
yeA\ J4 h(z) + A

inf hg —sup h < inf(hg — h) < A.
Q QO Q

ii)

iti) For any xo € Q and R as in we have

Jomg — sup h <A
QNB(zo,R)

Proof. Take A > A and 0 < ¢ € X such that K¢ < (h+ A)e.
First, integrating

Jo J(z,y)0(y) dy
X AGES < p(z) (3.3)

in an arbitrary measurable set A C ) we get

/A/Ah{a(ra)j—f dyd”“// +>\<P dydx</A<p( z) dz.

Using Fubini, the left hand side gives

[ ([ syt ez ms ([ o5 tya) [ ew i

whence infye 4 (fA e ’y) dx )
In particular, iff we take A= B(xo, R) with z¢p € Q and R as in ([2.7))

dx
J / _dr
° JB(eo.r) (@) + A

Taking a sequence A\, — A and using Fatou’s lemma we get m € LY(B(zo, R)).
Also, if J is lower semicontinuous in its second variable and A is compact, then for each

A > A and € > 0 there exists y) . € A such that fA at %’ii) der <1+e.
Hence, as A — A and ¢ — 0 we can assume y). — yo € A and using that J is lower

semicontinuous and Fatou’s lemma we get

J(x7y0)
i te<?

and we get 1).
For ii), again from (3.3]) and using part v) in Proposition

Jo @ )ew)dy _  ho(x)
h(z) + A h( )+ A Q

p(x) 2 inf ¢

and we get ho(x)ir;f(‘;)“p —h(xz) <A, zeq.
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Taking a minimising sequence {z,}, C Q for ¢, we get
inf hg —suph < inf(hg — h) < A
Q Q Q
Taking A — A we get ii).

For iii), if instead of minimising ¢ in Q in (3.3]), we work with x € B(xo, R) with xg € Q and
R as in (2.7) we get from (3.3)

fB(mO,R) J(x’ y)@(y) dy S Jomyg
h(z)+ A -

inf o, x € B(xo, R)

>
o(x) > h(z) + A mé(:co,R)

and we get Jomomrf(%g”w —h(z) <\, z€QnNB(xg,R).

Taking a minimising sequence {z,}», C QN B(xzg, R) for ¢, we get

Jomog— sup h <A
QﬂB(mo,R)

Taking A — A we get iii). m

From this we derive the following criteria to guarantee that A > —infg h and hence, A is
the principal eigenvalue.

Corollary 3.10 With the notations above, assume || < oo, (@ holds true and J satisfies
. Denote h,, = infq h and assume either one of the following conditions
i)
{h = hn}| >0,
it) There exists xo € Q and r < R as in such that

/ dx e
B(zo,r) h(l’) — b, ’

i11) There exists a compact set C' C Q such that

e =

) If J is lower semicontinuous in its second variable, we assume there exists a compact set
A C Q such that
: J(z,y)
inf

Y s
ven |y @) —hm 7

)

oscqo(h) == sgph — igfh < igf ho, or igf(ho —h) > — igfh.
iv) For any xo € 2 and R as in we have

sup  h—m < Jymg < inf hg.
QNB(zo,R) Q

Then, in each of the cases above we have

A > —infh.
Q
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On the other hand we also have the following criteria.

Corollary 3.11 Assume Q, J, h are as in Theorem[3.3, hy, = infq h and

- € X =LP(Q) withpy <p < 0.
i) If
J(z,y)
su 7 dy<1
xeg/ﬂh(y)_hm v=
then A = —infq h.
ii) If
. J(z,y)
f —d 1
g&éh@%#% v
then A > —infq h.

Proof. Take h,, =infqh and 0 < ¢ = %hm € X. Then one readily gets

J(z,y)
Ko(z) — (h(z) — hmn x:/d—l.
o(a) = (i) — hola) = [ 120y
In case i), from Definition we get A < supg & ‘p;h‘p < —hpy, while A > —h,,, by Proposition

.2l
In case ii) we get infg KSOTTW > —h,, and by Proposition we get A > —hy,.

When |[{h = h;,}| = 0 we give in the Lemma below a simple condition for part ii) in Corollary
which takes into account the measure geometric properties of the set {h = h;,} and the
shape of the function A near this set. The second part of the Lemma gives a simple condition
for the assumption in Corollary and will also be useful in Section

Lemma 3.12 Let ) # Ko C {h = hp,} and assume that for t > 0 small
{z, dist(z, Ko) < t}| =O(t"), B>0.

Then
i) Assume for x in a neighbourhood O of Ko we have hy, < h(z) < hy, + H(dist(z, Ko)) with
H:RY - R* and H(0) =0 and H(t) < At* neart =0 for some A,k > 0.

Then
/ dx C
o h(z) = hp, ’

B<k.

ii) Assume Ko = {h = hy,} and for x € Q we have h(x) > hy, + H(dist(x, Ky)) with H : Rt —
R+ and H(0) = 0 and H(t) > At* near t =0 for some A,k > 0.
Then for 1 < g < oo

provided

L
o € L)

provided
1<g< é
. k
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Proof. i) Observe that

dz o 1

and

o0 1 o 1 ! d
/ I Zs}ﬂ(’)]ds—/ ]{hghm+}ﬁ(’)ds—/|{h§hm+r}ﬂ(’)];
1 h—hn 1 s 0 r

From the assumptions in H, for r small,
{h < hpn + 7} N O| > [z, dist(z, Ko) < Br'/k}| > Crf/*

and therefore the integral is infinite provided 2 — /k > 1, i.e. § < k.

ii) Analogously
dx o 1
=y W = Hes

and

/100‘{(h_1hm>q25}]ds_/100|{h§hm+ 1}\ds-/ (< o+ 7} -2 q+1

From the assumptions in H, for r small,
{h < han 4+ 1} < |{z, dist(z, Ko) < Bri/*}| < Crf/*
and therefore the integral is finite provided ¢ +1 — 8/k < 1,ie. 1 < g < % |
Remark 3.13 As a very particular case of Lemma observe that if Q@ C RN is an open set
then if Ko has fractal dimension 0 < dp(Koy) < N, then fort > 0 small
{z, dist(z, Ko) < t}| = O@N—drKo)y,
see Proposition 3.2, chapter 3 in [1]|], and then the condition in part i) of the lemma reads
N — k < dp(Kp).

In particular, if Ky is an isolated point xg € 0, since dp(Ky) = 0, we obtain the condition
k > N which, for a sufficiently smooth function h leads to

D'h(zg) =0, forj=1,...,N—1

and we recover the result in [10)].
Also, part ii) of the lemma reads

dF(Ko) < N — kq.

In particular, if Ko is formed by a finite number of isolated points then dp(Ko) = 0 and the
condition reads 1 < q < % In the case of a smooth h this requieres that at each point xog € Ky

D'h(xzg) =0, forj=1,....j0 <N -2, DO h(zg)#0

and then 1 < g < ]OH
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We end up this section with the following result on the operator K. Notice that below we
take h =0 € Cp(Q).

Proposition 3.14 Assume €2 compact and connected, (@ holds and for some 1 < pg < 00
J € BUC(S, LPo(1))

and denote X = LP(Q2) for pg <p < oo or X = Cp(Q).
Then
0 < A(K) =7r(K) :=sup{|\|, A€ o(K)}

that is, the spectral radius of K in X, is the unique principal eigenvalue of K and is simple.
In particular, we get

1
0<AlK) < poégioo 171z 0, ) = 142170 ||JHL°O(Q,LP6(Q))'

We say that K is of Krein—Rutman type in X.

Proof. From Theorem [2.3] with h = 0, we know the spectrum of K is made up of {0} and a
sequence of eigenvalues converging to 0. From Proposition we know that the spectrum of
K does not depend on X. From Theorem with A = 0 we know that 0 < A(K) and is the
unique principal eigenvalue of K and is simple.

On the other hand, choosing X = C3(€2), since 2 is compact and connected and holds,
then we can use the Krein—Rutman theorem, [22},[30], to obtain that A(K) is the spectral radius,
r(K), in X = Cp(12), see Proposition 3.19 in [26].

Since the spectrum of K does not depend on X, we get the result while the bound on
A(K) comes form the estimate r(K) < || K| z(zr(q),zr(0)) for po < p < oo, and by the estimates
in Proposition we have [|K|lze@),cr) < 11 pq 10 () Using Holder’s inequality and
minimising in p we get the estimate.

3.2 The case A = —infgh

Now we analyse in detail the case A = —infqh = —h,,,. Our goal is to determine whether or
not A is still a principal eigenvalue and if K — (h — h,,)I satisfies the maximum principle.

Notice that in this case A € oes5(K — hI) and therefore one expects the properties of
K — (h+ A)I to be quite different from the case where A > —infq h and then A is in the point
spectrum.

According to part ii) in Corollary and Corollary the integrability of ﬁ plays a
role in the analysis. Hence, we will assume that for some s > 1 we have

0< € L*(Q) (3.4)

h—hp
see Lemma and define the set of integrable exponents for the function ﬁ

1 1 1
) = {8 > ]., ﬁ € LS(Q)}, Sp 1= Sup_[(

Therefore I C [1, so] with the same endpoints.
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Remark 3.15 If Q = B(0,1) ¢ RY and o < N, the function g(z) = ﬁ has I(g) = [1, %),
while the function g(z) = ——L——, with A > 1, has I(g) = [1, Y].

o |x|a10g(‘z‘)’ T

We now introduce the following notations.

Definition 3.16 For 1 <p < oo,
i) We say 1 <p < so iff h_lhm € LP(Q), that is, p < sg if so € I, or p < sg if so & I.
i1) We say so < p iff h—lhm ¢ LP(RQ), that is, so <p if so € I, or so <pif so ¢ I.

To begin with, we observe that in some spaces A = —h,;, could still be the principal eigenvalue
and in some others it can not be.

Proposition 3.17 Assume Q, J, h and X are as in Theorem[3.3.
i) If A = —infq h has a positive eigenfunction in X then X = LP(Q) with

P =< So-
ii) If
P=So
then there exists some (constant) kernel J such that A = —h,, has a positive eigenfunction in
X = LP(Q) given by0<g0:ﬁ € X.
Proof. i) Assume A = —h,, has a positive eigenfunction in X, i.e. 0 < ¢ € X satisfies

K¢ = (h — hy)e. Then by Proposition we get K¢ > a > 0 and then 0 < ;=5— < ¢ hence
1
€ X.
h—hm

ii) Take 0 < ¢ = ﬁ € X and J = f;l Then one readily gets K¢ — (h — hy,)p = 0 and
m Q h—hm
A = —h,, has ¢ € X as a positive eigenfunction. m

With this we get the following reciprocal of part ii) of Theorem This reciprocal holds in
[23] since they work in C(Q) for Q ¢ RV.

Corollary 3.18 i) If X = Cy(Q2) or X = LP(Q2) with with po < p < oo such that
SoXPp
then A is the principal eigenvalue in X if and only if

A > —infh.
Q

i1) If so < po then A = —hy, is not a principal eigenvalue in any of the admissible spaces in
Assumptions [1.5

Therefore, we assume from now on that

Po = S0- (3.6)

To analyse in detail the operator K —(h—h,,)I and, in particular, its eventual eigenfunctions,
we first sketch our driving argument: if A > —infgh, v € X and we want to compute f =
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Ku—(h+\u we define v = (h+\)u € X and then f = Kyv—v where K is the linear diffusion
operator as in (|1.3)) associated to the kernel

T L J(l’,y)
In(z,y) = W)+

Obviously for A > —h,,, Jy and J have the same integrability properties, which are lost as
A — —h,;, since ﬁ becomes unbounded. This singular limit, changes drastically the functional
properties of K —h,,- Under certain assumptions however, the equation f = K —h,,V — v can still
be set in a larger space Y D X. In particular notice that since the standing Assumptions
J(z,-) € LPo(Q) then J_y (z,-) € LI (Q) for & = L 4 1 for all s < so. Then we define g as

?7170
o<ttt 1y
40 Po  So
if sg € I or
1 1 1
0<—i=(—-—)-<1
q0 bo  So

otherwise, where (z)_ denotes any number smaller than x but as close as we want to . Observe
that 1 < py < qo < 0. B )
Now we analyse the kernels Jy and the nonlocal operators K.

Proposition 3.19 With the notations above and the standing Assumptions we have the
following results.

i) For X\ > —hpy, if J € L®(Q, LP(Q)) then Jy € L>®(, L%()) while if J € BUC(RQ, LPo(Q2))
then Jy € BUC(Q, L%(Q)).

i) If J € L®(Q, LPo(Q)) then J_p,, € L®(Q, L9(Q)) and

Iy = J_p,.,  in LOQ,L9(Q)) as A — —hy,.

If moreover J € BUC(, LP0(Q)) then J_j, € BUC(Q, L9%(Q)).
ii) If J € L=(Q, LP0(Q)) denote Y = LI(Q) for qo < q < oo, while if J € BUC(Q, Lo (Q))
denote Y = L4(Q) for qo < q< oo orY = Cy(). Then f()\,f(,hm € L(Y,L*(Q)), I~(>\,f(,hm €
L(Y,Y) are compact, the spectrum of Ky and f{—hm are independent of Y and

Ky = K_p, mLY,Y)as\— —hpy,. (3.7)

iv) For \ > —hy, the operators K satisfy the assumptions in Theorem in the spaces Y in
part i) with h = 0. In particular, for X > —hy,, in the space Y we have

0<A(N) <1,

and

AN = A(=hp) <1, as A — —hpy,

and they are the principal eigenvalues and also the spectral radiuses of Ky and K'_hm respectively.
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Proof. i) This is immediate since for fixed A > —h,, we have

1
0<e<——-<C, €9
T h(z)+ AT
for some positive constants ¢, C' and ¢, < pj,.
ii) Observe that for A > —h,, we have for some ¢ > 0 and any s < sp,

1

0
< h—

/

1
c< Y monotonically in L*(Q) as A — —hy,

which in turn, using Hélder’s inequality, implies that for each x € 2

I i= o 7 o) =

;M’ monotonically in L% () as A — —hy,

and then J_, € L®(Q,L%(Q)) or J_,, € BUC(Q, LP(£2)) respectively and
I A J g, in L®(Q,L%9(Q)) as A — —hyp,.

iii) This follows from Proposition

iv) Observe first that for A > —h,, the kernels .Jy satisfy condition and Jy € L=(Q, L%(Q)).
Hence the operators Ky satisfy the assumptions in Theorem in Y with 4 = 0 and then, by
Proposition @l, we get 0 < A(A) and it is the principal eigenvalue and the spectral radius of

K. Also, Corollary implies

AN = A(=hw), as X = —hp,.

Now, for A > —h,,, let us show that Ky — I satisfies the maximum principle in Y = L7(f)
for ¢ > qo > po. For this assume v € Y satisfies K\v —v < 0 in . Then u = ﬁ € X :=L1Q)
and Ku — (h+ A)u < 0 in Q. Since A > A = —h,,, and by Proposition the spectrum of
K — h1 is independent of X we know from Theorem that the maximum principle is satisfied
for K — (h+ ) in X = L9(2), whence u > 0 and then v > 0.

Then part iii) in Theorem implies A(\) < 1. But indeed, if A(\) = 1, since it is the
principal eigenvalue in Y = L9(Q) with ¢ > qo, then there exists 0 < é € Y such that Kx¢ = ¢.
But then 0 < ¢ = % € X := L) is such that K¢ — (h + A\)¢ = 0 but this implies that
A > A = —hy, is a principal eigenvalue in X, which is a contradiction with part i) in Theorem
B3

Therefore 0 < A(\) < 1 and then 0 < A(=h,,) <1. =

Now we prove that the condition A(—h,,) = 1 characterizes the situation in which A = —h,,
has a positive eigenfunction and so it is a principal eigenvalue under assumption ([3.6)).

Proposition 3.20 Under the above notations and assumptions, including (@), they are equiv-
alent
i) AM(=hpy) =1
i1) A = —hy, has a positive eigenfunction in X = LP(Q) for any po < p < so.
i11) A = —hy, has a positive eigenfunction in X = LP(Q) for some pg < p < So.
In such a case, all positive eigenfunctions belong to the same one dimensional subspace.
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Proof. First, if A(—h,,) = 1 since it is the principal eigenvalue and is simple, there exists
0<¢eY,suchthat ¢ = K_j, 6 € L®(Q). But then 0 < ¢ = .= LP(Q) for any
p < so and is such that K¢ — (h — hy, )¢ = 0. Hence i) = ii) = iii).

Conversely, if A = —h,,, has a positive eigenfunction in X = LP(Q) for some py < p < o
then there exist 0 < ¢ € LP(R) such that (h—hy,)¢ = K¢ € L>®(Q). Then 0 < ¢ = (h—hp)¢ €
L>®(Q) C Y satisfies K_j,_ ¢ = ¢. Hence A(—h,,) =1. m

Assume now that the set € := {h = hy,} is non empty (but of zero measure by (3.4)). Then
we analyse below the kernel of the operator K — (h — h,,)I and show that if A = —h,,, does not
have a positive eigenfunction, then there are other singular “measure eigenfunctions” of K — hl
for A = —h,, some of which are positive. Moreover, the set of solutions of

Ku= (h—hp)u (3.8)

can be identified with the set of regular Borel measures concentrated in the set € := {h = hy, }.
For this suitable additional regularity assumptions on J are required. More precisely we
have the following.

Proposition 3.21 With the notations above, assume furthermore that
J € L1(Q,Cp(Q))  for some gy < g < 0.

and A = —h,, does not have a positive eigenfunction in X = LP(Q) for some (or any) po < p <
S0-
Then for each regular Borel measure with support in €, that is, do € M(€), there ezists a
unique w such
u=do+w

so+q ™
If do is a positive measure then w > 75— h > 0 for some o > 0 and u is a positive singular

solution of (@

Proof. Using that for each x € 2, J(z,-) € C;(2) observe that u as in the statement satisfies
Ku= (h— hp)uiff v = (h — hyy)w satisfies K_, v —v = —H with

m

s a singular solution of . Moreover, w € LP(Q) for all pg < p < p. = 2L K s¢.

H(m)—éj(x,y)da(y), req.

Because of the assumption on J in the statement we have H € Y = L9(Q) and from the
assumptions and Proposition we get A(—hy,) < 1 Thus we have a unique solution v € Y
of the equation K_j, v —v = —H Therefore w = 75— € X = LP(Q) for p given by

1 1 1
=4 (3.9)
p q s
for any 1 < s < sg. In particular % > % and then p < so. The largest value of p is obtained as
s—>soso}DZp1 ,+%_q70+7 Othusp*Zpo.

If do is a positive measure then H > 0 and is non trivial. Since A(—h,,) < 1 then K_;,, —1
satisfies the strong maximum principle in Y, we get v > « > 0 and then w > ﬁ >a' >0in
Q. =m
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Observe that a related result was obtained in [II] assuming hilhm € LY(Q), working in

X =0(Q), Q C RV,
Now we present the following result on the maximum principle for the operator K —(h—h,)I.

Proposition 3.22 With the assumptions in Proposition|3.19 assume A = —h,, does not have
a positive eigenfunction in X = LP(Q) for some (or any) po < p < So.
Then we have the following results.
i) For X = Cy() or X = LP(Q) with g0 < p < 0o and sg < p then for every nontrivial u € X
we have that
Ku — (h— hp)u  changes sign in §Q,

that is, any nonzero function in the range R(K — hI), changes sign in Q. In particular, K —
(h — him)1 satisfies the mazimum principle.

it) Assume 2pg < so so that qo < so. Then the operator K — (h — hy,)I satisfies the strong
mazimum principle in X = LP(Q) with qo < p < so. Moreover, ifu € X and Ku—(h—hpy)u <0
then u > ﬁ for some o > 0.

Proof. For X = C4(Q2) or X = LP(2) with ¢o < p < oo, assume u € X is nonzero and is such
that Ku — (h — hy)u < 0. Then v = (h — hy,)u € Y = LP(Q) satisfies K_j, v — v < 0.

Since from the assumption and Proposition we get A(—h,,) < 1, then by part iii) in
Theorem the strong maximum principle holds for f(—hm —IinY = LP(Q), hence either
v=0o0rv>a>0. But v =0 implies supp(u) C {h = hy,} which has zero measure and then
u = 0 which is absurd. Therefore v > o > 0 and then ﬁ <wuelX.

If sp < p this is a contradiction and then Ku — (h — hy,)u must change sign in Q. Hence we
prove part i).

On the other hand, if g9 < p < sp, which requires 2pg < so, from u > h—O;Lm in ©, we get
u >« >0 in Q, which proves part ii). m

Remark 3.23 i) Observe that the case X = LP(Q) with po < p < qo remains open.
i1) Reference [23] treats the mazimum principle for K — (h — hy,)I in the case h—lhm € LY(Q)
working in X = C(Q) and Q C RN with continuous kernel J. In fact in their setting they prove
that the maximum principle holds for A = —h,,.

Their assumptions correspond here to pg = 1, sop = 1 and qo = oo hence X = L*(Q) or

X = Cp(Q) and we are in case i) of the Proposition.

3.3 Criteria for the sign of A

In this section we use all the previous results to derive some criteria to establish the sign of A.
For this we will assume the standing Assumptions [I.3] We will also denote h,, = infg h.
First two general remarks:

Lemma 3.24 i) If there ezist 0 < £ € X such that K& — h& <0 then A <0.
i1) If there exist n € X that changes sign in Q and such that Kn — hn <0 then A > 0.

Proof. i) This follows by Definition and (3.1)) with A = 0.
ii) If A < 0 then by part iii) in Theorem for A = 0, the maximum principle would be satisfied
which contradicts the existence of 7 in the statement. m

Then we have the following result.
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Proposition 3.25 i) If h,, <0 then A > 0.

it) If by = 0, and either |{h = 0} > 0 or § ¢ L} .(Q) or supg h < infqhg or h+ 6 < hq for
some § > 0, then A > 0 and is the principal eigenvalue.

i) If hy, > 0, assume there exists 0 < £ € X such that K§ — hE £ 0, then A < 0.

i) If hy, > 0, assume there exists n € X that changes sign in Q such that Kn — hn < 0 then
A>0.

Proof. Part i) is immediate since from part i) in Proposition A > —hy > 0.

Part ii) follows from Corollary since either condition implies A > —h,, = 0.

Part iii) is true because by i) in Lemma [3.24] we get A < 0. But if A =0 > —hy,, so it is a
principal eigenvalue, then there exists 0 < ¢ € X such that K¢ — h¢p = 0. Taking ¢ = ¢ and ¢
this contradicts Lemma [3.4] with A = 0 because K& — h& # 0.

Part iv) is true because by ii) in Lemma we get A > 0. But if A =0 > —hy,, so it is
a principal eigenvalue, then there exists 0 < £ € X such that K& — hé = 0. Taking ¢ = £ and
¢ = —n, this contradicts Lemma with A = 0 since n changes sign. =

Now we can derive the following improvement of the monotonicity properties of A in part
vi) of Proposition

Proposition 3.26 Assume in ), J and h are as in Theorem|[3.3 and are such that A = A(J, h)
1s the principal eigenvalue of K — hl.

i) Assume Jy £ J < Jo in QxQ have the same regularity than J in Theorem and Ji satisfies
(with may be a different constant Jy). Assume moreover that for some 6 > 0 we have

J(x,y) < Jo(x,y) = for all x, y € Q, such that d(z,y) < R.

Then
A(J1) < A(J) < A(Jo).

i) Assume h £ h. Then

A(h) > A(h).
Proof. Take 0 < £ € X a positive and bounded eigenfunction associated to A.
i) Denote K; = K, asin (|1.3]). Then we have K1 —hé = KE—hé+ (K1 —K)& = A+ (K1 —K)E.
Now observe that (K; — K) = Kj,_jy = —K;_j, and then (K; — K)¢ ¢ 0. Hence

Ki§ = (h+A)§ £0

and by Lemma A(Ji,h + A) < 0. But since by assumption A > —infgh, by iii) in
Proposition we get A(J1,h+A) =A(J1,h) — A <O0.
On the other hand, by Proposition [3.8| we get
. . K¢ (K2 — K)E (K2 — K)§
A(Jy) > inf (— —h)=inf (——=—-h+ ——= —
(72) 2 g ) =iy ¢ ¢
Again K9 — K = Kj,_j and Jo — J satisfies ([2.7]) with constant §. Then by Proposition we
have Kj,—;§ > a > 0 in Q. Therefore AN(JQ) > A. )
ii) We have K& — h{ = K§ — hé + (h— h)§ = A+ (h — h)E. Hence

)zA—i—inf
Q

K&~ (h+ A= (h—h)E£0

30



and by Lemma A(h+A) <0. Also we know A > —infoh > —infq h, ie. info(h+A) >0
and we are as in iii) in Proposition Hence A(h+A)=A(h) —A<0. m

In particular we get the following result that sets the function hg in (2.1)) as a threshold for
the sign of A.

Corollary 3.27 i) If h = hg then A = 0 with constant eigenfunction.
i) If ho £ h then A < 0.

i11) If for some 6 >0, h+ 3 < hg then A > 0.

i) In the symmetric case and 1 < pg < 2 as in Pmposition

/h</h0 then A > 0.
Q Q

Proof. i) Just observe that K1 = hy —h =0, and then A\ = 0 is the principal eigenvalue.
ii) This is because Proposition
iii) This comes from part vi) in Proposition

iv) From Proposition we get that for ¢ = W

AzE(go):|§12‘/Q(h0—h)>O.

Finally, note that when A > —infg h the results above can be arranged to provide following
characterization of the principal eigenvalue in the same line as for second order elliptic differential
operators, see [7, 24] [T, 2 25].

Theorem 3.28 With the notations above, assume A > —infq h. Then, the following statements
are equivalent

i) A <0.

i1) K — hl satisfies the mazimum principle in X.

i11) K — hI satisfies the strong mazimim principle in X.

i) There exists 0 < £ € X such that K& — h§ £ 0.

Proof. i) <= i) is by part iii) in Theorem [3.3[ with A = 0.
i) == 44i) is by part iv) in Theorem [3.3| with A = 0 while #ii) == i) is obvious.
i) = iv) is by Definition 3.1/ and (3.1)) with A = 0.

Finally iv) = 1) because we are as in part iii) of Proposition |

4 Linear evolutionary problems

Now we turn to the linear evolution equation ([1.2)). First we recall the following results, c.f. [20,
Theorem 4.3].

Proposition 4.1 Assume J € LP(Q, L¥ (Q)) with 1 < p < 0o and then denote X = LP(Q) and

assume h € L>(Q). Alternatively, assume J € Cy(2, L1 () and then denote X = Cy(Q) and
assume h € Cp(£2).
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i) Then L = K — hl € L(X,X) is a linear operator that generates a group e € L(X,X) for
t € R, and the solutions of the initial value problem

{ u(z,t) = (K —hl)u(x,t) z€Q, (4.1)
u(z,0) =up(z), x € Q,
are given by u(t) = e *ug. Finally if sup Re(ox (L)) < & then
leM | goxy < Me.
it) For each ug € X and t € R we have
u(x, t) = eMug(x) = e M @tyg(z) + /Ot e M=) K () (x, 5)ds. (4.2)

iii) (Parabolic maximum principle) If J > 0, then for every nonnegative ug € X, the
solution of problem , u(t) = ellug, is nonnegative for all t > 0, and it is nontrivial if

(%) 5_'5 0.
Moreover, if J satisfies and  is R-connected as in Definition then for every
ug € X, nonnegative and not identically zero,

supp(eXug) = Q, for all t > 0,
that is, the solution of is strictly positive in €, for all t > 0.

Now we can improve the positivity properties of the solutions of (4.1)) as follows.

Proposition 4.2 (Parabolic strong maximum principle)
With the notations in Pmposition assume §) is R—connected, |Q] < oo and the measure

satisfies @) and J satisfies .

Then for every ug € X, nonnegative and not identically zero,

iI§12f eMug >0, t>0.

Proof. Note that denoting v(t) = e ®u(t) we have v;(t) = ™K (u(t)) > 0 for t > 0 which
implies that for any ¢t > s > 0 we have u(t) > e M@)(t=9)y(s). Also, from this, as in (4.2) we get

t
u(t) = e M@y (s) + / e M@K (w)(r) dr > e M@=y (s) 4+ B(t — 8) K (u(s))
with 8(r) = Te IMl>=7: hence B(r) > 0 for 7 > 0 and £(0) = 0.

From part iii) in Proposition we have u(s) > 0 in © and then from Proposition we
get info K (u(s)) > a(s) > 0. Thus, for any t > s

u(t) = Bt — 5)K (u(s)) > Bt - s)als) > 0.
Observe now that from (4.2), for every wp € X and 7' > 0, we consider the mapping
Fuo : C([0,T],X) — C(]0,T], X) defined as
¢
Foo (W) (1) = e M@ (2) +/ e PO K (W) (z,s)ds, z€Q, 0<t<T.
0

Then we have the following immediate result.
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Lemma 4.3 If wy, 20 € X, and w, z € Yp = C([0,T],X) with the sup norm that we denote
[ - ll]; then
[[[Fao (W) = Fo (2)][| < CoT) lwo — 20| x + Co(T)|[|w — 2]|, (4.3)

where CL(T) = elr-lle=@T o) = CcTelt-le=@T  are increasing and continuous, and

Co(T) =0, as T — 0.

Definition 4.4 We say that uw € C([a,b], X) is a supersolution to in [a,b], if for any
t > s, with s,t € [a, b]

t
a(t) > e~ E-)g(s) 4 / @) K (@) (1) dr (4.4)

We say that u is a subsolution if the reverse inequality holds.

Clearly if w € C([a,b], X) is differentiable and satisfies that
u(t) > (K — h)u(t) for t € (a, b) (4.5)

then @ is a supersolution in the sense of (4.4]). The same happens for subsolutions if the reverse
inequality holds.
With this and the standard Picard’s iterations, we can prove the following.

Proposition 4.5 With the assumptions of Proposition let u(t, ug) = eltug be the solution
to with initial data ug € X, and let u(t) be a supersolution to in [0,T7].
If u(0) > ug, then
u(t) > u(t, ug), for te€[0,T].

The same is true for subsolutions with reversed inequality.

Proof. Since from the solution of can be written as u(t) = F(u)(t), with F = Fy,,
we choose 7 < T small enough such that in Lemma we have Co(7) < 1. Hence, by we
have that F(-) is a contraction in V = C([0,7],X). Then we consider the sequence of Picard
iterations,

Upy1(t) = Flup)(t), n=12,..., 0<t<r7

with u;(¢t) = u(t) for t € [0, 7], which converges to w in V.
Then we get by definition and using @(0) > wug

u(t) > F(u)(t) = ua(t), telo,7].

From here, since F is increasing, u(t) > F(u)(t) > F(u2)(t) = us(t) for t € [0,7] and by
induction @(t) > u,(t) for all n =1,2... and t € [0, 7]. Hence

u(t) > u(t,ug), te€lo,7].

Now, we take 7 = min{27, 7'} and (4.1) with initial data tg(7) = u(-, 7). Then in [7, 7] u(t)
is the unique fixed point of

t
F(u)(t) = e M@ E"g0 4 / e MO K (u)(s)ds  t € [r,7]

T
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in V= C([r,7],X), and the supersolution satisfies by definition and w(r) > @ that u(t) >
F(u(t)) in [r,7]. Following the same argument as above, we obtain that the supersolution,
u, and the solution, u, are ordered in [r,7]. From this we get u(t) > wu(t,ug), for ¢ € [0,7].
Repeating this process we get the result in [0,7]. =

Now we can end up the proof of part i) in Theorem (3.3

End of the proof of i) in Theorem Assume A > A and 0 < ¢ € X is such that
K¢ — he < Ap. Then from part v) in Proposition we know ¢ > o > 0 and U(t) = e*p > 0
satisfies

U >KU—-hU, t>0
and U(0) = ¢, that is, U is a positive supersolution to .

On the other hand, take p € ox (K — hlI) and we want to show that A > Re(u). From
Theorem we just need to consider the case when p is an eigenvalue and from Step 1 of the
proof of Theorem we just need to consider the case when p is complex. Let ¢ be a complex
eigenfunction associated to u. Then u(t) = e*'¢ is a complex solution of and its real and
imaginary parts, v(t) = Re(u(t)) and w(t) = Im(u(t)), are real solutions of (4.1)).

Since K € L(X,L*(Q)) then ¢ = vy + iwg = % € L*°(Q) and therefore there exists
a < 0 < b such that ap < vy, wg < bp. Then, from Proposition we get

aU(t) <w(t),w(t) <bU(t), t>0
and from this, Re(u) < A. Taking A — A, we get the result. m
Then we have the following result.
Proposition 4.6 Assume § is R—connected, || < oo and J, h and X are as in the standing

Assumptions[1.3 Also, fix any )
A<A <A

Then
i) Any solution of with ug € X satisfies

u()||x < MeM||lugllx, t>0.

i) Assume either A > —infqh or J € BUC(Q, LP (). Also, by Proposition assume
without loss of generality that 0 < ug € X is such that ug > o > 0.
Then there exists a positive bounded function ¢ in Q such that

0< e;\tcﬁ(:r) <u(z,t) z€Q, t>0.
iti) For any solution of with ug € L>°(Q) there exists a positive function ¢ € X such that
lu(z, t,uo)| < eMp(z) zeQ, t>0.

Both, parts i) and iii) hold true for X\ = X\ = A provided A > —infq h.

In particular, if A < 0 all solutions of converge to 0 in X as t — oo. Moreover, if
ug € L*(Q) then u(t) — 0 uniformly in Q as t — co.

On the other hand, if A > 0 then all positive solutions of converge pointwise to oo as
t — o0.
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Proof. Part i) follows from part i) in Proposition and part i) in Theorem
From Proposition for A and A as in the statement, there exists 0 < ¢, ¢ € X such that
N Kp—hg Ko—h
A<inf 2P TP o <sup 2P TP
Q Q ®

Then u(z,t) = e;\tgé > 0 and U(t) = eMyp > 0 satisfy respectively
w < Ku—hu, U;>KU-hU, t>0

i.e. they are positive sub and super solutions of (4.1]).
Also, from part v) of Proposition we get ¢ > [ > 0. On the other hand, if A > —infg h

we can assume A > — infg h and then we have @ < }ﬁ%\ € L*>() and we get ¢ < a. If, otherwise

A = —infg h, since J € BUC(Q, L*' (Q)) then from Proposition 2.4 we know the spectrum in X
coincides with the spectrum in L>°(£2), hence by Proposition A = supgc e () info %
and then we can assume ¢ € L>(2) as well.

Now let u(z, t) be a positive solution of (4.1]). From Proposition[d.2]we can assume infq u(z, 0)
ap > 0. We can also assume ¢ above satisfies 0 < ¢ < ag. Then Proposition implies
w(x,t) = e M@ < u(z,t) and we get ii).

Finally, let u(z,t) be a solution of such that u(z,0) is bounded above. Then we can
assume ¢ above satisfies u(x,0) < . Then Proposition 4.5 implies u(z,t) < U(x,t) = e M.

Hence, if uy € L>°(Q) the above argument applies to the solution of with initial data
|up| and then

[u(t, uo)| < u(t, uo|) < €.

If A > —infgh then we can take A = A = A the principal eigenvalue and ¢ = ¢ and
associated positive and bounded principal eigenfunction. m

Recall that in Section [3.3] we derived criteria to determine the sign of A.

5 Conclusion

In this paper we have developed a comprehensive theory for principal eigenvalues for nonlocal
linear operators in general metric mesure spaces. The nonlocal operators are defined through
kernels with minimal regularity assumptions and are set in Lebesgue spaces of integrable func-
tions as well as in the space of continuous functions.

The connection between principal eigenvalues and maximum principles is also addressed and
the results show a strong similarity with the well known analogues for second order elliptic
PDEs.

For evolution problems we prove the strong maximum principle, develop the technique of sub
and super solutions and prove the connection between the sign of the principal eigenvalue and
the stability or instability of the solutions. Again results resemble strongly the known results
for linear second order parabolic equation.
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