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ABSTRACT: We introduce ABJM quantum field theory in the noncommutative spacetime
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U(1), x U(1)_, case, we compute all one-loop 1PI two and three point functions in the
Landau gauge and show that they are UV finite and have well-defined commutative limits
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1 Introduction

ABJM field theory at the level k was introduced in [1] to provide a holographic dual of
the M theory on the AdSy x S7/Z;,, thus furnishing a concrete realization of the famous
gauge/gravity duality conjecture [2]. From the point of view of Quantum Gravity, ABJM
quantum field theory deserves being analyzed thoroughly since it affords possibility of
studying gravity on four dimensional spacetime at the quantum level [3, 4]. Besides, the
ABJM theory may be useful in the effective field theory description of a certain condensed
matter systems where the Chern-Simons action arises naturally [5, 6].

That the ABJM field theory, at the level s, carries the N' = 6 super-conformal symme-
try was explicitly verified in the component formalism formulation of the theory [7]. This
super-conformal symmetry is enhanced to N' = 8, when £ = 1 or k = 2 [8]. In ref. [9]
ABJM theory was formulated in the N' = 3 harmonic superspace. Such formulation was
used to show that the super-field perturbation theory, obtained in the background field
formalism for the background field gauge, is UV finite [10].

Modern on-shell techniques have been used to work out some tree-level [11] and one-
loop [12, 13] scattering amplitudes in the ABJM field theory. These computations have
unveiled beautiful algebraic — the Yangian of the corresponding super-conformal alge-
bra [11, 14] — and geometric — the orthogonal Grassmannian [15] — structures that play
an important role to the analysis of the theory: its integrability in particular [16].

Noncommutative field theory — see [17], for a review — is a well-established area of
research in High Energy Theoretical Physics. Surprisingly, to the best of our knowledge,
no formulation of the ABJM field theory on noncommutative spacetime can be found in
the existing literature. This state of affairs should not continue, since quantum ABJM field
theory on the noncommutative spacetime could be helpful — through the gauge/gravity
correspondence — in studying noncommutative gravity in four dimensions and, on the
other hand, noncommutative Chern-Simons theory naturally arises in the study of the
Fractional Quantum Hall effect [18]. Further, noncommutative spacetime as defined by
the Moyal product breaks conformal invariance, so that one may discuss in a well-defined
setting wether or not the beautiful structures and effects that occur in the ABJM field



theory disappear together with the disappearances of the super-conformal invariance of it
or, perhaps, are replaced by some noncommutative ones.

Main purpose of this paper is to formulate the complete ABJM quantum field theory
on the noncommutative spacetime as defined by the so-called Moyal star-product, via star
commutator of the coordinates [z# * z¥] = 0", with 0" being the noncommutativity
matrix. We shall do this in the component formalism and show that both the classical
ABJM action and the N' = 6 ordinary transformations [7] can be nicely generalized to
the Moyal noncommutative spacetime to define a noncommutative ABJM quantum field
theory with N' = 6 supersymmetry.

As already mentioned, ABJM theories are proposed as the holographic dual of M2
brane in appropriate backgrounds. The noncommutative deformation of the gravity dual
of the ordinary ABJM theory was worked out in [19]. Recently, it has also been shown
in [20] that this B-field charged ITA supergravity background, for generic k’s, poses the same
amount of supersymmetry as its ordinary N' = 6 counterpart does. Therefore, as will be
shown below, by possessing six supersymmetries our noncommutative ABJM (NCABJM)
action does fulfill the necessary condition to become dual to the superstring/supergravity
theory on the deformed background constructed in [19].

Another important aim of this paper is to check on the quantum level, whether the limit
0" — 0 of the noncommutative ABJM theory restores back the ordinary/commutative
ABJM theory introduced in [1]. We shall do this by computing all one-loop 1PI functions
involving fewer than four fields in the noncommutative variant of the U(1), x U(1)_, the-
ory. This is a nontrivial issue for the following reasons: in the component formalism the
1PI Green functions are not UV finite by power counting and, therefore, one cannot use
Lebesgue’s dominated convergence theorem to take limit #¥ — 0 inside the integral. Ac-
tually,the expected UV finiteness of the theory comes as a result of cancellations that occur
upon summing over all the planar parts of the UV divergent Feynman diagrams contribut-
ing to a given 1PI Green function. Now, due to the UV/IR mixing the nonplanar part
of each UV divergent Feynman diagram contributing to a given 1PI function develops, in
general, a noncommutative IR divergence; only upon adding up all those noncommutative
IR divergent contributions one may expect that the final noncommutative IR divergence
goes away completely. Of course, when cancellation of infinities takes place by summing up
all contributions, local finite parts of the 1PI Green functions may not be uniquely defined.
What is more, Moyal phases act as UV regulators of the nonplanar contributions — trading
an UV divergence for an IR one — but they are regulators which break Lorentz invariance,
so that structures of the finite contributions arising from them are not given by the stan-
dard results in renormalization theory. Actually, values of some integrals contributing to
a certain Feynman diagram — see appendix C.2, for example — remains bounded as one
approaches 0#¥ = 0 point, but the 6** — 0 limit does not exist. Putting it all together,
we conclude that it is far from clear that the limit 6#¥ — 0 of the 1PI Green functions in
the noncommutative formulation of the ABJM quantum field theory are the corresponding
functions in the commutative ABJM quantum field theory.

Layout of this paper is as follows: in section 2, we describe the field content of the
ordinary/classical U(1), xU(1)_, ABJM field theory action to set the notation and conven-



tions regarding the global SU(4) R-symmetry of the ABJM theory without the notation
complications due to the use of the U(N) groups. Classical action of noncommutative
U(N), x U(N)_, ABJM field theory is introduced next, along with the noncommutative
BRST transformations which leave that action invariant — subsections 2.1 and 2.2. Non-
commutative N’ = 6 supersymmetry transformations which leave the classical action of the
ABJM theory invariant are introduced in subsection 2.3. In the appendix A we display a
detailed proof that supersymmetric transformations introduced in subsection 2.3 do indeed
leave the classical noncommutative ABJM action invariant. Also in the appendix A we
consider only the U(1), x U(1)_, case since the generalization to the U(N), x U(N)_, is
straightforward and, besides, it is for the U(1), x U(1)_, case that the difference between
the classical action of the noncommutative ABJM theory and the ordinary ABJM theory
is more conspicuous, due to the fact that the Moyal star-product is not commutative and
generates nonabelian gauge symmetry. Feynman rules the noncommutative U(1), xU(1)_,
ABJM quantum field theory in Landau gauge are given section 3. Power counting rules
and limit #¥ — 0 were discussed in section 4, while remaining rules relevant to our com-
putations are given in the appendix D. Let us point out that we quantize the theory in
the Landau gauge for two reasons: i) the Chern-Simons propagator is simpler and i) it
does not contain contributions with a dangerous IR behaviour — see section III of ref. [21].
In sections 5 to 12 we show and discuss that, at the one-loop level all the 1PI two and
three point functions of the noncommutative U(1), x U(1)_,, ABJM quantum field theory
are UV finite and have well-defined limits when 6#* — 0, and that those limits are equal
to the corresponding Green functions of the commutative ABJM quantum field theory.
Remaining appendices are needed for properly understanding of the main text.

2 Classical NCABJM field theory

We begin our construction for NCABJM field theory from its field contents, which is
identical to the commutative theory, although the fields are noncommutative. For this
reason and the convenience of comparison we briefly summarize the known results on the
commutative ABJM theory first. Our conventions follow exactly those in [7]. We start
with the U(1), x U(1)_, theory since it has less indices and thus it is simpler with respect
to the general U(N), x U(N)_, field theory.

The pair of the U(1), x U(1)_, vector gauge fields are denoted as A, and /Alu, ie.
gauge and hgauge fields, respectively. Scalars X4 and fermions U4 have U(1) charges
(4, —), while their adjoints have charges (—,+), respectively. As in constructing the full
U(N), x U(N)_, theory with above convention we choose to normalize fields so that the
k-level Lagrangian is s times the level-1 Lagrangian. Thus the N=1 action is as given below:

g_F

o

_ 1 ~ A
/ dx <—D“XADHXA + iU DU 56“”* (A,L(?VAA — Au&,A,\)> . (2.0)

with four complex scalars X4 and their adjoints X“, where a lower index labels the 4
representation and an upper index labels the complex-conjugate 4 representation of the
global SU(4) R-symmetry, respectively. Covariant derivative acting on scalar fields X 4 and



X4 respectively reads:

DX = 8, x0Vi(a, — A,)xD, (2.2)
The above pair of two-component fermi fields with notation W4 or W4, in (2.1), implies
transposing the spinor index of U4 and Wy, respectively and right multiplication by ~°
respectively, though that index is not displayed. In this definition there is no additional
complex conjugation, since the lower index indicates the 4 and an upper index indicates the
4 representation, respectively. With these conventions identities that hold for Majorana
spinors shall be used for our spinors, as well, even though they are Dirac-complex fields:
AU = UpWA. Considering Pauli-Dirac algebra conventions our 2 x 2 Dirac matrices
satisfy {v*,7"} = 2n*”. Here index p = 0,1,2 is 3-dimensional Lorentz index with sig-
nature (—,+,+). Using a Majorana representation implies that * is real, while choices
V0 =io?, At =0t 42 =03 and v , gives 709142 = 1.
General U(N), x U(N)_, ABJM theory consists of four N x N matrices of complex
scalars (X 4)% and their adjoints (X4)%,, as well as the spinor field matrices (¥4)%; and

HUN e;w)\

their adjoints (¥ 4)%,, respectivly. They both transform as (N, N) and (N, N) representa-
tions of the gauge group, respectively. Pair of the U(N) gauge fields are hermitian matrices

~

(A,)% and (A,)%;, respectively. In matrix notation, the covariant derivatives for scalars are

) A
D x50 = 9, x5+ (4,x50 - x4, (2.3)

while for spinor fields we have equivalent expressions. Infinitesimal gauge transformations
are given by

0A, = D,A = 9,A+i[A,, A, 6A, = DA = 9,A+i[A,, A], 6X4 = —iAX4+iXaA, (2.4)
and so forth. For the general action see the subsections below as well as [7, 8].
2.1 Noncommutative BRST transformations

We now move on to the noncommutative theory by specifying its gauge symmetry in the
BRS convention. Let us first introduce space spanned by the Moyal star(x)-product

(F #9)(&) = (@) wg(a) = F()e 2" Pg ) (25)
and the following multiplication consistency relations,
Xax XB —5 (X4)% % (XB)0, and XP % Xy — (XB)%, « (Xa)%, (2.6)
hence the Moyal star-product of four X’s reads as

Xa*x XPxXexXP, and X4 % X+ X x Xp. (2.7)

It is also worth noting that the maximum (nondegenerate) rank of the matrix, 6#¥ is 2,
since we are in three dimensions. To avoid unitarity problems — see [22, 23], we shall



assume that #% = 0, i.e., the time-space coordinate commutes. This assumption in three
dimensions constrains nontrivial components of #* to 6'2(# 0) component only.

Now we define all noncommutative BRST transformations we need in the rest of this ar-
ticle:

sXAYt, = i(X M) % Ay — iR% % (XA, (2.8)

)

)

sXa)%a = —iA* (Xa)% +3(Xa)% * A,

)

sUA) Y = —iA% * (U, +i(TA); * AP,
| .

(DpXa)% = 0p(Xa)% +i(Au) s % (Xa)a — i(Xa)% * (Ap)’a,
(DuXA)aa = a#(XA)aa + i(A#)db * (XA)ba - Z(XA)ab * (A#?ba ) (2.9)
(Dp¥™) %% = 9 (UH) s 4+ (A" % (U4 — i(U4) + (A,) %,
(Dp¥a)a = 0u(Wa)a + (A% (W) = ()5 5 (Ay)'a.

2.2 Noncommutative generalization of the action

Our next step is to present the classical action of NCABJM field theory. From now
on we restrict ourselves to U(1),xU(1)_, theory for simplicity, since, generalization to
U(N), x U(N)_, is straightforward because of the multiplication consistency relations (2.6).
This action consists of terms that are generalizations of those of ordinary U(1), xU(1)_,
ABJM field theory, as well as the new interaction terms that are analogous to the commu-
tative U(N), xU(N)_, theory yet vanish for N=1. The noncommutative Chern-Simons,
kinetic and additional terms having four and six fields respectively, are

S = Scs + Skin + Sa + Se, (2.10)
K N 1 7 1. A N N .
Scg = % d3.’L' etV tr<2AM * 0, Ay + gAM * Ay *x Ay — iAM * Oy Ay — gAu * A, *A)\>7
(2.11)
Skin = 23 /d%tr (=D"X A% DX o+ 004 PTY), (2.12)
v
S4 = Saq + Sap + Sie, (2.13)
Sta = ;ﬁ B2t [ABOP (T g % X+ Ue+ Xp) — eapcp (T4 XB 5 00 « XD)} , (2.14)
™ L
Sy = ;H/d?’g:tr-\iA*\IlA*XB*XB - @A*WA*XB*XB}, (2.15)
i L
Sy = ;ﬁ /d?’xtr (T % U8 x XA % Xp) — 2004 % Up % X4 *XB)}, (2.16)
m L




1 kK
Se = e Brtr(NTA % NL)

1
- 525 dsxtr[XA*XA*XB*XB*XC*XC+XA*XA*XB*XB*XC*XC
™

+4X 4 x XBx Xox XA % Xpx X¢ —6XA*XB*XB*XA*XC*XC], (2.17)
where
NTA — [1AB (XC*XC*XB — XB*XC*XC) _oPBC X XA & Xe,

Nh =T, (XC « Xox XB — XBx Xo *XC) —TIBCXB & X4 % X, (2.18)
with FIIL‘ p being 4 x 4 matrices, the generators of the SO(6) group, satisfying:

My=-TL,vi=1,...,6; 1T/ 411 =257/,
_ B o
! = (FI)T s TIAB _ (FIBA)* = _(FIILXB) - §6ABCDFICD’

NA= (V) (2.19)

The coefficients in three possible structures for the ¥2.X? terms are chosen so that they give
correct result required by supersymmetry. Some points are discussed and demonstrated in
details in the main text and the appendix of ref. [7].

Next we give the noncommutative gauge-fixing plus ghost terms explicitly:

1 _ 1 N N = .
Seftghost = —23 /dgx {258#14“ * O, A” — Ax 0, DF'A — 2—58;“4“ * 0, A” + Ax0,D'A |,
T
(2.20)
where covariant derivative is defined as in (2.9): DFA = OA + i[A* ¥ A].
Note that the additional interaction terms of the schematic forms X2W? and X are
not required to deduce the equations of motion of the gauge fields, which are

1 . TR

JH = ie’“”\Fy,\ and JH = —56‘“’AF,,,\, (2.21)
where

JP = iX DFXA —iDPX ) XA — TA41w (2.22)
and

JF = iXADPX ) —iDPXAX 4 — Uyt 04, (2.23)

In the special case of the U(1), x U(1)_, theory one has J# = —.J#, and hence the equations
of motion imply F},, = AW.
2.3 Noncommutative supersymmetric transformations

Next, using notations of previous subsection, we give the supersymmetric transformation
for the U(1) fields: A, and Au gauge fields, scalar fields X4, complex fermion fields U4,



gauge propagator hgauge propagator
Au(p) A(p) Au(p) A, (p)

NNV «—00000000000000000

ghost propagator hghost propagator
A(p) A(p) A(p) A(p)
_____ —~— — — — — — e s e
scalar propagator fermion propagator
Xa(p) X5(p) v, (p) W;4(p)

A

M

Figure 1. Notations and the propagators of the relevant fields.

and their adjoints as well, respectively:
~ _ a
(64,)% = (Thpe 3uWa* X5 = TP Xpx Byl )y,
a
DX B x el Uy — PIABG 4! *XB) .

(0X4)" ill gel v )

= (

= (T |
(6x 4y, ( —TTABY e )

= (-

=

5\IJA [IAB IIZ)X 1 NTA, 1) .

(5‘1’A FABlDXBGI‘FN,{}GI)aa,

(00 4)0 = (OW5°)% = (— Thpe' PXP + N£€I>aa, (2.24)

with € = el99 = (/)74 and (N})T = N). Detailed verification of the invariance of the
NCABJM action under these transformations is presented in the appendix A.

3 Feynman rules of the U(1), X U(1)_, NCABJM quantum field theory

Our next task is to derive the Feynman rules needed for checking the properties of the
one loop quantum corrections. In this paper we follow the usual BRST quantization,
with relevant presetting given in previous sections. We shall use a Landau gauge which
amounts to the following setting of the gauge parameter: & = 0, after having worked out
free gauge propagators.

Diagramatic notations of the relevant fields in our theory in accord with figure 1, like
free gauge field A#(¢ = 0), hgauge field A“(ﬁ = 0), ghost A and hghost A, scalar X4,



and finally fermion wiA field, together with their propagators in momentum space are given
next, respectively:

21 [ —€,0P" A A 2 (€ pp”
_ o2m [ —1 A = 2 (—1
wohs =2 (), ok =2 ()
K \p K \P
2 —1 - ) —ip, .
XB o x,: = (;) 545, Ty—08 == (?) 548, (3.3)
K \p K p

The interaction vertices are derived following the conventional procedure. Results are listed
in the appendix D.

4 Power counting and the limit 6*¥ — 0

With the relevant Feynman rules derived, we are now ready for the consistency tests of
the perturbative NCABJM field theory at loop level. Before starting the computations we
would like to analyze some general properties. Let’s focus on an arbitrary 1PI Feynman
diagram obtained from the action (2.10) in the case of Landau gauge. Assume that the
Feynman diagram in question has Eg external gauge fields, Fr external fermions, Ex
external scalars and no external ghosts. Then, it is not difficult to show that degree of the
UV divergence D for such diagram reads

D:3—Eg—EF—%EX. (4.1)
Hence, all one-loop diagrams with Eg + Er > 3 are UV finite by power counting. Each
of these diagrams is also IR finite by power counting for non-exceptional momenta, so
that one can apply Lebesgue’s dominated convergence theorem and compute the limit
0" — 0 of each diagram by setting 6#¥ = 0 before the loop momentum integration.
It is thus plain that all one-loop 1PI Green functions of the noncommutative ABJM
quantum field theory in the Landau gauge with Fg + Erp > 3 transform into the cor-
responding Green functions of the ordinary ABJM quantum field theory in the limit
0* — 0. The same conclusion is reached for Fg = 0 = Ep and Ex > 6, Eg +
Er = 1and Ex = 6, Eg + Er = 2 and Ex > 4, and finally for Eq + Er = 3
and Fx > 2, respectively. However for the following combinations of triplet of number
of fields: (E¢, Er,Ex) = (0,0,4),(1,0,4),(0,0,6),(1,0,2),(1,2,0),(0,0,2),(0,2,0), the
power counting formula (4.1) shows that D > 0, i.e. it always shows the presence of UV
divergence, respectively. So, the remaining 1PI Green functions fail to be UV finite by
power counting and thus its limit 0#¥ — 0 cannot be computed as we have just done. In
the sections that follow, we shall work out the limit 8*¥ — 0 of the one-loop 1PI functions
with fewer than four fields.
Let us point out that the number of scalar fields in each interaction term in the ac-
tion (2.10) is even. Hence, straightforward application of Wick’s theorem leads to the



Figure 3. Gauge field bubble, ghost-loop contribution to the 2-point function Gpv, .

conclusion that any correlation function involving an odd number of scalar fields van-
ishes and that, if number of X4 and X* fields in the correlation function is not equal it
also vanishes.

5 Gauge field <A“A”> and hgauge field <A“A”> two-point functions

We would like to remind the reader that not all the integrals that we shall deal with in the
sequel are UV finite by power-counting; so to define them and manipulate them properly, we
shall use Dimensional Regularization — this is why they are defined in D dimensions. Only
after we have made sure that the UV divergences cancel out upon adding up contributions,
we shall take the limit D — 3.

Generally speaking the total <A“A” > one-loop 1PI two-point function IT%’ (p) is the
sum of the following contributions

I (p) = (Fog, + Plaa) + (Fiu, + Fiaa) + (St + Staa) + (G, + Giaa); (5.1)

where PHY, FF SHY GH denotes gauge field, fermion, scalar and ghost running in the
bubble and/or tadpole loop, respectively. Number of contributions from (5.1) vanish due
to the absence of relevant terms in the action, i.e.

Pl =Fl =Glv =0. (5.2)

The remaining Pl GLY o S FY L and Sf) we comput next.

5.1 Gauge field bubble and tadpole diagrams

Using Feynman rules from the appendix D, in the appendix B we have found that contri-
butions from the gauge field and ghost loops in the gauge field bubble diagrams, figures 2
and 3 respectively, are equal up to the sign:

dPr¢ 0pN\2 (H (L — p)Y
=T 7 L N UL S G
Pl = —GLo / 2D (2 sin — ) 2= p)? (5.3)

with definition £0p = £,,0M"p,,.
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Figure 4. Gauge field bubble, scalar-loop contribution to the 2-point function S} .

Figure 5. Gauge field bubble, fermion-loop contribution to the 2-point function F}, .

Since the phase factors cancel, contributions from scalar and fermion loops in the gauge
field bubble diagrams of figures 4 and 5, are:

dDé 40407 — 2(0"pY + ) + p'p”
Shu, = Z/ 20— p)? |
dD£ 4ORPY — 2(LHpY + pHeY) + pPnh
o
Fowp = — Z/ 2(0—p)? ;
daPe 1
v v 2, uv
Stw it =0 (7 =) [ 9 = >4

A

The contribution from tadpole diagram in figure 6 vanishes:

y . aPe 1
St!;d 2 a Z/ 27_(_ D 62 :()7 (55)

so for A*AY terms in the effective action we finally have the following gauge field polariza-
tion tensor:

- 1 1 v v
4 (p) = S + El = Z 575 (pup — Pt ) (5.6)

By inspecting again Feynman rules in the appendix D it is plain that the 1PI 2-point
function, H%ﬁ’ for the noncommutative hgauge fields from A* A” terms in the action reads

S~ 1 ) v . v
e =23 16 (P“p - ) =TT (), (5.7)
A

16 | /p2
so that the ﬁgii(p) polarization tensor in the limit 6*% — 0 is trivially given by the cor-

responding Green function — polarization tensor — of the ordinary/commutative ABJM
quantum field theory.

~10 -



Figure 6. Gauge field tadpole, scalar-loop contribution to the 2-point function S£7.

6 Mixed gauge field — hgauge field, <A“A”>, two-point functions

For mixed A"AY type of terms we have the one-loop 1PI two-point function f[i';i (p) as a
sum of contributions from figures 7, 8, 9
I (o) = (P, + Pl ) + (B, + Bl ) + (St + St - (6.1)
Again number of contributions from (6.1) vanish due to the absence of relevant terms in
the action, i.e.
DLV __ DMV _ Ry
Pbub - Ptad - Ftad =0. (62)

Remaining F{r . Sty and Sty we comput next.

6.1 Gauge field — hgauge field bubble and tadpole: scalar and fermion loops

After some lengthy computations we found that one-loop diagrams which mix different
types of gauge fields (we will call them “mixing terms” in discussions below) always stay
non-planar (i.e. with nontrivial noncommutative phase factors). In this and next section
we evaluate two- and three-point functions of this type.

One more property of mixing terms is that they are generated by the scalar and fermion
fields running in the loop only. Therefore mixed two-point function II AA contains three
diagrams from figures 7, 8, and 9:

; dPl iy, (20— p)H(20 —p)”
wyo il0p
Sbub ;/ (2m)D° 2(0—p)?

= - Z |:4II77}IJ/ + (4(12 - I5) + I)pppy + 2(213 - I6) (ﬁ,upl/ + p,u,ﬁu) + 414]5#251/
A

v /l: 1 v ~ o~
= — Z |:4Il (T],W — p,uZ; ) + — = p;ﬂ; + 4I4pup1/ > (63)
~ p T\/p P
. de e—ié@p s 1 n
S&ﬁZQZ/ 5 =) (64)
= (2) 14 T \/P? P
=3 [ G g
> | &) 2 p)
- 2 L 1 _ PuPv L
= g |:<4Il + 2[ 277_‘ p?) <77y,1/ p2 ) + 4I4py,p1/:| 9 (65)
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Figure 8. Gauge field-hgauge field tadpole, scalar-loop contribution to the 2-point function S’f;i

where we denote two structures k,0/'p, = kflp and pt = 6*’p,, respectively. For the
definitions and details of the above integrals I, I, ...... , I, see the appendix C.

Once we sum over all contributions and perform a standard tensor reduction, the
integral boils down to a single tensor structure multiplying one scalar master integral
I(p,0), which in the Minkovski signature is I™(p,6). So, from mixed AFAY terms we
finally have the following polarization tensor:

D —ith
. — §rv o Ggmv o fpav 2 v pov d=¢ e WP
4A = Pbub T Ptad T F'bub (P° 0" — p'p”) (

A 2m)P £2(¢ — p)?
=D @ = pp") 1M (p,0), (6.6)
A

with I™ (p, §) for Minkowski signature being given in the appendix C by (C.15) via (C.14).
Taking commutative limit ¥ — 0 the above polarization tensor iﬂ%ﬁi from (6.6) takes
very simple form:
i T = S (P ) lim M (pg) = i S P PP
él_)ngzﬂAA—zA:(pn p'p’) lim I (1%9)—@%: W (6.7)
i.e. I'M(p,0) clearly converges to the commutative value smoothly when #*¥ — 0, which is
precisely the 1-loop contribution to the if[iii in the ordinary/commutative ABJM theory.

7 Gauge field <A“1A“2A”3> and hgauge field <A“1A“2A“3>, three-point

functions

From Feynmanm rules in appendix D we have one-loop 1PI three-point function Hfjﬁ“ 3

as a sum of contributions from diagrams in figure 10,

Hmuzu:s — Pm,uzuzs + Gmuzua + GM1M2M3 + S#1M2M3 + SM1M2M3

AAA trial trial tria2 trial tria2
123 H1p2 3 H1p2 43 H1p2 43 11142 143
+ Ftrial + F‘triaZ + Sbubl + SbubQ + SbubS ’ (71)
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Figure 9. Gauge field-hgauge field buble, fermion-loop contribution to the 2-point function Fé‘;’b.

p3 §P3 §p3 b3 ps3
+ 7 N + 7/ N + +
b A ¥ A3
§"<"§ gu*ug
p P2 P1 D2 D1 P2

b1 P2 P P2 1
p3 P3 Pps3 P1 P2
+ R + R\ + i + i + i
P1 P2 P P2 P1 P2 P2 P3 P3 P1

Figure 10. One-loop contributions to the gauge field 3-point function <A“1A"2 A”3>.

while for A"t A#2 A3 terms in the effective action S (2.10) we have the one-loop 1PI three-
point functions ﬁ’ﬁﬁ“ % as a sum of contributions from the sum of diagrams in figure 10
where all wavy gauge field lines are replaced by the curly hgauge field lines with relevant
Feynman rules given in the appendix D, for every pair (u;,p;), i = 1,2, 3:

ﬁu}ygm _ ﬁulmm + @Mluwa + @Mluwa + §u1u2u3 + §M1M2M3
A

trial tria2 bubl trial tria2
THH2M3 | TMIH2M3 | QHIM2H3 | QMIH2M3 | QH1M2H3
+ Fiiar - T Fiiaz’ 5%t + Shubz T Shubs - (7.2)

In egs. (7.1) and (7.2), P,G, S and F denote gauge field, ghost, scalar and fermion loops,
respectivly. Other contributions vanish due to the absence of relevant terms in the ac-
tion (2.10). Remaining non-vanishing terms in (7.1) and (7.2) are presented next by looking
into the one-loop corrections to the identical three gauge field vertex.

There are three relevant diagrams: the gauge field triangle (1st diagram in figure 10)
and clockwise/counterclockwise running loop-momenta ghost triangles (2nd and 3d dia-

grams in figure 10), contributing to the PP GEUS "and to the GLASH | respectively.

~13 -



The gauge field triangle is as follows:

12 3 _/ dDE <—2Z)3 sin _Ee(g_pQ) : (_£+p1)9(£_p1 _pQ))

trial (27T)D 5 sin 5
— 0/
‘sin ( . p12+ pQ) 602“101 €o1p103 603#204604P205 605M306 €opp3oa (73)
(L —p1 —p2)P2 (L —p1)
C2(€ —p1)*(£ — p1 — p2)?
while the ghost triangles read:
P - - — — —
Gl :/ ;l )ED (20)? sin p129€ i p20(€2 p1) . (=p1 pz)eée p1—p2)
- (7.4)
_ (£ —p1)*1 (€ — pp — po)H2ers
(¢ —p1)*(£ — p1 — p2)?
D - - — _ J—
Glias :/ (;l )gD (2i)% sin p229€ sin p19(£2 p2) sin( P1 pg)@éﬁ p1— Dp2)
’ (7.5)

(g —_ p2)ﬂ2 (g —p1 — p2)/‘«1£#3
02(€ = p2)*(€ — p1 — p2)?
Using a simple transformation £ — —¢ 4 p; + po one can turn the denominator and the

phase factor of the G{.;/3"® to be identical to those in G /7",

) dPe 0¢ 00 — —py — 00 —py —
Gmuzus:/ (23)? sin L Sinpz( pl)sin( p1 — p2)0(L — p1 — p2)

trial D
2 2 2 2
(2m) (7.6)
(g — pl)ltz (g —p1— pQ)mgm
(0= p1)*(L = p1 — p2)?
Summing over P/ GELRES and GEIESH? | and reducing the Levi-Civita symbols into
metric contractions, we get
dPe 00 {—p1)6 00
Pélii1£2u3+Gétr1igl2us + Glttrliggus _ —8i/ - sin D1 sin ( p1)0p2 sin (p1 +p2)
(2n) 2 2 2 o

eyt =y pet) + OB (PPh — P ) 0 (e — pPh?)
(€= p1)*(€ = p1 — p2)?

If one removes the sin functions from the integrand of the previous integral, one ends up

with an integral which is both UV and IR divergent by power counting. Hence, one can
apply Lebesgue’s dominated convergence theorem and commute the limit § — 0 with the
integral symbol in (7.7) to conclude that

lim [ PLifers + Gllss + Glilss | = o, (7.8)
This is in the full agreement with the fact that in the ordinary abelian ABJM field theory
the first three Feynman diagrams from figure 10 do not exist.

Now, by using Feynman rules one can easy show that the last seven diagrams in
figure 10 do not involve nonplanar contributions, i.e., the Moyal phases in them do not
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involve the loop momentum but only the external momenta. Hence the limit #* — 0 exists
trivially at D = 3, and, if sum of those seven diagrams is UV finite for nonzero 6*¥, it is
given by the ordinary result. One can show that this is the case. Indeed, the sum of the
contributions to the 4th and 5th diagrams which are not UV finite by power counting reads

: i d3£ & PH1 pH2 pH3
. 65p10p2 + e—§p16’p2 / . 7.9
ZA:( ) (2m)3 £2(€ + p1)?(€ + p1 + p2)? 79

It can be shown that the sum of contributions to the 6th and 7th diagrams which are
not UV finite by power counting is given by

Lp10po —1p10py dSE B LH1LH s — 2€2 (Em 77#2#3 + 012 77/““3 + 5“377“1“3)
Z (62 e s )/ (2m)3 (L4 p1)?(L+ p1 + p2)?

. (7.10)
A

By adding contributions of the last three diagrams in figure 10, which are not UV finite
by power counting, one obtains

) ) 3 2
Z (€%p19p2 . e—%pﬁm) d°¢ 20 (gﬂlnuz,u:s + guznmus + gusnm%). (7‘11)
(2m)3 L+ p1)2(L+ p1 + p2)?

A

Finally, the sum of equations (7.9), (7.10) and (7.11) is plain zero. Hence, the sum of the
last seven diagram of figure 10 is indeed UV finite by power counting for non-zero 6*”, so
that its 6 — 0 limit is given by the corresponding sum of diagrams of the commutative
ABJM theory.

In summary, we have shown that the sum of all diagrams in figure 10 involves only
integrals which are UV finite by power counting and that the limit 6#* — 0 of the sum
is given by the sum of relevant diagrams in the ordinary ABJM field theory. Hence, the
one-loop 1PI contribution to the <A’“A“2 A”3> is UV finite and by taking the limit 8* — 0
of it one obtains the corresponding Green function of the ordinary ABJM quantum field
theory. From Feynman rules in the appendix D it is clear that the same holds for the
<A“1A”Q A“3> three-point function.

8 Mixed gauge field — hgauge field, <A“1A“2A“3>, <A“1A“2A“3>, three-
point functions
H1p203

AAA
as a sum of seven contributions, two from clockwise and counterclockwise running scalars,

For mixed AWt AH2 AHs type of terms we have the one-loop three-point function I

three running scalars in bubbles and two fermion clockwise and counterclockwise triangles
as shown in figures 11, 12, 13, 14, 15, 16 and 17. We denote them as follows, respectively:

THIM2M3 _ QHIR243 Qi1 2 3 G 2 43 Qi1 23 Qi1 2 3 A BV L1 (2 3
HAAA - Strial + StriaQ + Sbubl + Sbub2 + SbubB + Ftrial + Ftria2 . (81)

Other contributions vanish due to the absence of relevant terms in the action.

For AM1 AM2 A3 type of terms we have the one-loop 1PI three-point function ﬁf;jﬂ 3 as
a sum of contributions from the same figures 11, 12, 13, 14, 15, 16 and 17, where the wavy
gauge field lines are replaced with curly gauge field lines and vice-versa (wavy <> curly).

rTH1M2M3 _ QM1H243 QH1M2 13 QM1 2143 Q1 2 43 QH1U2 13 a1 2 43 T A2 43
I = St + Stz + Shubt— + Sbubz — + Sbubs — + Firiar - + Firiag' - (8:2)
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1

D3, 1

Slll M2 3

Figure 11. Scalar triangle-loop contributionl to the 3-point function S{;!;

P

P2, pa

Figure 12. Scalar triangle-loop contribution2 to the 3-point function S/1#2#3

Other contributions vanish due to the absence of relevant terms in the action. Remaining
terms in (8.1) and (8.2) we compute next by using Feynman rules from the appendix D.

8.1 Loop integrals contributing to the <A“1A“2A”3> 3-point function

Computation of Fynman diagrams from figures 11 and 12, gives, respectively:

S#1N2H3 _ Z€2p191?2/ dPr —zﬁ@(pl—&-pg)

trial )D

(20— p1)"(2€ — 2py — p2)** (2 — p1 — p2)?

, 8.3
C2(0 — p1)2(€ — p1 — p2)? (8:3)
aPre
GHLk2m 0 7169( +p2)
tria22 ’ Ze pl p2/ 271-) e
20— p2)2(20 — py — 2p2)"3 (26 — py — pa)
‘ ( p2)"2 (20 — p1 — 2p2)"s (20 — p1 — p2) (8.4)

52(5 - p2)2(€ — P —p2)2

Inspecting eqs. (8.3) and (8.4) one finds out that diagrams in figures 11 and 12 transfer
one to each other by simple replacement:

H1p2 43
Strlal

S#1M2u3' (8.5)

tria2

P1>p2
p1$rp2

From Fynman diagrams in figures 13 and 14 we have

A ‘ dPy , H213 (P — p JH1
Sthubt = Z eamifp / )De%w(mﬂw) 2 g2((£ — p1};12) ; (8.6)
i d é -~ 7’]/141/1'3 (26 — p2)M2
GHik2ms P19P2/ e~ #0(p1+p2) 8.7
bub2 Z 27T) £2(€ _ p2)2 ) ( )
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Hs, b

@
!'..
!"
9,

m, b

Figure 13. Scalar bubble-loop contributionl to the 3-point function Sg&{)‘f” 3.

s, D3

w1, Py

Figure 14. Scalar bubble-loop contribution2 to the 3-point function Sﬁ&gg“ 3,

i, b

Figure 15. Scalar bubble-loop contribution3 to the 3-point function Sg&gg” 3.

b1

i

P2, 2

Figure 16. Fermion triangle-loop contributionl to the 3-point function F1/#3.

P

L=pi—p2

iy 3

.
P2 2

Figure 17. Fermion triangle-loop contribution2 to the 3-point function F/“/2#3.
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while in diagram from figure 15 two phase terms combine into the cos function of external

momenta:
St = Spuae + Stz
p10p2 / APl oty M2 (20— p1 — po)H®
= —2cos —c p17Pp2 . 8.8
2 g (27T)D 52@ —pP1— p2)2 ( )

Finally computation of Fynman diagrams from figures 16 and 17, for D = 3 gives:

frHpaps Z e%m@pz / "t e~ #0(p1+p2) fry™ [7/‘3 (Z _ pl _ pQ)’YW ([ _ pl) (8.9)
A

trial (2m)D (0 —p1)%2(0 — p1 — p2)? ’
faans _ _ Ze;’plam/ U itoiprapny TV~ By — P L — ) (8.10)
pria " (2m)P (€ = p2)*(€ — p1 — p2)?

8.2 Computations of the <A“1A“2A“3> 3-point functions

Performing some computations of diagrams in figures 11, 12, 16 and 17 we find that the
opposite loop momenta running generates opposite overall phase factors etPfrz  We
H1p2ps3

then use such phases to decompose the rest of the tensor II Ak into two groups, the

ﬁiljﬁi 3 and the ﬁiiﬁ‘i 3 tensors, respectively. There we have three terms from scalar
bubble diagrams, two of them carry fixed running phase while the last one contains two
terms with opposite phases, they are marked as well as the two scalar triangles and the
two fermion triangles.

Next step is to sum over contributions to each phase, for the clockwise running part:

THIM203 Q1 p203 [T 2 143 Q12143 Q1 2 143
HAA/H— - Strial + Ftrial + Sbubl + Sbub3+ ) (811)

and, for the counterclockwise running part:

fitasas Gy psas 4 Gpugais o G (5.12)
After summing over all terms with loop momenta carrying more than one external index,
ie. fPLpF2E3 and (HifFs 4.5 = 1,2,3 terms, cancel. Now we use the standard relation
20-p= (£ +p)? — p* — £? to turn the higher power in £ terms in the triangle integral into
the bubble type of integrals. We also observe that

dPy e%m@pz e0(p1+p2) APy e~ Lp16ps e0(p1+p2)
[ ot

2m)D (0 — p1)2(0 — p1 — p2)? 2m)P 20 —py)2
therefore such terms after the transformation have to be moved from one group to the
other, and than, as indicated above, the tensor II"'#2#% hoils down to

AAA
FTHIM2H3 _ TTH1H2/43 THLH2 143
HAAA - HAAA+ T HAAA— ’ (8.14)

where

ﬂil:zlf - _ e%m@pz (Hlltww:& 'I(p1 +p2) + H;2L1M2M3 'f(p1) + ngz% yn
(8.15)

+ I 2 (p1, p2) - IV + TI2H3 (po, ps) - I + 11 (p1, p3) 'Ifiz),
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while

TIRas — TR () s po, iy 4 p1z) (8.16)

The above master integrals ] (p1), I+ and I’ bear the following forms:

. dPyp e—it0(p1+p2)
I(pl) = / (27_[_)1) €2(€_p1)2’ (817)
dPy 6*%9(1)1 +p2)
I, :/ 575 5 5 (8.18)
(2m)P £2(€ — p1)*(€ — p1 — p2)
dPy (He—i0(p1+p2)
Iﬁ:/ B a3 (8.19)
(2m)P L2(L — p1)*(L — p1 — p2)

while the tensor structures are given below

LIRS = 2 (024 (py + pa)!* — 198 (p1 + p2)*?),

K123 213 M1
H2 - 277“ a p2 9

I 21 = pi" (p1 + p2)* (2p1 + p2)H2 + 02 (ph* (2p1 - p2 + p3) — p‘g’“:”p?)
— 018 (p?pT + p? (2p1 - (1 + p2) +p3)) + 02 (05Dt — P (2p1 - p2 +13)),
T2 = 20012y - py — phPpht). (8.20)

Now, by setting # = 0 in the integrands of I (p1), I+ and I*, one obtains integrals which

are both UV finite and IR finite by power counting. Therefore one can apply Lebesque’s
M H2ms

AAA+
exists and is given by the corresponding Green function of the commutative ABJM field

dominated convergence theorem to conclude that the limit #¥ — 0 of the tensor

theory. It is plain that the analysis carried out for the Hf:j“ ? tensor will apply to the

tensor H‘:‘l:zli % as well, so that the limit ¥ — 0 of the latter is given by the corresponding
Green function in the ordinary ABJM theory too. Putting it all together, one concludes
that the limit #” — 0 of the H“ 1” 213 tensor is given by the ordinary ABJM field theory.

We shall end this subsectlon by showing explicitly that I+ and I’} " have well defined
limit when 6 — 0. Both integrals I+ and I’/ can be evaluated using the standard Schwinger-
Feynman parametrization, [24]. So, as an example, let us work out I;:

1 1 0
dPe - _
_ i/da: /dy (1— y)/daa2/ oL efaﬂ . ¢t(1=y)p16p2 _efaXfﬁ(p1+p2)2, (8.21)
0 0 0

where

X ==y (e —0)pd —y(e( —2pf - (A=) 1 +p2)* —apd)).  (822)

The integration over variables ¢ and « then yields Bessel K-functions:

1
/dx
0

m\b

1
I, =i /dy —y)ervmp2 o X7
0

(8.23)

D { X(; —Hﬁz)ﬂ :



In order to analyze the commutative limit we rewrite the D-dimensional Bessel K-function
as sum of two Bessel [-functions

23 D)n (8.24)
. <I§—3 [ X0 _,_252)2] ~I, » [ X (py —1—152)2D.

Ky b [ X(p1 -1-152)2} =

I Next we can observe that

The Bessel I-functions can then be expand as power series.
the power series with respect to 6 converges for small § and D < 4, with the leading term
matching the commutative scalar triangle in [24]. Therefore the commutative limit exists.

The integral I (p1) may be estimated using the same method performed for the integral

I in the appendix C yielding the following result

o o () o [
0

x(1—xz)p? (p1+p2)?

[un

i(oy)|

(NI

D—>3
(8.25)

do ¢t (P10p2) ¢

1
47

o— .

z(1 — x)p?

For small 6 power series expansion is regular and the commutative limit does exist.

In the view of the computations of the three point function <A”1A“2121"3> carried out
above, it is apparent that the three point function </1“1121“2A“3> also goes to the ordinary
result when the noncommutative tensor 6 — 0.

9 Scalar | fermion, <XAXB> | <\IIA\iIB>, two-point functions

From the four-field (2-scalars-2-fermions) action Ss (2.13) in accord with the given Feyn-
man rules (3d diagram in figure 25, generically representing a number of diagrams as
the one diagram), we have a number of contracted combinations of indices A, B,C, D.
Since we have the following vanishing propagators: <X aX B> = <X AXxB > = <\I' AT B> =
<\I/A\PB> = 0, the ome-loop tadpole contributions to the 2-point functions coming
from (2.14) part of the action vanish. Namely as illustrated in figure 18, we obtain van-
ishing contributions to the relevant tadpole diagrams due to the antisymmtric properties
of Levi-Civita tensor e4B¢P in (2.14), following filed contractions in the tadpole loops
VAU p=0AVB=X  Xp=X4XP = 0.
C L C L

To work out the one-loop contributions to <X aX A> and <‘il A\IIA> we only need the

vertices coming from (2.15) and (2.16) parts of the action (2.13).

9.1 One-loop scalar <XAXB> 2-point function

Using Feynman rules from appendix D, one can show that the integrand corresponding to
the 1st Feynman diagram of figure 19 vanishes since the epsilon tensor of the gauge field

1Unlike integral I, the integration over the Feynman parameters can only be performed in D-dimension
here, therefore the expansion over 6 is performed in D-dimension.
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Figure 18. Vanishing 1-loop contributions due to: VU aUp =0408 = X, Xp = XAXE = .
o L [ [

Xa X5 X4 XB
X4 B X4 ©XxB X4 X5

Figure 19. Loop contributions to the scalar 2-point function <X aX B>.

propagator is contracted with two equal momenta. The 2nd diagram vanishes for the same
reason. The integrands of the 3d and 4th diagrams are zero due to the contraction n*"e,.,
that occur in each of them. The last diagram — a digram absent in the ordinary theory
— also has a vanishing integrand since it carries factor (see the 3d Feynman rule (D.10)
from figure 25)

sin [%(p@p + E«%)} =0, (9.1)

where p is the external momentum and ¢ is the loop momentum. Let us point out that Sy,
in (2.13) does not contribute to the last diagram in figure 19, since the free propagators
<\I/A\i'3> and <\I/A\I'B> vanish, respectively.

Putting it all together we conclude that the one-loop contribution to the scalar two-
point function <X 4XB > (in the Landau gauge) vanishes in both, the noncommutative and
the ordinary ABJM quantum field theories, respectively.

9.2 One-loop fermion <\I!A\TIB> 2-point function

Again using relevant Feynman rules from appendix D, one can show that the one-loop
contribution to the <\IJA\T/ B> (in the Landau gauge) vanishes in both, the noncommutative
and the ordinary theories, respectively. Indeed, the integrands of the 1st two diagrams of
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S @
‘\I/B A ) ‘\I/B \IIA‘ 7

pA B

Figure 20. Loop contributions to the fermion 2-point function <\I/A\Tl B>.

P3 P3 P3 P3
+ + +
m | |
P1 P2 P1 P2

P1 P2 P1 P2

W

2-

Figure 21. Loop contributions to the 3-point functions <\IIA(p1)\TJB(p2)A“(p3)>, and ps = pa — p1.

figure 20 differ by a minus sign, so their sum vanishes. The integrand of the last diagram
of figure 20 vanishes because it contains exactly the same vanishing factor as in eq. (9.1).
Let us point out that the action S, in (2.13) does not contribute to the last diagram in
figure 20, since the free propagators <X 4X B> and <X AxB > vanish — see i.e. figure 18.

10 Fermion — gauge field | — hgauge field, <\IIA\TIBA“> | <\IIA\TJBA“>, three-
point functions

By using Feynman rules given in the appendix D it can be easily shown that the sum of
the first two diagrams in figure 21 reads

54 ooty / Pl [eors 1] [V (£ + P )7 (L + PV €pvol®
o erP PErp)C+p)?

where the incoming fermion has momentum p; and carries index A, the outgoing fermion

(10.1)

has momentum ps and carries index B and the incoming gauge field has momentum p3 =
p2 — p1 and Lorentz index p. Now, by expanding the integrand, the integral in (10.1) can
be expressed as the following sum

’L'(SAB 6%1’29173 / ﬂ |:6i59p3 . 1:| [f‘)/'/[’y'u‘[f}/p] Epyggo'

(2m)® C{E+pr)(L+p2)? (10.2)
P54, p3p20ps / ﬂ [6%9;;3 - 1} ['YVM’YM}% + }7527“[ +}7§2’y“7)1)’yp] €pval”
’ (2m)° B+ )P+ pa)? |

Let us analyze the limit 6 — 0 of the second intregral in (10.2), at D = 3. If we remove
the factor e2P20P3 [eié(’p?’ — 1] from the integral in question, we will end up with an integral
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that is UV finite and IR finite by power-counting for non-exceptional momenta. Hence, we
can use Lebesgue’s dominated convergence theorem and conclude that the limit § — 0 of
the second integral in (10.2) can be computed by taking such limit under the integral sign;
but this limit is zero. We have thus shown that in the limit & — 0 in the sum of the first
two diagrams in figure 21 only the first integral in (10.2) contributes. After a little algebra
and by using yYyPyH* = PP + nPHhyY — n"F~P 4+ PP~ one obtains

i04p e§P20p3/dD£ [ei@PS — 1} h”[»ﬂ[»yp] €pval” =
(2m)P C2(€+ p1)* (L + p2)?

i aPe ) s
_2'514 5p20p3 / bps _ q )
LoB e (2r)D [e } (0 + p1)2(€ + p2)?

(10.3)

Let us now consider the sum of the last two diagrams in figure 21. Proceeding as above
and after some lengthy algebra, one concludes that, in the limit 6§ — 0, the sum of these
two diagrams is given by

+92i 64 / dot [ il0p3 ,— 5 p20p3 %P29p3] o (10.4)
1 P3¢ —e ) )
7 emP (€4 p1)*(C+ p2)?
Now, adding (10.3) and (10.4), for D = 3 and ps = pa — p1 we finally obtain
—92i 645 (e3P20ps _ o—5p20p3 / 003 ’ 10.5
a Ve e Y
which after changing of variables, ¢ — —¢ — py, gives
i i . 3¢ ; 28 —I—p“
2; 64 ( 5p20p3 _ **;D29p3) —ip10p3 / —ilOp3 I 10.6
107p (e2 e 2 e on)? e 0= ps)? (10.6)

Taking into account results presented in subsection C.2 of the appendix C, we conclude

that the integral
3¢ _itops DY
wops _—_TT1 10.
/ er’ Bl (10.7)

remains bounded — although its limit does not exist — as 0*” approaches zero. Hence,

the vanishing 6#" limit of the expression in (10.6) is zero due to the vanishing factor

(edmaten — cmdratnn) ’ _9isin 2203 (10.8)
0—0 0—0

To summarize, we have shown that the limit 6#¥ — 0 of the sum of all four diagrams
in figure 21 vanishes, being also UV finite for the nonvanishing 6#*.

Let us finally point out that in the ordinary ABJM field theory, with the gauge group
being abelian, the last two diagrams in figure 21 are absent, besides the sum of the first
two is zero. Indeed, this sum is obtained by setting # = 0 in the expontetials in (10.1), i.e.,
by setting # = 0 in the Feynman rules from the appendix D.

It is plain that the conclusion we have just reached for the one-loop 1PI contribution
to <\I/A\T/ BA”> will also be valid for <\I/A\I/ Bfl“>, as a sum of contributions from the details
of figures 21, where the wavy gauge field lines are replaced with curly hgauge field lines
and viceversa (wavy <> curly).

~ 93 -



A\

1 P2

P3 P3 P3
+ +
P1 P2 D1 p P1 P

P3 Ps3 p3 P3
+ + + +
2 D1 P2 D1 P2

b1 P2 D1 Y% 2

% Pp3
|
P1 P

2

@,

2 2

Figure 22. Loop contributions to the 3-point functions <XA(p1)XB (p2) A¥ (p3)>, and p3 = p2 —p1.-

11 Scalar — gauge field | — hgauge field, (X4 XgA*) | <XAXBA“>, three-
point functions

From Feynman rules in the appendix D we have the one-loop 1PI three-point function

F‘;( AxpAn 85 @ sUM of contributions from the first and second line in figure 22, respectively
Ihaxan = Steit T Striz + Plis + Poupip T Fhuport
Iz Iz Iz 1
+ Slegpl + Slegp2 + Sleghpl + Sleghp2' (111)

m
XAXpAn
butions from the following detailed figure 22 where the wavy gauge field lines are replaced

Similarly we have the one-loop 1PI three-point function r as a sum of contri-

with curly hgauge field lines and vice-versa (wavy <> curly)

Fl;(AXBA,u = Sty1 + Stio T Pliiz + Phupip + Fhupor
42 Qi Y 4
+ Sleghpl + SleghpQ + Slegpl + Sleng‘ (112)

Other contributions vanish due to the absence of relevant terms in the action. Remaining

terms in (11.1) and (11.2) we compute below.

L
XAXgAn
the triangle diagrams, seem to be superficially logarithmic divergent without NC regulation.

We concentrate next on the I' The first three diagrams listed in figure 22, i.e.

Explicit computation shows, however, that their divergence order are universally reduced
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by one because of the Levi-Civita tensor:

, AP ity ypi,
St :“SAB/ Cori 5 g0 2)

(20 4 p1 — p2)Hevpo (€ + 2p1 — p2)" (€ — p2)P (€ + p2)°

. 11.3
P )20 T 11— p2)? (113)
= —41'5AB/ o e_i@e_iw(m—m) 20+ p - pQ)NEVPUKVprg
(2m)P (0 —p2)2(L+p1 — p2)?
similarly
. dP?¢  piows (2£ +p1— p2),u€ é”ppp"
Sk = 4i64 /1 2 vpo” Z172 11.4
ori2 o (QTF)De 02(0 —p2)2(€ + p1 — pa)? (114)
and
Pho— 5, / dPe o " €np€p(P2 — £ = p1)" (1 + P2 — )2 (2py — £)° 07
tri3 (2m)D 20— p2)2(L + p1 — p2)?
P2 B0 —p2) Gy 59(1’12_ 2 (11.5)

D
= —45AB / (;ir)gDeiplgm (1 — e_w(pl_m)) e,,pgfl’p’l)pg(f“ — pg‘)
Lebesgue’s dominated convergence theorem then rules these three integrals as continues at
the commutative limit. The remaining six bubble integrals are given below. The first two
of them are symmetric under the exchange p; — —po.

Performing simple variable change ¢ — —¢+p; — pa, we found the following expression
for the 4th diagram in figure 22:

Phip = —0"5 / (;1:)6[) 2sin 69(p12— p2) 0 3P10p2 (e%w(m—pz) + e—%w(pl—m))
epwepanenwfd (£ —p1+p2)?
82(2;;1 + p2)? e oy — o)l (11.6)
= / (D 250 0(p1 = p)e 2 T

= —2i6%p / ﬂe%pleme—“@(m—pz) €po (P1 — p2)Pl°
(2m)P 02(0—p1 +p2)?’

while for the 5th diagram in figure 22 we have:
- 5AB/ dPy ié@(p1—p2)(4 — 2)sin p10p2 + €0(p1 — p2) tr(f — ?, +}’)2)7"l.

90— %
(27T)D €’ 2 52(5 —p1 +p2)2
(11.7)

I
3 bub2F

Using the fact try#y¥~+? = 2e**P, we conclude that the above contribution is

"
F bub2F

_ 85,43/ aPe o 50 —p2) i p16p2 + L0(p1 — p2) €po’ (P1 — p2)PL°
(2m)P 2 C2(0 — p1 + p2)?

dP¢ : ‘ i oo (p1 — p2)PL?
= 4(5‘4 / ( —§p19p2 —z(@(m—pz) _ §p19p2 PO )
RO ’ ) (0= p1 + p2)?

(11.8)
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Next four asymmetric bubble diagrams from figure 22 are as follows:

St =0ty / (;lﬂ)f sieimon 1 +eié€(plp2)>m7 (11.9)
Stegpa = —0°'B / (S:)KD 2ieP10p2 (1 + eif‘)(m*p?)) M, (11.10)
Sﬁghpl :5AB/ (;l:)g 4zep19p2m (11.11)
Shaa =0 [ gptic s S A (11.12)

Then, it is not hard to see that integrals S{éghpl and SﬁghPQ are planar, while the nonplanar
part of the remaining integrals involve the same master integral I#(p, 8q) which is evaluated
in the appendix C.2, with a common ¢ = p; — ps up to the + sign. Furthermore, the Levi-
Civita symbols suppress all p* terms in nonplanar integrals as well as all planar integrals.
Finally we are left with the following sum of the leading order terms from (11.1)

7 ;P10P2
Fl;(AXBAH ™ gy Cpo (( = 2(p1 = p2)” — 2p] + 2ph)e’ 2
pov2 (P1 — P2)°
+4(pr —p2)e 2 )Ni 11.13
G — p2)? ( )
_ €po’ (p1 = p2)” (1 — P2)” <i P10P2
u D1 — P2 2

which clearly vanishes when 6 — 0. This concludes our discussion on the existence of the
commutative limit result and its equivalence to the corresponding result obtained by work-
ing within ordinary ABJM quantum field theory. The latter is obtained by setting ** = 0
in the integrands of each integral above, prior to the integration over the loop momentum.
In view of the computations carried out, it is plain that the limit 8 — 0 of the 1PI
contribution to the 3-point function <X X Bfl“> exists and matches the ordinary result.

12 Summary and discussion

In this paper we have formulated a quantum ABJM field theory on the noncommutative
spacetime as defined by the Moyal star-product. By using component formalism we have
shown that the theory has an N' = 6 supersymmetry. We have done so by defining the
supersymmetry transformations of the noncommutative fields which generalize the ordinary
ones and leave the noncommutative classical action invariant. Next, we have considered
the noncommutative Uy (1) x U_,(1) field theory — this theory is radically different from
its ordinary counterpart since it is nonabelian — and we have analyzed the existence of
the noncommutativity matrix *¥ — 0 limit of each one-loop 1PI function with fewer
— barring ghosts — than four fields. We have shown that this limit exists and it is given
by the corresponding Green function of the ordinary ABJM quantum field theory, a result
which only trivially holds for all one-loop UV convergent (by power counting) 1PI Green
functions. Along the way we have found out that the computed Green functions turned
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out to be not UV divergent, although they were not UV finite by power counting either.
Of course, we have also seen that power counting and Lebesgue’s dominated convergence
theorem immediately lead to the conclusion that, if the UV degree of divergence is negative,
the limit 6#¥ — 0 of the one-loop 1PI functions is given by the ordinary ABJM quantum
field theory results — see section 4, for further details.

As far as our computations can tell the noncommutative ABJM field theory does not
contain any noncommutative IR divergence and, therefore, it has no noncommutative IR
instability. The noncommutative ABJM quantum field theory put forward here makes an
excellent candidate for well defined noncommutauve gauge field theory which turns into
the ordinary ABJM quantum field theory as the noncommutativity matrix §** approaches
to zero.

Putting it all together, we can conclude that we have introduced a consistent non-
commutative deformation of the ordinary ABJM quantum field theory, this being a chief
asset of the paper. Of course, many properties of the noncommutative theory remain to
be studied. One most essential task in the authors’ minds is to carry out checks which
could verify that indeed the noncommutative quantum field theory of the U(N), x U(N)_
generalization of our construction will be the gauge dual of the deformed noncommutative
gravity theory constructed in [19].

In this article we have shown that our construction does possess the same N = 6
supersymmetry and, by construction shares the same multiplet as the undeformed theory.
Therefore the next check which must be carried out is to match the correlation functions
by using the standard prescription:

(exp| / Pl o(k)O(k)| ) = e Sevams (o) (12.1)

where ¢ (k) is the boundary value (in Fourier space) of the bulk field ¢(k,u), and O(k) de-
notes generically the nonlocal composite operators in [25]. See [26] and references therein,
for further details. On the left hand side of equation (12.1) occur the correlation functions
of the nonlocal composite operators, O(k), discussed in [25], which are to be computed in
the noncommutative ABJM quantum field theory. The values and properties of the 1PI
functions studied in this paper is definitely one solid step towards elucidating the prop-
erties and computing the values of the correlation functions on the left hand side of the
equation (12.1). One has to, however, bear in mind some unique difficulties in this pro-
gram: the first and foremost one from the authors’ viewpoint comes from one crucial basic
property of the (Moyal type) noncommutative deformation, which could be called planar
equivalence rule [27, 28]: this rule states that because of the multiplication consistency
relations (2.6), the planar diagrams of the noncommutative field theory, in the sense of the

2 contain no loop momenta depen-

(star product analogy to the) color ordering [29] sense,
dent NC phase factor and therefore remain the same as in the commutative theory from

the loop integral perspective. One the other hand the most successful developments in the

2A color decomposition is convenient to show properties like for example figures 7, 8 and 9 are nonplanar.
Yet we did not use it in the computation presented in this article as they are simple enough without it.
Color decomposition can be very beneficial for more complicated amplitudes in NCABJM theory for sure.
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undeformed gauge/gravity duality program are inherently in the planar limit. This makes
a direct comparison uneasy as the planar limit on the field theory side misses the unique
NC features in the quantum corrections as we have seen above,? while of the information to
nonplanar amplitudes could be uneasy to obtain from the dual gravity/string theory side.
Also, the dual gravity backgrounds constructed for both N' = 4 NCSYM and NCABJM
shares the same property that the NC directions of the metric become degenerate at the
r — oo boundary, which could raise quite subtle questions in the holographic correlation
function computation [31]. While to carry out the checks that validate (12.1) lies outside
the scope of this paper, we would like to stress that the most decisive check should be
on the correspondence between nonplanar amplitudes obtained from both field theory and
dual gravity/string theory sides. We would be absolutely delighted if some new checks of
the gauge/gravity duality with noncommutative deformation at the amplitude level can be
done in near future.

Other issues that should be addressed are whether there is a supersymmetry enhance-
ment at levels kK = 1, 2, and, of course, whether the results presented in this paper regarding
UV finiteness and the limit #*¥ — 0 hold at any order in perturbation theory and for the
U(N) gauge groups.

Finally, it would be very interesting to apply nonperturbative methods [32, 33] to the
noncommutative quantum ABJM field theory introduced in this paper.

Acknowledgments

The work by C.P. Martin has been financially supported in part by the Spanish MINECO
through grant FPA2014-54154-P. This work is also supported by the Croatian Science
Foundation (HRZZ) under Contract No. IP-2014-09-9582, and we acknowledge the support
of the COST Action MP1405 (QSPACE). J. You acknowledges support by the H2020
Twining project No. 692194, RBI-T-WINNING, and would like to acknowledge the support
of W. Hollik and the Max-Planck-Institute for Physics, Munich, for hospitality. We also
thank Johanna Erdmenger, Karl Landsteiner and Jun-bao Wu for many discussions on
gauge/gravity duality and/or ABJM theory.

A SU(4)r supersymmetric invariance of U(1),, x U(1)_,

In the following analysis all the volume integrals are like in the action being 3-dimensional.
We integrate over d3z, and denoted it as the integral only, i.e. the notation is i dr = s

A.1 Variations of the action with respect to gauge and scalar fields

For the noncommutative Chern-Simons term SUSY transformation § reads

K ool A N
0Scs = o / et ”5(5/1“ *F,, — 5Au * F,,p), (A1)

30n the other hand, we have also seen that the planar diagrams still carry the NC phase factors depending
on the external momenta. It has been worked out in the dipole deformation that the phase factor structure,
as it is, can be nontrivial for crucial subject(s) in gauge/gravity duality like integrability [30]. We thank
Jun-bao Wu for pointing this out to us.
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while for the first scalar field kinetic term from (2.12) we have found

5Shins = 3= / [D%XA D, XA+ D'XA % D,6X

(304" % XA = iXA % 54" DX g + DUXA (04,5 Xg — i X4 % Mu)] ,

= 01Skins + 625kins + 015kins + 925kins, (A.2)
515kinS = % / DQXA * (5XA, (Ag)
- % K
51 Siams = (615ians)" = o / 5XA % D?X 4, (A4)

ZK, A ~ A
52 Siins = o (X% D' X454, — 84, (D" XA) % X4 ),
32 Skins = 5 (644 % DuX A = 5AM(Du X 1) * X*), (A.5)

and for the second fermionic kinetic term we finally have

S = — o / (1000 % PUA 4104 % POV — Ty 5 SAVA + Ty 5110454,

= 015kinF + 015kins + 25kins, (A.6)
01SkinF = ;7/: /5‘I’A * PUA, (A7)
515kinF = T ZDM\I/A *7“5111 s (AS)

s
02 SkinF = i / — Uy * 5A\I/A + \I/A’y“ * \I/A(S/iu). (A.9)
Now from (A. 1) (A.2), (A.3), (A4), (A7), (A.8) and by using €y, = v*? we have
6Scs = o— / (F pX B oy yAX P —TIAB Xyt mWJ) * Fuy
~ o (FABe * A — TTAB X BigA WVEIXB) * F, (A10)
s

61Skins + 01Skins = ;“/ <D2XBF{43EI * OB —TIABY 5 « 61D2XA> (A.11)

™
01 SkinF + 01SkinF = 2£ / [ —iD?XBUL el x U8 T 48U « I D2 X

s

1 _ _
- 5 (rABe w P GAXE _ TIAB X L *’y’“’el) * Fly
-5 (FQBXBgf oA _ TIABYy *fy“”eIXB) o
- z’(Njgf * DUA — D, U4 * wzv“‘d)] , (A.12)

which gives:

0Scs + 01Skins + 015kins + 015kinF + 61 5kinF = ;/:T/ (N,{ﬁ[ * PO — D, W4 ’y“NIAeI).
(A.13)
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Finally we obtain:

0Scs+0Sking +0SkinF = 05¢s +01.Skins +01Sking +01 SkinF +01 SkinF
K

b [_ (1047 XA —i XA A" ) Dy X = DIXA (164, X —i X 4w A1)
T

— U AR SATA LTy, P TAG A, i NIE x DU —i D, g NTAAH ] . (A.14)

A.2 Variations of the action with respect to fermion fields

Let us first define two variations with respect to fermion fields as a sum
oV =6V + i3V, (A.15)

where both variations acting on fermion fields give, respectively

0¥ =Thpye' Dy X7, 03Wa = Nie',

5194 = —Thpe' 4D, XP, 0304 = NjE

504 = TPy D, X, 030 = N,

51@14 _ f‘IABgl"}"uDHXB, 53@14 — NIAEI. (Alﬁ)

Now we find a variation of the action S4 with respect to the variation d; :

55,551 = 2’;/ [z’ffBC (Zi@A*v“eI*DM(XB*XA*Xc) (A.17)
+Up e x (2Xox Dy XA % Xa — 2X 4% D, X4 % Xc
+ DyXo* X4 Xg = Xa % X% D, Xc))
— 2ieacpii P * XB % 0 % XP 4+ iU % 5,04 x X+ XP
— iU x U % XBx X+ 2i6, U 4 U8 x X4 % Xj5 —2i@3*51\I/A*XB*XA].

Second, performing the variation with respect to the gauge fields in the kinetic terms of
the X’s and N'4¢! we have found

%A,MSkins:z—: / [(iéﬁ“*XA—iXA*(SA“)D#XA+D“XA (i(SAH*XA—iXA*dfl#)}
:2’1/ [ifIBC\I'B*y“eI*(XC*XA*DMXA—DMXA*XA*XC
+XA*D“XA*XC—XC*DHXA*XA>
T ee 0P (XD, Xgx XC = XOx D) X g X4

+XC*XA*DMXA—D“XA*XA*XC>]. (A.18)
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Next after summing (A.17) and (A.18) we have total contribution as
K = _
0wt + 05 54 Skins = 5 / |:’LFIBC (2\11,4 * el % D, (Xpx X4 % Xe) (A.19)

+ g xyel % (Du(Xo* XA % Xa) — DH(XA*XA*XCD
— 2ieapepOi VA * XBx U0 %« XP 404 % 5,0 4+ X« XP
— 61U * T % XP ok X+ 20010 4 % U8 x XA % X — 2008 % 6,04 x« X5+ XA
— iTheel 7 WF o (X4 DX g% XC = X s D, Xy X

+ XC % X g% Dy XA — D“XA*XA*XC)},

which should cancel against the variation of Syj,r induced by d3W.
To prove the above statement lets first perform d3 variation

(553\1;Skinp = 2£ / (i(sg\i’A * ]D\I/A + i\i/A *]D(Sg\I/A> =C.C. + - /l\T/A * ]D53\I/A
T 27

= 2 [ i, « PN 0.0 = = /i\IIA x el D, N 1 C.C.,
27 27
NTA — [14B (XCXCXB — XBXCXC) _oTIBC X, XA X, (A.20)

and then after we sum (A.19) and (A.20) we have our prof verified, i.e.
06,954 + G630 Skink + 054 545kins =0,  Q.E.D. (A.21)
A.3 Cancellations between Scs, Skin and S variations

Let Wy, Us, x3 be spinors, then the integral
/ <\I’11 * \I’Q *x3+ WUo x X3 x U1 + x35 % \Tfl * \IJQ) =0,Vi=1,2. (A22)

In our actual computations either of the spinor above may be a *-product of one of our
W-gpinor and one of our scalars X, i.e. y3 = V3 x X.
Next we present the simplification to the following contribution from (A.14):

;i” ( ST % OATA 4Ty *w\pAaA#)
T
- ;ﬁ ['\IJA FUASXeXC — T4 % U4 % 0XC % Xo (A.23)
™

2 U (T % 0P 5 XC = XC 0P wy) 4 C.C.).
Now we compute the variation of the 2nd term of S4 induced by §.X4:

OxB [;KGABCD/\I’A*XB*\I/C*XD}
T

- % [ — 2T« T ASXpX P + 20T 4 x TAXB5X (A.24)
+ 210 % U *6X 4% XB — 200 4, xUP %« X4 % 6Xp

= 2 Wk (D% 0P 5 XC = X WP wwy)|.
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To work it out we have to use the cyclicality of the x-product, i.e. employ
/ (EI*\IJE*\I’S—I—\IIEH*EI*\IIC—G—eﬁ*\TJE*\IJC) =0, Vu =1,2. (A.25)

Adding up (A.23) and (A.24) with negative C.C. part we have found

0xp ;mﬁABCD U4 5 XB 5 0wC « xP
2w

+;’{/ [i\IJA*\IIA*éXC*XC—i\TJA*\IfA*éXC*XC
™

+2FIBCEI\I’A*(\TIA*\IJB*XC—XC*@B*\I/A)}
= ;—H [—\i’A*\IJA*(SXB*XB—}—‘iJA*\I/A*XB*(SXB
T

+2\IIA*\IJB*5XA*XB72\IIA*\IIB*XA*5XB}. (A.26)

Now we show that (A.26) cancels against the variations of sum of the 3rd, 4th, 5th
and 6th terms of Sy induced by § X 5. After some computations those variations give:
w / [@A*xp AROX A X BT kU X BAd X g4 20 ax U B X A4 X p— 20540 A*5XB*XA] ,

27
(A.27)
and it does cancel exactly above expression (A.26), Q.E.D.
Next we show that variations of C.C. terms in (A.23) cancels against the variation §.Sy

which is a sum of the §X 4 variation of the first term in Sy and the 6X# variation of the
3rd, 4th, 5th and 6th terms of Sy

5XA E(SXA [;r/iEABCD\I/A*XB*\Ilc*XD}

- ;/ [Qi@A*\IJA*éXB*XB—Qi@A*\IIA*XB*éXB—QiiJA*\IJB*éXA*XB
s

+2i\TJA*\IIB*XA*6XB—QfIBCEI*\IIA*(\IIA*\IJB*XC—XC*\PB*\IJA)},

(A.28)
6XAEéXA[;r/i\ilA*\llA*XB*XB—i@A*\IfA*XB*XB
+2¢\T/A*11;B*XA*XB—2¢\T/B*\I/A*XB*XA}
:2’;/[i\IIA*\IIA*XB*cSXB—i\IJA*\IIA*éXB*XB
+2i\I!A*\IJB*(5XA*XB—2z’\i/B*\IJA*XB*5XA], (A.29)

0S4 =10x, 4+ 0xa = ;/ [i\TIA*\I/A*(SXB*XB—i\T/A*\IJA*XB*dXB
Y

—9DIBCE  § , & (\T/A*\I/B*Xc _XC*@B*\I/A)]. (A.30)
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Finally we denote the C.C. terms from eq. (A.23) as dc.c.(A.23) and obtain:

K

6c.c.(A.23) / [z@A *x U * Xp*x0XB — il 0«04 x6X8 x X

7
+OTIBCE Wy x (T4 % W % Xo — Xeox U+ \I/A)} . (A31)
which shows perfect match, i.e. the full cancelation as expected:

50.0,(A.23) +05,=0, Q.E.D. (A.32)

A.4 Classical SUSY invariance regarding Sg terms

The last step to show the full SUSY invariance of the noncommutative ABJM action is to
confirm that the d5 transformation of the fermions in the ¥2X? terms of the action Sy is
cancelled by the § = dx, + dya transformation of X3 % X3 ~ X° order terms in the action
Sg. As already given before, the X3 order transformation needed bears the form

6304 = NTAL 550 4 = Niel| 5504 = NTAET 630 4 = N1&, (A.33)

where
Ny =T45 (X% Xex XP — XPx Xox XO) - 2TG e XP % X% X©, (A.34)
N =TIB (X0« X% Xp — Xp* X9 x X¢) — 2T BO X g« X4 % X (A.35)

Notice that ¥’s are Majorana fermions, i.e. ¥ = W7~ therefore the variation of ¥ and ¥
can be identified as the same if they carry the identical index.

Taking into account the Majorana nature of the fermions, the overall cyclicality under
the star/matrix product, matrix trace and integration, as well as the definition of fermion
contraction, we have found the following §3 variation of the action Sy

0351 = A1+A, (A.36)

Ay=i / —2eapoptr (30« X B0 XP) (A.37)
(850 (Xpr X P - U X P X 4 2050 X X —2X e XA P) ),

Ap=i / 2e4BCPtr (530 4 x X p* Xox Xp) (A.38)

+tr<63\f1‘4*(\IfA*XB*XB—XB*XB*\IJA—i-QXB*XA*\I/B—\IIB*XA*XB)>.

Since A; and A, can be handled in practically identical way, we concentrate on the first
one only. Substituting definitions of §3¥4 and 63V 4 we have

A = i/—eABCDeAEFGrgGe%r(XH * X o Xpx XB x5 XP
—XE*XH*XH*XB*\IJC*XD)
+ 2eapcpe?FOHTL e tr X g+ XA % Xp o+ XP % 0C « XP (A.39)
n tr(Fﬁ,D(XC*XC « XP = XP % Xo % XO) = 2TLp X€ % X4 *XD)

-EI<XB*XB*\I/A—\I/A*XB*XB+2\IIB*XA*XB—2XB*XA*\IIB),
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“IAB _ _ABCDTI
Tr =€ T'cp

where we used the identity 2 . Next we recall two fundamental identities

of the Levi-Civita symbols

eapope PG = GEES e spopeTCH = gREGH, (A.40)
where the generalized Kronecker d-symbol is defined as follows
I =3 " sign(0)aiT M L 5o, (A.41)

0ESy

After employment of the generalized Kronecker d-symbols and some lengthy yet straight-
forward algebra, the transformation (A.37) boils down to

A = irngftr/—\pB* (XA*XC*XC*XD*XD
+XC*XC*XD*XD*XA—|—4XC*XD*XA*XC*XD> Aa2)
+ouB <XA*XC*XD*XD*XC

+XC*XD*XD*XC*XA+XC*XC*XA*XD*XD>.

We can then easily recognize that all ¥4 ’s in the formula above are contracted with FQ B
from the SUSY transformation of X: X4 = ZT‘I{l Bél UB . All other terms cancel each other,
thus we can rewrite it as

1
Ay = 35XAtr/ Xax X % Xp*x XBx X XC+ XA% X4« XB % Xpx X % Xo
+AXA*x XP ko Xox XA % Xpx X —6X 4 x XP x Xp« XA % Xox XC,  (A43)
and this is exactly Ay = —dx,S6. Similarly one can show that Ay = —dy456, therefore

538, = —6Ss, Q.E.D. (A.44)

B Two point functions: <A“A”>

We notice that due to the bi-fundamental nature of the fermions and scalar bosons, they
do not form non-planar contribution to the one-loop identical gauge field amplitudes. This
fact reduces the relevant diagrams for identical gauge fields to pure gauge field theory
(gauge field and ghost loops) only. We use the following convention for the one-loop purely
gauge field diagrams:

e For each vertex, assignment of momenta is in such sequence: outgoing loop momenta,
external momenta, incoming loop momenta.

e Each propagator has the 1st index as outgoing, and the 2nd index as incoming (the
3d index on of the e-tensor is contracted with the momentum flowing through the
propagator).
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As an example let’s write down the gauge field bubble P/ . figure 2, in this convention

" 1 / dPy (—2i)?sin W(p—1) ey Emmp Pt . (p— £)9£€V1VV2 €vopaps (L — D)P?
2

bub = 5 | (2m)D I (0 —p)2
aPe . o UOp el'2Hiie fPLev1VV2 ¢ (£ — p)r2
— 72 e H1p1V1 V202 42 . Bl
| G2 2y (B

We then evaluate the contraction of Levi-Civita symbols in three dimensions as guided by
the dimensional reduction convention, which yields

v / dPl | . o Op £ (L —p)” + £ (L — p)*
bub = D2sm — 5 5 .
(2m) 2 22(0—p)

We can then load one more transformation ¢ — —¢ + p to turn the first half of the result

(B.2)

above to be identical to the second half and obtain

» /dDe L (¢~ p)e”

bub — 4 sin (B.3)

(2m)P 2 2(0—p)?
Next let us turn to the ghost bubble Gi., | figure 3,

D _ ” B B
Gga:/(;lw)i)(_)3(—2i)2(£ pre  pfl  —pf(l —p)

Wsm B Sin B

__ / dP0 o 00p (0 — p)He¥ (B.4)

4 —_—
T W Z (P

Thus
Pl + G, =0, (B.5)

i.e. all potentially non-planar contributions cancel out.

C Integrals from two point functions

During this work we studied new integrals and found some new relations among them. Here
we present a set of seven integrals I, I1,. .. ,Is appearing in (6.3) relevant to this work. They
are used to present all loop integral results in the main text. We start with D-dimensions
and for the Euclidian signature:

. 1 0 2
L= G [, e, AT ()
i ! >\ \-D/2 —Ap?z(l-z)-D _ .
Il = 2(47-{-)D/2/ dl'/ dX A e p A = ZIG, (C2)
0 0
7 1 0 2 132
I = (4)/3/2/ dx x2/ A\ N1D/2 g ApTe(l=a) =iy (C.3)
T 0 0
1 1 o0 2 P>
13 = 2(4)D/2/ dx .f/ d\ )\_D/2 G_Ap m(l_m)_ﬁ, (C4)
u 0 0
—t ! Oo 1-D/2 —\pz(1 P
I4 = 4(4)1)/2/ dl’/ dA AT / e P _a;)_ﬁ, (05)
u 0 0
Z' 1 oo A\ 2 ﬁ2
I5 = 2(4)D/2/ dx .’L'/ dA )\1_D/2 e P x(l_x)_ﬂ, (06)
™ 0 0
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where we recall that p* = 6*¥p, and p° = §°p, = 0. After using

/OOO dA AT e PelmaAiy 2”(‘”2:”(;2_ ‘T))V?lKV_l( pp2a(l - x)), (C.7)
and specifying D = 3, integrals reduce to
1= 2(2;)3/2 /01 da (W) o K_yp ( 2%z (1 a:)) . (C.8)
I = 2(2;)3/2 /01 dz <W>1/4 K1) ( p%r (1 — x)) : (C.9)
I = 2(2;)3/2 /01 dz 22 <p%($2_x)> o K_y ( 2p2z (1 — x)) , (C.10)
Iy = 2(2;3/2 /01 dz (W)m Ky ( 2p2z (1 — x)) , (C.11)
Iy = (;;ﬁ 01 da (7)2”5(;2_3:))3/4 K32 ( 2p2z (1 — m)) , (C.12)
Is = 2@;)3/2 /01 dx x (I%(;;@) ha K_i ( pPpPx (1 — m)) , (C.13)

C.1 Master scalar integral I(p,0)

Integral I(p,0) is UV finite when D < 4, therefore polarization tensor ﬂ%ﬁi has a
smooth commutative limit. To verify this we employ the standard Schwinger-Feynman
parametrization, which yields:

I 1
I(P’G)) = v2 /de’ (W) 4K { $(1—x)p2p2}
0

D—3 (4@%
(C.14)

1—az)p?

To get back to the Minkowski signature of our integral expressions (6.3), (6.4), and (6.5)
we apply simple transformations of say (k,p) pair of momenta: k% — —ik?, and p° —
—ip’ = p?> — p? — 0", and then under the Wick rotations, performed by making a
change on the righthand side of our integrals (C.1)—(C.6), we obtain:

(M My = (1, 1) , Vi=1,....,6. (C.15)

k0—> 1k0
p —— zp
p2—p2—i0t

There are two relations among above integrals which makes results (6.3)—(6.5) simpler:

21 — 1M =0, (C.16)
1

7
4rM
< ! 27T\/ ) (p? —i0t)’

(C.17)

4(15‘4 . 15 +IM
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C.2 An integral with a bounded but ill-defined p* — 0 limit

Let us analyze the limit p* — 0 of the following integral:

_ 30 H
Iu(p7p):/(27r)3e p EIO (C.18)

which is, for large loop momenta, the dominant contribution to the diagram in figure 15

— see (8.8). By introducing Schwinger parameters we decompose integral (C.18) into
I"(p,p) = Isp" + Is p", (C.19)

where integrals I5 and I have been defined in (C.2), (C.6) and (C.13), respectively. Taking

into account that
T e *

25

one can show that integral (C.18) further boils down to

Kii(2) = (C.20)

1 opr i pH i
Iy (7)) (C.21)

VR 6V

I"(p,p) =

where fH(p,p) vanishes as p* — 0.

Notice that the first summand on the right hand side of (C.21) is bounded as p* — 0,
but this limit depends on the way one approaches p* = 0 point. To conclude, the limit
p* — 0 of integral I*(p,p) (C.18) is ill-defined, though not divergent.

The discussion above can be generalized to the following D-dimensional integral

THh(n & e —illq - T_ ol 7. M
I"(p,q) = )¢ Bl = Isp" + I G, (C.22)
with
. 1 00 =2
o v —izplq 1-D/2 _—Mp?z(1—z)— L
b= gy [, doze [ AP koo c
7 1 ! i o 2 a2
- - —ixplq —D/2 —Apfz(l-z)—L
I 2(471')D/2 /0 dx e /0 di A e X, (C.24)

When setting D = 3, integrals I5 and I boils down to the following forms

. 1 )

ot —izplg ZM —1/4 ~2.9 —

I5 2(27r)3/2/0 dr xe ( 7 ) K_1/g( ¢*p?x(1 x)), (C.25)
P — —izplq (L L\ — L) —

o= 2(27)3/2/0 doe (B0 ) K (V= 2)), (C.26)

Expanding * (p, G) over the small ¢’s we have found
i(p.) = LY
’ 8 Vq 16 /p

where f# (p, ) vanishes as ¢"* — 0, the expression exactly equivalent to the one in (C.21).

,d), (C.27)
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Figure 23. Triple gauge field, -hgauge field, ghost-gauge field, and hghost-hgauge field vertices.

D Feynman rules

D.1 Gauge fields and ghosts-gauge field vertices

Starting with Chern-Simons action (2.11), for triple-gauge field interaction, in accord with
the first two diagrams in figure 23, we extract the following Feynman rules:

VM2t — Y H1p2p — i£2 sin p19p> VI (D.1)
21 ’ '
where we recall that p0k = p,0/k,, and pfp = p,0*’p, = 0.
From ghost and gauge-fixing field action (2.20), in accord with the second two diagrams
in figure 23, we extract the following Feynman rules:
K pOk

VH = _VH = ﬂq“ 2sin R (D.2)

D.2 Scalar-gauge fields vertices

From the kinetic part of the action Sy, (2.12), in accord with figure 24, we obtain the
following Feynman rules:

(V*)Py = igmerM(k + q)5"), (D.3)
(V*)5) = ig—e M9k + g)'s7,, (D.4)
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Figure 24. Scalar-gauge field, -hgauge field vertices.

and
(e, i%:nulugeékeq {e—gme(lﬁ—q) + e—%me(k—q)}gBA, (D.5)
(Fmr2)B , — 2@'%77’““2 [e%qﬂ(kwl)e—%m@’f] 65, (D.6)
(Vmne)B, i%:nuluze—%keq [e—%m@(k—Q) n e—%m@(’f—q)} 5B,. (D.7)

D.3 Fermion-gauge field vertices

From the kinetic part of the action Sy, (2.12), in accord with the first two terms in
figure 25, we obtain relevant Feynman rules,

=K o i
(V;?)AB = Zg%{ée 2q9k5AB, (D.8)
- K i
(Vil;)AB = Z%ijezq%(sAB, (D.9)

while from the action Sy (2.13), in accord with third diagram in figure 25, we have

5\ R (Ao ocas0)g o 40K+ p10p2
(WJ>BD = Z%é‘z] (6B(SD — 25D5B>2SID — (D.10)
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Figure 25. Fermion-gauge field, -hgauge field and 2fermions-2scalars vertices.
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