ELSEVIER

Available online at www.sciencedirect.com

S(:IEN(:E(dDIFlEGT®

Physics Letters B 586 (2004) 117-124

PHYSICS LETTERS B

www.elsevier.com/locate/physletb

A new family of A/-fold supersymmetry: type B

Artemio Gonzalez-Lépey Toshiaki Tanaké

@ Departamento de Fisica Tedrica Il, Facultad de Ciencias Fisicas, Universidad Complutense, 28040 Madrid, Spain
b Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan

Received 15 July 2003; received in revised form 24 October 2003; accepted 29 October 2003
Editor: G.F. Giudice

Abstract

We construct a new family of\/-fold supersymmetric systems which is referred to as “type B”. A higher-derivative
representation of th&/-fold supercharge for this new family is given by a deformation of the typ&/#old supercharge.
By utilizing the same method as in th&?2) construction of type AV -fold supersymmetry, we show that this family includes

two of the quasi-solvable models of Post—Turbiner type.
0 2004 Elsevier B.VOpen access under CC BY license.
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1. Introduction

series. After similar relations were found in several
different contexts [23-27], the equivalence between

Progress in the field of quasi-solvability in quantum quasi-solvability andV-fold supersymmetry was fi-

systems (see [1-4] and references therein) has recentl)pa

reached a new stage due to the discovery of the in-
timate relation between quasi-solvability anéfold
supersymmetry. An idea essentially equivalent\fe

fold supersymmetry was introduced for the first time
in Ref. [5] as an extension of ordinary supersymmet-
ric quantum mechanics [6,7], and investigated in vari-
ous related contexts [8—21]. The connectionfold
supersymmetry with quasi-solvability was first uncov-
ered in Ref. [22] in an unexpected way, through the
analysis of the large order behavior of the perturbation
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lly proved in Ref. [28].

Up to now, virtually all the\/-fold supersymmet-
ric models explicitly constructed farbitrary A/ be-
longed to the so-calletlype A class, introduced in
Ref. [29]. From the viewpoint of the connection with
quasi-solvability, it was shown in Refs. [30,31] that
type AN -fold supersymmetric systems are essentially
equivalent to the well-known quasi-solvable models
constructed from thel(2) generators [4,32,33]. Other
recent developments in this respect can be found in
Refs. [34-37]. In this Letter we construct a new type
of A/-fold supersymmetric models which is a deforma-
tion of (and hence different from) the type A class. We
also show that the new -fold supersymmetric models
are related to some of the quasi-solvable models asso-
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ciated to the spaces of monomials classified by PostIn Eq. (2.5), the superscriptdenotes the transposi-

and Turbiner [38].

The Letter is organized as follows. In the next
section we briefly summariz&'-fold supersymmetry
and quasi-solvability. In Section 3 we introduce the
type B NV -fold supercharge and construct Af-fold

tion of operators defined throughraal inner prod-
uct by (A'¢, ¥) = (¢, Ayr). For examplep’ = —p

on a suitable space. Note that when all the functions
wy appearing in Eq. (2.6) are real-valued, the opera-
tor Py, defined by Eq. (2.5) is identical with the ad-

supersymmetric system with respect to it by the same joint of Py Py = P}:,. Hence the above definition

method used in thel(2) construction of type A
N-fold supersymmetry [30,31]. In Section 4 several
examples of the type B/-fold supersymmetric mod-

is essentially equivalent to the ones in previous arti-
cles [28-31,35]. The system (2.2) is said toMsefold
supersymmetric if the following algebra holds:

els constructed in Section 3 are presented. The results

obtained in this Letter and some open problems they { Q. O} ={Q% OX/} =0.

give rise to are discussed in the last section.

2. N-fold supersymmetry

First of all, we briefly reviewN -fold supersym-
metry in one-dimensional quantum mechanics. To this
end, we introduce a bosonic coordingtand fermi-
onic coordinategy andy T satisfying

woi={ly=0  {yyll=1 @1
The HamiltoniarH s is given by
Ha = Hyyy' + Hiy'y, (2.2)

where the componenﬁfv are ordinary scalar Hamil-
tonians,

1
HY = EpZ + V@), (2.3)
with p = —id/dg. N -fold superchargesQJi\/ are
introduced by
Oyv=Pyv'. O =Pl (2.4)
where the componenfsff are defined by
Py=Pyv.  Pi=(DNP (2.5)

in terms of anN'th-order linear differential operator
Py of the form

Py =pN —iwpn_1@)pN T+

+ (=N twi(g) p + ()N wolq)
d/\/ -1
_ N

+ wN—l(CI)W -
d
+twilg) g+ wo(fI))- (2.6)
q

2.7)
[Qn-Ha]=[2} Hy]=0. (2.8)

The former relation holds automatically due to the
nilpotency ofy andyT, while the latter is equivalent
to the following intertwining relations:

PYHY, — Hy Py, =0.

(2.9)
Therefore, the relations (2.9) give the condition for the
systemH »r to be A/-fold supersymmetric. Note that
the Hamiltonians (2.3) are always symmetric under
the transposition (on suitable spaces) even when they
are not Hermitian, and thus each of the relations in
Eq. (2.9) actually implies the other. Note also that, due
to the transposition symmetry of the Hamiltonian, it
was proved in Ref. [37] that the anti-commutator of
Q) and 0}, defined by Egs. (2.4) and (2.5) can be
always expressed as a polynomial gth degree in
Ha.

The M-fold supersymmetric models defined above
have several significant properties similar to those of
the ordinary supersymmetric models. One of the most
notable ones is quasi-solvability [28,30,31]. A differ-
ential operator{ of a single variable is said to be
quasi-solvable with respect to a giver'th-order lin-
ear differential operatoPy of the form (2.6) if it
leaves invariant kePy, namely,

— — + - _
PNHN_HNPN_O’

PyHYV )\ =0, (2.10)

Then it can be easily shown [28] that aA-fold su-
persymmetric system satisfying Eq. (2.9) can always
be constructed from a quasi-solvable Hamiltonfn

by settingHy; = H, Hy; = H + w),_,(g) and P;

as in Eq. (2.5). The converse is also true. Indeed,
from the intertwining relation (2.9) we find that all the
N-fold supersymmetric systems are quasi-solvable,

Vv =KerPy.
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the quasi-solvability condition (2.10) holding, respec-
tively, for H = Hy; and Pyr = Py;. When a sys-
tem is quasi-solvable but the elements\yf are not
known explicitly, the system is said to leakly quasi-
solvable [31]. More rigorous and sophisticated defini-
tions of quasi-solvability and related concepts can be
found in Ref. [39].

3. Type B N -fold super symmetry

Recall [29] that the type AV-fold supercharge is
defined by anNth-order linear differential operator
Pys of the form

W-1)/2

I

k=—WN-1)/2
.\ [d N -1
=(— —+W-—E
(—i) (dq + 5 )
d N -3
— +W-"—""E
) (dq " 2 )
d N -3
X X (dq + W+ > )
d w1y
« [ — i
dg 2 ’
where W(g) and E(g) are arbitrary (smooth) func-
tions. Consider next what is perhaps the simplest de-
formation of the operator (3.1), namely

Ppn = (p—iW +IkE)

(3.1)

-1
PNz(p—iW-l-iF—l-iNTE)

N-3)/2
x ]_[ (p—iW +ikE)
k=—WN-1)/2
. d N-1
N
— -V —+W-F-"_"F
(—i) (dq+W > )
d N -3
d N -3
d N -1

The Nth-order differential operator (3.2), which de-
pends on an additional functian(q), clearly reduces
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to the type A supercharge (3.1) wh&rvanishes iden-
tically. In this Letter we shall show that if the functions
E andF are related by the equation

F'(q) — E(@)F(q)+ F(¢)*=0, (3.3)

the operator (3.2) defines a new type/gtfold su-
persymmetry. Indeed, in this section we shall con-
struct two Hamiltonians’-lfv that are quasi-solvable
with respect to theV-fold superchargefj\—; defined

by Eqg. (2.5) in terms of the “type B” operator (3.2).

To construct anV/-fold supersymmetric model two
different approaches can be followed, namely the so-
calledanalytic andalgebraic methods [31]. We shall
restrict ourselves in what follows to the latter ap-
proach. As in the case of type A'-fold supersym-
metry [30,31], to achieve our aim it is convenient to
make a suitablgauge transformation and change of
variable. Indeed, using the following gauge potentials

N -1
mﬁ@=—7—/wﬂm¢/www, (3.4)

the type BN/ -fold superchargesﬁ are transformed
into

Py =iNeVn pe Wy
N d 1 d‘/\/il
= (h") (& - E)—thl’ (3.5a)
P =iVen pre WA
1/d 1
N
= (k) N1 (& + E>’ (3.5b)

whereh(q) is a solution of the following differential
equation:

h'(q) — F(q)h(q) =0. (3.6)

As in Egs. (3.5), we shall hereafter attach tildes (bars)
to operators, vectors and vector spaces to indicate that
they are quantities gauge-transformed with the gauge
potential W, (Wj{/), respectively. From Egs. (3.3)
and (3.6), the relation betweérnig) and E(¢) reads

h"(q) — E(¢)h'(¢) =0, (3.7)

which in turn is the same relation as the one for
the type A case employed in Refs. [29-31]. From
Egs. (3.5), we obtain gauge-transformed solvable sub-
spaces as

)N/Kfzkerﬁﬁ:spar{l,h,...,hN‘Z,hN}, (3.8)
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(3.9)

Let us begin with the construction dﬁj\‘/. The op-
eratorI:I/\‘/ should be constructed so that it is quasi-
solvable with respect taf’g/. This is achieved by find-

Vi =kerPy, =spar{h =, h, 12, ..., W71}

ing a second-order differential operafé/(/ satisfying
1 -1
E = dN_ HX/hk =0,
dh ) dnN-1
Vk=0,1,...,. N -2, /N. (3.10)

For N > 3, there are six linearly independent differ-
ential operators of order not greater than two solving
Egs. (3.10), namely:

d2
J,, == W’ (311a)
Joo=h Ll N —1) d (3.11b)
o= =" dn dn’ ‘
Jo=h %, (3.11c)
2 d2
JOO =h W’ (311d)
2 ) d
Jio=h® 7 — (2N =3)h &+N(N—2)h,
(3.11e)
i 3 d NN 2
Jiy =h* g7~ 2NV = 2% NV = 3
(3.11f)

Therefore, the general solution of (3.10) fgr> 3 can
be expressed as

Hy=— ).
i,j:+,0,—
i)

a7 Jij+b5Jo—CO. (3.12)

wherea'”, b$~ andC() are constants. Substituting
Egs. (3.11) into Eq. (3.12) we obtain

d2
—Aj (h) —

d
g2 TAT() g — Ay, (3.13)

Hy=
with
Ay =aln* +a gt +agy'h® +al”h +a

g\ =ay -

(3.14a)
A3 (h) =2V — 2)a 0% + N — 3)a'h?
+5657h+ N = Dal”, (3.14b)
Ay () =NW =3)ah? + NN = 2aJh
+Cc), (3.14c)

A. Gonzalez-Lopez, T. Tanaka / Physics Letters B 586 (2004) 117-124

On the other hand, the partner operatity: should be
constructed so that it is quasi-solvable with respect to
P/T/. This is achieved by finding a second-order differ-

ential operato ;; such that

¢ +1 HYnk =0,
dnN -1\ dh NT T
Vk=—1,1,2,...,/\/—1. (3.15)

For N' > 3, Egs. (3.15) are solved by the following
six linearly independent differential operators of order
less than or equal to two:

s )
—_— = W - ﬁ, (3168.)
? d 1
Koo=h—s+—— = 3.16b
0 T ( )
d
Ko=h — 3.16
o=ho. (3.16¢)
2 d2
Koo=h? — 1
00=h" 5. (3.16d)
K —h3d—2—(/\/—3)h2£—(/\/—1)h
=T Gn2 dn ’
(3.16€)
2
-2 2 h3
dh2 N -2
+ N —DWN — 2)h2. (3.16f)

Therefore, the general solution of (3.15) fdr> 3 can
be expressed as

- ¥

i,j=+,0,—
izj

al(/"!‘) Klj + bé+) KO _ C(+),

(3.17)

wherea'”, b$” andC™ are constants. Substituting
Egs. (3. 16) |nto Eq. (3.17) we have

- d? d
Hy=—AF(h) — Y Ag(h)a—Ag(h), (3.18)
with

(+)h4

()2
=di44 apy h” +

aét)h +a?,
(3.19a)

A-‘r(h) ('B)h?) +

2N = 2aRn® + W — 3)aHn?
+b(+)h (+)

Az (h) =
(3.19b)
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AF () =WV = DN —2a{0h? — W - Da'Hh

o (3.19¢)

On the other hand, from Egs. (3.4) and (3.23) we have

Vi —Vy=W —W—-DEW— AT (h) + Ag((g)z.n

If the operators (3.13) and (3.18) are gauge-transform- In order to rearrange the r.h.s. of Eq. (3.27), the fol-

ed back with the gauge potentialg, andev, re-

lowing relations derived from Egs. (3.6), (3.7), (3.20)

spectively, they are not in general Schrédinger opera- and (3.24) are useful:

tors of the form Eq. (2.3). The operat

conditions are fulfilled:
1 /
E(h )2 = A3 (h) = P(h)
= ash® + a3h3 + ash? + ath + ao, (3.20)
-2
Az (h) = NTP’(h) FWh. (3.21)

If the above conditions are satisfied, we have

HE e Wi GEevE = 1 FViE@Q, (3.22)
N N 202 TV

where the potentials’ﬁ(q) are given by

[/ dWE 2 dPwi
V/\i/(q):_[( N(q)) B N(q)]

2 dg dg?

— A (h(q)). (3.23)
From the second condition (3.21) we obtain
—Wh' = —%/aghz + bih — %[al =0, (3.24)
where the constam is given by
bs" = (N = 2)az + b1. (3.25)

The constantsl.(/._) and hé_) in FIX/ are related with

the corresponding constant§”™ andb§™ in H}; by

Egs. (3.20) and (3.25). To establish the relation be-

tweenC (™) andC™, we will invoke the identity

Hy — Hy = w)r_1(q),

wherewar_1(q) is defined in Eq. (2.6). For th&'-fold
supercharge of type B (3.2) we have

wr—1(q) =NW(g) — F(q).

Thus the condition fot andHfv to form an\/-fold
supersymmetric pair reads

H — Hy = V@) = V(@) =NW'(g) - F'(g).
(3.26)

assume
the canonical form (2.3) if and only if the following

Q'(hy=-W —EW, P'(h) = EFh. (3.28)

With the aid of the above relations, we finally obtain

V=V =NW —F + N —Dby— P + .
(3.29)

Therefore, the condition fo-fold supersymmetry
(3.26) holds when

CH O =W —1)by. (3.30)
In order to fixC*®), we write A5 (1) as follows:

A3 (h) = Apu(h) + Aga(h). (3.31)
From Egs. (3.14c), (3.19c¢) and (3.30) we have

Py P N-1_
Aoa(h) = o 2 + > o' (h), (3.32a)
N -DW -2, P(h)
A21(h) = — 1 P"(h) — Wz
o)
T Nh + R, (3.32b)

where the constamR is given by

WN+DWN =4 b1 1
a2t 5T +C).

(3.33)
In this case,C™® are determined from Egs. (3.30)
and (3.33) as
WN+1DHWNV - 4)a
6

R =

2
ey zx\j\// T2 4R

(3.34)
Summarizing the results obtained so far, the gauge-
transformed operators of the type\B-fold supersym-
metric Hamiltonians are given by

cE®d =

= @ [N-2 d
+ _ /
Hy=—Ph) 35 + |:—P (h) Q(h)]—dh

2
N-HDWN -2 , P(h) QW)
_{TP W=z =
P’(h) P(h) N—l/
ﬂ:[ FLIA PR Q<h>}+ze}.
(3.35)
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The type B potentialsﬁ are calculated by substitut-
ing Egs. (3.4) and (3.22) into Eq. (3.23). In termg:of
we have

1
T 12P(h)

3
- Z(P’(h))z] - 3Q<h)2} +

Vii(h) = {(N2 ~1) |:P(h)P”(h)

P(h)
h2

0(h) P'(h)Q(h) —2P(h) Q' (h)
* Nh i[N 4P (h)
P'(h) = P(h)
- +h—2]—R, (3.36)
while in terms ofg
VEQ) = SW(g)? — ZFg)W L ry?
N =35Wg) Y @W(g)+5F(g)
NZ—1__ )
-~ [2E'(q) — E(9)°]
1
+ E[/\/W’(q) —F'(¢)] - R. (3.37)

We note again that the potential (3.37) reduces to the

type A form [31,35] if we setF'(¢) = 0.

4. Examples

In this section we shall exhibit some examples of
the M-fold supersymmetric models of type B con-
structed in the previous section. As the first example,
we chooseP(h) = 2(h — hg). In this caseQ(h) =
bih — N from Eq. (3.24). Using Egs. (3.6), (3.7),
(3.20) and (3.24) we obtain

2 1
h(q) = q“+ ho, E(q)=;,
2q
F(q) = ———, 4.1a
(@) 2170 (4.1a)
b —bih
W) =—=q+ A% (4.1b)
q
The pair of potentials (3.37) reads
Vir (@)
8
WN FN =biho = HN FN —biho+1)
+ 842
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2
g —ho b1
1) ———=———WN=xN —b1h
+( )(q2+h0)2 g W EN —biho)
b1
+5 R (4.2)

In the next example, we chooge(h) = v2(h —
ho)2/2. In this case,Q(h) = bih + N'v2hg/2 from
Eg. (3.24). Employing again Egs. (3.6), (3.7), (3.20)
and (3.24) we obtain

h(q) = €" + ho, E(q)=v,
%
Flg)=—, 4.3
@)= T e (4.32)
2b oY b
Wiq) = — Bt NI oy b1 (4.3b)
2v
The pair of potentials (3.37) now reads
(2b1 + Nv)2h3
Vi) = — 7 Og=2vq
2 2
n (2b1 + Nv9)(2b1 £ Nv )hoequ
42
v2hoe Ve
-1+£1)—
( )2(1+ hoev1)2
b2 by N?4+11,
L 4= —R. 4.4
Tttt T Y (4.4)
In our final example we take
2
P = —(1- h?)(1— k%h?),
so thatQ(h) = b1h and
h(g) =sn(vg),
vSn(vg) (k'? + 2k?cré(vq))
E(g)=— , 4.5
@ cn(vg) dn(vq) (4.52)
vcn(vg) dn(vg)
F(q)=————,
(@) snvg)
b
Wig) =22 __Sva) (4.5b)

v cn(vg) dn(vg)

In the latter formulas sn, cn, and dn denote the Jacobi
elliptic functions of modulug (with 0 <k < 1),k =
v/1—k2 is the complementary modulus, amdis a
positive constant. The pair ¢ -fold supersymmetric
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potentials (3.37) constructed from this choiceRy#h) useful when the solvable subspace can be gauge-
is transformed into a space of monomial type. With the
2 use of this method it is possible to construct, as an

nzv application, the most generAl-fold supersymmetry
- - Sr(vg) whose solvable sector is spanned by monomials [40].
N (2b1 — k' V(N — 1)) (2b1 — K2V (EN + 1)) On the other hand, a direct calculation of the
8v2k’2cré(vg) intertwining relation (2.9) with the type BV-fold
(2b1 4+ k' 2v2(£N — 1)) (2b1 + K 202(+N + 1)) supercharge indicates that the condition (3.3) imposed
- 202412 in this article may be only sufficient but not necessary
8ok 2dr(vg) for the existence of type BV-fold su t
) , _ yp persymmetry.
+ V—(l + kz) (./\/'2 _ 7) + b1 (1 + -/\L) _R Thls suggests that the class of type B potentials may be
12 N wider than the quasi-solvable models of Post—Turbiner
(4.6) type obtained here. One of the reasons for this is
that the framework of\V'-fold supersymmetry makes
sense even when the solvable subspace has no known
analytic expression, that is, when the Hamiltonian

In this Letter, we have constructed a new family of IS Weakly quasi-solvable. Therefore, it may also be

N-fold supersymmetry in which a higher-derivative POSSible that, once we have a system Jotfold

representation of tha/-fold supercharge is given by ~SUPersymmetry constructed from ai-dimensional
Eq. (3.2) with the constraint (3.3). In view of quasi- VECLOr spac&’y with the above procedure, it turns

solvability, it turns out that the gauged Hamiltonians ©OUt that this system can be extended in such a way that

obtained here correspond to quasi-solvable operatorsth® solvable sector is no longer given by the starting

of the type investigated by Post and Turbiner [38]. yector space/’ys. Work on these and related issues is
More preciselyH ;; in Eq. (3.12) is identical with the ' Progress and will be reported elsewhere.

case C operator in [38], whil#}- in Eq. (3.17) with-

out K__ is equivalent to the case D operator in [38].

The reason why the operatér__ does not appearin ~ Acknowledgements
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