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Blow-up in nonlinear models of extended particles with confined constituents
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It is shown that the indefinite character of the charge in classical models of extended particles
with confined constituents is a serious handicap since infinite amounts of positive and negative
charge can be emitted in some solutions, causing a blow-up in finite time.

Finding a satisfactory mechanism for quark
confinement is no doubt one of the most relevant prob-
lems in fundamental physics. One off-the-beaten-track
view on this question considers confinement as a prequan-
tum effect because of the way in which the constituent c-
number fields are coupled. More precisely, with suitable
interaction terms, each one of these fundamental fields
can be a source to the rest of them in such a way that the
set of solutions of the wave equations does not contain
states in which only one of these constituent fields is ex-
cited. This parallels the nonexistence of isolated quarks.
In the classical c-number models which realize this idea,'
confinement is a classical effect previous to any second
quantization. They make use of six constituent fields,
three of them being charge conjugate to the other three;
this has the advantage that antiparticles can be treated in
the same way as particles, but, as a necessary price to
pay, the charge has an indefinite character.

In this work we show that this indefinite character is a
fundamental handicap for the validity of these models,
even from a purely classical point of view, since it is the
cause of the existence of solutions which blow-up in finite
time.

For simplicity, we shall consider the version of the
model presented in the last paper of Ref. 1. It refers to
(1+1)-dimensional spacetime and makes use of six spi-
nors ¥,,9,, a =1,2,3, the field equations being

iyH3, b, — v, +[v, () +ov,(6)IyHY,
+g2(fak’¥ak )Xakzo ) (1a)
k

—iy*,, — ¢ +ov,(P)+v,($) 1" e,
+8 3 X Xa ¥ X =0,  (1b)
k

where

U#(e)zzgtiei’ X=X, —X;, Xi=¢;+7°; ,

and u=0,1. Our y matrices will be y°=0,, y'=i0o,, and

38

y*>=iy%!. The current
=3 (P v P — b v dr)

k

is conserved, the corresponding constant quantity being
0= [ potxtidx=3 [ vludx—3 [ slo.dx
k k

=M-—- 4,

although the separate terms M and A, representing the
contributions of matter and of antimatter, respectively,
are not generally conserved. As in the case of the three-
dimensional forms of the model, there are baryonic solu-
tions with only the three ¢ fields different from zero and
mesonic solutions with one ¥ and one ¢ as the only non-
vanishing fields. Moreover, all the particlelike solutions
have either the characteristic three-quark structure or the
quark-antiquark pattern. This form of the model reduces

e
<
s
o
i
s
(=3
Lag]

Po o
i=3
Al
(=
S
=
=3
2
= . v v et
0.00 240 4.80 7.20 9.60 12.000°

b3
FIG. 1. Collision of two equal Thirring solitons with

cos8=0.8, x,= =5, initial velocity v =*tanh0.3. The diagram
being symmetrical, only the positive x axis is shown.
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to the massive Thirring one? for some particular initial
conditions. For example, if

Y =v,=v¥;=v and ¢,=0 at t=0,

the field ¢ is a solution of the massive Thirring model.

We have simulated the time evolution of system (1) for
arbitrary initial data with a code which uses a second-
order implicit difference scheme in space and time
discretization. Relative errors of the energy and charge
greater than 0.05% were not allowed. The constant g
was taken equal to 1 and, for the physical reason ex-
plained in the first two papers of Ref. 1, 0 =2. However
we can say that the conclusions do not depend on these
particular numerical values.

The code was checked in the case of the interactions of
solitons in the Thirring model, with the initial values

fx —x0,8)+ f(x +x0,8)
¢l=¢2:¢3: g(x _x0’8)+g(x +x0,5) ’

$1=¢,=¢:=0,
f£(x,8)=(2)""%sind exp(sindx )[exp(2 sindx )
+exp(—id)]~ !,
g(x,8)=(2)""%sind exp(sindx +i8)[ exp(2 sindx )
+exp(i8)]~!,

where 0 <6 <. The output of our code for the collision
of solitons is displayed in Fig. 1, this numerical result be-
ing in complete agreement with the analytical predic-
tion.>

We have used the code to ascertain to what extent Eq.
(1) can be used to represent the phenomenon of
confinement. Our results can be summarized as follows.

(i) Collisions of baryons and antibaryons. The baryon-
like solutions (baryons for short) behave as solitons upon
collisions between themselves, the corresponding analyti-
cal solutions being simply related to those of the Thirring
model.! However, there are no explicit solutions for the
baryon-antibaryon case. Therefore, we have studied the
scattering of a baryon and an antibaryon, related to the
Thirring soliton as

flx —x4,8)
Vi=¢,=¢= glx —xq,8) |’

fx 4x0,8)*
p1=¢,=¢3= g(x +x4,8)*

It turns out that both bumps recover their shape and
identity after the collision (see Fig. 2). It must be
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FIG. 2. Baryon-antibaryon collision in the c.m. system with
cos6=0.8, cosd'=0.6, x,==5, initial baryon
v = —tanhO0.5.
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FIG. 3. M, A, and Q charges (see text) during the blow-up
with cos8=0.8 and a=3"'"2. For the same 8, the solution goes
to zero if @ <0.5.
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remarked that in this type of solution the model reduces
to a Thirring one with two different coupled spinors and
consequently has a positive-definite conserved charge.
Our result suggests the convenience of studying the in-
tegrability of the Thirring model with several coupled
spinors by the inverse spectral method.

(i) Evolution of a state with only a nonvanishing field
at t =0. In this model the fields are confined in the sense
that there are no solutions in which only one of them is
nonvanishing for any value of time. However, if the pic-
ture thus obtained is to be quite satisfactory, this
confining mechanism must work not only statically but
also dynamically and this means that the zero-triality sta-
tionary solutions must be attractors. Or, in other words,
it is necessary that, if at ¢ =0 only one of the constituent
fields is different from zero, it will act as a source to the
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rest of them up to reaching a zero-triality state. In order
to test if this is actually the case, we have considered the
following family of Cauchy data of (1):

f(x,8)

1= 12 (x,8)

y hh=1Y3=¢,=¢,=¢;=0,

where « is a real parameter.

As expected, the fields ¢,, ¢,, and ¢; do not keep van-
ishing, but begin also to grow. Although M — 4 remains
constant, M and A4 increase without bound if a is greater
than a critical value a, (see Fig. 3). On the other hand, if
a <a,, the solution goes to zero. Curiously enough, we
have found the same shape, but not the same size, for the
charge density of the spinors ¥, and ¢, in the blow-up
(see Fig. 4).
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FIG. 4. Charge density of the spinors (a) ¢, (b) P,=13, (c) ¢, and (d) #,=¢; during the blow-up shown in Fig. 3.
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(iii) Collisions of baryons and mesons. The localized
solutions do not behave as solitons upon mixed collisions
of this type, although we have observed no blow-up.

The explosive instability (ii) is a real handicap for this
approach in its present form. Nothing similar has been
observed in nonlinear spinorial models of extended funda-
mental particle without structure, which have positive-
definite charge in 1+1 as well as in 143 dimensions.>*
We conclude, therefore, that the indefinite character of
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the charge, introduced in the attempt to model extended
objects with confined constituents at the classical level, is
the reason for the blow-up.
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