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Abstract

This chapter provides a description of some of the mathematical approaches that have been
developed to account for quantitative and qualitative aspects of chemotaxis. This last is an
important biological property, consisting in motion of cells induced by chemical substances,
which is known to occur in a large number of situations, both homeostatic and pathological.
Particular attention will be paid to the limits on a cell’s capability to measure external cues on
the one hand, and to provide an overall description of aggregation models for the slime mold
Dictyostelium discoideum on the other.
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1. Introduction: What is chemotaxis?

Chemotaxis is a technical term which is commonly used to describe the motion of cells
induced by chemical substances, either to navigate toward the source of those, or else to
escape away from them. This scientific concept was formulated as a hypothesis by Ramén y
Cajal [94] in 1893, in the course of his seminal studies on Developmental Neuroscience.
As recalled for instance in [105] and [27], Cajal noticed the remarkable behavior of grow-
ing axons of neurons, which maintain a precise orientation toward their target cells during
their growth. As a matter of fact, for a mature netvous system to work properly, a very
precise pattern of connections among a huge number of neurons (about 10'? in human
brain) has to be established during embryonic and early postnatal periods, and such con-
nections are made by migration of neurons from their proliferative sites to their eventual
targets. Cajal considered what the mechanism could be for the “intelligent force™ respon-
sible for such guiding process. He eventually formulated in {94] the so-called neurotropic
(or quimiotactic) theory, according to which target cells secrete attracting substances, and
growing neuronal axons possess a chemotactic sensitivity (a “chemically induced ame-
boidism”) that allow them to follow their way in the course of their motion toward their fi-
nal destination (see Figure 1). In his later work on regeneration of the nervous system [96],
Cajal observed that, in sectioned nerves, regenerating peripheral axons arising from proxi-
mal stumps will always go toward distal stumps, even if considerable obstacles are raised
against their growth.

While these facts provided considerable support to the assumption of chemotactic guid-
ance in neural navigation, the identification of the first molecules with chemotropic action
in mammalian embryos took place a century afterward (cf. [104]). As a matter of fact, in
a series of studies performed after 1980, a number of key features of neural wiring were
ascertained, as for instance, the existence of intermediate targets that assist in keeping ax-

Fig. I. Left: A section of early bone marrow (A) and mesodermic tissue taken from a three-day duck embryo.

Notice that in younger neuroblasts growth cones always proceed in between the cells; E, F — growth cones freely

moving through perimedular space; D — growth cones already placed at the mesodermal area. Right: Hystological

preparation corresponding to the bulb of a four-days chicken embryo. Note that nervous fibers accidentally placed

at the ventricule (A, E, C) appear to be free, and their axons orient themsclves to move toward their destination
through the nervous field. (Reproduced from [95].)



ons en route toward their final destinations [113], and the existence of repulsive molecules,
that keep moving cells away from unwanted places [20]. In this way a scenario emerged in
which neural navigation proceeds according to short-range cues and long-range, diffusive
signals that may be either attractive or repulsive.

While neuroscience is arguably the field in which chemotaxis was first postulated, during
the XX century a wealth of evidence has been accumulated, and considerable insight has
been gained, on the role played by this type of directed motion in the life of a number of
species.

One of these is the slime mold Dictyostelium discoideum (Dd for short), a kind of amoe-
bae first identified by Raper in 1935 (cf. [97] and also [15]). These are nucleated cells
that live in forest soils, feeding on bacteria. As long as there is sufficient food supply,
Dd cells have a life cycle analogous to other microorganisms sharing the same habitat,
and they proliferate by cell fission. However, when food becomes scarce, the social life of
Dd amoebae is dramatically altered. To begin with, some cells start emitting pulses of a
chemical (adenosine 3',5'-cyclic monophosphate, cAMP) which acts as a communication
signal. Cells are able to receive it, transduce it and then, after internally producing cAMP,
they release it outside, thus keeping a cAMP feedback loop. As a consequence of this
signaling process, amoebae eventually aggregate into mounds of rather constant size (up
to 10° units), to form multicellular pseudoorganisms. These last subsequently enter into
a developmental program which involves cell differentiation and migration, to eventually
form a fruiting body which consists in a ball of spores (resistance forms that may remain
in a quiescent state for several weeks) located on top of a thin stalk (for recent surveys,
see [34,48,73], etc.). As observed for instance in [82], this clear separation in time from
aggregation and differentiation makes Dd a suitable model organism to study in vivo both
processes, that quite often occur simultaneously in other species.

Another biological model on which chemotaxis has been extensively studied is Es-
cherichia coli (E-coli), a bacteria that usually colonizes the human bowel a few hours after
birth, and which may be responsible for a number of serious infectious diseases. E-coli
is able to swim toward sources of chemoattractants as aspartate or glucose by using as
propcllers the flagella it is provided with; see, for instance, [10] for a comprehensive de-
scription of E-coli behavior. White blood cells (and in particular neutrophils) provide a
further example of chemotactic cells. For instance, neutrophils are known to navigate com-
paratively long distances to arrive at places in the body where injuries occur. An account
of the physiological mechanisms which mediate chemotaxis in these (and others) types of
cells can be found in [31], a monograph we refer to for additional information.

In spite of the considerable differences among such types of organisms (for instance,
diameter lengths in Dd and E-coli differ by one order of magnitude), chemotactic cells
present some common rules of functioning, governed by physical processes that may
change from one species to other. To begin with, they should be endowed with a fine sen-
sitivity, thus being able to detect small changes in chemoattractant concentrations around
them. At the same type they should show adaptation, and therefore remain largely indiffer-
ent to important changes in homogeneous concentrations of otherwise stimulant chemicals.
Once a (gradient) signal has been detected, they should be able to build up an amplified,
internal signal transmission network strong enough to reorient its movement and yet suf-
ficiently flexible to change direction again when necessary. Finally, in many instances
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chemotactic migration involves coordinated motion of a large number of cells, which is
regulated by intense intercellular communication.

In this chapter we shall review some of the quantitative models that have been proposed
to account for some of the aforementioned aspects of chemotaxis. The term quantitative
refers both to the physical assumptions, and the mathematical formulation thereof, which
are advanced as a tool to gain insight in the way chemotaxis proceeds. As it will be apparent
from our forthcoming discussion, quantitative modeling in chemotaxis is currently at a
preliminary, although promising, level. Out of the various relevant features in chemotaxis,
only a few will be addressed here, according to the plan which is briefly described below.

In Section 2 we shall be concerned with the actual manner in which individual chemo-
tactic cells operate, and the limitations (and success stories) of such procedures will be
described. In short, the line of thought goes as follows: cells detect changes in chemical
gradients around them by monitoring the state of occupancy of specific receptors at their
membranes, and they make use of the information thus gathered to trigger internal sig-
naling cascades. Among other things, these last eventually result in cells oriented motion
toward their targets. The discussion made in Section 2 deals therefore with individual cell
behavior and their operating limits, and in this sense is not restricted to chemotactic cells,
although the approaches to be described below have largely arisen in a chemotaxis setting.

Going from general to particular, in Section 3 we examine some of the mathematical
problems whose study has been motivated by particular aspects of the cell cycle of Dic-
tyostelium discoideum. As will be remarked then, some of these problems have become
topics of mathematical interest in their own, so that their relation to the biological source
has become fainter. In any case an attempt has been made to keep in mind the biological
motivation as often as possible. A major issue to be addressed therein is pattern formation
in Dd cultures. This is merely a part, however interesting, of a vast subject in which a
huge literature is available. We have chosen to focus on a few topics, where mathematics
has played a relevant role (and has benefited much from consideration of the problems in-
volved). In few words, the questions examined in that section deal with early aggregation
properties of Dd and the target-spiral transition which is customarily seen to mediate the
establishment of aggregation centers.

In selecting such a reduced number of issues to address, many interesting features are
left out; a particularly interesting example of this omission is cell motility. A second one
(in a rather long list) concerns three-dimensional aspects of Dd culmination, of which
only a few words will be said below. To such limitations in choice, restrictions in style
will be added. Indeed, our approach will be basically descriptive, without going into the
detail of mathematical proofs or arguments; for this we refer to the original sources where
appropriate.

2. How do chemotactic units work?

To move toward a distant location, a cell should first receive a chemical cue released therein
(or at some intermediate destination). This signal has then to be processed, to derive in-
formation about the position of the target it will eventually travel to. The first step in this
process involves the interaction of signaling molecules (ligands) with specific receptors
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located on the cell surface. These consist in macromolecules transversally inserted at the
cell membrane. They thus possess an extracellular domain, where ligands land in, and an
intracellular one. This last is instrumental in transducing signals by mcans of chemical
processes (phosphorylation, methylation, . .. ) to trigger the subsequent cellular response.

It is natural to assume that a cell obtains information about, say, a source of chemoat-
tractant from the state of occupancy of its membrane receptors (we say that a receptor
is occupied as long as a ligand remains bound to it). To proceed in an efficient way, a
cell should be able to monitor from that raw data the concentration of chemoattractant
in its neighborhood. In particular, it has to detect small variations in its gradients (which
may change their space distribution as time passes), a property often termed as sensitiv-
ity. Moreover, a fine sensitivity should go hand in hand with a high signal amplification
downstream in the chemical cascade started by ligand binding to receptors. Amplification
is required to set in motion the inner machinery of the cell, which will eventually result in
navigation to a chemical target. Since cells move in media where chemical concentrations
may vary over several orders of magnitude, it is necessary that the detection process be
independent of the absolute concentration of isotropic ligands, a fact usually referred to as
adaptation.

What does a cell know about the world around it? The physical limits to what a cell
can actually measure were examined in a seminal article by Berg and Purcell in 1977 [11].
Some of the key points addressed in that work were succinctly described by the authors at
their Introduction:

“... In the world of a cell as small as a bacterium, transport of molecules is effected by diffu-
sion, rather than bulk flow; movement is resisted by viscosity, not inertia; the energy of thermal
fluctuation, £ T, is large enough to perturb the cell’s motion. In these circumstances, what are the
physical limitations on the cell’s ability to sense and respond to changes in its environment? What,
for example, is the smallest change in concentration of a chemical attractant that a bacterium could
be expected to measure reliably in a given time?”

In this section we shall review some of the mathematical approaches that have been
proposed to gain insight into the key problem raised above: the manner in which a cell
obtains information from receptor occupancy by ligand binding. To this end, we proceed
in several steps. To start with, we shortly recall in the next subsection a basic model for
ligand binding according to mass action law. This is done in an isotropic setting, and a
formula for the equilibrium concentration is provided. We then discuss in Section 2.2 the
role played by fluctuations in the distribution of receptor occupancy. In particular, it will
be observed that, while ligand fluctuations are likely to be negligible, those in the kinetic
binding process are rather important instead.

In Section 2.3 we consider the effect of diffusion (a particularly relevant type of mass
transport) int the influx of ligands to a cell’s surface. Of particular interest is the formula
therein provided for the total current of ligands that may be absorbed by a system of N cir-
cular receptor patches scattered over the surface of a spherical cell (cf. (37), (38)). We then
discuss in Section 2.4 the question of error measurement in two possible methods to mea-
sure ligand concentration from receptor occupancy: these are respectively known as spatial
gradient and temporal gradient sensing. As a result, crude (but illuminating) estimates will

be provided for the minimum gradient that can be detected, and the longest distance that a
cell can navigate.
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Impressive as these predictions are, cells are known to do even better. This they do by
resorting to mechanisms only partially explored as yet. One of these is receptor cluster-
ing, which shall be dealt with in Section 2.5, where interaction of bivalent ligands with
cell receptors is described in some detail, and analogies with polymerization processes are
noticed. Understanding the precise manner in which clustering results in higher efficiency
seems to require, however, of a detailed knowledge of the functioning of intracellular sig-
naling pathways. This important topic will be dealt with in Section 2.6.

2.1. Ligand binding to receptors

In this and forthcoming subsections we shall borrow from a basic monograph due to
Lauffenburger and Linderman [65], where fundamental aspects of receptor operation are
described in detail. In its simplest setting, the process under consideration involves a mono-
valent ligand L that reversibly binds to a monovalent receptor R, to form a receptor-ligand
complex C,

ke
R+L=C,
+L (1)

where k¢ (respectively ;) denotes the kinetic rate of binding (respectively dissociation) of
the process under consideration. According to the mass action law, a mathematical model
for (1) is given by

dC—kRL kC
ar R TR @

To (2), some conservation laws should be added. In particular, the total number of re-
ceptors has to be preserved,

R+ C =Ry, (3)

and in many cases the amount of ligand may be assumed to remain unchanged during the
process. If ligand concentration is measured in moles per volume, receptors are measured
in number per cell and cells are present at concentration # (number per volume), one then
has that

n
L+ —C =Ly, 4
+NA 0 4)

where Na = 6.02 x 10?* is Avogadro’s constant, giving the number of molecules per mole.
If we further assume that (n/Na)C < Lo, equations (2)—(4) simplify to

dc
= kf(Rt — C)Lo — k. C, 6))
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that can be integrated to yield

keLoR;

C(t) = Coexp(—(keLo + ke)t) + ——2'
(t) = Coexp(— (ks O+r))+ka0+kr

(1 —exp(—(keLo + ko)t)). (©6)
Equation (6) describes rapid equilibration toward the steady-state value

RtL k
eq = TR0 with Kp = —r, )
Kp+ Lo k¢

where Kp is termed the equilibrium dissociation constant.

2.2. The role of fluctuations

In the previous deterministic modcl, the level of receptor occupancy is described by the
formation of complexes C. However, a number of random factors may alter the values
thus obtained. For example, random fluctuations in the ligand concentration near a cell
may result in deviations from the values predicted by formulae (6) and (7). Following [65],
we consider the effect of ligand random fluctuations on the equilibrium formula (7). The
corresponding fluctuation in the number of complexes formed is given by

dCeq 5L — RTKp

8Ceq = =
M odL (Kp + L)2

L, (8)

where §C,q denotes the standard deviation in Ceq as a result of a standard deviation §L in
the value of L. The relative magnitude of these fluctuations in receptor binding is

5C, L\ 'sL
2Ce _ (1 . —) oL ©)
Ceq Kp L

To estimate §Ceq/Ceq one thus needs an estimate for L /L, and this last can be obtained
from the formula

SL
- = (NaLV)~1/2 (10)

(cf. [11] and [65]). Here V is the volume of the medium accessible for ligand binding,
and NA LV is the expected number of ligand molecules in that volume. A natural choice is
V ~ 13, where | is a characteristic length of the medium. For instance, if ligand transport
is assumed to occur by a diffusion process with diffusivity Dy, then the distance traveled
by an average molecule in a time ¢, will be [ ~ (Dpt,)'/2. If we take t, = kr_1 (that is, the
mean time period between receptor binding events), then at L = Kp we would obtain

5L _
-~ (NA(DLET Y P Kp) ™12, (11

+ A

As pointed out in [65], for values Dy ~ 107107 em?/s, k, = 107410~ 51 Kp =
10710-107® moles/volume, (11) yields 8L/L ~ 10~7—10~2, which by (9) translate into
an estimate for §Ceq/C ~ 1073 to 1%.

Consider next the case of fluctuations in the kinetic binding process. In this context,
rate constants may be given a probabilistic meaning. For instance, k; can be thought of
as the probability that a single complex will dissociate. Therefore, for 0 < 8t < 1, the
probability of a single dissociation event at a given receptor will be k; §¢. More precisely,
let P;(r) be the probability that there are j complexes on a cell at a time 7. The change in
the number of complexes occurring in a time interval 8¢, 0 < §¢ < 1, assuming that there
were C complexes at time ¢, is described by the kinetic equation

Pc(t +8t) — Pc(t) = keL(Ry — (C — D) Pe_y(t) 8t
—keL(RT — C)Pc (1) 8t
—k:CPc(t) 8t + ke(C + 1) Peyy (2) 8t (12)
In the limit 8¢ — 0, this leads to

dPc(1)
dt

= keL(Rt = (C = D)Pc—1 + k«(C + D Pcyy
— (kL(Ry — C) 4+ k;C) P (t) (13)

forC=1,2,..., Rt — L. This set of equations is to be completed with

dP,
—dt—oz—kaRTPo-i-kRpl, (14)
dPr; _

P kL Pry_1 — kyRT PR, (15)

Following a standard terminology, the set of equations (13)—(15) is customarily termed
as the master equation for the process under consideration. To solve it, a classical method
consists in introducing a generating function [38]

R
GGs,0)=) s“Pc(n), (16)
C=0
so that
1 [d¢G
Pp(t) =G(0,1), Pr(t) = —| — forC=1,...,Rt—1. 17
0 (1) 0.1) c (1) C!|:dsc :ls—O or T 17

As a matter of fact, on multiplying each equation in (13)—(15) by s¢ and then adding
them up, one eventually obtains

aG aG
B = a1- s)((kas +kr)¥ — kaRTG). (18)



To (18), the initial condition P¢(0) =0 for C # 0, Pc(0) = | for C == 0 has to be added,
which in terms of G reads

G(s,0)=1. (19)
Furthermore, the requirement that the sum of all probabilities be equal to one yields
G(l,n=1. (20)

In many instances, we are interested in the mean value of C, denoted (C), and the vari-
ance oé. A quick check reveals that

Rt
(C)=ZCP€=[%] , @h
C=0 Ce=
Rt 2 2
, ’G 3G (3G
og:Z(C—(C))ch=[W+¥—<¥)J ; (22)
=0 =

Consider now the case of the steady-state solution of (18), obtained by setting
dG /ot =0 therein. We then may solve the resulting equation by direct integration, and
then use (21), (22) to obtain

RtL
_ , (23)
(Ceq) Kp+L
RTLKp)'/?
§Ceq = (0¢)eq = FTLED) T (24)

Kp+ L

the last estimate being proportional to the total number of cell receptors Rt. From
(23) and (24) it follows that

Ceq B LRT .

In particular, when L = Kp we obtain

8Ceq

=Ry (25)

Ceq

For instance, for Rt = 10* receptors/cell, statistical fluctuations with relative magnitude

of 1% are expected, a value which falls well within the sensitivity threshold known for

chemotactic cells [5,121]. On the other hand, a comparison of (25) with the corresponding

value obtained at the end of our previous subsection reveals that this type of fluctuations is
more likely to have an impact on chemotaxis then the previous one.

v T 14/

Concerning the time-dcpendent equation (18), we point out that the corresponding solu-
tion that satisfies (19) and (20) can be readily obtained by integration along characteristics
(cf., for instance, [55]). Using then (21) and (22), it follows that

T
(€)= 7 (1= exp(= (L + ko)), (26)
5 RtL
(Uc)eq = m(L exp(—(ka + kr)t) + KD)
X (l - exp(—(ka + kr)t)). 27

2.3. Diffusion effects on ligand binding

We have already noticed that diffusion has a limited influence on ligand fluctuations near
the cells. However, this type of mass transfer process is the dominant mechanism to carry
ligands toward the cells surface, so that reactions as that described in (1), (2) may occur.

We shall briefly recall below some quantitative aspects of the role played by diffusion in
the arrival of chemical signals at a cell.

To begin with, let us consider the following auxiliary problem. To determine the steady-
state concentration of a ligand away from a single spherical cell, which is centered at the
origin (r = 0) and whose surface corresponds to ¥ = R > 0. One is thus led to solve

1 d dL
D——|(rP—=)=
r2dr(r dr) 0 forr > R. (28)

Assuming constant concentration away from the cell, we require
L—>Lyg>0 asr— oo. (29)

To solve (28), (29) an additional boundary condition has to be imposed at r = R. For
later reference, we state below a choice of particular interest:

> [dL

I =4nR°D| — =konL(r) atr =R, ko >=0. (30)
dr r=R

It is easy to check that the solution to (28)—(30) is provided by

konRLg 1

Lr)y=———+-+———
") 4J'cDR+k(mr+

Lo. 3D

Suppose now that the whole surface of the cell is covered by receptors, and that ligands
are instantly absorbed as soon as they arrive there. In this case, (30) has to be replaced by

L(r)y=0 atr=R, (32)
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and the solution to (28), (29) and (32) is now given by
R
L(r)=L0<1——> for r > R, 33)
r

so that the total flux carried out to r = R is

dL
Iy = 4nR2D|:d—r] — 4wRDLo=k, L. (34)
r=R

Relation (34) defines the observable association rate constant k¢. A second limit case
of interest corresponds to the situation where there is only a single, circular receptor with
radius s, 0 < s « R, located over the cell surface (r = R), which is impervious to ligands
except for the receptor patch. In this case (30) has to be replaced by

oL
L =0 at the receptor, P 0 otherwise over r = R. (35)
r

The solution to (28), (29) and (35), while still explicit, is not nearly as straightforward
as that given by (31) or (33) (cf. [11] and [25], p. 42). The corresponding flux is now given
by

dL
4nR2D|:a—ri| _4DsLy, (36)
r=R

Bearing in mind the two extreme cases (32) and (36), an asymptotic formula was derived
in [11] corresponding to the case where the number of receptors N is large (N > 1), but
the average distance d; among them satisfies d; > s, so that they are fairly separated from
each other. A geometrical argument reveals that this is the case if N1/2s « R. The estimate
obtained in [11] reads

_ Ns

=M 37
MNs R @7

Actually, a correction to formula (37) was later provided in [122] by means of an
effective-medium argument, namely

Ns _ Nrs?
PA=4nR?

= [ R
MNs+nR(l — pa)

(38)

so that p4 represents the fraction of the sphere’s surface which is covered with circular
receptors. A striking consequence of (37) is that a large incoming flux can be achieved
with relatively few, well-separated receptors. For instance, according to (37), I = Iy/2 if
N=nR/s.Xf R=5um (1 um = 10~® meters) and s = 10 A (1 A = 1071° meters), the
value Iv/2 is achieved when N ~ 15.700, the average distance among receptors is 1400 A,
and only a fraction of about 10~ of the cell surface is covered by receptors [9].
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Let us elaborate a bit on some of the formulae previously obtained. To this end we
follow [65] and observe that the binding of two molecules, as denoted by (1), is, in ’fact
a two-step process. First, molecular transport of the species R and L is required; we de:
note the corresponding rate constant by k¢. In our case, that transport is assumed to be due
to diffusion. Then a chemical reaction takes place, which is characterized by the intrinsic
association (respectively, dissociation) rate kg (respectively, ko). Thus the kinetic con-
stants k¢, & in (1) are actually combinations of k¢, kon and ko described before. Moreaver
constant D in (28) is such that D = Dy, + Dg, the sum of ligand and receptor diffusivitiesj
On the other hand, if a receptor is present at r = R, one has to write k — kon in (30). In this
case, the forward rate k¢ is given by

_ dL
— 1 2
ki=L, 4R Dl:—dr :|r=R. (39)

Recalling the definition of ko, k4 in (30) and (34) respectively, one deduces from the
previous remarks and (30) that

4nDRkon _ kykon (1 1)*1

"TAnDR tkon kgt koy r (40)

—+

k+ kon
. As pointefl out in [65], this formula allows for an appealing interpretation: the overall re-

s1stance- to binding, denoted by 1/ kg, is the sum of the resistance to diffusion 1 / k4 and that

to reaction 1/kopn. In particular, if ko > k., k¢ ~ ky = 4n DR and the binding is termed

diffusion-limited. Conversely, when ko, < k. ki ~ kon and the binding is considered to
be reaction-limited.

2.4. Estimating the measurement error

In general, chemotactic cells move along paths for which their reccptor occupancy gradi-
ent (spatial or temporal) is maximum. However, changes in occupancy are often so small
that they hardly can be distinguished from fluctuations inherent to ligand binding. One
many therefore wonder what are the physical limits imposed on a cell’s ability to detect a
chemical gradient.

. To address this issue, we shall take up the analysis introduced in [11] and then developed
In [28,29]. We shall roughly proceed as follows. One first assumes the incoming signal to
be a function of the receptor occupancy. Then arm estimate on the standard deviation about
the mean signal is obtained, which is in turn used to derive a lower bound on gradient
detection.

Consider first the case of a hypothetical mechanism based on spatial gradient detection.
Such procedure requires estimating occupancy variations along a dimension parallel to
the gradient. As before, we denote by L the ligand concentration around a cell, and write
p(L, t) to represent the associated fractional receptor occupancy. It is natural to assume
that p arises as an average of a random variable describing ligand binding to receptors. If
the cell is assumed to be spherical, and the concentration change across its diameter is given
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by AL, the changes in ligand concentration and occupancy across a diameter will respec-
tively be given by (L + AL) and p(L 4+ AL, t). For a (nearly) constant gradient 9L /dx,
we have that

JL
AL ~R—, 41)
ax

R being the cell’s diameter. As a measure of the signal received, we may take

)
Sz%f (P(L+ AL, 1) = p(L, 1) dr, “42)
0

where T > 0 is an averaging time. The minimal requirement for a gradicnt to be detected
is

S > o, 43)

where o (L, ¢) is the standard deviation in the measured occupancy, which is given by

1 (7 2 1 (7 2
arz(L,t)=<<af p(L,t)dt) >—<—f p(L,t)dt> ) (44)
T Jo T Jo

Estimating o2 in (44) involves dealing with the corresponding autocorrelation func-
tions [11,28]. Arguing as in [28], one may show that

) T 1 "dn
2 = _ _ -
o“(L,t) = NTZ |, dtf0 p(s)(l p(s)) exp( [ - )ds,

where N is the number of receptors per cell, p(s) is the fractional occupancy at time s
and 7 is the relaxation time for ligand-receptor binding (which also depends on time).
From (41), and assuming AL < L, one readily sees that

p(L+AL)—p(L)~R%§~Z, (45)
whence
S ~ BB_L ! .a_p
T ox Jo oL
and condition (43) reads
2
(gg—ifor g—idt) > 20%(L. 1) (46)

(cf. [29]), where we have made use of the assumption o%(L,t) ~ a*(L + AL, 1) for
AL < L.
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A second detection mechanism is based in measuring temporal gradients

as cells move through a spatial gradient. In this case, in order to measure th
consider the expression

These arise
e signal we

S 1 T+ 1 T
= F/’: p(L+ AL,t)dr — 7/{; p(L, 1) dt, (47

where AL ~vt1dL /3x and v denotes the cell velocity through the spatial gradient 91, /ox
From (47) and (43) we thus obtain a condition for temporal gradient detection .

I T4 9L rT+n T 2
ﬁ /;, p(L,t)dt-f—vfla/r‘ p(L,I‘)dt—/ p(L,t)d[)
| 0

>0*(L,T+1)—o(L,1). (48)

Consider now the case of chemical equilibrium. Then there holds

P=L WhereK—K‘l—kf
1+KL’ b Tk 49)
(see (7)), so that
p _ K
L (1+KL)? (50)
and (44) yields now
2 2KL< 1
ag L,t =V [ A
0= Nrayknr 7 kltk G

(‘ff" (6) for the second statement above). Since /T — 0 at equilibrium, condition (46)
gives

T 4(1+KLY2/RaL\ 2
_>K( )_u (52)

T KLN \L ax

Nlote that. ug in (52) can be thought of as the minimum value of T/t needed to detect a
spatial gradient, under the assumption that equilibrium is rapidly arrived at.
' For terpporal gradient detection instead, and assuming that (49) holds, the first and third
Integrals in the left-hand side of (48) cancel out; and we obtain

2
52=<vz1%al) :( kv BLN® (K aL\?
ax oL (1+KL)? ax A+KL2 3 )~ (53)

Taking into account (51) and (53), we obtain the condition

Z>4(1+KL)2 naL\? _ (R
. kLN \rLar) ~\uog )" 54)
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where u, is as in (52).
We are now ready to compare the relative efficiency of both detection mechanisms pre-

viously described. Consider first the case of spatial gradient detection, and assume that at
chemical equilibrium n more receptors are occupied on the high concentration side of the
cell that on the low concentration one. Then, from (45) and (50) it follows that

9L KN
==R——.
dx (1 +KL)?

From this and (52) one has

AN KL
A 55)
T U+ KL)? (

Since f(x) =x(1+ x)_2 has a maximum at x = 1, we rcadily sec from (55) that iz has
a maximum at KL = 1. When the number of receptors N is of order N ~ 10*-105, we

thus obtain:

4 S5
10 10 56

As observed in [29], (56) sets a severe limitation on the possibility of detecting small
occupancy differences. Suppose for instance that n ~ 10. Then us ~ 10°~10%, and accord-
ing to (52) the averaging time T will be of the order of seconds if T ~ 1073 s, and in the
range of hours to days if 7 is of the order of seconds to minutes. When we particularize
to bacterial cells as E-coli, the first situation is known to occur (that is, T ~ 1073 s) which
in view of (51) requires dissociation constants of the order of 10~ s~!. Since a typical
reaction-limited forward rate lies in the order of 10°-10% s~!, only low-affinity ligand
binding would be allowed in this case.

Let us examinc now the case of temporal gradicnt detection. Assuming again chemical
equilibrium, one obtains from (49) and (47) that

Kvt oL
(1+KL)? ax~

Recalling (51) and (48), signal and noise are now comparable when

R\> KLN
T~dr| — ) —— . 57
r(w]) (1 4+ KL)n2 ©7)

Consider for instance the case where KL =1, N ~ 3 x 10°. Then (57) yields
T ~3 % 10*1(R/v1,)?, which is to be compared with 7 ~ 3 x 10*t/n? obtained in the
case of spatial gradient sensing (see (54)). As pointed out in [29], this example shows that
for vt ~ R, temporal sensing offers no advantage over spatial sensing. A further point
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to be noticed is that for a temporal sensing mechanism, the time Ty

i . required ,
gradient is q to detect g

To~T+1,

which in view of (57) reads

4TKLNR 1
0 (1+KL)2vn2;l2+tl’ (58)

Since, for B > 0, g(t]) = B/tl2 + 11 achieves a minimum at 7} = 2B)173, (58) provides
a way of estimating the minimum time to detect a gradient by a temporal mechanism. To
that end, the key parameter turns out to be the ratio (NR?t/v2n?). As discussed in [29]
the picture that emerges can be roughly described as follows. For small bacterial cells, tht;
temporal mechanism permits detection of affinities 102—]03 higher that could be obtained
from a spatial mechanism (see Figure 3 in [29]). However, for large crawling cells the
affinity range on which temporal detection fares better is much more restricted, and spatial
detection becomes more efficient for low affinity ligands (Figure 4 in [29]).

What is the maximum distance that a cell can navigate in the trail of a chemical scent?
A simple estimate can be provided by requiring that the ligand should have a relative
concentration change across the cell diameter which is equal to the minimum required
for gradient detection [40]. Recalling (10), we thus obtain

R (NaLv)~12
Lax = WNaLlV)=7=

In fact, arguing as in [11], the right-hand side in the equation above can be replaced by
a more precise estimate, namely,

RdL N KpL -1/2
——={(2nrTDR il b
L dx < (Ns+na)(KD+L)) : (59

where D is the ligand diffusion coefficient and 7 is the total averaging time (cf., for in-
stance, (46)). Solving for dx gives

_ 1/2
dx = R(ZnTDR( N, )( KoL . (60)
N + ma Kp+L L

’ Equation (60) has to be supplemented with suitable initial values. A proposal made
1n [40] is that

L=Ln,x atx=0. (61)
The maximum guidance distance x = xM is then defined by

L =0 at x = xp. (62)
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Assuming Ly, ~ 100Kp 3> Kp, an analysis in [40] yields
xm ~ 1 cm, (63)

which seems to be a good estimate for the case of neural navigation. Notice that, when
rescaled in an appropriate way, (63) corresponds to a distance of ~1 km for an organism
of the size of a human being.

2.5. Receptor clustering

While the performance predicted by the models described before is fairly good, it has
become apparent that cells can do even better. For that reason, the assumptions initially
made in [11] were thoroughly revised later, in an attempt to match the experimental facts
observed. This led to extensive work on two issues to be considered in our forthcoming
sections: the control properties of the intracellular signaling cascade, and the cooperative
effects derived from receptor clustering. We shall leave the first from these for the following
section, and will concentrate in the second one herein.

It was long since noticed that the nature of the cell membrane allows for lateral mo-
bility of receptors; actually, an estimate on receptors diffusivity was derived as early as
in 1975, see [100]. On the other hand, the relevance of multiple attachment to multifunc-
tional ligands (only the monovalent case was considered in [11]) was soon recognized. As
it is often the case, theoretical analysis came first (cf. [89-91]) and structural information
on the nature of the process was available later (see, for instance, [58,71]).

We shall next describe the early model for receptor clustering proposed by Perelson
and De Lisi on [91]. These authors considered the case of reversible binding of bivalent
ligands under the assumption (subsequently weakened) that ligands are endowed with two
functional units, that may bind to different receptors.

Following [91], let us denote by L(¢) the concentration of free ligand in the medium at
time 7. Suppose that at r = 0 all ligand is unbound, and write L(0) = Ly, but for later times
it can reversibly bind to a receptor with forward (respectively reverse) kinetic constant k|
(respectively k_j). Let Sy be the total concentration of receptor sites, present in number #,
so that Sy = nSy where S is the receptor concentration. Write also S(z) to represent the
concentration of free receptor sites at time ¢. Finally, let m(¢) and M (¢) respectively denote
the concentrations of singly and doubly bound ligands. In order to cross-link two receptors,
a free functional group can bind a receptor site located nearby with a rate constant k. If
we denote by &k, the kinetic constant for dissociation of a functional group in a doubly
bound ligand, one readily arrives at the following system:

d
,é;l =k LS —k_ym — kamS + 2k_o M, (64)
dM

T =kymS —2k_2M, (65)
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with initial conditions m(0) = M(0) = 0. On the other hand, conservation of ligand and
conservation of receptor sites yield the relations

Lo=L(t)+m@) + M), So=S(1) +m(t) +2M(¢). (66)

Notice that the model describes the state of the system consisting of cellular receptors
and ligand molecules by means of the state of the ligand (free, singly or doubly bound)
only. Moreover, knowing that a ligand is singly or doubly bound, does not permit to derive
information about the aggregate it is attached to. Furthermore, an equivalent-site hypoth-
esis is also done: no distinction is made between free receptor sites on aggregates of dif-
ferent length, nor between free ligand sites. Finally, intramolecular rearrangements leading
to rings of n crossed-linked receptors are also discarded at this stage (although a suitable
modification of the model can accommodate such assumption; cf. Section IV in [91]; see
also [93]). After discussing the nature of equilibrium solutions to (63)—(65), the questi(;n of
the distribution of ligand-receptor aggregates in the cell surface is also addressed in [91].
Consider for instance the case of linear chains formed by the interaction of bivalent lig-
ands and bivalent receptors, so that singly bound ligands can only occur at the ends of
a chain. Let c;(n, 1) be the concentration of aggregates containing j, j =0, 1,2, singly
bound ligands and n receptors. Then, for n = 1,2,3,..., ,

d
Cs(") = —2k) Leg(n) + k_y¢1 (n)
t
o0 o
~ 2kaco(n) (Z ci(i) + 2Zcz(i))
i=1 i=l
n—1
+2k2 ) coei(n = i) =201 — Dk_aco(m)
i=1
o0 o0
+k_2<2 Y oD+ Y cm‘)), (67)
i=n+1 i=n+1
dei(n)
F7a 2kyLeo(n) — ki Ley(n) — kyey(n) + 2k_ 1 ca(n)

—kacy(n) (2Zco(i) +2) er) + 2262("))
i=1 i=1 i=1

n—1 n—1

+4ka ) Jcoern — i)+ kY er(ier(n — i)

i=1 i=1

00
—2k201 = Der0n) +2k-2 D (eoli) + c1G) + e20)) (68)
i=n+1
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and

oo

dcz(n) = kyLcy(n) — 2kyca(n) — 2kaca(n) + (ch(i) + 2ZCO(i)>
r

i=l i=1

n—1
+2k Y erli)ealn —i) = 20n — Dk—zc2(n)

i=1

+koa Y (1) +2020). (69)

i=n+1

Equations (66)—(68) make up an infinite system of coupled nonlinear differentia.l equa-
tions which is reminiscent of Smoluchoswski’s system for the coagulation of colloids (cf.,
for instance, [191). This last has been widely used to model polymerization and aerosol
dynamics (see [36]), and in a simple setting can be formulated as f'OHOVYS. Let c,,,(t.) de-
note the concentration at time ¢ of chains consisting of n (n > 1) 1dentlca!ly functional
monomers. Assuming monomer aggregation to be irreversible, the ¢, ’s satisty

o
(%;—, = % Z aijCiCj — Cp Zan‘;c‘/, (70)
i+j=n j=1
where {a,;} represent the coagulation coefficients of the process und(?r.consideratiop. It
we take all auj to be equal to a positive constant (Smoluchowski’s original assumption),
the close relation between (70) on one hand, and (67)-(69) becomes apparent. Actually,
for monodisperse initial values (that is, for ¢ (0) = co > 0 and ¢, (0) =0 for n > 2), sys-
tem (70) with constant coefficients can be explicitly solved ([19,36]), and the same happens
for (67)-(69). More precisely, if we take

1.0)= 20
CO( * - 2’
cp(n,0)=0 forn > 1,

c1(n,0)=c2(n,0)=0 forn21,

then a combinatorial argument described in [91] reduces the solution of (67)—(69) to that
of (64)—(66). More precisely, there holds

. . -
=0 (2 ﬁ)(%) (i) iz an
D=5\ ) Uso So

To keep this chapter within reasonable bounds, we shall refrain from discus.sing the cases
of aggregates with rings (for which we refer to Section IV in [91)), ligands V.Vlth .chemlcally
distinct functional groups (considered in [89]), or multivalent ligands, which is analyzed
in [90].
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At this juncture, the question arises of ascertaining the comparative performances of re-
ceptor clustering vs systems of scattered receptors. Actually, we have already noticed that,
under the assumptions on receptor nature made in [11], a cluster of receptors would result
in a lower efficiency with respect to that of a similar number of well-separated receptor
units. The mechanisms by which clustering provides an evolutionary advantage remain
largely to be elucidated. Recent research points to amplification in the downstream signal-
ing cascade as (at least part of) an explanation. We shall return to this point in our next
section, where properties of intracellular chemical pathways will be considered. We just
quote on pass that it has been recently suggested that oligomer formation could actually
buffer intracellular signaling against stochastic fluctuations (cf. [1]). In the same work it
is also proposed that long linear oligomers increase the range of ligand concentration to
which the cell may respond, whcreas long closed oligomers seem to favor ligand speci-
ficity; see also [2] for related material.

2.6. Signaling pathways and their performance properties

In previous subsection, we have been concerned with the physical mechanisms by which a
cell derives information from the concentration of ligands near its surface. We now discuss
the properties of signaling pathways. In particular, their ability to amplify signals received
as well as to adapt to homogencous (but largely fluctuating) external ligand concentration
will be examined.

It has been already mentioned that chemotactic cells possess a fine sensitivity, that allows
them to detect ligand gradients of 1-2% across their surface [5,121]. It is known that these
minute differences are internally amplified (even by a factor ~55, cf. [103]). The question
naturally arises of understanding the structure of the chemical circuits involved and the
output they can provide. To address this issue, we shall begin by following Heinrich, Neel
and Rapoport [45] to examine the properties of some simple, although relevant, types of
signaling pathways. To that end, let us consider a linear signaling cascade in which stimu-
lation of a receptor leads to consecutive activation of several protein kinases. The eventual
output is the phosphorylation of the last kinase, which usually triggers a cellular response
(as for instance, activation of a transcription factor). Signaling is inhibited by phosphatases
(which dephosphorylate the kinases), and by inactivation of the receptor. To proceed, sup-
pose that each phosphorylation step is described as a reaction between the phosphorylated
form X;_; and the nonphosphorylated form X; of the ith kinase. Assume that the phospho-
rylation rate is given by v, ; = @; X ,-_1)? i» and the dephosphorylation rate by v, ; = g; X,
for some kinetic parameters &;, ;. Then the overall process can be represented as follows:

dX; - ~ .
v =vp; — Vi =0 X1 X; — BiX; for2<i<n,

Where 1 denotes the total number of subsequently activated kinases, and

i s ROT - pix
dr = 1 1A%,
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Here R(¢) is the concentration of activated receptors as a function of time. If we now denote
by C; = X;+X;,i = |, the total amount of kinase 7, and set o; = &; C;, the equations above
read

dX, X

a ay ()( Cl) B1X1

dX; X; .

— =X 1——>—ﬂfx;, 2<i<n. (73)
dt C;

To (72), (73) we now add initial values given by

X;(0)=0, 1<i<n, R(0)=R>0. (74)
Moreover, we assume for simplicity that

R(1)=Re ™ forsome A > 0. (75)

Consideration of any signaling system (and, in particular, the previous one) leads to a num-
ber of natural questions. For instance, (i) How fast does the signal reaches its destination?
(ii) How long does the signal lasts? and (iii) How can one measure the signal strength?
To answer them, the authors of [45] introduce three parameters: the signaling time of the
ith kinase, 7;, given by

T; > >
n= 1<i<n, withl =/ X/(1)dr, T; =/ 1X; (1) dr, (76)
i 0 0

provided that these integrals converge. Notice that 7; is analogous to the mean value of a
statistical distribution. For 1 < i < n, the signal duration ; is defined as follows:
. o0
6? = 9 _ t?,  where Q; :f 12X (1) dt, (17
I; 0
once again, the integral above is assumed to converge, in which case 6; is similar to the

standard deviation of a statistical distribution. Finally, the signal amplitude S; is defined
through the relation

I;

Si=2_.
26;

(78)

so that S; is the height of a rectangle whose length is 26;, and whose area is the same as
that enclosed under the curve X;(t).

Let us briefly recall some of the consequences of the analysis performed in [45]. Con-
sider first the case of weakly activated pathways, for which X; « C; for any i. Then (73)
reduces to

dX;

oG =0; Xi—1 — B X, 22,
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and the previous parameters can be explicitly computed. More precisely, let 7, 6, § be
defined by

n n
‘L’=ZI:‘L',', 9:29{, SZXn:S,'.
i= i=1 i=1

Then there holds
| |
T=—+4 —,
P,
1 |
2
6 = 2 + E,i (79)

. Note that 7, the signaling time through the whole pathway, and 6, the total signal dura-
tion, are independent of the kinase rate constants (in other words, they do not depend on

the a;’s). However, the total signal amplitude does depend on all parameters involved in
the system.

We say that amplification occurs at the ith step in the cascade if

In the case under consideration, it follows from (79) that (80) is satisfied if

1 12
ﬂi<ai(1_a292 ) , (8D

i7i—1

provided that the quantity within braces is positive. As a matter of fact, it follows from
(79) 'flr_ld (81) that longer pathways favor an increase in signaling time, signal duration and
amplification in later stages of the signaling cascade.

When weak activation is no longer assumed, one has to deal with the whole sys-

:e_m (72), (73). Assuming rapid equilibration; that is, setting dX; /dr =0 in (73), one ob-
ains

Xi=CiX; ﬁCi+Xi—1 1 2

" . (82)

From (80) and (82), one readily sees that amplification occurs if

Bi
Xig<cf1-2Y)
1<C (1 v,-) (83)
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A comparison of (81) and (83) shows that signal amplification is less pronounced in this
situation. Also an analysis of the case of a permanently activated pathway (A = 0 in (75))
for a particular choice of C;, «;, f; shows that amplification only occurs in this example if
the activated receptor does not go beyond a threshold value, so that one needs R < R, for
some R, > 0; see Figure 5 in [45] for further details.

A situation also considered in [45] is crosstalk between signaling networks that are si-
multaneously operating. As an example, consider the case in which a component ¥ of a
second pathway inhibits phosphatase i in the first scheme by changing its kinetic rate. This
may be achieved, for instance, by replacing 8; in (73) by

ﬂiZﬁQ(l‘f‘L)l’
7 Ki

for some positive constants ﬁio, K;. It is shown in [45] that crosstalk may have a con-
siderable influence in the case of strong activation, and that it may provide amplification
combined with fast and transient signaling.

A final point to be mentioned in this context is that of the stability of signaling net-
works. In many situations, it is required that random kinase fluctuations should be damped
out. However, positive feedback loops are a possible source of instability. Indeed, if we
replace (72) by

dx X
—1—<a1R+exn><1——1>—ﬂ1X1, (84)
dt Cq

then instability of the ground state R = X; =0, 1 <i < n, is obtained provided that

ﬂ1ﬂ2"'ﬂn<ga2"'au~ (85)

On the other hand, from the last formula in (79) it follows that when A = 0, the amplifi-
cation condition at any step in the corresponding circuit reads

,81/32"',811 <ujap Uy (86)

It turns out that sustained amplification can have a destabilizing effect in the presence
of feedback loops. We refer to the reader to [45] for further discussion on this and other
related topics.

The previous remarks were of a general nature. A different (but complementary) ap-
proach consists in analyzing particular situations where amplification is known to occur,
in order to unravel the mechanisms that yield such result. A case which has deserved con-
siderable attention is that of the phosphorelay sequence triggered in E-coli by the aspartate
receptor Tar, which eventually connects with the flagellar motors through a pathway in-
volving the CheA, CheY and CheZ proteins [3,58,106]. In particular, in [3] the authors
addressed the issue of understanding the reasons for the high gain in the system. This was
defined as the change of rotational bias divided by the change in receptor occupancy, and
is cstimated to be ~55 [103].
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Out of the several reasons suggested to account for this outstanding performance, the au-
thors of [3] hinted at the indirect activation of many receptors by a single ligand. Receptor
clustering, which has been shortly discussed in our previous subsection, has been proposed
as a model to enhance sensitivity. However, it has been observed that such mechanism,
while seemingly improving sensitivity at low-concentration signals, presents considerable
difficulties to simultaneously provide high gain and a wide dynamic range (see [17]).

The model discussed in [3] considers teams of 7ar receptors (which are of a dimeric
nature, cf. [58]) that assemble and disassemble to form teams of one, two or three units.
It is assumed that ligand binding destabilizes receptor teams, which subsequently break
into smaller units (ligands are not released in that process). A key hypothesis is that only
ligand-free threefolds determine kinase activity. The authors remark that their model is able
to explain the observed behavior of the kinase activity for a pure receptor under a number
of assumptions that, in some cases, could be experimentally tested.

We next turn our attention to adaptation. In engineering terms, any given circuit (pos-
sibly representing a chemotactic cell), that can be characterized as producing an output
signal ¢ in response to an input signal $ is said to possess this property if the output ¢ re-
mains constant when isotropic stimulation § is increased over several orders of magnitude.
Bearing chemotaxis always in mind, a question that naturally arises is that of determin-
ing (relatively) simple circuits (modules), described by systems of chemical reactions, that
display adaptation. Such modules are also expected to be robust. This means that their per-
formance is not significantly altered when parameters in the model undergo large variations
{(up to some orders of magnitude).

A common feature in many of the models so far derived to account for adaptation is that
they make use of activator-inhibitor systems. These last reflect the fact that many exam-
ples of biological pattern formation show the interplay of a local, self-enhancing reaction
coupled to a long-range antagonistic reaction [39,76]. A typical example is provided by

6a_oea2 D 8%a
or = p ~MatDag, (87)
ah 8%k
— =8a® —vh+ Dj—
ar 04 vt Diog (88)

where &, 1, § and v are kinetic constants, and D, Dy, denote the respective diffusivities
of substances a (activator) and 4 (inhibitor). Suppose for simplicity that constants «, u,
8 and v are set equal to one, and assume that activator and inhibitor concentrations are
constant in space, so that diffusion effects can be discarded. Then @ = h = 1 is a solution
of the associated Kinetic system

a2
a=— —
R ¢
h=a®—h (89)

.According to these equations, if 4 remains constant and equal to one, and @ becomes
slightly larger than one, ¢ > 0 and a will increase further. Actually, should # = 1 continue
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to hold, the first equation above would then yield finite-time blow.-up for a (r). Assume
however that there is very rapid equilibration of the inhibitor to a given a'ctl\fator concen-
tration. At the steady state (h = 0) this gives h = a?, which upon substitution in (89) yields

in turn
a=1-—a,

whence a < 0 for @ > 1. In this way, stability of the equilibrium a = 1 is achieved. When
space inhomogeneities are taken into account, so thz}t a diffusmt} mass transpo.rt sets in, the
rapid equilibration of 4 with respect to a can be achieved by taklng Dy, ?> D,,.m 587), (§8),
a condition whose relevance in pattern formation was already noticed in Turlng s seminal
work [114]. In this manner, nonlinear patterns emerge and become stable in (87), (88); see
for instance [76] for a detailed discussion on this issue. . .

As noticed by Meinhardt in [77], this type of model is very convenient t(') detect mi-
nor external concentration differences and convert them into a prqnounced 1n‘trace‘llulz.1r
pattern, even when the external signal is subject to random fluctuations. Amplification is
thus obtained, and also adaptation, since this effect is rather independent of the value of an
external, isotropic stimulus; see Figure 2.
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Fig. 2. Detection of minute asymmetries and the problem of reorientation. ASSl'lmC'd.iS a .cell‘-inter'nal pattern
forming reaction consisting of a self-enhancing activator (a) and a long-rangmg inhibitor (i). Sufficient for the
localization of a strong internal signal is a noisy, slightly asymmetric external signal (s, black squz?res) that has
a stimulating influence on the activator production. Simulations made on t.he circumfemnce of a c:rc}e: the left
and right elements are neighbors in reality. Shown is the initial (A), an intermediate (B) and Fhe hflal .stable
distribution (C). A strong internal activator maximum appears at the position where the external s.lgnal is slightly
above average (arrow in A). D, E — As required for path-finding in a graded environmeqt, orientation works
also at a much lower absolute level of the external signal. The lower signal concentration is compensated by a
lower inhibitor concentration. F — The problem: after an incipient pattern has been formed, even a strong external
asymmetry is unable to reorient the pattern. (Reprinted from [77], with permission granted by the Company of
Biologists Ltd.)
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Fig. 3. Orientation of growth cones and chemotactic cells. A — A growth cone of a nerve growing in vitro. B,
G — Model. Assumed is an internal pattern-forming system in which the self-enhancing process saturates and in
which the activator does not diffuse; shown is only the activation. The distance from the inner circle is a measure
for the local activation, The external orienting signal has a positive influence on the internal patterning system of
the cell. The concentration difference across the cell is 2%; its orientation is indicated by the arrow. Assumed are
max. 1% statistical variations in the cell cortex in the ability to perform the self-activation. B, D — Simulation:
somewhat irregular active spots emerge that act as signals to stretch out cell extensions toward the signaling
source. Due to their limited half-life caused by a local antagonistic process, they disappear subsequently and new
ones emerge instead. E, G — After a cliange in the orientation of the external signal (arrow), the locations of
the temporary signals adapt rapidly to the new direction. Thus, the system is able to detect permanently minute
concentration differences (photograph kindly supplied by I. Loschinger). (Reprinted from [78], with permission
from Elsevier.)

However, once the intracellular signal (the pattern) is formed, self-stabilization of that
pattern is so strong that small external cues (as those actually at work in chemotactic
processes) are unlikely to result in a reorientation. To deal with this difficulty, a mech-
anism was proposed in [77] that consists in including a second antagonistic reaction, to
obtain an oscillating activator—inhibitor system. In this way, the cell (nerve growth cones
are the example being considered in [77]) proceeds in a cyclic manner from phases where
it is highly sensitive to external signals, to periods where weak external inputs are con-
verted into strong internal patterns, that can be used to reorient the cell toward its target.
This model is sketched in Figure 3, which is taken from [78].

A particular model where this behavior can be observed is

da _ 9((12b_I + )

At B+o(l+saz) HO

db

E = v(a — b), (90)
de

=wa — Tc,

dr
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Fig. 4. A schematic representation of system (91)~93) (adapted from [70]).

for suitable choices of the parameters 6, o, B, S, u,v,wand T therein‘(.see tl}f: Appendl.x
in [77]). Actually, in (90) the external signal (and its changing orientation) is lumped in
parameter 0, where random fluctuations are also incorporated. . . '

We next discuss a conceptually simple scheme for perfect adaptation to spatially uni-
form changes in ligand concentration that has been proposed in [70] (see 2}180 [62,53]). Its
ingredients are as follows. For any given species Z, let us denote by Zt its total concen-
tration, and by Z* that of its active form. Suppose that a response element R may go from
an active to an inactive state, and that passage from R to R* (respectively, from R* to R)
is mediated by an activator A (respectively, by an inhibitor 1), bot}} 9f Wl.lich are produced
from an external signal S. We may graphically represent this circuit in Figure 4.

In mathematical terms, the previous scheme can be written in the form

ar = —k_gIR* + kg A(Rr — R*), on
de
M kA Ky S(AT — A), 92)
de
i—f =—k_;I+k;SUt—1D. (93)

To make the analysis simpler, let us assume that At >> A, It > I. Then (91)—(93) reduces
to

Rk RIR* +krAR, 04
dr
dr
di

Y ek T4k, (96)
dr
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where k, =k}, A1, k; = k) I, and the various remaining constants in (91)—(93) are kinetic
parameters of the process under consideration. At the steady state, we should have

IF—(—K—/T—)R 97
“\oiar Ts 97

where Z= lim; 5 Z(t) for any given variable Z, and kp = k_g/kg as in (7). Note
that (95)—(96) yield, at the steady state

and therefore (97) corresponds to perfect adaptation: the value of R* provided in that for-
mula remaius unchanged when S(t) is replaced by a.S() for any o > 0.

The kinetic system (94)—(96) has some drawbacks when considered as a building block
for a model that should provide spatial sensing with high gain. For instance, suppose that
an external source varies linearly along the length of the cell, so that S(x) = ¢p + c1x
for some constants cp, ¢, where x is a normalized distance measured, say, along a cell
diameter. Assume for simplicity that the activator A does not diffuse but the inhibitor /
does so according to the equation

al
m =—k_11+k; S+ DAI,

which should replace (96) in system (94)—(96). An analysis as that described in [62] shows
that

R*(x) ~ for some f(x) >0,

1
1+ f(x)

so that this model does not provide gain in the difference of activity between the front and
the rear of the cell with respect of that of the external signal. A way to remedy this situation
consists in increasing the complexity of the kinetic scheme under consideration. This may
be achieved, for instance, by replacing the process depicted in Figure 4 by that in Figure 5.

The onset of asymmetry in a chemotactic cell after a rise in external signal is often
the first noticeable step in the subsequent directional sensing process. This issue has been
addressed in [98] in the context of studies conducted on the slime mold Dictyostelium dis-
coideum (Dd). The situation succinctly described in [98] is as follows. An applied cAMP
signal, way larger than that required to trigger a response, is applied to a medium with
Dd cells. This signal will quickly diffuse around any individual cell, from front to back.
Since cAMP receptors are thought to be uniformly distributed over the cell's membrane, it
s natural to assume that an inhibitory mechanism should appear that suppresses responses
Althe cell’s back (measured with respect to the cAMP source introduced). Once an initial
ASymmetry is established, it should be amplified (and stabilized) by means of appropriate
Mechanisms.
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Fig. 5. A kinetic system possessing perfect adaptation that may also provide high gain in the second response

element R| for a suitable choice of the parameters describing kinetic rates. See the Appendix in [70] for details.
(Adapted form [70].)
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In [98] a dynamical model is introduced to describe the setting of a rapid initial asym-
metry as that described above. This is done as follows. First, a three-state characterization
of the membrane is introduced: quiescent (with density p,), activated (density p,) and in-
hibited (density p;). Since the total density has to be conserved, pq + pa + 01 = 1. The
equations proposed to describe the membrane state are

——L = —acpq + Proi — Pigeq:

ap
at

% =acpg — Op
a[ q as
Pi

ar

= —Pipi + Brgrq + Spa,

which satisfy the previous conservation requirement. Here, «, 85, 8,  and p; are kinetic
constants and ¢ and g respectively denote the concentrations at the membrane of extracel-
lular and intracellular cAMP. These concentrations in turn satisfy

dc
ar =D.Ac — v.c,

at the extracellular space, and

ag

T =D,Ag —v,g,
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at the intracellular one; v, and g, represent decay terms. It is also assumed that a no-flux
condition is satisfied at the boundary

D,Vg-n=D.Vc-n=0,

where n denotes the normal at the membrane. The simulations performed in [98] for a
suitable choice of parameters (and for equal diffusivities: D, = D, =25x10"% ¢cm? /8)
show that asymmetry, characterized in terms of the values of p,, pj is rapidly (less than
| second) established in the cell (see Figures 2 and 3 in [98]).

We have already remarked on the meaning of adaptation from an engineering point of
view. Further discussion on this subject is contained in [120], where the authors recall that
there are two ways of constructing systems exhibiting perfect adaptation. The first possibil-
ity requires, as observed in [120], fine-tuning the parameters in the corresponding model,
an approach consistently followed in the works described so far. A second alternative con-
sists in designing specific structures that create such property inherently. In this vein, adap-
tation may be viewed as a solution for a common problem in engineering, namely that of
designing systems that (quickly) converge toward a specific steady-state output.

A standard solution to this problem is integral feedback control. In its simplest setting,
this process can be described by the equations

=y, (98)
y=yi—yo=k(u—x)—yo, k>0. (99)

In (98), (99) a process is represented that takes u as an input and produces the out-
put y;. This process is characterized by constant & in (99). We denote by y the difference
between y; and the steady-state output yg. This represents the system error, whose time
integral x is fed back into the system, with the aim of obtaining the desired result

y{t) >0 ast— oco. (100)

As recalled in [120], for linear systems a necessary and sufficient condition for robust
asymptotic tracking is that the system had integral feedback, as that described by (98).

As observed in [120], an interesting example where these ideas can be applied is the case
considered in [6]. These authors derived a two-state (active or inactive) model of a receptor
complex, constituted by a receptor and CheA and CheW proteins, in bacterial chemotaxis.
The system output was the concentration of active receptor complexes. A remarkable fact
stressed in [6] is that perfect adaptation is achieved as an intrinsic property of the signaling
network considered, independently of the kinetic parameters involved. It was then shown
in [120] (supplementary material) that a system of differential equations can be written for
the biochemical network described in [6] such that, after suitable manipulation, an equa-
tion characteristic of integral control is derived. The activity of the system is then shown
to asymptotically converge to a fixed steady-state value (cf. (1) in [120]). As the authors
of [120] point out, knowing that integral control underlies the robustness of perfect adap-
tation in the model designed in [6] has significant implications. In particular, it allows for
assessing the relevance of any of the several assumptions made in that model. A discussion



on this subject can be found in [120], and the reader is referred to that work for further
details on that issue.

3. Some mathematical problems arising from the study of Dictyostelium discoideum

It has been already recalled at the Introduction of this chapter that chemotaxis was pro-
posed as a hypothesis in connection with the process of neural wiring in the field of Neu-
roscience. This last has proved to be a fertile ground in Biology during the XX century,
and has exerted a considerable influence in the evolution of other disciplines as Mathemat-
ics and Physics. This situation is likely to continue, even at an increased pace, during the
foreseeable future. A discussion on current and future research directions at the interface
between Mathematics, Neuroscience and Physics can be found in the monograph [116] and
references therein.

At a different level of complexity, a relevant role in the blossom of Developmental Bi-
ology started at the beginning of the last ccntury has been played by the study of animal
models, particularly (but by no means exclusively) those made on the bacteria E-coli and
the slime mold Dictyostelium discoideum (Dd). In both cases chemotaxis is a central topic
when describing developmental and social life properties of such microorganisms. The
reader is referred to [10] for a recent description of current understanding of E-coli from a
multidisciplinary point of view.

In this section we shall focus on Dd, and will discuss some of the mathematical ap-
proaches that have been proposed to deal with quantitative problems motivated by the study
of such organism. More precisely, the plan of this section is as follows. In Section 3.1 we
shortly review some basic facts concerning the biology of Dd. Particular attention will be
paid to the role played by a chemical messenger (¢(AMP) in starvation-induced aggregation
into some condensation centers, a remarkable feature of Dd colonies which has triggered
large attention in the biology community. We then focus in Section 3.2 into a particular set
of differential equations (the so-called Keller—Segel system) which was initially proposed
as a model to describe early stages of aggregation in Dd cell cultures, and has been exten-
sively studied by mathematicians since, due to the nontrivial structure displayed by their
solutions. In that paragraph the emphasis is therefore on the mathematics, keeping how-
ever an eye on the biological motivations. As everywhere in this work, the style will be
descriptive, and reference will be made to appropriate articles for details on the underlying
mathematical arguments.

While the Keller—Segel (KS) model described in Section 3.2 is of a macroscopic nature,
the problem of relating observable macroscopic behavior in Dd cultures to individual cell
properties has sparked interest in deriving KS equations from microscopic considerations,
a multiscale problem of considerable importance, which will be dealt with in Section 3.3. It
should be stressed that the considerations to be recalled there are by no means limited to the
case of Dictyostelium, but rather point at the deep, general question of relating macroscopic
properties of organic ensembles (swarms, tissues, organs, ... ) to the individual signal ex-
change and transduction pathways of their members.

We then conclude this section with a discussion on some aspects of pattern formation
in Dd colonies, particularly in the case of monolayer cultures that can be represented by
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two-dimensional (in space) domains. Specifically, we concentrate on early stages of ag-
gregation, and in particular in the occurrence of target and spiral waves and the transition
from prevalence of one type of pattern to the other. In mathematical terms, this leads to the
question of characterizing reaction—diffusion systems that are able to exhibit that type of
traveling waves, a subject which is quickly addressed therein. Once again, understanding
the observed dynamic transition from a target- to spiral-dominated scenario seems to call
for a multiscale approach which is only at its beginning yet.

3.1. The social life of Dictyostelium discoideum in a nutshell

There is a number of recent reviews on Dd where the biology of this species is described in
detail (cf., for instance, [23,34,48,115]). For definiteness, we shall recall below only a few
aspects of that topic which are particularly relevant as background for the mathematical
models to be mentioned later.

The basic features of individual and collective behavior in Dd colonies are best summa-
rized in the words of John Bonner ([16], p. 62) as follows:

... Cellular slime molds are soil amoebae. They feed as separate individuals on bacteria, and after

they.have finished the food supply, they stream together to central collection points to form a
multicellular individual of thousands of cells. . . .

. In fact the cells migration toward aggregation centers (the “central collection points”
in the quotation above) is mediated by a chemical compound (adenosine 3',5'-cyclic
monophosphate, CAMP; cf. [59]) which is produced by cells at the aggregation centers
in a pulsatile way upon starvation, and spreads by diffusion [75]. Moreover, Dd cells are
able to relay the cAMP signal received, thus keeping a cAMP flow in the medium that,
when observed through darkfield microscopy, gives raise to fields of circular and spiral
waves (for a review, see [48]). This cAMP-mediated chemotactic migration eventually re-
sults in the formation of mounds or condensates which, most remarkably, have a rather
constant size [99].

Once mounds have been formed, differentiation of mound cells into two cell types (pre-
spore and prestalk) begins. Prestalk cells then migrate to the upper part of the mound to
form a tip, whereas prespore cells remain in the lower side of the mound. The object thus
formed then elongates to produce a finger-like structure. Subsequent development can un-
fold in two different ways, as recalled in Figure 6. The first case occurs under favorable
environmental conditions, and consists in finger development at the place where it was
formed. Prestalk cells, that were situated at the top of the structure, migrate through the
prespore cells in the direction of the substratum. Meanwhile, these cells differentiate into
stalk cells and die at the end of the process. The growth of the stalk, where prestalk cells
are continuously added at its top, goes in parallel with the upward movement of prespore
cells, that rise from the substratum to eventually form a ball of cells on top of the stalk
(the sorus). Prespore cells in the sorus eventually become spores surrounded by a hard
Shell, that remain viable for weeks. Germination of spores leads to a new cell cycle for the
'esulting amoebae.

If conditions are unfavorable, a longer developmental program can be selected. Then
the finger structure falls on the substrate and a migratory structure (the slug) is formed,
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Fig. 6. Lvolution of Dd cultures after slarvation. (Reproduced with permission from [48].)

where prestalk cells are located at the front and prespore cells at the back. Slugs can move
toward places more suitable to complete development. When this happens, the slug stops,
rounds up and migration of prestalk and prespore cells in opposite direction occurs as m
the previous case, after which culmination takes place in the same manner.

3.2. Early aggregation stages: the Keller-Segel model

Out of the many mathematical models that have been proposed to deal with particular' as-
pects of chemotaxis, that proposed by Keller and Segel in 1970 (cf. .[57]) has.recel\{ed
particular attention. There are a number of features on it that can possibly explain the in-
terest it has raised among the mathematical community (witnessed, for instance, by the
thorough survey [51] and the monograph [111]). For instance, the model has a very simple
structure, reflecting the fact that the underlying hypotheses are reduced to a bare minimum.
Moreover, the mathematical analysis of their solutions is nontrivial, and has led to devel-
opments of considerable interest. However, the model has proved to be fairly less popular
among biologists interested in chemotaxis. Some thoughts on that matter, due to one of Fhe
authors of {57], can be found in [56], Chapter 1. See also [41] for a number of interesting
remarks on the role of modeling in Biology. .

The systems considered in [57] were intended to describe the early aggregation proper-
ties of the slime mold Dictyostelium discoideum. In particular, the question of the formation
of condensates where Dd cells gather upon starvation, was paramount there. The authors’
approach was neatly explained by them at the Introduction of their work:

... By analogy with many problems in the physical world, aggregation is viewed as a breakdown
of stability caused by intrinsic changes in the basic parameters that characterize the system ...,

a statement which bears resemblance with that made by Turing in [114}):

... A system of chemical substances. .. although it may originally be quite homogeneous, may
later develop a pattern or structure due to an instability of the homogeneous equilibrium, which is
triggered off by random disturbances .. ..

Let us briefly recall the analysis done in [57] for the simplest model considered there. Let
ulx. v, 1), v(x, y, t) respectively denote the concentrations of amoebae and cAMP in a two-
dimensional medium, which can be thought of as an approximate setting for monolayer Dd
culture in Petri dishes. Then u and v are required to satisfy

ou

Et_z_V(DIVv)JrV(DzVu), (101
ou
m =DyAv—k()v +uf(v), (102)
where
ky
k =
(v) T i’ (103)

for some constants k; > 0 and £ > 0. In this system, the right-hand side in (101) includes
the contributions to time-change of u due to convective motion induced by cAMP and dif-
fusion respectively. In particular, Dy = D\ (i, v) > 0 represents a measure of the influence
of the cAMP gradient on the flow of amoebae, and Dy = Dy (u, v) > 0 is a diffusion co-
efficient corresponding to random motion of Dd cells. The right-hand side in (102) has a
diffusion term for cAMP (with diffusion coefficient D, > 0), a decay term for that chem-
ical (with kinetic parameter k(v) given in (103)) and a source term, which corresponds to
the assumption that cAMP is produced by the cells themselves. In this last case, the kinetic
parameter is given by f(v) in (102) and is of a general form. To make up for a well-posed
mathematical problem, equations (101)—-(103) need to be supplemented with initial values
and boundary conditions. When the problem is considered in a bounded domain £2 C R?,
these last are usually taken to be of no-flux type, namely

du  Ovu
—=—=0 atdf, 104
dn  On (104)
where 3£2 denotes the boundary of §2, and n stands [or the (outer) normal at 952.

A particular type of solution to (101)—(103) are equilibria, defined by

u = u, v=uvp with ugf(vo) = k(vo)uo, (105)

provided that the last equation in (105) admits constant roots. A relevant contribution
in [57] consists in obtaining conditions under which the steady state (ug, vp) in (105) is
unstable under perturbations. This instability is thus seen as the first step toward the forma-
lion of a condensate. The previous goal is achieved by means of a classieal linear stability
argument, that is summarized as follows. Set

u=uo+ﬁ(x,y,t), U=U0+l_)(x,y,[), |ﬁ|<<uo,]ﬁ|<< vo. (106)



Plugging (100) into (101), (102) and ncglecting higher-order terms, & and v are shown
to satisfy the linear system

dit _
a_‘t‘ — — Dy (ug, v0) AT + Dy (ug, v0) Adl, (107)
v _ _ _

a_j = Dy AT — ki + uo f'(v0)s + [ (), (108)

where k = k(vg) + vok’(vo). Assuming for simplicity that (107), (108) is satisfied in the
whole plane R?, and trying there

i =tcos(qix +q2y)e”’,  v=10cos(qix +qay)e”’, (109)
for some constants i, 1, g1, g2 and o, one readily obtains

(F—o)d+ fp)a =0,  Dig* — (D2g* +0)it =0,

where q2 = 412 + q22 and F = f(vo)up — k— q2D2, and D;, D, are evaluated at (ug, vg).
The previous system has a nontrivial solution provided that

o —o(F —g°D2) — (¢° f (w0) D1 +¢°D2F) = 0. (110)

Analysis of this quadratic equation shows that the corresponding roots are real, and the
condition for obtaining values o > 0 is that

Dyvy  uo f'(vo)
+ _ > 1. (111
Drug k )

Summing these results up, we have seen that (111) is required for o to be positive
in (109), so that the corresponding oscillatory perturbation of the steady state tends to
increase in amplitude for small times. However, this argument does not imply that such a
perturbation will increase for ever. Indecd, as # and v in (109) grow larger, the higher-order
terms which were discarded in (107), (108) become relevant, and the previous argument no
longer applies. Thus a fully nonlinear analysis for intermediate times is required in order
to examine the formation of condensates.

A first step in that direction was later provided by Nanjundiah (cf. [82]). He considered
a simplified version of (101), (102), namely

3
a—Ltl:V(D,,Vu—XLth), (112)
dv

5=D1,Av+Au—Bv (113)

(the so-called gradient proportional chemotaxis in [82]), where the diffusion coefficients
Dy, and D,, and parameters x, A and B are positive constants. Incidentally, this sys-
tem is commonly referred to as the Keller—Segel system in the mathematical literature.
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Nanjundiah propqsed that condensate formation in Dd monolayer cultures would corre-
spond to blo“.f-up in finite time T for (112), (113), in such a manner that a Dirac-delta type
singularity will develop as the blow-up time is approached:

u(x,t) > Ms(x —xg) for some M > 0 and some xpast — T, (114)

a property commonly referred to as the onset of a chemotactic collapse. We remark on pass
that equations (112), (113) can be made dimensionless upon the change of variables:

A

* X *

_ X B
U—u _BD,,,u’ Vo vt =y, r—>r ro t— Bt, (115)

which transforms (112), (113) into

ou* D,

o7 = DV(Vut —uw*ve*), D= D—’, (116)
v

ov*

W:Av*—}—u*—v*. (117)

Notice that in this case the instability condition (111) reads
u*(x,0)> 1, (118)

which suggests that the uniform distribution is unstable above a critical concentration of
amocbae. Further analysis was later done in [22], where it was shown that no blow-up
occurs in finite time for (112), (113) in space dimension N = I, and in [21] where an
asymptotic argument was presented to show that, in space dimension N = 2 chemotactic
collapse will occur if the cell’s density goes above some threshold. More precisely, the
statement in [217 goes as follows. Consider radial solutions of (112), (113)in aball B; =
{(x,y) x2 492 < L?}, and introduce new variables given by

AxL? X o Dyt

U= u, v
DMDU DM

(119)

In these new dimensionless variables, (112), (113) is changed into

aa_la( 9 97
ot poap\” ap_”%))’

8|=D—v, 82=D—v' (120)
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Then, in the limit where 0 < §; < 1 and 0 < §; < 1, a formal argument is provided in [21]
that shows that for chemotactic collapse to occur, one needs

1
/ pulp,0)dp > 4.
0

When written in terms of the original variables in (112), (113), this condition reads

8§nD,D,

121
Ax (121)

MOEf up(x,y)dxdy >
By

The previous argument hints at a threshold result for chemotactic collapse when N = 2.
Namely, when (112), (113) are considered with no-flux conditions (104), so that thc ccll
population is preserved,

fu(x,y,t)dxdy:f uo(x, y)dxdy,
By By

as long as the solution exists, we expect that the value

_ 8§nD,D,

M*
Ax

(122)
will play a critical role, in that solutions should be global in time for My < M* (M, being
as in (121)) and condensates of Dirac-delta type should form when My > M*. As it turns
out, this happens to be the case when radial solutions are considered. Moreover, whenever
blow-up occurs at an interior point for (112), (113), it has to correspond to chemotactic
collapse at that point (cf. (114)) with M = M™*. We refer to the reader to [51] for a detailed
account of the precise statements concerning global existence and blow-up for (112), (113)
as well as for exhaustive references (up to 2003) of the works where such results were
obtained. Among these last we should merely mention here the articles [12,49,54,80] and
[81] as illustrative of the different techniques developed to derive the results just sketched.

At this juncture, it is worth to mention that chemotactic collapse (as described in (114))
is known to be the only possible type of singularity formation in space dimension N =2
for system (112). However, when N = 3 a different type of hydrodynamic collapse has
been shown to occur in [47] for a simplified version of (112) in the whole space.

We conclude this section with some remarks on recent developments motivated by (or
related to) systems akin to (112)—(113). It goes without saying that reference to the works
that follow is far from being complete, and the reader will find additional information by
consulting the articles mentioned. To begin with, the occurrence of singularities for models
similar to (112), (113) has been recently examined in [13,14] in the critical case when
Mo = M* (cf. (121), (122)). Global existence results for equations of Keller-Segel type
have been derived in [24], whereas an outline of PDE models (parabolic and hyperbolic)
to describe chemotaxis can be found in [92]. Recently, systems of Keller—Segel type with
nonlinear diffusivities have been considered by a number of authors, among which we
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should mention [109,110] and [72]. Back to the original KS model, where blow-up is
taken as a fingerprint for aggregation in mounds, a natural question consists in ascertaining

in which sense (if any) solutions can be continued after condensate formation. This issue
has been addressed in [117,118].

3.3. The Keller-Segel model revisited: Sfrom micro to macro

The system (101)—(103), as well as the variants thereof considered in [57], were obtained
by means of macroscopic (and largely heuristical) considerations. It has been shown, how-
cver, that equations of this type can be derived starting from microscopic models, much in
the same way as the linear diffusion equation can be arrived at as a macroscopic limit for
random walks (cf., for instance, [9]). We next recall various manners in which macroscopic
chemotaxis equations can be obtained from microscopic models.

(I) Chemotaxis and biased random walks. Next we shall borrow from [86] and [87], and
quickly review how to derive a chemotaxis model from a master equation for a continuous
in time, discrete in space random walk on a one-dimensional lattice. To this end, let us
Qeﬁne u;(t) as the probability of a walker to be at an (integer) point i at time 7, starting
from i =0 at # = 0. Assume now that the random walk evolves according to the equation

aui + _ + —
o =T+ T i = (T T u, (123)
j: . ROl
where T;"(-) denote the transitional probabilities per unit time of a one-step jumptoi 1.
To account for chemotaxis, a spatial bias is introduced, so that one writes T* = 7% (v)
i b

« . . . l
where v denotes the chemical concentration in the lattice. If we assume that cells can detect

a local gradient, we may write
T =a+ B(z(vis1) ~ t(vy)), (124)

v.vhere o and ﬂ. are positive parameters, and 7(-) is a function which depends on the par-

ticular mechanism for signal detection being considered. Plugging (124) into (123), one

readily obtains
Bu;
Ty = oWier —2ui +uiy)

— B((igr +ui)(t(vigr) — T(v)) — (u; + ui—1)(z(v;) — T(vi-1))).

We tl.u'an set x = zh gnd consider x as a continuous variable. We also postulate that the
transitional probabilities change according to the scaling ThjE = (k/h>)T* for some k > 0.

On extending the definition of u; in a corresponding manner, and neglecting terms of or-
der O(A?), one eventually arrives at

du Da2u KA " (v)@
T =Dug — 5 (). (125)
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where

dr(v)
dv

Dy =ka, x(v) =2kp

(compare with (101)). Notice that no mechanism for generation of the .chemicgl species
has been proposed as yet. A simple way of addressing this issue consists in coupling (125)
with a phenomenological equation

v 9%v (126)
— =D,— +gu,v)
ar = Pugpa T8l

for some D, > 0 and some kinetic function g(u, v) (compare with (102)).'W.e rema.rk on
pass that it is easy to incorporate counting mechanisms in the model that limit the size of
the aggregates. For instance, arguing as in [87] we may replace (124) by

Tl.i:q(u,‘il)(a—l-ﬂ(f(viil)—f(Ui)))» az7

which amounts to assume that the probability of jumping into a neighboring §ite depends
on the space actually available there. For instance, a possible choice for ¢ (i) is

for 0 <u < Upax.

u)=1-
) Umax
When we repeat the previous argument with (124) replaced by (127), we readily see
that (125) has to be replaced by

av
?)—L; = %(Du(‘](u) —q'(u)u)g—z —Q(M)ux(v)a)' (128)
We point out that the existence of attractors for systems of the type (126), (128) has
recently been proved in [119].
In the context of our current discussion on global existence vs blow-up for Keller—Segel
type systems, it is worth remarking on work conducted on a related model, which has been
used to describe vasculogenesis (cf. [4,37]) and reads as follows:

9

M V) =0,

ot

3—U+UVU=ch—ﬂv—Vg(n), (129)
t

a—c =DAc+ an — E,

at T

where n and ¢ denote the concentrations of cells and chemoattractant respectiw?ly, and
v stands for the cell velocity. The equations above take into account cell migration and
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chemotaxis (u measuring the strength of the cell response), friction with substratum (pa-
rameter ) and pressure exerted by cells (represented by g(n)). As to D, o and 1 they
respectively represent the diffusion coefficient of the chemical, its production rate and a

characteristic degradation time. Neglecting persistence (that is, the inertial term) in the
second equation, one obtains

0=uVe—Bv—-Vg(n)
or
v=xVc—Vhn),

with x = u/B, h(n) = 1/Bg(n). Plugging the equation just derived for v into the mass
balance equation above, one eventually obtains

a_n = V(th(n) — XnVc),

at

dc c
—=DAc+an— -,
at T

which is of the Keller-Segel type previously considered. It has been shown in [60] that
for functions A(n) that increase fast enough blow-up cannot occur. Previously, a stability
analysis of homogeneous solutions to the full system (129) was done in [61]. In particular
it was shown that the effect of pressure controls possible instabilities at low densities, thus
preventing initiation of blow-up.

(1) Chemotaxis and velocity Jump processes.  Velocity-jump processes are a particular
type of stochastic processes, which roughly speaking can be described as consisting in a
sequence of runs, separated by reorientations, where a new velocity is chosen (cf. [83] for
a detailed discussion). In mathematical terms, they lead to the consideration of Boltzmann
equations, namely

d
%+qup=—Ap-l—k/T(u,v’)p(x,t,v’)dv'. (130)

Here p(x, v, r) denotes the density function in a 2n-dimensional space with coordinates
* € R" (representing the position of an individual) and v € R" (describing its velocity). In
this way, p(x, v, t) dx dv gives the number density of individuals whose position is located
between (x, x + dx), and whose velocity lies within (v, v + dv). In (130) it is assumed
that the random velocity changes follow a Poisson process of intensity A, so that A ! is the
mean run length time between random choices of direction. On the other hand, the kernel
T (v, v') represents the probability of a velocity change v to v, and [T, v)Ydv =1 for
any v.

The derivation of systems as (101), (102) from equations of the type (130) has been
discussed by several authors (see, for instance, [18,50,84], etc.). Here we shall remark



on a suitable extension of the approach in [50,84] which has been introduced by Erban
and Othmer [32,33] and where dependence on internal cell kinetics, as that recalled in
Section 2.6, is taken into account; see also [7] and [8] for a detailed discussion on related
multiscale topics.

The authors of [32], [33] assume that the density of the biological population being
considered p(x, v, y, 1) depends also on an internal state y € R”, m > 1, which is supposed
to follow the kinetics given by a system of the form

dy
a =TS (131

where y = (¥1,..., y,) denotes the internal variables or species, S(x,t) = (S1,...,
S4) € R corresponds to the chemical cues acting in the environment, and f represents
the precise internal dynamics of the process (for a particular choice of f, see [107]). In
addition, the mean run length is also assumed to depend on y. In this way, (130) is to be
replaced by

ap

Py +Viup+V, fp=-2(y)p+ / A(y)T(v, v, y)p(x, v, y) dv'.  (132)

A perturbative analysis performed in [32,33] shows that, to the lowest order, the cell

variable
n(x,t)://p(x,t,v,z)dvdz

satisfies the equation

an
o =V(DVn —nx(S)VS), (133)
provided that a number of assumptions are made. In particular, the internal dynamics is
assumed to be described by two variables yq, y» which represent excitory and inhibitory
mechanisms respectively. Furthermore, § = S(x) is taken to be independent of time. In
equation (133), D and y are respectively the diffusion and chemosensitivity tensors, so
that an equation of type (101) is recovered in the isotropic case.

(L1} Chemotaxis equations as limits of stochastic many-particle systems. The next ap-
proach to be succinctly reviewed here is due to Stevens [108] who considered a population
of N units or particles, formed by microorganisms (labeled ) and a chemical produced by
them (labeled v), so that S(N,t) = S,(N,t) + S,(N, t) denotes the total number of parti-
cles in the system at time ¢. Let P,/\‘, (t) describe the position of the kth particle (k € S(N, t))
at time ¢. In [108] the following empirical processes are considered:

1 1
t_)SN“(t):ﬁZSP,f,(r)’ ’—’SNU(’):ﬁZ‘SP,‘V(/)’
keSy keSy
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where 3, denotes Dirac’s delta at x e R4, d > 1. A key assumption in [108] is that the
dynamics of each particle depends on the configuration of other particles in a neighborhood
around it, and as N — oo, the interaction of particles is rescaled in a moderate way (cf.
§e\ction 2 in [108]). On intro/c\iucing smoothed versions of Sn; (t), | =u, v, of the form
Sy, (t,x) = (Sn, (1) x Wy « Wy)(x) for some probability densities Wy, WN satisfying
a suitable scaling assumption (which provides a precise meaning to the assumption on
moderate interaction), a system of stochastic differential equations is written for the particle
populations (cf. Section 3 in [108]). Using Ito’s formula (cf., for instance, [38,116]), one
eventually obtains for any regular test function f,

{Sn, (), f)

1 :
=5 2 S Py)

keS,

= (Sn,(0), £(0,))

t
+/0 <SNL, (8D, XN (5, )VEN, (5, )V f (s, ) + nAf (s, ) + %f(s, ')>ds

1 4
+ ﬁ/o D V2V (s, Pi(s)) dWH(s), (134)

keS,
{Sn, ), £)
=(Sn,(0), £(0, )

t
+/@Mmmwmo+iﬂuﬁm
0 aS

1 [f 1 ! ‘ .
+ﬁ/0 3 V2V £ (s, Pl(s)) dWE(s) + ﬁ/o 3" £ (s, Ph(s)BYds)

keS, kGS,(
1 [ .
- ﬁ/o > fls, Pho)vi@s), (135)
keS,

In equations (134), (135) it is assumed that any particle k € S, (N, t) at position P,’\‘, (1) at
time t may produce a particle k* € S, (N, t) with intensity B (¢, P,’{, (1)), where By (t, x) =
BN, (t,x),8n,(t, x)). This reflects the assumption that chemoattractant is produced by
the chemotactic cells themselves. On the other hand, any particle k € S, (N, t) may de-
cay with a coefficient yy (¢, P[/;', (1) =y Gn,(t,x),Sn,(t,x)). On its turn, xy(r, P’,i, ) =
X(Sn, (¢, x),5n,(t,x)) is a chemosensitivity term arising from the stochastic equation

APy = xn(t. PR ) Vi, (1, PE 1)) di + /20 dWH (1),

Wl\h*ere Wk() are independent Brownian movements. Finally, n > 0 and g > 0, and
By (o) and y,’;', (o) are taken to be Poisson-type point processes (cf. Section 3 in [108]).
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Under a number of technical assumptions, it was proved in [108] that one can pass to the

limit in (134), (135) as N — 00, 10 eventually obtain the following limit equations:

(u@t. . £.)
= {uo(-), /(0. ) ds)

+ ./f<u(s’ ')7 XOO(S’ ')VU(S’ )Vf(?, )dS)
0

! a
+/ <M(S,'), LLAf(S, )+—8__f(sv)>dsa
0 s

(o, ). £, )
= (uo(), £(0,-)ds)

+ /t<v(sv ')s MAf(S, ) + %f(s7 ) - )’oo(s, ')f(S, ) d3>
0

t
+/ (u(s, ). Bools, ) f(5.))ds,
0

where Xoo (T, x) = x (ulx, 1), v(x,1)) and a similar definition is made for Boc, Yoo- These

equations can be considered as a weak form of

?TM = phAu— V{(x(u, v)Vv),
t

E;—U =nAu + B, vu —yu, Vv,
t

which is of Kelier~Segel type (cf. (101), (102)).

3.4. Pattern formation in Dictyostelium discoideum

Here we shall comment on some aspects of the starvation-induced aggregation 11 m(})]r'loy;
layer colonies of the slime mold Dd. This is a well-documented phenomenon, for w 1?
a wealth of evidence is available. We shall recall below some key features in that process,
and some related mathematical models will be remarked upon.

(1) The dynamics of aggregation: some facts. In this Qaragraph we shall folloth:e ;ecc;zf
survey [48] and describe the early stages of aggregation in sequer.)tlal Prder. ‘e)v Tg)ng
gation process induced by food exhaustion last for abqut 8 hours in wild 4typt;l(/cmz) y
cultures. For aggregation to start, a minimum cell density (about .2.5 deO fe Sof nis
required. Laboratory experiments are customarily done at much blgher ensi 12:821 " about
4-65 % 104 cells/cm?. When the process starts, a few cells,' which are ST?poA : 1o beat
a comparatively advanced stage of their own cell cycle, begin to emt pulses o
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a periodic manner, approximately every 5-6 minutes. Upon reception of the cAMP sig-
nal, cells internally produce cAMP, part of which is secreted outside to keep the si gnaling
process going on, thus establishing a feedback loop. In monolayer cultures, cAMP prop-
agation gives raise to target and spiral wave patterns that can bc observed by means of
darkfield microscopy. Reception of the cAMP signals is followed by migration toward
some of the cAMP sources. In doing so, streams of Dd cells are formed that converge
toward aggregation points. There, a size-regulation process is observed, since aggregates
achieve a characteristic size, which depends on the number of cells initially available and
the dimensions of the surrounding medium. As condensates are formed, a transition from
a bidimensional setting to a three-dimensional one occurs, since cells in the condensates
pile up each other to eventually produce solid, full three-dimensional mounds. Formation
of the mound is followed by a subsequent stage in the developmental process of the Dd
colony which will not be considered here.

In the sequence of steps briefly recalled above, a few ones stand out as particularly
intriguing. One of those is the onset of circular and spiral waves, and the transition from
one type of dynamics to the other. We have mentioned that aggregation starts when a few
spots in the colony (each of them possibly containing a reduced number of synchronized
cells) begins to emit periodic pulses of cAMP. These are visualized as circular waves,
usually termed as targets. Soon after that, darkfield microscopy reveals a coexistence of
targets and spiral patterns, and by 5 hours after starvation, spiral wave territories dominate
and persist in WT Dd colonies. The transition just mentioned is known to depend on a
number of parameters. One of them is cell density, since targets dominate for low values,
whereas for higher densities the situation is just the opposite. Also, addition of a uniform
spray of cAMP has dramatic effects on the nature of the patterns observed, depending
on the timing of cAMP supply. For instance, if applied soon after starvation, spirals are
temporally suppressed to eventually reappear afterward. However, if the uniform cAMP
signal is sprinkled at later times, spirals happen to be suppressed for good, and only targets
will remain henceforth (cf. [68,69]; see also [48] for a review of related results). In the
sequel we shall concentrate on describing some of the mathematical approaches that have
been proposed to account for various aspects of the signaling features just recalled.

(I1) From targets to spirals: mathematical models. 'The aggregation picture just sketched
raises a number of questions. For instance, one may wonder how target and spiral patterns
are generated, and what is the precise manner in which a transition from the first to the
second type of waves occurs. These issues have been addressed by a number of authors, in
particular by Cox [67,88,101], Goldbeter [66,74] and Othmer [26,85,112] to mention but
a few names. While a satisfactory global model for the overall aggregation process has not
been obtained as yet, a good deal of knowledge on some particular steps has been already
obtained. For this we refer to the aforementioned references as well as to the review [48]
where certain of these results are discussed in some detail.

In mathematical terms, a basic preliminary question consists in identifying those
reaction—diffusion systems (and the underlying physical assumptions) that admit traveling
wave solutions in the form of expanding circles (targets) or spirals. This has been shown
to occur both in oscillatory and excitable systems, on which we shortly remark below. To
simplify the presentation, we shall confine ourselves to the case of continuous equations,
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although discrete models (for instance, of a cellular automaton type) have proven to be
quite useful to gain insight into a number of related biological problems. For this last type
of techniques, the rcader is referred to the recent monograph [30].

Let us briefly remark on terminology. Following [79], we shall consider oscillatory me-
dia as a continuous limit of a large population of self-oscillating elements, with (weak)
interactions between neighbors due to diffusion. On its turn, excitable media are formed
by elements, any of which is able to return to an initial rest state after undergoing a burst
of activity triggered by a sufficiently large perturbation, which may be originated by diffu-
sional flow from neighboring elements in the medium. A characteristic of excitable media
is that they allow for propagation of pulses, a type of traveling wave which connects the
same equilibrium value ahead and behind the wave. Oscillatory and excitable regimes may
sequentially develop and coexist in biological systems. We next remark on different aspects
of wave propagation in such situations.

A typical model of oscillatory media is provided by the so-called A-w systems [52,63]
which are of the form

3
a—’:zo,AuH(A)u—w(A)v, (136)
dv

EzDzAv +w(A)u + A(A)v, (137)

where D1, D > 0, and A, w are given functions of A = (u2 + 1212, On these, conditions
are imposed so that the reduced kinetic system (obtained by setting D| = D, = 0) should
have a stable limit cycle with amplitude « and frequency w(«). When Dy =D; =D >0
in (136), (137) that system may be written in a more compact manner by setting

wW=u-+1iv, (138)

which yields

Jw .
Iz(kﬁ—lw)wﬁ—DAw. (139)

For instance, in the case considered in [64], A(a) = & — a A%, w(a) = ¢ — bA?, so that (139)
reads

Jw . . 2

o =(e+ic)w — (a+ib)|w|"w + DAw,
which can be thought of as a particular type of a Ginzburg-Landau equation (cf. [63] for
details on the derivation of that type of models). It is natural to look for solutions of (139)
in the form

w = Aei¢, (140)
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where A is an amplitude variable and ¢ its corresponding phase. From (139) and (140), it
readily follows that A and ¢ should satisfy
A )
E:AA(A)—DAquI + DAA, (141)
3¢ 2D
E:w(A)+7(VA-V¢)+DA¢. (142)
At this juncture, it is worth observing that a large class of reaction—diffusion equations can

be approximated, in some asymptotic limit, by means of A—w systems. For instance, let us
follow [43] and consider the equations

0A]

a—l=Fl(M,Al,Az)+V(Dl(M,A1,A2)VA1), (143)
dAr
?=Fz(u,Al,A2)+V(Dz(M,A1,A2)VA2), (144)

where o is a (nondimensional) parameter such that at some value ¢ = g the reduced
kinetic equations (obtained by setting D; = D, = 0 above) undergoes a bifurcation from
a stable state (AY, A(z)) to a stable limit cycle: in mathematical terms, a Hopf bifurcation
is said to occur. Arguing as in [43], Appendix A, one then assumes 0 < p — pp < 1, and
look for solutions of the form

Ai ~ A+ (= o) AT, X)a; cos(wr +yi + (T, 5)), i=1,2,

where x = (x1, x2) = (p — #0)1/2(*"1 ,X2), a; and y; are suitable constants, and T = (. —
o)t. Then the amplitude ¢ and phase A are shown to evolve according to

84\ [cosz —sinz AA — A[Vg|? A(l — A?) 145
A2 J=\sinz  cos ANp+2vVA-Vg ) T FER E
aT Z 082 ¢+ ¢ q

whe.re ¢ and z are certain constants determined from the original system (143), (144). In
particular, when D| = D, then 7 = 0, and a A— system is obtained, namely

dA

- _ 2
a7 = AATAIVer + A(1 - 4%), (146)
a¢

We next discuss on spiral patterns. An m-armed (m > 1) spiral wave of (139) is defined as
a solution of the form (140) (if any), such that

A=AG),  ¢=Qt+mb+ (), (148)
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here (7, 8) are polar coordinates in R?. A quick check then reveals that A and ¥ should
whe )
then satisfy

/ "2 Dm?
D<A,,+_/:,)+A(A(A)—D(¢) - = ):o, (149)

| 24N,
D(WJF(,*T U ) = 2 — w(A), (150)

r

tent which is to be supplemented with boundary conditions
asys

AQ) =@ F0 A A@0) asr— oo, (151)

From (149)—(151) it follows at once that

172

i g ' 49)—(151) can be found in {46]. A rather
t of early €Xistence results for (1 .
Aertl)élrtzj Zi?;)tzgcg r;ult has been obtained in [102] (cf. also [35]) that will be described

g

next. Consider the syste™
B _ paus fpw) forx € R: u=(uy,uz). (152)
ot

=0 for 0 < || < | and that the linearization %(O, 0) has a pair
envalues Fiwy, so that the corresponding Hopf bifurcation in the
0) can be written, in suitable variables, in the form

Assume that f(0, M.)
of purely imaginary eig
purely kinetic case (D =

s oy + P +0(2)  with Re <0, (153)

The linearization of (152) around u = 0 reads

of
Pt 0.0

at
¢ transform yields the dispersion relation

af
u(o,())—x) —0 forkeR. (154)

which after taking Fourt€

2
d(h, ik) Edet(/Dk s

Then for wavenumbers k € R near zero, the eigenvalue A = icwy continues to a spectral
curve A(ik, 0) such that 3(0,0) =iwy and
Ak, 0) = i + k" + O(KY). (135)

The following result has been proved in [102]. Assume.that (i) A(0,0) = iwy is a
simple zero of (154) and the only purely imaginary solution of that equation for any
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real k, (ii) % Re 1(0,0) > 0 and for «, B given respectively in (155) and (153) we have
|arg(fB/a)| < & for some & > O sufficiently small. Then for u > 0 small enough, there
exists an Archimedean spiral wave of (152).

By this last we mean a bounded rotating wave solution g.(r, 8 — w,t) of (152), with
some nonzero rotation frequency w,, which converges to plane wavetrains in the farfield,

that 18,
*( Al 6 ) >8]
q r q r (

as r — oo uniformly for 8 € [0, 2], for some k.

-0

We now turn our attention to target patterns. These can be roughly described as a wave
train of concentric circles propagating from a center, which is often termed as a pacemaker.
Following [42], we shall look for targets in reaction—diffusion systems of the type

0A
§=F(A)+£DAA+£g(x,A), (156)

where A = (A1, A2), D > 0,0 <¢ « l and g(A, x) is a bounded function of its arguments.
As to the kinetic term F(A), we shall assume that the autonomous ODE system

A=F(A), (157)

has a stable time-periodic solution B(¢) = B(t + P) for some P > 0. We now introduce a
slow-time scale T = ¢¢, and look for solutions of (156) of the form

A, t,x) =A%, T, x) + e A (1, T, x) + 2 A%(t, T, x) + - --

requiring A', A2, ... to be bounded in time. Substituting this expansion into (156) gives

0
?aA—z = F(A"), (158)
dA"  BF, 4 .,  0A° 0 0

2 == . 159
P aA(A A o7 T DAA + g(x. A") (159)

Solving (158) yields
A0=B(t+1//(T,x)), (160)

where ¥ (T, x) is a phase variable which remains undetermined at this stage. As a mattcr
of fact, plugging (160) into (159), and looking then for bounded solutions in the resulting
equation (which requires imposing a suitable orthogonality condition there), one eventually
obtains that y satisfies

o _

5T = D|(AY + VY ?) +a(x), (161)



where
1 P
DI:—/ Z'(s)DB/(s)ds,
P Jy
1 P
r=—f ZL(s)DB"(s)ds, (162)
P Jo
1 P
oz(x):—/ 2'(s)g(x, B(s)) ds,
P Jy

and the vector z! is periodic with period P and such that

T
aait +2 Fa(Ba+y)) =0, '+ y)B+y)=1,

P
/ LGds =0,
0

where

v

=G t)y=—8B
G (P, x,1) 3T

+ D(B'AY + B"|VY[*) + g(x, B).
Summing up, we have obtained a solution of (156) in the form
A(x,t) = B(t + (T, x)) + O(e), (163)

where v solves (161). This representation is consistent with our assumption of a distrib-
uted medium consisting in a large population of individual oscillators, weakly coupled by
diffusion, which produces a phase shift between different points, whose time evolution is
described by (161).

It remains to be seen if (163) provides target patterns for (156). A remarkable fact is
that this may be the case only if g(x, A) # 0, so that inhomogeneities in the medium are
crucial for the onset of such type of waves in systems as (156). To check this statement,
assume on the contrary that g(x, A) = 0. Then, by (162), a(x) =0 and setting Z =e¢' ¥,
(161) reduces to

0z
— =DAZ.
oT

It then turns out that the initial value problem for (161) can be explicitly solved, and
there holds

1 Ty (0,y) — |x — y|?
1//(T,x)=Flog<(4TrD1T)1/Rzexp< LA ﬁ)lT'x l )dy).
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From this formula we see that, if (0, x) is bounded, then ¥ (7, x) converges to a con-
stant as 7 — oc, so that asymptotically the medium oscillates with uniform phase shift.
When inhomogeneities are present, however, an asymptotic analysis detailed in [42] shows
the existence of target patterns for (156), for which the propagation parameters are esti-
mated.

As a next step, we now remark on the cocxistence of excitable and oscillatory regimes.
This we shall do by following the arguments by Hagan and Cohen in [44]. In that work,
a dynamical model for regulation of cAMP in Dictyostelium discoideum was proposed in
terms of a number of variables: external (respectively internal) cAMP, cAMPe (respec-
tively cAMPI), a cAMP inhibitor and a lump variable accounting for intracellular stored
reserves. After performing a suitable asymptotic analysis, made possible by the separation
of scales in the model that followed from the consideration of some small parameters, one
is essentially led to analyziug the following system:

A= f(A,O), (164)
C=k(A)S—h(C)=g(A,C,S), (165)
S = e(ha(c) — k(4)S), (166)

where 0 < ¢ < 1, and f, k, k1, hy are bounded functions whose qualitative behavior is
depicted in Figure 7. As a matter of fact, small diffusivity effects are considered in [44]

(b} A
c c
cy
\ >
<., A=0
(d) A

Fig. 7. Sequence of propagation regimes in system (164)—(167): (a) As P approaches Cy,, excitability shows

in, and cAMP pulses will propagate if triggered by a sufficiently large stimulus; (h) and (c) A Hopf bifurcation

signals the entrance in the oscillatory regime. Region (d) corresponds to a stable equilibrium with high rates of
synthesis and leakage of A. (Adapted from [44].)
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(and should therefore be added to (164)-(166)), but these may be omitted in the forth-
coming discussion. For completeness, we point out that variables A, C and S represent
scaled versions of the intracellular cAMP, inhibitor and stored reserve concentrations re-
spectively.

In (164)—(166), S can be thought of as a slowly varying parameter in the two-
dimensional system consisting of (164) and (165), and its effect results in changes in the
nullcline g(A, C,S) =0 in (165). In this way, as S decreases the corresponding phase
portrait goes from stages (a)-(d) in Figure 7.

At this juncture, the reader may wonder if one could possibly derive a multiscale model
that should be able to account for individual behavior (including periodic firing at some
pacemakers) on the one hand, and at the same time reproduce the transition and coexis-
tence of macroscopic patterns as targets and spirals at the other extreme. At some stage,
any such model is likely to involve an effective medium (or homogenization) approach.
While no such model seems to be available as yet (cf. in this sense the discussion in [48]),
it might be of some interest to shortly remark on the point of view recently developed
in [101]. In that work, experiments on Dd mutant and wild-type (WT) strains are reported.
A remarkable fact is that both mutant and WT culturcs display optical density oscilla-
tions, although at a different pace in each case. In particular, the ability of mutant strains
to produce self-organizing spiral patterns is seriously diminished, although the oscillation
kinetics in all strains seem to be quite similar. A quantitative discussion on the spiral pat-
terning is provided in [101], supplementary material. In doing so, the authors made use of
a model system given by

aC

EzDAC—FC—l—H(C—CT)Cr, (167)
At

Cr= (Cmax - Z—I——T>(l — E), (168)

JE

E=77+,3C. (169)

Here C = C(x, y, 1) stands for the concentration of Dd amoebae, which are assumed
to be in one of three possible states: excitable, excited and refractory. When excitable
cells are subject to a cAMP concentration exceeding a value Cr, they become excited and
release a cCAMP pulse C;. After that, cells enter into a refractory state where no cAMP is
s.ecreted. In that period, Ct decreases from a value Cpax to a value Cpin < Cax after a
Flmc t =t > 0 when they enter again into the excitable state. Excitability is represented
n (1§7)—(l69) by variable E; D, T, A, n, 8 are various positive parameters, and H (s) is
Heawside function: H(s) =1 if s > 0, H(s) = 0 otherwise. In particular, it was observed
in [101] that when 8 < 1073 (low excitability) multiple firing centers appear, whereas for
B > 1072 (high excitability) spiral waves are observed to persist. An interesting question

would be to derive the evolution in time of 8 from data corresponding to interaction of Dd
cells at the microscopic level.
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