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Resumen 
 

 

 

Un buen número de experimentos recientes han demostrado que la luz presenta muchas 
que no se pueden explicar de acuerdo con la teoría clásica y deben tratarse en el contexto 
de la óptica cuántica. Este es el objetivo básico de la presente memoria. 
 
En el artículo 1, abogamos por una simple expansión multipolar de la matriz de densidad 
de polarización. Los multipolos resultantes se utilizan para construir distribuciones de 
cuasiprobabilidad con buenas propiedades, que aparecen como una suma de momentos 
sucesivos de las variables de Stokes. El primer orden corresponde a la imagen clásica en 
la esfera de Poincaré. La cuasidistribución que más utilizaremos a lo largo de esta tesis 
es la función Q que aparece como la proyección en los estados que tienen la polarización 
más definida de acuerdo a la teoría cuántica. Al observar sus contribuciones multipolares, 
formulamos una jerarquía completa de medidas que evalúan adecuadamente las 
correlaciones de polarización de orden superior. 
 
El artículo 2 está dedicado al análisis del momento angular orbital de un campo de 
radiación. Dicha variable se modeliza mediante la superposición de dos osciladores 
armónicos independientes a lo largo de dos ejes ortogonales. Derivamos, a través de un 
cambio de variables consistente, un imagen física completa del momento angular orbital. 
 
En el artículo 3 profundizamos en la caracterización de las correlaciones de polarización 
de orden superior. Los multipolos resultantes aparecen como momentos sucesivos de las 
variables de Stokes y se pueden obtener a partir de mediciones realistas. Como resultado, 
obtenemos una jerarquía de grados de polarización que miden la información de 
polarización hasta un orden dado. Dichos grados se caracteriza por una distribución 
acumulativa que definimos en este artículo. 
 
En el artículo 4 presentamos un operador vinculado con el índice radial en los modos 
Laguerre-Gauss de un oscilador armónico bidimensional en coordenadas cilíndricas. Esto 
sirve como base para analizar cómo conceptos básicos en óptica cuántica pueden 
redefinirse en términos de modos radiales. 
 
 
 
 
 
 
 
 
 



 
 
 
 
En el artículo 5 se trata un grado de polarización que puede extenderse de forma natural 
a campos cuyos frentes de onda no son necesariamente planos. Esta medida aparece como 
una distancia desde un estado al conjunto de todos los estados obtenidos a partir de éste 
por una transformación de polarización, que pueden determinarse experimentalmente en 
una configuración interferométrica. Al final, se llega a una expresión del grado de 
polarización en términos de los valores propios de la matriz de coherencia. 
 
En el artículo 6 empleamos la noción de expansión multipolar previamente desarrollada. 
Extendemos la noción de despolarización para incluir estados despolarizados a orden M. 
La existencia de la polarización oculta emerge de forma natural en este contexto. 
 
 
En el artículo 7 consideramos que las cuadraturas rotadas contienen la información 
dependiente de la fase del campo electromagnético. Como resultado del análisis de este 
par no canónico, obtenemos una relación de incertidumbre exacta, así como un par de 
desigualdades más débiles. Esto nos permite construir medidas de rendimiento adaptadas 
para diagnosticar estados gato de Schrödinger, entre otros. 
 
En el artículo 8 discutimos la polarización de los campos de luz clásicos paraxiales y no 
paraxiales recurriendo a una expansión multipolar de la matriz de polarización 
correspondiente. Resulta que solo un término dipolar contribuye cuando uno considera 
SU(2) (paraxial) o SU(3) (no paraxial) como simetrías fundamentales. Pero para la luz no 
paraxial, la expansión en SU(2) da lugar a una componente dipolar y otra cuadripolar, lo 
que explica la estructura más rica de este caso. 
 
En el artículo 9 consideramos los estados extremos de la distribución acumulativa 
introducida en el artículo 3. Encontramos que los estados coherentes SU(2) son máximos 
para cualquier orden, por lo que son los más polarizados permitidos por la teoría cuántica. 
El caso inverso de estados puros que minimizan esa distribución, que pueden verse como 
los más cuánticos. Consideramos la peculiar representación de Majorana de estos estados. 
 
En el artículo 10 profundizamos en la caracterización de estados mínimos de la 
distribución acumulativa para un rango diverso de la cantidad de fotones. Aprovechando 
la representación de Majorana, reformulamos el problema como distribuir uniformemente 
un determinado número de puntos sobre la superficie de la esfera de Poincaré. 
Presentamos los estados llamados "Reyes cuánticos". 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
El artículo 11 trata el fenómeno de la autoreconstrucción. Desciframos las matemáticas y 
la física que subyace al mecanismo de autoreconstrucción y proporcionamos una 
definición novedosa para la distancia mínima de reconstrucción más allá de la óptica 
geométrica. Además, proponemos cuantificar la capacidad de auto-reconstrucción de un 
haz a través de un grado recién creado de autoreconstrucción. Ilustramos este proceso 
adaptando una innovadora técnica experimental basada en la reconstrucción del frente de 
onda Shack-Hartmann. 
 
En el documento 12 mostramos que los estados que introducimos, los "Reyes cuánticos" 
tienen aplicaciones muy importantes en metrología. La estimación de una rotación 
constituye un ejemplo notable del aumento en la precisión de la medición permitida por 
la teoría cuántica. Nuestros estados son especialmente pertinentes para esta tarea cuando 
se desconoce el eje de rotación, ya que tienen una sensibilidad independiente de ese eje y 
alcanzan el límite de Heisenberg. Aquí, damos cuenta de la realización experimental de 
estos estados generando estados de momento angular orbital de dimensión hasta 21 
generados en fotones individuales, y confirmamos sus altas capacidades metrológicas. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 





 
 
 
 
 
 
 
 
Abstract 
 
 
 
As it has been recently demonstrated in a number of recent experiments, light has many 
properties that cannot be explained in any classical theory and should be treated in the 
realm of quantum optics. This is the inspiring thread of this Thesis. 
 
In paper 1, we advocate a simple multipole expansion of the polarization density matrix. 
The resulting multipoles are used to construct bona fide quasiprobability distributions that 
appear as a sum of successive moments of the Stokes variables. The first order 
corresponds to the classical picture on the Poincaré sphere. The quasidistribution that we 
will use the most throughout this Thesis is the Q function. It appears as the projection on 
the states having the most definite polarization allowed by the quantum theory. Looking 
at its multipolar contributions, we formulate a whole hierarchy of measures that properly 
assess higher-order polarization correlations. 
 
Paper 2 is devoted to the analysis of the orbital angular momentum of a light field. We 
model this variable as a superposition of two independent harmonic oscillators along two 
orthogonal axes. We derive, via a consistent change of variables, a comprehensive picture 
of the orbital angular momentum. 
 
In paper 3, we delve into the characterization of higher-order polarization correlations. 
The resulting multipoles appear as successive moments of the Stokes variables and can 
be obtained from feasible measurements. As a result, we obtain a hierarchy of degrees of 
polarization that measure the polarization information up to a given order. Such degrees 
are characterized by a cumulative distribution we introduce in this paper. 
 
In paper 4, we introduce an operator linked with the radial index in the Laguerre-Gauss 
modes of a two-dimensional harmonic oscillator in cylindrical coordinates. This serves 
as a basis for analyzing how basic quantum optical concepts can be recast in terms of 
radial modes. 
 
In paper 5, we put forward an operational degree of polarization that can be extended in 
a natural way to fields whose wave fronts are not necessarily planar. This measure appears 



as a distance from a state to the set of all of its polarization-transformed counterparts, 
which can be experimentally determined in an interferometric setup. At the end we come 
to an expression of the degree of polarization in terms of the eigenvalues of the coherence 
matrix. 
 
 
 
 
 
 
 
 
 
In paper 6, we put to work the multipolar expansion previously developed. We extend the 
notion of unpolarization to include Mth-order unpolarized states. The existence of hidden 
polarization emerges in a natural way in this context. 
 
In paper 7, we consider that rotated quadratures carry the phase-dependent information 
of the electromagnetic field. As a result of the analysis of this noncanonical pair, we 
obtain an exact uncertainty relation, as well as a couple of weaker inequalities. This 
allows us to construct performance measures tailored to diagnose photon-added and 
Schrödinger-cat-like states, among others. 
 
In paper 8, we discuss the polarization of paraxial and nonparaxial classical light fields 
by resorting to a multipole expansion of the corresponding polarization matrix. It turns 
out that only a dipolar term contributes when one considers SU(2) (paraxial) or SU(3) 
(nonparaxial) as fundamental symmetries. But for nonparaxial light the expansion in 
SU(2) gives place to both dipolar and quadrupolar components, which explains the richer 
structure of this instance. 
 
In paper 9, we consider extremal states of the cumulative distribution introduced in paper 
3. We find that SU(2) coherent states are maximal to any order, so they are the most 
polarized allowed by quantum theory. The converse case of pure states minimizing that 
distribution, which can be seen as the most quantum ones. We consider the peculiar 
Majorana representation of these states. 
 
In paper 10, we delve into the characterization of the case of minimal states of the 
cumulative distribution which is investigated for a diverse range of the number of 
photons. Taking advantage of the Majorana representation, we recast the problem as that 
of distributing a number of points uniformly over the surface of the Poincaré sphere. We 
introduce the so called “Kings of quantumness”. 
 
Paper 11 treats the phenomenon of self-healing. We unravel the mathematics and the 
physics underlying the self-reconstruction mechanism and we provide for a novel 
definition for the minimum reconstruction distance beyond geometric optics. Moreover, 
we propose to quantify the self-reconstruction ability of a beam via a newly established 
degree of self-healing. We illustrate this process by tailoring an innovative experimental 
technique based upon Shack-Hartmann wave front reconstruction. 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
In paper 12, we show that the states we introduced, the Kings of quantumness, have very 
important applications in metrology. The estimation of a rotation constitutes a remarkable 
example of the boost in the accuracy of measurement allowed by quantum theory. Our 
state are especially germane for this task when the rotation axis is unknown, as they have 
a sensitivity independent of that axis and they achieve a Heisenberg-limit scaling. Here, 
we report the experimental realization of these states by generating up to 21-dimensional 
orbital angular momentum states of single photons, and confirm their high metrological 
abilities. 
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5.2 Reyes cuánticos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5.2.1 Representación de Majorana . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
5.2.2 Estados extremos de la distribución acumulativa: los Reyes cuánticos . . . . . . . . . . . 28
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1. Campo de Estudio: La polarización de la luz
La polarización, el aspecto vectorial de la luz, es de suma importancia para una comprensión adecuada del

mundo fı́sico y sigue siendo objeto de mucha investigación fundamental hoy en dı́a. Manipular la polarización es
crucial para muchas aplicaciones, en muchos casos la polarización es una variable de medición, mientras que en en
otros casos, la polarización es una fuente de ruido, cuyo control es decisivo. Éste tema es tan relevante que varias
monografı́as [219, 66, 139, 68, 19, 124, 55, 75, 69, 109, 101, 191] y artı́culos de revisión [57, 103, 56, 58] están
dedicados completamente a a su estudio; el lector interesado puede encontrar allı́ información extensa, que incluye
estudios históricos de nuestra comprensión de la luz polarizada.

En el lado experimental, la polarización de la luz es una caracterı́stica robusta que puede ser manipulada de manera
eficiente utilizando equipos modestos sin introducir más que pérdidas marginales. Por lo tanto, no es sorprendente
que esta sea a menudo la variable de elección para codificar la información cuántica, como puede comprobarse
mirando a algunos experimentos recientes de vanguardia, incluyendo la distribución de la clave cuántica [184],
codificación cuántica densa [178], teleportación cuántica [48], estados rotacionalmente invariantes [196], super-
resolución de fase [199], y mediciones débiles [85]. Esto demanda de la existencia de una teorı́a completa de la
polarización en óptica cuántica.

1.1. Desarrollo histórico
Lejos de su fuente, cualquier campo electromagnético que se propaga libremente puede considerarse en una

buena aproximación como una onda plana, con su campo eléctrico situado en un plano perpendicular a la dirección
de propagación. Esta simple observación es la raı́z de la noción de polarización. El extremo del campo eléctrico de
una onda describe en el tiempo una curva bien definida ; en general, una elipse.

La elipse de polarización es una simple descripción de la amplitud de la luz polarizada, pero no es directamente
accesible a la medición. En 1852, Stokes [222] señaló que la polarización puede ser especı́ficada por cuatro
parámetros de intensidad [244, 179, 26] que pueden ser fácilmente medidos [34, 50, 208, 20]. Además, conducen de
una manera natural a la esfera de Poincaré [192] en la que el estado de polarización se caracteriza por dos ángulos
directamente relacionados con los parámetros de polarización de la elipse. Esto nos proporciona una elegante
imagen geométrica en la que analizar el efecto de las transformaciones de polarización.

Estos argumentos se aplican solo a ondas planas ideales. En la práctica, sin embargo, los campos con los que se
trabaja en óptica exhiben cierta aleatoriedad. La misma naturaleza caótica del proceso de emisión de la luz requiere
entonces una descripción estadı́stica. En realidad, las rápidas fluctuaciones temporales del campo no pueden ser
seguidas por ningún detector y uno debe considerar en cambio las correlaciones del campo en diferentes puntos
espacio-temporales. Desde este punto de vista, la polarización está cercanamente relacionada a la teorı́a de la
coherencia [246, 198, 177]. En un retrato sencillo podemos considerar que una elipse bien definida representa la
polarización total y que la polarización parcial surge por la sucesión rápida y aleatoria de diferentes elipses. En
términos más cuantitativos, los parámetros de Stokes se vuelven variables aleatorias y uno debe hacer frente a una
distribución de probabilidad en la esfera de Poincaré .

El hecho de que los parámetros de Stokes puedan traducirse inmediatamente al dominio cuántico se puso de
manifiesto en el trabajo seminal de Fano [94], y discusiones acerca de los operadores de Stokes resultantes pueden ser
encontradas en libros de texto antiguos (ver, por ejemplo, [131, 7]), incluyendo su relación con el espı́n del fotón [93].
En el nivel cuántico, ningún estado del campo puede tener valores definidos de los tres operadores de Stokes, puesto
que estos no conmutan y cualquier medida precisa simultánea de estas cantidades no está permitida. En términos
fı́sicos, esto significa que no hay estado con una elipse de polarización bien definida, de la misma manera que uno no
puede asignar una trayectoria definida a un partı́cula cuántica. Las inevitables fluctuaciones implican que los puntos
en la esfera de Poincaré pierden su significado. Ésto establece una primera gran diferencia con la descripción clásica
y está en el origen de muchas caracterı́sticas no clásicas, la más tentadora de las cuales es quizás la compresión de
la polarización [62, 151, 165, 170], que ha sido observada en numerosos experimentos [49, 116, 87, 217, 126].

Por otro lado, la polarización clásica a menudo se restringe a los valores promedio de los parámetros de Stokes.
Ésto está justificado ya que en su mayorı́a la luz clásica tiene estadı́sticas de Gauss. Sin embargo, los estados
no gaussianos son de máxima relevancia en óptica cuántica, por lo que los momentos de orden superior de los
operadores de Stokes entran en juego.Ésto abre el mundo cuántico a propiedades de polarización que no se han
abordado en el dominio clásico. El grado clásico de polarización no puede incluir estos nuevos fenómenos, por lo
que debe ser generalizado para incluir estos efectos de polarización de orden superior.
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2. Conceptos básicos

2.1. Luz polarizada en óptica clásica
En esta sección proporcionamos una breve descripción de los conceptos básicos de la teorı́a clásica de la

polarización de la luz. El tema se trata en cualquier libro de texto [45] y en las más especı́ficas monografı́as ya
citadas [219, 66, 139, 68, 19, 124, 55, 75, 69, 109, 101, 191]. Ésto nos facilitará la comparación con la versión
cuántica de estos mismos conceptos.

2.1.1. Elipse de polarización

Dado un punto en el espacio, el estado de polarización de un haz de luz que se propaga en una dirección fija,
digamos z, está dada por la evolución temporal del campo eléctrico de la onda, que se encuentra en un plano
perpendicular a la dirección de propagación. Consideramos ondas planas monocromáticas de frecuencia w y vector
de onda k. Sea Epz, tq el campo eléctrico en un punto z, en el tiempo t, de la onda, las componentes del campo
eléctrico són:

EHpz, tq “ E0H expr´ipwt ´ kz ` dHqs , EV pz, tq “ E0V expr´ipwt ´ kz ` dV qs , (1)

dónde los subı́ndices H (horizontal) y V (vertical) se refieren a las dos componentes cartesianas perpendiculares a z.
Los coeficientes E0H y E0V denotan las amplitudes reales de las componentes correspondientes y dH y dV sus fases.
Tener en cuenta que los campos medibles vienen dados por la parte real de las expresiones complejas. También se
debe señalar que la onda monocromática utilizada en las siguientes discusiones no se puede realizar estrictamente
en el experimento; el formalismo, sin embargo, es válido también para campos cuasimonocromáticos en el enfoque
paraxial, reemplazando k y w por sus valores medios respectivos k̄ y w̄ . Para obtener la curva que el extremo del
vector del campo eléctrico describe en el tiempo, eliminamos el tiempo en la Eq. (1). Después de algunos cálculos
simples, obtenemos:

ˆ
EH

E0H

˙2
`

ˆ
EV

E0V

˙2
´ 2

ˆ
EH

E0H

˙ˆ
EV

E0V

˙
cosd “ sin2 d , (2)

dónde d “ dV ´ dH es la fase relativa entre ambas oscilaciones. Ésta es precisamente la ecuación de la elipse,
que degenera en una lı́nea recta o un cı́rculo para algunos valores particulares de la fase relativa. Aunque hemos
eliminado la variable temporal , las componentes de los campos EH y EV continuan siendo dependientes del
espacio-tiempo, pero para la radiación monocromática las amplitudes y las fases son constantes en el tiempo. Esto
significa que la elipse de polarización permanece fija mientras el haz polarizado se propaga.

En general, (2) describe una elipse rotada, con los semi-ejes a y b (a • b). El ángulo del semi-eje mayor, medido
en sentido antihorario desde el eje horizontal positivo, es el ángulo de orientación y (0 § y § p). El grado en que
la elipse es oval se describe por un parámetro de forma llamado elipticidad c (´p{4 † c § p{4), definido como
tan c “ ¯b{a, el signo distingue los dos sentidos en los que la elipse puede ser descrita. Estos ángulos dependen de
la amplitud y la fase relativa:

tanp2yq “ 2E0HE0V

E2
0H ´ E2

0V
cosd , tanp2cq “ 2E0HE0V

E2
0H ` E2

0V
sind . (3)

El ángulo de orientación es cero cuando el valor de la fase d es igual a p{2 o 3p{2. En estas situaciones (2) describe
una elipse en su forma estándar. En términos de las amplitudes, la orientación es también cero si E0H (E0V ) es cero,
en estos casos tenemos luz linealmente polarizada en dirección vertical (horizontal) . Para los casos extremos en
los que b “ 0 tenemos c “ 0 y la luz es linealmente polarizada. En su lugar, cuando b “ a tenemos c “ ˘p{4 y
obtenemos luz circularmente polarizada.

2.1.2. La matriz de coherencia y los parámetros de Stokes

Para nuestros propósitos en lo que sigue es conveniente reformular (1) como:

EHpz, tq “ E0aH expr´ipwt ´ kzqs , EV pz, tq “ E0 aV expr´ipwt ´ kzqs , (4)
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Figura 1: (Izquierda) Elipse de polarización mostrando los ángulos de orientación y y elipticidad c , que son función del
semieje mayor y el semieje menor de la elipse, a y b. (Derecha) Esfera de Poincaré y la parametrización de las
variables de Stokes para la luz polarizada en términos de las coordenadas esféricas

dónde hemos absorbido las fases dH y dV en las amplitudes complejas adimensionales aH y aV . La amplitud del
campo E0, real, puede ser identificada como campo eléctrico por fotón en la terminologı́a de la óptica cuántica [214]

Como es sabido, toda la información de la polarización en cualquier plano z está contenida en el vector:

AHV “
ˆ

aH
aV

˙
(5)

al que nos referimos habitualmente como vector de Jones [133]. El subı́ndice HV destaca la base utilizada para
descomponer las amplitudes del campo. Obviamente, este vector se puede expresar en cualquier otra base de
polarización, que se obtiene de la base lineal tH,V u por una transformación unitaria. En particular, una elección
muy conveniente es la base circularmente polarizada t`,´u tal que:

A˘ “ 1?
2

ˆ
1 i
1 ´i

˙
AHV . (6)

Debido a que sólo las cantidades bilineales en las amplitudes de campo pueden ser detectadas, es ventajoso
considerar la matriz

F˘ “ A˘ b A:
˘ “

ˆ
a˚

`a` a`a˚
´

a˚
`a´ a˚

´a´

˙
, (7)

donde : indica la hermı́tica conjugada, b representa el producto de Kronecker. En general, para describir el
estado de polarización de un campo cuyos componentes pueden fluctuar en el tiempo de una manera complicada,
determinista o aleatoria, se toma el promedio temporal de esta matriz, y el resultado es la llamada matriz de
coherencia (o polarización) [95, 245, 188, 23, 25]. De esta forma, F es una matriz de covarianza de dimensión
2 ˆ 2 cuyos elementos son los momentos de segundo orden de las amplitudes del campo. Bajo la presunción de que
éstas son estacionarias y ergódicas, los brackets pueden ser también entendidos como un promedio del conjunto en
diferentes realizaciones.

Los elementos de la diagonal principal de F son no-negativos , dado que son las intensidades promedio de las
componentes horizontal y vertical de la polarización (en unidades de E0). En consecuencia, su traza es igual a la
intensidad promedio de la onda. Los elementos no diagonales son complejos conjugados entre sı́ y representan las
correlaciones cruzadas de las dos componentes de polarización. Por tanto, F es una matriz hermı́tica. Más aún,
una aplicación directa de la desigualdad de Schwarz nos muestra que |FHV | § ?

FHHFVV , y por consiguiente
el determinante de F es no-negativo. De hecho, la no-negatividad de sus valores propios constituye un conjunto
completo de condiciones necesarias y suficientes para que una matriz hermı́tica F sea una matriz de coherencia, i.e.,
para que represente el estado de polarización de un campo de luz.

La matriz de coherencia puede expandirse en una base del espacio lineal de las matrices complejas de dimensión
2 ˆ 2 . Una base natural es la constituida por la identidad (s0 “ 11) más las tres matrices de Pauli si (los ı́ndices
latinos toman valores de 1 a 3). Éstas son hermı́ticas si “ s :

i , ortogonales Trpsi s jq “ 2di j y satisfacen s2
i “ 11.
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Además, son unitarias y de traza nula. La correspondiente expansión da como resultado coeficientes reales [95]:

Sµ “ 1
2

TrpFsµ q , (8)

donde µ “ 0,1,2,3 son conocidos como los parametros de Stokes. Estos pueden ser también expresados como:

Sµ “ 1
2

A:
˘ sµ A˘ . (9)

Esta relación puede ser invertida, de modo que podemos escribir los parámetros de Stokes en términos de los
elementos de la matriz de polarización:

S0 “ 1
2 pa˚

`a` ` a˚
´a´q ,

(10)
S1 “ 1

2 pa˚
`a´ ` a`a˚

´q , S2 “ i
2 pa`a˚

´ ´ a˚
`a´q , S3 “ 1

2 pa˚
`a` ´ a˚

´a´q .
Estos cuatro parámetros tienen un perfecto significado operacional. El parámetro S0 es proporcional a la intensidad
total (en unidades de E

2
0 ), mientras que S3 representa el exceso en intensidad entre las componentes circularmente

polarizadas a izquierda y a derecha. El parámetro S1 tiene una interpretación similar respecto a las componentes
linealmente polarizadas a 45˝ y 135˝. Finalmente, el parámetro S2 es igual al exceso de la componente horizontal
sobre aquella polarizada verticalmente.

En este punto se requiere algo de precaución: nuestra definición contiene un factor 1/2 extra en comparación con la
tradicional. Este factor no esencial nos ayudará luego para realizar la conexión con la apropiada definición cuántica.
También mencionamos que un cambio de la base utilizada en la definición de la matriz de polarización simplemente
conducirá a una reorganización de la definición de los parámetros de Stokes en términos de las amplitudes de los
modos, pero la estructura general permanece invariante.

La positividad de F˘ implica inmediatamente que:

S2
0 • S2

1 ` S2
2 ` S2

3 , (11)

y la igualdad se cumple cuando det F˘ “ 0, que es exactamente el caso de la luz monocromática. Esto inmedia-
tamente sugiere introducir el estado de polarización como un punto en una superficie esférica, llamada la esfera
de Poincaré, que tiene como ejes las coordenadas pS1,S2,S3q. La posición del punto en la esfera de Poincaré está
caracterizada por los ángulos de orientación y elipticidad y (0 § y § p) y c (´p{4 § c § p{4) de modo que (ver
Fig. 1):

S1 “ S0 cosp2cqsinp2yq, S2 “ S0 cosp2cqcosp2yq , S3 “ S0 sinp2cq . (12)
El vector S “ pS1,S2,S3qt (donde t es la transpuesta) es conocido como el vector de Stokes. De manera notable,

con nuestra elección de la base circular, todos los estados linealmente polarizados se encuentran en el ecuador
de la esfera de Poincaré, mientras que los estados circularmente polarizados están en el polo norte y polo sur
(circularmente polarizados a la derecha y a la izquierda respectivamente). Los estados polarizados elı́pticamente
están representados en el resto de puntos de la superficie esférica.

Para concluir, mencionamos que una generalización de los parámetros de Stokes de un haz electromagnético
aleatorio ha sido introducido por Ellis y Dogariu [91] en el dominio del espacio-tiempo y también ha sido estudiado
por Korotkova y Wolf [152] en el dominio espacio-frecuencia. Mientras que los parámetros habituales de Stokes
dependen de una variable espacial, estos “parámetros de Stokes de dos puntos”, que pueden ser definidos en el
dominio espacio-frecuencia a partir del espectro cruzado de la matriz densidad que caracteriza las correlaciones
en dos puntos, dependen de dos variables espaciales y contienen información adicional sobre las propiedades de
coherencia.

Otro enfoque relevante es el modelo de parámetros de Stokes espacio-angulares que se introducen para rayos
generalizados que incluyen dependencia espacial y angular y permiten que su evolución durante la propagación sea
considerada.

2.1.3. Transformaciones de polarización

Como se destacó anteriormente, la polarización del campo está determinada por su vector de Jones A (en adelante,
se asume que trabajamos en la base circular, en consecuencia, dejamos de utilizar el subı́ndice correspondiente). Su
norma euclı́dea:

N “ }A}2 “ A:A “ a˚
`a` ` a˚

´a´ “ 2S0 . (13)
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es la intensidad, medida en unidades de E
2
0 .

Permı́tanos ahora considerar las transformaciones lineales del campo, que están representadas por matrices
complejas U de dimensión 2 ˆ 2, tales que A1 “ UA. Para transformaciones sin pérdidas de energı́a, como las
producidas por divisores de haz, placas de fase, etc., la intensidad es preservada; es decir: A1:A1 “ N y, por tanto
U es unitaria. De hecho, imponemos que U P SU(2); i.e., el grupo de matrices unitarias complejas 2 ˆ 2 con
determinante unidad. Dado U P SU(2), podemos encontrar ángulos de Euler a,b ,g tales que:

Upa,b ,gq “ e´ias3{2 e´ibs2{2 e´igs3{2 “
ˆ

e´ipa`gq{2 cospb{2q ´e´ipa´gq{2 sinpb{2q
e`ipa´gq{2 sinpb{2q e`ipa`gq{2 cospb{2q

˙
, (14)

donde los angulos de Euler satisfacen: 0 § a § 2p , 0 § b § p , 0 § g § 4p .
Alternativamente, podemos escribir U en terminos de un vector unidad nnn en la dirección del eje de rotación

[especı́ficado por los ángulos esféricos pQ,Fq] y un ángulo de rotación w ,

Upnnn,wq “ expp´iw nnn ¨sss{2q “
ˆ

cospw{2q ´ isinpw{2qcosQ ´isinpw{2qsinQ e´iF

´isinpw{2qsinQ eiF cospw{2q ` isinpw{2qcosQ

˙
. (15)

Nótese que si las amplitudes complejas experimentan una transformación unitaria A fiÑ A1 el vector de Stokes
S P R3 sufre también una transformación. En realidad, uno puede comprobar que [72]:

U pS ¨sssqU: “ pRpUqSqq ¨sss , (16)

donde la matriz ortogonal RpUq P SO(3) es una rotación, y sss son las matrices de Pauli. De manera más explı́cita,
RpUq puede ser escogida como:

RpUq jk “ 1
2

Trps j U sk U´1q . (17)

La correspondencia U fiÑ RpUq constituye una representación de SU(2), y toda rotación es imagen de algún elemento
U . Nótese que ambas matrices U y ´U representan la misma rotación RpUq “ Rp´Uq, por lo que la correspondencia
anterior produce un doble recubrimiento de SO(3) por SU(2).

Sólo s3 y s2 son necesarias para generar una transformación SU(2) arbitraria. Utilizando (17), es inmediato
mostrar que

Upe3,fq “ expp´ifs3{2q “
ˆ

e´if{2 0
0 e´if{2

˙
fiÑ Rpe3,fq “

¨

˝
cosf sinf 0

´sinf cosf 0
0 0 1

˛

‚,

Upe2,qq “ expp´iqs2{2q “
ˆ

cospq{2q sinpq{2q
´sinpq{2q cospq{2q

˙
fiÑ Rpe2,qq “

¨

˝
cosq 0 sinq

0 1 0
´sinq 0 cosq

˛

‚.

(18)

Por lo tanto s3 representa cambios de fase diferenciales entre los modos, mientras que s2 genera rotaciones alrededor
de la dirección de propagación. Resulta entonces que cualquier transformación de polarización se puede realizar
con óptica lineal: placas de fase y rotadores.

2.1.4. Grado de polarización

Si la relación entre las componentes del campo E` y E´ (o equivalentemente, entre las componentes H y
V ) es completamente determinista, el campo está completamente polarizado. Para tal estado puro (adoptando la
terminologı́a de óptica cuántica) , la matriz de polarización satisface:

Tr2pFpolq “ TrpF2
polq . (19)

Por otra parte, si las componentes del campo están totalmente no-correlacionadas, los elementos fuera de la diagonal
son cero. Si, además, la energı́a está distribuida uniformemente entre las componentes circularmente polarizadas a
izquierda y derecha, la matriz de coherencia es proporcional a la matriz identidad:

Funpol “ 1
2
N11 , (20)
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y podemos decir que el campo está despolarizado. Esto conduce a la importante descomposición de una matriz
arbitraria F en una parte completamente polarizada y otra completamente despolarizada [245, 188].

F “ Nrp1 ´PqFunpol `PFpols , (21)

donde P, denominado el grado de polarización, aparece como la proporción de la energı́a de la parte completamente
polarizada frente a la energı́a total, lo que da un claro significado fı́sico a la definición de P.

Alternativamente, P puede ser escrita de una manera ligeramente distinta pero equivalente:

P “
d

2TrpF2q
Tr2pFq ´ 1 “

d

1 ´ 4detpFq
Tr2pFq , (22)

como puede ser comprobado a través de un cálculo directo. En la primera expresión, el grado de polarización
aparece intimamente relacionado con TrpF2q, que, siguiendo de nuevo una notación cuántica, se denomina la pureza.
En la segunda expresión, puede ser immediatamente relacionada con los valores propios de F: si los denotamos por
l` y l´, (l` ° l´), entonces pl` ` l´q2 “ N2 y detpFq “ l`l´, de manera que

P “ l` ´ l´
l` ` l´

. (23)

La acción de cualquier transformación unitaria en F deja invariante su traza. De esta manera, podemos siempre
considerar la intensidad de un campo parcialmente polarizado como la suma de las componentes de dos campos
no-correlacionados con intensidades l` y l´. Si la luz es térmica en origen, la falta de correlación implica la
independencia estadı́stica de ambas componentes de la polarización y de sus intensidades correspondientes.

Finalmente, otra definición equivalente de el grado de polarización es:

P “

b
S2

1 ` S2
2 ` S2

3

S0
. (24)

En la esfera de Poincaré, los puntos en la superficie representan estados totalmente polarizados (estados puros) y los
puntos interiores representan estados parcialmente polarizados (estados mezcla). El estado máximamente mixto se
encuentra en el origen y representa luz clásicamente despolarizada.

Para concluir, es oportuno recordar que el concepto de entropı́a de von Neumann S se puede transladar de forma
directa a ondas electromagnéticas [96, 24, 29, 99, 28] como

S “ ´TrpF lnFq . (25)

Esta cantidad es una medida de la diferencia en la cantidad de información entre un estado puro y un estado mezcla
(ambos con la misma intensidad). Usando los valores propios de F, esta entropı́a puede ser escrita como

S “ ´
"

1
2

p1 `Pq ln
“ 1

2 p1 `Pq
‰

` 1
2

p1 ´Pq ln
“ 1

2 p1 ´Pq
‰*

. (26)

Por lo tanto, S se caracteriza unı́vocamente por P y disminuye monótonamente con P. El máximo S “ ln2
corresponde a P “ 0, mientras que el mı́nimo S “ 0 es alcanzado por P “ 1; es decir, cuando la luz está totalmente
polarizada.

2.2. Luz polarizada en óptica cuántica
2.2.1. Operadores de Stokes y el sector de polarización

Como hemos advertido, los parámetros Stokes son herramientas analı́ticas muy adecuadas para el tratamiento
de la polarización en el dominio cuántico, porque pueden ser fácilmente convertidas en verdaderos observables
cuánticos.

Como antes, consideramos una onda plana monocromática, propagándose en la dirección z. El campo cuántico
está ahora caracterizado por dos operadores amplitud complejos, denotados por â` y â´, que obedecen las relaciones
de commutación bosónicas (donde se toma h̄ “ 1)

râl , â
:
l 1 s “ dll 1 11 , (27)
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donde l ,l 1 P t`,´u y dll 1 es la función delta de Krönecker.
Los operadores de Stokes se definen entonces como una extensión directa de sus análogos clásicos [94, 67, 136,

218, 166]:

Ŝ0 “ 1
2 pâ:

`â` ` â:
´â´q

(28)
Ŝ1 “ 1

2 pâ:
`â´ ` â:

`â´q , Ŝ2 “ i
2 pâ`â:

´ ´ â:
`â´q , Ŝ3 “ 1

2 pâ:
`â` ´ â:

´â´q .

Las componentes del vector Ŝ “ pŜ1, Ŝ2, Ŝ3qt satisfacen las relaciones de commutación de un momento angular

rŜk, Ŝ`s “ iek`mŜm , rŜ0, Ŝs “ 0 , (29)

donde ek`m es el tensor de Levi-Civita totalmente antisimétrico. Nótese que Ŝ0 “ N̂{2, dónde N̂ “ N̂` ` N̂´ es
el operador para el número total de excitaciones. Desde el punto de vista matemático los operadores (28) son la
representación de Jordan-Schwinger [134, 213] de SU(2) en términos de amplitudes bosónicas. Esta construcción
ha sido utilizada en una amplia variedad de contextos y también se ha extendido a simetrı́as más generales [60].

En la óptica clásica, la intensidad total es una cantidad no fluctuante, por lo que la esfera Poincaré aparece como
una superficie lisa con radio igual a la intensidad. En contraposición, en óptica cuántica tenemos que

Ŝ2 “ Ŝ2
1 ` Ŝ2

2 ` Ŝ2
3 “ SpS ` 1q1̂1, (30)

con espı́n S “ S0 “ N{2, como las fluctuaciones en el número de fotones son inevitables (dejando de lado los estados
propios del número de fotones), nos vemos obligados a trabajar en el espacio tridimensional de Poincaré que puede
considerarse como un conjunto de esferas anidadas con radios proporcionales a los diferentes números de fotones
que contribuyen al estado, y que ha venido siendo denominado como el espacio de Poincaré.

El lado derecho de la ecuación Eq. (29) expresa en el lenguaje cuántico el hecho de que la polarización y la
intensidad son conceptos independientes: la forma de la elipse (polarización) no depende de su tamaño (intensidad).
Este hecho produce notable simplificaciones. En primer lugar, significa que debemos abordar cada subespacio con
un número fijo de fotones N de forma aislada. En otras palabras, en la imagen anterior de cebolla de la esfera de
Poincaré, cada capa debe ser abordada de forma independiente. Esto puede ser subrayado si en lugar de los estados
de Fock t|n`,n´yu, que son una base ortonormal del espacio de Hilbert de estos campos de dos modos, utilizamos
el reetiquetado:

|S,my ” |n` “ S ` m,n´ “ S ´ my . (31)

Ésta puede ser vista como la base de estados propios comunes a tŜ2, Ŝ3u, y estos estados expanden un subespacio
de dimensión p2S ` 1q, HS, en donde actúan de manera estándar:

Ŝ˘ |S,my “
a

SpS ` 1q ´ mpm ˘ 1q |S,m ˘ 1y , Ŝz |S,my “ m|S,my , (32)

con Ŝ˘ “ Ŝ1 ˘ iŜ2.
En segundo lugar, para cualquier función arbitraria de los operadores de Stokes, f pŜq tenemos r f pŜq, N̂s “ 0,

por lo que los elementos de la matriz densidad r̂ que conectan subespacios con diferente número de fotones no
contribuyen a

@
f pŜq

D
. Entonces, está claro que los momentos de cualquier observable que preserve la energı́a (como

Ŝ) no dependen de las coherencias entre diferentes subespacios. La única información accesible para cualquier
estado descrito por la matriz densidad r̂ , viene dado entonces por la forma diagonal en bloques:

r̂pol “
à

S
r̂pSq “

8ÿ

S“0

Sÿ

m,m1“´S

r̂pSq
mm1 |S,myxS,m1| , (33)

y r̂pSq es la matriz densidad en el subespacio S (S recorre todo los valores posibles del número de fotones, i.e.,
S “ 1

2 ,1,
3
2 ,2, . . . ). La forma r̂pol se llama sector de polarización [197, 176, 186] (también la matriz densidad de

polarización [137]). Como cualquier r̂ y su correspondiente forma asociada diagonal por bloques r̂pol no pueden
ser distinguidas mediante medidas de polarización, a partir de aquı́ suprimimos el subı́ndice pol.

Por último, advertimos que las transformaciones de SU(2) están representadas en el subespacio HS por el
operador Ûpnnn,wq “ expp´iwŜ ¨nnn{2q , de modo que los operadores de Stokes son realmente los generadores de
estas rotaciones. Como hemos visto anteriormente, la acción de este operador unitario induce una rotación, como
indica la Eq. (16).
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2.2.2. Relaciones de incertidumbre y compresión de la polarización

Los operadores de Stokes satisfacen las relaciones de incertidumbre estándar del algebra de SUp2q;

D2Ŝ j D2Ŝk • ek`m |xŜ`y|2 , (34)

donde D2X̂ “ xX̂2y ´ xX̂y2 representa la varianza. La no commutabilidad de estos operadores imposibilita la medida
simúltanea precisa de las cantidades fı́sicas que representan. Ésto puede ser mejor cuantificado por la relación:

D2Ŝ “ D2Ŝ1 ` D2Ŝ2 ` D2Ŝ3 • 2xŜ0y . (35)

Los estados que satisfacen la igualdad D2Ŝ “ 2xŜ0y son precisamente los estados coherentes de SU(2) [14, 189, 100],
por lo que pueden correctamente ser considerados como los estados más clásicos permitidos por la teorı́a cuántica.
Viven en el subespacio HS y se definen en la base estándar de momento angular como

|S,ny “
Sÿ

m“´S

cmpq ,fq |S,my , (36)

donde los coeficientes cmpnq siguen una distribución binomial que alcanza su valor máximo en la dirección dada
por el vector unidad n de ángulos esféricos pq ,fq:

cmpnq “
ˆ

2S
S ` m

˙1{2
rcospq{2qsS´m rsinpq{2qsS`m expripS ` mqf s . (37)

Nótese que el lı́mite inferior en (34) depende del estado, y en particular algunas de estas relaciones de incertidumbre
pueden volverse triviales, o incluso las tres simultáneamente si xŜy “ 0.

Otra cuestión con las relaciones (34) es que no son invariantes SU(2), que es un requisito valioso para evitar realizar
conclusiones confusas. Una manera natural de conseguir invarianza SU(2) es usando componentes especı́ficas
de los operadores de Stokes. Con esta finalidad, primero definimos la dirección de polarización promedio como
(asumiendo xŜy ‰ 0)

nk “ xŜy
|xŜy| . (38)

y otros dos vectores ortogonales como nK1 and nK2, que conjuntamente con nk definen un sitema de referencia. Si
denotamos por Ŝn “ Ŝ ¨ n la proyección de las variables de Stokes en la dirección n, las relaciones de conmutación
(29) se convierten ahora en rŜK1, ŜK2s “ iŜk, que sólo proporciona una relación de incertidumbre no trivial, es decir,

D2ŜK1D2ŜK2 • |xŜky| (39)

y otras dos triviales D2ŜK1D2Ŝk • 0 y D2ŜK2D2Ŝk • 0. La igualdad en Eq. (39) es alcanzada por los vectores propios
de ŜK1 ` il ŜK2, para cualquier l real. Estos han venido siendo denominados estados inteligentes [13, 12]. Los
estados coherentes SU(2) son los únicos estados que satisfacen simultáneamente las tres igualdades ya que cumplen
que D2Ŝk “ 0.

Otra posibilidad para garantizar invarianza SU(2) es usar la matriz de covarianza real y simétrica de dimensión
3 ˆ 3 para las variables de Stokes [27, 201, 141], definida como

G jk “ 1
2

xtŜ j, Ŝkuy ´ xŜ jyxŜky , (40)

donde t¨, ¨u es el anticonmutador. Tenga en cuenta que, si bien los operadores de Stokes son todos hermı́ticos, la
no-conmutabilidad hace que los productos mixtos, no simétricos (tal como Ŝ jŜk) no sean hermı́ticos, evitando
ası́mismo su medida directa. La simetrización se incluye en la definición (40). En términos de la matriz G, tenemos

D2Ŝn “ nt Gn , (41)

y como G es definida positiva, el mı́nimo de D2Ŝn existe y es único. Si nosotros incorporamos la reestricción
nt ¨ n “ 1 como un multiplicador de Lagrange g , este mı́nimo viene dado por Gn “ gn: los valores admisibles de
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g son por tanto los valores propios de G y las direcciones que minimizan D2Ŝn son los correspondientes vectores
propios.

También existen relaciones de incertidumbre para la suma de las varianzas de dos operadores de Stokes.

D2Ŝ j ` D2Ŝk • C (42)

donde el lı́mite inferior es dependiente del estado. En el caso de número de fotones muy grande, sin embargo, es
conocido que C » 3

2 xŜ0y3{2. Éstas se denominan relaciones planas de incertidumbre [115, 195].
Finalmente, mencionemos que las relaciones de incertidumbre pueden ser evaluadas utilizando medidas de

incertidumbre distintas de la varianza. La alternativa más popular son medidas entrópicas, según lo revisado
recientemente en [238].

El concepto de compresión está estrechamente vı́nculado con las relaciones de incertidumbre. En el mismo
espı́ritu que para las variables continuas, la compresión se define siempre que las fluctuaciones de uno de los
operadores de Stokes están por debajo del nivel “shot-noise”, que está establecido por los estados coherentes
SU(2). Sin embargo, a diferencia del caso bosónico en el que las varianzas de los estados coherentes son iguales en
cualquier dirección, en el caso de un estado coherente SU(2), las varianzas de los operadores de Stokes dependen de
la dirección n. En realidad, la componente paralela satisface D2Sk “ 0, por lo que la compresión está determinada
principalmente por las fluctuaciones de las componentes ortogonales y los criterios de compresión alternativos
dependen de las funciones particulares utilizadas.

Para un un estado coherente SU(2) pDSnK q2 “ S{2. Es por lo tanto sensato establecer que la compresión se
produce cuando la varianza de SnK es menor que S{2, y el valor asociado al parámetro de compresión es [138].

x 2
S “ mı́nD2SnK

S{2
“ 4mı́nD2SnK

N
(43)

Obviamente x 2
S “ 1 para los estados coherentes SU(2), mientras podemos obtener compresión siempre que x 2

S † 1,
esto es, la fluctuación en una dirección está reducida.

En el contexto de espectrometrı́a de Ramsey, Wineland et al. definieron otro grado de compresión como el
cociente de la sensibilidad de fase de un estado general frente al estado coherente SU(2) [243, 242] (ver también)
[121, 6, 52]). Para un estado coherente SU(2) la sensibilidad de la fase es D2fSUp2q “ 1{N y un cálculo directo da
como resultado:

x 2
R “ S

2
ˇ̌
xSky

ˇ̌2 ı́nf
nK

D2SnK (44)

Hay algunos otros parámetros de compresión que se discuten con detalle en un compendio reciente [168].
La idea de la compresión de la polarización derivada de las relaciones de incertidumbre (42) puede extenderse a

las fluctuaciones de dos componentes de Stokes simultáneamente, digamos k y `, como

D2Ŝk ` D2Ŝ` †
b

xŜky2 ` xŜ`y2 (45)

que es denominada como compresión plana [115, 195]. Se han obtenido resultados alternativos concernientes a la
compresión de dos [194] o de tres [116] operadores de Stokes simultáneamente.

Finalmente, mencionamos que el uso de medidas entrópicas de incertidumbre lleva a la idea de la compresión de
espı́n entrópica, que ha sido considerada por varios autores [2, 65].

Cuando el estado se expande en términos de diferente número de fotones, nos vemos obligados a escudriñar
múltiples subespacios con distinta excitación. Cuando esto sucede, llevamos a cabo un promedio del vector de
Stokes xŜy “ ∞8

S“0 PS Trpr̂pSqŜq, donde PS es la distribución del número de fotones. Como resultado, la compresión
del estado puede ser mucho menor que la correspondiente a las capas individuales [185].

2.2.3. El plano oscuro

Es siempre posible establecer una base en la que uno solo de los operadores (28) tiene un valor esperado distinto
de cero, pongamos xŜ jy “ xŜky “ 0 y xŜ`y ‰ 0. La única relación de incertidumbre no trivial es: D2Ŝ j D2Ŝk • |xŜ`y|2.
La compresión de la polarización puede ser sensatamente definida como [151, 49, 210]

D2Ŝ j † |xŜ`y| † D2Ŝk . (46)
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La elección de operadores conjugados tŜ j, Ŝku no es de ningún modo única: existe un conjunto infinito de operadores
tŜKpqq, ŜKpq ` p{2qu que son perpendiculares a la excitación clásica del estado Ŝ`, para los que xŜKpqqy “ 0
para todo q . Todos estos pares existen en el plano S j–Sk, que es llamado el “plano oscuro” porque es el plano de
intensidad media cero. Podemos expresar un operador genérico ŜKpqq como ŜKpqq “ Ŝ j cosq ` Ŝk sinq , siendo q
un ángulo definido respecto a Ŝ j. La condición (46) es entonces equivalente a:

D2ŜKpqsqq † |xŜ0y| † D2ŜKpqsq ` p{2q, (47)

donde ŜKpqsqq es el parámetro de compresión y ŜKpqsq ` p{2q el parámetro de anticompresión.
Muchos experimentos usan luz circularmente polarizada, que satisface: xŜ1y “ xŜ2y “ 0, xŜ3y “ a2. Por lo que el

plano oscuro es directamente el plano S1-S2 y xâ`y “ a y xâ´y “ 0. Expresando las fluctuaciones de Ŝ en términos
del ruido de los modos circularmente polarizados d â˘ y asumiendo |xd â˘y| ! a encontramos [71]

d ŜKpqq “ ad X̂´pqq “ ard X̂Hpqq ` d X̂V pq ` p{2qs , (48)

donde X̂l “ pâl e´iq ` â:
l eiq q{

?
2 (l P tH,V u) son las cuadraturas rotadas para la amplitud l -ésima. Por otra

parte, dado que: X̂l “ pâl e´iq ` â:
l eiq q{

?
2 (l P tH,V u), la intensidad no exhibe dependencia del modo oscuro.

En consecuencia, la condición (47) puede ser reescrita como:

D2ŜKpqq † |xay|2 ô D2X̂´pqq † 1 , (49)

esto es, la compresión de la polarización es equivalente a la compresión del vacı́o en el modo de polarización
ortogonal.

En este caso, podemos considerar que la esfera puede ser reemplazada localmente por su plano tangente dado que
S » a2, i.e., para estados brillantes, la esfera de Poincaré tiene un gran radio de modo que la curvatura es localmente
despreciable y la proyección en el plano oscuro S1-S2 es equivalente a un espacio de fase canónico reescalado para
la cuadratura x-p.

2.2.4. El conjunto tensorial irreducible

La compresión se refiere exclusivamente al comportamiento de los momentos de segundo orden. Como se destacó
anteriormente, las fluctuaciones de orden superior juegan un papel crucial en el dominio cuántico. Para tratar con
ellas, es conveniente usar el llamado conjunto tensorial irreducible [97, 220, 41, 233, 172] un concepto básico en
el contexto de la teorı́a cuántica del momento angular. Para un valor fijo del espı́n S, estos operadores (también
llamados operadores de polarización) se definen como:

T̂ pSq
Kq “

c
2K ` 1
2S ` 1

Sÿ

m,m1“´S

CSm1
Sm,Kq |S,m1yxS,m| , (50)

con CSm
S1m1,S2m2

los coeficientes de Clebsch-Gordan [233] que acoplan un espı́n S1 y un espı́n S2 a un espı́n total
S y se anulan a menos que las reglas usuales de acoplamiento del momento angular se satisfagan 0 § K § 2S y
´K § q § K.

De acuerdo con las propiedades de los coficientes de Clebsch-Gordan K toma valores 0,1,2, . . . ,2S, de manera
que hay p2S ` 1q2 operadores de polarización y ellos constituyen una base del espacio de operadores lineales que
actúan sobre HS, lo cual está garantizado por la propiedad:

Tr
”
T̂ pSq

Kq T̂ pSq:
K1q1

ı
“ dSS1 dKK1 dqq1 . (51)

En general, los operadores de polarización no son hermı́ticos, pero debido a sus propiedades de simetrı́a, para cada
S fijo, satisfacen la relación:

T̂ pSq:
Kq “ p´1qqT̂ pSq

K´q . (52)

Aparte, tienen las correctas propiedades de transformación: bajo una transformación de SU(2) parametrizada por los
ángulos de Euler Ûpa,b ,gq, tenemos

Ûpa,b ,gq T̂ pSq
Kq Û:pa,b ,gq “

ÿ

q1
DS

q1qpa,b ,gq T̂ pSq
Kq1 , (53)
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donde DS
q1qpa,b ,gq son las matrices de rotación de Wigner; esto es, los elementos de matriz de Ûpa,b ,gq en la

base |S,my [233].
Aunque la definición de T̂ pSq

Kq pueda parecer poco amigable, la observación esencial para lo que sigue es que T̂ pSq
Kq

puede ser relacionado con la potencia K-ésima de los generadores, por lo que estos operadores están intı́mamente
relacionados con los momentos de las variables de Stokes. De hecho, uno puede reescribir la Eq. (50) como

T̂ pSq
00 “ 1?

2S ` 1
1̂1 ,

T̂ pSq
10 “

?
3a

p2S ` 1qpS ` 1qS
Ŝz , T̂ pSq

1¯1 “
?

3a
p2S ` 1qpS ` 1qS

Ŝ˘ ,

T̂ pSq
20 “

b
C
6 p3Ŝ2

z ´ Ŝ2q , T̂ pSq
2¯1 “

b
C
2 tŜz, Ŝ˘u , T̂ pSq

2¯2 “
b

C
2 Ŝ2

˘ ,

(54)

donde C “ 30{rp2S ` 3qp2S ` 1qp2S ´ 1qpS ` 1qs.
La expansión de la matriz densidad rpSq en el conjunto irreducible de tensores se escribe:

r̂pSq “
2Sÿ

K“0

Kÿ

q“´K
rpSq

Kq T̂ pSq
Kq . (55)

y los correspondientes coeficientes de la expansión son:

rpSq
Kq “ Tr

”
r̂pSqT̂ pSq:

Kq

ı
(56)

son conocidos como multipolos del estado y contienen toda la información relativa al estado, agrupada de forma
invariante SU(2). Para representar un estado fı́sico el operador densidad debe tener traza unidad, ser hermı́tico y
definido positivo. Estas condiciones se traducen en unas restricciones sobre los valores de los multipolos del estado.
La traza unidad fija el valor del monopolo, el único tensor esférico de traza no nula

rpSq
00 “ 1?

2S ` 1
, (57)

De modo que en cierta manera es trivial. La hermiticidad impone la condición de simetrı́a:

rpSq
K´q “ p´1qq rpSq

Kq , (58)

y el hecho de que r̂pSq sea semidefinida positiva fuerza al lı́mite:

Kÿ

q“´K
|rpSq

Kq |2 § CpSq
K , (59)

para cada K • 1 y CpSq
K una constante positiva.

El dipolo rpSq
1q es el momento de primer orden de Ŝ y proporciona entonces la imagen clásica, en la que el estado

es representado por su valor promedio. La caracterización completa del estado requiere el conocimiento de todos
los multipolos. Esto implica medir la distribución de probabilidad de Ŝ en todas las direcciones, y luego realizar
una inversion integral, que resulta ser una ardua labor. Sin embargo, en los casos más realistas sólo se necesitan un
número finito de multipolos y entonces la reconstrucción del multipolo K-ésimo implica medir a lo largo de sólo
2K ` 1 direcciones independientes, como veremos en la Sección 3.2.

Finalmente, nos referimos a la importante clase de estados axialmente simétricos [42]. Éstos son invariantes bajo
rotaciones alrededor de un eje que tomamos como el eje z. Dado que DS

qq1 p0,0,gq “ expp´iqgqdqq1 , esto implica

r̂pSq
ax “

2Sÿ

K“0
rpSq

K0 T̂ pSq
K0 . (60)
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Entonces, están caracterizados únicamente por las componentes multipolares rK0. Cualquier operador densidad que
pueda ser obtenido de r̂ax por medio de una transformación de SU(2), representa ası́mismo un estado axialmente
simétrico, ya que una rotación sólo cambia la dirección del eje de simetrı́a del estado.

Algunos estados axialmente simétricos son también invariantes ante la inversión del eje de simetrı́a (i.e., z Ñ ´z).
Como esto se corresponde con una rotación alrededor del eje-y de un ángulo p y DS

qq1 p0,p,0q “ p´1qK`qdq´q1 ,
obtenemos de la Eq. (53)

rpSq
K0 “ p´1qKrpSq

K0 , (61)

por lo que sólo multipolos de rango par K contribuyen.

3. Herramientas básicas

3.1. Espacio de fases
3.1.1. La función de Husimi Q

El enfoque estándar para la óptica cuántica descrito hasta ahora se basa en operadores en el espacio de Hilbert.
Para muchos propósitos, resulta muy conveniente usar una formulación del espacio de fases, que se encuentra
en varios libros [209, 247, 211] y artı́culos [122, 112, 158]. La idea es explotar la correspondencia de Weyl entre
funciones complejas en el espacio de fase y operadores cuánticos en el espacio de Hilbert.

La simetrı́a SU (2) inherente a la estructura de polarización nos permite simplificar enormemente esta labor. De
hecho, Stratonovich [223] y Berezin [33] elaboraron distribuciones de cuasiprobabilidad en la esfera satisfaciendo
todos los requerimientos pertinentes. Esta construcción fue generalizada más tarde por otros [5, 53, 118, 142, 145]
y ha demostrado ser muy útil en la visualización de las propiedades de sistemas de espı́n [89, 17, 63, 64, 140]. No
necesitamos la maquinaria completa; puesto que para nuestros objetivos es suficiente concentrarnos en la función de
Husimi Q [125], definida en completa analogı́a a su homólogo para variables continuas, a saber [5]:

QpS,nq “ xS,n|r̂pSq|S,ny . (62)

Donde los estados coherentes SU(2) |S,ny son los únicos estados que saturan la relación de incertidumbre (34),
la definición de Qpnq es bastante atractiva, ya que aparece como la proyección sobre los estados que tienen la
polarización más definida permitida por la teorı́a cuántica. En óptica cuántica la mayorı́a de los estados implican un
sector de polarización completo como en la ecuación Eq.( 33). Para la matriz de polarización total r̂ la función
resultante es [205]

Qpnq “
8ÿ

S“0
p2S ` 1q QpS,nq , (63)

que está normalizada de acuerdo a:
1

4p

ª

S2

dnQpnq “ 1 , (64)

con dn “ sinqdqdf el elemento diferencial de ángulo sólido.
El punto que queremos destacar aquı́ es que (63) implica sólo elementos diagonales entre estados con el mismo

número de excitaciones. Debido a la falta de contribuciones de la forma xS,n|r̂|S1,ny con S ‰ S1, la función Q toma
la forma de un promedio sobre los subespacios con un número total de excitaciones definido . El papel de la suma
en S es eliminar la intensidad total de la descripción del estado [143].

Para el caso particular de los estados puros, que se pueden expandir en la base de momento angular con coeficientes
YSm, (i.e., |Yy “ ∞8

S“0
∞S

m“´S YSm |S,my), la función Q de Husimi toma la forma:

Q|Yypnq “
8ÿ

S“0
p2S ` 1q |xS,n|Yy|2 “

8ÿ

S“0
p2S ` 1q

ˇ̌
ˇ̌
ˇ

Sÿ

m“´S

cmpnqYSm

ˇ̌
ˇ̌
ˇ

2

, (65)

donde los coeficientes cmpnq están dados por la Eq. (37).
Permı́tanos considerar algunos ejemplos ilustrativos. Primero consideramos estados con S fija. Para un estado

coherente SU(2) |S,n0y se obtiene de manera inmediata:

Q|S,n0ypS,nq “
“ 1

2 p1 ` n ¨ n0q
‰2S

, (66)
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Figura 2: Gráficos de probabilidad de la función Q para: (izquierda) un estado coherente SU(2) (S “ 3) centrado en el polo
norte, (derecha) un estado N00N con el mismo S “ 3.

que, como se esperaba, es una distribución muy pronunciada en la dirección n0. El segundo ejemplo son los estados
N00N [157, 88], que son:

|N00Ny “ 1?
2

p|N,0y ´ |0,Nyq “ 1?
2

p|S,Sy ´ |S,´Syq . (67)

expresados tanto en la base de Fock como en la base de momento angular. Ahora, obtenemos:

Q|N00NypS,nq “ 1
2

“
sin4Spq{2q ` cos4Spq{2q ´ 2sin2Spq{2qcos2Spq{2qcospSfq

‰
, (68)

que presenta 2S mı́nimos equidistantemente colocados alrededor del ecuador de la esfera de Poincaré. Estas dos
funciones de Husimi Q se muestran en la Fig. 2.

Consideremos dos ejemplos extra: el primero es estados coherentes de Glauber en ambos modos |a`,a´y.
Tomamos ambos osciladores con la misma amplitud y fase relativa d , ya que ésta es quizás la situación más
interesante en cuanto a la polarización. Al usar la invarianza de SU (2) podemos considerar, sin pérdida de
generalidad, que el estado se obtiene al transformar el estado |aH ,0V y. La descomposición en subespacios invariantes
HS es:

YSm “ e´|a|2 |a|2S
a

pS ` mq!pS ´ mq!
eipS`mqd . (69)

Después de realizar las sumas, el resultado final es:

Q|a`,a´ypnq “ r1 ` |a|2 cos2pq{2qsexpr´|a2|sin2pq{2qs . (70)

El segundo ejemplo es un estado de vacı́o comprimido de dos modos [127, 128] |TMSVy “ Ŝpx qp|0`,0´yq,
donde el operador de compresión de los dos modos es Ŝpx q “ exprrpâ`â´ ´ â:

`â:
´qs y el parámetro de compresión

r se toma real sin pérdida de generalidad. Este estado puede escribirse como

|TMSVy “
a

1 ´ l 2
ÿ

N
l N |N,Ny “

a
1 ´ l 2

ÿ

S

l S|S,0y , (71)

otra vez en ambas bases, la de Fock y la de momento angular. Aquı́, l “ tanhr. Consequentemente ahora tenemos:

YSm “ dm0
tanhS r
coshr

, (72)

y la función de Husimi resultante queda:

Q|TMSVypnq “ 1
cosh2 r

1 ´ tanh2 r
r1 ` tanh2 r ` 2tanhr cosp2qqs3{2

. (73)
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Figura 3: Gráficos de densidad de la función de Husimi Q de: (izquierda) el estado coherente de dos modos para el caso en
que sólo el modo horizontal está excitado, y (derecha) para el estado comprimido de vacı́o de dos modos con un
parámetro de compresión r “ 0,9.

En la Fig. 3 hemos dibujado los resultados para estos dos últimos estados. Para el estado de vacı́o comprimido en
dos modos tomamos r “ 0,9. Vemos la presencia de un pico gaussiano centrado en q “ p{2 e independiente de f .
Esto significa que podemos ver este estado como resultado de una superposición de estados con amplitud igual en
cada modo de polarización, pero todas las fases relativas posibles f . Estos estados contribuyentes están ubicados en
el ecuador y, por lo tanto, vemos un amplio “cinturón” allı́.

3.1.2. La función de Husimi y las fluctuaciones de orden superior

La función de Husimi Q contiene información completa sobre el estado. Esto es equivalente a conocer todos los
multipolos. Esto puede ser remarcado si reescribimos QpS,nq como [140]

QpS,nq “
?

4p?
2S ` 1

2Sÿ

K“0

Kÿ

q“´K
CSS

SS,K0 rpSq
Kq Y ˚

Kqpnq , (74)

donde Y ˚
Kqpnq son los armónicos esféricos y el coeficiente de Clebsch-Gordan CSS

SS,K0 tiene una forma analı́tica muy
simple [233]:

CSS
SS,K0 “

?
2S ` 1p2Sq!a

p2S ´ Kq!p2S ` 1 ` Kq!
. (75)

Insertando la Eq. (74) en la definición general Eq. (63) la función Q del estado aparece como una suma:

Qpnq “
8ÿ

K“0
QKpnq , (76)

donde cada componente parcial puede ser escrita:

QKpnq “
?

4p
8ÿ

S“tK{2u

?
2S ` 1

Kÿ

q“´K
CSS

SS,K0 rpSq
Kq Y ˚

Kqpnq . (77)

Aquı́, la función suelo txu es el entero más grande no mayor que x. Las componentes parciales QK heredan las
propiedades de Q, pero contienen información exclusiva sobre el K-ésimo momento de las variables de Stokes, ası́
que, la ecuación (76) aparece como una herramienta óptima para organizar los sucesivos momentos.

Ilustramos este punto de vista con el ejemplo simple del estado |1H,1Vy, que representa a los pares de fotones
producidos en conversión paramétrica a la baja del tipo-II [203]. Este estado es |1,0y en la base del momento
angular y su función Q puede calcularse de manera immediata:

Qpnq “ 3
4

sin2 q . (78)
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Figura 4: Gráfico de las componentes monopolar (K “ 0) y cuadrupolar (K “ 2) del estado |1,0y, ası́ como la función Q total
(derecha). La componente dipolar (K “ 1) se anula, por lo que este estado carece de información de primer orden.
Hemos incluido también un gráfico de densidad de la función total de Husimi Q.

No depende de f y su forma es una barriga ecuatorial, revelando que el estado está altamente deslocalizado en la
esfera de Poincaré. Las componentes parciales, conforme a (77),son:

Q0pnq “ 1
2
, Q1pnq “ 0 , Q2pnq “ 1

4
`
1 ´ 3cos2pqq

˘
. (79)

La suma de estos tres términos da, por supuesto, el resultado Eq. (78), pero hay más información codificada en
Eq. (79): la contribución dipolar es nula, confirmando que este estado no transmite información de primer orden.
Ésta es la razón por la que éste fue el primer estado en el que se detectó la polarización oculta [230]. La Figura 4
muestra las funciones QK parciales para este estado, ası́ como la global.

Concluimos observando que, dado que los armónicos esféricos son un conjunto completo de funciones ortonor-
males en S2, pueden usarse para expandir la función de Husimi Qpnq; los coeficientes resultantes resultan ser los
multipolos [47]:

rKq “ CK

ª

S2

d2nYKqpnq Qpnq, (80)

donde la constante de normalización se elige como:

CK “
c

4p
2S ` 1

1
CSS

SS,K0
, (81)

de acuerdo con las definiciones anteriores.
Cuando se expresan en la base cartesiana estos multipolos aparecen de una manera muy transparente. Por ejemplo,

los tres dipolos pr1qq y los cinco cuadrupolos pr2qq se pueden expresar, respectivamente, como:

√i “ xniy, Qi j “ x3nin j ´ di jy, (82)

donde

x f pnqy “
≥
S2

d2n f pnqQpnq
≥
S2

d2n Qpnq . (83)

Por lo tanto, estos multipolos aparecen entonces como aquellos estandar en electrostática, pero reemplazando
la densidad de carga por Qpnq y las distancias por direcciones [129]. También está claro que son los K-ésimos
momentos direccionales del estado y, por tanto, estos términos resuelven rasgos angulares progresivamente más
sutiles.
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Figura 5: Izquierda. Configuración experimental para una tomografı́a de dos modos. Los modos se combinan espacialmente
en un divisor de haz polarizante (PBS) y la interferencia entre los modos se puede ajustar con la combinación de
una placa de cuarto de onda (QWP) y una placa de media onda (HWP). Los estados de polarización se separan
en componentes ortogonales y se realiza tomografı́a homodina. Derecha. Ilustración del sector de polarización
medido (indicatos por bloques negros en lı́nea discontinua) para un estado comprimido de polarización con amplitud
coherente a “ 1,13 y parámetro de squeezing 0.41. Las subparcelas de la derecha representan diferentes variedades
individualmente normalizadas.

3.2. Tomografı́a de la polarización
La tomografı́a cuántica intenta inferir el estado cuántico desconocido a partir de los distintos resultados de

una colección de mediciones realizadas en un conjunto finito de copias idénticas del sistema [187, 226]. Lo que
hace especial el caso de la polarización es que el operador densidad contiene mucho más que información de la
polarización y basta con reconstruir, entonces, el sector de polarización.

3.2.1. Regimen de variable discreta

En el régimen de variables discretas de uno o pocos fotones, el estado de polarización puede determinarse a partir
de funciones de correlación de diferentes órdenes [241, 154, 130, 227, 30, 43, 182, 31, 3, 206, 9]. Dada la pequeña
dimensionalidad del espacio de Hilbert involucrado, la reconstrucción del estado puede realizarse fácilmente.

En esta situación, es más conveniente trabajar en la base tH,V u. El caso tı́pico es un estado de la forma
|Yy “ |yHyb|yV y. Una configuración tı́pica para la reconstrucción de este tipo de estados se muestra en Fig. 5. Una
placa de cuarto de onda (QWP) y una placa de media onda (HWP) permiten verificar la interferencia entre los modos
de polarización ortogonales y controlar la base de medición. Para facilitar la de otra forma complicada tomografı́a de
dos modos, los modos de polarización horizontal y vertical están separados por un divisor de haz polarizante y cada
uno se caracteriza por tomografı́a homodina [167]. Las fases del oscilador local (LO) son escaneadas continuamente
para adquirir los datos tomográficos y las salidas homodinas se almacenan en un ordenador.

Un ejemplo de la matriz densidad de un estado adquirido experimentalmente se muestra en la Fig. 5, donde se
muestran las sub-matrices asociadas con diferentes sectores de polarización [185]. De hecho, ésto corresponde al
caso particular de |yHy “ ŜprqD̂paHq|0Hy y |yV y “ Ŝprq|0V y con aH “ 1,33 y r “ 0,41.

También pueden utilizarse de manera eficiente los multipolos para caracterizar el estado. La configuración
experimental consiste en una medición general de Stokes , como se muestra en Fig. 6, consistente en una placa de
media onda pl{2,qq, seguido de una placa de cuarto de onda (l{4,f ) y un divisor de haz polarizante. En términos
fı́sicos, las placas de onda transforman la polarización entrante efectuando un desplazamiento del estado que puede
ser descrito por el operador D̂pnq. Esto permite la medida de los diferentes parametros de Stokes por la proyección
en las bases |S,my. Las dos salidas del divisor de haz polarizante son medidas por detectores de fotones: la suma de
fotocorriente da directamente el valor propio de Ŝ0, mientras que la diferencia da el observable Ŝn [176].

En conjunto, esto indica que el esquema conduce a la distribución de probabilidad para Ŝn, de donde podemos
inferir equivalentemente los momentos mpSq

` pnq “ TrrŜ`n r̂pSqs. Para simplificar, nos limitamos a un subespacio
con un número fijo de fotones S, pero todo puede extenderse sin problemas a un sector de polarización entero.
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Figura 6: Configuración para una medida de Stokes eficiente.

Empezamos observando que los momentos medibles pueden ser expresados en términos de los multipolos como:

mpSq
` pnq “ TrrŜ`3 D̂pnq r̂pSq D̂:pnqs “ Tr

»

–Ŝ`3
2Sÿ

K“0

Kÿ

q,q1“´K

rpSq
Kq DK

qq1 pnq T̂ pSq
Kq

fi

fl , (84)

donde DK
q1qpnq es de nuevo una matriz de rotación de Wigner. Esta traza se puede calcular utilizando la maquinaria

del momento angular, y entonces los momentos salen conectados con los multipolos de una manera bastante
elegante:

mpSq
` pnq “

c
4p

2S ` 1

ÿ̀

K“0

Kÿ

q“´K
rpSq

Kq f pSq
K` YKqpnq , (85)

donde f pSq
K` “ ∞

m m`CSm
Sm,K0 (K § `). Dada la ortonormalidad de YKqpnq, podemos invertir Eq. (85) de modo que

obtenemos

rpSq
Kq “

c
2S ` 1

4p
1

f pSq
K`

ª

S 2
dn mpSq

` pnq Y ˚
Kqpnq . (86)

La reconstrucción del estado requiere entonces el conocimiento de todos los multipolos: esto implica medir todos
los momentos en todas las direcciones, lo que resulta ser muy laborioso [186] .

No obstante, podemos atacar el problema de una manera mucho más económica. La idea central es que para
determinar el K-ésimo multipolo, basta con realizar una medición de Stokes en 2K ` 1 direcciones independientes.
De hecho, la propuesta procede de forma recurrente: primero, medimos los momentos de primer orden en los tres
ejes de coordenadas (u otros equivalentes) y reconstruimos rpSq

1q a través de una inversión lineal. La medición de los
segundos momentos nos da:

m2pnq “ 1
2S ` 1

f pSq
02 `

c
4p

2S ` 1
f pSq
22

2ÿ

q“´2
rpSq

2q Y2qpnq , (87)

con f pSq
02 “ 1

3 SpS ` 1qp2S ` 1q, f pSq
22 “ 4

5! p2S ` 1q
a

Sp2S ´ 1qpS ` 1qp2S ` 3q, mientras f pSq
12 “ 0. Necesitamos fijar

cinco direcciones óptimas para invertir ese sistema. Por ejemplo, podemos escoger las direcciones como aquellas
que maximizan el ángulo mı́nimo entre las lı́neas y ası́, de alguna manera, separamos las mediciones sobre la esfera
de Poincaré tanto como sea posible [70]. El sistema puede entonces ser resuelto, y todo lo que necesitamos para
caracterizar el proceso en segundo orden es conocido.

Podemos continuar con el procedimiento de esta manera hasta llegar al orden deseado. La elección de las
direcciones apropiadas es, en general, una cuestión difı́cil si se quiere estar seguro acerca de la independencia lineal,
pero se ha estudiado a fondo [123, 98]. En la práctica, métodos tales como el de máxima verosimilitud son mucho
más eficientes en el manejo de esa inversión [187]. Esta estrategia ha sido experimentalmente puesta a prueba para
pares de fotones generados en conversión paramétrica a la baja espóntanea; estos son, los estados |1H ,1V y [38].

3.2.2. Regimen de variable continua

Déjanos reconsiderar la medida de Stokes básica, como se esquematiza brevemente en Fig. 6. El campo a ser
caracterizado se analiza utilizando un aparato para la medición general de la polarización que consiste en una placa
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de media onda pl{2,qq seguido de una placa de cuarto de onda (l{4,f ) y divisor de haz polarizante (PBS). En
términos fı́sicos, las placas de onda transforman la polarización de entrada permitiendo la medición de diferentes
parámetros por la proyección sobre la base |S,my. Esta fotodetección puede ser modelada por las proyecciones
P̂pSq

m “ |S,myxS,m| por lo que para cada dirección n detectamos las probabilidades tomográficas:

wpSq
m pnq “ Trrr̂ P̂pSq

m pnqs “ Trrr̂ D̂pnqP̂pSq
m D̂:pnqs . (88)

que corresponden a la probabilidad de detectar nH “ S ` m fotones en el modo horizontal y simultáneamente
nV “ S ´ m fotones en el vertical. Por supuesto, cuando el número total de fotones no se mide y sólo se observa la
diferencia m, se reduce a P̂m “ ∞8

S“|m| |S,myxS,m|.
La reconstrucción en cada subespacio invariante HS puede llevarse a cabo de manera exacta ya que es esencial-

mente equivalente a un espı́n S [54, 10, 77, 144]. Uno puede proceder de diferentes maneras, pero quizás la más
simple es buscar una representación integral de los tomogramas[176];

wpSq
m pnq “ 1

2p

ª 2p

0
dw Trrr̂pSq exppiwŜ ¨ nqse´imw , (89)

Esto es, aparecen como la transformada de Fourier de la función caracterı́stica para el observable Ŝ ¨ n. Después
de algunas manipulaciones directas, encontramos que:

r̂pSq “ 1
4p

Sÿ

m“´S

ª

S2

dn1 wpSq
m pn1qK pŜ ¨ n1 ´ mq , (90)

donde el kernel K pxq es:

K pxq “ 2S ` 1
4p2

ª 2p

0
dw sin2pw{2qe´iwx . (91)

Aunque Eq. (90) es una solución formal, es más práctico asignar esta matriz de densidad a la correspondiente
función de Husimi Q. Para este propósito, sólo necesitamos calcular los elementos de matriz del kernel KSpxq. La
forma más directa de proceder es notar que:

xS,n|K pn1 ¨ Ŝ ´ nq|S,ny “ 2S ` 1
4p2

ª 2p

0
dw sin2pw{2q e´imw rcospw{2q ´ isinpw{2qcos cs2S , (92)

donde cos c “ n ¨n1. En el lı́mite de S " 1 la integral en Eq. (92) se reduce a d2d pxq{dx2 evaluado en x “ Sn ¨n1 ´m.
Dado que m puede tomarse como una variable cuasicontinua, integramos por partes para obtener

QpS,nq “ 2S ` 1
4p2

ª 8

´8
dm

ª

S2

dn1 d2wpSq
m pnq

dm2 d pSn ¨ n1 ´ mq . (93)

Esto significa que, en el lı́mite de un gran números de fotones, se reduce a una transformada de Radón inversa [80]
de los tomogramas medidos de manera que el cálculo de QpS,nq se simplifica en gran manera.

En la Fig. 7, mostramos una superficie de contorno de QpS,nq “ constante en el espacio de Poincaré con S1, S2
y S3 como los ejes ortogonales para estados comprimidos como los descritos en Ref. [176]. La forma elipsoidal
del estado es claramente visible. La dirección anticomprimida del elipsoide está dominada por el exceso de
ruido. También dibujamos gráficos de densidad de las proyecciones en los planos de coordenadas de la función
Q anterior. El contorno elı́ptico en el plano S1 - S3 está ligeramente girado, lo cual está relacionado con el ángulo
de compresión [117]. Las proyecciones en los planos S1 - S2 y S2 - S3 muestra una expansión adicional del estado
comprimido en la dirección S3 causada por el imperfecto contraste de polarización en la configuración de medición
que mezcla algo de la anticompresión en la dirección S3. Como la excitación clásica del estado se produce en la
dirección S3, se espera alcanzar el lı́mite “shot-noise” en esta proyección.

Sumando sobre todos los valores de S obtendremos la función Qpnq total, que es una distribución de probabilidad
sobre la esfera unidad de Poincaré y está correctamente normalizada.

La reconstrucción de Radón requiere medir un gran conjunto de datos para obtener una representación razonable-
mente precisa del estado. Hay dos razones principales para esto: las integrales se aproximan por sumas finitas y el
kernel (91) es singular, por lo que algún filtrado ad hoc de los datos sin procesar es necesario. Adquirir conjuntos de
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Figura 7: (Derecha) Superficie de contorno de nivel 1{e (desde el máximo) de la función de Husimi QpS,nq para el estado de
polarización comprimida. (Izquierda) Secciones de la función Q a través de los tres planos de coordenadas. En azul
mostramos la sección isotrópica para un estado coherente, que usamos como unidad para todas las gráficas.

datos tan grandes puede ser imprudente, porque exige largos tiempos de medición. Asegurar la estabilidad adecuada
de la configuración es esencial y podrı́a ser difı́cil dependiendo del estado cuántico medido. Esta limitación puede
ser evitada adoptando un método estadı́sticamente motivado, como el de máxima verosimilitud [187].

Para un amplio tipo de estados, los tomogramas registrados son gaussianos, lo que parece requerir una reconstruc-
ción de máxima verosimilitud gaussiana [236]. La gaussianidad se usa como información a priori sobre la señal,
que nos ayuda a reducir drásticamente el número de parámetros libres, tal como se comprobó experimentalmente en
Ref. [186].

4. Propuestas para la medida de la polarización
En la óptica clásica, los parámetros de Stokes y el grado clásico de polarización definido en (24) son suficientes

para caracterizar la mayorı́a de los haces, ya que son estados de luz gaussiana. Tal descripción en términos de
momentos de primer orden de las variables de Stokes puede extenderse ingenuamente al dominio cuántico como:

PS “ |xŜy|
xŜ0y “

b
xŜ1y2 ` xŜ2y2 ` xŜ3y2

xŜ0y . (94)

Nos referimos a esta definición como el grado semiclásico de polarización. Sin embargo, podemos esperar que PS
sea un grado incompleto. Esto se confirma cuando se examinan las dos situaciones extremas PS “ 1,0, representando
la luz completamente polarizada y completamente despolarizada, respectivamente. Por ejemplo, todos los estados
coherentes SU (2) tienen PS “ 1 y esto es válido para cualquier combinación de ellos en diferentes sectores de
polarización, como, por ejemplo, los estados coherentes de Glauber |aH ,aV y. Pero esto significa que PS “ 1 para
estados arbitrariamente próximos al estado de vacı́o de dos modos |0H ,0V y, lo cual es un resultado extraño.

Por otro lado, hay estados de luz con PS “ 0 que difı́cilmente pueden ser considerados como no polarizados.
Esto da lugar al fenómeno de polarización oculta. Como se mencionó antes, un ejemplo de polarización oculta es
el estado |1H ,1V y, que es |1,0y en la base de momento angular. Una rotación de 45˝ grados alrededor de su eje
de propagación transforma este estado en rp

?
2 ` iq|1,´1y ` p

?
2 ´ iq|1,1ys{

?
6, que es ortogonal al estado |1,0y,

luego perfectamente distinguible del estado sin girar. Sin embargo, según el grado semiclásico de polarización, este
estado no está polarizado. Esto se debe al hecho de que este cambio no puede ser detectado por ninguna combinación
lineal de los operadores de Stokes, ya que requiere medidas de correlación de campo de orden superior. Por esta
razón, tal vez serı́a mejor decir que tales estados tienen una polarización de orden superior.

4.1. Condiciones para las medidas de polarización
De la discusión anterior se puede concluir que una medida apropiada de polarización que asigna un número Ppr̂q

al operador de densidad r̂ debe satisfacer algunos requisitos que capturan las propiedades de los operadores de
Stokes y las transformaciones de polarización. Por lo tanto, requerimos [39]:

C.1 Ppr̂q “ 0 sii r̂ es no polarizado
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C.2 Ppr̂q “ PpÛ r̂ Û:q para cualquier transformación de polarización unitaria U .

C.3 Ppr̂q no debe de depender de las coherencias entre diferentes subespacios.

La condición C1 excluye varias posibilidades como el grado semi-clásico de polarización, porque este grado
considera como no polarizados, estados que tienen correlaciones de polarización de orden superior. Este requisito
también impide la definición del grado de polarización en términos de la pureza de un estado P “ Trpr̂2q, ya que
los estados cuánticos no polarizados abarcan toda la escala de pureza. Hay ejemplos de estados no polarizados entre
los estados puros (el vacı́o de dos modos), y también hay estados no polarizados que están parcial o máximamente
mezclados.

Condición C2 es simplemente invarianza SU(2), que es una caracterı́stica obvia de cualquier medida.
La C3 también es razonable, ya que las transformaciones de polarización no producen coherencias entre diferentes

subespacios, dado que los operadores de Stokes preservan el número de fotones y cualquier medida de una
combinación lineal de estos operadores será independiente de cualquier coherencia entre las variedades. Podemos
reformular C3 de una manera más cuantitativa. Con este fin, vamos a introducir el canal cuántico

Lrr̂s Ñ
8ÿ

S“0
1̂1Sr̂ 1̂1S (95)

que puede ser visto como aleatorización de las fases entre superposiciones entre estados en diferentes variedades de
excitación. Por lo tanto, el estado r̂ y el r̂pol “ Lrr̂s no pueden ser distinguidos en mediciones de polarización. Por
ello, podemos reformular C.3 en la forma equivalente

C.31 Ppr̂q “ PpLrr̂sq “ Ppr̂polq.
Una condición habitual para las medidas de polarización es también 0 § Ppr̂q § 1. Sin embargo, algunas

candidatas a medidas de polarización, como la entropı́a, son sólo definidas positivas (0 § S † 8). En este caso, suele
ser más importante el ordenamiento de los estados que el valor numérico de la medida. Por esta razón, un remedio
común es la normalización P “ S{p1 `Sq, que es una reescala de la medida que mantiene intacto el ordenamiento
de los estados.

Aparte de las condiciones básicas C1–C3, la medida debe ser operativa, fácilmente mesurable y fácil de calcular.
Sin embargo, estas condiciones son difı́ciles de cumplir al mismo tiempo.

En esta subsección, exploraremos varias propuestas para la definición de un grado cuántico de polarización. Es
importante recalcar, sin embargo, que estas medidas inducen ordenamientos diferentes entre los estados, ya que
parten de diferentes conceptos.

Antes de proceder mas allá, enfatizamos que una referencia fı́sicamente significativa para cualquier grado de
polarización es la proporcionada por la luz no polarizada. De hecho, los estados de luz completamente despolarizados
pueden definirse adecuadamente como los estados invariantes bajo cualquier transformación de polarización. Esto
exige que toda la distribución de probabilidad sea invariante SU(2) [193, 4]; esto es,

rr̂, Ŝs “ 0 , (96)

De donde se deduce que en cada subespacio invariante el estado es completamente mixto [221]

r̂pSq
unpol “ 1

2S ` 1
1̂12S`1 . (97)

4.2. Medidas basadas en distancias
El concepto de polarización en la óptica cuántica puede ser cuantificado en términos de medidas de distancia.

La idea principal es definir el grado de polarización como la distancia más corta entre el estado y el conjunto
U de estados despolarizados dados por Eq. (97). Otras nociones tales como no clasicalidad [120, 86, 175],
entrelazamiento [234] localización [169, 11, 108] e información cuántica [212, 59, 207, 61, 104] han sido formulados
sistemáticamente en términos de distancias a un conjunto dado de estados. La distancia determina la distinguisibilidad
de un estado con respecto a dicho conjunto.

Por lo tanto, parece razonable cuantificar el grado de polarización como

Ppr̂q9 ı́nf
ŝPU

Dpr̂, ŝq , (98)
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Donde Dpr̂, ŝq es cualquier medida de distancia (no necesariamente una métrica) entre las matrices densidad r̂ y ŝ
de tal forma que Ppr̂q satisface los requisitos C1–C3.

Hay muchas opciones no triviales para Dpr̂, ŝq (por no trivial queremos decir que la elección no es una simple
transformación de escala de ninguna otra distancia). Ninguna de ellas podrı́a decirse que sea más importante que
cualquier otra a priori, sino que el significado de cada candidata tendrı́a que ser visto a través de suposiciones fı́sicas.
Para el caso de la polarización pueden considerarse varias distancias [146], como la distancia de Hilbert-Schmidt,
Bures y Chernoff [102]:

PHSpr̂q “ ı́nf
sPU

Trrpr̂ ´ ŝq2s PBpr̂q “ 1´ sup
sPU

a
Fpr̂, ŝq PCpr̂q “ 1´ sup

sPU

„
ı́nf

tPr0,1s
Trpr̂ t ŝ1´tq

⇢

(99)
donde el ı́nfimo en Eq. (99) se toma sobre una función que es continua con respecto a t, y la fidelidad es [229,

135, 8]:
Fpr̂, ŝq “ tTrrpŝ1{2r̂ŝ1{2q1{2su2 (100)

En su estado actual, estos grados no cumplen con el requisito C.3; es decir, estas medidas son sensibles a las
coherencias entre los diferentes subespacios. Pero es muy fácil evitar este inconveniente si simplemente definimos
la distancia no al estado, sino a su forma diagonal en bloques o sector de polarización; es decir, PX pr̂q “ PX pLrr̂sq
para X P tHS,B,Cu.

Usando el hecho de que Lrr̂s y ŝ conmutan, encontramos las siguientes fórmulas generales:

PHSpr̂q “
8ÿ

S“0
P2

S

ˆ
x p2q

S ´ 1
2S ` 1

˙
, PBpr̂q “ 1 ´

« 8ÿ

S“0

PS

2S ` 1

´
x p1{2q

S

¯2
�1{2

,

(101)

PCpr̂q “ 1 ´ ı́nf
tPr0,1s

« 8ÿ

S“0
PSp2S ` 1q1´1{tpx ptq

S q1{t

�t

,

donde lS,n son los valores propios de r̂pSq y x ptq
S “ ∞2S

n“0 l t
S,n.

4.3. Medidas en el espacio de fases
Las ideas discutidas en la subsección anterior 4.2 pueden ser traducidas directamente al espacio de fases. El

grado de polarización puede definirse naturalmente como la distancia entre la función de Husimi Q y la función
correspondiente a la luz no polarizada. En este contexto, la luz no polarizada se define por una distribución uniforme,

Qunpolpnq “ 1
4p

(102)

lo que concuerda con (97). Entonces definimos la distancia como [163, 164]:

DQpr̂q “ 1
4p

ª

S2

dn rQpnq ´ 1s2 “ 1
4p

„ª

S2

dn Q2pnq
⇢

´ 1 . (103)

El término relevante en el miembro derecho de (103) puede ser considerado como un caso particular de una clase
general de medidas de localización [169, 108]

Mr “
„ª

S2

dn Q1`rpnq
⇢1{r

, (104)

cuyas propiedades matemáticas han sido estudiadas en detalle [114]. Dado que:

lı́m
rÑ0

Mr “
ª

S2

dn Qpnq lnQpnq , (105)

éstas incluyen la entropı́a de Wehrl [239, 240] como caso lı́mite.

Estructura de la polarización en los estados cuánticos página 22 de 47



En términos fı́sicos, la extensión de la función Q nos da una indicación del grado de polarización del estado. Para
los estados que están muy dispersos sobre la esfera unidad el grado de polarización es pequeño, como en el caso
del estado no polarizado. Para los estados que tienen un pico máximo pronunciado alrededor de algún valor de las
coordenadas esféricas, se espera que el grado de polarización sea alto.

Mencionamos que la función de Wigner ya se utilizó como medida del área ocupada por un estado cuántico en el
caso de variables continuas [119]. Sin embargo, en el caso de la esfera, la integral de W 2pnq da como resultado la
pureza [232]. Esta es una de las razones convincentes por las que utilizamos la función de Husimi Q a lo largo de
esta tesis.

Dado que DQ oscila de 0 a 8, el grado de polarización asociado, de acuerdo con nuestra argumentación anterior,
es:

PQpr̂q “ DQpr̂q
DQpr̂q ` 1

. (106)

Los únicos estados con PQ “ 0 son los estados no polarizados. En contraste con la definición clásica, hay estados
con xŜy “ 0 y PQ ‰ 0. Esto ocurre porque PQ es una función de todos los momentos de los operadores de Stokes y
no sólo del primero. Además, la definición de PQ es invariante bajo transformaciones SU(2) aplicadas al estado del
campo. Ésto significa que el grado de polarización depende de la forma de la función Q, pero no de su posición u
orientación en la esfera de Poincaré.

Para los estados coherentes de SU(2) |S,ny la función Q viene dada por Eq. (66). El grado de polarización
asociado es:

PQp|S;nyq “
ˆ

2S
2S ` 1

˙2
. (107)

De hecho, los estados máximamente polarizados, según este grado de polarización, son los estados coherentes
SU(2). Esto se debe a que como estos estados tienen un pico muy pronunciado en algún punto de la esfera, son los
estados de polarización de mı́nima incertidumbre y los estados que maximizan la diferencia con una distribución
uniforme de estados de polarización.

4.4. Enfoque operacional
Está claro que un estado que no es invariante bajo todas las posibles transformaciones lineales de polarización

tiene un grado finito de polarización cuántica. Por lo tanto, podemos utilizar la distinguibilidad de un estado bajo
todas las posibles transformaciones de polarización como un grado de polarización. Si usamos Trpr̂1r̂2q como la
distinguibilidad para los estados mixtos, se podrı́a definir [36, 40]

Pdpr̂q “
«

1 ´ ı́nf
ÛPSUp2q

8ÿ

S“0
PS Trpr̂pSq Û r̂pSq Û:q

�1{2

. (108)

Esta es la superposición mı́nima promedio entre un estado y todos sus estados transformados SU (2). Por lo tanto,
da la visibilidad máxima que se puede lograr utilizando un interferómetro de polarización. El inconveniente de esta
definición es que no es trivial determinar el grado de polarización para un estado dado, ya que, en general, no existe
una manera obvia de encontrar el Ûpol que maximiza la visibilidad polarimétrica. Esta medida de polarización es
diferente a las anteriores porque asigna grado de polarización uno para estados con un número finito de excitaciones.
Se ha demostrado [215] que todos los estados puros con un número impar de excitaciones alcanzan grado uno de
polarización bajo esta definición. También es cierto que para N “ 1, es decir, estados de un solo fotón, la definición
implica que cualquier estado puro está completamente polarizado, ya que una transformación U puede transformar
el estado en su ortogonal, situado diametralmente opuesto en la esfera. Se puede conjeturar que los estados puros
con un número par de excitaciones N, excepto el vacı́o de dos modos, también están completamente polarizados de
acuerdo con esta medida de polarización, pero todavı́a no hay una prueba de ello.

La última especulación hace que sea tentador definir un grado de polarización tal que los estado puros con un
número determinado de excitaciones estén polarizados al máximo, es un grado de polarización en términos de las
purezas de los estados en cada subespacio de excitación [39]:

Pppr̂q “
8ÿ

S“ 1
2

1
2S

rp2S ` 1q Trpr̂2
S q ´ 1s , (109)
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Donde necesitamos la definición adicional Pp|0,0y “ 0. Nuevamente, los estados máximamente polarizados son
los estados puros en cada subespacio de excitación. La única propiedad de los operadores de Stokes que utiliza esta
medida consiste en su definición como suma directa sobre los subespacios de excitación con un número distinto de
fotones. Como consecuencia, esta medida cuantifica la distinguibilidad bajo las transformaciones unitarias generales
que preservan la energı́a y no la distinguibilidad en el caso más concreto de transformaciones de polarización. Esta
medida también se basa en la conjetura crı́tica de que los estados puros en cada subespacio de excitación están
completamente polarizados. Al igual que muchos de los otros grados de polarización, una medida de Pp es difı́cil ya
que determinar las purezas requiere que se realice una tomografı́a de la polarización.

4.5. Grados de polarización de orden superior
En este punto, debe de haber quedado claro que muchas de las dificultades al definir un grado apropiado de

polarización se pueden remontar al hecho de que la polarización clásica se construye sobre todo en función de los
momentos de primer orden de las variables de Stokes, mientras que los momentos de orden más alto pueden jugar un
mayor papel en los campos cuánticos. Una comprensión completa de los sutiles efectos de polarización que surgen
en el mundo cuántico requeriere una caracterización de las fluctuaciones de polarización de orden superior, como
sucede en la teorı́a de la coherencia, donde se necesita, en general, una jerarquı́a de funciones de correlación [173].

Hemos visto que los multipolos contienen la información de las fluctuaciones de orden superior, ordenadas de la
manera apropiada. Esto sugiere considerar la distribución acumulativa [79]

A
pSq

M “
Mÿ

K“1

Kÿ

m“´K
|rpSq

Kq |2 , (110)

que contiene toda la información hasta el orden M. Sabemos, por la teorı́a de probabilidad, que tiene propiedades
notables [132]. Por otra parte, nuestra reconstrucción anterior en la Sección 3.2 deja en clara evidencia que para
obtener el multipolo de orden K-ésimo, se necesita determinar todos los multipolos anteriores. Como con cualquier
distribución acumulativa, A

pSq
M es una función monótona no decreciente del orden multipolar, con A

pSq
2S siendo

proporcional a la pureza del estado [excepto por la contribución monopolar, que no está incluida en (110)].
Para los estados coherentes de SU (2), obtenemos

A
pSq

M,SUp2q “ 2S
2S ` 1

´ rGp2S ` 1qs2

Gp2S ´ MqGp2S ` M ` 2q , (111)

ha sido demostrado [37] que este valor es realmente máximo para cada M entre todos los estados en el subespacio
con S fijo. Esto sugiere la definición de una jerarquı́a de grados de polarización que mide la información de la
polarización cuando se miden los operadores de Stokes hasta el orden M:

PM “
ÿ

S

PS

¨

˝ A
pSq

M

A
pSq

M,SUp2q

˛

‚
1{2

. (112)

De acuerdo con (112), PM “ 1 (para cada M) para estados coherentes SU(2), lo que es compatible con la idea de
que son los estados más localizados sobre la esfera.

Para el caso particular pero significativo del dipolo (M “ 1), Eq. (112) se reduce a:

P1 “
8ÿ

S

PS

b
xŜ1y2 ` xŜ2y2 ` xŜ3y2

xŜ0y , (113)

y los valores medios se calculan en cada subespacio S. Curiosamente, esta definición se ha propuesto recientemente
como una forma de eludir las deficiencias del grado estándar de polarización [153]; en nuestro enfoque, emerge de
una manera bastante natural.

Para los estados coherentes en cuadratura, el resultado es:

PMp|a`,a´yq “
8ÿ

S“M{2

e´N̄ N̄2S

p2Sq!
» 1

2
erfc

ˆ
M ´ N̄?

2N̄

˙
, (114)
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Figura 8: (Color online) Grado de polarización PM como función del orden multipolar M para el estado |S,0y (izquierda) y un
estado coherente en cuadraturas |a`,a´y con un número promedio de fotones N̄ “ |a`|2 ` |a´|2 (derecha).

Aquı́, N̄ es el número medio de fotones y la segunda igualdad, en términos de la función de error complementaria, es
válida para N̄ " 1. A partir de las propiedades de esta función, podemos estimar que los multipolos que contribuyen
efectivamente son, a grosso modo, de 1 a N̄. En la Fig. 8 representamos PM para los estados |S,0y y |a`,a´y. Para
M “ 2, esto da:

P2p|a`,a´yq “ 1 ´ p1 ` N̄qexpp´N̄q , (115)

Que tiende a la unidad cuando el número medio de fotones N̄ es suficientemente grande, de acuerdo con los enfoques
de segundo orden anteriores [141].

5. Resultados
La constitución de la luz no polarizada fue investigada desde el principio de la óptica moderna. De hecho,

Verdet [235] propusó una caracterización lúcida de lo que ellos llamaban luz “natural” usando las proyecciones
de la intensidad sobre los ejes de un sistema de coordenadas cartesianas girado. Los estados no polarizados son
aquellos que permanecen invariables bajo cualquier rotación de ese sistema de coordenadas y bajo cualquier cambio
de fase entre sus componentes rectangulares.

En la óptica clásica, las componentes de un campo de luz no polarizada están bien modeladas por un proceso
aleatorio gaussiano estacionario, no correlacionado y con cero promedio [231]. Las condiciones de invariancia
anteriores determinan ası́ toda la estructura probabilı́stica de las intensidades proyectadas [27]. Sin embargo, como
la teorı́a estándar está limitada a los momentos de primer orden, la luz no polarizada se presenta como aquella
con un vector Stokes promedio cero, que en términos geométricos significa que es sólo el origen de la esfera de
Poincaré.

5.1. Estados despolarizados a orden M
A nivel cuántico, el requisito de invariancia fija de una vez por todas la estructura de la matriz densidad, ası́ que

especifica la distribución de probabilidad y, como resultado, todos los momentos de las variables de Stokes, como
ya hemos argumentado. Sin embergo, uno podrı́a pensar en extender esta noción: cuando todos los multipolos hasta
un orden dado (digamos M) desaparecen, el estado carece de información de polarización hasta ese orden y por lo
tanto se llamará despolarizado a orden M. La imagen clásica coincide con la teorı́a de primer orden, mientras que la
condición cuántica implica que todos los multipolos son idénticamente nulos.

En consecuencia, vamos a decir que un estado es despolarizado a orden M cuando PpSq
M “ 0, esto obviamente

implica A
pSq

M “ 0; i.e., todos los multipolos hasta el orden M se anulan. Vamos a denotar estos estados como:
r̂pSq

unpol,K . En términos más fı́sicos, la condición de despolarización de orden M equivale a imponer que los momentos
xŜ`

ny son independientes de la dirección n para ` “ 1, . . . ,M (i.e., son isotrópicos). Por lo tanto, todos los momentos
hasta el orden M no muestran ninguna estructura angular, mientras que los de orden superior sı́. Tenga en cuenta,
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Figura 9: El grado de polarización de segundo orden en función de la pureza, para los estados despolarizados de primer orden
(120).

sin embargo, que los estados despolarizados a orden M llevan información de polarización cuando uno mira a
momentos de orden superior.

Esto se ha conocido como polarización oculta, de acuerdo con la terminologı́a acuñada por Klyshko [148, 147,
149], aunque serı́a mejor decir que tales estados muestran una polarización de orden superior [111].

Ilustramos este punto con algunos ejemplos relevantes: empezamos con estados de un solo fotón (S “ 1{2). La
expansión multipolar de un estado general de un solo fotón es

r̂p1{2q “ rp1{2q
00 T̂ p1{2q

00 `
ÿ

q
rp1{2q

1q T̂ p1{2q
1q . (116)

Puesto que el estado tiene solamente componente dipolar, las descripciones cuánticas y clásicas coinciden y estos
estados pueden ser despolarizados solamente a primer orden. La positividad limita los posibles valores del dipolo al
rango 0 § A

p1{2q
1 § 1{2. La condición A

p1{2q
1 “ 0 , fija los estados no polarizados; viz

rp1{2q
unpol,1 “ 1

2
112 . (117)

Enfatizamos, no obstante, que como todos los objetos cuánticos, estos estados sólo pueden ser considerados como
elementos de un conjunto [190].

Para estados de dos fotones, hay estados despolarizados a primer orden (o clásicamente) y a segundo orden (o
cuánticamente) . La condición general para la despolarización de primer orden es que el término dipolar se anule;
i.e.,

r̂p1q
unpol,1 “ rp1q

00 T̂ p1q
00 `

ÿ

q
rp1q

2q T̂ p1q
2q , (118)

Con la restricción adicional de la positividad. El caso de los estados axialmente simétricos, ya considerados en la
Eq. (60) merece una atención especial ya que siempre se pueden diagonalizar a través de las rotaciones SU (2); viz,
r̂p1q

ax “ Ûpa,b ,gq r̂p1q
d Û:pa,b ,gq con

r̂p1q
d “ diagpl1,l2,l3q “ 1?

3
T̂ p1q

00 ` l1 ´ l3?
2

T̂ p1q
10 ` 1 ´ 3l2?

6
T̂ p1q

20 . (119)

Aquı́, diagpd1, . . . ,dnq representa una matriz diagonal cuyos elementos diagonales son aquellos en el argumento.
El estado es despolarizado a primer orden cuando l1 “ l3. Como Trpr̂dq “ 1, podemos escribir

r̂p1q
unpol,1 “ diagpl ,1 ´ 2l ,l q (120)

y la positividad fuerza a que 0 § l § 1{2, i.e., 0 § A
p1q

2 § 2{3. Ambas pureza P
p1q “ Trtrr̂p1q

d s2u y grado de
polarización de segundo orden Pp1q

2 dependen de l :

P
p1q “ 6l 2 ´ 4l ` 1 , Pp1q

2 “
b

p3l ´ 1q2 , (121)
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mientras P1 “ 0 como anticipamos. Ésto puede ser reescrito como

P2 “
a

r3P ´ 1s{2 , (122)

Como se representa en la Fig. 9 . El grado máximo de P2 se alcanza para los estados puros

|Yp1q
unpol,1y “ 1?

2
sinb reia |1,1y ´ e´ia |1,´1ys ` cosb |1,0y , (123)

y son la transformación del estado |1,0y bajo transformaciones SU(2) Ûpa,b ,gq. Estos estados han servido como
la muestra para verificar experimentalmente la existencia de polarización oculta [230, 215]. Para un análisis más
detallado de estos estados, el lector es referido a Ref. [78].

5.2. Reyes cuánticos
5.2.1. Representación de Majorana

Los estados coherentes SU(2) se pueden identificar con un punto en la esfera, y se dice que son los estados
más clásicos. Además, tienen propiedades extremas ventajosas, tales como la varianza total mı́nima de Ŝ [82] o
entropı́a mı́nima de Wehrl [160, 156, 161]. En nuestro contexto, es notable que tengan máxima potencia multipolar
acumulativa A

pSq
M para cualquier orden M [79]. Resulta irresistible preguntar que estados alcanzan el mı́nimo de

esta magnitud, ya que pueden considerarse en cierto sentido como “lo opuesto” de los estados coherentes de SU(2)
y por tanto los más no clásicos.

Para investigar este punto es ventajoso usar la representación estelar de Majorana [171], que nos permite
representar un estado de espı́n en HS como 2S puntos en la esfera unidad. Varias décadas después de su concepción,
esta representación ha atraı́do recientemente una gran atención en varios campos [200, 155, 159, 84, 74, 162].

El método es una generalización directa de la esfera de Bloch para una partı́cula de espı́n-1{2 y utiliza la función
de onda en la representación de estados coherentes; esto es, Ypnq “ xn|Yy (para aligerar la notación, obviaremos la
etiqueta S, ya que nos estamos restringiendo siempre a un espı́n fijo). Una vez que insertamos la unidad en términos
de los estados |S,my , y tomamos en cuenta el valor de la superposición xn|S,my, obtenemos

Ypnq “
Sÿ

m“´S

d
p2Sq!

pS ´ mq!pS ` mq!
Ym z S`m , (124)

donde z “ tanpq{2qeif , que es sólo la proyección estereográfica de un punto de la esfera unitaria con el ángulo
pq ,fq. Aparte del factor positivo no esencial, este es un polinomio de orden 2S; por lo tanto, |Yy se determina por el
conjunto tziu de los 2S ceros complejos de Ypnq, adecuadamente completados por puntos en el infinito si el grado
del polinomio es menor que 2S. La configuración de puntos resultante en la esfera unidad se llama la constelación
de Majorana asociada al estado |Yy.

Hay una manera complementaria de introducir el polinomio de Majorana, que proporciona una interpretación
perspicaz de la representación de Majorana.

Cualquier estado puro |Yy P HS puede ser factorizado en términos de los operadores bosónicos â˘ como:

|Yy “ 1?
N

2Sπ

m“1

„
cos

ˆ
qm

2

˙
â:

` ` eifm sin
ˆ

qm

2

˙
â:

´

⇢
|0`,0´y , (125)

Donde N es un factor de normalización, |0`,0´y es el vacio de dos modos y los ángulos qm y fm satisfacen las
restricciones naturales 0 § qm § p y 0 § fm † 2p . Ası́, cada factor en (125) se puede representar como un punto
en la esfera unidad de Poincaré . Puesto que los operadores â:

` y â:
´ crean una excitación en modos circularmente

polarizados en sentido derecha e izquierda respectivamente, cada uno de los factores de (125) también se puede
interpretar como creando una “componente de excitación” en un estado de polarización correspondiente a su
posición en la esfera [32].

Una rotación de SU(2) simplemente corresponde a una rotación sólida de la constelación de Majorana. Por
lo tanto, una transformación de SU(2) no afecta el grado de polarización del estado: los estados con la misma
constelación, independientemente de su orientación relativa, tienen los mismos invariantes de polarización. Para los
estados coherentes de SU(2), la constelación de Majorana colapsa a un solo punto de la esfera unidad. Intuitivamente,
se podrı́a adivinar que los estados con polarización tan isotrópica como sea posible tendrán una constelación tan
simétrica como sea posible.
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Cuadro 1: Estados que anulan AM para los valores indicados de S. En la segunda columna, indicamos el orden M, que
conjeturamos es el más alto posible. Damos las componentes no nulas del estado Ym (m “ ´S, . . . ,S) y la constelación
de Majorana.

S M Estado Constelación
1 1 Y0 “ 1 lı́nea radial
3
2 1 Y˘ 3

2
“ 1?

2
triángulo ecuatorial

2 2 Y´1 “ 2?
3 , Y2 “

b
1
3 tetraedro

5
2 1 Y˘ 3

2
“ 1?

2
triangulo ecuatorial + polos

3 3 Y˘2 “ 1?
2

octaedro
7
2 2 Y´ 5

2
“ Y 1

2
“

b
7
18 , Y 7

2
“

b
2
9 dos triangulos + polo

4 3 Y˘4 “
b

5
24 , Y0 “

b
7
12 cubo

9
2 2 Y˘ 9

2
“ 1?

6
, Y˘ 3

2
““ 1?

3 tres triángulos
5 3 Y˘5 “ 1?

5
, Y0 “ 3?

5
prisma pentagonal

11
2 3 Y˘ 11

2
“

?
17

12 , Y˘ 5
2

“ i
?

55
12 pentágono + dos triángulos

6 5 Y˘5 “ ˘
?

7
5 , Y0 “ ´

?
11
5 icosaedro

7 4 Y˘6 “
b

854
3645 , Y˘3 “

b
637

13420 ` i
b

512603
9783180 tres cuadrados + polos

Y0 “
b

12561757
163053000 ´ i

b
512603
2013000

10 5 Y˘10 “
b

187
1875 , Y˘5 “ ˘

b
209
625 , Y0 “

b
247
1875 dodecaedro deformado

5.2.2. Estados extremos de la distribución acumulativa: los Reyes cuánticos

La distribución A
pSq

M puede considerarse como un funcional no lineal de la matriz de densidad r̂pSq . Por ese
motivo, se puede tratar de determinar los estados extremos de A

pSq
M para cada orden M. Consideraremos solamente

estados puros, que expandiremos como |Yy “ ∞S
m“´S Ym |S,my, con coeficientes Ym “ xS,m|Yy. Obtenemos

fácilmente que

AM “
Mÿ

K“1

Kÿ

q“´K

2K ` 1
2S ` 1

ˇ̌
ˇ̌
ˇ̌

Sÿ

m,m1“´S

CSm1
Sm,KqYm1 Y˚

m

ˇ̌
ˇ̌
ˇ̌

2

. (126)

Como hemos mencionado, los estados coherentes de SU(2) |S,q ,fy maximizan A
pSq

M para todos los órdenes M.
A continuación, nos concentramos en minimizar AM . La estrategia que adoptamos es, por lo tanto, muy simple

de explicar: partiendo de un conjunto de amplitudes de estado desconocidas pero normalizadas en Eq. (126), las
cuales escribimos como Ym “ am ` ibm (am,bm P R), tratamos de obtener AM “ 0 para el valor máximo posible
de M. Esto conduce un sistema de ecuaciones polinómicas de grado dos para am y bm, que se resuelven usando
las bases de Gröbner implementadas en el sistema de álgebra computacional MAGMA [46]. Como la orientación
de la constelación es irrelevante, el número de variables se puede reducir fijando uno de los puntos, por ejemplo,
en el polo norte y otro en el plano S2 - S3. De esta manera, obtenemos expresiones algebraicas exactas y podemos
detectar cuando no hay solución factible.

La Tabla 1 enumera los estados resultantes (que, en algunos casos, no son únicos) para una selección de valores
diferentes de S. También indicamos las constelaciones de Majorana asociadas. Por completitud, en la Fig. 10
también se dibujan las constelaciones, ası́ como las funciones Q para algunos de estos estados. Una lista completa
se encuentra en [1], una discusión detallada de los estados resultantes, que se han llamado los Reyes cuánticos, se
pueden encontrar en[37, 35].

Intuitivamente, se podrı́a esperar que estas constelaciones tengan los puntos colocados tan simétricamente en la
esfera unidad como sea posible. Esto encaja bien con la noción de estados de máxima entropı́a de Wehrl-Lieb [21].
Para algunos valores de S, como 4, 6, 8, 12 y 20, uno puede adivinar que la constelación máximamente despolarizada
corresponde en cada caso a los vértices de un sólido platónico. Para otros números como S “ 17{2 no es fácil
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S = 5S = 3 S = 6 S = 10

0

0.

Figura 10: (Color en lı́nea) Gráficos de densidad de las funciones Q para los estados óptimos de la Tabla I para los casos
S “ 5{2,3,7{2,9{2,5 y 7 (de izquierda a derecha, azul indica valor cero y el valor máximo se representa rojo). En
la parte superior, bosquejamos la constelación de Majorana para cada uno de ellos.

adivinar una constelación “exacta” óptima, pero resolviendo el sistema de ecuaciones polinómicas, como se describe
al comienzo de esta sección, se llega a expresiones algebraicas exactas para los coeficientes Ym, a partir de las
cuales uno puede calcular fácilmente los puntos de la constelación de Majorana con precisión numérica arbitraria.

Ésto parece estar estrechamente relacionado con la propuesta reciente de estados anti-coherentes [248, 73, 22].
Los estados anticoherentes son en cierto sentido “lo opuesto” a los estados coherentes de SU(2): mientras éste
último corresponde lo más fielmente posible a un vector de espı́n clásico señalando en una dirección dada, el
anterior “apunta a ninguna parte”, es decir, el vector promedio de Stokes se cancela y las fluctuaciones hasta orden
M son isotrópicas. Para el caso de dimensiones reducidas, estos estados coinciden con nuestros estados óptimos.
Sin embargo, hacemos hincapié en que esta teorı́a está construida a partir de primeros principios y proporciona
un criterio algebraico, éste es, la anulación de la distribución multipolar acumulada, que se puede manejar de una
manera clara y compacta.

El problema de distribuir N puntos en una esfera de la manera “más simétrica” tiene una larga historia y muchas
soluciones diferentes dependiendo de la función que se intenta optimizar [70, 204, 51]. Aquı́, sólo discutiremos
algunas de las formulaciones: t diseños esféricos [83], el problema de Thomson [228, 16, 90, 180] y las Reinas
cuánticas [107].

Los t-diseños esféricos son configuraciones de N puntos en una esfera tal que el valor promedio de cualquier
polinomio de grado como máximo t, es el mismo sobre los N puntos que sobre la esfera. Ası́, se puede considerar
que los N puntos dan un valor promedio representativo de cualquier polinomio de grado t o inferior. Dichos
diseños se pueden encontrar para (hiper)esferas de dimensiones superiores, pero para ver la relación con los estados
máximamente despolarizados sólo consideraremos t-diseños en la esfera tridimensional. Se ha conjeturado que
un estado es despolarizado a orden t si y sólamente si su constelación de Majorana es un t-diseño esférico [73].
Sin embargo, aunque la afirmación es verdadera para algunos t-diseños, como los representados por los sólidos
platónicos, la conjetura no es verdadera en general [22].
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Está claro que debe haber alguna conexión entre el número de puntos que uno tiene a su disposición N y el grado
máximo t para el que una configuración de N puntos permite un diseño esférico de orden t. Las configuraciones
que maximizan t para un determinado N se llaman diseños óptimos, y en lo prosiguiente t denotará el grado de un
diseño óptimo de N puntos. No se conoce ninguna expresión analı́tica entre N y t: se sabe que para un t -diseño en
el espacio tridimensional, el número de puntos N es al menos proporcional a t2, mientras que para algunos órdenes t
sólo se conocen construcciones para las cuales N escala proporcionalmente a t3. Como una función de N, el orden t
no es monotónico. El estado actual del conocimiento se resume para 1 § N § 100 en [113].

De los datos numéricos obtenidos hasta el momento uno puede concluir que el máximo de M y t coinciden. Por
lo tanto, conjeturamos que si un diseño esférico óptimo de orden t existe para un N, entonces uno puede encontrar
un estado despolarizado a M orden con N fotones y con M “ t. Este estado es máximamente despolarizado.

Lo siguiente que se puede apreciar es que un diseño óptimo de grado t no necesariamente corresponde a un estado
despolarizado a orden t . Muy a menudo las configuraciones son similares, e.g. polı́gonos regulares con la normal a
su superficie a lo largo del eje polar, pero desplazados unos de otros a lo largo del eje por ciertas distancias. Sin
embargo, estas distancias necesitan a menudo ser ajustadas para que un t-diseño óptimo se convierta en un estado
máximamente despolarizado. Los sólidos platónicos son excepciones a esta observación. Que las configuraciones
óptimas de los t-diseños y los estados máximamente despolarizados no coincidan, acentúa el “misterio” de que el t
óptimo y el máximo M siempre parecen ser iguales para cualquier N (o equivalentemente, para cualquier S).

Otra similitud entre los t-diseños esféricos óptimos y los Reyes cuánticos es que las configuraciones tı́picamente
no son únicas, a excepción de las dimensiones más pequeñas.

El problema de Thomson consiste en disponer N cargas puntuales idénticas en la superficie de una esfera para que
se minimice la energı́a potencial electrostática de la configuración. Para N “ 2 la solución se visualiza fácilmente:
la fuerza repelente tiende a situar las cargas en puntos antipodales de la esfera, maximizando ası́ la distancia entre
ellos. El problema puede generalizarse a energı́as potenciales de la forma r´d , donde r es la distancia euclidia entre
las cargas. La elección d “ 1 es el problema de Thomson, que corresponde al potencial habitual de Coulomb y es en
el que nos centraremos en este trabajo. El caso d Ñ 8 se llama problema de Tammes [225].

Vemos que para S pequeños, hasta 3, las configuraciones son idénticas al t-diseño esférico óptimo y al estado
máximamente despolarizado. Para S mayores, difieren en general y el grado de despolarización de los estados de
“Thomson” es menor que el máximo. A diferencia de los dos casos anteriores, la solución del problema de Thomson
parece ser única por cada S [92].

Las Reinas cuánticas son los estados que maximizan la distancia de Hilbert-Schmidt al punto más cercano de la
envolvente convexa de la mezcla de estados coherentes SU(2) [107]. Esta envolvente convexa define el subespacio
de los estados clásicos. Por lo tanto, los estados que maximizan la distancia al punto más cercano de esta envolvente
pueden considerarse como los poseedores de caracterı́sticas máximamente cuánticas. En [107] se afirma que las
Reinas pueden ser vistas como los menos clásicos (o más cuánticos) de todos los estados dada esta métrica. Aunque
hemos utilizado otra figura de mérito, nuestro enfoque y el de [107] comparten la consideración de que los estados
“más diferentes” de los estados coherentes de SU(2) son los más no clásicos.

No es de extrañar que las Reinas resulten anticoherentes (despolarizadas a segundo orden) cuando sea posible, ya
que deberı́an estar lo más “lejos posible” del estado coherente de SU(2). Estas configuraciones también parecen ser
únicas, contrariamente a los estados máximamente despolarizados y a los diseños esféricos óptimos.

En casos particulares de baja dimensión, estos dos casos coinciden con nuestros estados óptimos. Sin embargo,
enfatizamos que nuestra teorı́a se construye comenzando por primeros principios, a partir de magnitudes que se
determinan rutinariamente en el laboratorio.

Cuando interpretamos nuestro subespacio HS como el subespacio simétrico de un sistema de S qubits, los
Reyes aparecen también conectados con otros problemas intrigantes, como estados simétricos máximamente
entrelazados [18, 106] y estados k-máximamente mezclados [15, 110].

5.2.3. Aplicaciones metrológicas

En el último párrafo hemos derivado los estados extremales desde la perpectiva de la polarización. Sin embargo,
las propiedades notables de tales estados los convierten en candidatos potenciales para superar a los estados clásicos
en ciertas tareas.

El objetivo principal de la metrologı́a cuántica es medir una magnitud fı́sica con una precisión sorprendente
mediante la explotación de recursos cuánticos [105]. En particular, adaptar los estados de polarización para detectar
mejor las rotaciones de SU(2) es un problema bastante relevante con aplicaciones directas a magnetometrı́a [237,
216, 183], polarimetrı́a [181, 76] y metrologı́a en general [202].
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La caracterı́stica más destacada de los estados máximamente despolarizados es su capacidad de detectar pequeñas
pero arbitrarias transformaciones SU(2) con resolución óptima. Esto ya se ha anticipado en [150], donde los
autores hallaron especı́ficamente que para un número de fotones 4, 6, 8, 12 y 20, los estados correspondientes a
constelaciones de Majorana correspondientes a poliedros regulares mejoran la detección de los desalineamientos
entre dos marcos de referencia cartesianos. Para entender esto, es instructivo observar estados relacionados, por
ejemplo, los estados N00N.

Se sabe que tales estados N00N tienen la más alta sensibilidad para una excitación fija S a pequeñas rotaciones
sobre el eje Ŝ3 [44]. Esto se puede entender fácilmente mirando a su constelación de Majorana, que ha sido incluida
en Fig. 10 y que consiste simplemente en 2S puntos equidistantes colocados alrededor del ecuador de la esfera de
Poincaré.

Una rotación alrededor del eje Ŝ3 está descrita por el operador unitario ÛpJq “ expp´iJ Ŝ3{2q. Tenemos que
para J “ p{p2Sq los estados |N00Ny y ÛpJq|N00Ny son ortogonales, Mientras que para J “ qp{S son paralelos,
donde q es un entero. Por lo tanto, no deberı́a sorprender que los estados N00N sean óptimos para detectar pequeñas
rotaciones alrededor del eje Ŝ3, en el intervalo 0 § J § p{p2Sq. Sin embargo, tan pronto como la rotación exceda el
lı́mite superior en esta desigualdad, se tendrá dificultades para resolver el ángulo de rotación, ya que dos o más
ángulos de rotación darán como resultado el mismo estado rotado. Si el eje de rotación se encuentra en el plano
ecuatorial, entonces se necesita una rotación de p para obtener un estado paralelo, independientemente de S. Esto
sucede sólo si el eje intersecta uno de los puntos de Majorana cuando S es un medio entero o si el eje interseca un
punto o es el intersector entre dos puntos si S es un entero. Por lo tanto, la resolución de la rotación es altamente
direccional para un estado N00N.

Ésta es precisamente la ventaja de los estados máximamente despolarizados: ya que tienen un alto grado de
simetrı́a esférica, resuelven las rotaciones alrededor de cualquier eje aproximadamente igual de bien. Puede no
ser obvio por su apariencia que tienen alta sensibilidad a pequeñas rotaciones alrededor de un eje arbitrario. Para
sustanciar esta afirmación, recuerde que la acción t necesaria para hacer que un estado |Yy evolucione de manera
que |xY|exppiÂtq|yy|2 “ 1 ´ e donde e es un número pequeño, positivo, real, y Â es hermı́tica, es inversamente
proporcional a la varianza del estado xpÂ´xÂyq2y “ xD2Ây [174]. La relación que conecta la velocidad de evolución
de{dt y la varianza a veces se llama el “lı́mite de velocidad cuántica” [224, 81]. Un estado N00N en la base Ŝ3
tiene maxima varianza xD2Ŝ3y “ S2 para un S fijo y por lo tanto es el estado con máxima sensibilidad para una
rotación alrededor del eje Ŝ3. Sin embargo, las varianzas Ŝ1 y Ŝ2 del estado son sólo S{2 y por lo tanto el estado es
bastante insensible a las rotaciones alrededor de esos ejes (o a cualquier eje de rotación en el plano Ŝ1 - Ŝ2). Sin
embargo, todos los Reyes cuánticos tienen varianzas isotrópicas iguales a SpS ` 1q{3, es decir, cerca del máximo.
La prueba de esta afirmación es la siguiente:

xD2Ŝ1y ` xD2Ŝ2y ` xD2Ŝ3y “ xŜ2
1y ` xŜ2

2y ` xŜ2
3y “ xŜ2

0y “ SpS ` 1q (127)

La segunda expresión de la izquierda se deriva del hecho de que los estados Reyes tienen momentos de primer orden
nulos xŜny. Dado que su varianza por definición es isotrópica, también tenemos que xŜ2

ny “ xŜ2
1y “ xŜ2

2y “ xŜ2
3y. Al

tener una varianza grande e isotrópica del operador de Stokes, el teorema del lı́mite de velocidad cuántico afirma
que estos estados son bastante sensibles a las rotaciones alrededor de cualquier eje Ŝn.

Otra forma de explicar la sensibilidad de los estados Reyes a una rotación alrededor de un eje arbitrario es
observar que, dado que estos estados tienen simetrı́a esférica “máxima”, se vuelven paralelos o casi paralelos para
rotaciones relativamente pequeñas alrededor de varios ejes. Por ejemplo, para los sólidos platónicos, las rotaciones
alrededor de todos los ejes normales a sus caras transforman la constelación de Majorana en sı́ misma (resultando en
un estado paralelo) para rotaciones de 2p{3 (tetraedro, octaedro y icosaedro), p{2 (cubo), o 2p{5 (dodecaedro). Para
otras constelaciones y otros ejes de rotación la constelación de Majorana sólo se hará aproximadamente idéntica,
pero el problema con la resolución de grandes rotaciones predominantemente permanecerá. Sin embargo, teniendo
un alto grado de simetrı́a esférica, los estados máximamente despolarizados resolverán las rotaciones alrededor de
cualquier eje aproximadamente igual de bien. Para cuantificar esta afirmación se podrı́a utilizar la información de
Fisher y el lı́mite de Cramér-Rao para evaluar la incertidumbre en la estimación de la dirección de rotación y el
ángulo de rotación[224, 81].

En otro apunte, llamamos la atención sobre la similitud estructural entre los Reyes cuánticos y los códigos de
corrección de errores cuánticos: en ambos casos se requiere que los términos de orden inferior en la expansión de la
matriz densidad tengan que anularse.
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6. Artı́culos de la tesis
La labor realizada durante el perı́odo de investigación de la tesis ha dado lugar a la publicación de diversos

artı́culos en revistas cientı́ficas del área de óptica. Si bien gran parte de los artı́culos publicados siguen una misma
lı́nea de investigación, ésta es, la estructura de la polarización en los estados cuánticos, que da nombre a esta
tesis, también se han escrito artı́culos sobre otros temas relativos a nociones de óptica cuántica y óptica clásica
que han surgido a lo largo de este tiempo y que también nos han resultado de interés cientı́fico puesto que amplı́an
las fronteras de conocimiento en este área. A continuación, realizaremos una enumeración de los artı́culos que
componen esta tesis y detallaremos brevemente su contenido y la relación entre los diversos artı́culos.

1.- Quantum versus classical polarization states: when multipoles count
En este artı́culo exponemos que los problemas que hemos identificado al extender la definición del grado de
polarización al dominio cuántico se deben al hecho de que su definición está planteada en términos de los
momentos de primer orden de las variables de Stokes. En óptica cuántica es imprescindible ir más allá de una
descripción de primer orden y analizar las fluctuaciones de polarización de orden superior. Para este propósito,
tomamos prestadas ideas básicas procedentes de las distribuciones de cuasiprobabilidad estándar para el caso
de SU(2), pero las reinterpretamos en términos de multipolos que contienen los momentos sucesivos de las
variables de Stokes. Finalmente, ilustramos como el caso particular de la función de Husimi Q puede ser
utilizada como una medida eficiente para la evaluación cuantitativa de esas fluctuaciones, como se vió en
Eq. (74).

2.- Orbital angular momentum from marginals of quadrature distributions
Este artı́culo propone una forma alternativa para derivar distribuciones en el espacio de fases a través de
marginales adecuados de las distribuciones para las cuadraturas del campo, una vez que hemos eliminado los
grados de libertad que son irrelevantes en la descripción del problema. En este caso aplicamos estas ideas a
vórtices que transportan momento angular orbital, pero las mismas ideas también han sido utilizadas para
estudiar las propiedades de la polarización cuántica, como se ha puesto de manifiesto en la Sección 3.1.

3.- Multipolar hierarchy of efficient quantum polarization measures
En este artı́culo profundizamos en el desarrollo teórico del Art.1. Recurrimos a la expansión multipolar de la
matriz densidad. La distribución de probabilidad para estos multipolos proporciona la información completa
acerca de las propiedades de polarización de cualquier estado; en términos de ésta proponemos una medida
adecuada para la evaluación cuantitativa de las fluctuaciones de polarización, que se corresponde con la
Eq. (112).

4.- Radial quantum number of Laguerre-Gauss modes
Este artı́culo presta atención al ı́ndice radial de los modos de Laguerre-Gauss. Nuestro propósito en este
artı́culo es presentar un análisis simple y comprensivo de esta variable. Este artı́culo viene a complementar al
Art.2 en el que se introdujeron los vórtices que transportan momento orbital.

5.- Classical distinguishability as an operational measure of polarization
En este artı́culo ampliamos los conceptos básicos de la polarización en óptica clásica tratados en la Sección 2.1
a campos completamente tridimensionales (3D). En este artı́culo retomamos una medida operacional que fue
introducida hace algunos años en el contexto de la óptica cuántica[40] y que en este texto se desarrolla en la
Sección 4.4. Pasar de la situación 2D a la 3D consiste en extender el conjunto de los estados rotados SU(2) a
su análogo para SU(3), y los grados de polarización resultantes tienen una clara interpretación fı́sica.

6.- Unpolarized states and hidden polarization
En este artı́culo partimos de las nociones teóricas desarrolladas en los Arts. 1 y 3. La idea de los estados
despolarizados puede ser interpretada en este marco teórico. Cuándo todos los multipolos hasta un cierto
orden (M) se anulan, el estado carece de información de polarización a ese orden dado y denominamos a
estos estados despolarizados a M orden. Esta noción esta relacionada con la llamada polarización oculta,
introducida por Klyschko [147, 148]

7.- Extremal states for photon number and quadratures as gauges for nonclassicality
En este artı́culo, al igual que en el Art. 2 adoptamos un enfoque que considera que la fase está codificada en
las cuadraturas del campo. Buscamos estados extremos para estas variables y exploramos como estos estados
extremos pueden ser utilizados para diagnosticar la no clasicidad de un estado.
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8.- Classical polarization multipoles: paraxial versus nonparaxial
En este artı́culo empleamos la expansión multipolar Eq. (55) para indagar en las propiedades de la polarización
para el caso de campos clásicos en la aproximación paraxial y no paraxial. Para el caso paraxial, SU(2) es el
grupo de simetrı́a natural del problema y la matriz de polarización contiene únicamente el término dipolar.
Para el caso no paraxial, la expansión en términos de multipolos de SU(2) da lugar a una componente dipolar
y a una componente cuadrupolar, que explica la más compleja estructura que se da en este caso.

9.- Stars of the quantum Universe: extremal constellations on the Poincaré sphere
Este artı́culo parte de la definición de estados despolarizados a M orden introducida en el Art.6. Hacemos uso
de la representación de Majorana [171] que establece una correspondencia entre estados de polarización de
N fotones y configuraciones de N puntos en la esfera de Poincaré. Vemos, a continuación, que el problema
que estamos considerando (obtener estados despolarizados a M orden) está relacionado con otros varios
problemas sin aparente relación que aparecen en fı́sica y en ciencia computacional. Todos ellos se reducen a
un problema geométrico, éste es, el de encontrar la configuración óptima para disponer N puntos en la esfera
“de la manera más simétrica” posible.

10.- Extremal quantum states and their Majorana constellations
Al igual que en el Art.9 anterior, en este artı́culo se buscan los estados extremos para la mencionada
distribución multipolar que utilizamos recurrentemente en esta tesis. Encontramos que los estados coherentes
de SU(2) maximizan la distribución dada por Eq. (110) para cualquier orden y, por tanto, son los más
polarizados permitidos por la teorı́a cuántica. Determinamos también cuales son los estados que anulan esta
distribución hasta un orden dado M. Estos estados son lo opuesto a los estados coherentes SU(2) y pueden
ser considerados los Reyes cuánticos, según nuestra denominación. Estamos interesados en calcular las
expresiones de los estados puros despolarizados a M orden. Estos resultados se resumen en el cuadro 1 y más
ejemplos pueden encontrarse en la Ref. [1].

11.- Unraveling beam self-healing
Este artı́culo es en realidad un estudio clásico de auto-reconstrucción. Introduccimos un grado adecuado que
cuantifica la similitud entre el campo del haz no perturbado y el campo del haz tras la perturbación. De esta
forma, ponemos de manifiesto que la auto-reconstrucción es un propiedad de la distribución espacial de tanto
la intensidad como la fase del haz.

12.- Quantum metrology at the limit with extremal Majorana constellations
En este artı́culo investigamos la utilidad de los Reyes cuánticos, estados de polarización definidos en el Art.
10. En esta publicación demostramos experimentalmente la generación de estos estados y certificamos su
potencial para la metrologı́a cuántica, como se resume en la Sección 5.2.3.
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7. Conclusiones
La polarización cuántica proporciona un escenario adecuado para mostrar caracterı́sticas no clásicas. Ésto es

porque este grado de libertad es de fácil acceso tanto teórica como experimentalmente. Además, hemos demostrado
que esta variable en realidad encuentra semejanzas con muchos temas diferentes de fı́sica cuántica. Por ejemplo, la
evolución del campo eléctrico es equivalente a la dinámica de partı́culas estándar. Los operadores de Stokes abarcan,
entre otras situaciones fı́sicas, la dinámica de espı́n, la interferometrı́a, conjuntos de átomos de dos niveles y la
metrologı́a cuántica.

La luz ha sido un excelente laboratorio para la investigación en la teorı́a cuántica. Esperamos que los resultados
contenidos en esta tesis muestren que éste es también el caso de la polarización de la luz.

A continuación enumeraremos algunas conclusiones que se han obtenido en la elaboración de esta tesis:

1.- Las expansiones multipolares son una herramienta muy poderosa en muchas ramas de la fı́sica. Hemos
aplicado una expansión multipolar a la matriz densidad de polarización, que muestra cómo los correspondien-
tes multipolos del estado representan correlaciones de orden más elevado en las variables de Stokes. Estos
multipolos pueden ser obtenidos a partir de mediciones factibles.

2.- Los multipolos resultantes pueden ser utilizados para construir distribuciones de cuasiprobabilidad que
corresponden a la suma de los momentos de las variables de Stokes. De esta forma, el primer término coincide
con la imagen clásica de la esfera de Poincaré.

3.- La expansión multipolar proporciona, por tanto, una caracterización sistemática de las fluctuaciones cuánticas
de la polarización que, paradójicamente, no existı́a en el contexto de la óptica cuántica.

4.- La funcion Q de Husimi es un caso particular de distribución de cuasiprobabilidad que es especialmente útil
al ser definida positiva y corresponde a la projección sobre los estados coherentes. Utilizamos esta función
Q para formular una jerarquı́a completa de medidas que evalúan de manera adecuada las correlaciones de
polarización de orden superior.

5.- Este formalismo puede ser ampliado a otros sı́stemas en los que la simetrı́a SU(2) juega un papel crucial (tal
puede ser el caso de los condensados de Bose-Einstein o las cadenas de espı́n) mientras que las extensiones
a otras simetrı́as, como SU(3) (que es esencial en el entendimiento de las propiedades de polarización del
campo cercano), son objeto actual de investigación.

6.- Hemos utilizado la función de Wigner para representar el comportamiento de la polarización en dos y tres
dimensiones. A pesar de que ésta ha venido siendo considerada como una herramienta cuántica, tambien ha
demostrado ser útil al tratar con campos clásicos. Especialmente en el caso tridimensional, hemos diseñado
un procedimiento eficiente para representar el estado en la esfera.

7.- La expansión multipolar nos permite una caracterización sistemática de los estados despolarizados, como
aquellos estados cuyos multipolos se anulan hasta un cierto orden. Se introduce, ası́, el concepto de estados
despolarizados a orden M, descubriendo que la polarización escondida no es más que un caso particular de
estos estados.

8.- La distribución acumulativa A
pSq

M 110 contiene la información de polarización hasta orden M. Puede ser
considerada como un funcional no lineal de la matriz densidad. Tiene notables propiedades y es una magnitud
razonable y experimentalmente realizable.

9.- Hemos demostrado que entre los estados puros los estados coherentes SU(2) maximizan esta distribución
acumulativa a todos los órdenes: de esta forma, estos estados manifiestan sus virtudes clásicas. En el caso
opuesto están los estados que minimizan esta cantidad, hemos denominado a dichos estados los Reyes
cuánticos para los que los momentos de las variables de Stokes son isotrópicos para 1 § ` § M.

10.- Hemos derivado los Reyes cuánticos para un variado rango de dimensiones, sobre todo cuando el número de
fotones N satisface 1 § N † 100.

11.- La representación de Majorana constituye una herramienta muy útil para representar los estados de polariza-
ción como puntos en la esfera de Poincaré, y está constituida por los ceros de la función Q de Husimi. Para
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estados coherentes SU(2) todos estos puntos coinciden (están degenerados), mientras que para los Reyes
cuánticos los puntos tienden a distribuirse de la manera más simétrica posible alrededor de la esfera de
Poincaré.

12.- Un problema interestante consiste en averiguar el orden M de despolarización máximo permitido para un
estado puro de N fotones. No se conoce una relación analı́tica entre M y N. Pero hemos encontrado, en
todas las dimensiones analizadas, que para un estado puro de N fotones, el grado de despolarización más
alto posible es M “ t, donde t es el grado óptimo para un t-diseño esférico con N puntos. Sin embargo, las
constelaciones de puntos que se obtienen para los Reyes cuánticos y los correspondientes diseños esféricos
no siempre coinciden.

13.- Hemos discutido las posibles conexiones entre las costelaciones correspondientes a nuestros estados mı́nimos
de polarización y algunos otros problemas que implican la distribución simétrica de puntos en la esfera, como,
por ejemplo, el problema de Thomson y las Reinas cuánticas, y hemos concluido que aunque estos problemas
están relacionados, las soluciones sólo coinciden para las dimensiones más pequeñas. Una excepción a este
caso se produce cuando una simetrı́a exacta es posible como en el caso de las costelaciones correspondientes
a los sólidos platónicos.

14.- Los Reyes cuánticos son una curiosidad académica en tanto en cuanto pueden considerarse los estados de
polarización menos clásicos. En un sentido más práctico, estos parecen ser también los estados óptimos para
detectar pequeñas rotaciones de SU(2) alrededor de un eje arbitrario desconocido. Ésto es debido a que su
sensibilidad es independiente del eje de rotación y a que alcanza una resolución en el lı́mite de Heisenberg.

15.- Informamos de la realización experimental de estos estados generando estados de un sólo fotón de momento
orbital angular de dimensión hasta 21 y confirmamos sus buenas habilidades metrológicas.
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[110] GOYENECHE, D., AND ŻYCZKOWSKI, K. Genuinely multipartite entangled states and orthogonal arrays.
Phys. Rev. A 90 (2014), 022316.

Estructura de la polarización en los estados cuánticos página 40 de 47
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degrees of polarization for a quantum field. Physical Review A 72, 3 (09 2005), 033813–.

[147] KLYSHKO, D. M. Polarization of light: fourth-order effects and polarization-squeezed states. JETP 84
(1997), 1065–1079.

[148] KLYSHKO, D. N. Multiphoton interference and polarization effects. Phys. Lett. A 163 (1992), 349–355.

[149] KLYSHKO, D. N. Basic quantum mechanical concepts from the operational viewpoint. Phys. Usp. 41 (1998),
885–922.

[150] KOLENDERSKI, P., AND DEMKOWICZ-DOBRZANSKI, R. Optimal state for keeping reference frames
aligned and the platonic solids. Phys. Rev. A 78, 5 (11 2008), 052333.

[151] KOROLKOVA, N., LEUCHS, G., LOUDON, R., RALPH, T. C., AND SILBERHORN, C. Polarization squeezing
and continuous-variable polarization entanglement. Phys. Rev. A 65 (04 2002), 052306.

[152] KOROTKOVA, O., AND WOLF, E. Generalized stokes parameters of random electromagnetic beams. Opt.
Lett. 30, 2 (2005), 198–200.

[153] KOTHE, C., MADSEN, L., ANDERSEN, U. L., AND BJÖRK, G. Experimental determination of the degree
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[226] TEO, Y. S. Introduction to Quantum State Estimation. World Scientific, Singapore, 2015.

[227] THEW, R. T., NEMOTO, K., WHITE, A. G., AND MUNRO, W. J. Qudit quantum-state tomography. Phys.
Rev. A 66 (2002), 012303.

[228] THOMSON, J. J. On the structure of the atom: an investigation of the stability and periods of oscillation of a
number of corpuscles arranged at equal intervals around the circumference of a circle; with application of the
results to the theory of atomic structure. Philos. Mag. Ser. 6 7, 39 (03 1904), 37265.

[229] UHLMANN, A. The “transition probability” in the state space of a *-algebra. Rep. Math. Phys. 9, 2 (1976),
273–279.
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Abstract
We advocate a simple multipole expansion of the polarization density matrix. The resulting
multipoles are used to construct bona fide quasiprobability distributions that appear as a sum
of successive moments of the Stokes variables, the first one corresponding to the classical
picture on the Poincaré sphere. We employ the particular case of the Q function to formulate a
whole hierarchy of measures that properly assess higher-order polarization correlations.

(Some figures may appear in colour only in the online journal)

1. Introduction

Polarization is a fundamental property of light that has received
a lot of attention over the years [1]. As polarization is a
robust characteristic, relatively simple to manipulate without
inducing more than marginal losses, it is not surprising that
many experiments at the forefront of quantum optics involve
this observable [2].

In classical optics, polarization is elegantly visualized
using the Poincaré sphere and is determined by the Stokes
parameters. These are measurable quantities that allow for a
classification of the states according to a degree of polarization.
Furthermore, the formalism can be extended to the quantum
domain, where the Stokes parameters become the mean values
of the Stokes operators [3].

The classical degree of polarization is just the length
of the Stokes vector. This provides a very intuitive picture,
but for intricate fields it has serious drawbacks. Indeed, this
classical quantity does not distinguish between states having
remarkably different polarization properties [4]. In particular,
it can be zero for light that cannot be regarded as unpolarized,
giving rise to the so-called hidden polarization [5]. All these
flaws have prompted some alternative measures [6–19].

We adhere to the viewpoint that the Stokes measurements
ought to be the basic building blocks for any practical approach
to polarization. Actually, the aforesaid problems with the
classical degree are due to its definition in terms exclusively

of first-order moments of the Stokes variables. This may be
sufficient for most classical situations, but for quantum fields
higher-order correlations might be crucial.

Our goal in this paper is to advance a practical solution to
these hurdles. From coherence theory, we learn that a complete
description of interference phenomena involves a hierarchy
of correlation functions, with classical behaviour represented
by the first one of those. In the same spirit, we propose to
go beyond the first-order description and look for a way to
systematically assess higher-order polarization correlations.

For that purpose, we borrow basic ideas from the standard
SU(2) quasidistributions [20], but we reinterpret them in terms
of multipoles that contain sequential moments of the Stokes
variables. The dipole, being just the first-order moment, can
be identified with the classical picture, whereas the other
multipoles account for higher-order correlations. Finally, we
illustrate how the particular instance of the SU(2) Q function
can be used as an efficient measure for the quantitative
assessment of those fluctuations.

2. Polarization structure of quantum fields

We start with a brief survey of the basic ingredients involved
in a proper description of quantum polarization. We assume
a monochromatic plane wave, propagating in the z direction,
so its electric field lies in the xy plane. We are thus effectively
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dealing with a two-mode field that can be characterized by
two complex amplitude operators, denoted by âH and âV,
where the subscripts H and V label horizontal and vertical
polarization modes. These operators obey the commutation
rules [âλ, â†

µ] = δλµ, with λ, µ ∈ {H, V}.
The use of the Schwinger representation [21]

Ŝ1 = 1
2
(â†

HâV + â†
VâH) , Ŝ2 = i

2
(âHâ†

V − â†
HâV) ,

Ŝ3 = 1
2
(â†

HâH − â†
VâV) , (2.1)

together with the total number operator N̂ = â†
HâH+â†

VâV, will
prove very convenient in what follows. In fact, the average of
Ŝ = (Ŝ1, Ŝ2, Ŝ3) coincides (except for an unimportant factor
1/2) with the classical Stokes vector [3]. Such a numerical
factor is inserted to guarantee that {Ŝk} satisfy the commutation
relations of the su(2) algebra

[Ŝk, Ŝℓ] = iϵkℓm Ŝm , [N̂, Ŝk] = 0 , (2.2)

where the Latin indices run over {1, 2, 3} and ϵkℓm is the Levi-
Civita fully antisymmetric tensor. This noncommutability
precludes the simultaneous sharp measurement of the physical
quantities they represent, which is expressed by the uncertainty
relation

%2Ŝ = %2Ŝ1 + %2Ŝ2 + %2Ŝ3 ! ⟨N̂⟩/2 , (2.3)

%2Ŝk = ⟨Ŝ2
k⟩ − ⟨Ŝk⟩2 standing for the variance.

In classical optics, the states of definite polarization are
specified by the constraint ⟨Ŝ⟩2 = ⟨N̂/2⟩2. Since the intensity
there is a nonfluctuating quantity, in the three-dimensional
space of the Stokes parameters this defines a sphere with radius
equal to the intensity: the Poincaré sphere. In contradistinction,
in quantum optics we have that Ŝ2 = S(S + 1)1, with the
angular momentum being S = N/2 and, as fluctuations in the
number of photons are unavoidable, we are forced to work in
the three-dimensional Poincaré space that can be regarded as
a set of nested spheres with radii proportional to the different
photon numbers that contribute to the state.

As our final remark, we stress that the second equation in
(2.2) prompts us to address each subspace with a fixed number
of photons N separately. To bring this point out more clearly,
it is advantageous to relabel the standard two-mode Fock basis
|nH, nV⟩ in the form

|S, m⟩ = |nH = S + m, nV = S − m⟩ , (2.4)

so that S = N/2 and m = (nH −nV )/2. For each fixed S, m runs
from −S to S and the states (2.4) span a (2S + 1)-dimensional
subspace wherein Ŝ acts in the standard way.

3. The polarization sector

For any arbitrary function of the Stokes operators f (Ŝ), we
have [ f (Ŝ), N̂] = 0 as well, so the matrix elements of the
density matrix ρ̂ connecting subspaces with different photon
numbers do not contribute to ⟨ f (Ŝ)⟩. This translates the fact
that polarization and intensity are, in principle, independent
concepts: in classical optics the form of the ellipse traced out
by the electric field (polarization) does not depend on its size
(intensity).

In other words, the only accessible information from ρ̂

is its polarization sector [22–26], which is specified by the
block-diagonal form

ρ̂pol =
⊕

S

ρ̂(S), (3.1)

where ρ̂(S) is the reduced density matrix in the Sth subspace (S
runs over all the possible photon numbers, i.e. S = 1/2, 1, . . .).
Any ρ̂ and its associated block-diagonal form ρ̂pol cannot be
distinguished in polarization measurements; accordingly, we
drop henceforth the subscript pol.

To proceed, we resort to the standard SU(2)
machinery [27] and expand each ρ̂(S) as

ρ̂(S) =
2S∑

K=0

K∑

q=−K

ρ(S)
Kq T̂ (S)

Kq , (3.2)

where the irreducible tensor operators T̂ (S)
Kq (note carefully that

the index K takes only integer values) read [28]

T̂ (S)
Kq =

√
2K + 1
2S + 1

S∑

m,m′=−S

CSm′

Sm,Kq |S, m′⟩⟨S, m| , (3.3)

and the expansion coefficients

ρ(S)
Kq = Tr

[
ρ̂(S) T (S) †

Kq

]
(3.4)

are known as state multipoles and contain all the information
about the state. The quantities CSm′

Sm,Kq are the Clebsch–Gordan
coefficients that couple a spin S and a spin K to a total spin S
and vanish unless the usual angular momentum coupling rules
are satisfied, namely

0 " K " 2S , −K " q " K . (3.5)

The operators T̂ (S)
Kq are quite a convenient tool for they

have the proper transformation properties under rotations and
besides fulfil

Tr
[
T (S) †

Kq T (S)
K′q′

]
= δKK′δqq′ , (3.6)

so, they indeed constitute the most suitable orthonormal basis
for the problem at hand. Although the definition of T̂ (S)

Kq in
(3.3) might look a bit unfriendly, the essential observation for
what follows is that T̂ (S)

Kq can be related to the Kth power of the
generators (2.1), so they are intimately linked to the moments
of the Stokes variables, precisely our main objective in this
work. In particular, the monopole ρ(S)

00 being proportional to
the identity is always trivial, while the dipole ρ(S)

1q is the first-
order moment of Ŝ and thus gives the classical picture, in
which the state is represented by its average value.

The complete characterization of the state demands the
knowledge of all the multipoles. This implies measuring
the probability distribution of Ŝ in all directions, and then
performing an integral inversion (put in another way, a whole
tomography), which turns out to be a hard task [24–26].
However, in most realistic cases, only a finite number of
multipoles are needed and then the reconstruction of the Kth
multipole entails measuring along just 2K + 1 independent
directions [29, 30].

2



J. Phys. B: At. Mol. Opt. Phys. 46 (2013) 104011 L L Sánchez-Soto et al

4. Polarization quasidistributions

The discussion thus far suggests that polarization must be
specified by a probability distribution of polarization states. As
a matter of fact, such a probabilistic description is unavoidable
in quantum optics from the very beginning, since {Ŝk} do not
commute and thus no state can have a definite value of all of
them simultaneously.

The SU(2) symmetry inherent in the polarization
structure, as discussed in the previous sections, allows us to
take advantage of the pioneering work of Stratonovich [31] and
Berezin [32], who worked out quasiprobability distributions
on the sphere satisfying all the pertinent requirements. This
construction was later generalized by others [33–37] and
has proved to be very useful in visualizing the properties of
spinlike systems [38–42].

For each partial ρ̂(S), one can define the SU(2) Q function
as

Q(S)(θ ,φ) = ⟨S; θ ,φ|ρ̂(S)|S; θ ,φ⟩ , (4.1)

where |S; θ ,φ⟩ are the SU(2) coherent states (also known as
spin or atomic coherent states), given by [43, 44]

|S; θ ,φ⟩ = D̂(θ ,φ)|S,−S⟩ . (4.2)

Here D̂(θ ,φ) = exp(ξ Ŝ+ − ξ ∗Ŝ−) (with ξ = (θ/2) exp(−iφ)

and (θ ,φ) being spherical angular coordinates) plays the
role of a displacement on the Poincaré sphere of radius S.
The ladder operators Ŝ± = Ŝ1 ± iŜ2 select the fiducial state
|S,−S⟩ as usual: Ŝ−|S,−S⟩ = 0. As we can appreciate, both
the definition of the Q function and the coherent states for
SU(2) closely mimic their standard counterparts for position
momentum.

While for spins, S is typically a fixed number, in quantum
optics most of the states involve a full polarization sector as in
equation (3.1) and for the total polarization matrix ρ̂ we have

Q(θ ,φ) =
∑

S

2S + 1
4π

Q(S)(θ ,φ) . (4.3)

The sum extends over the subspaces contributing to the state.
Since the SU(2) coherent states are eigenstates of the total
number N̂, the sum over S in (4.3) attempts to remove the total
intensity of the field in such a way that Q(θ ,φ) contains only
relevant polarization information. Furthermore, since |S; θ ,φ⟩
are the only states saturating the uncertainty relation (2.3), the
definition of Q(θ ,φ) is quite appealing, for it appears as the
projection on the states having the most definite polarization
allowed by the quantum theory.

On the other hand, as Q contains the whole information
about the state, its knowledge is tantamount to determining
all the state multipoles. Actually, the Q function (and, more
generally, any s-parametrized quasidistribution) can also be
written in terms of ρ(S)

Kq [45]:

Q(S)(θ ,φ) =
√

4π√
2S + 1

2S∑

K=0

K∑

q=−K

CSS
SS,K0 ρ(S)

Kq Y ∗
Kq(θ ,φ) ,

(4.4)

withYKq(θ ,φ) being the spherical harmonics, which constitute
a complete set of orthonormal functions on the sphere. This

definition can be shown to be fully equivalent to (4.1). Note
also that the Clebsch–Gordan coefficient CSS

SS,K0 has a very
simple analytical form [28]:

CSS
SS,K0 =

√
2S + 1(2S)!√

(2S − K)! (2S + 1 + K)!
. (4.5)

By plugging (4.4) in the general definition (4.3), we can
express the Q function as a sum over multipoles:

Q(θ ,φ) =
∞∑

K=0

QK (θ ,φ) , (4.6)

where each partial component can be written as

QK (θ ,φ) =
∞∑

S=K/2

√
2S + 1

4π

K∑

q=−K

CSS
SS,K0 ρ(S)

Kq Y ∗
Kq(θ ,φ) .

(4.7)

For the particular case of single S (fixed number of photons),
the sum over S has to be ignored.

The partial components QK inherit the properties of Q,
but they contain exclusively the relevant information of the
Kth moment of the Stokes variables. So, (4.6) appears as an
optimum tool to arrange the successive moments and thus
achieves our goals in this paper.

Let us illustrate our viewpoint with the simple example of
the state |1H, 1V⟩, produced in parametric down-conversion. In
the |S, m⟩ notation, the state is |1, 0⟩ and its Q function can be
easily computed according to (4.6) and (4.7); the final result is

Q(θ ,φ) = 3
4

√
1

3π
sin2 θ . (4.8)

It does not depend on φ and its shape is an equatorial belly,
revealing that the state is highly delocalized. The partial
components are

Q0(θ ,φ) = 1
2

√
1

3π
, Q1(θ ,φ) = 0,

Q2(θ ,φ) = 1
2

√
1

3π

(
3
2

cos2 θ − 1
2

)
. (4.9)

The sum of these three terms gives, of course, the result
(4.8), but anyway there is more information encoded in (4.9):
the dipole contribution is absent, confirming that this state
conveys no first-order information (i.e. it is unpolarized to that
order). This is the reason why this is the first state in which
hidden polarization was detected. Figure 1 shows the partial
QK functions for this state, as well as the global one.

5. Assessing higher-order polarization moments

Let us consider the following quantity:

A =
∫

d+ [Q(θ ,φ)]2 , (5.1)

where the integral extends over the whole sphere and d+ =
sin θdθdφ is the solid angle. This function can be interpreted
as the effective area where the Q function is different
from zero. Similar proposals have already been used as
measures of localization and uncertainty in different contexts
[46–51]. In polarization, (5.1) has also been used as an essential
ingredient in formalizing an alternative degree arising as the

3
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K = 0 K = 2

Figure 1. Plot of the monopolar (K = 0) and quadrupolar (K = 2)
components of the state |1, 0⟩ (top), as well as the total Q function
(bottom). The dipolar component (K = 1) vanishes, so this state
lacks any first-order information, which translates in the presence of
hidden polarization.

distance between the state’s Q function and the Q function for
unpolarized light [6].

One might think the use of the Wigner function preferable
as a measure of the area occupied by a quantum state in phase
space. However, for SU(2),

∫
d+[W (θ ,φ)]2 takes exactly

the same value for all pure states, so that this provides a
measure of purity of quantum states rather than a measure
of polarization. For this compelling reason, we have instead
employed the Q function so far.

Note that (5.1) is invariant under SU(2) transformations:
this means that such an effective area depends on the form of
the Q function, but not on its position or orientation on the
Poincaré sphere.

Of course, the decomposition in multipoles (4.6) is of
straightforward application here. Consequently, we can define
the magnitude

AK =
∫

d+ [QK (θ ,φ)]2 , (5.2)

with an analogous interpretation to that A , but restricted to
the Kth multipole. When the explicit form of QK in (4.7) is
used, AK reduces to

AK =
∞∑

S=K/2

2S + 1
4π

(
CSS

SS,K0

)2
K∑

q=−K

∣∣ρ(S)
Kq

∣∣2
. (5.3)

In this way, AK can be reinterpreted as a measure of the
strength of the corresponding multipole, confirming that it
provides full information about the state Kth moment.

As an appealing illustration of our method, we analyse the
outstanding example of SU(2) coherent states. Without loss of
generality, we deal with the south pole |S,−S⟩, since from (4.2)
any other coherent state can be obtained by the application of

k
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30
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50

100
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0.6

Figure 2. Function AK as a function of the multipole-order K for an
SU(2) coherent state for different values of S.

a displacement to that state. The associated multipoles turn out
to be ρ(S)

Kq =
√

(2K + 1)/(2S + 1)CSS
SS,K0, so that

AK = 2K + 1
4π

(
CSS

SS,K0

)4
. (5.4)

In figure 2 we have plotted AK as a function of K and S.
The first multipoles always contribute the most to the state
localization, something that one could expect from physical
intuition. However, as S gets larger, the number of multipoles
to be taken into account also increases.

6. Concluding remarks

Multipolar expansions are a commonplace and a powerful
tool in many branches of physics. We have applied such
an expansion to the polarization density matrix, showing
how the corresponding state multipoles represent higher-
order correlations in the Stokes variables. This paves the
way to a systematic characterization of quantum polarization
fluctuations that, paradoxically, is still missing in the realm of
quantum optics. Such a complete programme is currently in
progress in our group.
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[51] Muñoz C, Klimov A B and Sánchez-Soto L L 2012 J. Phys. A:

Math. Theor. 45 244014

5

http://dx.doi.org/10.1103/PhysRevLett.85.5013
http://dx.doi.org/10.1016/0375-9601(92)90837-C
http://dx.doi.org/10.1103/PhysRevA.66.013806
http://dx.doi.org/10.1103/PhysRevLett.91.167902
http://dx.doi.org/10.1364/OL.29.001653
http://dx.doi.org/10.1016/j.optcom.2004.12.050
http://dx.doi.org/10.1103/PhysRevA.71.053801
http://dx.doi.org/10.1103/PhysRevA.71.033818
http://dx.doi.org/10.1103/PhysRevA.72.033813
http://dx.doi.org/10.1364/OL.30.001090
http://dx.doi.org/10.1016/j.optcom.2007.01.016
http://dx.doi.org/10.1016/j.optcom.2010.04.088
http://dx.doi.org/10.1103/PhysRevLett.105.153602
http://dx.doi.org/10.1364/OL.36.004110
http://dx.doi.org/10.1016/0003-4916(89)90262-5
http://dx.doi.org/10.1088/0305-4470/26/17/040
http://dx.doi.org/10.1134/1.1787078
http://dx.doi.org/10.1103/PhysRevLett.99.220401
http://dx.doi.org/10.1088/1367-2630/14/8/085002
http://dx.doi.org/10.1007/978-1-4615-6808-7
http://dx.doi.org/10.1016/0003-4916(68)90035-3
http://dx.doi.org/10.1007/BF01609397
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1088/0305-4470/31/1/002
http://dx.doi.org/10.1103/PhysRevA.63.012105
http://dx.doi.org/10.1364/JOSAA.17.002315
http://dx.doi.org/10.1088/1751-8113/41/5/055303
http://dx.doi.org/10.1103/PhysRevA.49.4101
http://dx.doi.org/10.1063/1.532636
http://dx.doi.org/10.1103/PhysRevA.60.1817
http://dx.doi.org/10.1103/PhysRevA.61.034101
http://dx.doi.org/10.1063/1.1463711
http://dx.doi.org/10.1103/PhysRevA.6.2211
http://dx.doi.org/10.1007/978-3-642-61629-7
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1103/PhysRevA.35.1360
http://dx.doi.org/10.1103/PhysRevLett.60.1103
http://dx.doi.org/10.1103/PhysRevD.48.2753
http://dx.doi.org/10.1103/PhysRevA.59.2602
http://dx.doi.org/10.1088/0305-4470/34/47/317
http://dx.doi.org/10.1088/1751-8113/45/24/244014




 
 
 
 
 

Paper 2 
 
 
 
 
 
 

P. de la Hoz, I. Rigas, J. Rehacek, Z. Hradil, G. Leuchs: 

“Orbital angular momentum from marginals of quadrature distributions”, 

Physical Review A  88, 053839 (2013) 





PHYSICAL REVIEW A 88, 053839 (2013)

Orbital angular momentum from marginals of quadrature distributions

L. L. Sánchez-Soto,1,2,3 A. B. Klimov,4 P. de la Hoz,1 I. Rigas,1,2 J. Řeháček,5 Z. Hradil,5 and G. Leuchs2,3
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We set forth a method to analyze the orbital angular momentum of a light field. Instead of using the canonical
formalism for the conjugate pair angle-angular momentum, we model this latter variable by the superposition
of two independent harmonic oscillators along two orthogonal axes. By describing each oscillator by a standard
Wigner function, we derive, via a consistent change of variables, a comprehensive picture of the orbital angular
momentum. We compare this with previous approaches and show how this method works in some relevant
examples.
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I. INTRODUCTION

The term vortex is commonly used to designate a region of
concentrated rotation in a flow, such as an eddy, a whirlpool, or
the depression at the center of a whirling body of air or water.
Naturally occurring vortices include hurricanes, tornadoes,
waterspouts, and dust devils [1]. Yet vortices can also be
created in many different media: they manifest in plasmas [2],
superfluids [3], ferromagnets [4], acoustical waves [5], quan-
tum Hall fluids [6], Bose-Einstein condensates [7], and
electron wave packets [8], to cite only a few relevant examples.
This points to the ubiquity of this phenomenon and reveals a
growing interest in these singularities.

The case of optical vortices deserves a special mention [9].
An optical vortex is a beam of light exhibiting a pure screw
phase dislocation along the propagation axis, i.e., an azimuthal
phase dependence exp(iℓϕ). The number ℓ plays the role of a
topological charge: the phase changes its value in ℓ cycles of
2π in any closed circuit about the axis, while the amplitude is
zero there.

One of the most interesting properties of vortices is that they
carry orbital angular momentum (OAM): the integer ℓ can be
seen as the eigenvalue of the OAM operator and its sign defines
the helicity or direction of rotation. Indeed, the OAM of such
a field can be easily manipulated and transferred, which opens
many experimental perspectives, such as optical tweezers
and spanners [10], as well as potential astronomical [11]
and communication applications [12].

The fact that individual photons also carry OAM presents
the most exciting possibilities for using this variable in the
quantum domain, and a number of uses has already been
demonstrated [13– 17].

In quantum theory, the operator representing the OAM has
an unbounded spectrum that includes positive and negative
integers. Accordingly, its conjugate variable, the azimuthal
angle, might be expected to be represented by a bona fide
operator. Periodicity, however, brings out subtleties that have
triggered long and heated discussions [18– 20].

Here, we look at this issue from a phase-space perspective.
Such an approach was introduced in the very early days of
quantum theory to avoid some of the troubles arising in the

abstract Hilbert-space formulation. The pioneering works of
Weyl [21], Wigner [22], and Moyal [23] paved the way to
formally picturing the quantum world as a statistical theory on
phase space [24– 26].

In a few words, the key idea is to look for a mapping
that relates operators (in Hilbert space) to functions (in phase
space). For the conjugate pair angle-OAM, the phase space
is the discrete cylinder S × Z (S denotes the unit circle
associated with the angle, while Z are the integers labeling
OAM). It seems natural to work out a Wigner function
(or any other quasiprobability) therein. A pioneer attempt
in that direction was made by Mukunda [27]; his work
was subsequently elaborated and developed in a variety of
directions by other authors [28– 40].

However, one might properly argue that in such a (correct)
way of proceeding one is overlooking significant information
about the transverse distribution. This means, for example,
that using cylindrical coordinates all the states $ℓ(r,ϕ) =
Aℓ(r) exp(iℓϕ) represent eigenstates of the angular momen-
tum, irrespective of the form of the amplitudes Aℓ(r). A similar
problem arises in the description of spinlike systems over the
Bloch sphere: one disregards in this way fluctuations in the
number of particles, because a sphere of fixed radius cannot
accommodate those fluctuations. To bypass this drawback one
needs to include the whole Bloch space that can be envisioned
as foliated in a set of nested spheres with radii proportional to
the different number of particules that contribute to the state.

Below, we propose an alternative road and derive phase-
space distributions via suitable marginals of distributions for
field quadratures, once we remove the degrees of freedom
irrelevant for the specification of the problem. The same
ideas have been used also to study quantum polarization
properties [41,42]. Perhaps this provides the most down-to-
earth approach to the problem at hand, since the quadrature
distributions can be determined by very simple experimental
procedures [43]. This widespread measurability does not hold
for the Wigner functions on the cylinder: the proposals for
their practical reconstruction are rather cumbersome [44] and
lack the simple and intuitive picture provided by schemes
measuring quadrature distributions.
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The plan of this paper is as follows. In Sec. II we
concisely sketch the phase-space fundamentals for a single
harmonic oscillator. In Sec. III we start from two kinematical
independent orthogonal oscillators and express the resulting
Wigner function in cylindrical coordinates. By eliminating
an inessential variable (the radial momentum), we get a
well-behaved distribution that gives complete information not
only on the pair angle-OAM but also on the radial distribution.
We apply the resulting Wigner function to some relevant states
in Sec. IV, and conclude that it constitutes a most suitable tool
to deal with this problem.

II. PHASE-SPACE PICTURE OF A ONE-DIMENSIONAL
HARMONIC OSCILLATOR

To keep the discussion as self-contained as possible, we
first boil down the rudiments of the phase-space formalism for
a harmonic oscillator that we shall need later on.

The relevant dynamical observables are the conjugate
coordinate and momentum operators x̂ and p̂, with canonical
commutation relation (with h̄ = 1 throughout)

[x̂,p̂] = i 1̂ , (2.1)

so that they are the generators of the Heisenberg-Weyl
algebra [45]. Ubiquitous and profound, this algebra has
become the hallmark of noncommutativity in quantum theory.
The classical phase space is here the plane R2.

Sometimes, it is advantageous to use instead complex am-
plitudes represented by the annihilation and creation operators

â = 1√
2

(x̂ + ip̂) , â† = 1√
2

(x̂ − ip̂) , (2.2)

in terms of which the commutation relation (2.1) turns out to
be [â,â†] = 1̂.

A pivotal role will be played in what follows by the unitary

D̂(x,p) = exp[i(px̂ − xp̂)] , (2.3)

which is called the displacement operator for it displaces
a localized state by (x,p) ∈ R2. The Fourier transform of
D̂(x,p),

ŵ(x,p) = 1
(2π )2

∫

R2
exp[−i(px ′ − xp′)] D̂(x ′,p′) dx ′dp′ ,

(2.4)

is an instance of a Stratonovich-Weyl quantizer [46]. One
can check that the operators ŵ(x,p) are a complete trace-
orthonormal set that transforms properly under displacements

ŵ(x,p) = D̂(x,p) ŵ(0,0) D̂†(x,p) , (2.5)

where ŵ(0,0) =
∫
R2 D̂(x,p) dxdp = 2P̂ , and

P̂ =
∫

R
|x⟩⟨−x| dx =

∫

R
|p⟩⟨−p| dp = (−1)â

†â (2.6)

is the parity operator.
Let Â be an arbitrary operator acting on the Hilbert space

of the system. Using the Stratonovich-Weyl quantizer we can
associate to Â a function a(x,p) representing the action of the
corresponding dynamical variable in phase space. In fact, this

is known as the Wigner-Weyl map and is given by [47]

a(x,p) = Tr[Â ŵ(x,p)] . (2.7)

The function a(x,p) is the symbol of the operator Â.
Conversely, we can reconstruct the operator from its symbol
through

Â = 1
(2π )2

∫

R2
a(x,p) ŵ(x,p) dxdp . (2.8)

In this context, the Wigner function is nothing but the
symbol of the density matrix ρ̂, and therefore

Wρ̂(x,p) = Tr[ρ̂ ŵ(x,p)] ,
(2.9)

ρ̂ = 1
(2π )2

∫

R2
ŵ(x,p)Wρ̂(x,p) dxdp .

For a pure state |$⟩, it simplifies

W|$⟩(x,p) = 1
4π

∫

R
$∗(x − x ′) $(x + x ′) exp(i2px ′) dx ′ ,

(2.10)

which is, perhaps, the most convenient form for actual
calculations.

The Wigner function defined in Eq. (2.9) fulfills all the
basic properties required for any good probabilistic descrip-
tion. First, due to the Hermiticity of ŵ(x,p), it is real for
Hermitian operators. Second, the probability distributions for
the canonical variables can be obtained as the marginals
∫

R
Wρ̂(x,p) dp = ⟨x|ρ̂|x⟩ ,

∫

R
Wρ̂(x,p) dx = ⟨p|ρ̂|p⟩ .

(2.11)

Third, Wρ̂(x,p) is translationally covariant, which means that
for the displaced state ρ̂ ′ = D̂(x ′,p′) ρ̂ D̂†(x ′,p′), one has

Wρ̂ ′ (x,p) = Wρ̂(x − x ′,p −p′) , (2.12)

so that it follows displacements rigidly without changing its
form, reflecting the fact that physics should not depend on a
certain choice of the origin.

Finally, the overlap of two density operators is proportional
to the integral of the associated Wigner functions:

Tr(ρ̂ ρ̂ ′) ∝
∫

R2
Wρ̂(x,p)Wρ̂ ′ (x,p) dxdp . (2.13)

This property (known as traciality) offers practical advantages,
since it allows one to predict the statistics of any outcome, once
the Wigner function of the measured state is known.

The displacements constitute also a basic ingredient in the
concept of coherent states. If we choose a fixed normalized
reference state |$0⟩, we have [48]

|x,p⟩ = D̂(x,p) |$0⟩ , (2.14)

so they are parametrized by phase-space points. These states
have a number of remarkable properties inherited from those
of D̂(x,p). In particular, D̂(x,p) transforms any coherent state
in another coherent state:

D̂(x ′,p′) |x,p⟩ = exp[i(x ′p −p′x)/2] |x + x ′,p + p′⟩ .

(2.15)
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The standard choice for the fiducial vector |$0⟩ is the vacuum
|0⟩, which has quite a number of relevant properties.

III. PHASE-SPACE PICTURE OF A TWO-DIMENSIONAL
HARMONIC OSCILLATOR

Next, we analyze the superposition of two oscillators in
orthogonal directions, say x and y, with momenta p̂x and p̂y ,
respectively. The corresponding complex amplitudes âx and
ây fulfill [âj ,â

†
k] = δjk 1̂ (j,k ∈ {x,y}). Since these oscillators

are kinematically independent (i.e., they play the role of modes
for the problem), the total system is represented by the product
of the corresponding kernels

ŵ(x,px ; y,py) = ŵ(x,px) ŵ(y,py) . (3.1)

The information is thus encoded in the four real vari-
ables (x,px) and (y,py). The resulting Wigner function
W (x,px ; y,py) is informationally complete, but it is hard
to grasp any physical flavor from it. In particular, it cannot
be plotted (which is always a major advantage when de-
picting complex phenomena) and one must content oneself
with sections of W (x,px ; y,py), which illustrate only partial
aspects [49].

Because we are interested in elaborating on the behavior
of OAM, which mostly appears when cylindrical symmetry
is present, we make the change from Cartesian (x,y) to polar
(r,ϕ) coordinates:

r =
√

x2 + y2 , ϕ = arctan(y/x) . (3.2)

Simultaneously, we change from (px,py) to

pr = 1
r

(xpx + ypy) , ℓ = xpy − ypx , (3.3)

where pr is the radial momentum and ℓ is the OAM. This
transition from Cartesian to polar coordinates is not smooth at
the origin and needs qualification because it takes from a con-
tractible space to one which is not contractible. This lies at the
root of the problems appearing when dealing with angle vari-
ables [50– 57]. In quantum optics there are, however, a number
of ways to bypass this drawback [58– 65]. In the same vein, the
radial momentum pr is singular at the origin, which reflects a
classical symptom of quantum illness [66], for such an operator
is not self-adjoint (nor has self-adjoint extensions) [67– 69].
Precisely, the use of Wigner-Weyl kernels alleviates these
problems arising in a direct quantization. However, we brush
aside these mathematical subtleties and move on to find a
suitable solution for our problem.

Using the explicit form (2.5) for each orthogonal oscillator
and after disentangling the exponentials, we can rewrite (3.1)
in the equivalent way,

ŵ(r,pr ; ϕ,ℓ) = 4(−1)N̂ exp[−2 cos ϕ(αr â
†
x −α∗

r âx)]

× exp[2iλr sin ϕ(â†
x + âx)]

× exp[−2 sin ϕ(αr â
†
y −α∗

r ây)]

× exp[−2iλr cos ϕ(â†
y + ây)] , (3.4)

where

N̂ = â†
x âx + â†

y ây (3.5)

is the total number of excitations and we have denoted αr =
(r + ipr )/

√
2 and λr = ℓ/(

√
2r).

The structure of this kernel suggests the use of the rotated
operators

â+ = 1√
2

(âx − iây) , â− = 1√
2

(âx + iây) , (3.6)

in terms of which the OAM operator reads as

L̂ = â
†
+â+ − â

†
−â− . (3.7)

In this way, we can interpret ℓ as the difference of quanta with
opposite chirality. Note that the form of N̂ and L̂ suggests
that the boson operators âx and ây furnish a Jordan-Schwinger
representation for the problem at hand [much in the same way
as the original oscillator construction for SU(2)], which can
be justified on very general grounds [70]. On the other hand,
such a representation should not come as a surprise, for it is
well known that any three-dimensional Lie algebra (as the one
we are dealing with here) can be realized in terms of creation
and annihilation operators of two orthogonal oscillators [71].

By noticing that e−iϕL̂ â± eiϕL̂ = â± e± iϕ , we can recast the
Wigner kernel (3.4) as the displaced version

ŵ(r,pr ; ϕ,ℓ) = e−iϕL̂ ŵ(r,pr ; ℓ) eiϕL̂ , (3.8)

with

ŵ(r,pr,ℓ) = 4(−1)N̂ exp[2iλr (p̂+ − p̂−)]

× exp[−
√

2ipr (x̂+ + x̂−)]

× exp[
√

2ir(p̂+ + p̂−)]e−2ipr r , (3.9)

and we have introduced the corresponding quadratures for the
rotated amplitudes

x̂± = 1√
2

(â± + â
†
± ) , p̂± = 1√

2i
(â± − â

†
± ) . (3.10)

The radial momentum pr plays no relevant role in the
dynamics, so it seems entirely reasonable to integrate over
this variable. To evaluate the resulting kernel we use an
entangled state basis |ξ ⟩ (the properties of these states are
briefly reviewed in Appendix A), such that

(â+ + â
†
−)|ξ ⟩ = ξ |ξ ⟩ , (â†

+ + â−)|ξ ⟩ = ξ ∗|ξ ⟩ . (3.11)

The calculations are lengthy and the details are sketched in
Appendix B. The final result for the Wigner function for a
pure state |$⟩ turns out to be remarkably simple:

W|$⟩(r,ϕ,ℓ) = 4
∫

R
$∗(r − ir ′,ϕ) $(r + ir ′,ϕ)

× exp(i2ℓr ′/r) dr ′ , (3.12)

which is the central result of this work. Here $(r,ϕ) denotes
the wave function of |$⟩ in the entangled representation; i.e.,

$(r,ϕ) = ⟨ξ |eiϕL̂|$⟩ = ⟨ξe−iϕ|$⟩ . (3.13)

Notice that the similarity with the single-mode Wigner
function (2.10) is manifest. Obviously, the marginal over the
radial variable

W (ϕ,ℓ) =
∫ ∞

0
W (r,ϕ,ℓ) dr (3.14)
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contains complete information about the pair angle-OAM and
can be constructed from first principles [39].

IV. EXAMPLES

To gain further insight into this formalism, we work out
Eq. (3.12) for several states of interest. First, we look for the
case of a simultaneous eigenstate of both the total number of
particles and the orbital angular momenta |N,ℓ0⟩, viz.,

N̂ |N,ℓ0⟩ = N |N,ℓ0⟩ , L̂|N,ℓ0⟩ = ℓ0|N,ℓ0⟩ . (4.1)

Using the entangled representation, it is easy to check that

$|N,ℓ0⟩(r,ϕ) = e−|ξ |2/2

√ (
N−ℓ0

2

)
!
(

N+ℓ0
2

)
!

×HN−ℓ0
2 ,

N+ℓ0
2

(ξe−iϕ,ξ ∗eiϕ), (4.2)

where Hm,n(λ,λ∗) stands for the two-variable Hermite polyno-
mial. In terms of the generalized Laguerre polynomials Lℓ

p(x),
this reduces to

$|N,ℓ0⟩(r,ϕ) = CN,ℓ0e
−1

2 r2
r |ℓ0|L

|ℓ0|
N−|ℓ0 |

2

(r2)e−iℓ0ϕ , (4.3)

where CN,ℓ0 is a normalization constant. This wave func-
tion is very reminiscent of the standard Laguerre-Gauss
modes employed in classical optics. The associated Wigner
function is

W|N,ℓ0⟩(r,ϕ,ℓ) = 4|CN,ℓ0 |2
∫

R
(r + ir ′)2|ℓ0|

[
L

ℓ0
N−|ℓ0 |

2

(r2 + r ′2)
]2

× exp[−(r2 + r ′2 + 2iℓr ′/r)] dr ′ . (4.4)

This integral can be computed in a closed way, although the
expression is involved enough to be of practical use. If we sum
over N , we get the state

|ℓ0⟩ =
∑

N

1√
N + 1

|N,ℓ0⟩ . (4.5)

In Fig. 1 we have plotted an isocontour surface corresponding
to W|ℓ0⟩(r,ℓ,φ) = constant, for ℓ0 = 0. We clearly appreciate
quite a rich radial structure. At the top of the surface, we
also include a density plot of a section by the plane ℓ = 0,
displaying the characteristic rings of the Laguerre modes. We
recall that the standard Wigner function for the pair angle-
OAM simplifies in this case to

W|ℓ0⟩(ℓ,ϕ) = 1
2π

δℓ,ℓ0 , (4.6)

which is flat in ϕ and the integral over the whole phase space
gives the unity, reflecting the normalization of |ℓ0⟩. We can
recognize the amount of information lost in this approach
when compared with W (r,ϕ,ℓ). A similar procedure can be
used for the case of the eigenstates of the angle |ϕ0⟩.

As our second example, we address the superposition

|$⟩ = 1√
2

(|ℓ1⟩ + eiφ0 |ℓ2⟩) (4.7)

of two angular-momentum eigenstates with a relative phase
eiφ0 . The resulting features are nicely illustrated in Fig. 2. The
state |$⟩ is plotted for ℓ2 = −3 and ℓ1 = 3. Changing the
relative phase φ0 results in a global rotation of the cylinder.

FIG. 1. (Color online) Isocontour surface of the level 1/e from
the maximum of the Wigner function W (r,ϕ,ℓ) for an eigenstate of
the OAM |ℓ0⟩. At the top, we show a density plot of a section of that
surface by the plane ℓ = 0.

Again a rich radial structure can be appreciated. The “holes”
in the isosurface correspond to points for which the Wigner
function takes on negative values [72], as can be appreciated
in the inset, where we draft the corresponding Wigner function
W (ℓ,ϕ) for this state.

FIG. 2. (Color online) Isocontour surface of the level 1/e from
the maximum of the Wigner function W (r,ϕ,ℓ) for the superposition
state in Eq. (4.7), with ℓ2 = −3 and ℓ1 = 3. At the top, we show a
density plot of a section of that surface by the plane ℓ = 0. In the
inset we show the standard Wigner function W (ℓ,ϕ) for this state, as
well as the associated marginals.
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V. CONCLUDING REMARKS

In summary, we have shown how to extend in a consistent
way all the techniques developed for a continuous-variable
phase space to the case of angle and angular momentum,
including significant information about the radial variable.
While we have not left aside the mathematical details, our
main emphasis has been on presenting a simple and useful
toolkit that any practitioner in the field should master. In our
view, far from being an academic curiosity, the ideas expressed
here have a wide range of potential applications in numerous
hot topics in which OAM plays a key role.
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APPENDIX A: ENTANGLED-STATE REPRESENTATION

For the two modes ± defined in Eq. (3.6), the Fock space
is spanned by

|n+,n−⟩ = (â†
+)n+(â†

−)n−

√
n+!n−!

|0,0⟩ , (A1)

where |0,0⟩ is the two-mode vacuum. Then one can immedi-
ately check that the vectors [73,74]

|ξ ⟩ = exp
[
−1

2
|ξ |2 + ξ â

†
+ + ξ ∗â

†
− − â

†
+â

†
−

]
|0,0⟩ ,

(A2)

|η⟩ = exp
[
−1

2
|η|2 + ηâ

†
+ − η∗â

†
− + â

†
+â

†
−

]
|0,0⟩

are indeed eigenstates of the following operators:

x̂+ − x̂−|η⟩ =
√

2 Re(η)|η⟩ , p̂+ + p̂−|η⟩ =
√

2 Im(η)|η⟩ ,

x̂+ + x̂−|ξ ⟩ =
√

2 Re(ξ )|ξ ⟩ , p̂+ − p̂−|ξ ⟩ =
√

2 Im(ξ )|ξ ⟩ ,

(A3)

where x̂± and p̂± are the quadrature operators associated to
the modes ± . This shows that these states are the continuous-
variable versions of the original Einstein-Podolsky-Rosen
states [75].

Using the technique of integration within an ordered
product of operators [76], we can prove the orthogonal
property and completeness relation

⟨η′|η⟩ = πδ(2)(η −η′) ,
1
π

∫
d2η |η⟩⟨η| = 1̂ , (A4)

and an analogous one for ξ . In fact, one can also check that

⟨ξ |η⟩ = 1
2 exp[(ξη∗ − ξ ∗η)/2] . (A5)

We observe also that if we use the Shapiro-Wagner angle
operator [60]

Ê =

√√√√ â+ + â
†
−

â
†
+ + â−

, (A6)

then

Ê|ξ ⟩ =

√√√√ â+ + â
†
−

â
†
+ + â−

|ξ ⟩ =

√
ξ

ξ ∗ |ξ ⟩ = eiϕ|ξ ⟩ , (A7)

so these states have a well-defined angle.
If we recall that the two-variable Hermite polynomials,

defined as [77]

Hm,n(λ,λ∗) =
min(m,n)∑

ℓ=0

m!n!
ℓ!(m − ℓ)!(n − ℓ)!

(−1)ℓλm−ℓλ∗n−ℓ ,

(A8)

have the generating function

∞∑

m,n

tmt ′n

m!n!
Hm,n(λ,λ∗) = exp(−t t ′ + tλ + t ′λ∗) , (A9)

by simple inspection we note that

|η⟩ = exp(−|η|2/2)
∑

n+,n−

(−1)n−

√
n+!n−!

Hn+,n−(η,η∗)|n+,n−⟩ ,

|ξ ⟩ = exp(−|ξ |2/2)
∑

n+,n−

1√
n+!n−!

Hn+,n−(ξ,ξ ∗)|n+,n−⟩ ,

(A10)

which constitute a compact expression of these entangled
vectors in the Fock basis.

APPENDIX B: EVALUATING THE
WIGNER-WEYL KERNEL

Our task here is to evaluate the kernel [Eq. (3.8)] and then
integrate over the variable pr . Using the properties of the
entangled states in the previous appendix, we can write

ŵ(r,ℓ) =
∫

dpr ŵ(r,pr,ℓ)

= 1
π

(−1)N̂
∫

d2ηd2ξ |η⟩⟨ξ | exp[(ξη∗ − ξ ∗η)/2]

× exp[
√

2λr (ξ − ξ ∗)] exp[r(η −η∗)]δ[r − Re(ξ )] .

(B1)

To simplify as much as possible what follows, we assume pure
states, for which

W (r,ϕ,ℓ) = ⟨$|ŵ(r,ϕ,ℓ)|$⟩ = ⟨$|e−iϕL̂ŵ(r,ℓ)eiϕL̂|$⟩ .

(B2)

This is in fact a marginal of the Wigner function of the problem.
Next, we choose to expand eiϕL̂|$⟩ in the |ξ ⟩ basis. Taking
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into account the properties of these states, we have

$(ξ,ϕ) = ⟨ξ |eiϕL̂|$⟩ = ⟨ξe−iϕ|$⟩ . (B3)

Therefore, we get

W (r,ϕ,ℓ) = 1
π2

∫
d2ξ ′d2ηd2ξ ⟨ξ ′|(−1)N̂ |η⟩ δ[r − Re(ξ )]

×$∗(ξ ′,ϕ)$(ξ,ϕ) exp[(ξη∗ − ξ ∗η)/2]

× exp[
√

2λr (ξ − ξ ∗)] exp[r(η −η∗)] . (B4)

If we use the decomposition of these entangled states in
terms of double-variable Hermite polynomials in Eq. (A10),
and we recall that Hm,n(ξ,ξ ∗) = H ∗

n,m(ξ,ξ ∗), then it is
easy to check that ⟨ξ ′|(−1)N̂ |η⟩ = ⟨η|ξ ′⟩. Consequently,

we have
∫

d2η⟨η|ξ ′⟩ exp[(ξη∗ − ξ ∗η)/2 + r(η −η∗)]

= 4π2δ(2)(ξ + ξ ′ − 2r) . (B5)

Finally, if we perform the integral over ξ ′ using this result we
get

W (r,ϕ,ℓ) = 4
∫

d2ξ $∗(2r − ξ,ϕ)$(ξ,ϕ)

× exp[
√

2λr (ξ − ξ ∗)] δ[r − Re(ξ )] . (B6)

By separating the differential d2ξ in real and imaginary
parts, after integrating over the real part Re(ξ ) we get the
result (3.12).
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We advocate a simple multipole expansion of the polarization density matrix. The resulting multipoles appear
as successive moments of the Stokes variables and can be obtained from feasible measurements. In terms of
these multipoles we construct a whole hierarchy of measures that accurately assess higher-order polarization
fluctuations.
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I. INTRODUCTION

The standard notion of polarization comes from the
treatment of light as a beam. This hints at a well-defined
direction of propagation, and thus at a specific transverse plane,
wherein the tip of the electric field describes an ellipse. This
polarization ellipse can be elegantly visualized by using the
Poincaré sphere and is determined by the Stokes parameters,
the degree of polarization being simply the length of the Stokes
vector [1].

This geometric representation not only provides remarkable
insight but also greatly simplifies otherwise complex problems
and, as a result, has become an indisputable tool to deal with
polarization phenomena. However, the necessity of addressing
new issues, such as highly nonparaxial fields [2], narrow-
band imaging systems [3], and the recognition of associated
propagation questions [4], has brought about significant
modifications of this simple classical picture [5–13].

In the quantum domain, the classical setting can be
immediately mimicked in terms of the Stokes operators, which
can be obtained from the Stokes parameters by quantizing the
field amplitudes [14]. However, the appearance of hurdles such
as hidden polarization [15], the fact that the Poincaré sphere
cannot accommodate photon-number fluctuations [16], and the
difficulties in defining polarization properties of two-photon
entangled fields [17], to cite only a few examples, show that
the resulting theory is insufficient.

The root of these difficulties can be traced to the fact that
classical polarization is chiefly built on first-order moments of
the Stokes variables, whereas higher-order moments can play
a major role for quantum fields. Polarization squeezing [18], a
nonclassical effect that is actually defined only by the variances
of the Stokes operators, illustrates that point in the most clear
way.

Nowadays, there is a general consensus in that a full
understanding of the subtle polarization effects arising in the
realm of the quantum world would require a characterization
of higher-order polarization fluctuations, as it happens in
coherence theory, where one needs, in general, a hierarchy
of correlation functions. Some results along these lines have
already been reported, but either they use magnitudes difficult
to determine in practice, such as distances [19], generalized

visibilities [20–23], and central moments [24], or they go only
up to second order [25,26], and the pertinent extensions are
difficult to discern.

In this paper, we propose a systematic and feasible solution
to such a fundamental and longstanding problem. To that end,
we resort to a multipole expansion of the density matrix that
naturally sorts successive moments of the Stokes variables. The
dipole term, being just the first-order moment, can be identified
with the classical picture, while the other multipoles account
for higher-order moments. The probability distribution for
these multipoles provides thus a complete information about
the polarization properties of any state; in terms of it we
propose a suitable measure for the quantitative assessment
of those fluctuations.

II. SETTING THE SCENARIO

Throughout, we assume a monochromatic quantum field
specified by two operators, âH and âV , representing the
complex amplitudes in two linearly polarized orthogonal
modes, which we denote as horizontal (H ) and vertical (V ),
respectively. The Stokes operators can be concisely defined as

Ŝµ = 1
2

(â†
H â

†
V ) σµ

(
âH

âV

)
, (2.1)

the subscript † denoting the Hermitian adjoint. The Greek
index µ runs from 0 to 3, where σ0 = 1 and {σk} (k = 1,2,3)
are the Pauli matrices.

Note carefully that Ŝ0 = N̂/2, where N̂ = â
†
H âH + â

†
V âV is

the operator for the total number of photons. On the other hand,
with our definition the average of Ŝ = (Ŝ1,Ŝ2,Ŝ3) differs by a
factor of 1/2 from the classical Stokes vector [14]. However,
in this way {Ŝk} satisfy the commutation relations of the SU(2)
algebra

[Ŝk,Ŝℓ] = iϵkℓm Ŝm, (2.2)

where ϵkℓm is the Levi-Civita fully antisymmetric tensor.
This noncommutability precludes the simultaneous exact
measurement of the physical quantities they represent, which
can be formulated quantitatively by the uncertainty relation

$2Ŝ = $2Ŝ1 + $2Ŝ2 + $2Ŝ3 ! 1
2 ⟨N̂⟩, (2.3)
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where the variances are given by $2Ŝi = ⟨Ŝ2
i ⟩ − ⟨Ŝi⟩2. In other

words, the electric vector of a monochromatic quantum field
never traces a definite ellipse.

In classical optics, the states of definite polarization are
specified by ⟨Ŝ⟩2 = ⟨Ŝ0⟩2 and the average intensity is a
well-defined quantity. In the three-dimensional space of the
Stokes parameters this defines a sphere with radius equal to the
intensity: the Poincaré sphere. In contradistinction, in quantum
optics we have that Ŝ2 = Ŝ0(Ŝ0 + 1̂). As fluctuations in the
number of photons are, in general, unavoidable, we are forced
to work with a full three-dimensional Poincaré space that can
be regarded as a set of nested spheres with radii proportional
to the different photon numbers that contribute to the state.

The Hilbert space H of these fields is spanned by the Fock
states {|nH ,nV ⟩} for both polarization modes. However, since
[N̂,Ŝ] = 0, each subspace with a fixed number of photons N
(i.e., fixed spin S ≡ S0 = N/2) must be handled separately. In
other words, in the previous onionlike picture of the Poincaré
space, each shell has to be addressed independently. This can
be underlined if we employ the relabeling

|S,m⟩ ≡ |nH = S + m,nV = S − m⟩. (2.4)

In this angular momentum basis, S = N/2, m = (nH − nV )/2,
and, for each S, m runs from −S to S. This can be seen as
the basis of common eigenstates of {Ŝ2,Ŝ3}, and these states
span a (2S + 1)-dimensional subspace wherein Ŝ acts in the
standard way.

III. THE POLARIZATION SECTOR AND
THE MULTIPOLE EXPANSION

From the previous discussion, it is clear that the moments
of any energy-preserving observable (such as Ŝ) do not depend
on the coherences between different subspaces. The only
accessible information from any state described by the density
matrix ϱ̂ is thus its polarization sector [27], which is given by
the block-diagonal form

ϱ̂pol =
⊕

S

PS ϱ̂(S), (3.1)

where PS is the photon-number distribution (S takes on the
values 0, 1/2, 1, . . .) and PS ϱ̂(S) is the reduced density matrix
in the subspace with spin S. Any ϱ̂ and its associated block-
diagonal form ϱ̂pol cannot be distinguished in polarization
measurements, and so, accordingly, we drop henceforth the
subscript pol. This is consistent with the fact that polarization
and intensity are, in principle, separate concepts: in classical
optics the form of the ellipse described by the electric field
(polarization) does not depend on its size (intensity).

To proceed further we need to represent every component
ϱ̂(S) in a polarization basis. Instead of using directly the states
{|S,m⟩}, it is more convenient to write such an expansion as

ϱ̂(S) =
2S∑

K=0

K∑

q=−K

ϱ
(S)
Kq T̂

(S)
Kq , (3.2)

TABLE I. Values of WK and the degree PK for three different
quantum polarization states. |S; θ,φ⟩ stands for an SU(2) coherent
state in the S subspace, and |αH ,αV ⟩ is a two-mode quadrature
coherent state with N̄ = |αH |2 + |αV |2 the average number of
photons.

State WK PK

|S,m⟩ 2K+1
2S+1 (CSm

Sm,K0)2
[∑K

ℓ=1
2ℓ+1
2S+1 (CSm

Sm,ℓ0)
2

∑K
ℓ=1

2ℓ+1
2S+1 (CSS

SS,ℓ0)
2

]1/2

|S; θ,φ⟩ 2K+1
2S+1 (CSS

SS,K0)2 1

|αH ,αV ⟩
∑∞

S=K/2
N̄2Se−N̄

(2S)!
2K+1
2S+1 (CSS

SS,K0)2 ∑∞
S=K/2

N̄2Se−N̄

(2S)!

where the irreducible tensor operators T̂
(S)
Kq are [28]

T̂
(S)
Kq =

√
2K + 1
2S + 1

S∑

m,m′=−S

CSm′

Sm,Kq |S,m′⟩⟨S,m|, (3.3)

with CSm′

Sm,Kq being the Clebsch-Gordan coefficients that couple
a spin S and a spin K (0 " K " 2S) to a total spin S.

Although at first sight Eq. (3.3) might look a bit intricate,
T̂

(S)
Kq is related to the Kth power of the Stokes operators, a

simple observation that will turn out crucial in the following.
In particular, the monopole T̂

(S)
00 , being proportional to the

identity, is always trivial, while the dipole T̂
(S)

1q is proportional
to Ŝq and thus renders the classical picture, in which the
state is depicted by its average value. Therefore, higher-order
multipoles embody the polarization fluctuations we wish to
appraise [29].

The expansion coefficients ϱ
(S)
Kq = Tr[ϱ̂(S) T

(S) †
Kq ] are known

as state multipoles, and they contain complete information, but
sorted in a manifestly SU(2)-invariant form.

Alternatively, one can look at

W (S)
K =

K∑

q=−K

∣∣ϱ(S)
Kq

∣∣2
, (3.4)

which is just the square of the state overlapping with the
Kth multipole patterns in the Sth subspace. When there is
a distribution of photon numbers, we sum over all of them:
WK =

∑
S PS W (S)

K . One can easily find out that
∑

K

WK = Tr(ϱ̂2), (3.5)

so it is just the purity. Actually, as shown in the Appendix, WK

can be interpreted as a measure of the localization of the state
in phase space.

In Table I we have worked out the values of WK for three
outstanding examples of quantum states that will serve as a
guide: the state |S,0⟩ (which reads |N,N⟩, with N = S, in
the basis |nH ,nV ⟩), the SU(2) coherent state |S; θ,φ⟩ (defined
in the Appendix), and a two-mode quadrature coherent state
|αH ,αV ⟩, summing up over the Poissonian photon-number
distribution (with N̄ = |αH |2 + |αV |2). In Fig. 1 we also plot
these cases in point; as we can see, for the classical quadrature

063803-2
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FIG. 1. (Color online) Distribution WK as a function of the multipole order K for the examples in Table I. From left to right, the state |S,0⟩
(|N,N⟩, with S = N , in the basis |nH ,nV ⟩), the SU(2) coherent state |S; θ,φ⟩, and a two-mode quadrature coherent state with average number
of photons N̄ = |αH |2 + |αV |2.

coherent state the first multipoles contribute the most, whereas
for the nonclassical |S,0⟩ state the converse holds.

IV. RECONSTRUCTING THE MULTIPOLES

The analysis thus far confirms that multipoles constitute a
natural tool to deal with polarization properties. We will show
next that, in addition, they can be experimentally determined.

The polarization state is customarily analyzed with a Stokes
measurement setup (see Fig. 2), consisting of a quater-wave
plate (QWP) with the axis at angle φ, followed by a half-
wave plate (HWP) at angle θ and a polarizing beam splitter
(PBS) that separates the H and V modes. The wave plates
effectively perform a displacement of the state that can be
described by the operator D̂(θ,φ) = eiθ Ŝ2eiφŜ3 , and (θ,φ) are
angular coordinates on the sphere. Each of the two outputs of
the PBS are measured by photon detectors: the photocurrent
sum gives directly the eigenvalue of N̂ , while the difference
gives the observable Ŝn = n · Ŝ, where n is the unit vector in
the direction (θ,φ) [30].

Altogether, this indicates that the scheme yields the proba-
bility distribution for Ŝn, from which we can equivalently infer
the moments

µ
(S)
ℓ (θ,φ) = Tr

[
Ŝℓ

n ϱ̂(S)]. (4.1)

FIG. 2. (Color online) Experimental setup. Single photons A
and B, both horizontally polarized, are prepared by spontaneous
parametric down-conversion. (P)BS denotes a (polarization) beam
splitter. HWP and QWP denote half-wave and quarter-wave plates,
respectively. FS denotes a 50:50 fiber splitter, and D1–D4 denote
single-photon avalanche photodiodes.

For simplicity, we restrict ourselves to a subspace with a fixed
number of photons S, but everything can be smoothly extended
to the whole polarization sector.

We start by noticing that the measurable moments can be
expressed in terms of the state multipoles as

µ
(S)
ℓ (θ,φ) = Tr

[
Ŝℓ

3 D̂(θ,φ) ϱ̂(S) D̂†(θ,φ)
]

= Tr

⎡

⎣Ŝℓ
3

2S∑

K=0

K∑

q,q ′=−K

ϱ
(S)
Kq DK

qq ′ (θ,φ) T̂
(S)
Kq

⎤

⎦ ,

(4.2)

where DS
mm′(θ,φ) = ⟨S,m|D̂(θ,φ)|S,m′⟩ is the Wigner D

function [28]. To proceed further we need to compute

Tr
[
Ŝℓ

3 T̂
(S)
Kq

]
= δq0

[
S(S + 1)(2S + 1)

3

]ℓ/2 3ℓ/2
√

2K + 1
(2S + 1)(ℓ+1)/2

×
S∑

m=−S

(
CSm

Sm,10

)ℓ
CSm

Sm,K0. (4.3)

Interestingly, we have that CSm
Sm,10 = m/

√
S(S + 1) and

S∑

m=−S

mℓCSm
Sm,K0 = iℓ−K∂ℓ

ωχS
K (ω)

∣∣
ω=0 ≡ f

(S)
Kℓ K " ℓ,

(4.4)

with χm
S (ω) the generalized SU(2) character [28]. Collecting

all those results together, the moments come out connected
with the multipoles in quite an elegant way:

µ
(S)
ℓ (θ,φ) =

√
4π

2S + 1

ℓ∑

K=0

K∑

q=−K

ϱ
(S)
Kq f

(S)
Kℓ YKq(θ,φ), (4.5)

YKq(θ,φ) being the spherical harmonics.
We can benefit from the orthonormality of YKq(θ,φ) to

integrate Eq. (4.5) so as to obtain

ϱ
(S)
Kq = 1

f
(S)
Kℓ

√
2S + 1

4π

∫

S 2
d.µ

(S)
ℓ (θ,φ) Y ∗

Kq(θ,φ), (4.6)

where K " ℓ and the integral extends over the whole unit
sphere S 2 with d. = sin θdθdφ being the solid angle. The
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reconstruction of the state requires the knowledge of all the
multipoles: this implies measuring all the moments in all the
directions, which proves to be very demanding [16].

Nonetheless, we can attack the problem in a much more
economic way. The central idea is that to determine the Kth
multipole it is enough to perform a Stokes measurement
in 2K + 1 independent directions. As a matter of fact, the
proposal proceeds in a recurrent way: first, we measure the
first-order moments in the three coordinate axis (or other
equivalent ones) and reconstruct ϱ

(S)
1q . That is, from the values

of µ
(S)
1 (θ,φ), which can write down as

µ
(S)
1 (θ,φ) = f

(S)
11

√
4π

2S + 1

1∑

q=−1

ϱ
(S)
1q Y1q(θ,φ), (4.7)

we need to know ϱ
(S)
1q . By taking into account that f

(S)
11 =

(2S + 1)
√

S(S + 1)/3, we can solve the resulting linear
system, getting

⎛

⎜⎝
ϱ

(S)
11

ϱ
(S)
10

ϱ
(S)
1−1

⎞

⎟⎠

=

√
3

2S(S + 1)(2S + 1)

⎛

⎜⎝
−1 i 0

0 0
√

2
1 i 0

⎞

⎟⎠

⎛

⎜⎝
µ

(S)
1,1

µ
(S)
1,2

µ
(S)
1,3

⎞

⎟⎠ ,

(4.8)

from which we infer all the first-order properties. Here µ
(S)
1,k

indicate the first-order moment in the kth direction.
The measurement of the second moments gives us

µ
(S)
2 (θ,φ) = 1

2S + 1
f

(S)
02 + f

(S)
22

√
4π

2S + 1

2∑

q=−2

ϱ
(S)
2q Y2q(θ,φ),

(4.9)

with

f
(S)
02 = 1

3S(S + 1)(2S + 1),
(4.10)

f
(S)
22 = 4(2S + 1)

5!

√
S(2S − 1)(S + 1)(2S + 3),

while f
(S)
12 = 0. We need to fix five optimal directions to invert

that system. For example, thinking of the measurements as
lines, we can choose the directions as

n1,2 ∝

⎛

⎜⎝
0

± 2

1 +
√

5

⎞

⎟⎠ , n3,4 ∝

⎛

⎜⎝
± 2

1 +
√

5
0

⎞

⎟⎠ ,

n5 ∝

⎛

⎜⎝
1 +

√
5

0
2

⎞

⎟⎠ , (4.11)

which maximizes the minimum angle between the lines and
thus in some sense spreads out the measurements over the
Poincaré sphere as much as possible [31]. The system can be
then solved, and all we need to characterize the process at
second order is known.

For the Lth moment, we have

µ
(S)
L =

√
4π

2S + 1
f

(S)
KLYK ϱ

(S)
K , (4.12)

where µ
(S)
L = (µ(S)

L (θ1,φ1), . . . ,µ(S)
L (θ2L+1,φ2L+1)) and simi-

larly for ϱ
(S)
K and [YL]ij = YLj (θi ,φi). Observe that, in general,

the right-hand side hinges on the results of lowest-order
measurements. The linear inversion of that equation can be
formally written down as

ϱ
(S)
K = 1

f
(S)
KL

√
2S + 1

4π

4π

2L + 1
P−1

L Y†
Lµ

(S)
L , (4.13)

where PL = 4π/(2L + 1)YLY†
L, with [PL]ij = PL(ωij ),

cos ωij= cos θi cos θj+ sin θi sin θj sin(φi − φj ), and PL(ωij )
is the Legendre polynomial. The choosing of the appropriate
directions is, in general, a tricky question if one wants to be
sure about the linear independence, but it has been thoroughly
studied [32]. In practice, methods such as maximum likelihood
are much more efficient in handling that inversion [33].

To check the proposed strategy, we have performed an
experiment using spontaneous parametric down-conversion.
The photon pairs centered at 780 nm were generated in a
2-mm-thick type-I β-barium-borate (BBO) crystal pumped by
a femtosecond laser pulse centered at 390 nm and subsequently
filtered by an interference filter with a 4-nm bandwidth and
brought to the inputs of a Hong-Ou-Mandel interferometer.
After the interferometer, either the state |1H ,1V ⟩ or the
state |2H ,0V ⟩ can be postselected, depending on the relative
polarizations of the incident photons.

The setup is sketched in Fig. 2. At each output of the PBS, a
two-photon detector is simulated by a 50:50 fiber beam splitter
(FS) and two single-photon detectors (PerkinElmer, SPCM-
AQRH). The photon detection efficiency of each single-photon
detector channel is used to calibrate the measurement of
the Stokes parameters. To achieve full information about
the first- and second-order moments, we have measured
these coincidences in five distinct measurement bases and
then reconstructed the multipoles via linear inversion. Each
measurement is done for 3 s and repeated three times to
improve the precision.

In Table II we summarize the results obtained for the state
|2H ,0V ⟩ (which is |1,1⟩ in the angular momentum basis).
The agreement with the theory is pretty good. Although this
instance might look a bit naive, it constitutes quite a conclusive
proof of principle of our method.

V. ASSESSING HIGHER-ORDER
POLARIZATION CORRELATIONS

Even though the polarization information is encoded in the
set {W (S)

K }, for most of the states only a limited number of
multipoles play a substantive role and the rest of them have an
exceedingly small contribution, so that gaining a good feeling
of the corresponding behavior may be tricky.

A possible way to bypass this disadvantage is to look at the
cumulative distribution

A (S)
K =

K∑

ℓ=1

W (S)
ℓ , (5.1)
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TABLE II. Experimental and theoretical results obtained for the state |2H ,0V ⟩ (which is the |1,1⟩ state in the angular momentum basis).
The number in parentheses indicates the error in the last figure. The directions of measurement are the three coordinate axes for µ1 and (4.11)
for µ2.

Experiment Theory Experiment Theory

Direction µ1 µ2 µ1 µ2 Multipole K = 1 K = 2 K = 1 K = 2

1 −0.10 (3) 0.84 (7) 0 0.8618 ϱK−2 −0.01 (7) −0.01 (1) i 0
2 0.06 (2) 0.87 (1) 0 0.8618 ϱK−1 −0.05 (2) + 0.03 (1)i 0.07 (6) −0.02 (2) i 0 0
3 0.99 (3) 0.50 (2) 1 0.5000 ϱK0 0.70 (1) 0.39 (4) 0.7071 0.4082
4 0.52 (1) 0.5000 ϱK1 0.05 (2) + 0.03 (1) i −0.07 (7) −0.02 (1) i 0 0
5 0.70 (2) 0.6382 ϱK2 −0.01 (1) +0.01 (1) i 0

which conveys the whole information up to order K . We
know from probability that it has remarkable properties [34].
Moreover, our previous reconstruction puts in clear evidence
that to obtain the Kth multipole one needs to determine all the
previous moments.

As with any cumulative distribution, A (S)
K is a monotone

nondecreasing function of the multipole order, with A (S)
2S

being proportional to the state purity [except by the monopole
contribution, K = 0, which is not included in Eq. (5.1)].
One might be interested in dealing instead with magnitudes
satisfying 0 " PK " 1 for every K , as any sensible degree of
polarization [35]. To that end, we note that for SU(2) coherent
states we have

A (S)
K,SU(2) = 2S

2S + 1
− [0(2S + 1)]2

0(2S − K)0(2S + K + 2)
. (5.2)

We conjecture that A (S)
K,SU(2) is indeed maximal for any K in

each subspace S. This seems to suggest a degree of polarization
up to the Kth order as

PK =
∑

S

PS

√√√√ A (S)
K

A (S)
K,SU(2)

. (5.3)

According to the definition Eq. (5.3), PK = 1 (for every K)
for SU(2) coherent states, which is compatible with the idea
that they are the most localized states over the sphere. On the
other hand, for quadrature coherent states, which constitute an
acid test for any new proposal in polarization, the result, as

Pk

0
10

20 30 40

K

10

15

20
N

0.0

0.5

1.0

Pk

0
10

20
30

40
K 10

15

20

N
0.0

0.5

1.0

FIG. 3. (Color online) Degree of polarization PK as a function of
the multipole order K for the state |S,0⟩ (left panel) and a quadrature
coherent state |αH ,αV ⟩ with average number of photons N̄ = |αH |2 +
|αV |2 (right panel).

indicated in Table I, reads

PK =
∞∑

S=K/2

e−N̄ N̄2S

(2S)!
≃ 1

2
erfc

(
K − N̄√

2N̄

)
. (5.4)

Here, N̄ is the average number of photons, and the second
equality, in terms of the complementary error function, holds
true for N̄ ≫ 1. From the properties of this function, we can
estimate that the multipoles that contribute effectively are,
roughly speaking, from 1 to N̄ . In Fig. 3 we plot PK for the
states |S,0⟩ and |αH ,αV ⟩.

To round off our understanding of PK , in Fig. 4 we have
depicted PK for two other relevant quantum states routinely
treated in this context: NOON and two-mode squeezed vacuum
states, defined as

|NOON⟩ = 1√
2

(|N,0⟩ + |0,N⟩),
(5.5)

|TMSV⟩ =
√

1 − λ2
∑

N

λN |N,N⟩.

To follow the standard notation, in both cases we have
employed the {|nH ,nV ⟩} basis and λ = tanh r , with r the
squeezing parameter.

For the particular yet significant case of the dipole (K = 1),
Eq. (5.3) reduces to

P1 =
∞∑

S

PS

√
⟨Ŝ1⟩2 + ⟨Ŝ2⟩2 + ⟨Ŝ3⟩2

⟨Ŝ0⟩
, (5.6)

and the average values are calculated in every subspace S.
Interestingly, this definition has been recently proposed as a
way to circumvent the shortcomings of the standard degree of

PK
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FIG. 4. (Color online) Degree of polarization PK for the NOON
(left panel) and two-mode squeezed vacuum (right panel) using the
squeezing parameter r as a measure of the average number of photons.
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FIG. 5. (Color online) Second-order degree of polarization P2 for
the state |S,m⟩.

polarization [36]; in our approach, it emerges quite in a natural
way.

To close our paper, we briefly consider the instance of
P2. For two-mode quadrature coherent states |αH ,αV ⟩ we
immediately get

P2(|αH ,αV ⟩) = 1 − (1 + N̄ ) exp(−N̄ ), (5.7)

which tends to the unity when the average number of photons
N̄ becomes large enough, in agreement with previous second-
order approaches [25]. For the states |S,m⟩, we have

P2(|S,m⟩) =

√
45m4 + 5S2(S + 1)2 − 9m2[2S(S + 1) + 1]

4S2(2S − 1)(4S + 1)
.

(5.8)

This expression is exactly unity whenever m = ± S or
±

√
1 + 2S − 3S2/

√
5 (this equality is valid only when m is

an integer). This latter condition is only met when S = 1 with
m = 0.

On the other hand, P2 attains its minimum value

P2,min(|S,m⟩) =
√

9 + 18S + 8S2

80S2
≃ 1√

10
, (5.9)

whenever m = ±
√

1 + 2S + 2S2/
√

10. In Fig. 5 we outline
these facts.

VI. CONCLUDING REMARKS

Multipolar expansions are a commonplace and a formidable
tool in many branches of physics. We have applied such
an expansion to the polarization density matrix, showing
how the corresponding state multipoles quantify higher-order
fluctuations in the Stokes variables. In this way we have pro-
vided a systematic characterization of quantum polarization
fluctuations that, paradoxically, was missing in the realm of
quantum optics.

Moreover, the formalism can be manifestly extended to
other systems in which SU(2) symmetry plays a crucial role
(such as in Bose-Einstein condensates and spin chains) and
to other unitary symmetries, such as SU(3) (which is pivotal
to understanding the polarization properties of the near field).
This is more than an academic curiosity, and work in this
direction is ongoing in our group.
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APPENDIX: POLARIZATION QUASIDISTRIBUTIONS

The discussion in this paper suggests that polarization
must be specified by a probability distribution of polarization
states. As a matter of fact, such a probabilistic description is
unavoidable in quantum optics from the very beginning, since
{Ŝk} do not commute and thus no state can have a definite
value of all of them simultaneously.

The SU(2) symmetry inherent in the polarization structure
of quantum fields allows us to take advantage of the pioneering
work of Stratonovich [37] and Berezin [38], who worked
out quasiprobability distributions on the sphere satisfying
all the pertinent requirements. This construction was later
generalized by others [39–43] and has proved to be very useful
in visualizing properties of spinlike systems [44–46].

For each partial ϱ̂(S), one can define r-parametrized SU(2)
quasidistributions as

W (S)
r (θ,φ) =

√
4π√

2S + 1

2S∑

K=0

K∑

q=−K

(
CSS

SS,K0

)−r
ϱ

(S)
Kq Y ∗

Kq(θ,φ).

(A1)

For r = 0 this is the Wigner function, while r = +1 and
−1 lead to the P and Q functions, respectively. Note also
that the Clebsch-Gordan coefficient CSS

SS,K0 has a very simple
analytical form [28]:

CSS
SS,K0 =

√
2S + 1(2S)!√

(2S − K)! (2S + 1 + K)!
. (A2)

While, for spins, S is typically a fixed number, in quantum
optics most of the states involve a full polarization sector and
one should sum over the subspaces contributing to the state.

The integral

2 = 1
∫

d.
[
W

(S)
r (θ,φ)

]2 , (A3)

extended to the whole sphere, can be interpreted as the effective
area where the corresponding quasidistribution is different
from zero. In other words, 2 is a measure of the number
of polarization states contained in a given field state. This
and similar definitions have already been used as measures of
localization and uncertainty in different contexts [47].

Using the explicit form of Eq. (A1) we immediately get

∫
d.

[
W (S)

r (θ,φ)
]2 = 4π

2S + 1

2S∑

K=0

(
CSS

SS,K0

)−2r
W (S)

K . (A4)
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We can appreciate a deep connection (except for the unessen-
tial Clebsch-Gordan coefficient) between the distribution
{W (S)

K } and the notion of localization in phase space. In
particular, for the Wigner function r = 0, the right-hand side
of Eq. (A4) is giving information about the measured {W (S)

K }.
For the sake of completeness, we briefly recall the definition

of the SU(2) coherent states (also known as spin or atomic
coherent states), which reads [48,49]

|S; θ,φ⟩ = D̂(θ,φ)|S, − S⟩. (A5)

Here D̂(θ,φ) = exp(ξ Ŝ+ − ξ ∗Ŝ−) [with ξ = (θ/2) exp(−iφ)
and (θ,φ) being spherical angular coordinates] plays the role
of a displacement on the Poincaré sphere of radius S.

The ladder operators Ŝ± = Ŝ1 ± iŜ2 select the fiducial
state |S,−S⟩ as usual: Ŝ−|S,−S⟩ = 0. This definition closely
mimics its standard counterpart for position and momentum.

Note that these coherent states are eigenstates of the
measured operator Ŝn = n · Ŝ,

Ŝn|S; θ,φ⟩ = S|S; θ,φ⟩, (A6)

and they saturate the uncertainty relation Eq. (2.3), so
they are the minimum uncertainty states in polarization
optics.

The two-mode quadrature coherent states |αH ,αV ⟩ can be
expressed as a Poissonian superposition of SU(2) coherent
states:

|αH ,αV ⟩ =
∑

S

N̄2Se−N̄

(2S)!
|2S,θ,φ⟩, (A7)

where N̄ = |αH |2 + |αV |2 is the average number of
photons.
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2Departamento de Óptica, Facultad de Fı́sica, Universidad Complutense, 28040 Madrid, Spain

3Department of Physics, Lakehead University, Thunder Bay, Ontario, Canada P7B 5E1
4Department of Optics, Palacký University, 17 listopadu 12, 746 01 Olomouc, Czech Republic

5Max-Planck-Institut für die Physik des Lichts, Günther-Scharowsky-Straße 1, Bau 24, 91058 Erlangen, Germany
6Department für Physik, Universität Erlangen-Nürnberg, Staudtstraße 7, Bau 2, 91058 Erlangen, Germany

(Received 31 January 2014; published 16 June 2014)

We introduce an operator linked with the radial index in the Laguerre-Gauss modes of a two-dimensional
harmonic oscillator in cylindrical coordinates. We discuss ladder operators for this variable, and confirm that they
obey the commutation relations of the su(1,1) algebra. Using this fact, we examine how basic quantum optical
concepts can be recast in terms of radial modes.
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I. INTRODUCTION

An optical vortex is a light field exhibiting a pure screw
phase dislocation along the propagation axis; i.e., an azimuthal
phase dependence exp(iℓϕ). The integer ℓ plays the role of a
topological charge: the phase changes its value by ℓ cycles of
2π in any closed circuit about the axis, while the amplitude
is zero there [1].

One of the most intriguing properties of vortices is that
they carry orbital angular momentum (OAM). This was
first realized by Allen and co-workers [2] for the important
instance of Laguerre-Gauss (LG) laser modes. Furthermore,
they demonstrated that these modes carry an OAM of ℓ! per
photon along the propagation direction.

A useful feature of optical OAM is that it can be easily
manipulated and transferred; this has opened new horizons in
various fields, ranging from mechanical micromanipulation [3]
to imaging sciences [4,5], as well as potential
astronomical [6,7] and communication applications [8].
Beyond optical wavelengths, OAM now plays a major
role in electron [9– 12], x-ray [13– 15], and radio-frequency
engineering [16– 18]. The core observation that individual
photons also carry OAM brings the most exciting possibilities
for employing this variable in the quantum regime, and a
number of uses has already been demonstrated [19– 24].

Despite this intense activity, very little attention has been
paid thus far to the radial index p of the LG modes. Usually, it
is stated that for p > 0, the modes are multiringed with p + 1
radial nodes. Beyond this short mention, no physical meaning
is attached to this quantity. Two recent papers, however,
have presented challenging and interesting insights into this
issue [25,26]. Our purpose here is to present a simple
comprehensive analysis of this variable.

The two aforementioned papers considered optical modes,
governed by the paraxial wave equation. These modes are
ultimately suitably rescaled wave functions of the stationary
states of a two-dimensional quantum oscillator, under the
Schrödinger equation [27]. Since this latter system can
properly model other interesting vortices arising in different
media (as in plasmas [28], superfluids [29], and Bose-Einstein
condensates [29]), the oscillator will serve as our thread,
bearing in mind that the results can be immediately translated
to the optical case.

II. STATIONARY STATES OF A TWO-DIMENSIONAL
OSCILLATOR

A. Cartesian coordinates

To be as self-contained as possible, we briefly review the
example of an isotropic two-dimensional quantum harmonic
oscillator of mass m and natural frequency ω, with coordinates
in two orthogonal axes, say x and y [30,31]. The Hamiltonian
can be compactly written as Ĥ = !ω(n̂ + 1̂), where the total
number operator n̂ is

n̂ = n̂x + n̂y = â†
x âx + â†

y ây , (2.1)

and the annihilation and creation operators fulfill the canonical
commutation relations [âj ,â

†
k] = δjk 1̂, with j,k ∈ {x,y}. Since

the spectrum of n̂j is composed of all non-negative integers
nj , the energies are given by Enx,ny

= !ω(nx + ny + 1) and
these eigenvalues are (nx + ny + 1)-fold degenerate.

Elements of the Fock basis are the common eigenvectors of
n̂x and n̂y :

|nx,ny⟩ = 1
√

nx!ny!
(â†

x)nx (â†
y)ny |0,0⟩ , (2.2)

where |0,0⟩ is the ground state. The stationary states of the
oscillator are the product of Hermite-Gauss modes, as the
oscillations in each axes are kinematically independent:

&nxny
(x,y) =

√
α2

π 2nx+ny nx!ny!
Hnx

(αx)Hny
(αy)

× exp[−α2(x2 + y2)/2] , (2.3)

with α =
√

mω/!. To recover the equivalent beam solutions,
one needs to take α =

√
2, since the paraxial wave equation

(in adimensional coordinates) coincides with the Schrödinger
equation for the oscillator when m = 2! and ω = 1.

For our purposes, the solution at t = 0 is enough. The
wave function at any other time can be obtained in a simple
way by using the explicit form of the propagator. For beams,
where the role of time is played by the coordinate z along
the symmetry axis, this propagation brings about additional
interesting points, such as the Gouy phase.
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B. Cylindrical coordinates

The axes x and y do not enjoy a privileged role in the
problem. Since the energy is invariant under rotations in the xy
plane, we could as well have chosen any other rotated reference
frame. To take a better advantage of this symmetry, we consider
the z component of the angular momentum, L̂z = !ℓ̂, with
ℓ̂ = i(â†

y âx − â
†
x ây), and use the rotated bosonic operators [32]

â± = 1√
2

(âx ∓ iây) , â
†
± = 1√

2
(â†

x ± iâ†
y) , (2.4)

where [âj ,â
†
k] = δjk 1̂, with j,k ∈ {+,−}. We can then check

that

n̂ = n̂+ + n̂− , ℓ̂ = n̂+ − n̂− , (2.5)

whose interpretation is direct: the system can be envisioned
now as consisting of “quanta” with positive (counterclockwise
rotation around z) and negative (clockwise rotation around z)
orbital angular momentum.

The Fock basis {|n+,n−⟩} of the common eigenvectors of
n̂+ and n̂− can be constructed much in the same way as in
Eq. (2.2). However, it will prove useful to consider instead the
continuous set

|η⟩ = exp
(
− 1

2 |η|2 + ηâ
†
+ − η∗â

†
− + â

†
+â

†
−
)
|0,0⟩ , (2.6)

parametrized by the complex number η = r exp(−iϕ). The
states |η⟩ constitute an orthonormal basis, whose properties
have been reviewed in depth in Ref. [33]. In the representation
they generate [ψ(η) = ⟨η|ψ⟩], the action of the basic operators
is

â+ψ(η) =
(

η

2
+ ∂

∂η∗

)
ψ(η) ,

(2.7)

â−ψ(η) = −
(

η∗

2
+ ∂

∂η

)
ψ(η) ,

while for the adjoints we have

â
†
+ = â− − η∗ , â

†
− = â+ − η . (2.8)

Since the exponential acting on the vacuum in Eq. (2.6) is
not unitary, the creation and destruction operators are not
conjugates one of the other under the usual boson conjugation.

Given the above, n̂ and ℓ̂ act in this space as

n̂ )→ r2

2
− 1

2

(
∂2

∂r2
+ 1

r

∂

∂r
+ 1

r2

∂2

∂ϕ2

)
− 1 ,

(2.9)

ℓ̂ )→ −i
∂

∂ϕ
.

As [ℓ̂,n̂] = 0, the basis {|n+,n−⟩} can be reinterpreted as
common eigenvectors of n̂ and ℓ̂, with eigenvalues n =
n+ + n− and ℓ = n+ − n−, respectively. The stationary states
in this basis can be readily obtained using Eqs. (2.9); the final
result is

&nℓ(r,ϕ) = Anℓ(r) eiℓϕ , (2.10)

where the normalized amplitude is

Anℓ(r) =
√

2α2p!√
(p + |ℓ|)!

e−α2r2/2(αr)|ℓ|L|ℓ|
p (α2r2) , (2.11)

Lℓ
p(x) are the generalized Laguerre polynomials and we

have written p = (n − |ℓ|)/2. The probability distribution
|&nℓ(r,ϕ)|2 shows p dark concentric rings.

III. QUANTUM OPTICS WITH RADIAL MODES

A. The radial number operator

Since the number of dark rings is p = (n − |ℓ|)/2, the
operator

p̂ = 1
2

(n̂ − |ℓ̂|) =
{
n̂− for ℓ > 0 ,
n̂+ for ℓ < 0 ,

(3.1)

seems to be a sensible definition for the radial-number operator
of the Laguerre-Gauss modes. According to Eq. (2.9), in
differential form it reads

p̂ )→ −1
4

(
∂2

∂r2
+ 1

r

∂

∂r
+ 1

r2

∂2

∂ϕ2

)
+ i

2
∂

∂ϕ
+ 1

2
r2

2
− 1

2
.

(3.2)

Incidentally, it coincides with the operator found in Ref. [26]
by setting r → αr .

To simplify the following discussion, let us, for the time
being, relabel the stationary states |n,ℓ⟩ as |p,ℓ⟩, where p
indicates the radial mode eigenvalue; i.e.,

p̂|p,ℓ⟩ = p|p,ℓ⟩ . (3.3)

As heralded in the Introduction, we are interested in exploring
the Hilbert space associated with the radial number p, while
keeping the OAM ℓ fixed. At first sight, one might look for
the canonical conjugate variable to p̂. Since, according to
Eq. (3.1), p̂ = n̂− or n̂+ (depending on the sign of ℓ), such
a variable would be a phase φ̂− or φ̂+. This means that if
we denote by ê = exp(iφ̂± ) the exponential of such a putative
phase, the corresponding commutation relation will read [34]

[ê,p̂] = ê . (3.4)
This immediately implies

ê =
∞∑

p=0

|p,ℓ⟩⟨p + 1,ℓ| , (3.5)

so that

ê|p,ℓ⟩ = |p − 1,ℓ⟩ , ê†|p,ℓ⟩ = |p + 1,ℓ⟩ . (3.6)

Whereas the spectrum of ℓ̂ is unbounded, including all the
integer numbers, the spectrum of p̂ is semibounded, as it
comprises only non-negative integers. This indicates that the
action of ê as a ladder operator fails at p = 0, and consequently
it cannot be unitary:

êê† = 1̂ , ê†ê = 1̂ − P̂0, (3.7)

where P̂0 = |0,ℓ⟩⟨0,ℓ| is the projector on the “vacuum.”
All these problems thus place this interpretation on shaky

grounds. For this reason, we prefer to follow an alternative
route. To this end, we observe that to increase (decrease) the
radial number by one unit, with ℓ unchanged, we need to
create (annihilate) one positive quantum and one negative
quantum, namely,

k̂+|p,ℓ⟩ = â
†
−â

†
+|p,ℓ⟩ ∝ |p + 1,ℓ⟩ ,

(3.8)
k̂−|p,ℓ⟩ = â−â+|p,ℓ⟩ ∝ |p − 1,ℓ⟩ .
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One can check that

[k̂+,k̂−] = −2k̂z , [k̂z,k̂+] = k̂+ , [k̂z,k̂−] = −k̂− , (3.9)

with k̂z = (n̂ + 1̂)/2. This means that if we define
k̂± = k̂x ± ik̂y , we have

[k̂x,k̂y] = −ik̂z , [k̂y,k̂z] = ik̂x , [k̂z,k̂x] = ik̂y , (3.10)

that is, they are the generators of the su(1, 1) algebra, as first
noticed in Ref. [25].

B. Radial coherent states

To explore the issue in more detail, it is convenient to
give some basic background on some well-known irreducible
representations (irreps) of SU(1,1), which are excellently
reviewed in Ref. [35] and whose role in quantum optics is
difficult to underestimate [36– 45]. The Casimir operator for
this group is K̂2 = k̂2

z − k̂2
x − k̂2

y , which can be expressed
as K̂2 = k(k − 1)1̂, where the Bargmann index k labels the
different irreps (this index plays the role of spin for rotations).
In our case, a simple calculation shows that k = (|ℓ| + 1)/2,
so that k = 1/2,1,3/2, . . ., which corresponds to the so-called
positive discrete series, for which k̂z is diagonal and has a
discrete spectrum. In the Fock basis {|n+,n−⟩}, the basis states
of the irrep k are {|k,k + p⟩}, with p = 0,1, . . ., and hence

k̂z|k,k + p⟩ = (k + p)|k,k + p⟩ , (3.11)

while the ladder operators act as

k̂+|k,k + p⟩ =
√

(2k + p)(p + 1)|k,k + p + 1⟩ ,
(3.12)

k̂−|k,k + p⟩ =
√

p(2k + p − 1)|k,k + p − 1⟩ .

Note that we can make the identification |p,ℓ⟩ ↔ |k,k + p⟩,
provided k = (|ℓ| + 1)/2.

Since k̂−|k,k⟩ = 0, this state can be taken as the vacuum.
Indeed, D̂(ξ ) = exp(ξ k̂+ − ξ ∗k̂−) are truly displacement op-
erators, so according to the Perelomov prescription [46], the
set

|ζ ⟩ = D̂(ξ )|k,k⟩ (3.13)

constitutes a family of bona fide coherent states
parametrized by the pseudo-Euclidean unit vector n =
(sinh ω cos ϕ, sinh ω sin ϕ, cosh ω), with ξ = (ω/2) exp(iϕ)
and ζ = tanh(ω/2) exp(−iϕ).

By expanding the exponential and employing the disentan-
gling theorem, we get the decomposition

|ζ ⟩ = (1 − |ζ |2)k
∞∑

p=0

√
.(2k + p)
p!.(2k)

ζ p|k,k + p⟩ , (3.14)

and by projecting over the complete basis |η⟩ we get the corre-
sponding wave function &ζ (r,ϕ) in the transverse parameters.
The expression can be simplified into an exponential form
using the identity

exp
(

γ x

γ − 1

)
= (1 − γ )1+|ℓ|

∞∑

p=0

γ pL|ℓ|
p (x) , (3.15)

Wp

0
10

20
30

40
p 5

10

15

p
0.00

0.05

0.10

FIG. 1. (Color online) Probability distribution Wp for a coherent
state |ζ ⟩ with ℓ = 1 as as a function of p and the ring average
number p̄.

so the final result is

&ζ (r,ϕ) =

√
α2

π |ℓ|!

[
1 − |ζ |2

(1 − ζ )2

](|ℓ|+1)/2

× e(ζ+1)/(ζ−1) α2r2/2(αr)|ℓ|eiℓϕ . (3.16)

We see that the Perelomov coherent states are polynomial-
Gauss modes at t = 0; a subfamily of hypergeometric-Gauss
modes upon evolution, as discussed in Ref. [47]. They are
also eigenstates of the OAM and shape invariant in the time
evolution.

The average number of sharp rings in the state |ζ ⟩ is

p̄ = |ζ |2

|ζ |2 − 1
(|ℓ| + 1) , (3.17)

and the statistical distribution of rings Wp = |⟨p,ℓ|ζ ⟩|2 is

Wp = (|ℓ| + 1)|ℓ|+1(p + |ℓ|)!
p!|ℓ|!

p̄p

(p̄ + |ℓ| + 1)p+|ℓ|+1
.

(3.18)

In Fig. 1 we have plotted this distribution for a coherent state
with ℓ = 1 and different values of p̄. In Fig. 2, we have plotted

0 1 2 3 4 5 6 7
0

1

2

3

4

5

|ζ

|1, 1

FIG. 2. (Color online) Intensity profiles |&(r,φ)|2 for a radial
coherent state |ζ ⟩ written as in (3.16), with ⟨p⟩ = 1 and for an
eigenstate |p,ℓ⟩ with p = 1 and ℓ = 1. In the inset, we show the
corresponding density plots, in the same order.

063813-3



E. KARIMI et al. PHYSICAL REVIEW A 89, 063813 (2014)

0 1 2 3 4 5
0

1

2

3

4

5
= 1

= 20
= 10

FIG. 3. (Color online) Intensity profiles |&(r,ϕ)|2 for intelligent
states with M = 10 and τ = 1/2 for several values of ℓ: ℓ = 1, ℓ =
10, and ℓ = 20. The inset shows the corresponding density plots, in
the same order.

|&ζ (r,ϕ)|2 for a coherent state with ℓ = 1 and ⟨p̂⟩ = 1, and the
corresponding distribution for the Laguerre-Gauss eigenstate
with p = 1. The striking differences can be appreciated at a
glance.

It is worth mentioning that there is an alternative definition
of coherent states, due to Barut and Girardello [48]:

k̂−|ζ ⟩BG = ζ |ζ ⟩BG , (3.19)

which appears as a reasonable generalization of the standard
coherent states as eigenstates of the annihilation operator. This
equation can be solved in the |p,ℓ⟩ basis, yielding

|ζ ⟩BG = |ζ |ℓ/2

√
Iℓ(2|ζ |)

∞∑

p=0

ζ p

√
p!(p + |ℓ|)!

|p,ℓ⟩ , (3.20)

where Iℓ(x) is the modified Bessel function. Projecting again
in the transverse coordinates we get, after some calculations,

&ζ,BG(r,ϕ) =

√
α2

πI|ℓ|(2|ζ |2)
e(ζ 2−α2r2/2)J|ℓ|(2ζ r)eiℓϕ . (3.21)

This set of coherent states are thus realized as Bessel-Gauss
modes. However, these solutions are not shape invariant, which
runs against the notion of coherence.

C. Radial intelligent and squeezed states

The commutation relations (3.9) imply that these operators
cannot be measured simultaneously, which is reflected by the
uncertainty relation

1k̂x 1k̂y ! 1
2 |⟨k̂z⟩| , (3.22)

where 1Â = [⟨Â2⟩ − ⟨Â⟩2]1/2 stands for the variance. Ac-
cording to the standard definition, squeezing occurs whenever
[49]

(1k̂x)2 " 1
2 |⟨k̂z⟩| or (1k̂y)2 " 1

2 |⟨k̂z⟩| . (3.23)

Intelligent states are those for which (3.22) holds as an equality.
The coherent states (3.16) and (3.21) are intelligent but not
squeezed.

Indeed, these intelligent states are solutions of the eigen-
value problem [50]

(k̂x − iλk̂y)|&λ⟩ = 3|&λ⟩ , λ ∈ R . (3.24)
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FIG. 4. (Color online) Intensity profiles |&(r,ϕ)|2 for intelligent
states with M = 11 and ℓ = 3 for several values of τ : τ = 16/5,
τ = 13/10, and τ = 3/5. The inset shows the corresponding density
plots, in the same order.

Although they have been investigated from various perspec-
tives [51– 53], we follow here the comprehensive approach of
Ref. [54], which starts by noting that the state exp(iτ k̂y)|k,k⟩ is
intelligent provided λ = cosh τ [with eigenvalue 3 = −(k +
M) sinh τ , and M = 0,1, . . . an integer number]. Then, the
most general intelligent state can be written as

|&ℓ,M (τ )⟩ = exp(iτ k̂y)
∣∣κk

M (τ )
〉
, (3.25)

where τ is the squeezing parameter and the seed state |κk
M⟩ can

be expressed as
∣∣κk

M (τ )
〉
=

M∑

p=0

ck
p(τ )|k,k + p⟩ . (3.26)

The coefficients ck
p can be obtained as a recursion relation; the

final result reads

ck
p =

(
M

p

)
tanhp τ

(2k + p − 1
p

)1/2 ck
0 , (3.27)

and ck
0 is fixed by the normalization of the state. The infinite

family (3.25) of states parametrized by k and M is actually
squeezed.

Next we need to project exp(iτ k̂y)|κk
M (τ )⟩ on the basis

|k,k + p⟩. To this end, we recall that the action of exp(iτ k̂y)
on a basis state |k,k + p⟩ is given in terms of SU(1,1) Wigner
d functions [55]

exp(iτ k̂y)|k,k + p⟩ =
∞∑

p′=0

dk
k+p,k+p′ (−τ ) |k,k + p′⟩ .

(3.28)
In this way, we get, expressed in transverse coordinates,

&ℓM (r,ϕ,τ ) =
∞∑

p′=0

M∑

p=0

dk
k+p′,k+p(−τ ) ck

p(τ ) Ap 2k−1(r)eiℓϕ ,

(3.29)

where Apℓ has been defined in Eq. (2.11). The effect of
increasing ℓ, for fixed p and τ , is illustrated by plotting the
intensity profile |&ℓ,M (r,ϕ,τ )|2 as a function of r in Fig. 3:
this intensity tends to a Gaussian-like shape. The effect of
increasing τ for fixed ℓ and M is illustrated in Fig. 4, and leads
to the appearance of rings as we increase τ .
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For large values of ℓ (more concretely, for k and p
large, but p/k ≪ 1), one has at hand a compact asymptotic
approximation to the d functions, namely [56],

dk
k+p,k(τ ) ≃ 1

[(k + p)2 − k2]1/4
e−k(τ−τp)2/2 , (3.30)

with cosh τp = (k + p)/k, and whose Gaussian nature is
evident.

IV. CONCLUDING REMARKS

In summary, we have provided a handy toolbox to deal
with the radial index of Laguerre-Gauss modes and shown
how it can be used to construct a consistent quantum theory
of this variable. We stress that this is more than an academic
curiosity, since recent experiments in our laboratory [57] have
confirmed that the radial degree of freedom of single photons

can be manipulated individually in a quantum regime. It is our
hope that the results presented here will inspire novel quantum
protocols and algorithms using such a “forgotten quantum
number.”
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We put forward an operational degree of polarization that can be extended in a natural way to fields whose
wave fronts are not necessarily planar. This measure appears as a distance from a state to the set of all of its
polarization-transformed counterparts. By using the Hilbert-Schmidt metric, the resulting degree is a sum of
two terms: one is the purity of the state and the other can be interpreted as a classical distinguishability, which
can be experimentally determined in an interferometric setup. For transverse fields, this reduces to the standard
approach, whereas it allows one to get a straight expression for nonparaxial fields.
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I. INTRODUCTION

Far from its source, any electromagnetic wave can be
locally approximated by a plane wave, i.e., with a well-
defined direction of propagation and thus a specific transverse
plane. Such beamlike fields are described by two orthogonal
electric-field components and, consequently, their polarization
is characterized by a 2 × 2 correlation matrix, usually called
the polarization matrix [1,2].

This polarization matrix can be uniquely decomposed as a
sum of two matrices: one represents a fully polarized part and
the other represents a completely unpolarized part. The ratio
of the intensity of the polarized part to the total intensity is the
degree of polarization.

Equivalently, one may resort to the Stokes parameters,
which are the coefficients of the expansion of the polarization
matrix onto the Pauli basis. These variables determine a locus
on the Poincaré sphere, wherein the state of polarization is
elegantly visualized: actually, the degree of polarization can
be seen as the length of the Stokes vector.

This two-dimensional (2D) theory is the backbone of
the standard polarization optics. However, the necessity of
addressing new issues, such as highly nonparaxial fields [3],
narrowband imaging systems [4], and the recognition of
associated propagation questions [5], has revived interest in
extending the 2D approach to fully three-dimensional (3D)
field distributions. Although this question has been considered
for many years, no satisfactory solution has thus far been
found. Indeed, there are several contradictory claims made
in the literature on this subject [6– 15]. The divergences occur
because notions that are equivalent for the 2D case lead to
different definitions when extrapolated to the 3D limit. This
diversity has prompted various authors to suggest alternative
3D measures of polarization based in, e.g., nonquantum
entanglement [16], von Neumann entropy [17], the fully
polarized field component [12], or the invariants of the
rotational group [18]. All of these instances produce sensible
computable magnitudes, but they are hardly measurable, which
prevents a proper assessment of their merits.

In this paper, we revisit an operational measure introduced
some time ago in the realm of quantum optics [19]: in 2D, the
prescription is to look at the minimum overlap between a state
and the set of its polarization-transformed [i.e., SU(2)-rotated]

counterparts. The key point is that this magnitude, as discussed
in Ref. [20], can be directly determined as the visibility of an
interference experiment. Our main goal is to extend this notion
to the 3D case.

To this end, we first reinterpret that measure as a distance
between the state and its rotated partners. In this vein, it is
worth stressing that distance measures have been successfully
employed in assessing a number of disputed quantities, such
as nonclassicality [21– 23], entanglement [24– 26], informa-
tion [27– 29], non-Gaussianity [30], and localization [31,32],
to cite only a few examples.

Two main hurdles are usually faced when defining a
distance-type measure: choosing a convenient metric and
identifying a reference set of states. As to the first question,
different candidates have been investigated, including,
among others, relative entropy [33– 35], Bures and related
metrics [36– 39], as well as Monge [40], trace [41,42], and
Hilbert-Schmidt [43– 45] distances, each having its own
advantages for certain applications. In particular, the last one
is probably the simplest from a computational viewpoint and
will be adopted here.

In polarization, it has been suggested to take unpolarized
states as the reference set, both in the quantum [46] and
the classical domain [47]. Such a set is very well charac-
terized [48– 50] and this provides sensible results. However, as
anticipated above, we prefer to consider the rotated versions
of the original state. Going from the 2D to the 3D situation is
just extending the SU(2)-rotated set to its SU(3) analog, and
the resulting degrees have a clear physical interpretation.

The paper is arranged as follows. In Sec. II, we recall the
basic tools used to describe the partial polarization of both 2D
and 3D electromagnetic fields, emphasizing the similarities
and differences between these two situations. In Sec. III, we
introduce the general notion of degree of polarization as a
distance, and work out the resulting expressions for both
cases, comparing with previous proposed measures. Finally,
we summarize our work in Sec. IV.

II. BASIC DESCRIPTION OF POLARIZATION

A pivotal quantity in the characterization of polarization
of both 2D and 3D fields is the degree of polarization. It
quantitatively captures the random character of the electric
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field as a function of time. Such a behavior cannot be accounted
for in terms of a deterministic description: we must, instead,
adopt a statistical perspective. To be as self-contained as
possible, we briefly review the essential ingredients needed
for that purpose.

A. Two-dimensional fields

Consider a monochromatic beam propagating in the z
direction. The electric field can be resolved in the transverse
plane in terms of horizontal (x) and vertical (y) components,
which are taken to be a probabilistic ensemble given by Ex and
Ey . The corresponding 2 × 2 (equal-time) polarization matrix
(also called the coherence matrix) is defined as [1,2]

ρ
(2)
kℓ = ⟨E∗

kEℓ⟩, k,ℓ ∈ {x,y}. (2.1)

Here, the brackets denote ensemble averaging over different
realizations and the superscript indicates the dimensionality,
although in the following we will suppress it when there is no
risk of confusion.

The diagonal elements of the matrix ρ represent the energy
distribution between the two components of the field: I =
⟨|Ex |2⟩ + ⟨|Ey |2⟩ = Tr(ρ), where Tr is the trace of the matrix.
Without loss of generality, we henceforth normalize this
intensity to unity. On the other hand, the off-diagonal elements
describe the correlations between the field components. From
its very definition, it follows that ρkℓ = ρ∗

ℓk , so ρ is Hermitian.
The matrix ρ can be conveniently decomposed in terms of

the (Hermitian) Pauli matrices σ ; the result reads

ρ = 1
2 (11 + n · σ ). (2.2)

The normalized coordinates nr (r = 1,2,3) can be recovered
as

nr = Tr(ρσr ), (2.3)

and are nothing but the Stokes parameters. In other words,
we can map each polarization matrix ρ into a Stokes vector
ρ '→ n = (n1,n2,n3). The length of n will be denoted as

P(2) = |n| =
√

n2
1 + n2

2 + n2
3 , (2.4)

and, as we shall justify soon, deserves the name of degree of
polarization for 2D fields.

The Stokes parameters provide geometric information
about the polarization ellipse, i.e., the ellipse that the electric-
field tip traces out during one optical cycle. The parameters
n1 and n2 carry information about the alignment of the ellipse
axes, while πn3 gives the ellipse area, signed according to
polarization handedness.

If the relation between the Ex and Ey is completely
deterministic, the field is fully polarized. For such a pure
state (borrowing the terminology from quantum optics), the
polarization matrix is idempotent, i.e.,

ρ2
pol = ρpol, (2.5)

and we get P(2)
pol = 1. On the other hand, if the components of

the field are fully uncorrelated, the off-diagonal elements are
zero. If, in addition, the energy is distributed evenly between
the x and y components,

ρunpol = 1
2 11, (2.6)

and we have P(2)
unpol = 0. This leads to the important decompo-

sition of ρ into fully polarized and unpolarized parts, viz.,

ρ = [1 − P(2)]ρunpol + P(2)ρpol. (2.7)

In this way, P(2) appears as the proportion of the energy of
the fully polarized part from the total energy, which gives a
transparent physical meaning to the definition of P(2).

Alternatively, P(2) can be written in a slightly different yet
equivalent way,

P(2) =
√

2 Tr(ρ2) − 1 =
√

1 − 4 det(ρ), (2.8)

as can be checked by a direct calculation. In the first form, the
degree of polarization seems to be intimately linked to Tr(ρ2),
which, following again a quantum jargon, is called the purity.
In the second form, it can be immediately related with the
eigenvalues of ρ: if we denote them by λ+ and λ−, (λ+ > λ−),
then (λ+ + λ−)2 = 1 and det(ρ) = λ+λ−, so that

P(2) = λ+ − λ−, (2.9)

the importance of which will soon become apparent.
Polarization transformations are generated by wave plates

and represented by 2 × 2 unitary matrices of SU(2) [51],

Rg ≡R(α,β,γ )

=
(

e−i(α+γ )/2 cos(β/2) −e−i(α−γ )/2 sin(β/2)
e+i(α−γ )/2 sin(β/2) e+i(α+γ )/2 cos(β/2)

)
,

(2.10)

where (α,β,γ ) denote the Euler angles. The action of these
transformations on the polarization matrix is via conjugation,

ρg = Rg ρR†
g, (2.11)

which, in turn, induces rotations on the Stokes vector n, as
confirmed by the well-known relation between SU(2) and the
group of rotations SO(3) [52]. The essential point is that P(2)

is clearly unchanged by these transformations.

B. Three-dimensional fields

Next, we loosen the restriction to planar geometry and
examine the behavior of electric fields having three nonva-
nishing components, in directions we denote as x, y, and z,
respectively. Now, the vibrations of the field are not constrained
to a plane and the polarization must be described by a 3 × 3
matrix,

ρ
(3)
kℓ = ⟨EkEℓ⟩, k,ℓ ∈ {x,y,z}. (2.12)

The superscript 3 labels the 3D approach and will be dropped
when the context is clear.

If all of the components are completely uncorrelated (and
their energies are equal), the field is unpolarized and its
direction is random. If one of the components has less
energy than the other two, the vibrations are less random
and, consequently, the field is more polarized than in the
equal-energy case. This means that any field having only
two nonvanishing components is never unpolarized in the 3D
sense, regardless of the correlations between the components.
Hence, a planar field, which is commonly called unpolarized
in 2D, is not fully unpolarized but partially polarized in a 3D
description.
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As in 2D, the field is called fully polarized if all of the field
components are completely correlated. Hence, in contrast to
an unpolarized field, a planar field that is fully polarized is
always fully polarized also in the 3D sense.

One of the most remarkable differences between 2D and
3D is that the 3 × 3 polarization matrix cannot be generally
expressed as a sum of unpolarized and fully polarized
parts [12]. Therefore, if one desires to define a degree of
polarization for arbitrary electric fields, the approach taken
in (2.7) must be abandoned.

In any event, the 3 × 3 polarization matrix can be expanded
in a basis as

ρ = 1
3 (11 +

√
3n · "), (2.13)

where " are the Gell-Mann matrices (see details in the
Appendix). The corresponding coordinates of the eight-
dimensional Stokes vector can be obtained as

nr =
√

3
2

Tr(ρ)r ). (2.14)

We have introduced the factor
√

3 in such a way that for a pure
state n · n = 1 [53], although other choices can be found in
the literature. One first option would be to define [9]

P(3) = |n| =

√√√√
8∑

r=1

n2
r , (2.15)

i.e., again the length of the Stokes vector, which is readily
shown to verify 0 ! P(3) ! 1. Although this is mathematically
correct, it is not clear physically what P(3) represents. Unlike
in 2D, where the Stokes vector represents the complete state
of polarization and can be easily visualized, the generalized
Stokes vector is eight dimensional and the geometrical space
supporting this vector is not intuitive at all.

An alternative is to generalize (2.8) in a way so as to get
the appropriate normalization; it reads [6,7]

P(3) =
√

3 Tr(ρ2) − 1
2

. (2.16)

The drawback of this definition is that it cannot be understood
as a portion of the energy of the fully polarized part from
the total energy and hence its physical properties need further
examination.

Finally, the generalization of (2.9) seems even more
dubious, since now we have three different eigenvalues. This
reveals the major problem when extending 2D to 3D instances:
while one parameter is enough to specify the degree of
polarization in 2D, two independent parameters are, in general,
needed when considering 3D, which makes the transition a
tricky business.

We complete this section by describing the polarization
transformations possible in the 3D case: they are represented
by 3 × 3 matrices of SU(3), which we write as [54]

Rg =Rg(*) ≡T23(α1,β1, − α1)T12(α2,β2, − α2)

× T23(α3,β3, − α3)+(γ1,γ2), (2.17)

where * is an octuple of Euler-like angles * =
(α1,β1,α2,β2,α3,β3,γ1,γ2) and the set {Tij } comprises SU(2)

subgroup matrices

T23 =

⎛

⎝
1 0 0
0 e−i(α+γ )/2 cos(β/2) −e−i(α−γ )/2 sin(β/2)
0 e+i(α−γ )/2 sin(β/2) e+i(α+γ )/2 cos(β/2)

⎞

⎠,

(2.18)

or

T12 =

⎛

⎝
e−i(α+γ )/2 cos(β/2) −e−i(α−γ )/2 sin(β/2) 0
e+i(α−γ )/2 sin(β/2) e+i(α+γ )/2 cos(β/2) 0

0 0 1

⎞

⎠,

(2.19)

depending on the values of (ij ). Also,

+(γ1,γ2) = diag
(
e−2iγ1 ,ei(γ1−γ2/2),ei(γ1+γ2/2)). (2.20)

Equation (2.17) factorizes then into SU(2) submatrices, with
parameters defined by the corresponding Euler angles.

The action of these transformations on ρ is via conjugation
as in (2.11), which induces rotations on the vector n. However,
one word of caution seems pertinent here: there is no
obvious physical interpretation via optical elements of SU(3)
transformations, as now the plane waves averaging to the
3 × 3 polarization matrix do not share a common propagation
direction, in general. Any physical device represented by a
SU(3) transformation should be insensitive to the propagation
directions of the separate members of the ensemble [55].

Despite the recent progress achieved in the control and
manipulation of 3D polarization [56], we are still far from
having at our disposal an SU(3) gadget, in sharp contrast with
the simplicity of SU(2). Given these experimental difficulties,
one might be tempted to consider invariance only under
rotations and inversions; that is, a field is less polarized at
a point if its behavior is fairly unchanged after we rotate it and
reflect it around that point. Although attractive, this proposal
does not allow us to find analytical results in what follows.
Accordingly, we take SU(3) as the symmetry of the problem,
even if its operational implementation may be elusive.

III. OPERATIONAL DEGREE OF POLARIZATION

As heralded in Sec. I, our proposal for the degree of
polarization starts from the ansatz

P(n)(ρ) ∝ sup
g∈SU(n)

D(ρ,RgρR†
g). (3.1)

Here, the supg is taken over SU(2) or SU(3), depending
on the appropriate situation. In addition, D(ρ,ρ ′) stands for
any measure of distance between the polarization matrices ρ
and ρ ′.

It is clear that there are numerous nontrivial choices for
D(ρ,ρ ′) (by nontrivial, we mean that the choice is not a simple
scale transformation of any other distance). None of them
could be said to be more important than any other a priori,
but the significance of each candidate would have to be seen
through physical assumptions. In our case, we take the Hilbert-
Schmidt distance

D2
HS(ρ,ρ ′) = 1

2 Tr[(ρ − ρ ′)2]

= 1
2 [Tr(ρ2) + Tr(ρ ′2) − 2 Tr(ρρ ′)]. (3.2)

013830-3
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FIG. 1. (Color online) Mach-Zehnder setup to interfere the state
ρ (lower arm) with its SU(n) transformed partners (upper arm). The
distinguishability is related to the visibility of the interference pattern
at the detector D.

Since ρ ′ = ρg = RgρR
†
g and Tr(ρ2) = Tr(ρ2

g), this distance
reduces to

D2
HS(ρ,ρg) = Tr(ρ2) − Tr(ρρg). (3.3)

Consequently, we define a Hilbert-Schmidt degree of
polarization as

[
P(n)

HS

]2 = sup
g∈SU(n)

D2
HS(ρ,ρg) = Tr(ρ2) − inf

g∈SU(n)
Tr(ρρg).

(3.4)
The appealing point is that, formulated in this way, P(n)

HS
depends on both the purity of the state and the distinguisha-
bility between the state and the set of all of its rotated
counterparts. This later magnitude can be directly determined
as the visibility of an interference experiment, as roughly
schematized in Fig. 1. As unpolarized states are invariant under
any SU(n) transformation, this visibility (which is a measure
of the distinguishability between ρ and ρg) is zero for them.

A. Two-dimensional fields

Let us put the general definition to work for the 2D case.
The state purity and the distinguishability can be expressed as

Tr(ρ2) = 1
2 (1 + |n|2), Tr(ρρg) = 1

2 (1 + nρ · nρg
), (3.5)

where nρ and nρg
are the Stokes vectors associated with ρ and

ρg , respectively.
To find the minimum overlap, we follow a route that will

be useful in extending this to the 3D case: one notices that any
state ρ can be brought to a diagonal form ρ = Rg0ρ0R

†
g0 , with

Rg0 being an SU(2) matrix and

ρ0 = 1
2

(
1 + |n| 0

0 1 − |n|

)
=

(
λ+ 0
0 λ−

)
. (3.6)

As infg Tr(ρρg) = infg Tr(ρ0ρ0g), we get

inf
g∈SU(2)

Tr(ρρg) = inf
g∈SU(2)

1
2 (1 + |n|2 cos β) = 1

2 (1 − |n|2),

(3.7)

where β is the corresponding Euler angle in (2.10). The
minimum corresponds when ng is the antipodal vector ng =
−n, as one might have anticipated. We thus conclude that

P(2)
HS = |n| = λ+ − λ−, (3.8)

which coincides with the standard definition (2.9).

Notice that in SU(2) we also have

P(2)
HS = 1

2 inf
g∈SU(2)

Tr |ρ − ρg|, (3.9)

which shows that the Hilbert-Schmidt P(2)
HS is proportional

to the trace distance. This reinforces the connection to
distinguishability as a measure of the degree of polarization,
since the trace distance is a preferred metric to quantify the
distinguishability between probability distributions [57].

B. Three-dimensional fields

Now, we have that

Tr(ρ2) = 1
3 (1 + 2|n|2), Tr(ρρg) = 1

3 (1 + 2nρ · nρg
).

(3.10)

This last equation is surprisingly simple, but due to restrictions
imposed by the SU(3) algebra, nρ and nρg

cannot be antipar-
allel. Thus, to optimize this distinguishability, we write again
ρ = Rg0ρ0R

†
g0 , with

ρ0 = 1
3

⎛

⎝
1 +

√
3n3 + n8 0 0
0 1 −

√
3n3 + n8 0

0 0 1 − 2n8

⎞

⎠

=

⎛

⎝
λ1 0 0
0 λ2 0
0 0 λ3

⎞

⎠ , (3.11)

with the eigenvalues sorted in decreasing order: λ1 " λ2 " λ3.
The vector n0 associated with ρ0 has two nonzero components,
n3 and n8, and the minimum overlap depends now on these
two parameters. In addition, positivity imposes

max
(

−1 + n8√
3

, − 2 − n8√
3

)
! n3 ! min

(
1 + n8√

3
,
2 − n8√

3

)
,

−1 ! n8 ! 1
2
. (3.12)

This defines a triangular region of the plane similar to the
one investigated in Ref. [58]. The minimization is now
more involved, and we distinguish two different situations as
follows.

1. n3 = 0 .

This corresponds to a density matrix with two identical
eigenvalues:

ρ0 = 1
3

⎛

⎝
1 + n8 0 0

0 1 + n8 0
0 0 1 − 2n8

⎞

⎠ . (3.13)

A direct numerical search shows that the minimum is reached
when ng is obtained from n0 by the linear transformation

(
n3g

n8g

)
= 1

2

(
1 −

√
3

−
√

3 −1

) (
n3
n8

)
, (3.14)

so we have n · ng = |n|2 cos(2π/3) = −n2
8/2. As explained

above, the optimal angle between n0 and n0g is not π because
this angle lies outside the permitted range. That not all angles
are permitted can be explained by the fact that ρ0 and ρ0g must
have the same eigenvalues since they are unitarily related. One
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can confirm that the rotated vector ng corresponds to the largest
eigenvalue being permuted with one of the smaller eigenvalues.
Hence, we can recast the infimum as Tr(ρρg) = 2λ1λ3 + λ2

3,
so the degree becomes

P(3)
HS = λ+ − λ−, (3.15)

where λ+ = λ1 and λ− = λ3 (here, λ2 = λ3). In this way, it
appears as the natural generalization of the 2D version (2.9).

2. n3 ̸= 0 .

The three eigenvalues are now different. We set n8 = X n3
and write

(
n3g

n8g

)
=

(
cos θ sin θ
sin θ cos θ

)(
−1 0
0 1

) (
n3
n8

)
. (3.16)

We have to consider three different zones:
(1) X > 1/

√
3. The minimum is found when the angles

β1, β2, and β3 are, respectively, set to (π,π,π ) in the SU(3)
matrix (2.17) and the rest of the angles equal 0. Then, θ =
2π/3 in (3.16) reproduces this minimum.

(2) |X| < 1/
√

3. The minimum is now found when the
angles β1,β2, and β3 take the values (0,π,0) in (2.17). Here,
θ = 0 in (3.16) gives the correct result.

(3) X < −1/
√

3. Here, the minimum occurs for
(β1,β2,β3) = (0,0,π ), corresponding to the angle θ = −2π/3
in (3.16).

The transformed density matrix accounts for a reshuffling
of the eigenvalues and, by simple inspection, one can check
that (3.15) holds for all three cases.

Additional insight can be gained by considering a three-
dimensional plot illustrating the loci of the minima and a
contour plot of these points, as shown in Fig. 2. The sixfold
symmetry of the result (corresponding to the six possible
permutations of λ1,λ2,λ3, so they remain in decreasing order)
is explicit and quite similar to the symmetry exploited in
Ref. [15].

FIG. 2. (Color online) A 3D plot locating the overlap Tr(ρρg) as
a function of the parameters n3 and n8. At the bottom, we show a
contour plot of the surface.
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FIG. 3. (Color online) Isocontour lines (in the same color scale
as in Fig. 2) of the different degrees of polarization as a function of
the parameters n3 and n8. In the top panel, P(3)

HS (left) and P(3)
PP (right);

in the bottom panel, P(3)
PU (left) and P(3)

U (right).

The Hilbert-Schmidt degree (3.9) admits a direct 3D
translation, namely,

P(3)
HS = 1

2 inf
g∈SU(3)

Tr |ρ − ρg|. (3.17)

In this respect, it is worth stressing that several 3D measures
have already been introduced in terms of the eigenvalues of
the 3 × 3 polarization matrix. Relevant examples are [15]

P(3)
PP = λ1 − λ2, P(3)

U = 3λ3, P(3)
PU = 2(λ2 − λ3). (3.18)

Here, P(3)
PP measures the strength of the pure polarized compo-

nent, P(3)
U is the strength of the unpolarized component, and

P(3)
PU is the strength of the component that is unpolarized within

a plane. In Ref. [59], the method of majorization, previously
used in quantum information, is applied to these measures to
establish a partial ordering on the polarization state spaces.

For the sake of completeness, in Fig. 3 we have plotted the
lines of constant degrees of polarization for P(3)

HS and the three
alternatives in (3.18), again as a function of n3 and n8. The
figure is so explicit that it does not deserve many additional
comments. What is really remarkable is how differently these
measures quantify the polarization at the apices of the triangle.

IV. CONCLUDING REMARKS

We have explored the use of a degree of polarization based
on the distance of a state to the set of its rotated counterparts.
Such a definition is closely related to other recent proposals
in different areas of quantum optics and is well behaved in
the classical domain, providing an operational approach that
can be extended from the 2D formalism (where it reproduces
the standard results) to the 3D case (where it gives a new
measure).
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The resulting degree is tightly linked to the notion of
distinguishability, which can be experimentally determined
as the visibility in a simple interference setup, which confirms
previous contentions along the same lines [60].

We hope that our analysis adds to and clarifies the
discussion on measures of higher-dimensional polarization in
the literature.
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APPENDIX: BASIC FACTS AND
PARAMETRIZATION OF SU(3)

The SU(3) algebra is usually presented in terms of a set of
Hermitian generators known as the Gell-Mann matrices [61],
)r (r = 1, . . . ,8). They obey the commutation relations

[)r ,)s] = 2ifrst)t , (A1)

where, above and in the following, the summation over
repeated indices applies. The structure constants frst are

elements of a completely antisymmetric tensor spelled out
explicitly in Ref. [53], whose notation we follow.

A particular feature of the generators of SU(3) in the
defining 3 × 3 matrix representation is closure under anticom-
mutation,

{)r ,)s} = 4
3δrs11 + 2drst)t , (A2)

where δrs is the Kronecker symbol and drst form a totally
symmetric tensor [61].

For the following, a vector-type notation is useful, based
on the structure constants. The f and d symbols allow us to
define both antisymmetric and symmetric products by

(A ∧ B)r = frstAsBt = −(B ∧ A)r ,
(A3)

(A ⋆ B)r =
√

3drstAsBt = +(B ⋆ A)r .

Given a density matrix ρ, we can expand it in terms of the
unit matrix 11 and the )r in the form

ρ = 1
3 (1 +

√
3n · "). (A4)

This is the equivalent to the Bloch ball for SU(3). For a pure
state, the analogous Bloch sphere is defined by the condition

n · n = 1, n ⋆ n = n. (A5)

Thus, each pure qutrit state corresponds to a unique unit
vector n ∈ S 7, the seven-dimensional unit sphere. In addition,
this vector must obey the condition n ⋆ n = n, which places
three additional constraints, thus reducing the number of real
parameters required to specify a pure state from seven to four.
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[13] P. Réfrégier and F. Goudail, J. Opt. Soc. Am. A 23, 671 (2006).
[14] M. R. Dennis, J. Opt. Soc. Am. A 24, 2065 (2007).
[15] C. J. R. Sheppard, J. Opt. Soc. Am. A 28, 2655 (2011).
[16] X.-F. Qian and J. H. Eberly, Opt. Lett. 36, 4110 (2011).
[17] J. J. Gil, Eur. Phys. J. Appl. Phys. 40 , 1 (2007).
[18] R. Barakat, J. Mod. Opt. 30 , 1171 (1983).
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We capitalize on a multipolar expansion of the polarization density matrix, in which multipoles appear
as successive moments of the Stokes variables. When all the multipoles up to a given order K vanish, we can
properly say that the state is Kth-order unpolarized, as it lacks of polarization information to that order. First-order
unpolarized states coincide with the corresponding classical ones, whereas unpolarized to any order tally with the
quantum notion of fully invariant states. In between these two extreme cases, there is a rich variety of situations
that are explored here. The existence of hidden polarization emerges in a natural way in this context.
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I. INTRODUCTION

Very often an involved physical concept can be better
understood in terms of its opposite. Polarization is a pertinent
example: perhaps the most sensible way to look at it is to
explore unpolarized states, as one can make sense of them
using exclusively invariance principles, a tool of paramount
importance in physics.

The constitution of unpolarized light was investigated
from the very beginning of modern optics. Indeed, al-
ready Stokes [1] and Verdet [2] offered a lucid charac-
terization of what they called “natural” light by using the
projections of the intensity onto the axes of a rotated
Cartesian coordinate system. Unpolarized states are those
that remain invariant under any rotation of that coordinate
system and under any phase shift between its rectangular
components.

In classical optics, the field components of unpolarized
light are well modeled by zero-mean, uncorrelated, stationary
Gaussian random process [3]. The previous invariance condi-
tions thus determine the entire probabilistic structure of the
projected intensities [4]. However, as the standard theory is
limited to first-order moments, unpolarized light is presented
as having zero-mean Stokes vector, which in geometrical terms
means that it is just the origin of the Poincaré sphere [5]. We
stress, though, that this is an incomplete characterization, for
it safely overlooks higher-order moments [6].

At the quantum level, the invariance requirement fixes once
and for all the structure of the density matrix, as first pointed
out in Refs. [7,8]: unpolarized states are maximally mixed in
each subspace with a given number of photons [9,10]. To put
it in another way, it specifies the probability distribution and,
as a result, all the moments of the Stokes variables.

Nowadays, there is a widespread belief that a thorough
appreciation of the subtle effects arising in the quantum
world requires a careful scrutiny of higher-order polarization
fluctuations. We have been advocating the use of a hierarchy
of correlation functions that take into account the successive
moments of the Stokes variables [11–13]. The most systematic
way to accomplish this is by expanding the density matrix in
multipoles [14].

The idea of unpolarized states can be directly translated
in this scenario: when all the multipoles up to a given order
(say K) vanish, the state lacks of polarization information up
to that order and hence will be called Kth-order unpolarized.
The classical picture matches the first-order theory, whereas
the quantum condition implies that all the multipoles are
identically null. Our goal here is to explore the terra incognita
between these two extreme cases. In this respect, we mention
that, as we shall see, this is closely related with the so-called
hidden polarization, introduced by Klychko [15,16].

Our paper is organized as follows: In Sec. II we concisely
sketch the fundamentals needed to grasp the polarization
hallmarks of quantum fields and introduce the multipoles. In
Sec. III we revisit unpolarized states from the viewpoint of
these multipoles, defining Kth unpolarized states. In Sec. IV
we apply the formalism to some illuminating examples and,
finally, our conclusions are briefly summarized in Sec. V.

II. POLARIZATION STRUCTURE OF QUANTUM FIELDS

A satisfactory description of the polarization structure of
quantum fields is of utmost significance for our purposes. This
is precisely the objective of this section.

A. Quantum polarization sector

Let us consider a monochromatic field specified by two
operators âH and âV , representing the complex amplitudes
in two linearly polarized orthogonal modes, we indicate as
horizontal (H ) and vertical (V ), respectively. The Stokes
operators are [17]

Ŝx = 1
2

(â†
H âV + â

†
V âH ), Ŝy = i

2
(âH â

†
V − â

†
H âV ),

Ŝz = 1
2

(â†
H âH − â

†
V âV ), (2.1)

together with the total photon number

N̂ = â
†
H âH + â

†
V âV . (2.2)

The superscript † stands for the Hermitian adjoint. In this
Schwinger representation [18], these operators differ by a
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factor 1/2 from the common Stokes parameters [5], but in
this way the components of the Stokes vector Ŝ = (Ŝx,Ŝy,Ŝz)
satisfy the commutation relations of the SU(2) algebra:

[Ŝx,Ŝy] = iŜz, (2.3)

and cyclic permutations (we use ! = 1 throughout).
The noncommutability of these operators precludes the

simultaneous sharp measurement of the corresponding quanti-
ties. Among other consequences, this implies that no field state
(apart from the two-mode vacuum) can have definite nonfluc-
tuating values of all the Stokes operators simultaneously. This
is quantified by the uncertainty relation

!2Ŝ = !2Ŝx + !2Ŝy + !2Ŝz ! 1
2 ⟨N̂⟩, (2.4)

where !2Ŝj = ⟨Ŝ2
j ⟩ − ⟨Ŝj ⟩2 are the variances. In this vein, one

can say that the electric vector of a monochromatic quantum
field never describes a definite ellipse.

Moreover, while the Stokes operators are all Hermitian,
the noncommutability makes mixed, nonsymmetric products
(such as ŜxŜy) non-Hermitian, also precluding their direct
measurement.

In classical optics, the total intensity is a well-defined
quantity and the Poincaré sphere appears then as a smooth
surface with radius equal to that intensity. In contradistinction,
in quantum optics we have

Ŝ2 = Ŝ2
x + Ŝ2

y + Ŝ2
z = S(S + 1)1̂, (2.5)

where S = N/2 plays the role of the spin (N being the
photon number). As fluctuations in N are unavoidable (leaving
aside photon-number states), we are forced to talk of a
three-dimensional Poincaré space (with axis Sx, Sy, and Sz)
that can be envisioned as a set of nested spheres with radii
proportional to the different photon numbers that contribute
significantly to the state.

We next make the important observation that

[N̂,Ŝ] = 0. (2.6)

This expresses in the quantum language the fact that polariza-
tion and intensity are separate concepts: the form of the ellipse
described by the electric field (polarization) does not depend
on its size (intensity).

This fact brings about remarkable simplifications. First, it
means that each subspace with a fixed number of photons must
be handled separately. Equivalently, in the previous onionlike
picture of the Poincaré space, each shell has to be addressed
independently. This can be emphasized if instead of the Fock
states {|nH ,nV ⟩}, which are an orthonormal basis of the Hilbert
space of these two-mode fields, we employ the relabeling

|S,m⟩ ≡ |nH = S + m,nV = S − m⟩, (2.7)

which can be seen as the common eigenstates of Ŝ2 and Ŝz. For
each fixed S, m runs from −S to S and these states span a (2S +
1)-dimensional invariant subspace, wherein the operators Ŝ act
in the standard form

Ŝ± |S,m⟩ =
√

S(S + 1) − m(m ± 1) |S,m ± 1⟩,
Ŝz |S,m⟩ = m|S,m⟩. (2.8)

Second, from (2.6) it follows that any function of the
Stokes operators f (Ŝ) commutes with N̂ . Therefore, the

matrix elements of the density matrix ϱ̂ (which describes
the state) connecting subspaces with different values of S do
not contribute to ⟨f (Ŝ)⟩. Put differently, the only accessible
polarization information from any state ϱ̂ is its block-diagonal
form

ϱ̂pol =
⊕

S

PS ϱ̂(S), (2.9)

where PS is the photon-number distribution (S = 0,1/2,1, . . .)
and PS ϱ̂(S) is the reduced density matrix in the subspace with
spin S. This ϱ̂pol has been termed the polarization sector [19]
or the polarization density matrix [20]. What matters for
our purposes is that any ϱ̂ and its associated ϱ̂pol cannot be
distinguished in polarization measurements and, accordingly,
we shall be using the block-diagonal form (2.9) and drop
henceforth the subscript pol.

B. Polarization multipoles

Instead of using directly the states {|S,m⟩}, it is more
convenient to expand each component ϱ̂(S) in (2.9) as

ϱ̂(S) =
2S∑

K=0

K∑

q=−K

ϱ
(S)
Kq T̂

(S)
Kq . (2.10)

The irreducible tensor operators T
(S)
Kq are [21]

T̂
(S)
Kq =

√
2K + 1
2S + 1

S∑

m,m′=−S

CSm′

Sm,Kq |S,m′⟩⟨S,m|, (2.11)

with CSm′

Sm,Kq being the Clebsch-Gordan coefficients that couple
a spin S and a spin K (0 " K " 2S) to a total spin S. These
tensors are an orthonormal basis

Tr
[
T̂

(S)
Kq T̂

(S ′) †
K ′q ′

]
= δSS ′δKK ′δqq ′ , (2.12)

and they have the right transformation properties: under a
rotation parametrized by the Euler angles (α,β,γ ), we have

R̂(α,β,γ ) T̂
(S)
Kq R̂†(α,β,γ ) =

∑

q ′

DS
q ′q(α,β,γ ) T̂

(S)
Kq ′ ,

(2.13)

where the DS
q ′q(α,β,γ ) stands for the matrix elements of the

rotation operator R̂(α,β,γ ) in the basis |S,m⟩ [21].
Although at first sight they might look a bit intimidating,

they are nothing but the multipoles used in atomic physics [14].
After some calculations, one can recast Eq. (2.11) as

T̂
(S)

00 = 1√
2S + 1

1̂,

T̂
(S)

10 =

√
3

(2S + 1)(S + 1)S
Ŝz, T̂

(S)
1∓1=

√
3

(2S + 1)(S + 1)S
Ŝ± ,

T̂
(S)

20 =
√

C

6

(
3Ŝ2

z − Ŝ2), T̂
(S)

2∓1 =
√

C

2
{Ŝz,Ŝ± }, T̂

(S)
1∓2 =

√
C

2
Ŝ2

± ,

(2.14)

where C = 30/[(2S + 3)(2S + 1)(2S − 1)(S + 1)] and {,} is
the anticommutator. In consequence, we conclude that T̂

(S)
Kq

can be related to the Kth power of the Stokes operators (2.1).
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The corresponding expansion coefficients

ϱ
(S)
Kq = Tr

[
ϱ̂(S) T̂

(S) †
Kq

]
(2.15)

are known as state multipoles. The hermiticity imposes the
symmetry condition

ϱ
(S)
K−q = (−1)q ϱ

(S)
Kq, (2.16)

and the positive semidefiniteness of ϱ̂(S) forces the bound

W (S)
K ≡

K∑

q=−K

∣∣ϱ(S)
Kq

∣∣2 " C
(S)
K , (2.17)

for every K > 1 and C
(S)
K a positive constant. The quantity

W (S)
K is just the strength of the Kth multipole in the state ϱ̂(S).
Finally, we turn to the important class of axially symmetric

states [14]. They are invariant under rotations about an axis that
we take as the z axis. Since DS

qq ′ (0,0,γ ) = exp(−iqγ )δqq ′ , this
implies

ϱ̂(S)
axsym =

2S∑

K=0

ϱ
(S)
K0 T̂

(S)
K0 . (2.18)

Thus, they are characterized exclusively by the multipole
components ϱK0. Any density operator that can be obtained
from ϱ̂axsym via an SU(2) transformation, represents as well an
axial symmetric state, as a rotation only change the direction
of the symmetry axis of the state.

Some axially symmetric systems are also invariant under
the reversal of the symmetry axis (i.e., z → −z). As this
corresponds to a rotation around the y axis by an angle π
and DS

qq ′ (0,π,0) = (−1)K+qδq −q ′ , we get from (2.13)

ϱ
(S)
K0 = (−1)Kϱ

(S)
K0, (2.19)

so only multipoles of even rank K contribute.

III. KTH-ORDER UNPOLARIZED STATES

From now on, we restrict ourselves to a single component
ϱ̂(S) (i.e., a fixed number of photons). This is by no means a
restriction, as the discussion can be extended in a natural way
to the complete polarization density matrix in (2.9).

The full polarization information is encoded in the complete
multipole distribution {W (S)

K }. However, for most of the states,
only a limited number of multipoles play a substantive role and
the rest of them have a small contribution. As a consequence,
gaining a good feeling of the corresponding behavior may be
tricky.

A way to bypass this disadvantage is to look at the
cumulative distribution

A(S)
K =

K∑

ℓ=1

W (S)
ℓ . (3.1)

Please, note carefully that the monopolar term has been
excluded, as it is trivially isotropic for all the states. The
quantity A(S)

K conveys whole information up to order K . We
know from probability that it has remarkable properties [22].

To get extra insights into this subject, let us focus, for the
time being, on the key example of SU(2) coherent states (also

known as spin or atomic coherent states), which can be written
down as the superposition [23,24]

|θ,φ⟩ =
S∑

m=−S

CSm(θ,φ) |S,m⟩, (3.2)

with coefficients

CSm(θ,φ)

=
(

2S
S + m

)1/2 (
sin

θ

2

)S+m (
cos

θ

2

)S−m

e−i(S+m)φ,

(3.3)

and θ and φ are the polar and azimuthal angles on the
sphere, respectively. If n is the unit vector in the direction
(θ,φ), the operator Ŝn = n · Ŝ is the observable measured
in polarization experiments [25]: coherent states can be
alternatively interpreted as eigenstates of Ŝn

Ŝn|θ,φ⟩ = S|θ,φ⟩, (3.4)

from which one can confirm that they saturate the uncertainty
relation (2.4) and so they are the minimum uncertainty states
in polarization optics.

For these states, one can immediately find

A(S)
K,SU(2) = 2S

2S + 1
− [+(2S + 1)]2

+(2S − K)+(2S + K + 2)
. (3.5)

As conjectured in Ref. [13], this is the maximal value attainable
for any K in each subspace S. This nicely corroborates
the amazing properties of SU(2) coherent states: they are
maximally polarized states to any order, as one would expect
from a pure state that corresponds as nearly as possible to a
classical spin vector pointing in a given direction.

This maximality property suggests at once a hierarchy of
degrees of polarization

P(S)
K =

√√√√ A(S)
K

A(S)
K,SU(2)

, (3.6)

which sort the relevant polarization information up to order
K (K = 1, . . . ,S). The experimental reconstruction reported
in Ref. [13] reveals that by performing a Stokes measurement
in 2K + 1 independent directions, one can actually determine
A(S)

K and hence all the degrees P(S)
K .

We will say that a state is Kth-order unpolarized when
P(S)

K = 0 (which obviously implies A(S)
K = 0; i.e., all the mul-

tipoles up to order K vanish) and we will denote these states
as ϱ̂

(S)
unpol,K . Note, though, that Kth-order unpolarized states do

carry polarization information when one looks at higher-order
moments. This is referred to as hidden polarization, according
to the terminology coined by Klyshko [15,16], albeit it
would be better to say that such states display higher-order
polarization [26].

In more physical terms, the condition of Kth-order un-
polarization amounts to imposing that the moments ⟨Ŝℓ

n⟩ are
independent of the direction n for ℓ = 1, . . . ,K (i.e., they are
isotropic). Therefore, all the moments up to order K do not
show any angular structure, whereas higher-order ones do.
Notice, in passing, that this is the logic beyond the recent
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proposal of anticoherent states [27]: such states point nowhere
(to a given order), and this is certainly one way to serve as the
opposite of a state that points, as much as possible, somewhere.
From this perspective, these unpolarized states are exhibits the
most nonclassical features [28,29].

For the particular case of the dipole (K = 1), Eq. (3.6)
reduces to

P(S)
1 =

√
⟨Ŝx⟩2 + ⟨Ŝy⟩2 + ⟨Ŝz⟩2

S
, (3.7)

which coincides with the standard definition [30]. First-order
unpolarized states verify P(S)

1 = 0, so ⟨Ŝ⟩ = 0. This goes to
the classical notion of random states, as it involves exclusively
first-order moments.

When the state is unpolarized to any order, only the
monopole contributes:

ϱ̂
(S)
unpol = 1

2S + 1
12S+1, (3.8)

so it is a random state within each invariant subspace. This
is the quantum definition, which demands that the whole
probability distribution to be SU(2) invariant [7,8]; that is,

[ϱ̂,Ŝ] = 0, (3.9)

wherefrom Eq. (3.8) follows [10]. The vacuum state is the
only pure state that is unpolarized according to this definition,
and unpolarized mixed states are maximally mixed in each
subspace S. Any two-mode thermal state is hence unpolarized.

IV. MENAGERIE OF UNPOLARIZED STATES

A. Single-photon unpolarized states

Single-photon states (S = 1/2) are fairly special: they can
only be first-order unpolarized. The multipole expansion of a
general single-photon state reads

ϱ̂(1/2) = ϱ
(1/2)
00 T̂

(1/2)
00 +

∑

q

ϱ
(1/2)
1q T̂

(1/2)
1q . (4.1)

Since the state has only dipolar component, quantum and
classical descriptions coincide. Positivity constraints the pos-
sible values of the dipole to the range 0 " A(1/2)

1 " 1/2. The
condition A1/2

1 = 0 fixes at once unpolarized states; viz,

ϱ
(1/2)
unpol,1 = 1

2

(
1 0
0 1

)
. (4.2)

These states are both classically and quantum unpolarized, but,
like all quantum objects, can only be considered as elements
of an ensemble [31].

B. Two-photon unpolarized states

For two-photon states, there are first-order (or classical)
and second-order (or quantum) unpolarized states. The general
condition for first-order unpolarization is

ϱ̂
(1)
unpol,1 = ϱ

(1)
00 T̂

(1)
00 +

∑

q

ϱ
(1)
2q T̂

(1)
2q , (4.3)

with the extra constraint of positivity.

The case of axially symmetric states deserves special
attention as they can always be diagonalized via SU(2)
rotations; viz, ρ̂(1)

assym = R̂(α,β,γ ) ϱ̂
(1)
d R̂†(α,β,γ ), with

ϱ̂
(1)
d =

⎛

⎝
λ1 0 0
0 λ2 0
0 0 λ3

⎞

⎠

= 1√
3
T̂

(1)
00 + λ1 − λ3√

2
T̂

(1)
10 + 1 − 3λ2√

6
T̂

(1)
20 . (4.4)

The state is first-order unpolarized when λ1 = λ3. Since
Tr(ϱ̂d) = 1, we can write

ϱ̂
(1)
unpol,1 =

⎛

⎝
λ 0 0
0 1 − 2λ 0
0 0 λ

⎞

⎠ , (4.5)

and positivity enforces 0 " λ " 1/2, i.e., 0 " A(1)
2 " 2/3.

Both the purity P (1) = Tr{[ϱ̂(1)
d ]2} and the second-order degree

P(1)
2 depend on λ

P (1) = 6λ2 − 4λ + 1, P(1)
2 =

√
(3λ − 1)2, (4.6)

while P(1)
1 = 0 as anticipated. This can be recast as

P(1)
2 =

√
[3P (1) − 1]/2. (4.7)

In Fig. 1 we have plotted P(1)
2 as a function of the purity.

The maximum degree P(1)
2 is attained for the pure states

∣∣.(1)
unpol,1

〉
= 1√

2
sin β[eiα|1,1⟩ − e−iα|1,−1⟩] + cos β|1,0⟩,

(4.8)

and they are the transformed of the state |1,0⟩ under SU(2)
rotations R̂(α,β,γ ). Incidentally, these states have served as
the thread to experimentally verify the existence of hidden
polarization [32,33]. They coincide with the anticoherent states
introduced in Ref. [27] and worked out using the Majorana
representation [34,35]. Unfortunately, their nice geometric
properties cannot be extended to mixed states (4.5).

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

2

FIG. 1. (Color online) Second-order degree of polarization as a
function of the purity, for the first-order unpolarized states (4.5).
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FIG. 2. (Color online) Q function for three-photon first-order
pure unpolarized states (4.13).

C. Three-photon unpolarized states

For three-photon states we have first- (classical), second-,
and third-order (quantum) unpolarized states.

The diagonalizable states can be brought to the form

ϱ̂
(3/2)
d =

⎛

⎜⎝

λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4

⎞

⎟⎠ = 1
2
T̂

(3/2)
00

−
(

2λ2 + 4λ3 + 6λ4 − 3

2
√

5

)
T̂

(3/2)
10

+
(

1
2

− λ2 − λ3

)
T̂

(3/2)
20

+
(−4λ2 + 2λ3 − 2λ4 + 1

2
√

5

)
T̂

(3/2)
30 . (4.9)

The condition for first-order unpolarization is

2λ2 + 4λ3 + 6λ4 − 3 = 0, (4.10)

and the dipole is absent. Now there are not axially symmetric
first-order unpolarized states, because when S is a half integer,
no state of the basis lacks first-order polarization.

The diagonal operator of a three-photon first-order unpo-
larized state reads

ϱ̂
(3/2)
unpol,1

=

⎛

⎜⎝

λ3 + 2λ4 − 1/2 0 0 0
0 −2λ3 − 3λ4 + 3/2 0 0
0 0 λ3 0
0 0 0 λ4

⎞

⎟⎠ ,

(4.11)

and positivity translates into 0 " λ3 + 2λ4 − 1/2 " 1 and
0 " −2λ3 − 3λ4 + 3/2 " 1, 0 " λ3,λ4 " 1. The purity P is

P = 1
4 + 5

4 (2λ3 + 2λ4 − 1)2 + (λ3 + 3λ4 − 1)2. (4.12)

with the bounds 1/4 " P " 5/8.
We remark that by using the Majorana representa-

tion mentioned above, one can check that the SU(2)

FIG. 3. (Color online) Q function for axially symmetric
three-photon second-order unpolarized states with maximal purity.
In the left, we represent the state 3/4|3/2,1/2⟩⟨3/2,1/2| +
1/4|3/2,−3/2⟩⟨3/2,−3/2|, while in the right the state
1/3|3/2,3/2⟩ ⟨3/2,3/2| + 1/2|3/2, −1/2⟩⟨3/2, −1/2| + 1/6|3/2,

−3/2⟩⟨3/2,−3/2| is plotted.

transformed of
∣∣.(3/2)

unpol,1

〉
= 1√

2
|3/2,−3/2⟩ + 1√

2
|3/2,3/2⟩, (4.13)

are first-order unpolarized, although they do not fall in the class
of states defined by (4.11). To better appreciate these states,
one can work out the SU(2) Q function, which is defined
as [36,37]

Q(S)(θ,φ) = ⟨θ,φ|ϱ̂(S)|θ,φ⟩, (4.14)

where |θ,φ⟩ are SU(2) coherent states. In Fig. 2 we plot this
Q function for the state (4.13).

To get a second-order unpolarized state, we need the
additional condition: λ3 + 3λ4 − 1 = 0 and, the diagonal form
for these states is

ϱ̂
(3/2)
unpol,2 =

⎛

⎜⎜⎝

1
2 − λ4 0 0 0

0 3λ4 − 1
2 0 0

0 0 1 − 3λ4 0
0 0 0 λ4

⎞

⎟⎟⎠ . (4.15)

The maximal purity of a second-order unpolarized axially
symmetric three-photon state is P = 7/18. In Fig. 3, we
represent the Q function for second-order unpolarized states
maximizing the purity.

V. CONCLUDING REMARKS

Multipolar expansions are a powerful machinery. We have
applied such an expansion to the polarization density matrix,
showing how the multipoles quantify higher-order fluctuations
in the Stokes variables. In this way, we have provided a
systematic characterization of unpolarized states as those
states whose multipoles up to a given order vanish.

The formalism can be extended to systems in which SU(2)
symmetry plays a crucial role (such as Bose-Einstein conden-
sates, spin chains, etc.) and to other unitary symmetries, such
as SU(3) (which is pivotal to understanding the polarization of
the near field).
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Rotated quadratures carry the phase-dependent information of the electromagnetic field, so they are somehow
conjugate to the photon number. We analyze this noncanonical pair, finding an exact uncertainty relation, as
well as a couple of weaker inequalities obtained by relaxing some restrictions of the problem. We also find the
intelligent states saturating that relation and complete their characterization by considering extra constraints on
the second-order moments of the variables involved. Using these moments, we construct performance measures
tailored to diagnose photon-added and Schrödinger-cat-like states, among others.
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I. INTRODUCTION

Leaving aside interpretational issues [1–3], the quantum
state is an essential ingredient of quantum theory: once it
is known, the probabilities of the outcomes of any possible
measurement may be predicted. Unfortunately, this elusive
object cannot be directly determined and must be inferred from
a suitable set of measurements, which constitutes the province
of quantum tomography [4]. Although this might superficially
appear to be a mere statistical estimation, the positivity of the
reconstructed state imposes stringent quantum constraints.

Indeed, these constraints endow the set of admissible states
with a rich geometry, the boundaries of which somehow
establish the realm of the quantum world. Delimiting these
borders is, in general, a difficult conundrum. One way to ease
these complications is to look at the problem using moments
of the relevant quantities, with the hope that only a few of
them will be important enough. As a simple yet illustrative
example of this, let us examine a single-mode quantum field,
which will serve as a thread in this work. The complex
amplitude â and the photon number n̂ = â†â for this system
must obey ⟨n̂⟩ ! |⟨â⟩|2, which can be readily obtained by
a simple application of the Cauchy-Schwarz inequality [5].
The extremal states (i.e., those saturating the inequality) turn
out to be coherent states. Hence, the difference between the
average photon number and the square of the absolute value
of the complex amplitude, which must be always positive, can
be taken, up to second order, as a reliable indicator of the
“quality” of a coherent state.

In classical signal processing, intensity and phase are the
basic magnitudes specifying the field. At the quantum level,
they translate into photon number and phase. However, the
definition of a bona fide phase operator is beset by difficulties
that have been the object of a heated debate [6–10]. Here, we
choose a surrogate approach that considers the phase properly
encoded in the field quadratures, as is routinely done in
the theory of quantum nondemolition measurements [11–13].
While photon number lies at the heart of the discrete-variable
quantum information, quadratures are the primary tool in
the continuous-variable domain. Photon number and quadra-
tures bridge these two complementary worlds in a natural
way.

Extremal states for these variables were investigated
some years ago, fueled by the search for noise minimum
states [14,15]. More recently, the quite similar question of
the uncertainty relation for the number and the annihilation
operator was addressed [16]. Our aim here is to push this
research further and explore how these extremal states can be
used for the diagnostics of nonclassicality.

The plan of this paper is as follows. In Sec. II we
revisit the uncertainty relations for photon number and
rotated quadratures, as well as loose approximations thereof.
Section III rounds off this discussion by looking at the extra
restrictions that quantum theory imposes on the second-
order moments of those variables and by looking at the
properties of intelligent states, which obey the equality in
the previous uncertainty relations. Based on those states, we
tailor performance measures especially germane to verify
photon-added and Schrödinger-cat-like states, among others.
Finally, our conclusions are summarized in Sec. IV.

II. UNCERTAINTY RELATIONS FOR PHOTON NUMBER
AND QUADRATURES

A. Tight uncertainty relations

The system we are interested in is a single-mode electro-
magnetic field, which can be formally deemed a harmonic
oscillator. Classically, it is characterized by a complex ampli-
tude that contains information about both the magnitude and
the phase of the field. In the quantum formalism, the mode
is specified by the action of annihilation (â) and creation
(â†) operators satisfying the basic bosonic commutation
relation [17]

[â,â†] = 1̂ . (2.1)

At optical frequencies, the common way of measuring the
field is with homodyne detection [18]. The readout in this
scheme involves moments of the rotated quadratures

x̂θ = 1√
2

(â e+iθ + â† e−iθ ) , p̂θ = 1√
2i

(âe+iθ − â†e−iθ ) ,

(2.2)
where θ is the phase of the local oscillator that can be externally
varied. The reader should be careful about comparing results
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on quadrature, as there are a variety of normalizations used in
the literature. Notice that p̂θ = −x̂θ+π/2 and that, for θ = 0,
they reduce to the canonical variables x̂ and p̂. They satisfy the
canonical commutation relation (in units ! = 1 throughout)

[x̂θ ,p̂θ ] = i1̂ . (2.3)

Since x̂2
θ + p̂2

θ = n̂ + 1̂/2, where n̂ = â†â is the number
operator, precise knowledge of the eigenvalue of n̂ restricts the
possible knowledge about the quadratures. This is quantified
by the commutation

[n̂,x̂θ ] = −ip̂θ , (2.4)

which, in turn, implies the uncertainty relation

V (n̂) V (x̂θ ) ! 1
4 |⟨p̂θ ⟩|2 . (2.5)

Here, V (Â) = ⟨Â2⟩ − ⟨Â⟩2 denotes the variance of Â, and
the angular brackets ⟨·⟩ mean averaging over the state of the
system (either pure or mixed).

Equation (2.5) is an exact relation but depends on the local
oscillator phase. Differentiation with respect to θ leads to the
extremal values λ± of V (x̂θ ); they can be written as [19]

λ2
± = C(â†,â) ± |V (â)| , (2.6)

where the (symmetrized) covariance is C(Â,B̂) =
⟨{Â,B̂}/2⟩ − ⟨Â⟩⟨B̂⟩. It is convenient to introduce the
quantity λ by

λ2(ϕ) = λ2
+ sin2 ϕ + λ2

− cos2 ϕ , (2.7)

with ϕ = arg[V (â)/2] − arg[⟨â⟩], in terms of which Eq. (2.5)
takes the form

V (n̂)
[
λ+λ−

λ(ϕ)

]2

! |⟨â⟩|2 . (2.8)

Apart from the invariant parameters λ±, this expression also
depends on the phase ϕ. However, this alternative presentation
will allow us in the following to devise remarkable simplifi-
cations. In addition, it is closely related to the customary ball-
and-stick representation of quantum states in phase space [20],
where the quadratures x̂ and p̂ are taken as coordinates. In
this picture, sketched in Fig. 1, the stick corresponds to the
average value of the field ⟨â⟩, and the ball corresponds to
the fluctuations around the mean value. We display this area
as a noise ellipse whose semiaxes are precisely the invariant
parameters λ±. In this way, λ±, which are eigenvalues of
the covariance matrix and related to the universal quantum
invariants [21], play a key role in picturing the noise properties
of the state [22,23]. The meaning of λ(ϕ) can be gathered at
once from Fig. 1.

As a final remark, we mention that inequality (2.8) formally
makes it possible to introduce a quantity like phase variance
V (φ̂), fulfilling a standard uncertainty relation with V (n̂),
namely,

V (φ̂) =
[
λ+λ−

λ(ϕ)

]2 1
|⟨â⟩|2

. (2.9)

Interestingly enough, an explicit calculation shows that this
variance of the putative operator φ̂ tallies with the small-
est possible phase resolution in the Shapiro-Wagner phase

x

p

ϕ

λ

+λ
λ−

FIG. 1. (Color online) Ball-and-stick diagram in phase space. ⟨a⟩
is the complex amplitude of the field, and λ± are the semiaxes of the
uncertainty ellipse. The variable λ(ϕ) has been defined in Eq. (2.7).

concept [24] if both quadrature operators are measured
simultaneously.

B. Relaxing the bounds

The tight uncertainty relation (2.5) and its equivalent (2.8)
convey complete information, but they provide phase-
dependent bounds. It might be interesting to work out weaker
inequalities, which are independent of the orientation of the
noise ellipse.

A first option stems from the trivial observation that,
according to (2.7), infϕ λ(ϕ) = λ−, so (2.8) can be relaxed to

V (n̂) λ2
+ ! |⟨â⟩|2 , (2.10)

or, using C(â†,â),

V (n̂) [C(â†,â) + |V (â)|] ! |⟨â⟩|2 . (2.11)

The second possibility comes from the estimate
[λ+λ−/λ(ϕ)]2 " λ2

+ + λ2
−. Now, we can write down

V (n̂) (λ2
+ + λ2

−) ! |⟨â⟩|2 , (2.12)

which, using again C(â†,â), reads as

V (n̂) C(â†,â) ! |⟨â⟩|2 . (2.13)

This coincides with the expression obtained in Ref. [16].
In spite of its simplicity, this inequality has a drawback: it
cannot be exactly saturated (but see the solution worked out in
Ref. [25]). This can be confirmed by noticing that Eq. (2.13)
is just the sum of

V (n̂) V (x̂) ! 1
4 |⟨p̂⟩|2 , V (n̂) V (p̂) ! 1

4 |⟨x̂⟩|2 (2.14)

since |⟨x̂⟩|2 + |⟨p̂⟩|2 = 2|⟨â⟩|2. But these two relations cannot
be saturated simultaneously [26,27], and as consequence,
Eq. (2.13) is not tight.

In Fig. 2 we have plotted both approximate inequali-
ties (2.11) and (2.13) in a three-dimensional space, with the
moments V (â), C(â†,â), and V (n̂) as axes. The region above
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0 5 100

5

10

FIG. 2. (Color online) Uncertainty relations (2.8) and (2.11) as
a function of the second-order moments of the variables involved.
The plane along the diagonal corresponds to the constraint (3.2). In
the right panel, we plot sections of the previous figure for several
values of |V (â)| [up to the value permitted by (3.3)]. The solid line
represents the bound (2.13), and the shaded region designates the
forbidden states.

these surfaces is the allowed states. We have also plotted
several two-dimensional sections for different values of |V (â)|.
It is evident that (2.11) is tighter than (2.13), which actually is
independent of |V (â)|.

In summary, the exact uncertainty relation (2.8) and its
two weaker approximations (2.10) and (2.13) fully specify
the complementary nature of photon number and quadratures.
They can be regarded as a sensible alternative to the more
controversial uncertainty relations for number-phase observ-
ables [28,29] and their entropic counterparts [30–32].

III. EXTREMAL STATES

A. Additional restrictions on the moments

The discussion thus far has capitalized on the variances as
the proper estimator of quantum uncertainties, as is generally
accepted. To have a complete grasp of the problem, we have to
assess also the constraints arising in the second-order moments
involved in the problem, as they are not independent.

As heralded in the Introduction, an appropriate tool to
delimit these moments is the generalized Cauchy-Schwarz
inequality, which can be jotted down as [14]

|⟨Â†B̂⟩|2 " ⟨Â†Â⟩ ⟨B̂†B̂⟩ . (3.1)

The equality occurs only for states where ⟨Â†Â⟩ = 0, ⟨B̂†B̂⟩ =
0, or (Â − irB̂) ρ̂ = 0 for some real scalar r and with ρ̂ being
the density operator of the state.

A first application of Eq. (3.1), with Â = â and B̂ = 1̂,
gives ⟨â†â⟩ ! ⟨â†⟩⟨â⟩. As a result, from its very definition,
the covariance fulfills

C(â†,â) ! 1
2 , (3.2)

which is saturated by the coherent states. Repeating the same
procedure, but now with Â† = B̂ = â − ⟨â⟩, we get

|V (â)|2 " C(â†,â)
2 − 1

4 . (3.3)

FIG. 3. (Color online) Three-dimensional subspace of all the
possible second-order moments for a fixed value of ⟨â⟩, ranged by
the red hyperboloid. The blue cone is the boundary for moments
representing squeezed light. On the right, we present a section of that
plot; the red (light gray) shaded region represents the forbidden states,
while the blue (dark gray) shaded one gives the squeezed states.

This condition is equivalent to requiring λ2
+λ2

− ! 1/4, which
has a direct physical interpretation in the ball-and-stick
diagram analyzed before: for any physical state, the uncertainty
area (in quadrature units) must be greater than or equal
to 1/4. For coherent states the noise is equally distributed
in both quadratures, λ2

− = λ2
+ = 1/2, so they are depicted

by a minimal circle. In squeezed states, the fluctuations in
one quadrature are reduced below the value 1/2, at the
expense of the corresponding increased fluctuations in the
other quadrature, such that they preserve the minimum area.
Consequently, (3.3) is saturated by squeezed states.

In this regard, the condition of squeezing is just λ2
− " 1/2,

which translates into

|V (â)| ! C(â†,â) − 1/2 , (3.4)

which completes (3.3).
Inequalities (3.3) and (3.4) can be represented in a very

appealing way if we plot C(â†,â) as a function of the real and
imaginary parts of V (â), as done in Fig. 3. In these variables,
the equality in (3.3) defines a hyperboloid with the vertex in the
point (0,0,1/2), and all the moments about that hyperboloid
are then possible. On the other hand, (3.4) defines a cone with
the vertex in the same point (0,0,1/2): all points below the
cone are squeezed.

Finally, we use once more Eq. (3.1), with Â = â2 and B̂ =
1̂, to get ⟨â†2â2⟩ ! ⟨â†2⟩⟨â2⟩. Assuming further the condition
of zero complex amplitude, ⟨â⟩ = 0, we have

C(â†2,â2) ! 2⟨â†â⟩ + 1 , (3.5)

which is saturated by the states spanned on the Hilbert
subspace of the superposition of coherent states |±α⟩, a general
solution of the eigenvalue problem a2|ψ⟩ = α2|ψ⟩.

B. Intelligent states

We have been using the term extremal to loosely refer to
those states for which the inequalities analyzed so far hold as
equalities.

If the lower bound in an uncertainty relation is state
dependent, states satisfying the equality in the uncertainty
relation need not give a minimum in the uncertainty product.
This is the case with our fundamental relation (2.4), so
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it requires a distinction between intelligent states [33] and
minimum uncertainty product states [34].

The intelligent states are solutions of the non-Hermitian
eigenvalue problem [35]

(n̂ − ir x̂θ )|)r⟩ = *|)r⟩ , r ∈ R , (3.6)

where * is the eigenvalue. Although the solution to this
equation has already been discussed in Ref. [15], we provide
here a simplified alternative derivation. By introducing the
complex parameter α = −ir/

√
2 exp(−iθ ), where θ is the

phase of the quadrature x̂θ , (3.6) reads

(â† + α∗)(â − α)|)α⟩ = (* − |α|2)|)α⟩ . (3.7)

Since [â − α,(â† + α∗)M ] = M(â† + α∗)M−1 for every inte-
ger M , one quickly guesses that the intelligent states we are
looking for are

|)α⟩ = N (a† + α∗)M |α⟩ , (3.8)

where N is a normalization constant and |α⟩ is a coherent
state. We can also expand this expression in the Fock basis:
using the generating function of the generalized Laguerre
polynomials La

m(x) [36],

(1 + t)Me−xt =
∞∑

n=0

tn

+(1 + M)
LM−n

n (x) , (3.9)

we get

|)α⟩ = N exp(−|α|2/2)
∞∑

n=0

√
n!

M!
(α)∗M−nLM−n

n (−|α|2) |n⟩ .

(3.10)
These states were found in a different context by Yuen [37],
who called them near-photon-number eigenstates. They are
also called crescent states [38] because the contours of
their Wigner function are sheared due typically to a Kerr
nonlinearity [39,40]. It is worth stressing the close similarity
of these states, written as in Eq. (3.10), with the expansion
for Fock-displaced states [41], although their arguments differ
in the sign, which introduces remarkable differences in the
photon-number distribution.

For weak fields |α| ≪ 1, the crescent states reduce to the
so-called M-photon-added coherent states [42]

|)α⟩ ≃N âM†|α⟩ , (3.11)

while in the strong-field limit |α| ≫ 1 they can be well
approximated by the superposition of coherent and single-
photon-added coherent states

|)α⟩ ≃N (|α⟩ + γ â†|α⟩) , (3.12)

with γ = M/α∗. For this particular case, we get

⟨â⟩ = α + N (γ + |γ |2α) ,
(3.13)

⟨n̂⟩ = 1 + |α|2 + N (|γ |2|α|2 − 1) ,

and the normalization constant is N −1 = 1 + γ ∗α + γα∗ +
|γ |2(1 + |α|2). The second-order moments can be analytically
computed, although the expression is a bit involved and of
no interest for our purposes here. In Fig. 4 we have plotted
V (n̂) versus C(â†,â), as we did in Fig. 2, for these states with
varying values of γ . For comparison, we have included also

0 1 2
0

5

10

FIG. 4. (Color online) Same plot as in the right panel of Fig. 2.
The solid line indicates the weak bound (2.13), while the crosses
represent the approximate intelligent states (3.12) for several values
of γ .

the bound imposed by the weak uncertainty relation (2.13). As
we can appreciate, the intelligent states are always very close
to that bound.

The final idea we wish to stress is that all these extremal
states can be used as powerful tools to pinpoint important
classes of states. Let us look at the crescent states (or the
approximation of M-photon-added coherent states treated be-
fore). Since they are intelligent states for (2.4), the coefficient

G1 := V (n̂)
|⟨â⟩|2

[
λ+λ−

λ(ϕ)

]2

! 1 (3.14)

quantifies how far a given state is from being intelligent.
Inequality (2.8) becomes trivial in the case of zero am-

plitude. In that case, however, inequality (3.5) provides a
saturable bound. As discussed before, the extremal states
are given by the linear superposition of coherent states
|±α⟩, including Schrödinger-cat-like states |α⟩ + |−α⟩. The
performance measure suitable to check these states is

G2 := C(â†2,â2)
2⟨n̂⟩ + 1

=
V (n̂) + 4(λ2

+ − 1/2)(λ2
− + 1/2)

⟨n̂⟩
! 1 ,

(3.15)
which again provides a robust and simple alternative to more
sophisticated methods. It is obvious that equivalent measures
can be employed for the other extremal states explored here.

Although the inequalities reported above are fairly simple,
they have interesting and not-yet-recognized consequences
for quantum information processing. Actually, photon-added
and catlike states are archetypes of non-Gaussian nonclassical
feasible states [43,44]. Homodyne detection has been the only
tool employed thus far to certify these states. However, the
dimension of the reconstruction subspace predetermines the
accuracy of the result.

The inequalities for G1 and G2 offer an intriguing alter-
native free from any assumptions of this kind: measuring
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the lower-order moments suffices to quantify how far the
experimental data are from the ideal prediction. We emphasize
that this really makes sense from an experimental viewpoint
and concurs with previous achievements in quantum optics:
photon-number states were characterized by sub-Poissonian
noise, and squeezed states were characterized by quadrature-
noise reduction.

The proposed benchmarking for photon-added and catlike
states is more demanding, for it requires the control of both
photon number and quadrature variances. It is probably not by
chance that all interesting and feasible quantum states are in
some sense extremal.

Finally, we mention that a complete test along these lines
would require addressing all the moments [45], which is much
more demanding than our simple procedure.

IV. CONCLUDING REMARKS

In short, we have formulated a tight uncertainty relation
for photon number and rotated quadratures, which can be

considered a sensible and timely approach to the canonical pair
number phase. We have also constructed intelligent states for
this uncertainty relation, retrieving the well-known crescent
states. This saturable inequality, along with some other
obtained from a systematic application of the Cauchy-Schwarz
inequalities to all the second-order moments of the variables
involved, can serve as a handy toolbox for nonclassical state
diagnosis, an alternative to the more onerous and laborious
quantum tomography.
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Abstract
We discuss the polarization of paraxial and nonparaxial classical light fields by resorting to a
multipole expansion of the corresponding polarization matrix. It turns out that only a dipolar
term contributes when one considers SU(2) (paraxial) or SU(3) (nonparaxial) as fundamental
symmetries. In this latter case, one can alternatively expand in SU(2) multipoles, and then both a
dipolar and a quadrupolar component contribute, which explains the richer structure of this
nonparaxial instance. These multipoles uniquely determine Wigner functions, in terms of which
we examine some intriguing hallmarks arising in this classical scenario.
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1. Introduction

The standard theory of polarization optics deals with paraxial
fields with a well-defined direction of propagation and thus a
specific transverse plane. Such beamlike fields are described
by two orthogonal electric field components and, conse-
quently, their polarization is characterized by a 2 × 2 corre-
lation matrix, usually called the polarization matrix (Mandel
and Wolf 1995). When we expand this matrix onto the Pauli
basis, the corresponding coefficients are nothing but the time
honored Stokes parameters. They determine a locus on the
Poincaré sphere, wherein the state of polarization is elegantly
visualized; actually, the degree of paraxial polarization can be
seen as the length of the Stokes vector.

The necessity of addressing new issues, such as highly
nonparaxial fields (Ash and Nicholls 1972), narrow-band
imaging systems (Pohl et al 1984), and the recognition of
associated propagation questions (Petruccelli et al 2010), has

fuelled interest in extending this two-dimensional (2D)
approach to fully three-dimensional (3D) field distributions,
where, in general, there is no well-defined propagation
direction, and the Hermitian coherence matrix is 3 × 3
(Roman 1959, Brosseau 1998). However, when discussing
the corresponding degree of polarization, some discrepancies
occur (Samson 1973, Barakat 1977, Setälä et al 2002, Kor-
otkova and Wolf 2004, Ellis et al 2005, Luis 2005, Den-
nis 2007, Moya-Cessa et al 2008, Sheppard 2011), mainly
because notions that are equivalent in a 2D world lead to
different definitions when extended to the 3D domain.

In this paper, we look at this problem from the per-
spective of a multipolar expansion that has been successfully
employed in quantum optics (de la Hoz et al 2013, 2014,
Sánchez-Soto et al 2013). For the 2D case, SU(2) is the
natural symmetry group of the problem and the corresponding
expansion of the polarization matrix contains only a dipolar
term. The 3D polarization can be treated in quite a similar
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way by taking now SU(3) as the symmetry group; again, only
the SU(3) dipole contributes. Yet we can also expand the
3 × 3 polarization matrix in SU(2) tensors, getting an SU(2)
dipole and a quadrupole. We discuss the role of these mul-
tipoles and construct Wigner functions that can be very useful
in appreciating the substantial differences between paraxial
and nonparaxial polarization.

2. 2D polarization

2.1. SU(2) polarization structure

We briefly review here the ingredients we shall need later for
a proper understanding of the 3D polarization. We consider a
monochromatic beam propagating in the z direction. The
electric field can be resolved in the transverse plane in terms
of horizontal (x) and vertical (y) components, which are taken
to be a probabilistic ensemble given by Ex and Ey. The cor-
responding 2 × 2 (equal-time) polarization matrix (also called
the coherence matrix) is defined as (Mandel and Wolf 1995)

E E E E

E E E E
C . (2.1)

x x x y

y x y y

* *

* *

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟=

Here, the brackets denote ensemble averaging over different
realizations. The diagonal elements of the Hermitian matrix C
represent the energy distribution between the two components
of the field: I E E CTr ( )x y

2 2= 〈∣ ∣ 〉 + 〈∣ ∣ 〉 = , where Tr is the
trace of the matrix. Without loss of generality, we henceforth
normalize this intensity to unity. On the other hand, the off-
diagonal elements describe the correlations between the field
components.

Sometimes, the polarization matrix is interpreted as a
classical counterpart of the density operator. Nonetheless, we
emphasize that while the latter carries complete information
of a quantum system, the former specifies only first-order
classical correlations.

Polarization transformations are generated by wave
plates and represented by 2 × 2 unitary matrices of SU(2)
(Simon and Mukunda 1989)

R R( , , )

e cos ( 2) e sin ( 2)

e sin ( 2) e cos ( 2)
, (2.2)

g

i( ) 2 i( ) 2

i( ) 2 i( ) 2

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

α β γ
β β
β β

≡

= −α γ α γ

α γ α γ

− + − −

+ − + +

where ( , , )α β γ denote the Euler angles. The action of these
transformations on the polarization matrix is via conjugation

C R C R . (2.3)g g g
†=

This symmetry seems to call for an SU(2)-covariant
formulation of the problem. To this end, we recall that any
matrix O acting in the S(2 1)+ -dimensional Hilbert space

,S which carries the irreducible representation (irrep) with

spin S of SU(2), can be expanded as

O TO ˆ . (2.4)S

K

S

q K

K

Kq
S

Kq
S( )

0

2
( ) ( )∑ ∑=

= =−

Here, the irreducible tensor (or multipole) operators T̂Kq
S( )

constitute an orthonormal basis

T TTr ˆ ˆ , (2.5)Kq
S

K q
S

SS KK qq
( ) ( ) †⎡

⎣⎢
⎤
⎦⎥ δ δ δ=′ ′

′
′ ′ ′

and have the right transformation properties under SU(2)

T D TR R( , , ) ˆ ( , , ) ( , , ) ˆ , (2.6)Kq
S

q
q q
S

Kq
S( ) † ( )∑α β γ α β γ α β γ=

′
′ ′

where D ( , , )q q
S α β γ′ stands for the Wigner D-function

(Varshalovich et al 1988). The reader is referred to the
abundant literature (Fano and Racah 1963, Blum 1981,
Varshalovich et al 1988) to learn more about the amazing
properties of these tensors. The point we wish to stress for our
purposes here is that T̂Kq

S( )
is expressible as the Kth power of

the SU(2) generators.
The corresponding expansion coefficients

O TOTr ˆ (2.7)Kq
S S

Kq
S( ) ( ) ( ) †⎡⎣ ⎤⎦=

are known as state multipoles. The hermiticity imposes the
symmetry condition

O O( 1) . (2.8)K q
S q

Kq
S( ) ( )= −−

For the case at hand in (2.1), we are dealing with the
fundamental irrep of spin S 1 2= . Accordingly, the expan-
sion (2.4) reduces to (we drop the superscript 1/2 henceforth,
as there is no risk of confusion)

C T C TC ˆ ˆ , (2.9)
q

q q00 00

1

1

1 1∑= +
=−

+

and one can check that

T Tˆ 1
2

, ˆ 1
2

, (2.10)q q00 2 1 σ= =�

where 2� is the identity matrix and q 0, 1= ± runs over the
spherical basis. The unit vectors in that basis ( , , , )1 0 1e e e− +
are related to the Cartesian ones e e e( , , )1 2 3 by

( )e e e
1
2

i , , (2.11)1 1 2 0 3e e= ∓ ± =±

and ( , , )1 2 3σ σ σ is the standard Pauli basis.
Obviously, C 1 200 = and the physical relevant infor-

mation comes from the dipole C1q. In fact,

( )n C qC2 Tr , 0, 1, (2.12)q q q1 σ≡ = = ±

are nothing but the components of the Stokes vector, which in
Cartesian coordinates n n nn ( , , )1 2 3= provides geometric
information about the polarization ellipse: n1 and n3 carry
information about the alignment of the ellipse axes, while n2π
gives the ellipse area, signed according to polarization
handedness.

2

Phys. Scr. 90 (2015) 074030 P de la Hoz et al



With this notation, (2.9) can be recast as

n n n
n n n

C
1
2

1 i
i 1

. (2.13)3 1 2

1 2 3

⎛
⎝⎜

⎞
⎠⎟= + −

+ −

so that for each polarization matrix C we have a natural map
onto a dipole n n nC n ( , , )1 2 3↦ = . This is consistent with
the fact that at the classical level only first-order moments of
the Stokes variables are taken into consideration.

The length of n will be denoted as

n n nn , (2.14)(2)
1
2

2
2

3
2= = + +3

and is the conventional degree of polarization for classical 2D
fields. If the relation between the Ex and Ey is completely
deterministic, the field is fully polarized. For such a pure state
(borrowing the terminology from quantum optics), the
polarization matrix is idempotent, i.e.,

C C , (2.15)pol
2

pol=

and we get 1pol
(2) =3 . On the other hand, if the components of

the field are fully uncorrelated, the off-diagonal elements are
zero. If, in addition, the energy is distributed evenly between
the x and y components,

C
1
2

, (2.16)unpol 2= �

and we have 0unpol
(2) =3 .

Note that the SU(2) polarization transformations (2.3)
induce rotations on the Stokes vector n, as confirmed by the
well-known relation between SU(2) and the group of rotations
SO(3) (Cornwell 1997). Therefore, (2)3 is clearly unchanged
by these transformations.

Finally, we stress that for quantum fields with N photons,
the spin of the associated irrep is S N 2= , so classical
polarization is formally identical with single-photon quantum
polarization, which, in turn, is the prototype of a qubit.

2.2. Wigner function on the Poincaré sphere

In signal processing, the Wigner representation yields a
description displaying both the time and frequency features,
which are related via the Fourier transform. This arises
naturally in music, for instance, where a signal is usually
described not by a time function nor by the Fourier transform
of that function, but by its musical score (i.e., a prescription of
the frequencies of the tones that should be present at a certain
moment). It arises also in mechanics, where the position and
the momentum of a particle are given simultaneously, leading
to a simple interpretation in phase space.

Although originally introduced to represent quantum
mechanical phenomena in phase space (Wigner 1932), the
Wigner distribution function was established in optics (Wal-
ther 1968) to relate partial coherence with radiometry. Since
then, a great number of applications of this function have
been reported (Dragoman 1997, Mecklenbraüker and Hla-
watsch 1997, Galleani and Cohen 2002, Bastiaans 2009,
Alonso 2011).

With regard to polarization, the SU(2) symmetry dis-
cussed earlier allows us to take advantage of the pioneering
papers by Stratonovich (1956) and Berezin (1975), who
worked out bona fideWigner distributions on the sphere. This
construction was later generalized by others (Agarwal 1981,
Brif and Mann 1998, Heiss and Weigert 2000, Klimov and
Chumakov 2000, Klimov and Romero 2008) and has proved
to be very useful in visualizing properties of spinlike systems
(Dowling et al 1994, Chumakov et al 1999, Klimov 2002).

The Wigner function associated to the operator O S( ) is
uniquely defined as (Dowling et al 1994)

W O Y( , ) ( , ), (2.17)S

K

S

q K

K

Kq
S

KqO
( )

0

2
( )∑ ∑θ ϕ θ ϕ=

= =−

where Y ( , )Kq θ ϕ are the standard spherical harmonics. In
quantum optics, O is most often taken as the density operator.
One can check that, in this way, the function W ( , )S

O
( ) θ ϕ

satisfies all the pertinent requirements. We have the normal-
ization

S
WOTr

2 1
4

( , ) d , (2.18)S S
O

( ) ( )

2

⎡⎣ ⎤⎦ ∫π θ ϕ Ω= +

where d sin d dΩ θ θ ϕ= is the invariant measure on the unit
sphere 2 .

Besides, W ( , )S
O
( ) θ ϕ is covariant under rotations, which

means that for a rotated operator O R O Rg
S

g
S

g
( ) ( ) †= one has

( )W W R( ) , (2.19)S S
gO O

( ) ( ) 1
g

Ω Ω= −

where ( , )Ω θ ϕ= parametrizes the points in 2 . The Wigner
function of the rotated state follows thus the rotation rigidly
without deformation, reflecting the fact that physics should
not depend on the orientation of the reference frame.

For the classical polarization matrix C, the associated
Wigner function reads (we also omit the superscript 1/2)

W Y n Y( , )
1
2

( , ) . (2.20)
q

q qn 00

1

1

1

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥∑θ ϕ θ ϕ= +

=−

+

In figure 1 we plot this Wigner function for a fully polarized
field with n (0, 0, 1)= . The covariance under rotations
guarantees that this is indeed the form (apart from trivial
rotations) for any other polarized state.

In the opposite instance of unpolarized states only the
monopole term contribute: the resulting Wigner function is
just an isotropic sphere. Partially polarized states smoothly
interpolate In between these two limiting cases.

As we can appreciate, the Wigner distribution is not a
delta-like function, as one would expect from the accepted
practice of picturing the state by the point determined by n.
This would be compatible with the assumption that classi-
cally, since there are no fluctuations, the polarization direction
can be measured in a single-shot measurement. Instead, the
Wigner function has some width because if one measures a
classically polarized state in a rotated Stokes basis, then one
will only detect part of the intensity. This means that the
detected fraction of the polarization correspond to the overlap

3
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of the Wigner function for the state and the corresponding one
for the detection direction on the Poincaré sphere. In fact, if
we denote by Wn and Wn′ these two Wigner functions, then

W W( , ) ( , ) d cos
2

, (2.21)n n
2⎜ ⎟⎛
⎝

⎞
⎠∫ θ ϕ θ ϕ Ω χ=′

where n n· cos χ′ = is the angle between the two vectors.
This is just another way to look at the Malus law from a
phase-space perspective (Wódkiewicz 1995).

3. 3D polarization

3.1. SU(3) polarization structure

Next, we loosen the restriction of planar geometry and
examine the behavior of electric fields having three non-
vanishing components, in directions we denote as x, y, and z,
respectively. Now, the vibrations of the field are no longer
constrained to a plane and the polarization must be described
by a 3 × 3 matrix

C

E E E E E E

E E E E E E

E E E E E E

. (3.1)

x x x y x z

y x y y y z

z x z y z z

* * *

* * *

* * *

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
=

Once more, we normalize the total intensity
I E E E CTr ( )x y z

2 2 2= 〈∣ ∣ 〉 + 〈∣ ∣ 〉 + 〈∣ ∣ 〉 = , to unity. If all of
the components are completely uncorrelated (and their
energies are equal) the field is unpolarized and its direction
is random. If one of the components has less energy than the
other two, the vibrations are less random and, consequently,
the field is more polarized than in the equal-energy case. Any
field having only two non-vanishing components is thus never
unpolarized in the 3D sense, regardless of the correlations
between the components. Hence, a planar field, which is
commonly called unpolarized in 2D, is not fully unpolarized
but partially polarized in a 3D description.

As in 2D, the field is called fully polarized if all of the
field components are completely correlated. Hence, in con-
trast to an unpolarized field, a planar field that is fully

polarized is always fully polarized also in the 3D sense. One
of the most remarkable differences between 2D and 3D is that
the 3 × 3 polarization matrix cannot be generally expressed as
a sum of unpolarized and fully polarized parts (Ellis
et al 2005).

The 3D polarization transformations are represented by
3 × 3 matrices of SU(3), which we write as (Rowe et al 1999)

( ) ( )
( )

R R T T

T

( ) , , , ,

, , ( , ), (3.2)

g g 23 1 1 1 12 2 2 2

23 3 3 3 1 2Φ
ω α β α α β α

α β α γ γ
= ≡ − −

× −

where ω is an octuple of Euler-like angles
( , , , , , , , )1 1 2 2 3 3 1 2ω α β α β α β γ γ= and the set T{ }ij comprises

SU(2) subgroup matrices

T
1 0 0
0 e cos ( 2) e sin ( 2)

0 e sin ( 2) e cos ( 2)

, (3.3)23
i( ) 2 i( ) 2

i( ) 2 i( ) 2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟β β

β β
= −α γ α γ

α γ α γ

− + − −

+ − + +

or

T
e cos ( 2) e sin ( 2) 0

e sin ( 2) e cos ( 2) 0
0 0 1

, (3.4)12

i( ) 2 i( ) 2

i( ) 2 i( ) 2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

β β
β β=

−α γ α γ

α γ α γ

− + − −

+ − + +

depending on the values of ij( ). Also,

( )( ) ( )( , ) diag e , e , e . (3.5)1 2
2i i 2 i 21 1 2 1 2Φ γ γ = γ γ γ γ γ− − +

Equation (3.2) factorizes then into SU(2) submatrices, with
parameters defined by the corresponding Euler angles.

The action of these transformations on C is via con-
jugation, as in (2.3), and induces rotations of the vector n.
However, one word of caution seems pertinent here: there is
no obvious physical interpretation via optical elements of SU
(3) transformations, as now the plane waves averaging to the
3 × 3 polarization matrix do not share a common propagation
direction, in general. Any physical device represented by a
SU(3) transformation should be insensitive to the propagation
directions of the separate members of the ensemble
(Dennis 2004).

After our discussion in section 2, one might be tempted
to look for an expansion of C in SU(3) irreducible tensors.
The corresponding formalism is now much more involved
than for SU(2), and we refer the reader to (Banyai et al 1966)
for a full account. Without going into inessential details, such
an expansion reads

C ˆ ˆ , (3.6)00 00

1

8

1 1   ∑= +
ν

ν ν
=

where the relevant SU(3) tensors are

ˆ 1
3

, ˆ 1
2

, (3.7)00 3 1  λ= =ν ν�

and { }λν (the ν index running from 1 to 8) are the Gell-Mann
matrices, whose properties are discussed in detail e.g., in
(Cornwell 1997).

Figure 1. Density plot over the unit sphere (the scale is indicated on
the left) of the Wigner distribution for a 2D polarization state with
n (0, 0, 1)= .
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Therefore, 1 300 = and the SU(3) dipole is 1 ν.
Actually, if we define

( )n C3
3

2
Tr , (3.8)1 λ≡ =ν ν ν

then we have

( )
( ) ( )

( ) ( )
( ) ( )

C

n n n n n n

n n n n n n

n n n n n

n
1
3

3 ·
1
3

1 3 3 i 3 i

3 i 1 3 3 i

3 i 3 i 1 2

. (3.9)

3

3 8 1 2 4 5

1 2 3 8 6 7

4 5 6 7 8

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

λ= + =

×
+ + − −

+ − + −
+ + −

�

This is the SU(3)-equivalent version of (2.13). Consequently,
the SU(3) symmetry gives a natural degree of polarization as

nn , (3.10)(3)

1

8
2∑= =

ν
ν

=
3

i.e., again the length of the Stokes vector, which is readily
shown to verify 0 1(3)⩽ ⩽3 .

3.2. Picturing multipoles on the Poincaré sphere

Although the previous SU(3) approach is mathematically
correct, it is not clear physically what (3)3 represents. Unlike
in 2D, where the Stokes vector represents the complete state
of polarization and can be easily visualized, the generalized
Stokes vector is eight-dimensional and the geometrical space
supporting this vector is not intuitive at all.

To proceed further, we note that the 3 × 3 matrix C acts
also in the carrier space of the irrep S = 1 of SU(2). In con-
sequence, we can alternatively expand C following the gen-
eral prescription (2.4). Omitting for simplicity the superscript
1, we get

C T T Tˆ ˆ ˆ , (3.11)
q

q q

q

q q00 00

1

1

1 1

2

2

2 2  ∑ ∑= + +
=−

+

=−

+

where now the SU(2) tensors are (Varshalovich et al 1988)

T

T S q

T C S S q

ˆ 1
3

,

ˆ 1
2

, 0, 1,

ˆ , 0, 1, 2. (3.12)

q q

q

r r
r r
q

r r

00 3

1

2

, 1

1

1 ,1
2∑

=

= = ±

= = ± ±
′=−

+

′ ′

�

Here, C r r
q

1 ,1
2

′ is the corresponding Clebsch–Gordan coefficient
and Sq stands for the spherical components of the su(2) sub
algebra generated by S ( , , )2 5 7λ λ λ= − .

The resulting multipoles can be expressed as

( )
( )

D CT

Q CT

1 3 ,

3 3 Tr ˆ ,

3 Tr ˆ . (3.13)

q q q

q q q

00

1 1

2 2






=
≡ =
≡ =

As a consequence, this leads naturally to an SU(2) Wigner
function:

W Y D Y

Q Y

( , )
1
3

( , )

( , ) . (3.14)

q

q q

q

q q

00

1

1

1

2

2

2

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

∑

∑

θ ϕ θ ϕ

θ ϕ

= +

+

=−

+

=−

+

What it is remarkable is that, in this way, we can picture
the 3D polarization state in the sphere 2 associated to
SU(2). In figure 2 we have plotted this Wigner function
for the state with eight-dimensional Stokes vector
n (0, 0, 3 2, 0, 0, 0, 0, 1 2)= , which is 3D fully polar-
ized, as 1(3) =3 . However, this state has D (0, 0, 1 2)= , so
is not SU(2) polarized and presents a quadrupole contribution
along the z axis. Note that the different multipolar contribu-
tions can be plotted separately, as in the figure. Unpolarized
states have only monopole contribution, so their Wigner
function is isotropic.

To investigate this point, we recall that it is conventional
to use a quadrupolar tensor, with Cartesian components

Q S S S S i kˆ 1
2

4
3

, , {1, 2, 3},(3.15)ik i k k i jk⎜ ⎟⎛
⎝

⎞
⎠δ= + − ∈

which are related with T̂ q2 in the form

( )
( )

T Q Q Q

T Q Q

T Q

ˆ 1
2

ˆ ˆ 2i ˆ ,

ˆ ˆ i ˆ ,

ˆ 3
2

ˆ . (3.16)

2 2 11 22 12

2 1 13 23

20 33

= − ±

= ∓ ±

=

±

±

In this case, the nondiagonal elements of this symmetric
tensor are Q̂12 6λ= , Q̂13 1λ= and Q̂23 4λ= , whereas the
diagonal ones can be expressed as

Q Q Q Q Qˆ ˆ 2 , 2 ˆ ˆ ˆ 2 3 , (3.17)11 22 3 23 11 33 8λ λ− = − − =

where ( , )3 8λ λ is just the Cartan subalgebra (Rowe
et al 1989).

The decomposition in terms of SU(2) multipoles is
known as the irreducible embedding of SU(2) in SU(3) and
has been widely employed in nuclear physics (Dalitz 1952,
Ward 1982). In optics, this was first noticed by (Carozzi
et al 2000) and later on its physical meaning was elucidated
from different perspectives (Dennis 2004, Petrov 2008,
Sheppard 2014). The dipole terms are precisely E EIm i j

*〈 〉, so
they measure the strength of two of the oscillating fields in
antiphase, as two distinguishable sources in antiphase con-
stitute a dipole. The three components n n n( , , )6 4 1 of the
quadrupole correspond to E ERe i j

*〈 〉 and measure the
strength of two of the oscillating fields in phase: now two
distinguishable sources oscillating in phase generate a field
with a quadropole component.
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4. Concluding remarks

We have explored the use of Wigner functions to depict the
behavior of 2D and 3D polarizations. Although this has been
mostly considered as a quantum tool, it has proven to be also
quite an efficient approach to deal with classical fields.
Especially, in the 3D case, we have tailored an efficient
procedure to represent state on the sphere. We hope that this
analysis clarifies the discussion on 3D polarization in the
literature.
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Abstract
The characterization of the polarization properties of a quantum state requires the knowledge of
the joint probability distribution of the Stokes variables. This amounts to assessing all the
moments of these variables, which are aptly encoded in a multipole expansion of the density
matrix. The cumulative distribution of these multipoles encapsulates in a handy manner the
polarization content of the state. We work out the extremal states for that distribution, finding
that SU(2) coherent states are maximal to any order, so they are the most polarized allowed by
quantum theory. The converse case of pure states minimizing that distribution, which can be
seen as the most quantum ones, is investigated for a diverse range of number of photons.
Exploiting the Majorana representation, the problem appears to be closely related to distributing
a number of points uniformly over the surface of the Poincaré sphere.

S Online supplementary data available from stacks.iop.org/ps/90/108008/mmedia

Keywords: polarization, quantum optics, fluctuations, anti-coherence, Majorana representation,
spherical t-design

(Some figures may appear in colour only in the online journal)

1. Introduction

In this focus issue, celebrating the International Year of Light,
we wish to discuss one of the fundamental properties of a
beam of light: its polarization [1]; which can be roughly
defined as the figure traced out by the tip of the electric field
vector during one optical cycle.

In classical optics, if the field is fully polarized, this
figure is an ellipse, which can degenerate into a line or a
circle. If the field is completely unpolarized, then the figure is
erratic and can only be described in statistical terms. This
statistical description must be invariant under any change of
the polarization basis: in operational terms, this means that
unpolarized light remains invariant under any polarization
transformation.

At the quantum level, this picture becomes too simplistic.
There are, for example, states that classically are unpolarized,
but which do carry a quantum polarization structure. These
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are called states with ‘hidden polarization’ [2, 3]. What we
will show here is that this is just the first level of a hierarchy
of states that at first glance look unpolarized, but are in fact
polarized when one looks at higher-order fluctuations.

In order to systematically derive this hierarchy, we shall
use the Majorana representation [4], which maps any
N-photon state onto N points on the Poincaré sphere. We will
subsequently show that the problem we consider, quantum
optical states with peculiar polarization properties, is con-
nected to several other seemingly unrelated problems in
physics and computational science. We do not yet understand
either why or to what extent the problems are related, but
intuitively they all boil down to a geometrical problem,
namely: what is the optimal configuration if one wishes to
place N points on the unit sphere in the ‘most symmetric
fashion’ possible? [5–7].

This paper is organized as follows. In section 2 we
review some of the required mathematical concepts. In
section 3 we state the problem in more precise terms and in
section 4 we present some of the stars of the quantum Uni-
verse, i.e. the most unpolarized and therefore the most non-
classical states in a polarization context. Subsequently, in
section 5, we discuss several related problems and compare
the solutions. In section 6 we speculate about the potential use
our stars may have. Finally, in section 7 we make some
concluding remarks and explore ideas for the future directions
of this research.

2. Basic polarization tools and concepts

We consider a monochromatic, plane field, described by two
amplitudes â+ and a ,ˆ- representing the annihilation operators
of two circularly polarized orthogonal modes, right-handed
(+) and left-handed (−), respectively. They obey the bosonic
commutation relations a a,j k jk[ ˆ ˆ ]† d= ( j k, ,{ }Î + - ) and the
superscript † stands for the Hermitian conjugate.

The Stokes operators are [8]:

S a a a a S a a a a

S a a a a S a a a a

, ,

, , 1

0
1
2 1

1
2

2
i
2 3

1
2

( ) ( )
( ) ( )

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )

† † † †

† † † †

= + = +

= - = -

+ + - - + - + -

+ - + - + + - -

and bear a very simple operational interpretation: S0ˆ
represents the intensity, S1̂ the intensity difference between
horizontal and vertical linear polarizations, S2ˆ the intensity
difference between linear polarizations at 45+ n and 45 ,- n
and S3̂ the intensity difference between right- and left-handed
circular polarizations. While the last assertion is rather
obvious, it is less obvious that S1̂ indeed is the the intensity
difference between horizontal (H) and vertical (V) linear
polarizations. However, expressing a a a 2Hˆ ( ˆ ˆ )= ++ - and
a a a 2Vˆ ( ˆ ˆ )= -+ - it is straightforward to derive that S1̂

indeed equals a a a a .H H V Vˆ ˆ ˆ ˆ† †-
As written in equation (1), they differ by a factor 1/2

from the conventional definition [9], but in this way they
satisfy the commutation relations of the 2( )su algebra (in

units 1� = throughout)

S S S, i , 21 2 3[ ˆ ˆ ] ˆ ( )=

and cyclic permutations. This noncommutability precludes
the simultaneous sharp measurement of the quantities they
represent. Among other consequences, this implies that no
field state (apart from the vacuum) can have sharp
nonfluctuating values of all the operators S S SS , ,1 2 3

ˆ ( ˆ ˆ ˆ )=
simultaneously. This is expressed by the uncertainty relation

S S S S S S 1 , 30
2

1
2

2
2

3 0 0ˆ ˆ ˆ ˆ ˆ ( ˆ ) ( )- -á ñ D + D + D á + ñ

where the variances are given by S S S .i i i
2 2 2ˆ ˆ ˆD = á ñ - á ñ In

other words, the electric field of a quantum state never traces
out a definite ellipse. Note that there is a complete formal
equivalence between the space of fixed total photon number N
with a spin S S N 2.0º =

In addition, we have

SS, 0, 40[ ˆ ˆ ] ( )=

and one must therefore address each subspace with a fixed
number of photons N separately. This can be emphasized if
instead of the two-mode Fock basis n n, ,∣ ñ+ - we employ the
relabeling

S m n S m n S m, , . 5∣ ∣ ( )ñ º = + = - ñ+ -

In this way, for each fixed S (i.e., fixed number of photons N),
m runs in unit steps from S- to S and these states span a
(2S+1)-dimensional subspace wherein Ŝ acts in the
usual way.

In classical optics the total intensity is a well-defined
quantity. In consequence, normalizing the Stokes variables
by the intensity determines the unit Poincaré sphere. At the
quantum level, as fluctuations in the number of photons are
unavoidable, one should talk of a three-dimensional Poin-
caré space (with axes S1, S2 and S3) that can be envisioned as
foliated in a set of nested spheres with radii proportional to
the different photon numbers that contribute significantly to
the state. But if one limits oneself to a single spin component
S and picks one of those nested spheres, we can rightly
speak about the unit Poincaré sphere as in the classical
world.

The Stokes operators are also the infinitesimal generators
of SU(2) polarization transformations; that is

U n S n, exp i 2 , 6ˆ ( ) ( ˆ · ) ( )q q= - /

with θ a real parameter, and n a normalized, three-
dimensional, real vector. These are all linear energy-
preserving transformations of the field amplitudes, embracing
every optical operation of phase plates and rotators. It can be
seen that the action of U n,ˆ ( )q on Ŝ is a rotation of angle θ
around an axis n:

U Un S n n S, , , . 7ˆ ( ) ˆ ˆ ( ) ( ) ˆ ( )† *q q q=

Observe that given the rotation n, ,( )* q with 0 ,- -q p
both U n,ˆ ( )q and U Un n, 2 ,ˆ ( ) ˆ ( )q p q+ = - lead to

n, .( )* q

2
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The relation (4) implies that the polarization properties of
any quantum state can be analyzed by splitting its density
matrix into a direct sum of finite-dimensional components

S, 0, , 1, , , 8
S

S
pol

1
2

3
2

ˆ ⨁ ˆ ( )( )� �= = ¼

where Sˆ ( )� is the density matrix in the subspace of spin S. This
pol�̂ has been termed the polarization sector [10] or the

polarization density matrix [11].
Instead of using the states S m, ,{∣ }ñ in the following we

will expand Sˆ ( )� as

T . 9S

K

S

q K

K

Kq
S

Kq
S

0

2

ˆ ˆ ( )( ) ( ) ( )� �å å=
= =-

The irreducible tensor operators TKq
Sˆ ( )
are [12, 13]

T
K
S

C S m S m
2 1
2 1

, , , 10Kq
S

m m S

S

Sm Kq
Sm

,
,

ˆ ∣ ∣ ( )( ) å=
+
+

¢ñá
¢=-

¢

with CSm Kq
Sm

,
¢

being the Clebsch–Gordan coefficients that
couple a spin S and a spin K ( K S0 2- - ) to a total spin
S. The tensors TKq

Sˆ ( )
constitute an orthonormal basis and have

desirable properties under SU(2) transformations. An impor-
tant property is that TKq

Sˆ ( )
can be written down in terms of the

Kth powers of the Stokes operators (1). In particular, if for a
given pair of S and M all coefficients Kq

S( )� vanish for

K M1, 2, , ,= ¼ irrespective of q, then the moment S
M

n
ˆá ñ

(with S S nnˆ ˆ ·= ) will be isotropic and independent of n.
Clearly, this then also holds for all moments S

ℓ
n

ˆá ñ where
ℓ M.<

The expansion coefficients Kq
S( )� are known as state mul-

tipoles. Hence,
q K
K

Kq
S 2∣ ∣( )�å =-

is just the square of the overlap
of the state with the Kth multipole pattern in the Sth subspace.
For most states only a limited number of multipoles play a
substantive role and the rest of them have quite a small
contribution. Therefore, it seems that a convenient way to
quantify the polarization information is to look at the cumu-
lative distribution

, 11M
S

K

M

q K

K

Kq
S

1

2 ( )( ) ( )�� å å=
= =-

which conveys all the information up to order M. Note that
the monopole term S

00
2∣ ∣( )� is excluded, as it is just a constant

term. As with any cumulative distribution, M
S( )� is a monotone,

nondecreasing function of the multipole order. Using (9) and
the fact that the tensor operators are orhonormal we see that

Tr , 12S

K

S

q K

K

Kq
S

S
S S2

0

2
2

2 00
2([ ] )ˆ ∣ ∣ ∣ ∣ ( )( ) ( ) ( ) ( )� � ��å å= = +

= =-

so for a state with a fixed S, S
S

2
( )� is equal to the state’s purity

[14–16] (minus the monopole contribution S
00

2∣ ∣( )� =
S2 1 1( )+ - ).

We shall be mainly interested in dealing with pure states
belonging to a specific excitation manifold S. Accordingly, if
we expand the state as S m, ,S

m S
S

m∣ ∣( ) åY ñ = Y ñ=-
with

coefficients S m, ,m ∣Y = á Yñ we can then recast (11) as
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3. Classical versus quantum polarization states

Given a fixed spin S, the classical configuration space is the
unit sphere associated with the SU(2) symmetry. The SU(2)
coherent states in this case can be identified with a point on
the sphere obtained by a rotation of the North pole S S,∣ ñ
[17, 18]. There is a consensus that they are the most classical
states, as they have all their polarization aligned in one
direction. Besides, they have nice extremal properties, such as
minimal total variance of Ŝ [19] or minimal Wehrl
entropy [20].

In our context, it is remarkable that they have maximal
aggregated multipole strength M

S( )� for any orderM [15, 21]. It
is irresistible to ask which states attain the minimum of this
magnitude, as they can be considered in a sense as ‘the
opposite’ of SU(2) coherent states and so the most non-
classical ones. This appears to be closely related with a pro-
posal that has met with considerable interest: anti-coherent
states, defined as the states that have a vanishing Stokes
vector as well as isotropic Stokes variances [22].

A useful tool in this context is the Majorana repre-
sentation of a pure N-photon state [4], which is based on the
fact that any such state S∣ ( )Y ñ (where the reader is reminded
that N S2= ) can be written as [23]

a

a

1
cos

2

e sin
2

0, 0 , 14

S

m

S
m

m
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i m
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⎠
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⎝

⎞
⎠

⎤
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&
� q

q

Y =

+ ñj

=
+

-

where & is a normalization factor, and the angles mq and mj
satisfy the natural constraints 0 m- -q p and 0 2 .m- j p<
Thus, each factor in (14) can be pictured as a point on the unit
Poincaré sphere. Since the operators â†

+ and â †
- create an

excitation in right- and left-hand circularly polarized modes,
respectively, each of the factors in (14) can also naively be
thought of as creating an ‘excitation component’ with a
polarization state corresponding to its position on the sphere.
The resulting configuration of points is called the Majorana
constellation associated to the state .S∣ ( )Y ñ An illustration of
these ideas is schematized in figure 1.

We associate the North (South) pole with right- (left-)
handed circular polarization and thus the equator represents
different linear polarization excitations. For example, the N-
photon SU(2) coherent state S S N a, 0, 0N1 2∣ ( !) ( ˆ ) ∣†ñ = ñ-

+ is
represented by N points at the North pole of the sphere so that
all ‘excitation components’ have identical (right-handed)
circular polarization.

An SU(2) rotation simply corresponds to a solid rotation
of the Majorana constellation. Thus, states with the same
constellation, irrespective of its relative orientation, have the
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same polarization invariants. Intuitively, one would guess that
states with polarization as isotropic as possible would have a
constellation as symmetric as possible.

To place this guess in a more rigorous mathematical
frame, one can go beyond the variance, and look for the states
that have isotropic polarization properties for all the moments

S S S, , ,n
M

n n
2{ ˆ ˆ ˆ }á ñ á ñ ¼ á ñ [22, 24, 25]. For a given S, one cannot

find pure states that have isotropic moments up to order
M S2 := only completely mixed states have this property
[26, 27]. Thus, for each S there exists a set of pure states that
are unpolarized up to a maximal degree M. These Mth-order
unpolarized states are the stars of the quantum Universe.
Below we shall sometimes be a bit imprecise and speak about
a constellation as a state, which is evident from (14).

4. Stars of the quantum Universe

To find the Mth-order unpolarized states for a given S, we
start from a set of S2 1+ amplitudes a bi ,m m mY = + where
a b,m m are real numbers, as in equation (13). Since the
orientation of the constellation is irrelevant we can reduce the
number of variables by fixing one of the points to be at, say,
the North pole and another to lie in the the S2–S3 plane. We
subsequently try to get 0M

S( )� = for the highest possible M,
which amounts to setting the state multipoles Kq

S( )� to zero.
This leads to a system of polynomial equations of degree two
for am and bm, which we solve using Gröbner bases [28]
implemented in the computer algebra system MAGMA
[29, 30]. In this way, we get exact algebraic expressions, and
we can detect when no feasible solution exists.

Our results can be summarized as follows. For small
values, S1 2 3 2,- - the parameter space is simply too
small even to allow for states with isotropic variance. For
S = 1 and S 3 2= one can find states with vanishing Stokes
vector, but all such pure states have non-isotropic variance
[21] and so they present hidden polarization [2]. The S = 2
excitation manifold is the first allowing a second-order

unpolarized state. However, the space is still so small that the
solution is unique. For S 5 2= no second-order unpolarized
state exists. For larger numbers, S 3,> there exist several
different constellations that all are unpolarized to the same
order M, but that are not simply connected by a unitary
polarization transformation. We have not yet found a way of
assuring that we find all constellations for a given S, nor have
we found a general way of asserting with certainty that for a
given S we have found the constellations that maximize M.
This is related to the fact that with growing S, the number of
different maximally unpolarized constellations grows and it
becomes more difficult to show that the corresponding system
of polynomial equations has no solution over the real num-
bers. The same kind of difficulties appear in several related
problems such as spherical t-designs, the Thomson problem,
and the Queens of quantumness that will be discussed in the
next section. However, after spending considerable time on
computer searches, we are fairly confident that the con-
stellations we present are indeed optimal.

Let us now look at some of the stars of the quantum
Universe. A list of star states having S = 1 to 10 can be found
in the Supplementary material file, available at stacks.iop.
org/ps/90/108008/mmedia. Note that for most values of S,
except for the smallest, there exist many inequivalent star
states. As exemplified in figure 3, below, in general they have
different cumulative multipole distributions .M

S( )� For more
complete information and lists over inequivalent star states for
different values of S, the reader is referred to [31].

S 2.= The least excited second-order unpolarized state
is the four-photon state. Its Majorana constellation is a regular
tetrahedron and this configuration is unique. The corre-
sponding state is 2, 1 2 2, 2 3( )∣ ∣- ñ + ñ (and, of
course, all states on its SU(2) orbit).

S 5 2.= Five is a number that does not allow a high
degree of spherical symmetry. Based on an elementary
counting, it was conjectured in [22] that five-photon anti-
coherent states would exist. However, some time later it was
proven that one can only find first-order, but no second-order
unpolarized states [32]. The constellation consists of the
vertices of an equilateral triangle inscribed in the equator, plus
the two poles.

S 3.= Now another Platonic solid appears, the regular
octahedron. The corresponding state, which is unique up to
SU(2) transformations, is 3, 2 3, 2 2 .(∣ ∣ )- ñ + ñ This is the
least excited state that is third-order unpolarized. Since
S S

M M
n n

ˆ ˆá ñ = -á ñ- for odd M, all odd order Stokes operator
moments must vanish for them to be isotropic (irrespective of
S). This state, like all states that have isotropic variance, has
the maximum sum of Stokes operator variances. Since for any
unpolarized state S 0,ˆá ñ = the relation (3) imposes the bound

S S S S S S 1 . 150 1
2

2
2

3
2

0 0ˆ ˆ ˆ ˆ ˆ ( ˆ ) ( )- -á ñ á ñ + á ñ + á ñ á + ñ

All second-order unpolarized states saturate the upper bound
in the inequality above [22]. Thus, all maximally unpolarized
states with N 6. fulfill S S S 1 3n

2ˆ ( )á ñ = + in any direction n
on the Poincaré sphere. In figure 2 we plot the Majorana
constellation, the Q-function, and the first non-isotropic

Figure 1. The star denotes the Majorana constellation of the state
cos 2( )q 1 2, 1 2 exp i∣ ( )jñ + sin 2 1 2, 1 2 .( ) ∣q - ñ The four red
dots give the constellation for the S = 2 N00N state in equation (17).
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moments (M = 4) as a function of the direction on the
Poincaré sphere for this state.

S 9 2.= In this space there are at least 31 different
constellations with six different abstract symmetry groups that
are second-order unpolarized, but we conjecture that no third-
order unpolarized constellations exist. The constellations
differ in how the aggregated multipole strength M

9 2( )�
increases with M. We have found 20 different such functions
and they are plotted in figure 3. The constellation with the

smallest third-order multipole strength has 0.00642,3
9 2( )� »

and the one with the largest has 0.141.3
9 2( )� » The former

case is generated by three equilateral triangles: one inscribed
in the equator and the other in two rings symmetrically placed
above and below the equator. The middle triangle is rotated
60° around the polar axis with respect to the other two. The
corresponding state is

6 9 2, 9 2 2 3 9 2, 3 2

2 3 9 2, 3 2 6 9 2, 9 2 6.

(
)

∣ ∣
∣ ∣

- ñ - - ñ

- ñ + ñ

The S 9 2= case is rather typical for S 4:> several
different constellations unpolarized to the same (maximal)
order exist. Different constellations may have the same or
different accumulated multipole strength M

S( )� as a function
of M.

For some values of S, such as 4, 6, 8, 12 and 20, one can
guess a maximally unpolarized constellation, in each case
corresponding to the vertices of a Platonic solid. For other
numbers such as S 17 2= it is not easy to guess an optimal,
‘exact’ constellation, but solving the system of polynomial
equations, as described at the beginning of this section, yields
exact algebraic expressions for the coefficients ,mY from
which one can easily compute the points of the Majorana
constellation with arbitrary numerical precision.

5. Other spherical configuration problems

The problem of distributing N points on a sphere in the ‘most
symmetric’ fashion has a long history and many different
solutions depending on the cost function one tries to optimize
[5, 6]. Here, we shall only discuss a few of the formulations:
spherical t-designs [33–35], the Thomson problem [36–39]
and the Queens of quantumness [40]. We leave out the con-
nections to other intriguing problems, such as as maximally

Figure 2. Density plots of the SU(2) Q-function (left) and the first non-isotropic moments Sn
4ˆá ñ (right) for the maximally unpolarized state

3, 2 3, 2 2(∣ ∣ )- ñ + ñ in the excitation manifold S = 3. In both cases, we have used a pseudo-color map with the indicated scales. On top,
we have given the Majorana constellation of the state, which is a regular octahedron inscribed in the Poincaré sphere. Note that the vertices
coincide with the zeros of the Q function, but not with the zeros of S .n

4ˆá ñ

Figure 3. The multipole cumulative distribution M
9 2( )� as a function

of the multipole order M for all the 31 maximally unpolarized
constellations we have found for S 9 2= . The last constellation,
number 32, corresponds to an SU(2) coherent state, taken as a
reference.
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entangled symmetric states [41, 42], k-maximally mixed
states [43], and states with maximal Wehrl–Lieb entropy [44].

Spherical t-designs are configurations of N points on a
sphere such that the average value of any polynomial of
degree at most t has the same average over the N points as
over the sphere. Thus, the N points can be seen to give a
representative average value of any polynomial of degree t or
lower. Such designs can be found for (hyper)spheres of higher
dimensions, but to connect to the stars we will only consider
t-designs on the three-dimensional sphere. It has been con-
jectured that a state is t-order unpolarized if and only if its
Majorana constellation is a spherical t-design [24]. However,
although the statement is true for some t-designs, such as
those represented by the Platonic solids, the conjecture is not
true in general [25].

It is clear that there must be some connection between the
number of points that are at one’s disposal and the maximal
degree t for which an N point configuration allows for a
spherical t-design. The configurations that maximize t for a
given N are called optimal designs, and in the following t will
denote the degree of an optimal N-point design. No analytical
expression is known between N and t: it is known that for a
t-design in three-dimensional space, the number of points N is
at least proportional to t2, whereas for some orders t only
constructions are known for which N scales proportionally to
t3. As a function of N, the order t is non-monotonic. The
current state of knowledge is summarized for N1 100- - in
[35]. In table 1 we list some maximally unpolarized con-
stellations and their corresponding optimal t-designs.

Several interesting conclusions can be drawn from
table 1. First, the maximum M and t coincide. In fact, this has
been the case for any excitation manifold we have studied,
and these include all S up to 24, with some omissions. We
therefore conjecture that if an optimal spherical design of
order t exists for some N, then one can find an Mth-order
unpolarized N-photon state with M = t.

The next thing one can note is that an optimal t-design
does not necessarily give a tth-order unpolarized state. Quite
often the configurations are similar, e.g. regular polygons
with their surface normals along the polar axis, but displaced

from each other along the axis by certain distances. However,
these distances need often be fine-tuned for an optimal
t-design to become a star. The Platonic solids are exceptions
to this observation. That the optimal configurations for
t-designs and maximally unpolarized states do not coincide
underscores the ‘mystery’ that the optimal t and maximal M
always seem to be equal for any N (or equivalently, for
any S).

Another similarity between optimal spherical t-designs
and the stars of the quantum Universe is that the configura-
tions typically are not unique, aside from the smallest
dimensions.

The Thomson problem consists of arranging N identical
point charges on the surface of a sphere so that the electro-
static potential energy of the configuration is minimized. For
N = 2 the solution is easily visualized: the repelling force
tends to place the charges on antipodal points of the sphere,
thereby maximizing the distance between them. The problem
can be generalized to potential energies of the form r ,d-

where r is the Euclidian distance between the charges. The
choice d = 1 is the Thomson problem, corresponding to the
usual Coulomb potential and it is the one we will focus on in
this work. The case d l ¥ is called Tammes problem [45].

In table 1 we have listed the optimal Thomson config-
urations and the degree of unpolarization of the corresponding
state. We see that for small S, up to 3, the configurations are
identical to the optimal spherical t-design and to the stars. For
larger S, they differ in general and the degree of unpolariza-
tion of the ‘Thomson’ states is lower than the maximum.
Different from the two previous cases, the solution of the
Thomson problem appears to be unique for every S [46].

The Queens of quantumness are the states that maximize
the Hilbert–Schmidt distance to the closest point of the con-
vex hull of the mixed SU(2) coherent states [40]. This convex
hull defines the subspace of classical states. Therefore, the
states maximizing the distance to the nearest point on this hull
can be thought of as having maximally quantum character-
istics. In [40] it is claimed that the Queens can be seen as the
least classical (or most quantum) of all states given this
metric. Although we have used another figure of merit, our

Table 1. Some designs on a sphere and their respective degrees of unpolarization M. ‘same’ and ‘similar’ always refer to the closest
description column to the left. Explicit expressions for the stars of the quantum Universe for several values of S can be found in [31].

S Quantum stars M t-design t M Thomson M Queens M

1 Radial line 1 same 1 1 same 1 same 1
3/2 Equatorial triangle 1 same 1 1 same 1 same 1
2 Tetrahedron 2 same 2 2 same 2 same 2
5/2 Equatorial triangle + poles 1 same 1 1 same 1 same 1
3 Octahedron 3 same 3 3 same 3 same 3
7/2 Two triangles + pole 2 similar 2 0 equatorial pentagon + poles 1 same 1
4 Cube 3 same 3 3 square antiprism 1 see [40] 1
9/2 Three triangles 2 similar 2 1 three staggered triangles 1 similar 1
5 Pentagonal prism 3 similar 3 1 two staggered squares + poles 1 same 1
6 Icosahedron 5 same 5 5 same 5 NA —

7 Four triangles + poles 4 same 4 1 two hexagonal rings + poles 1 NA —

10 Dodecahedron 5 same 5 3 see [38] ? NA —
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approach and that in [40] share the view that the states ‘most
different’ from SU(2) coherent states are the most
nonclassical.

It is not surprising that the Queens turn out to be anti-
coherent (second-order unpolarized) when possible, since
they should be as ‘far away’ from the SU(2) coherent state as
possible. In table 1 we have also listed the configurations and
the degree of unpolarization for these states. These config-
urations also seems to be unique, contrary to the maximally
unpolarized states and the optimal spherical t-designs. We
also see that the Queens are not maximally unpolarized except
when S 3.<

6. What are the applications?

In deriving the maximally unpolarized states we have simply
been driven by the quest for the most nonclassical states from
a polarization perspective. Yet, the remarkable properties of
such states make them potential candidates to outperform
classical states in certain tasks.

The salient feature of the stars is their ability to signal
small, but arbitrary SU(2) transformations with optimal
resolution. This has already been anticipated in [32], where
the authors specifically found that for photon numbers 4, 6, 8,
12 and 20, the states corresponding to regular polyhedra
Majorana constellations best signal misalignments between
two Cartesian reference frames. To understand this, it is
instructive to look at related states, namely the N00N states

S S S SN00N
1
2

, , . 16∣ (∣ ∣ ) ( )ñ = ñ - - ñ

Such N00N states are known to have the highest sensitivity
for a fixed excitation S to small rotations about the S3̂-axis
[47]. Their Majorana constellation consists of S2 equidis-
tantly placed points around the Poincaré sphere equator. For
example, the state 2, 2 2, 2 2∣ (∣ ∣ )Yñ = ñ - - ñ can be
written

a a a a a a a ai i

4 3
0, 0 .

17

( )( )( )( )∣
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

∣

( )

† † † † † † † †
Yñ =

+ - + -
ñ

+ - + - + - + -

That is, the four Majorana points are 1, 0, 0 ,( ) 1, 0, 0 ,( )-
0, 1, 0( ) and 0, 1, 0 ,( )- as sketched in figure 1. The angle
between any two adjacent points is 2,p while for a general
N00N state of the form (16), this angle is S.p

A rotation around the S3̂-axis is described by the unitary
operator U Sexp i 2 .3ˆ ( ) ( ˆ )J J= - We have that for

S2( )J p= the states N00N∣ ñ and U N00Nˆ ( )∣J ñ are ortho-
gonal, whereas for q SJ p= they are parallel, where q is an
integer. Thus, it should not come as a surprise that N00N
states are optimal for detecting small rotations around the S3̂
-axis, in the interval S0 2 .( )- -J p However, as soon as
the rotation exceeds the upper bound in this inequality, one
will have difficulties in resolving the rotation angle, as two or
more rotation angles will result in the very same rotated state.
If the rotation axis lies in the equatorial plane, then a rotation

of π is needed to get a parallel state, irrespective of S. This
happens only if the axis intersects one of the Majorana points
when S is a half integer, or if the axis intersects either a point
or is the intersector between two points if S is an integer.
Thus, the rotation resolution is highly directional for a N00N
state.

The situation is to some extent similar and to some extent
different for the stars of the quantum Universe. It may not be
obvious from their appearance that they have high sensitivity
to small rotations around an arbitrary axis. To substantiate this
claim, recall that the action τ needed to make a state ∣yñ
evolve so that Aexp i 12∣ ∣ ( ˆ )∣ ∣ �y t yá ñ = - where ò is a
small, positive, real number, and Â is Hermitian, is inversely
proportional to the state’s variance A2 ˆD [48]. The relation
connecting the evolution speed d d� t and the variance is
sometimes called the ‘quantum speed limit’ [49, 50]. A N00N
state in the S3̂ basis has maximal variance S S2

3
2ˆD = for a

fixed S and thus is the state with maximal sensitivity for a
rotation around the S3̂ axis. However, the state’s S1̂ and S2ˆ
variances are only S 2 and thus the state is rather insensitive
for rotations around those axes (or to any rotation axis in the
S1̂–S2ˆ plane). However, all the star states have isotropic var-
iances equal to S S 1 3,( )+ that is, close to the maximum.
The proof of this statement is as follows:

S S S

S S S S S S 1 . 18

2
1

2
2

2
3

1
2

2
2

3
2

0
2

ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ( ) ( )

D + D + D

= á ñ + á ñ + á ñ = á ñ = +

The second expression from the left follows from the fact that
the star states have vanishing mean first order moments S .nˆá ñ
Since their variance per definition is isotropic, we also have
that S S S S .n

2
1
2

2
2

3
2ˆ ˆ ˆ ˆá ñ = á ñ = á ñ = á ñ Having a large, and

isotropic variance of the Stokes operator, the quantum speed
limit theorem thus asserts that these states are rather sensitive
to rotations around any axis S .nˆ

Another way of explaning the star states’ sensitivity to a
rotation around an arbitrary axis is to observe that, since these
states have ‘maximal’ spherical symmetry, they become
parallel, or almost parallel, for relatively small rotations
around several axes. For example, for the Platonic solids,
rotations around all the facets normal axes map the Majorana
constellation onto itself (resulting in a parallel state) for
rotations of 2 3p (tetrahedron, octahedron and icosahedron),

2p (cube), or 2 5p (dodecahedron). For other constellations
and other rotation axes the Majorana constellation will only
become approximately identical, but the problem with reso-
lution of large rotations will predominantly remain. However,
having a high degree of spherical symmetry, the maximally
unpolarized states will resolve rotations around any axis
approximately equally well. To quantify this statement one
could use the Fisher information and the Cramér–Rao bound
to assess the uncertainty in estimating the rotation direction
and the rotation angle [49, 50]. Such an investigation lies
outside the scope for this paper, but work along this direction
is in progress.

To conclude, we stress that there is also some structural
similarity between the stars of the quantum Universe and
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quantum error correcting codes. In both cases, low-order
terms in the expansion of the density matrices vanish. The
putative application of the stars for error correction constitutes
an important goal for our future research.

7. Conclusions

We have derived a class of pure states that lack polarization
properties to the lowest orders. They can be seen as gen-
eralizations of states with hidden polarization and the anti-
coherent states. We call them stars of the quantum Universe
and they are Mth-order unpolarized: the moments S

ℓ
n

ˆá ñ are
isotropic for ℓ M1 .- - We find, so far to our surprise, that
although their respective Majorana constellations do not
necessarily coincide, we always find that for a pure N-pho-
ton state, the highest possible degree of unpolarization is
M = t, where t is the maximal degree for an N-point sphe-
rical t-design. Our conjecture is that this is indeed true for
any N.

We have also discussed the possible connections between
the Majorana constellations for the stars and some other
problems involving symmetry of points on a sphere, namely
the Thomson problem and the Queens of quantumness. The
conclusion is that although the problems are related, the fact
that the solutions coincide for small dimensions is surely due
to the limited degrees of freedom low-dimensional systems
offer. When the dimension becomes larger, say involving
more than ten points, the solutions are no longer identical
except perhaps for when ‘exact’ symmetry is possible, as is
the case for the Platonic solid constellations.

The maximally unpolarized states are an academic curi-
osity in that they can be said to be the most nonclassical
polarization states. In a more practical setting, they seem to be
the optimal states for detecting small SU(2) rotations around
an arbitrary unknown axis. However, there are still many
things to explore: for example, what is the significance of the
strength of the first nonzero multipole of a maximally unpo-
larized state? The cumulative distribution M

S( )� may increase
in different ways as seen in figure 3, but since

S S2 2 1S
S

2 ( )( )� = + for any pure state, a slower growth for
smallM must be compensated by a faster growth for largerM.
What difference do different constellations make on the
fundamental and on the application level?

It is also still unclear why there seems to be such a strong
connection between spherical t-designs and maximally
unpolarized states. In particular, this connection seems
unjustified, as the optimal Majorana constellations do not
coincide.

In summary, one can use the example of maximally
unpolarized states to marvel about the connections between
different branches of science, and on how some seemingly
simple problems—distributing points in the most symmetric
manner on a sphere—can illuminate such complicated opti-
mization problems that we have just described. The science of
light is fantastic!
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3Departamento de Óptica, Facultad de Fı́sica, Universidad Complutense, E-28040 Madrid, Spain
4Max-Planck-Institut für die Physik des Lichts, Günther-Scharowsky-Straße 1, Bau 24, D-91058 Erlangen, Germany

5Institut für Optik, Information und Photonik, Universität Erlangen-Nürnberg, Staudtstraße 7/B2, D-91058 Erlangen, Germany
(Received 26 March 2015; revised manuscript received 11 June 2015; published 1 September 2015)

The characterization of quantum polarization of light requires knowledge of all the moments of the Stokes
variables, which are appropriately encoded in the multipole expansion of the density matrix. We look into the
cumulative distribution of those multipoles and work out the corresponding extremal pure states. We find that
SU(2) coherent states are maximal to any order whereas the converse case of minimal states (which can be seen
as the most quantum ones) is investigated for a diverse range of the number of photons. Taking advantage of
the Majorana representation, we recast the problem as that of distributing a number of points uniformly over the
surface of the Poincaré sphere.
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Introduction. Stokes variables constitute an invaluable tool
for assessing light polarization, both in the classical and
quantum domains. They can be efficiently measured and lead
to an elegant geometric representation, the Poincaré sphere,
which not only provides remarkable insights, but also greatly
simplifies otherwise complex problems.

Classical polarization is chiefly built on the first-order
moments of the Stokes parameters: states are pictured as
points on the Poincaré sphere (i.e., neglecting fluctuations
altogether). Nowadays, however, there is a general agreement
that a thorough understanding of the effects arising in the realm
of the quantum world calls for an analysis of higher-order
polarization fluctuations [1–7]. In fact, this is what comes up
in coherence theory, where, in general, one needs a hierarchy
of correlation functions to specify a field.

Recently, we have laid the foundations for a systematic
solution to this fundamental and longstanding question [8–10].
The backbone of our proposal is a multipole expansion of
the density matrix, which naturally sorts successive moments
of the Stokes variables. The dipole term, being just the
first-order moment, renders the classical picture, while the
other multipoles account for the fluctuations we wish to
scrutinize. Consequently, the cumulative distribution for these
multipoles yields complete information about the polarization
properties.

This Rapid Communication represents a substantial step
ahead in this program, as we elaborate on the extremal
states for the aforementioned multipole distribution. We find
that the SU(2) coherent states maximize it to any order,
so they are the most polarized allowed by quantum theory.
We determine as well the states that kill the cumulative
distribution up to a given order M: they serve precisely as the
opposite of SU(2) coherent states and hence can be considered
as the kings of quantumness. Furthermore, employing the
striking advantages of the Majorana representation [11],
these kings appear naturally related to the problem of
distributing N points on the Poincaré sphere in the “most
symmetric” fashion, a problem with a long history and many
different solutions depending on the cost function one tries to
optimize [12,13].

Polarization multipoles. The quantum Stokes operators are
defined as [14]

Ŝx = 1
2

(â†
+â− + â

†
−â+), Ŝy = i

2
(â+â

†
− − â

†
+â−),

Ŝz = 1
2

(â†
+â+ − â

†
−â−), (1)

together with the total photon number N̂ = â
†
+â+ + â

†
−â−.

Here, â+ and â− represent the amplitudes in two circularly
polarized orthogonal modes. We have that [âk,â

†
ℓ] = δkℓ,

k,ℓ ∈ {+,−}, with ! = 1 throughout and the superscript †
stands for the Hermitian conjugate. The definition (1) differs
by a factor 1/2 from its classical counterpart [15], but in
this way the components of the vector Ŝ = (Ŝx ,Ŝy ,Ŝz) satisfy
the su(2) commutation relations: [Ŝx ,Ŝy ] = iŜz and cyclic
permutations. For an N -photon state, Ŝ2 = S(S + 1)1̂, where
S = N/2, so the number of photons fixes the effective spin.

Put in a different way, (1) is nothing but the Schwinger
representation of the su(2) algebra. Consequently, the ideas to
be explored here are by no means restricted to polarization, but
concern numerous instances wherein su(2) is the fundamental
symmetry [16].

In our case, [N̂,Ŝ] = 0, so each subspace with a fixed
number of photons ought to be addressed separately. To
bring out this fact more prominently, instead of the Fock
states {|n+,n−⟩}, we employ the relabeling |S,m⟩ ≡ |n+ =
S + m,n− = S − m⟩, which can be thought of as the common
eigenstates of Ŝ2 and Ŝz. For each fixed S, m runs from −S to S,
and the states {|S,m⟩} span a (2S + 1)-dimensional invariant
subspace [17].

As a result, the only accessible information from any
density matrix ρ̂ is its block-diagonal form ρ̂pol =

⊕
S ρ̂(S),

where ρ̂(S) is the density matrix in the subspace of spin S.
This ρ̂pol has been termed the polarization sector [18] or the
polarization density matrix [19]. It is advantageous to expand
each ρ̂(S) as

ρ̂(S) =
2S∑

K=0

K∑

q=−K

ρ
(S)
KqT̂

(S)
Kq , (2)
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rather than using directly the basis {|S,m⟩}. The irreducible
tensor operators T̂

(S)
Kq are [20,21]

T̂
(S)
Kq =

√
2K + 1
2S + 1

S∑

m,m′=−S

CSm′

Sm,Kq |S,m′⟩⟨S,m|, (3)

with CSm′

Sm,Kq being Clebsch-Gordan coefficients (0 ! K !
2S). These tensors form an orthonormal basis and have the
right properties under SU(2) transformations. The crucial point
is that T̂

(S)
Kq can be jotted down in terms of the Kth power of

the Stokes operators.
The expansion coefficients ρ

(S)
Kq = Tr [ρ̂(S)T̂

(S) †
Kq ] are known

as state multipoles. The quantity
∑

q |ρ(S)
Kq |

2
gauges the state

overlapping with the Kth multipole pattern. For most states,
only a limited number of multipoles play a substantive role
and the rest of them have an exceedingly small contribution.
Therefore, it seems more convenient to look at the cumulative
distribution [9]

A(S)
M =

M∑

K=1

K∑

q=−K

∣∣ρ(S)
Kq

∣∣2
, (4)

which sums polarization information up to order M (1 ! M !
2S). Note that the monopole K = 0 is omitted, as it is just a
constant term. As with any cumulative distribution, A(S)

M is a
monotonically nondecreasing function of the multipole order.

Maximal states. The distribution A(S)
M can be regarded as

a nonlinear functional of the density matrix ρ̂(S). On that
account, one can try to ascertain the states that maximize
A(S)

M for each order M . We shall be considering only pure
states, which we expand as |$⟩ =

∑S
m=−S $m |S,m⟩, with

coefficients $m = ⟨S,m|$⟩. We easily get

A(S)
M =

M∑

K=1

K∑

q=−K

2K + 1
2S + 1

∣∣∣∣∣

S∑

m,m′=−S

CSm′

Sm,Kq$m′$∗
m

∣∣∣∣∣

2

. (5)

The details of the calculation are presented in the Appendix.
We content ourselves with the final result: the maximum value
is

A(S)
M = 2S

2S + 1
− [%(2S + 1)]2

%(2S − M)%(2S + M + 2)
, (6)

and this happens for the state |S, ± S⟩, irrespective of M .
Here, %(x ) stands for the Gamma function. Since A(S)

M is
invariant under polarization transformations, all the displaced
versions |θ,φ⟩ = (1 + |α|2)−S exp (αŜ+)|S,−S⟩ [with Ŝ± =
Ŝx ± iŜy and the stereographic projection α = tan(θ/2)e−iφ]
also maximize A(S)

M . In other words, SU(2) coherent states
|θ,φ⟩ [22] maximize A(S)

M for all orders M .
It will be useful in the following to exploit the Majorana

representation [11], which maps every (2S + 1)-dimensional
pure state |$⟩ into the polynomial

$(α) =
S∑

m=−S

√
(2S)!

(S − m)!(S + m)!
$mαS+m. (7)

Up to a global unphysical factor, |$⟩ is determined by the
set {αi} of the 2S complex zeros of $(α), suitably completed

by points at infinity if the degree of $(α) is less than 2S.
A nice geometrical representation of |$⟩ by 2S points on
the unit sphere (often called the constellation) is obtained by
an inverse stereographic map of {αi} (→ {θi ,φi}. For SU(2)
coherent states, the Majorana constellation collapses to a single
point. States with the same Majorana constellation, irrespec-
tive of its relative orientation, share the same polarization
properties.

The SU(2) Q function, defined as Q(θ,φ) = |⟨θ,φ|$⟩|2, is
an alternative way to depict the state. Although Q(θ,φ) can be
expressed in terms of the Majorana polynomial [and so {αi}
are also the zeros of Q(θ,φ)], sometimes the symmetry group
of |$⟩ can be better appreciated with this function, which can
be very valuable.

Minimal states. Next, we concentrate on minimizing A(S)
M .

Obviously, the maximally mixed state ρ̂(S) = 1
2S+1 1̂2S+1 kills

all the multipoles and so indeed causes (4) to vanish for
all M , being fully unpolarized [23,24]. Nonetheless, we are
interested in pure Mth-order unpolarized states. The strategy
we adopt is thus very simple to state: starting from a set of
unknown normalized state amplitudes in Eq. (5), which we
write as $m = am + ibm (am,bm ∈ R), we try to get A(S)

M = 0
for the highest possible M . This yields a system of polynomial
equations of degree two for am and bm, which we solve using
Gröbner bases implemented in the computer algebra system
MAGMA [25]. In this way, we get exact algebraic expressions
and we can detect when there is no feasible solution.

Table I lists the resulting states (which, in some cases,
are not unique) for different selected values of S [26]. We
also indicate the associated Majorana constellations. For
completeness, in Fig. 1 we also plot the constellations as well
as the Q functions for some of these states.

Intuitively, one would expect that these constellations
should have the points as symmetrically placed on the unit
sphere as possible. This fits well with the notion of states
of maximal Wehrl-Lieb entropy [27]. In more precise mathe-
matical terms, such points may be generated via optimization
with respect to a suitable criterion [13]. Here, we explore the
connection with spherical t-designs [28], which are patterns
of N points on a sphere such that every polynomial of degree
at most t has the same average over the N points as over the
sphere. Thus, the N points mimic a flat distribution up to order
t , which obviously implies a fairly symmetric distribution.

For a given S, the maximal order of M for which we
can cancel out A(S)

M does not follow a clear pattern. The
numerical evidence suggests that Mmax coincides with tmax in
the corresponding spherical design, but further work is needed
to support this conjecture.

The simplest nontrivial example is that of two-photon
states, S = 1. We find only first-order unpolarized states:
these are biphotons generated in spontaneous parametric
down-conversion, which were the first known to have hidden
polarization [30].

With three photons, S = 3/2, we have again only first-order
unpolarized states: the constellation is an equilateral triangle
inscribed in a great circle, which can be taken as the equator.
This coincides with the three-point spherical 1-design.

For S = 2, the Majorana constellation is a regular tetrahe-
dron: it is the least-excited second-order unpolarized state. It

031801-2
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TABLE I. States that kill A(S)
M for the indicated values of S. In the second column, we indicate the order M , which we conjecture is

the highest possible. We give the nonzero state components $m (m = −S, . . . ,S) and the Majorana constellation. We include the associated
spherical t-design (with the maximal t value) and the queens of quantumness (with their unpolarization degree). “Same”, “Similar,” and
“Different” always refer to the closest description column to the left.

S M State Constellation Design t Queens M

1 1 $0 = 1 Radial line Same 1 Same 1
3
2 1 $− 3

2
= $ 3

2
= 1√

2
Equatorial triangle Same 1 Same 1

2 2 $−1 = 1√
3
, $2 =

√
2
3 Tetrahedron Same 2 Same 2

5
2 1 $− 5

2
= $ 5

2
= 1√

2
Equatorial triangle + poles Same 1 Same 1

3 3 $−2 = $2 = 1√
2

Octahedron Same 3 Same 3
7
2 2 $− 5

2
= $ 1

2
=

√
7
18 , $ 7

2
=

√
2
9 Two triangles + pole Similar 2 Equatorial pentagon + poles 1

4 3 $−4 = $4 =
√

5
24 , $0 =

√
7
12 Cube Same 3 See Ref. [29] 1

9
2 2 $− 9

2
= $ 9

2
= 1√

6
, $− 3

2
= $ 3

2
= 1√

3
Three triangles Similar 2 Similar 1

5 3 $−5 = $5 = 1√
3
, $0 = 1√

5
Pentagonal prism Similar 3 Two staggered squares + poles 1

11
2 3 $− 11

2
= $ 11

2
=

√
17

12 , $− 5
2

= $ 5
2

= i
√

55
12 Pentagon + two triangles Similar 3 Similar 1

6 5 $−5 = −$5 =
√

7
5 , $0 = −

√
11
5 Icosahedron Same 5 Same 5

7 4 $−6 = $6 =
√

854
3645 , $−3 = $3 =

√
637

13 420 + i
√

512 603
9 783 180 Three squares + poles Different 4 – –

$0 =
√

12 561 757
163 053 000 − i

√
512 603

2 013 000

10 5 $−10 = $10 =
√

187
1875 , $−5 = −$5 =

√
209
625 , $0 =

√
247
1875 Deformed dodecahedron Similar 5 – –

is not surprising that the tetrahedron is the 2-design with the
lowest number of points.

The case S = 5/2 does not admit a high degree of spherical
symmetry: only first-order unpolarized states exist. There are
neither five-photon M = 2 unpolarized states [31,32] nor five-
point 2-designs [33].

When increasing the number of photons to six, S = 3,
another Platonic solid appears: the regular octahedron. Now,
we have the least-excited third-order unpolarized states, which,
in addition, take on the maximum sum of the Stokes variances.

For S = 7/2, an M = 2 constellation consists of the north
pole, an equilateral triangle inscribed at the z = 0.2424 plane,
and another equilateral triangle, with the same orientation
(e.g., one vertex on the x axis) at the z = −0.5816 plane.
The spherical t-design has a larger separation between the
triangles, but the corresponding Stokes vector does not vanish,
so the t-design does not coincide with any unpolarized state.

The next Platonic solid, the cube, appears when S = 4. The
state is third-order unpolarized and its Majorana constellation
coincides with the eight-point spherical 3-design, which is the
tightest for this number of points.

A nine-photon second-order unpolarized state, S = 9/2,
is generated by three equilateral triangles with the same
orientation inscribed in the equator and in two symmetric
rings. The highest nine-point spherical t-design has t = 2
and a similar, but not identical, configuration because the two
smaller triangles are displaced by a larger distance from the
equator than the previous constellation. As a consequence, the
nine-point spherical 2-design is only first-order unpolarized.

The Majorana constellation for a maximally unpolarized
10-photon state (S = 5) is similar to the matching spherical
t-design and consists of two identical regular pentagons
inscribed in rings symmetrically displaced from the equator.
The maximally unpolarized state has the two pentagons a bit

FIG. 1. (Color online) Density plots of the SU(2) Q functions for the optimal states in Table I for the cases S = 5/2, 3, 7/2, 9/2, 5, and 7
(from left to right, blue indicates the zero values and red maximal ones). On top, we sketch the Majorana constellation for each of them.
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closer to the equator than the spherical 3-design (that has
M = 1).

For larger photon numbers, the computational complexity
of finding optimal designs becomes a real hurdle. The t-designs
have been investigated in the range 2–100 and numerical
evidence suggests that the optimal designs (in some instances,
they are not unique) have been found [34]. However, for some
dimensions, e.g., 12 (S = 6) and 20 (S = 10), one would
naively guess that the optimal designs fit with the icosahedron
and the dodecahedron. For S = 6 this turns out to be a correct
guess, the corresponding state is unpolarized to the same
order as the spherical 5-design formed by the icosahedron.
For S = 10 this intuition fails: the optimal t-design is indeed
a dodecahedron, but this Majorana constellation is third-order
unpolarized, whereas this is a spherical 5-design. If the
dodecahedron is stretched (i.e., the four pentagonal rings that
define its vertices are displaced against the pole), one can find
a 20-photon fifth-order unpolarized state.

To check the correspondence between unpolarized states
and optimal t-designs we look at dimension 14, which is the
smallest number of points for which a spherical 4-design, but
not a 5-design, exists. This consists of four equilateral triangles
that are pairwise similar in size, displaced from the equator by
the same distance, and rotated an angle ± α or ± β around
their surface normal, plus the two poles. The t-design state
is only first-order unpolarized, but if the spacing and triangle
orientation is optimized, the design can be made third-order
unpolarized. There is indeed a 14-photon state that is fourth-
order unpolarized: its Majorana constellation is made of three
quadrangles and the poles, but this is only a 1-design.

To round up, it is worth commenting on the connections
that our theory shares with two recently introduced notions:
anticoherent states [35] and queens of quantumness [29]. For
completeness, in Table I we have also listed the configurations
and the degree of unpolarization for these queens. Anticoherent
states are in a sense “the opposite” of SU(2) coherent states:
while the latter correspond as nearly as possible to a classical
spin vector pointing in a given direction, the former “point
nowhere,” i.e., the average Stokes vector vanishes and the
fluctuations up to order M are isotropic. The queens of
quantumness are the most distant states (in the sense of a
Hilbert-Schmidt distance) to the classical ones (states than can
be written as a convex sum of projectors onto coherent states).
In particular low-dimensional cases, these two instances
coincide with our optimal states. However, we stress that our
theory is built from first principles, starting from magnitudes
that are routinely determined in the laboratory. Besides, we
have an algebraic criterion, namely, the vanishing of the
cumulative multipole distribution, that can be handled in a
clear and compact manner.

When we interpret our (2S + 1)-dimensional subspace
as the symmetric subspace of a system of S qubits, the
kings appear also closely linked to other intriguing problems,
such as maximally entangled symmetric states [36,37] and
k-maximally mixed states [38,39].

Applications. The main goal of quantum metrology is
to measure a physical magnitude with surprising precision
by exploiting quantum resources. In particular, tailoring
polarization states to better detect SU(2) rotations is quite

a relevant problem with direct applications to magnetometry,
polarimetry, and metrology, in general [40].

In this respect, NOON states [defined as |N00N⟩ =
(|S,S⟩ − |S,−S⟩)/

√
2] are known to be maximally sensitive

to small phase shifts (i.e., to small rotations about the
Sz axis) for a fixed excitation S [41]. This can be easily
understood by looking at their Majorana constellation, which
consists in just 2S equidistantly placed points around the
Poincaré sphere equator. Since a rotation around the Sz axis
is described by the unitary operator Û (ϑ) = exp (−iϑ Ŝz/2),
the states |N00N⟩ and Û (ϑ)|N00N⟩ are orthogonal for
π/(2S). However, to make optimal use of a NOON state it
is essential to know the rotation axis so as to ensure that
the state is aligned with the axis to achieve its best sensi-
tivity: the rotation resolution is thus highly directional for a
NOON state.

This is precisely the advantage of maximally unpolarized
states: Having a high degree of spherical symmetry, they
resolve rotations around any axis approximately equally
well. This has been confirmed for the Platonic solids [31]:
Platonic states saturate the optimal average sensitivity to
rotations about any axis; NOON states outperform these states
about one specific axis [42]. Indeed, for the Platonic solids,
rotations around all the facets normal axes map the Majorana
constellation onto itself for rotations of 2π/3 (tetrahedron,
octahedron, and icosahedron), π/2 (cube), or 2π/5 (dodec-
ahedron). It is clear that for other constellations and other
rotation axes the Majorana constellation will only become ap-
proximately identical, but the statement is more likely to hold
true.

In a different vein, we draw attention to the structural
similarity between the kings of quantumness and quantum
error correcting codes: in both cases, low-order terms in the
expansion of the density matrices are required to vanish.

As a final but relevant remark, we stress that all the basic
tools needed for our treatment (Schwinger representation,
multipole expansion, and constellations) have been extended
in a direct way to other symmetries, such as SU(3) [43]
or Heisenberg-Weyl [44]. Therefore, the notion of kings of
quantumness can be easily developed for other systems. Work
along these lines is already in progress in our group.

Concluding remarks. In short, we have consistently reaped
the benefits of the cumulative distribution of polarization
multipoles, which is a sensible and experimentally realiz-
able quantity. We have proven that SU(2) coherent states
maximize that quantity to all orders: in this way, they
manifest their classical virtues. Their opposite counter-
parts, minimizing that quantity, are certainly the kings of
quantumness.

Apart from their indisputable geometrical beauty, there
surely is plenty of room for the application of these states,
whose generation has started to be seriously considered in
several groups.
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Appendix: Optimal states. We have to maximize the
cumulative multipole distribution (4) for a pure state |$⟩ =∑S

m=−S $m |S,m⟩, which takes the form (5). If we use an
integral representation for the product of two Clebsch-Gordan
coefficients [17], we get

A(S)
M =

S∑

m,m′=−S

S∑

n,n′=−S

2S + 1
8π2

M∑

K=0

K∑

q=−K

2K + 1
2S + 1

$m′$∗
m$n$

∗
n′

×
∫

dR DS
mn(R)DS∗

m′n′(R)DK
qq(R), (A1)

where DS
mn are the Wigner D functions and R refers to the

three Euler angles (α,β,γ ) and the integration is on the group
manifold

∫
dR f (R) ≡

∫ 2π

0
dα

∫ π

0
dβ sin β

∫ 2π

0
dγf (α,β,γ ).

(A2)

Since

K∑

q=−K

DK
qq(R) = χK (ω), (A3)

where χK (ω) is a SU(2) generalized character and cos(ω/2) =
cos(β/2) cos[(α + γ )/2], we rewrite A(S)

M as

A(S)
M =

M∑

K=0

2K + 1
8π2

∫
dR χK (ω)

∣∣⟨$|T̂ S
g |$⟩

∣∣2
, (A4)

and T̂g is the group action. Then, we observe that the above is

A(S)
M = Tr

[
|$⟩⟨$| ⊗ |$̃⟩⟨$̃|

×
M∑

K=0

2K + 1
8π2

∫
dR χK (ω)T̂ S

g ⊗ T̂ S
g

]
, (A5)

with

|$̃⟩ =
S∑

m=−S

(−1)m $∗
−m|S,m⟩. (A6)

Because the integral

1
4π2

∫
dR χK (ω)T̂ S

g ⊗ T̂ S†
g = cK/K, (A7)

where /K is the identity on the (2K + 1)-dimensional
irreducible SU(2) subspace which appear in the tensor product
of HS ⊗ HS [i.e., Tr(/K ) = 2K + 1], then

A(S)
M =

M∑

K=1

⟨$̃|⟨$|/K |$⟩|$̃⟩. (A8)

Such an overlap is maximized (all coefficients are the same)
whenever in every subspace of dim 2K + 1 there is only one
element from the decomposition |$⟩|$̃⟩, which is consistent
with (A6). The only states that produce a single state in each
invariant subspace are the basis states |S,m⟩, so that |$̃⟩ =
(−1)m |S,−m⟩, then

A(S)
M =

M∑

K=1

2K + 1
2S + 1

∣∣CSS
SS,K0

∣∣2
. (A9)

Since the maximum value of CSm
Sm,K0 is CSS

SS,K0, the states
|S,± S⟩ maximize A(S)

M , as heralded before.
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Abstract: We show that, contrary to popular belief, diffraction-free beams not only may
reconstruct themselves after hitting an opaque obstacle but also, for example, Gaussian beams.
We unravel the mathematics and the physics underlying the self-reconstruction mechanism and
we provide for a novel definition for the minimum reconstruction distance beyond geometric
optics, which is in principle applicable to any optical beam that admits an angular spectrum
representation. Moreover, we propose to quantify the self-reconstruction ability of a beam
via a newly established degree of self-healing. This is defined via a comparison between
the amplitudes, as opposite to intensities, of the original beam and the obstructed one. Such
comparison is experimentally accomplished by tailoring an innovative experimental technique
based upon Shack-Hartmann wave front reconstruction. We believe that these results can open
new avenues in this field.
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1. Introduction
In recent years, the remarkable capacity of a beam to reconstruct itself after encountering an
obstacle (frequently called self-healing) has attracted a good deal of attention [1–3] and has
already found applications in diverse areas [4–8].
Self-healing has been long time considered as a distinctive feature of nondiffracting

beams [9]; most prominently of Bessel beams [10–13], although also Airy [14], caustic [15],
and Mathieu and Weber [16] beams have been examined.
It was subsequently realized that some diffracting beams, including the whole family of

scaled propagation invariant beams [17] optical ring lattices [18], Pearcey beams [19], and
tightly focused [20] and radially polarized [21] Bessel-Gauss beams, can self-reconstruct.
However, there is still the widespread perception that the self-reconstruction hinges on
engineering special beam profiles and, in many instances, it is sensitive to the obstruction size
and shape, thereby limiting applications of this phenomenon [22].
Recently, a complete account of self-healing for Bessel beams has been given in terms of

wave optics [23]. The basic mechanism can be entirely explained in terms of the propagation
of plane waves with radial wave vectors lying on a ring. The results obtained are in agreement
with the standard ones established from a geometrical approach [24, 25], yet they open a new
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scope.
In this paper, still using a wave-optics methodology, we come to the conclusion that self-

healingmay occur, potentially, for almost any kind of beam. Note, though, that it is outside the
scope of most self-healing researches, and the present work is not an exception, the study of self-
reconstruction capabilities of structured optical beams, as multiple-beam assemblies and, more
generally, beams with complex and intricate intensity, polarization, frequency and temporal
structures [26].
Furthermore, we introduce an appropriate degree that quantifies the similarity between the

field of the unperturbed beam (namely, the beam that would propagate as if the obstacle were
not present) and the field of the perturbed one (that is, the beam that propagates behind the
obstruction). In this way, we put in evidence that self-healing is a property of both the intensity
and the phase of the spatial distribution of the beam. We experimentally test these issues
with a Gaussian beam, whose intensity and phase are measured by means of a CCD camera
and a Shack-Hartman wavefront sensor, finding an outstanding agreement with our theoretical
predictions.

2. Self-healing as an eigenvalue problem
Let us first set the stage for our construction. We consider a scalar field Ψ(x , y, z) propagating
along the z-axis. An obstruction, characterized by an amplitude transmission function tO (x , y),
is placed in the plane z = 0. Here and hereafter with obstruction we denote any physical object
that decreases the intensity of a light beam, possibly in a space-dependent manner, without
changing directly phase and polarization of light. The amplitude ΨO (x , y, 0) of the obstructed
field at the plane z = 0 is

ΨO (x , y, 0) = tO (x , y) Ψ(x , y, 0) . (1)

The angular spectrum representation [27] is probably the most germane method to deal with the
field propagation. Accordingly, the amplitude ΨO (x , y, z) of the field transmitted at a distance
z from the obstruction can be expressed as the plane-wave superposition

ΨO (x , y, z) =
1

(2π)2

∞
!

−∞

exp(iρ · κ) exp(izkz)
⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∞
!

−∞

t̂O (κ −κ′)Ψ̂(κ′) d 2κ ′
⎤
⎥⎥⎥⎥⎥⎥⎥⎦d

2κ . (2)

The wide hat (not to be confused with the small hat marking unit vectors) will denote throughout
the spatial Fourier transform of the corresponding function evaluated at z = 0; i.e., its angular
spectrum. Two-dimensional transverse vectors, in either real and Fourier space, are denoted
with Greek letters: ρ = x x̂ + yŷ and κ = kx x̂ + ky ŷ. In addition, kz = (k2 − κ2)1/2, with
κ2 = k2x + k2y .
Given the function tO (x , y), one can always define the transmission function tA(x , y) of an

aperture complementary to the obstruction [28] via the Babinet principle tA (x , y)+tO (x , y) = 1.
Therefore, (1) yields

ΨO (x , y, 0) = [1−tA(x , y)]Ψ(x , y, 0) ≡Ψ(x , y, 0) −ΨA(x , y, 0). (3)

Taking the absolute value squared of both sides of this equation and integrating over the whole
xy-plane, we obtain

I[ΨO] = I[Ψ] + I[ΨA]−2Re
∞

!

−∞

Ψ∗ (x , y, 0)ΨA (x , y, 0) dxdy, (4)

where I[h] =
∞
"

−∞
h∗ (x , y, z)h(x , y, z) dxdy is the average beam intensity at the plane z.
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Conventionally, a beam is dubbed self-healing when it has the ability to recover its
amplitude or intensity profile after being obscured by an obstacle. Quite obviously, perfect
self-reconstruction is impossible, even in principle, because, as Eq. (4) distinctly shows, the
intensity of the transmitted field is unavoidably reduced unless I[ΨA] = 0. We thus content
ourselves with the condition

ΨO (x , y, z) ≈λ0Ψ(x , y, z) , ∀z ≥ z0 , (5)

where z0 denotes the so-called minimum reconstruction distance and the scaling factor λ0 =
{I[ΨO]/I[Ψ]}1/2 accounts for the average intensity reduction caused by the obstruction.
The left-hand side of (5) is given by (2), while the field in the right-hand side can be jotted

down as

Ψ(x , y, z) =
1
2π

∞
!

−∞

exp(iρ · κ) exp(izkz)Ψ̂(κ) d 2κ. (6)

Consequently, (5) can be equivalently recast as

Ψ̂O (κ) ≈λ0Ψ̂(κ) . (7)

Notice carefully, though, that (7) does not contain the variable z, whereas the relation (5) is
supposed to be valid only for z ≥ z0. The latter requirement cannot be ignored because (5)
cannot be satisfied at z = 0, where instead (3) must be fulfilled. Of course, in (3) we are
implicitly excluding the trivial case of a spatially-uniform semi-transparent intensity obstruction
(think of, e.g., a neutral-density filter) such that ΨA(x , y, 0) = (1−λ0)Ψ(x , y, 0).
Hence, we are apparently faced with a contradiction here. In fact, (7) constitutes more a

statement about the obstruction rather than the field. This can be seen by rewriting (7) in the
more enlightening form

1
2π

∞
!

−∞

t̂O (κ −κ′)Ψ̂(κ′) d 2κ′ ≈λ0Ψ̂(κ) . (8)

With the equality sign, this is a homogeneous Fredholm integral equation [29] for the function
Ψ̂(κ), which has to be an eigenfunction with eigenvalue 2πλ0, of the integral kernel t̂O (κ−κ′)
describing the obstruction. This means that the requirement (5) is indeed too much restrictive
because it can be satisfied only by those beams whose angular spectrum (the eigenfunction) is
unaffected by the interaction with the obstruction, apart from a trivial proportionality factor (the
eigenvalue), as shown in (8).

3. Minimum reconstruction distance
Let us have a closer look at the minimum reconstruction distance z0, after which a self-
reconstructing beam is supposed to restore its profile. For a single plane wave exp(ik · r), with
wave vector k = k ( x̂ sin θ cos φ+ ŷ sin θ sin φ+ ẑ cos θ), this parameter can be straightforwardly
estimated in the context of either geometrical and wave optics [23].
Actually, let us consider an arbitrary obstruction on the xy-plane with an areaO. As sketched

in Fig. 1, for a simply connected region O, we can always find the incircle (the largest circle
inscribed in O) and the excircle (the smallest circumscribed circle), both centered on the beam
axis [30]. The respective radii are b (inradius) and a (exradius). Then, elementary considerations
lead us to [24, 25]

z0 ∝
a
tan θ

, (9)

where the proportionality factor essentially depends on the shape of the obstruction.
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O

Fig. 1. Obstruction of area O represented in red. This region is circumscribed by the blue
circle of radius a (exradius) and it inscribes the yellow circle of radius b (inradius). Both
circles are centered along the z-axis of the beam at x = y = 0.

Next, notice that for our single plane wave

1
tan θ

=
kz

(k2x + k2y )1/2
=
(k2 −k2x −k2y )1/2

(k2x + k2y )1/2
, (10)

provided that k2x + k2y ≤ k2. This condition is necessary to maintain kz real-valued and it
limits the applicability of the equation above to beams whose angular spectrum does not contain
evanescent waves [27]. We can thus regard z0 as a function of κ = (k2x + k2y )1/2 in the k-space,
namely

z0 ∼ a Z (κ) := a
(
k2 −κ2

)1/2

κ
. (11)

For an arbitrary beam, the transverse wave vector κ has a density distribution function given
by |Ψ̂(κ) |2. So, we can define the minimum reconstruction distance z0 as the expected value of
the function a Z (κ); namely,

z0
a
= ⟨Z (κ)⟩ =

!

(
k2 −κ2

)1/2

κ
|Ψ̂(κ) |2 d 2κ

!

|Ψ̂(κ) |2 d 2κ
, (12)

where both integrals are limited to the disk k2x + k2y ≤ k2. We stress that this formula assigns a
definite value of z0 to any density |Ψ̂(κ) |2: self-healing does occur for any beam.

4. Gaussian beams
As the Gaussian beam is the simplest example of a transversally unbounded diffracting beam,
we shall use it as our thread to test the proposed concepts. We take it to be a Gaussian of waist
w0, so it can be written as

Ψ(x , y, z) = exp(ik z)ψ(x , y, z) , (13)
with ψ(x , y, z) being the fundamental solution of the paraxial wave equation:

ψ(x , y, z) =
1

z −izR
exp

[
i
k
2

(
x2 + y2

z −izR

)]
, (14)
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x/w0x/w0 x/w0

z/zRz/zRz/zR

|ψ(x, 0 , z)|2 |ψA(x, 0 , z)|2 |ψO(x, 0 , z)|2

Fig. 2. Intensity distributions (evaluated at y = 0), of (from left to right): the incident field
ψ(x , 0, z), the “virtual” field transmitted by the aperture complementary to the obstruction
ψA (x , 0, z), and the field transmitted behind the obstacle ψO (x , 0, z). The plots correspond
to a Gaussian beam w0 = 0.26 mm and a soft-edge Gaussian obstruction with full width
a/w0 = 0.28. At z/zR = 2, the intensity profiles of ψ(x , 0, z) and ψO (x , 0, z) appear very
similar.

and zR = kw20/2 denotes the Rayleigh range.
To facilitate the calculations, the obstruction is taken as a soft-edge Gaussian obstacle of full

width 2a located along the axis of the beam at z = 0. This is described by the transmission
function

tO (x , y) = 1−exp
(
−|ρ−ρ0 |

2

2a2

)
, (15)

where ρ0 = x̂ x0 + ŷy0 represents the displacement of the obstacle with respect to the
beam propagation axis. The Fourier transformations are straightforward and we finally get the
following expression for the beam transmitted by the virtual aperture complementary to the
obstruction:

ψA (x , y, z) =
aR
zR

1
z −iaR

exp
[
i
k
2

(
x2 + y2

z −iaR

)]
, (16)

where, for the sake of clarity, we have chosen ρ0 = 0 and we have defined the modified Rayleigh
range aR as

aR =
zR

1 +
zR
ka2

≤ zR . (17)

The self-healing mechanism of the Gaussian beam is vividly illustrated in Fig. 2. A close
inspection of this figure reveals how the self-reconstruction works. From (17) it follows that
aR ≤ zR . Therefore, the “virtual” field ψA (x , y, z) transmitted by the complementary aperture
spreads in the xy-plane, while propagating along the z-axis, much more rapidly than the
unperturbed field ψ(x , y, z) and then for z/zR ! 2 the intensity profile of the obstructed beam
almost coincides with the profile of the unperturbed one.
The integrals in (12) can be evaluated analytically; the final result is

z0
a
=

π

2θ 20

I0(1/θ 20 ) + I1(1/θ
2
0 )

sinh(1/θ 20 )
, (18)

where θ0 = 2/(kw0) is the angular spread of the Gaussian beam [27] and Iν (z) is the modified
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Fig. 3. Minimum reconstruction distance z0/a as a function of θ0 as well as the paraxial
approximation. We also plot z0/zR , which shows a perfect linear behavior. The numerical
factor 10−3 is introduced to fit both curves in the same scale.

Bessel function of the first kind of order ν. In the paraxial regime, θ0 ≪ 1 and then

z0
a
≈
√
2π

tan θ0
, (19)

which is consistent with the expected geometrical optics result. A plot of z0/a is given in Fig. 3,
as well as the paraxial approximation, which works pretty well. Notice that z0 is larger for
smaller θ0, which might appear counterintuitive. The reason is that for smaller θ0, zR becomes
larger. To bypass this drawback, we have also plotted z0/zR , which can be easily obtained from
(18). For θ0 ≪ 1, we get

z0
zR
≈ka

√
π

2
θ0 . (20)

The goodness of this linear approximation can be appreciated in Fig. 3.

5. Quantifying self-healing
We still have a conundrum pending from the end of Sec. 2: how is it possible to obtain the
simultaneous validity of both (1) and (5)?
Indeed, what one really needs is simply to satisfy (5) on the xy-plane in the neighborhood

of the propagation axis z. This statement may be formalized as follows. Consider again the
obstruction represented in Fig. 1 that occupies the region O in the xy-plane. Let E be an
arbitrary area in the xy-plane strictly contained within O. For example, E can be the region
confined by the inner circle of radius b, although different symmetries in the problem may
dictate different choices. Then, as a necessary condition for self-healing, we require that the
amplitude ΨO (x , y, z) of the obstructed beam is proportional to the amplitude Ψ(x , y, z) of the
unperturbed beam only within E; viz,

ΨO (x , y, z)
∣∣∣∣(x ,y )∈E ≈λ0Ψ(x , y, z)

∣∣∣∣(x ,y )∈E ∀z ≥ z0 . (21)

From a mathematical point of view, (21) makes much more sense than (5). In fact, the field
configuration at z = 0 completely determines the field distribution at z > 0. Then, if at a
certain distance z, (5) were satisfied upon all the xy-plane, then it should be also valid at z = 0.
But the latter statement is clearly false because at z = 0 one has, by definition, ΨO (x , y, 0) =
tO (x , y)Ψ(x , y, 0) ! Ψ(x , y, 0). Therefore, the desideratum of satisfying both equations (1) and
(5) over all the xy-plane cannot be true.
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Fig. 4. (a) Plots of the degree of self-healing DSH(z) for a Gaussian field of waist w0 and
different radii b of the integration region E. The continuous blue line represents the limit
value for b→ 0. (b) The limit value of DSH(z) for b→ 0, given in (26), for several values
of the width a of the soft-edge Gaussian obstruction.

To circumvent this difficulty, we first define a scalar product in the space of functions L2(E)
as

⟨ f |g⟩ :=
∫

E

f ∗ (x , y, z)g(x , y, z) dxdy . (22)

With this definition, the scalar product ⟨ f |g⟩ naturally becomes a function of z. Of course, the
choice of the integration domain E is partially discretionary (the only constraint is to be entirely
contained within O). However, it is useful to remind here that the concept of self-healing and
minimum reconstruction distance suffer from the same kind of arbitrariness. In other words,
since both (1) and (5) are impossible to satisfy over the whole xy-plane, one is forced to chose
where these equations should be satisfied. This is because in the total average the field does not
heal. This follows from Babinet’s principle, the perturbation is somewhere. The beam shape
becomes more similar to what it would have been without obstruction because the effect of the
obstruction is spread out. To some extent this is the core of any self-healing claim and defining
the healing locally at the position of the obstruction bypasses the problem.
The scalar product (22) allows us to introduce in a natural way the corresponding distance

D( f , g) between two functions in L2(E) as D( f , g) = ∥ f −g∥, where ∥ f ∥ = ⟨ f | f ⟩1/2. This
distance somehow quantifies the similarity between the obstructed and the unobstructed field.
In quantum information [31] there are many measures of the “closeness” of two (normalized)
states we want to compare. Probably, one of the most popular one is the fidelity, a modified
version thereof has been proposed in this context by Chu and Wen [32]. However, the standard
fidelity fails to furnish a quantitative description of self-healing because it is defined in terms
of a scalar product resulting from integration upon the whole xy-plane and this erases any z-
dependence.
In this paper, we shall use instead the notion of relative distance, which we define as

Dr(Ψ,ΨO) =
∥Ψ−ΨO ∥
∥Ψ + ΨO ∥

=
⟨ΨA |ΨA⟩1/2

[⟨ΨA |ΨA⟩ + 4⟨Ψ|Ψ⟩ −4Re⟨Ψ|ΨA⟩]1/2
, (23)

where the scalar products are defined as in (22). A direct application of the parallelogram
law [33] [∥ f −g∥2 + ∥ f + g∥2 = 2(∥ f ∥2 + ∥g∥2)] immediately confirms that 0 ≤ D2r ≤ 1.
If ΨO ≃ λ0Ψ, with 0 ≤ λ0 ≤ 1, then

Dr(Ψ,ΨO) ≃
1−λ0
1 + λ0

. (24)
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Fig. 5. (Left panel) Experimental setup used to check the self-healing of a fundamental
Gaussian beam created by the He-Ne laser. (Right panel) Intensity scans recorded by the
CCD camera at increasing distances ζ = 0, 0.5, 1.5, 4 and 6.5 (from left to the right).
The beam has a waist w0 = 0.24 mm, divergence θ0 = 0.84 mrad, and Rayleigh range
zR = 285 mm. The upper row corresponds to the obstructed beam (with α = 0.206),
whereas the lower row is for the unobstructed beam. In the first two scans, the images are
very small, so we have included insets (in white frames) with enlarged pictures to better
appreciate the patterns.

On that account, we find it convenient to introduce a z-dependent degree of self-healing:

DSH(z) =
√
1−D2r(Ψ,ΨO) , (25)

and one can check that 0 ≤ DSH(z) ≤ 1. We underline that this concept of distance measure
has been successfully used in assessing a number of key concepts in quantum optics. In general,
a distance measure quantifies the extent to which two physical states behave in the same way.
While these distance measures are usually given by certain mathematical expressions, they often
possess a simple operational meaning, i.e., they are related to the problem of distinguishing
the two states. The notions of nonclassicality [34], entanglement [35], polarization [36], and
localization [37], to cite only a few relevant examples, have been systematically formulated
within this framework.
For a Gaussian beam, with cylindrical symmetry about the propagation axis z, we can choose

for E a disk of radius b ≤ a. The function DSH(z) can be calculated analytically, although
the final expression is complicated and of little use for our purposes. When b goes to zero, we
obtain the asymptotic form

DSH(ζ ) = ζ

√
1−β2
β2 + ζ2

, (26)

where we have used the dimensionless variables

ζ =
z
zR
, α =

a
w0
, (27)

and β = α2/(1 + α2). It is interesting to notice that this function does not depend explicitly on
the angular spread θ0 of the Gaussian beam.
In Fig. 4(a) we plot DSH(ζ ), for a fixed value of α, and different radii b of the integration

region E. When b increases, the dependence of DSH(ζ ) with ζ becomes weaker. In Fig. 4(b)
we plot the limit form of DSH(ζ ), given in (26), for different values of α. When α goes to zero,
DSH(ζ ) tends to the unity, as expected from physical considerations.
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Fig. 6. Real and imaginary parts of the energy-normalized field amplitudes at the positions
ζ = 0.05, 0.28, and 0.56 (from left to right). The obstructed field is represented in orange,
while the unobstructed is in blue. The obstruction is characterized by α = 0.14.

6. Experiment
We have checked these predictions in the laboratory. To build up a Gaussian beam with a central
obstruction, a He-Ne laser beam (633 nm, Thorlabs) was used. The beam impinges on a digital
micromirror device (DMD) chip (Texas Instrument), with square micromirrors of 7.6 µm size
each. The obstruction was generated as an off-state region on this chip. A sketch of the setup is
presented in Fig. 5. All the previous treatment can be directly applied to this reflection mode.
First, we observed the intensity self-reconstruction of a Gaussian beam of waist w0 =

0.24 mm, divergence θ0 = 0.84 mrad, and Rayleigh range zR = 285 mm. The beam was
propagated a distance z = zR , where the half-width is wzR = 0.34 mm. Then, the DMD is
inserted at this position where we generate a centered obstruction of either circular or square
shape of half-widths a of 0.09 mm. For both shapes of the obstruction the results are much
the same. Then, the intensity scans are captured in several positions by a CCD camera (Basler)
with 5.5 µm pixel size. Some of these intensity profiles (for the case of a square obstruction) are
depicted in Fig. 5 for different propagating distances from the obstruction.
To experimentally assess the degree of self-healing DSH(ζ ) we must be able to measure the
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ζ

Fig. 7. Experimentally determined degree of self-healing DSH(ζ ) obtained from the field
measurements shown in Fig. 6. The integration region E is a dist of radius b = a = 0.07 mm.
The error bars represent standard deviations.
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whole complex amplitude for both the obstructed and the unobstructed fields, as it is apparent
from (23). To facilitate the measurement, a calibrated beam expander was used, so the new waist
was w0 = 0.6 mm and the Rayleigh range zR = 1787 mm. Then we place alternatively the CCD
camera and a Shack-Hartmann wavefront sensor (consisting of a microlens array with 150 µm
lens pitch) to the same distance from the DMD and measure the intensity and the wavefront
profile of the beam. To increase the wavefront measurement resolution, we used another beam
expander coupled directly to the wavefront sensor.
The field complex amplitude was then reconstructed from these measurements that were

interpolated to the same resolution. The DMDwas positioned now at a distance of 560 mm from
the waist with half-width wz = 0.635 mm. For this measurement, we use the obscuration with
α = 0.14, and detection planes at ζ in the range 0.05–0.61. Some of the resulting amplitudes
are shown in Fig. 6, where the real and imaginary parts are plotted.
Once the complex amplitudes are experimentally determined, we can compute the degree

DSH(ζ ). For this purpose, we take the integration region E as a disk of radius b = a = 0.09 mm,
which is the size of the obstruction. Our experimental results are presented in Fig. 7. For each
distance, the measurements have been repeated over 100 times, so we can assign error bars. The
agreement with the theory is pretty good.

7. Concluding remarks
In summary, we have presented a general theory of the so-called self-healing process occurring
in diverse partially obstructed optical beams, whose validity is not limited to diffractionless
beams as, e.g., Bessel beams. From a careful analysis of the physical mechanisms involved,
we could ascertain the minimum propagation distance from the obstacle after which an optical
beam recovers its original intensity profile. Our results, obtained within the framework of wave
optics, confirm and extend the traditional ones based on purely geometrical arguments.
We have quantified self-healing as the closeness between the obstructed and unobstructed

beams, proposing a suitable measure that has been experimentally tested for Gaussian beams,
getting a beautiful agreement with the proposed theory.
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Quantum metrology allows for a tremendous boost in the
accuracy of measurement of diverse physical parameters.
The estimation of a rotation constitutes a remarkable example
of this quantum-enhanced precision. The recently introduced
Kings of Quantumness are especially germane for this task
when the rotation axis is unknown, as they have a sensitivity
independent of that axis and they achieve a Heisenberg-limit
scaling. Here, we report the experimental realization of these
states by generating up to 21-dimensional orbital angular
momentum states of single photons, and confirm their high
metrological abilities. © 2017 Optical Society of America

OCIS codes: (270.0270) Quantum optics; (270.5585) Quantum informa-
tion and processing; (120.3940) Metrology.

https://doi.org/10.1364/OPTICA.4.001429

The conventional description of the quantum world involves a
key mathematical object—the quantum state—that conveys com-
plete information about the system under study; once it is known,
the probabilities of the outcomes of any measurement can be pre-
dicted. This statistical description entails counterintuitive effects
that have prompted several notions of quantumness, yet no single
one captures the whole breadth of the physics.

There are, however, instances of quantum states that behave in
an almost classical way. The paradigm of such a behavior is that of
coherent states of light [1]; they are as much localized as possible
in phase space, a property that is preserved under free evolution.

The concept of coherent states has been extended to other
physical systems [2]. The case of spin is of paramount importance.
The corresponding spin coherent states have minimal uncertainty
and they are conserved under rotations. So, in the usual way of
speaking, they mimic a classical angular momentum as much as
possible. One could rightly wonder what kind of state might serve

as the opposite of a coherent state. The answer will depend on the
ways to formalize the idea of being “the opposite” [3]. Here, we
take advantage of the Majorana representation, which maps a
pure spin S into 2 S points on the Bloch sphere [4].

It turns out that the Majorana representation of a coherent
state consists of a single point (with multiplicity 2 S). At the
opposite extreme, we can imagine states whose Majorana repre-
sentations are spread uniformly over the sphere. The resulting
states are precisely the Kings of Quantumness [5,6]. With such
symmetric spreadings, the constellations essentially map onto
themselves for relatively small rotations around arbitrary axes.
This means that they resolve rotations around any axis approx-
imately equally well. We emphasize that the problem of estimat-
ing a rotation is of utmost interest in magnetometry [7–9],
polarimetry [10,11], and metrology in general [12]. In this work,
we experimentally demonstrate the generation of these states and
certify their potential for quantum metrology [13].

Let us first set the stage for our experiment. We consider
a system that can be described in terms of two independent
bosonic modes with creation operators â†α, with α ∈ f!; −g.
This encompasses many different instances, such as strongly cor-
related systems, light polarization, Bose–Einstein condensates,
and Gaussian–Schell beams, to mention only a few [14]. The
Stokes operators for these two-mode systems can be compactly
expressed as [15] Ŝ " 1

2 â
†
ασαβâβ, where σ denotes the Pauli

matrices, and summation over repeated indices is assumed.
One can verify that Ŝ2 " Ŝ 0 #̂S 0 ! 1$ with Ŝ 0 " N̂∕2 , and N̂ "
â†αδαβâβ " N̂! ! N̂ − being the total number of excitations.

From now on, we restrict our attention to the case where N is
fixed. This corresponds to working in a #2 S ! 1$-dimensional
Hilbert space HS of spin S (with N " 2 S). This space HS
is spanned by the Dicke basis jS; mi, wherein the action of Ŝ
operators is the standard for an angular momentum. Sometimes,
it is preferable to use the two-mode Fock basis jN!; N −i, related
to the Dicke basis by N! " S ! m and N − " S − m.
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Spin coherent states are constructed much in the same way as
in the canonical case [2]: they are displaced versions of the north
pole of the Bloch unit sphere S2 . If n is a unit vector in the
direction of the spherical angles (θ, ϕ), they can be defined as
jni " eiϕŜz eiθŜy jS; Si. They are not orthogonal, but one can still
decompose an arbitrary state jΨi using this overcomplete set. The
associated coherent-state wave function is Ψ#n$ " hnjΨi, and
the corresponding probability distribution, Q#n$ " jΨ#n$j2 , is
nothing but the Husimi function.

The wave function Ψ#n$ can be expanded in terms of the
Dicke basis jS; mi. If the corresponding coefficients are
Ψm"hS;mjΨi, we obtain Ψ#n$"#1!jzj2 $−S

PS
m"−ScmΨmzS!m,

where cm "
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#2 S$!∕%#S − m$!#S ! m$!&

p
, and z " tan#θ∕2 $e−iϕ

is the complex number derived by the stereographic projection
of #θ;ϕ$. Apart from the unessential positive prefactor, this is
a polynomial of order 2 S; thus, jΨi is determined by the set
fzig of the 2 S complex zeros of Ψ#n$. These zeros, which are also
the zeros of Q#n$, specify the so-called constellation by an inverse
stereographic map of fzig↦#θi ;ϕi$.

Since the spherical harmonics Y Kq#n$ are a complete set of
orthonormal functions on S2 , they may be used to expand the
Husimi function Q#n$. The resulting coefficients, ϱKq, are noth-
ing but the standard state multipoles [16], and there are 2 S ! 1 of
them (see Supplement 1). The monopole is trivial, as it is just a
constant term. The dipole indicates the position of the state in the
Bloch sphere. When it vanishes, the state has vanishing (first-
order) polarization and points nowhere in the mean. If the
quadrupole also vanishes, the variance of the state is uniform;
i.e., no directional signature can be observed in its second-order
fluctuations, and we say that it is second-order unpolarized.
Similar interpretation holds for higher-order multipoles. One
can also look at these multipoles as the K th directional moments
of the state constellation and, therefore, these terms resolve
progressively finer angular features.

The quantity
P

qjϱKqj2 gauges the overlap of the state with the
K th multipole pattern. It seems thus suitable to look at the
cumulative distribution [17]AM "

PM
K"1

PK
q"−K jϱKqj2 , which

concisely condenses the state angular capacity up to order M
(1 ≤ M ≤ 2 S). Observe that the monopole is omitted, as it is just
a constant term.

The spin coherent states jni have remarkably simple constel-
lations, just the point −n, and they maximizeAM for all ordersM ,
confirming yet from another perspective the outstanding
properties of these states [5].

In contradistinction, the Kings are those pure states that make
AM ≡ 0 for the highest possible value ofM . This means that they
convey the relevant information in higher-order fluctuations. The
search for these states has been systematically undertaken recently
in Ref. [5], where the interested reader can check the details (see
also Supplement 1, where one can find the nonzero components
Ψm of the Kings). The resulting Majorana constellations for some
values of S are depicted in Fig. 1. For S " 3 , the constellation is a
regular octahedron and the state is third-order unpolarized
(M " 3 ). For S " 5 , it consists of two pentagons. For S " 6
we have the icosahedron, and the corresponding state is fifth-
order unpolarized. For S " 10 we have a slightly stretched
dodecahedron (i.e., the four pentagonal rings that define its ver-
tices are displaced against the pole), and it is fifth-order unpolar-
ized. As we can appreciate, the Kings have the points very
symmetrically placed on the unit sphere, so their constellations

possess many axes along which they return to themselves after
a rotation. Consequently, they can resolve relatively small angles
around a large number of axes.

Other states with a high degree of angular resolution are the
NOON states, given by jNOONi " 1ffiffi

2
p #jN; 0 i − j0 ; N i$ in the

two-mode Fock basis and 1ffiffi
2

p #jS; Si − jS; −Si$ in the Dicke basis.
As shown in Fig. 1, their Majorana constellation consists of 2 S
equidistantly placed points around the equator of S2 . A rotation
around the z axis of angle π∕#2 S$ makes jNOONi orthogonal to
itself, whereas for π∕S it returns to itself. This nicely supports the
ability of NOON states to detect small rotations.

To compare the performance of these two classes of states, let
us assume we have to estimate a rotation R#ω;u$ of angle ω
around an axis u of spherical angles #Θ;Φ$. We consider only
small rotations and take the measurement to be a projection
of the rotated state onto the original one; i.e., it can be represented
by P̂" jΨihΨj. As discussed in Supplement 1, the respective
sensitivities (defined as the ratio Δω " ΔP̂∕j∂hP̂i∕∂ωj, the
variance being ΔP̂" %hP̂2 i − hP̂i2 &1∕2 ) are

ΔωKings "
ffiffiffi
3

p

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S#S ! 1$

p ;

ΔωNOON "
1ffiffiffi
2

p
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 S 2 cos2 Θ! S sin2 Θ
p : (1)

The sensitivity of the Kings is completely independent of the
rotation axis and with a Heisenberg-limit scaling 1∕S for large S.
For the NOON states, the sensitivity scales as 1∕S when Θ " 0 ,
but can be as bad as 1∕

ffiffiffi
S

p
when Θ " π∕2 . In short, it is essential

to know the rotation axis to ensure that the NOON state is
aligned to achieve its best sensitivity.

We stress that the measurement scheme for Δω involves only
second-order moments of Ŝ. Given their properties, one could
expect that detecting higher-order moments will bring out even
more advantages of the Kings.

To check these issues, we have generated these extremal states
for the cases of S " 3 , 5, 6, and 10 using orbital angular momen-
tum (OAM) states of single photons [18], which has already
proven fruitful in quantum metrology [19]. Working at the
single-photon regime is not essential, but it highlights the
potential implications for quantum information processing [20].
Therefore, the index m in the Dicke basis is identified with the
OAM eigenvalue l of a single photon along its propagation

(a)

(b)

Fig. 1. (a) The Majorana constellations in the Bloch sphere for the
Kings (orange) and the NOON states (yellow) corresponding to spin
S " 3 , 5, 6, and 10. (b) The Laguerre–Gauss representation of the same
Kings and NOON states, shown in (a), where the azimuthal index l
corresponds to m in the Dicke basis. We consider the fundamental radial
mode, i.e., p " 0 , where p is the radial index of the Laguerre–Gauss modes.
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direction. In general, there exist many families of optical modes
carrying OAM, but we choose the Laguerre–Gauss basis LGl;p,
where p is the radial index. Since the radial profile is irrelevant to
the experimental realization of the Kings states, for the sake of
simplicity, we always set the radial index to its fundamental value,
i.e., p " 0 . The resulting transverse profiles of both the Kings and
the NOON states are as in Fig. 1(b).

We experimentally create the Kings by means of spontaneous
parametric downconversion. A sketch of the experimental setup is
shown in Fig. 2(a). A quasi-continuous wave ultraviolet (UV) la-
ser operating with a repetition rate of 100 MHz and an average
power of 150 mW at a wavelength of 355 nm is used to pump a
type-I β-barium borate crystal. The single photons, signal and

idler, are subsequently coupled to single-mode fibers to filter their
spatial mode. One of the photons, the idler, is used as a trigger.
The other photon, the signal, is made incident on a first spatial
light modulator (SLM1), where the desired quantum states were
imprinted on the signal photon holographically [21]. The gener-
ated photonic Kings are subsequently imaged onto a second
spatial light modulator (SLM2) by a 4 f system. The second
SLM possessing the desired hologram followed by a single-mode
optical fiber perform the projective measurement on the state of
the signal photon. Both photons are sent to avalanche photodiode
detectors (APD), and coincidence counts are recorded by a coinci-
dence box with a coincidence time window of 3 ns [22].

To verify the accurate experimental generation of these states,
we perform quantum state tomography to reconstruct the Husimi
Q function, as shown in Fig. 2(b). The average fidelity of the
resulting states is around 90%; i.e., 94%, 87%, 91%, and
93%, respectively (see Supplement 1).

We now study the behavior of such states under rotations in
the sphere S2 . This is experimentally realized by projective mea-
surements of the Kings onto themselves after a rotation ω around
several axes (see Fig. 3). To demonstrate the high sensitivity to
rotation of these states along arbitrary axes, we perform such ro-
tations around each axis passing through the Majorana points and
facets of the Kings constellations. For the cases of S " 3 , 6, and
10, we find four-, five-, and three-fold symmetry axes passing
through their Majorana points and three-, three-, and five-fold
symmetry axes passing through the normals to the facets of their
constellations, respectively. Note that, since we are dealing with
OAM, these rotations correspond to rather abstract mode trans-
formations, although the polar axis still represents a physical
real-space rotation around the optical axis.

Finally, in Fig. 4 we experimentally check the sensitivity of
the Kings and NOON states. As we can see, the experimental

(a)

(b)

Fig. 2. (a) Sketch of the experimental setup and (b) density plots of the
experimentally reconstructed Husimi Q functions for the same King
states as in Fig. 1. The fidelities of these reconstructed states are (from
left to right) 0.94, 0.87, 0.91, and 0.93. The differences with the
theoretical Q functions cannot be visually noticed.

S = 3 S = 6 S = 10

ω (rad) ω (rad) ω (rad)

ω (rad)ω (rad)ω (rad)
Axes

Axes Axes

Axes Axes

Axes

P P P

P P P

Fig. 3. Experimental results of the projection of the S " 3 , 6, and 10 (first, second, and third column, respectively) Kings states, jΨ#S$i, onto them-
selves after a rotation of ω around the axis u, R̂#ω;u$, i.e., hP̂i " jhΨ#S$jR̂#ω;u$jΨ#S$ij2 . The axes are presented graphically along with the associated
constellations. The first row corresponds to rotations along the axes passing through theMajorana points (pink arrows), and the second row corresponds to
rotations along the axes normal to the facets of the constellations (blue arrows). The experimental results (red and blue dots) are shown along with the
theoretical results (blue and green curves) for all rotation axes.
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sensitivity of the Kings is completely independent of the
orientation of the rotation axes (within the error bars). In the
limit of small rotation angles, the NOON states overcome
the Kings all the way up to cos Θ " 1∕

ffiffiffi
3

p
. Nonetheless, since

the Kings achieve the ideal sensitivity irrespectively of the axis,
they are the most appropriate to detect rotation around arbitrary
axes.

The problem of the Kings is closely related to other notions as
states of maximal Wehrl–Lieb entropy [23], Platonic states [24],
the Queens of Quantumness [25], or the Thomson problem [26].
However, there are still many things to elucidate concerning
these links. They are, however, a nice illustration of the connec-
tions between different branches of science, and on how some
seemingly simple problems—distributing points in the most sym-
metric manner on a sphere—can illuminate such complicated
optimization problems that we have just described.

Thus far, efforts were concentrated in estimating the rotation
angle, which in terms of magnetometry means that we only want
to know the magnetic field magnitude. The Kings will allow for a
simultaneous precise determination of the rotation axis (i.e., the
magnetic field direction). Our experimental results corroborate
that this extra advantage can pave the way to much more refined
measurement schemes.
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