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ABSTRACT. For a uniform space (X, u), s, X denotes the well-known Samuel compactification of X. We say
that a realcompactification aX of X is a uniform realcompactification whenever it is a topological subspace
of s, X, ie., X CaX Cs,X. In this paper we are mainly concerned with the following equation:

a(X XY)=aX xaY

for three specific uniform realcompactifications: the Samuel realcompactification H(U, (X)), the Gs-real-
compactification K(X), and the countable-modification realcompactification e, X. For each of these, we
provide necessary and sufficient conditions for the corresponding equality to hold. Moreover, we give a char-
acterization of those uniform realcompactifications of (X, p) that are, in addition, Gs-closed in s, X.

1. INTRODUCTION

For a uniform space (X, ), the most natural and suitable compactification of X is the
classical Samuel compactification, denoted by s,X. Recall that s,X is the completion of the
uniform space (X, fu) where fu denotes the uniformity on X induced by all the finite covers
from p. Moreover, note that this uniformity fu is equivalent to the weak uniformity wy:(x)
induced by the family U;(X) of all the real-valued bounded uniformly continuous functions
on X.

Recently, some authors have considered different realcompactifications for a uniform space.
For example, Garrido and Merono in [12], [13], Chekeev in [4], Vroegrijk in [28], [29]. We also
refer to the survey by Husek [21] where various notions of realcompactness for uniform spaces
are collected.

By a uniform realcompactification of (X, ) we simply mean a realcompactification of X
that is a topological subspace of its Samuel compactification s,X. The uniform realcompact-
ifications of (X, u) that we consider in this paper are:

« The Samuel realcompactification H(U,(X)), which is the completion of the uniform
space (X, wy,(x)) where wy,(x) denotes the weak uniformity induced by U,(X), the
set of all the real-valued uniformly continuous functions on X.

« The Gs-realcompactification K(X), defined as the Gs-closure of X in s,.X.

« The countable-modification realcompactification e, X, which is the completion of the
uniform space (X, en) where ey denotes the uniformity on X induced by all the count-
able covers from pu.
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For uniform spaces (X, u) and (Y,v), we denote by (X X Y,u X v) their usual uniform
product space. If X represents any of the three above realcompactifications of (X, ), our
main goal in this paper is to find sufficient and necessary conditions under which the following
equality

a(X xY)=aX xaY

holds, where this equality is understood as an equivalence between two realcompactifications
of the same topological space X x Y; that is, between a(X x Y) and aX x aY. (In Section
2 we recall the notion of equivalent realcompactifications).

This problem has several topological precedents. The most notable is the famous Glicksberg
Theorem for the Stone-Cech compactification SX, which states that for (infinite) Tychonoff
spaces X and Y, f(X xY) = X x BY if and only if X xY is pseudocompact ([17]). A similar
problem has been considered for the well-known Hewitt realcompactification v.X, with the aim
of characterizing those Tychonoff spaces X and Y for which v(X x Y) = vX x vY. Unlike
the Stone-Cech case, this problem is still certainly not solved, but many partial results are
known. See, for instance, the papers by Husek [19], Ohta [23], and Render [27] for additional
references.

There exists also some precedents concerning the Samuel compactification s, X, studied by
Cech in [3] and by Woods in [30]. More precisely, they proved that, in the frame of uniform
spaces and in the frame of metric spaces, respectively, s,,x, (X XY) = 5,X x s,Y if and only if
at least one of the spaces is totally bounded, in other words, when the Samuel compactification
of one of the factors coincides with its completion.

Note that X can be also viewed as the Samuel compactification of the uniform space
X endowed with the so-called fine uniformity u, so that X = s,X. Recall that the fine
uniformity is characterized by the universal property that every continuous function from a
fine space X to a uniform space Y is uniformly continuous. However the result mentioned
above does not extend to the topological case of the Stone-Cech compactification because the
product of fine uniformities is not, in general, fine [5].

More recently, we proved that a similar result to Woods’ theorem holds for the so-called
Lipschitz realcompactification H(Lipqg(X)) in the context of metric spaces ([14]). Namely, the
equality between the corresponding realcompactifications of X x Y is true if and only if the
Lipschitz realcompactification of one of the factors is just its completion.

The aforementioned results on the Samuel compactification and on the Lipschitz realcom-
pactifications motivate our study of the equality a(X X Y) = aX x oY, for other uniform
realcompactifications. First we prove that, for some of our uniform realcompactifications,
the corresponding expected results give only “sufficient conditions”. Specifically, we obtain
that for the Samuel realcompactification H(U,(X)) and for the countable-modification re-
alcompactification e, X, if the completion of one of the factors coincides with the given re-
alcompactification then a(X x Y) = aX x aY (Theorem 4 and Theorem 25, respectively).
Unfortunately, these sufficient conditions are not necessary, even in the realm of metric spaces,
as shown by Examples 5 and 26. Nevertheless, we provide some “necessary conditions” for
the equality (Theorems 9, 10 and 28).
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For the specific case of the Gs-realcompactification K (X ), we obtain a result giving nec-
essary and sufficient conditions for the equality, involving not the usual completion of the
uniform space, but the known as the weak completion (i.e., the Gs-closure of the space in
its completion). Thus, Theorem 17 says that K(X x Y) = K(X) x K(Y) if and only if
the weak completion of at least one the factors coincides with its Gs-realcompactification.
As an interesting consequence, we can derive a result by Ohta [23] concerning the equation
v(X xY)=vX xvY, since, when X is a metric space, we have K(X) =vX.

The structure of the paper is as follows. We begin with a preliminary section (Section 2)
where we recall general facts concerning realcompactifications for Tychonoff spaces, mainly
taken from [9]. Sections 3, 4 and 5 are devoted to study, respectively, our three uniform
realcompactifications. In each section, we present key properties leading to our main re-
sults. Notably, we provide Katetov-Shirota type characterizations of those uniform spaces
that topologically coincide with the corresponding realcompactification in terms of complete-
ness properties together with some fact related with measurable cardinals (Propositions 1, 13
and 21). In fact, these Katetov-Shirota results give us the necessary conditions in the cases
where they are needed. We conclude the paper by noting that all of these realcompactifica-
tions have a common property, namely, they are not only topological subspaces of 5,X, but
they are in fact Gs-closed in it. Accordingly, we include a final section where we characterize
this special class of uniform realcompactifications.

For general terminology, see [8] and [15].

2. SOME PRELIMINARIES ON REALCOMPACTIFICATIONS

In this section we present some basic facts about realcompactifications that we have taken
from [9]. Recall that a realcompactification of a Tychonoff space X is a realcompact space X
in which X is densely embedded. There are several methods to construct realcompactifications
for a space X. One of them consists of starting with a family £ of real-valued continuous
functions on X, that we suppose having the algebraic structure of a unital vector lattice.
Next, we take H (L) the set of all the real unital vector lattice homomorphisms on £, endowed
with the topology inherited as a subspace of the product space RX, where the real line R
has the usual topology. It is easy to check that H(L) is closed in R*, and therefore it is
a realcompact space. Analogously, we can consider £* the unital vector sublattice formed
by the bounded functions in £. Now the space H(L*) is in fact compact, and it is easy to
see that H(L) can be thought of as a topological subspace of H(L*). Hence, we can write
H(L) C H(LY).

If, in addition, the family £ separates points and closed sets of X, i.e., when for every closed
subset F' of X and x € X \ F there exists some f € £ such that f(z) ¢ f(F), then we can

embed the topological space X (in a dense way) into H(L). Indeed, this is achieved if we
consider the evaluation map

e: X — H(L) C RF

z = e(x) = (f(2))sec-



4 M. ISABEL GARRIDO! AND ANA S. MERONO

And this means, in particular, that H (L) is a realcompactification of X. Analogously, H (L")
is a compactification of X, and we have

X C H(L) C H(LY).

We can easily check that every realcompactification of X can be obtained in this way for
a suitable family £. The advantage of working with this type of realcompactifications H (L)
is that every function in £ (respectively in £*) admits a unique continuous extension to
H(L) (resp. to H(L*)). In fact, H(L) (resp. H(L*)) is characterized (up to equivalence)
as the smallest realcompactification (resp. compactification) of X with this property. Note
that we are here considering the usual order in the set of all the realcompactifications and
compactifications on X. Recall that for two realcompactifications of X, a; X and as X, we
say that a; X < as X whenever there is a continuous mapping h : as X — a3 X leaving X
pointwise fixed. And we say that ay X and asX are equivalent whenever a; X < apX and
asX < X, and this implies the existence of a homeomorphism between a1 X and asX
leaving X pointwise fixed.

Another important property in connection with the extension of continuous functions is
the following: “each f € L can be extended to a unique continuous function f*: H(L*) —
RU{o0}, where RU{oo} denotes the one point compactification of the real line”. In particular,
this allows us to describe the space H(L) as follows,

H(L)={¢€ H(L"): f*(§) # oo forall feL}.

Examples of such realcompactifications are the following. For a Tychonoff space X, if we
consider C'(X), the set of all the real-valued continuous functions on X, then H(C(X)) = vX
and H(C*(X)) = X, i.e., they are the well-known Hewit-Nachbin realcompactification and
Stone-Cech compactification of X, respectively. For a uniform space (X, 1), we denote by
Uu(X) the set of all uniformly continuous real functions on X, and by U;(X) the set of all
bounded functions from U, (X). Then H(U,(X)) is the so-called Samuel realcompactification
of X, and H(U; (X)) is the Samuel compactification s,X of X. For a metric space (X,d), if
Lips(X) denotes the set of all the real-valued Lipschitz functions on X then H(Lipy(X)) is
known as the Lipschitz realcompactification of X, whereas H(Lipy(X)) = H(U;(X)) = s, X.
We refer to [12] and [13] where these Samuel and Lipschitz realcompactifications are introduced
and studied.

3. THE PRODUCT OF TWO SAMUEL REALCOMPACTIFICATIONS

We start this section recalling some properties of the Samuel realcompactification H (U, (X))
of a uniform space (X, i), taken from [12] and [13]. Thus, we know that:

. X C H(UL(X)) C 5,.X.

cHUJ(X))={¢€ suX (&) #So for all fe U,(X)}.

« HUL(X)) = H(Up(X)), where (X, r) is the completion of the space (X, p).

« The completion of the uniform space X endowed with the weak uniformity wy, x) given
by U,(X), is precisely H(U,(X)) with the uniformity inherited as a uniform subspace
of the product RV+(X),
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We say that X is Samuel realcompact when X = H(U,(X)), where this equality is topolog-
ical not necessarily uniform. The following theorem proved in [13] (Theorem 12 and Remark
13) is a Katetov-Shirota type result since it gives a characterization of those spaces that
coincide with one of their realcompactifications in terms of a certain completeness property
together with some considerations involving measurable cardinals.

Proposition 1. ([13]) The uniform space (X, u) is Samuel realcompact if and only if (X, p)
1s Bourbaki-complete and every uniform partition of X has a non-measurable cardinal.

Recall that the uniform property of Bourbaki-completeness was introduced and studied in
[10] for metric spaces, and in [11] for general uniform spaces. We will use some aspects of this
property later.

As we have already announced, we are interested in determining the equivalence between the
two realcompactifications, of the product X XY, H(U,x,(X xY)) and H(U,(X))x H(U,(Y)).
At this respect, we have a first result saying that one of the inequalities is always true.

Proposition 2. Let (X, pn) and (Y,v) be uniform spaces. Then,
H(Uyuxw(X x Y)) = H(UL(X)) x H(U,(Y)).
Proof. In order to see this inequality we need to prove that the inclusion map,
i XxY = HU/X)) x HU,(Y))

can be continuously extended to H(U,x,(X x Y)). For that, it is enough to note that ¢ is
in fact uniformly continuous when X x Y is endowed with the weak uniformity wy,, ., (xxv)-
Therefore, by [8, Theorem 8.3.10], it can be extended to a (uniformly) continuous map to its
completion H(U,x,(X x Y)). And this completes the proof. O

The next example shows that the non equivalence between the two realcompactifications of
X XY could occur.

Example 3. Let X and Y be two Banach spaces of infinite dimension. Since the Samuel
realcompactification of every Banach space coincides with its Lipschitz realcompactification
(see [12]), the equivalence between the above considered realcompactifications will be true
whenever the equivalence between the corresponding Lipschitz realcompactifications is true.
But according to Corollary 12 in [14] this happens if and only if one of the spaces has finite
dimension.

Next, we are going to give a sufficient condition for the desired equivalence. Note that this
condition says, in particular, that at least one of the uniform spaces has the Samuel realcom-
pactification as simple as possible, that is, it is just its completion. Namely, H(U,(X)) =

H(U(X)) = X.

Theorem 4. Let (X, 1) be a uniform space such that its completion (X,Ji) is Samuel real-
compact, and let (Y,v) be a uniform space. Then H(U,x,(X xY)) = H(U,(X))x H{U,(Y)).

Proof. Firstly note that, as we have said before, the Samuel realcompactification of a uniform
space is equivalent to the Samuel realcompactification of its completion, and this means that
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the above equality can be written as,
H(Upyo(X x Y)) = H{UX)) x H(U(Y)).

Then, we can suppose without loss of generality that both spaces are complete. Now, if we
assume that the complete space (X, p1) is Samuel realcompact, we have that H(U,(X)) = X.
From all the above, we have only to see that

X xHU(Y)) > HU,x, (X xY))
or, equivalently, that the inclusion map
it X XY = HUux (X xY)) C RUnxv(OY)

can be continuously extended to X x H(U,(Y)). To this end, we are going to extend every
coordinate function 7y o4, for every f € U, (X x Y). Note that 7foi = f.

Indeed, let f € U,x,(X x Y) and, for x € X fixed, define f,(y) = f(z,y), for every
y € Y. Then f, € U,(Y), and hence f, can be extended to a continuous function f} on

H(U,(Y)). Next, we can define f(z,£) = f(£), for every (z,&) € X x H(U,(Y)). In order to
check that f is continuous on X x H(U,(Y)), it is enough to prove that f is continuous on
(X xY)U{(z0,&)}, for every zo € X and &§ € H(U,(Y))\Y (see 6H in [15]).

Let g € X, & € H(U,(Y))\Y, and € > 0. Since f; is continuous on H(U,(Y)), there
exists an open set V& C H(U,(Y)) such that & € V* and

fa (V) C Ba, (f,(60),¢/2)
where By, (f7 (&),€/2) denotes the open ball centered in f; (£o) and radius €/2 with the usual

metric d, in f&
On the other hand, as f is uniformly continuous, there exists a uniform cover Y x W € ux v
such that |f(z,y) — f(u,w)| < €/2 whenever (x,y), (u,w) € U x W, for every U x W € pu x v.
Now, take U € U such that zy € U, then for every (z,y) # (zq, &) belonging to (U x V)N

(X xY)U{(20,&)}) we have,

|f(x,y) — f(x0,80) = | f(z,9) — [1,(&)| <
<|f(x,y) — f(wo,y)| + [f (20, y) — f2,(&0)| < €/2+¢e/2=¢

and fis continuous at (zg, &), as we claimed. O

The next example shows that the condition appearing in the above result, namely, the com-
pletion of one of the factors being Samuel realcompact, is not necessary even in the realm of
metric spaces. This fact exhibits an important difference between this realcompactification
and the Samuel compactification of a uniform space, and even with the Lipschitz realcompact-
ification of a metric space. Recall that, in both of these cases, the corresponding condition is
also necessary (see Theorem 39B.9 in [3] and Theorem 9 in [14]).

Example 5. Let X = J(wy) be the hedgehog space of countable spines with its natural
metric d (see for instance [8]), and let Y be a uniformly discrete metric space, endowed with
the 0 — 1 metric p, such that the cardinality of Y is a measurable cardinal. Note that we can
consider the metric d + p on the uniform product X x Y. It is well known that both metric
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spaces X and Y are complete, but neither of them is Samuel realcompact. Indeed, X is not
Bourbaki-complete ([10]) and H(U,(Y)) =vY # Y.

Nevertheless, we are going to see that the equality H (Ugy,(X xY)) = H(Ug(X))xH(U,(Y))
holds. Recall that we only have to prove one of the inequalities, and for this what we need to
do is just to continuously extend every f € Uy ,(X X Y) to a real-valued function defined on
H(UA(X)) x H(U,(Y)).

Firstly, for every y € Y take f; the continuous extension to H(U4(X)) of the function
fy(-) = f(,y) € Ug(X). Next, we can consider the map ¢ : Y — C(H(Uy(X))), defined
by y € Y ~ fr e C(H(Uy(X))). Since Y is discrete, ¢ will be continuous regardless of the
topology we place on the target space. Thus, if we consider on C'(H(Uy(X))) the topology of
the uniform convergence, then this space is metrizable and, moreover, it has a non-measurable
cardinal since X has a non-measurable cardinal. Then, ¢ is a continuous function from Y
to a realcompact space, that can be continuously extended to vY (Theorem 8.7 in [15]). Let
¢v 1 vY — C(H(Ug(X))) be such an extension.

We finish taking f : H(Uz(X)) x vY = R, by f(&,n) = ¢°(n)(€), for every (&,n) €
H(Uy(X)) x vY. The continuity of this function at every (&, 79) can be seen as follows. Let
e > 0. From the continuity of ¢ at the point 7y, there exists an open set V' in vY containing
1o such that

sup  [¢"(n)(§) — ¢"(mo)(§)| < €/2, for every neV.
§EH(Ua(X))

On the other hand, since ¢ (1) is continuous at &g, there exists an open set U C H (Uy(X))
containing &, such that

|0"(n0) (&) — &" (o) (&o)| < /2, for every & € U.

Summarizing, whenever (£,1) € U x V', we have

1F(&.m) = F(&,m0)| = 16" () (&) — ¢" (1m0) (&0)] <
< (8" (m)(&) — " (1m0)(E)] + 6" (n0) (&) — " (no) (&) < .

Remark 6. In the above example, the key idea (deeply inspired by Theorem 2.8 of [6]) is
to use the realcompactness of the space C'(H(U,(X))) when it is endowed with the uniform
convergence topology. According to a result contained in [20] (p. 168), we can assert that the
realcompactness of C(H(U,(X))), with the uniform convergence topology, holds if and only if
the space H(U,(X)) has a non-measurable cardinal. On the other hand, note that H(U,(X))
has a non-measurable cardinal if and only if X has a non-measurable cardinal.

Thus, taking into account the above remark and following the same arguments as in Example
5, the next result can be derived at once.

Theorem 7. Let (X, p) be a uniform space with a non-measurable cardinal. Then, for every
uniformly discrete space (Y,v), we have that H(U,x, (X xY)) = H(U,(X)) x H{U,(Y)).

Nevertheless, combining Theorem 4 and Theorem 7, we can obtain many examples of uni-
form spaces X and Y whose respective completions are not Samuel realcompact for which the
equality holds, and such that none of them is discrete.
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Example 8. Let X = J(wp) and Y = D x 5D, being D any uniformly discrete space and D
its Stone-Cech compactification. Or more generally, take (X, ;) a uniform space with a non-
measurable cardinal, and, Y = D x Z where D is uniformly discrete, and (Z, v) is a uniform
space whose completion is Samuel realcompact. Then, considering the suitable uniformity on
each space, the equivalence between the Samuel realcompactifications holds. Indeed,

HUXXxY)=HUX x(DxZ))=HU({(X xD)x Z)) =
HUX x D)) x HU(Z)) = (H(U(X)) x H{U(D))) x H(U(Z))
HU(X)) x (HU(D)) x H(U(Z))) = HU(X)) x H{U(D x Z)) =
= H(U(X)) x H{U(Y)).
Let us remember that for a uniform space to be Samuel realcompact two properties are
necessary (Proposition 1). Namely, to be “Bourbaki-complete” and “having no uniform par-

titions of a measurable cardinal”. Next, we are going to see how both of these ingredients
provide, independently, necessary conditions for the desired equivalence.

We start with the second property, related to the non-existence of uniform partitions of a
measurable cardinal, but previously we need to state a simple lemma.

Lemma 1. Let (A, pa) be a uniform subspace of (X, ). Then, H(U,,(A)) is a (topological)
subspace of H(U,(X)).

Proof. According to Theorem 2.9 in [30], we know that s,, A = cl,,x(A), where cly,x de-
notes the closure in s, X. As H(U,,(A)) C s,,A, we have that both spaces H(U,,(A)) and
H(U,(X)) are contained in the same space s,.X. In order to see that H(U,,(A)) C H(U,(X)),
suppose that there is £ € s5,X such that £ € H(U,,(A)) \ H{U,(X)). Then, there is a func-
tion f € Uj(X), such that f*(§) = oo. Taking the function fi4 € U}, (A), we have that

(fla)* (&) = f*(&) = oo, and this is a contradiction. 0

Theorem 9. Let (X, 1) and (Y, v) be uniform spaces such that H(U,x, (X xY)) = H(U,(X))x
H(U,(Y)). Then, at least one of the spaces, (X, u) or (Y,v), has no uniform partition of a
measurable cardinal.

Proof. Suppose on the contrary that both (X, u) and (Y, v) have a uniform partition of a
measurable cardinal. This means that both spaces have a uniformly discrete subspace, (D, 1,,)
and (D', v|,,) respectively, of a measurable cardinal. In particular, the product space

(D x D', py, x v,,) = (D x D', x 7

is a uniformly discrete subspace of (X X Y,y x v).

By Theorem 3 in [19], we know that v(D x D') # vD x vD’. Since v(D x D') > vD x vD’
is always true, there must exist a real-valued continuous function f on D x D’ that cannot be
continuously extended to vD x vD’. On the other hand, as f is also uniformly continuous on
the uniformly discrete (D x D', u x v, ), we can easily extend it to a uniformly continuous
function F': (X x Y, u x v) — R simply by giving the value f((xy,yy)) on the whole member
of the product of the corresponding partitions Py x @, which contains the point (zy,y\ ).
That is, F((x,y)) = f((xx,yr)) whenever (z,y) € Py X Q.
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Now, we can continuously extend F' to the Samuel realcompactification H(U,x,(X xY)) =
H(U,(X))x H(U,(Y)). But this implies, in particular, that f = Fj  _ could be continuously
extended to vD x vD’ which is a contradiction. Indeed, recall that the Samuel realcom-
pactification of a uniformly discrete space coincides with its Hewitt realcompactification, and
applying Lemma 1 we have that

vD x vD' = H(U

H D

(D)) x H(U,

Yip!

(D)) € H(Uu(X)) x H(U,(Y)).
0

It is interesting to point out here that, as a byproduct of a result of the next section, we
will see (Theorem 20) that the sufficient condition in the above result can be replaced by the
stronger condition: “at least one of the spaces, (X,u) or (Y,v), has no uniformly discrete
subspace of a measurable cardinal”.

Now, we are going to see how the second ingredient of Samuel realcompactness, i.e., the
Bourbaki-completeness, contributes to give another necessary condition for our purposes. In-
deed, it is known that any Bourbaki-complete uniform space is complete and it satisfies that
every Bourbaki-bounded subset is compact. Note that in the realm of metric spaces the
converse is also true. Nevertheless, Example 1.3.10 in [22] shows that in the realm of the
general uniform spaces the converse is not necessarily true. Then we can only affirm that if
the completion of a uniform space is Bourbaki-complete then every Bourbaki-bounded subset
of X must be totally bounded. And this is the necessary condition that we were looking for,
as the next result shows. In order to establish it, we only need to take into account that a
Bourbaki-bounded subset B in a uniform space X can be characterized by the fact that every
real-valued uniform continuous function on X is bounded on B. This implies, in particular,
that for a Bourbaki-bounded subset B, we have that clgw,x)B = cls,x B.

Theorem 10. Let (X, p) and (Y,v) be uniform spaces with H(U,x,(X xY)) = H(U,(X)) X
H(U,(Y)). Then, for at least one of the spaces, the Bourbaki-bounded subsets coincide with
the totally bounded subsets.

Proof. Suppose on the contrary that there exist Bourbaki-bounded subsets B of (X, u) and
B’ of (Y,v) which are not totally bounded. According to the above comments and Theorem
2.9 in [30], we have

ClH(UH(X))B = Cls#XB = SH\BB'
The same is true for B’ in Y and for the Bourbaki-bounded subset B x B’ in X x Y. Then
Spxvip B X B' =y, (xxy)) (B x B') = clyw,cx)xnw.u) (B x B') =
= i,y B X cluw, () B' = s, B X 51, B

But this fact contradicts Theorem 39B.9 in [3], because neither B nor B’ are totally bounded.
O

We finish this section by stating the following natural question.

Question 11. Do there exist uniform spaces (X, 1) and (Y, v) for which
H(Upr (X X Y)) # H(UL(X)) x H(U,(Y))
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and such that (X, u) is Bourbaki-complete having a measurable uniform partition and (Y, v)
is not Bourbaki-complete without measurable uniform partitions?

4. THE PRODUCT OF TWO UNIFORM (§-REALCOMPACTIFICATIONS

In this section we are considering another realcompactification for a uniform space (X, )
that we will denote by K (X). The name comes from the so-called class Ky of those uniform
spaces that are Gs-closed in its Samuel compactification, introduced by Curzer and Hager in
[7]. Also Chekeev in [4] considers this realcompactification that he denotes by v, X.

Thus, for a uniform space (X, u), we define K(X) as the Gs-closure of X in its Samuel
compactification s, X, and we write K(X) = Gs-cl,, x(X). Hence,

X C K(X) C s,X.

Note that K(X) is in fact a realcompactification of X, since every Gs-closed subspace of
a realcompact space is also realcompact (see [15]). The realcompactification K (X) of the
uniform space X will be called the Gg-realcompactification of X.

The next result gives a useful characterization of the points ¢ € s,.X belonging to K (X).

Proposition 12. A point £ € 5,X belongs to K(X) if and only if for every f € U;(X) such
that f(x) > 0, for all x € X, we have that f*(§) > 0, where f* is the continuous extension to
s, X of the function f.

Proof. Let £ € K(X) and let f € U;(X) be such that, for all z € X, f(z) > 0. Then, it is
clear that f*(§) > 0. If f*(§) = 0, then the zero-set Z(f*) is a Gs-set of s,X containing &,
but it does not meet X, which is a contradiction.

Conversely, suppose £ ¢ K(X), then there exists a Gs-set G in s,X such that £ € G and
GNX =1{. Since G is a Gg-set in s,X containing &, there exists a zero-set Z(h), for some
real continuous function h > 0 on s,X, such that £ € Z(h) C G. Then, the hypotheses fail
for f =hx € U;(X). O

Moreover, K(X) can be described as being of the form H (L) for some unital vector lattice
L of real continuous functions on X. Indeed, combining different results contained in [18]
(Theorem 2.1, Theorem 3.1 and Theorem 4.2) we can assert that K(X) = H(L) where

L=A{f/g: f,g€Ui(X),g(x) >0, forevery z € X}

Contrary to what happens with other realcompactifications of a uniform space X, K(X)

can be different from K ()Z' ), being X its completion. For instance, if we consider the usual
metric on R, then K(Q) = Q whereas K(R) = R, since, as we will see later, in the realm of
metric spaces K(X) =vX.

Nevertheless, according to the equality s, X = sﬁ)~( , we have that both X and K (X) are
contained in s, X, and then we can consider the subspace y(X) = K(X) NX. Note that v(X),
known as the weak completion of (X, 1) (see [25]), is in fact the Gj-closure of X in X. Thus,
when X is a metric space then 7(X) = X, since every point in the metric space Xisa Gs-set.

Now, from X C v(X) C X we have that the Samuel compactification of the uniform space
((X), fijy(x)) is again s, X, and from X C vX C K(X) it follows that K(v(X)) = K(X).
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Next, we are going to recall two results taken from [7] that will be useful along this section.
The first one can be seen as a result of type Katetov-Shirota’s Theorem for this realcompact-
ification.

Proposition 13. ([7]) Let (X,u) be a uniform space. Then, K(X) = X if and only if
Y(X) = X (ie., X is weakly complete) and every uniform cover of X has a refinement of a
non-measurable cardinal.

According to the above result, there are many uniform spaces X such that K(X) = X.
For instance, any metric space with a non-measurable cardinal. An example of a uniform
space such that K(X) # X is the following. Take X = R (or any uncountable set) with
the uniformity inherited by the unique uniformity of the one point compactification X of
the discrete space X. It is easy to check that X is also the completion of X and that
K(X) = K(7(X)) =~(X) = X* # X.

Now, taking into account that the property that every uniform cover of X has a refinement
of a non-measurable cardinal is equivalent to saying that X has no uniformly discrete subspace
of a measurable cardinal (Theorem 2.3 in [16]), the following result is immediate.

Proposition 14. ([7]) Let (X, u) be a uniform space. Then K(X) = ~(X) if and only if X
has no uniformly discrete subspace of a measurable cardinal.

Proof. The proof follows at once from Proposition 13 and noting that K (y(X)) = K(X). O

On the other hand, according to a known result by Blair and Hager (Proposition 4.4 [1])
stating that under Gs-density assumption, z-embedding and C-embedding are equivalent prop-
erties, and taking into account that vX is the unique (up to equivalence) realcompactification
of X where it is C-embedded, we can derive the following result.

Proposition 15. For a uniform space (X, u), the following conditions are equivalent:
(a) K(X)=0vX.
(b) X is z-embedded in K(X).

There are many uniform spaces fulfilling condition (b) above. For instance, every Lindelof
space, since it is well known that these spaces are z-embedded in every (Tychonoff) superspace
(see [1]). Also, every metric space X satisfies (b), since it is clear that it is z-embedded in s, X
and hence in K(X). On the other hand, there exist spaces where K(X) # vX. For instance,
take X the uniform space appearing as an example after Proposition 13.

Now, in order to compare K (X) with the Samuel realcompactification of X, we can say the
following. As H(U, (X)) is Gs-closed in H(U};(X)) = s, X (every H(L) is Gs-closed in H (L"),
see [9]), then we have that

X C K(X) C H{U,(X)) C 5,X.

Spaces where K(X) = H(U,(X)) are, for instance, any Banach space X of finite dimension,
where K(X) = X = H(U,(X)). On the other hand, for (realcompact) Banach spaces X of
infinite dimension we have that K(X) = X # H(U,(X).



12 M. ISABEL GARRIDO! AND ANA S. MERONO

Now we return to our main objective, that is, when the equality K(X xY) = K(X)x K(Y)
holds. In order to obtain our main result in this case we previously need to establish some
useful lemmas.

Lemma 2. Let (A, pua) be a uniform subspace of (X, ). Then, K(A) is the Gs-closure of A
in K(X).

Proof. From the identity s,, A = cly,x(A) C s,X, it follows that K(A) = Gs-cl,, (A) =
Gs-clg,x(A) N5y, A= Gscly, x(A) Ncly, x(A) = Gs-cls, x (A). Thus, we obtain that K(A) =
Gs-cls,x(A) C Gscly, x(X) = K(X). Hence, K(A) = Gs-cl,,x(A) N K(X) = Gs-clgx)(A),
as we wanted. O

Lemma 3. Let (A, jua) and (B,vg) be uniform subspaces of (X, u) and (Y,v), respectively. If
K(X xY) = K(X) x K(Y), then K(A x B) = K(A) x K(B).

Proof. This follows at once from the above Lemma. Indeed, first note that K(A) x K(B)
is the Gs-closure of A x B in K(X) x K(Y). Now, as K(X xY) = K(X) x K(Y), then
K(A) x K(B) must be the Gs-closure of Ax B in K(X xY'), which is precisely K(Ax B). O

Now we are going to see that, as in the case of the Samuel realcompactification, one of the
inequalities is always true.

Proposition 16. Let (X, u) and (Y,v) be uniform spaces. Then K(X xY) > K(X) x K(Y).

Proof. We start with the inequality s, (X xY) > s5,X x 5,Y, which means that the inclusion
map i : X x Y — 5,X x s,Y can be continuously extended to s,,(X x Y). Denote by
i S (X X Y) = 5,X x 5,Y such an extension. We finish showing that ¢* maps K (X xY)
into K(X) x K(Y). Indeed, from the continuity of i*, we have that

(K (X x V) = i*(Gs-cly,,, (xr) (X X V) C Gamcly, xay (i (X x V) =
= Gycly x(X) x Gycly,y (V) = K(X) x K(Y).
0

We are now ready to establish our main result in this section. Note that, for this realcom-
pactification, we obtain necessary and sufficient conditions for the corresponding equality.

Theorem 17. For uniform spaces (X, u) and (Y,v), the following conditions are equivalent:
(a) K(X xY)=K(X)x K(Y).
(b) K(X) =~(X) or K(Y) =~(Y).
(c) At least one of the spaces, (X,u) or (Y,v), has no uniformly discrete subspace of a
measurable cardinal.

Proof. The equivalence between (b) and (c) follows at once from Proposition 14.

(a) implies (c). Suppose (c) is not true, then there exist two uniformly discrete subspaces
with a measurable cardinal D and D’ in X and Y, respectively. Now applying Lemma 3, we
have that K(D x D) = K(D) x K(D'). As these subspaces are in particular metric spaces
then we deduce that v(D x D) = v(D) x v(D'), but this contradicts Theorem 3 in [19].

(b) implies (a). Suppose that K(X) = v(X). Note that it is only necessary to prove
condition (a) whenever K (X) = X. Indeed, if (a) is fulfilled in this case and we have K(X) =
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7(X), then the equality will be true for the uniform spaces (v(X), fijyx)) and (y(Y),7y),
since K(X) = K(y(X)) = v(X). Hence, we can write that

K(y(X) x7(Y)) = K(v(X)) x K(y(Y)) = K(X) x K(Y).

On the other hand, it is easy to check that it is always true that v(X x Y) = y(X) x y(Y),
and then

K(X xY) =KX xY)) = K{H(X) xy(Y)) = K(X) x K(Y)
as we wanted.

Thus, we are going to prove condition (a) when K(X) = X. Recall that we only need
to check the inequality X x K(Y) > K(X x Y), or, equivalently, that the inclusion map
i: X XY — K(X xY) can be continuously extended to X x K(Y'). Indeed, first consider
it X XY = K(X XY) C 5,4, (X xY). So, if we proceed step by step as in the proof of
Theorem 4, then we can extend 7 as a continuous function

X X K(Y) = s (X xY)=HU: (X xY))C R (XxY)

[:3%

We finish the proof if we show that in fact i*(X x K(Y)) C K(X x Y). For that, let
(r,€) € X x K(Y), then in order to see that i*(x,§) € K(X x Y) we will apply Proposition
12. Let f € U, (X xY) be such that f > 0 on X x Y, therefore we have that f(i*(z,£)) >0

since f(i*(z,€)) = f(x,&) = fX(€), but f(&) > 0 because f} € U*(s,Y), fi > 0on Y and
£ e K(Y). 0

From the last theorem, we are going to obtain a result essentially proved by Ohta in [23].
Here, we shall use the fine uniformity u defined on every uniform space (see Section 1). Recall
that, for every Tychonoff space X, vX is in fact the Gs-closure of X in fX. Now since
BX = s, X, we have that vX = K,(X), where K,(X) denotes the Gs-realcompactification of
the uniform space (X, u).

Theorem 18. ([23]) Let (X,d) and (Y, p) be metric spaces. The following statements are
equivalent:

(a) V(X xXY)=0vX xvY.

(b) At least one of the factors has a non-measurable cardinal.

Proof. First of all note that, as we have said before, for any metric space X we have that
K(X) =wvX. Then the first condition is equivalent to say that K(X xY) = K(X) x K(Y).
Then, by Theorem 17, it is clear that (b) implies (a).

For the converse, and using the fine uniformity, we have the following:

Ko(X) % Ky(Y) = 0X x 0Y = 0(X x Y) = Ko(X x Y) >
> Kuxa(X X V) > Kg (X x V) = K(X) x K(Y) = vX x vY.

Therefore, we have that K,(X)x Ky(Y) = Kuxu(X xY), and again by Theorem 17 it follows
that every uniformly discrete subspace of (X, u) or of (Y,u) has a non-measurable cardinal.
Suppose (X, u) has this property, then any uniform covering of (X, u) has a refinement of a
non-measurable cardinal (Theorem 2.3 [16]). On the other hand, since X is metrizable, it is

paracompact and normal and this means in particular that every open cover belongs to u.
Then every open cover of X has a refinement with a non-measurable cardinal. Hence, every
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closed discrete subspace of X has a non-measurable cardinal. Finally, applying the classical
Katetov-Shirota theorem to the metrizable space X it follows that X is realcompact and hence
it has a non-measurable cardinal. U

Another consequence of Theorem 17 is the last result of this section giving a more general
condition than the one obtained in Theorem 9, as we have already announced. Note that it
can be obtained as an easy corollary of the next fact.

Proposition 19. For uniform spaces (X, ), (Y,v), the following implication is satisfied:

H(Uuo (X x Y)) = HUL(X)) x HU,(Y)) = K(X xY) = K(X) x K(Y).
Proof. 1t follows at once since in particular K (X) is also the Gs-closure of X in H(U,(X)). O

Theorem 20. Let (X, p) and (Y,v) be uniform spaces. If H(U,x, (X xY)) = H{U,(X)) x
H(U,(Y)) then, at least one of the spaces, (X, ) or (Y,v), has no uniformly discrete subspace
of a measurable cardinal.

5. THE PRODUCT OF TWO COUNTABLE-MODIFICATION REALCOMPACTIFICATIONS

For a uniform space (X, pu), we denote by eu the uniformity on X induced by all the
countable covers in p. This uniform space (X, ep) is known as the countable-modification of
(X, ). Spaces being complete with this uniformity were studied by Reynolds and Rice in [26],
and more recently by Husek in [21]. Then, if we consider the completion of the uniform space

(X, ep) that we denote by e, X = (X, ef1), we are going to see that this space is another uniform
realcompactification of X. We call e, X the countable-modification realcompactification of X.

In order to check that e, X is a uniform realcompactification of X, first note that if f :
(X, 1) = (Y,v) is a uniformly continuous function then f : (X, eu) — (Y, ev) is also uniformly
continuous. This means, in particular, that U,(X) = U, (X) and Uj(X) = U7,(X). And
hence, we have that

5y X = 5¢, X = sz X
HUL(X)) = H(Ueu(X)) = H(Uga(X)).
Thus, from the above, we have that s, X is also the Samuel compactification of the complete
space e, X. Since every uniform cover of e, X has a countable uniform cover refinement, we
can assert that its Gs-realcompactification K (e, X) = e, X (see Proposition 13).

Summarizing, we can affirm that e, X is a uniform realcompactification of X which is in
fact Gs-closed in s,X, and also that

X CK(X)Ce, X CHULX))Cs,X.
All infinitely dimensional separable Banach spaces are examples of spaces showing that e, X
can be different from H (U, (X)), since for them e, X = X # H(U,(X)) (note that ey = p).
Nevertheless, in the class of uniformly O-dimensional spaces the equality e, X = H(U,(X))

holds, since these spaces have a base of partitions for their uniformity, and then ey coincides
with the weak uniformity given by the real-valued uniformly continuous functions.
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On the other hand, X = e, X means that X is complete with the uniformity ey and then
X must be complete with p. The converse is not true in general. Indeed, an example of
this was given by Pelant in [24] (see also [21]). Namely, he proved that the Banach space
(los(w1), || - llo) is not complete with the uniformity esuy. ., i.e., X # e,X. Note that this
space is also an example of a uniform space where K(X) # e, X.

The next result, proved by Reynolds and Rice in [26], gives a Katetov-Shirota type result
for this realcompactification e,X. Recall that the point-finite modification of (X, ) is the
space X endowed with the uniformity generated by all the point-finite covers from p. A cover
of a set is point-finite if every point of the set lies in at most finitely many elements of the
cover.

Proposition 21. ([26]) Let (X, ) be a uniform space. Then, e, X = X if and only if X
is point-finite complete and every uniform cover of X has a refinement of a non-measurable
cardinal.

An interesting result is the following.

Proposition 22. For any uniform space (X, p), we have that e, X = ez X.

Proof. The inclusion map i : (X,ep) — (X,efi) is a uniform embedding (recall that every
uniform cover on X can be isomorphically extended to a uniform cover on p (see [26], p.
370)). Therefore, both the functions i and i~! can be extended to continuous functions on the
respective completions (Theorem 8.3.10 in [8]). Then it follows from the density of X that the
continuous extension of 7 over e, X is a homeomorphism of ¢, X onto e,;)? . Clearly, for every
x € X, i(x) = z. This completes the proof. O

Now, according to the last Section and knowing that K(e,X) = €,X, we can also describe
this realcompactification of X in the form e, X = H(L) just taking

L={f/g:f,9€U,(X),g"(&) >0, for every £ € ¢, X}

where ¢g* is the continuous extension to s, X of the function g.

It is clear that the last description is not good enough as it is not given in an internal way,
i.e., only in terms of X, since we use points in e, X. On the other hand, as every realcompact
space Y coincides with H(C(Y')), then we have that e, X = H(C(e,X)). Taking into account
that the real-valued continuous functions on the completion of a uniform space are precisely
the extensions of the so-called Cauchy-continuous functions on the space (see [2]), it follows
that e, X = H(CC(X,eu)), where CC(X, ep), denotes the family of the real-valued Cauchy-
continuous functions on the uniform space (X, eu). Recall that a function f: (X, ) — (Y, v)
is Cauchy-continuous if it maps p-Cauchy filters (nets) of X to v-Cauchy filters (nets) of Y.

Next, we are going to analyze our main objective, that is, what happens with the product
of two of these realcompactifications. Namely, what about the following equality:

eux(X xY)=¢,X xeY.

The next example proves that the equality is not always true.
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Example 23. Let (X, u) and (Y,v) be two uniformly discrete spaces with a measurable
cardinal. Since they are uniformly O-dimensional therefore e, (X xY) =v(X xY), e, X =
vX and e,Y = vY. Then e,,,(X xY) #¢,X X e,Y, according to Theorem 3 in [19].

As usual, one of the inequalities is easily true, as the next result shows.

Proposition 24. For uniform spaces (X, p) and (Y,v), we have:
euxv(X xY) >e, X xe,Y.

Proof. The identity map id : (X x Y,e(u x v)) = (X x Y, ep X ev) is uniformly continuous as
ep x ev C e(pu x v). By [8, Theorem 8.3.10], it can be extended to a continuous map

id : euxv(X xXY) —=e,X xeY
and this completes the proof. O

Next, in order to get the reverse inequality, we are going to proceed as in Example 5. In
fact, we could use this technique in both Theorem 4, for the Samuel realcompactification, and
Theorem 17, for the Gs-realcompactification, but we think that the proofs given there are
perhaps more natural and simpler.

Thus, let f € Uy, (X x Y) be a uniformly continuous function and, as usual, take for
every y € Y, f, : X — R defined by f,(z) = f(z,y), z € X. Then, f, € U,(X) = U, X,
and therefore it can be extended to its completion. Denote f; : €,X — R the corresponding
(uniformly) continuous extension. Now, we can consider the map ¢y : Y — C(e,X) (in fact
we can take Ug;(e,X) as the target set) defined by ¢;(y) = f,. Thus, the following result
follows.

Lemma 4. The map 5 : Y — C(e,X) is uniformly continuous when Y is endowed with the
uniformity v, and C(e,X) with the uniformity of the uniform convergence.

Proof. Let € > 0. Since, for every y € Y, the function f; : €,X — R is uniformly continuous
on e, X with its uniformity e therefore, for this € > 0, there is a cover V¥ € ey, such that

[y (&) = fy(&)] < 5

whenever £1,& € V € VY.
In addition, since f is uniformly continuous on X x Y, given ¢ > 0, we can fix Y € p and
W € v such that, if x,u € U €e Y and y,w € W € W, then

Thus, for this ¢ > 0 we are going to see that the above cover W € v works for the uniform
continuity of p¢. Indeed, we are going to check that when y,w € W € W,
sup |or(y)(§) — r(w)(§)] <e.

Eceu X

To see that, first note that for each £ € e, X, we can select V,, € V¥ and V,, € V* such that
¢ € V,NV,. And, we can also choose some point z(¢) € V,, N V,, N X. Then, with all these
ingredients we have the following:
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sup [@r(y)(§) — wr(w)()] = sup [f;(§) = fo(&)] <

feen X feey X
< sup |f; (&) = fy(@(€) + sup [f;(x(&)) — fi(x(€)]+
eeu X eey X

+ sup |fo(@(§) — fu (] < sup [f7(€) — fy(z(€)]+

feeu X feeu X
+ sup [f(2(§),y) — f(x(€), w)[ + sup [f(2()) — fu(&)] <e.
feeu X Eceu X
Observe that z(§) € U for some U € Y. This completes the proof. O

Lemma 5. The space e, (X xY) contains a uniform copy of e, X x {y}, for every y € Y.

Proof. Fix y € Y. Observe that every cover in e(u X ) can be restricted to a uniform cover on

(X x {y},en x ev|,) and that every uniform cover of (X x {y},eu x ev|,) can be extended

to a uniform cover on (X x Y, ey X er) which belongs to e(u x v) because eu X ev C e(u X v).
Then, the identity map

id (X x {y},ep x ev|gy) = (X x Y e(u x v))

is a uniform homeomorphism on X x {y} onto itself. Now, by [8, Corollary 8.3.11], the result
follows. 0

Theorem 25. Let (X, 1) and (Y, v) be uniform spaces such that X = e, X or Y = e, Y. Then
eux(X xY)=¢e,X xeY.

Proof. First, note that, by Proposition 22, we may suppose that both uniform spaces (X, i)
and (Y, ) are complete because

epX X ey = eﬁ)N( X e;f/
(X X Y) = e X X Y = (X x Y).

Moreover, since e, (X x Y) > e,X X e,Y is always satisfied, we just need to prove the
reverse inequality. For that we will use that e,, (X X Y') can be described as H (L) where L
is the family defined below Proposition 22. That means, in particular, that we need only to
(continuously) extend to e, X x e,Y the functions belonging to £. Then, let f/g € L, where
fr9 €U, (X xY) and the extension of g to s,x,(X X Y') does not vanish on e, (X x Y).

Thus, for any f € Uy, (X x Y) consider the map ¢y : (Y,v) — C(e,X) given in Lemma 4.
If we suppose that Y =e,Y, it is clear that ¢; : e,Y — C(e,X) is continuous.

Next, define the extension of f as

e X xe,Y 5 R

by ]7(5,77) = ¢r(n)(§), for every (£,n) € €,X x e,Y. We will prove the continuity of ]7
at (§o,7m0). Indeed, let € > 0, since ¢y is continuous at 7, there is an open set V C e, Y
containing 7y such that

sup |or(n)(§) —@r(mo)(§)] < /2, for every n € V.

feey X



18 M. ISABEL GARRIDO! AND ANA S. MERONO

On the other hand, since pf(ny) is continuous at &, there exists an open set U C e, X
containing &, such that

|05 (10)(€) — ¢5(10)(&)] < /2, for every £ € U.
Summarizing, whenever (£,n) € U x V we have

1£(€m) — f(o,m0)| = les(m)(§) — wr(m0)(&o)] <

< lerm(&) = (o) (€] + lor(m0)(§) — s (m0)(&0)| <&
Now, if in addition a function g € U, (X x Y) also satisfies g*(¢) # 0, for every { €

3%
euxv(X X Y) where g* denotes the continuous extension of ¢ to s,x,(X xY'), then by Lemma
5, pg(y) = g; € C(e,X) is a non-vanishing function on e, X, for every y € Y. Hence, it is
clear that g(&,m) = ¢4(n)(§) # 0, for every (£,n) € ¢,X x e,Y and 1/g can be extended to a

continuous function to e, X x e,Y’, as we wanted. Il

The next example shows that the conditions given in Theorem 25 are not necessary in order
to get the corresponding equivalence, even in the realm of metric spaces.

Example 26. Let X = ({o(w1), ]| - |loo) and Y = (D, v) any uniformly discrete space with a
measurable cardinal. As we have said before, ¢, X # X = X. On the other hand, since ¥’

is uniformly O-dimensional and uniformly discrete, we have e,Y = H(U,(Y)) =vY #Y =Y.
In order to see the equality e,x,(X xY) = €,X x ¢,Y we will proceed as in the proof of
the last theorem, but doing some little changes. Indeed, let f € U}, (X x Y) and consider
the continuous map ¢ : (Y,v) — C(e,X) given in Lemma 4. Now, since X and also e, X
has a non-measurable cardinal, we know that C(e,X) is realcompact with the topology of
the uniform convergence (see Remark 6). And that means in particular that the function ¢
can be continuously extended to vY. Let ¢} : vY — C (e,X) the corresponding continuous
extension.
Next, since vY =e¢,Y, we can extend f as

f:eMXxeyY—ﬂR

by f(§;m) = ¢} (n)(§), for every (§,n) € e, X x e,Y. The continuity of f follows exactly as in
the above proof.

On the other hand, if a function g € U}, (X X Y) has the additional property that its
extension ¢g* is not vanishing on e,y (X x Y), we need to check that g is not vanishing on
e, X x ¢€,Y. Note that, if we repeat the same arguments as in the last result, we get that
g(&,y) # 0, for every (£,y) € e,X x Y. Then, for every ¢ € e,X, we have that the restriction
of g to the subspace {{} x vY is not vanishing on {{} x Y. By realcompactness, we can derive

that g is not vanishing on {£} x vY’, and that completes the proof.

We finish this section giving a necessary condition for the equality of the product of these
countable-modification realcompactifications. We will obtain it using the following easy result
analogous to Proposition 19.
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Proposition 27. For uniform spaces (X, u) and (Y,v), the following implication is satisfied:

(X X V) =, X x e,V = K(X xY) = K(X) x K(Y).
Proof. 1t follows at once since in particular K (X) is also the Gj-closure of X in e, X. O

According to the last result together with Theorem 17 we can easily derive the announced
necessary condition.

Theorem 28. Let (X, ) and (Y,v) be uniform spaces. If €,x, (X xY) =¢e,X x e,Y then,
at least one of the spaces, (X, u) or (Y,v), has no uniformly discrete subspace of a measurable
cardinal.

Note that the reverse implication in Proposition 27 is true if and only if the converse of
Theorem 28 is true. Unfortunately, we do not know any example in order to clarify this point.
Moreover, according to Proposition 19 and Proposition 27, we wonder if the implication

H(Uns (X x V) = HUL(X)) x HU,(Y)) = €0 (X X V) = €,X x €,V

holds. We think that an affirmative answer must occur, since the equality “H (U, (X xY)) =
H(U,(X)) x HU,(Y))” is somehow a very strong condition into this framework.

6. UNIFORM REALCOMPACTIFICATIONS (G5-CLOSED IN THE SAMUEL COMPACTIFICATION

Along the paper we have seen that the three uniform realcompactifications of (X, i) ana-
lyzed here have a common property. Namely, they are not only topological subspaces of 5,X,
but they are in fact Gs-closed in it. Then, we wonder which are these uniform realcompact-
ifications. In this section we are going to see that a characterization of these spaces can be
obtained by means of some families of real-valued continuous functions.

Firstly, note if aX is a uniform realcompactification of X being Gs-closed in s, X, then
K(X) C aX, since K(X) is the Gs-closure of X in s5,X. According to this, examples of
uniform realcompactifications aX which are not Gs-closed in s,X will be any realcompact
space aX such that X C aX & K(X). For instance, this happens when X is itself realcompact
with X # K(X), as in the example after Proposition 13.

On the other hand, we have seen (Section 4) that there exists a unital vector lattice of
continuous functions describing the realcompactification K (X). Namely, K(X) = H(Lk)
where

Li={f/g: f,9€U,(X), g(x) >0, forevery =€ X}.

Next, by means of this family Lx we are going to state the announced characterization.

Theorem 29. Let (X, p) a uniform space. A uniform realcompactification aX of X is G-
closed in s, X if and only if there exists a unital vector lattice L such that U;(X) C L C Lk
and aX = H(L).

Proof. Suppose aX is Gs-closed in s5,.X, then as we have said before,

K(X) CaX Cs,X.
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Take £ = {f/g: f,g € Ui(X),g*(§) > 0, for every { € aX} where g* is the continuous
extension to s,X of the function g. It is easy to check that £ is a unital vector lattice such
that U;;(X) C L C L. Now, we are going to see that aX = H(L).

Firstly, note that H(L) is a topological subspace of s,X. Indeed, if we consider the restric-
tion map:

r:H(L) = s, X = H(U:(X))
given by ¢ ~~ Plusx) for every ¢ real unital vector homomorphism on L (see Section 2),

then r is in fact a topological embedding. The proof of that is not difficult, but rather
cumbersome. The continuity of 7 is clear, since U;(X) C £. On the other hand, to see
that r is injective we need to take into account that L is also an algebra and that every
homomorphism ¢ € H(L) is also an algebra homomorphism (see Lemma 2.3 in [9]). Hence,
r is injective because ¢(f/g) = ¢(f)/¢(g), for every f/g € L. Indeed, if ¢ and ¢’ coincide
on U ;(X ), then they coincide on £. Finally, to check that r is an open map on its image
r(H(L)), let G be the open set in H(L) C R¥ of the form:

G = {QO € H(ﬁ) oy < gp(f,/gz) < ﬁi, fl/gl € ,C, o; < ﬁ,,’l = 1,...,71}

where fi, g; € U;(X), gi(z) > 0, for every z € X, a;, 3 € R, i = 1,...,n, n € N. Then, we
have that:

G={peHL): o p(g:) <o(fi) <Bi-¢(g:), fi/gi €L, i <Pji=1,...,n} =
={o€e H(L):0<o(fi —ai-g), fi/gi €L, a; < Pii=1,...,n}N

ﬂ{gO & H(,C) : gO(fz — ﬁz gz) < 0, fl/gl < ,C, o; < ﬁ,,’l = 1, ,TL}
Thus, G can be written as the intersection of two open sets G; and Gs in H(L) defined by
functions in U} (X), namely, f; — ;- g; and f; — 3; - g;, i = 1,...,n, respectively. Note that
r(G) = r(G1) Nr(Gs), because r is injective. We finish since it is clear that both r(G;) and
r(G3) are open in the image r(H(L)).

Next, to see that H(C(aX)) is also a topological subspace of H(L), it is enough to consider
the corresponding restriction map ¢ ~» ., for every ¢ real unital vector homomorphism on
C(aX) (note that every function in £ is in C(aX)). Now, it is only necessary to see that
this restriction map is injective since both the spaces are contained as topological subspaces
of 5,X. Now, since aX is realcompact therefore aX = H(C(aX)), and this implies that
every homomorphism ¢ € H(C(aX)) is given by evaluation at some point £ € aX, ie.,
o(f) = f(§) for every f € C(H(aX)). But, for different £ # &', £,&' € aX, as they are also
points in s, X, there exists f € U;(X), such that f*(£) # f*(¢'), and this means that different
homomorphism on C'(H (aX)) must be different when restricted to L.

Summarizing, we have that

aX =H(C(aX)) C H(L) C 5,X.

Finally, in order to see that aX = H(L), suppose that there exists £ € H(L) \ aX. Since
aX is Gs-closed in s,X, there exists a zero set Z(g), g € U;(X), containing £ such that
Z(g) NaX = (. But it is a contradiction since the function 1/¢ belongs to £ and it cannot
be continuously extended to H(L).
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Conversely, suppose that aX is a uniform realcompactification of X, such that o X = H(L),
for some unital vector lattice £. We are going to see that a X is the biggest subspace of s, X
containing X where every function in £ continuously extends to it. That is, if Y is a subspace
of 5, X having these properties, then Y C H(L). Recall that, as we have seen in Section 2,
the map

e: X — H(L) Cc RF

z o~ e(x) = (f(2))rec
is a topological embedding. Now, if every function in £ can be continuously extended to Y,
then we can also extend the map eto Y. Let e : Y — H(L) C s,X such an extension. Finally
note that e and the inclusion map from Y to s,X coincides on the dense subspace X, and
that means in particular that Y C H(L), as we wanted.

We finish by showing that aX is Gs-closed in s5,X. Suppose that there is a point § €
Gs-cls, x(aX) \ aX. According to the above, there exists a function in £ that cannot be
continuously extended to £. Since £ C L, there exists a function of the form f/g, where
fy9 € U;;(X) that cannot be extended to §. Then, it follows that ¢g*(£§) = 0, i.e., { belongs to
the Gs-set Z(g*). On the other hand, since f/g must extend to H(L) = aX, we have that
Z(g*) NaX = (). And this is a contradiction. O

Remark 30. Recall that every realcompact space Y between X and X is always Gs-closed in
BX. Indeed, if X C Y C X then Y = X. Hence, Gs-clgx(Y) = Gs-clgy (V) =vY =Y.
Clearly the same result does not work for realcompact spaces between X and s,X, since
in particular these spaces must contain K (X), and this is not always true as the example
appearing at the beginning of this section proves. Then the following question arises.

Question 31. Is every realcompact space Y with K(X) C Y C s,X, Gs-closed in 5, X7

According to Theorem 29, this question can be reformulated as follows: “Does there exist,
for each realcompact space Y where K(X) C Y C s,X, a unital vector lattice £, with
Ui(X) C L C Lk such that Y = H(L)?
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