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Abstract

This thesis, entitled “Multifractality, exotic dynamics, scaling and quantum phase tran-
sitions in complex systems”, focuses on studying the Ising-Lenz and Edward-Anderson
models from the numerical point of view. In this study, we have verified how, despite their
simplicity, these models can exhibit complex behaviors that still surprise us today. In this
sense, numerical simulations have played a crucial role in the detailed exploration of these
phenomena, some of which have only been possible through specially dedicated computers
such as Janus I and Janus II or through highly optimized programs to be run on GPUs.

Part I of this thesis contains an introduction to spin glasses. For this purpose, we give
a brief historical introduction followed by the basic concepts of spin glasses, which we
complete with a short description of the theoretical concepts of significant relevance for this
thesis. Finally, to establish a common methodology, we introduce the different techniques
used throughout this dissertation and the fundamental magnitudes that are considered in
the different performed analyses.

In Part II, we have studied exotic phenomena associated with out-of-equilibrium dynamics
and ways to exploit these behaviors to accelerate the dynamics. For this, we have
considered Ising models in one and two dimensions. In Chapter 2, we have established
a simple methodology that allows us to understand and control these phenomena from
measurable observables in situations where there is a separation of time scales in the system.
In Chapter 3, we have focused our attention on systems without time-scale separation.
However, by studying the growth of magnetic domains, we have been able to control the
system dynamics as well.

The discussion presented in Part I1I focuses on studying the susceptibility in spin glasses
in the presence of a finite-dimensional magnetic field in the region of large fluctuations. In
this scenario, due to the complexity of the theory, many hypotheses try to explain the
observed phenomena. Our numerical results for spin glasses in 4 dimensions agree with
the theoretical predictions of Field-Theory near the upper critical dimension, D, = 6.

Part IV addresses a fean that has so far gone unnoticed in spin glasses: multifractality.
For this purpose, we have analyzed out-of-equilibrium configurations of three-dimensional
systems generated with the dedicated supercomputer Janus II. Indeed, the results have
allowed us to find that the local correlations at mesoscopic distances are characterized by
a distribution with a heavy tail, which we have characterized through the formalism of
multifractality.

In Part V, we have characterized the phase transition for a two-dimensional quantum
spin glass. Our results resolve a long-lasting debate on the value of the dynamical critical



exponent z. To do so, we have needed to resort to extensive numerical simulations on
GPUs using specifically designed codes and to a careful consideration of a fundamental
property of the system: the spin-flip symmetry. We have thus verified that the system has
two dynamical exponents: one associated with the interplay of states of different parity,
z, which appears to be divergent, and another exponent related to states of the same
parity, z., which remains finite. The latter result, i.e., z, finite, has significant practical
implications since it implies that there are no restrictions to carry out the process of
quantum annealing for solving optimization problems, at least as far as going through the
phase transition is concerned.

The dissertation ends in Part VI, where the most important conclusions and results of
each of the chapters are presented. In addition, several appendices have been included
that address the various technical aspects of this dissertation. In Appendix A, we discuss
the Trotter-Suzuki approximation for a two-dimensional quantum spin glass. Appendix B
discusses the transfer matrix formalism. The technical aspects of the diagonalization of
the transfer matrix for the cases studied are contained in Appendix C. Appendices D, E
and F describe the various techniques employed to carry out our Monte Carlo simulations.
In Appendices G and H, we describe the techniques used to study the correlation functions.
Finally, Appendix I contains technical aspects of the calculation explained in Part III.



Resumen

Esta tesis, titulada “Multifractalidad, dindmicas exo6ticas, comportamientos de escala y
transiciones de fase cuanticas en sistemas complejos”, se ha centrado en el estudio de los
modelos de Ising-Lenz y Edward-Anderson desde el punto de vista numérico. En este
estudio hemos podido comprobar como, a pesar de su sencillez, estos modelos albergan la
capacidad de exhibir comportamientos complejos que a dia de hoy atn nos sorprenden.
En este sentido, el uso de simulaciones numeéricas ha desempenado un papel crucial en
la exploracion detallada de estos fenémenos, algunas de las cuales s6lo han sido posibles
mediante el uso de ordenadores especialmente dedicados como Janus I y Janus II, o
mediante programas altamente optimizados para ejecutarse en GPUs.

La Parte I de esta tesis contiene una introduccion a los vidrios de espines. Para ello, damos
una breve introduccion histérica seguida de los conceptos bésicos de los vidrios de espines,
que completamos con una breve descripcion de los conceptos tedricos de mayor relevancia
para esta tesis. Finalmente, a fin de establecer una metodologia comiin, introducimos las
distintas técnicas que se emplean a lo largo de esta disertacion, asi como las magnitudes
fundamentales de los distintos analisis realizados.

En la Parte II hemos estudiado distintos fenémenos exéticos asociados a la dinamica
fuera del equilibrio, y maneras de aprovechar estos comportamientos para acelerar la
dinamica. Para ello hemos considerado modelos de Ising, en una y dos dimensiones. En el
Capitulo 2 hemos establecido una metodologia sencilla que permite entender y controlar
estos fenémenos a partir de observables medibles en situaciones donde existe una separacion
de escalas de tiempo en el sistema. Por otro lado, en el Capitulo 3 hemos centrado nuestra
atencion en sistemas que no presentan separacion de escalas de tiempo. Sin embargo,
estudiando el crecimiento de los dominios magnéticos hemos sido capaces de controlar la
dindmica del sistema.

La discusion presentada en la parte Parte 111 se centra en el estudio de la susceptibilidad
en vidrios de espines en presencia de un campo magnético en dimension finita en la region
de grandes fluctuaciones. En este escenario, debido a la complejidad de la teoria, son
muchas las hipdtesis que tratan de explicar los fenémenos observados. Nuestros resultados
numéricos para los vidrios de espines en 4 dimensiones coinciden con las predicciones de la
teoria de campos cerca de la dimension critica superior, D, = 6.

La Parte [V trata un aspecto que hasta ahora ha pasado inadvertido en los vidrios de espines,
la multifractalidad. Para ello hemos analizado configuraciones fuera del equilibrio equilibrio
de sistemas tridimensionales generadas con el superodenador Janus II. Efectivamente, los
resultados obtenidos nos han permitido constatar que las correlaciones locales a distancias
mesoscopicas se caracterizan por tener una distribucién con una cola pesada, la cual hemos



tenido que caracterizar mediante el formalismo multifractal.

En la Parte V hemos caracterizado la transicién de fase para un vidrio de espines cuantico
bidimensional. Nuestros resultados resuelven una larga discusién sobre el valor del
exponente critico dinamico z. Para ello hemos necesitado, recurrir tanto al uso de extensas
simulaciones numéricas en GPUs mediante codigos especificamente disefiados, como a
una cuidadosa consideraciéon de una propiedad fundamentales del sistema: la simetria
de spin-flip. Hemos comprobado asi que el sistema tiene dos exponentes dindmicos: uno
asociado a la interrelacion de estados de distinta paridad, z, que parece ser divergente,
y otro a la interrelacion entre estados de de la misma paridad, z., que permanece finito.
Este ultimo resultado, es decir z. finito, tiene grandes implicaciones practicas, ya que
implica que no hay restricciones para llevar acabo el proceso de quantum annealing para
la resolucién de problemas de optimizacion, al menos en lo que respecta a atravesar de
manera adiabética la transicién de fase.

La tesis acaba en su Parte VI, donde recogemos las conclusiones y resultados méas impor-
tantes de cada uno de los capitulos. Ademads, se han incluido varios apéndices que abordan
los distintos aspectos méas técnicos de esta disertacion. En el Apéndice A tratamos la
aproximacion de Trotter-Suzuki para un vidrio de espines cuanticos bidimensional. En el
Apéndice B discutimos el formalismo de la matriz de transferencia. Los aspectos técnicos
de la diagonalizacién de la matriz de transferencia para los casos estudiados esta contenida
en el Apéndice C. Los Apéndices D, E y F describen las distintas técnicas empleadas para
llevar acabo nuestras simulaciones de Monte Carlo. En los Apéndices G y H describimos
las técnicas empleadas para el estudio de las funciones de correlacién. Por tltimo, el
Apéndice I contiene aspectos técnicos del calculo empleado en la Parte III.
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Some relevant facts
about spin glasses

“...a real scientific mystery is worth Spin glasses will be important in this the-
pursuing to the end of the Earth for sis. Thus, we start by providing a brief in-
its own sake, independently of any troduction to this vast field. Due to space
obvious practical importance or limitation, we provide only a brief histori-
intellectual glamour” cal overview and describe the most relevant
P.W. Anderson concepts and basic tools. We shall not at-
Spin Glass I: A Sealing Law Rescued tempt to be general in our exposition, which
Physics Today 41, 1 (9-11) we know leaves aside, among others, mod-
https://doi.org/10.1063/1.2811268 els of great relevance in the study of the

glassy phase, such as the p-spin [Gar85, CS92],

the Heisenberg [Kaw98, HK05, CCAMM™06,
FMMPGT09] or the Potts model [HKL90, BK11]. Then, we shall emphasize the tools
and ideas used in this dissertation —with the corresponding reference to the original work.
For a more detailed and comprehensive discussion of some of the topics mentioned in
the following sections, the reader may find useful [BY86, MPV87, Myd93, FHI1, You9s,
Dot01, dDG06, CMM*23, Par23].

The end of the '50s and the '60s were marked by some experiments on diluted magnetic
ions in insulators (i.e., alloys between noble and transition metals), such as Gold-Iron alloy
(AuFe) or Copper-Manganese alloy (CuMn). These experiments showed some unusual
behaviors of these alloys at low temperatures. Among others, we are referring to: (i) the
measure of the specific heat at low temperatures [ANC59, Zim60] for different diluted
concentrations, (ii) studies of the time-dependent residual magnetism [Kou60, Kou61], and
(iii) observations of the electron spin resonance spectroscopy (ESR spectra) [OBKK56,
VB66, VB67, Bec71] which tried to test the proposed Ruderman-Kittel-Kasuya-Yosida
(RKKY) interaction between spins [RK54, Kas56, Yos57].

The most relevant results from the above experiments were the thermodynamic mea-
surements of the specific heat C' and the magnetic susceptibility x for these alloys. In
particular, the specific heat as a function of temperature, T', presents a peak at a dependent
concentration temperature Ty and is linear with 7" at low temperature [Zim60]. In the case
of the magnetic susceptibility y, it gets up from a constant value, at high temperature,
to a broad peak near Ty, then falls off approximately following the Curie law y oc T 1.
A possible explanation of these results was formulated through the RKKY interactions,
taking into account the random nature of the impurities, which implies that each spin feel
a random effective magnetic field [Mar60], and the strong correlation between spin that
form clusters [KBG63].
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With the new superconducting quantum interference device (SQUID) magnetometers
[Cla04], a new set of very precise measures of the susceptibilities were taken in different
experiments [TT74]. With the more accurate results, the hypothesis of a possible low-
temperature magnetic ordered phase took form (later known as spin glass (SG) [And70]),
which exhibits different characteristics from other known condense-matter phases. However,
this idea of a phase transition from a high-temperature phase to a low-temperature phase,
which possibly described the experiments, was widely questioned during the 60s and the
early 70’s [VB66, VB67, Bec71, TT74]. Although different experiments showed the sharp
cusp in the susceptibility of spin glasses [CMB71, CM72], and they unveiled the curved
nature of the susceptibility [MvDMS81, MvDMS82], only after [BMdPSFdsdE86, GSNT9I1]
the existence of the phase transition in experimental spin glasses was widely accepted.
Refs. [BMdPSFdsdE86, GSNT91] were the first ones that attempted to measure the critical
temperature and critical exponents for different alloys. In both cases, they had to overcome
the problem of ensuring the equilibration of the system above the transition point to
establish the existence of the phase transition in experimental spin glasses rigorously.

One of the most controversial aspects of the phase-transition hypothesis came from the
neutron scattering experiments [Arr65], where the results showed the absence of any order
of the elements responsible for the magnetization, the spins, in the low-temperature phase.
In fact, the combination of this absence and the sharp cusp in the susceptibility led [EA75]
to propose a new mean-field theory that considers a random interaction following a
probability distribution instead of the RKKY. With this change, a new paradigm was
opened, where the spatial order of spins is neglected in favor of the long-range order in
time [EAT5] (later known as non-ergodicity). The new theory boosted the interest in
spin glasses, thanks to its simplicity and because it allowed the study of different systems
using the same tools. In particular, the replica method was used to compute the partition
function [EAT75]. However, the results obtained in Ref. [SK75] caused doubts about the
replica methods because it predicts a negative entropy for the Sherrington-Kirpatrick
model (SK) (where the mean-field theory is exact). In order to solve the problem without
the replica method, [TAP77] proposed the Thouless-Anderson-Palmer (TAP) theory. Both
theoretical approaches agreed on their predictions, except the negative entropy of the
SK model. The TAP approach remarkably identified the problem in the replica method
[known as replica symmetry breaking (RSB)] [dAT78]: below a specific line in the magnetic
field-temperature phase diagram, a new structure appears in the solutions of the TAP
equations. It was not until [MPS"84a], with the consideration of an ultrametric tree of
different solutions to the TAP equations, that the RSB problem was understood.

RSB [Par79a] is one of the crown jewels of theoretical physics. However, it was not enough
to approach the theoretical and experimental research on spin glasses. Some tentatives in
this respect were the scaling theories of magnetic domains growth [FH88b, KH88, OHV90,
BDHVO01], but they were not enough to unify the theory and experiments. Part of the
difficulties comes from the glassy nature of SGs: the slow dynamics at low temperatures
imply that the experiments are always carried off equilibrium. At the same time, theory is
concerned with equilibrated configurations in the thermodynamic limit.

In this scenario, numerical simulations have always played an important role by providing
a bridge between theory and experimental results. However, up to 15 years ago, only
small systems at thermal equilibrium (very far from the thermodynamic limit and the
experiments) or out-of-equilibrium simulations in a much shorter time scale than the
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experimental ones could be achieved. In addition, the RSB theory teaches us that the
solutions of the TAP equations live in a rugged free-energy landscape with many minima
of the free-energy separated by hich barriers, which implies that going from one solution to
another requires an unachievable amount of time. Fortunately, the continuous development
of different algorithms, such as simulated annealing [KGV83] or multispin coding [FG8§],
and the growing computational power have allowed to reduce the gap drastically.

In this sense, projects such as Janus [BMP*06], in which specific computers were designed,
built, and programmed to study spin glasses, deserve special mention. In particular,
the most recent Janus II [BJBnC™14c] has allowed us to close the gap between theory
and experiments [Pag21]. This brings the understanding of very different and complex
properties presented in the SGs like aging and memory [BJCC"23], metastability and
temperature chaos [MG21]. In this context, it is essential to note that these results
were made possible by having access to microscopic information about the system in
situations comparable to those in an experimental laboratory (i.e., in the thermodynamic
limit) [ZPBJ*20, PZBJ*21, ZOS22, PZBJ23].

The rest of this chapter is organized as follows. In Sect. 1.1, we will discuss some
basic models of spin glasses and some of the experimental results that have led to their
formulation. In addition, we will look at some examples of the interdisciplinary application
of spin glasses. Then, in Sect. 1.2 we will briefly review the main theoretical concepts. In
Sect. 1.3, we will discuss some of the main techniques used to study these systems. Finally,
to establish a common framework for the whole thesis, in Sect. 1.4 we will discuss the
fundamental observables on which the analyses shown in this dissertation are based.

1.1 Some basic concepts in spin-glasses modeling

The spin glass phase is a condensed matter state of some amorphous magnetic materials

(they present both disorder and randomness) and has slow dynamics at low temperatures.

As it was described above, the SG model was first introduced in Ref [EA75] to explain the
behavior of magnetic dilutions at low temperature [ANC59, Zim60]. The model considers
that each particle at position 7 has a spin (i.e., a magnetic moment) that we denoted

by 57 Given a pair of spins, 57 and 5y, they interact through a interaction coupling Jz g

Then, the most general Edwards-Anderson Hamiltonian for the model is:

H=—> JzgSs55— > hz8s, (1.1)

where the last term is included to consider the interaction with a magnetic field, ﬁf

With these simple ingredients, fundamentally by treating the couplings Jz; as random
variables, Edwards and Anderson were able to qualitatively reproduce the experimental
results [EA75]. In addition, thanks to its simplicity and versatility —using different
couplings, which define groups of interacting spins, external field, or the nature of the
spins themselves — one can consider a large number of situations (in physics and beyond),
including quantum spin glass —see Chapter 6.

We have organized the rest of this section as follows: Sect. 1.1.1 shortly explain the
basic ingredients in Eq. (1.1) that produce glassy behavior. Sect. 1.1.2 recalls some

5



6 1 Some relevant facts about spin glasses

experimental results on the glassy dynamics. Finally, in Sect. 1.1.3 we collect some
examples of applications of SGs in fields other than physics.

1.1.1 Frustration, randomness and non-ergodicity

Let us consider the main properties of the Hamiltonian (1.1) that make it so interesting
to study the glassy behavior. These are frustration and the randomness, which we discuss
below.

Frustration is associated with the impossibility of finding an optimal solution when there
are many sub-optimal choices (or configurations of the system), all degenerated from the
point of view of, e.g., the energy. It is important to note that frustration is not produced
only by having anti-ferromagnetic interaction (i.e., all couplings are negative). For example,
in an anti-ferromagnetic system in a square lattice, two spin sublattices ordered in opposite
directions are not frustrated even though all interactions are negative.

Frustration, in itself, is an insufficient condition to produce glassy dynamics. As a
counterexample, consider the anti-ferromagnetic triangular lattice, which is analitically
solvable and it does not present a glassy behavior [Wan50].

As it was anticipated, the other main feature of Hamiltonian (1.1) is the randomness.
Indeed, the couplings and/or the magnetic fields in the Hamiltonian are drawn from
some probability law. Similarly to frustration, the mere presence of randomness does
not guarantee a glassy low-temperature phase, as the following example will show. For
example, the Random-Field Ising model (RFIM) considers deterministic nearest-neighbors
interactions but a site-dependent random magnetic field hz (it is quite common to take
the hz as normally distributed random variables). And, as anticipated above, it is well
known that the low-temperature phase of the RFIM is ferromagnetic [Nat98].

Interestingly enough, in the case of the spin
< T ) @ glasses, randomness introduces disorder, which
+ is a way to realise frustration. To understand

this relation consider the situation represented in
Fig. 1.1, where there is a group of spins that are
o o= only oriented along the z-axis, i.e., they have only
two possible estates: s; = +1 (1), or s, = —1 (}).
They are at the nodes of a square lattice without

any field (i.e., hy = 0 for all ©), and each of them
< ™ , - @ only interacts with its nearest neighbors, with

a randomly choosing coupling Jz 7 which can be
+1 or —1 —represented in red (+1) or blue (-1)

tration. The positive couplings (red) force the spins in in kig. 1.1. Notlce that the Spms jcry 'to THIDIIIZE
the nodes to be oriented in the same direction, while the the energy given by the Hamiltonian in Eq. (1~1)7
negative couplings (blue) force an opposite orientation. so if the coupling is positive, they prefer to be
oriented in the same direction. In contrast, if the
coupling is negative, the spins prefer to point in different directions. Now, consider the
bottom left corner spin and, for example, think it is in the 1 state. Moving in the clockwise
direction and choosing the less energetic state for the next spins, i.e., T, T, we see that the

last spin is frustrated because its neighbors give opposite information to the spin.

Figure 1.1: Schematic representation of frus-
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Figure 1.2: Schematic representation of the free-energy landscape. The different stable states
of the system (the minimums) are separated by high energy barriers. The system (represented by a blue
circle) at some temperature T field the free-energy landscape and must overcome the energy barrier in
order to explore the configuration spaces. This scenario will explain the extremely slow glassy dynamics.

As the reader will notice, in the situation represented in Fig. 1.1 there are many different
configurations of the spins that produce the same energy [recall the Edwards-Anderson
Hamiltonian (1.1)]. When we consider a larguer system, the frustration introduced by
the disorder produces a rugged free-energy landscape, with a very high energy barriers
separating the states of the system (see Fig. 1.2). In spin glasses, these states are organized
ultrametricaly [MPS*84b]. Then, going from one state to another would be very difficult
despite the energy barriers. Thus, the system cannot travel for the whole configuration
or needs a very long time (non-ergodicity), producing the usual extremely slow glassy
dynamics.

1.1.2 Experimental results

At the beginning of this chapter, we made a brief historical review of the various exper-
imental results that gave rise to the theory of spin glasses. We elaborate on this topic
Now.

The specific heat and the magnetic susceptibility

One of the first experiments that showed anomalous behavior when including magnetic
impurities in a noble metal (for example CuMn) is [Zim60]. In this work, the authors
found that by introducing a few impurities, the specific heat increases drastically, as shown
in Fig. 1.3. In addition, using the usual representation of C'/T vs T? (see Fig. 1.3), they
were able to verify that temperature dependence of their results could be described by
a straight line with a greater slope than the results for pure metal. Moreover, at low
temperatures, the specific heat appears to have a linear behavior with 7', being almost
independent of impurity concentration.
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Figure 1.3: Specific heat of CuMn alloys at
liquid helium temperatures. Data for different con-

centrations of Mn.

The dashed line is the reference

specific heat for the pure copper. Figure from [Zim60].
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Figure 1.4: The magnetic susceptibility of spin
glasses: the results for Au-Fe alloys in the region of low
Fe concentration. Figure from [CMBT71].

Aging

The other result that seemed to indicate the exis-
tence of a critical phenomenon for these magnetic
alloys was the behavior of the magnetic susceptibil-
ity, x. As shown in Fig. 1.4, x(T) exhibited a sharp
peak at some temperature Ty. In addition, they
observed that the susceptibility appeared to follow
a Curie law, i.e., 1/T, which seemed to indicate
that the system went from a disordered phase at
high temperatures to a phase with some antiferro-
magnetic order for low temperatures.

Although the results given in Ref. [CMBT71] clearly
show the existence of a critical phenomenon (see
Fig. 1.4), it took some years to close the de-
bate on the presence of the phase transition.
Refs. [BMdPSFdsdE86, GSNT91] provided the first
attempts of estimating the critical temperature and
the critical exponents for different alloys through a
scaling analysis of the in-phase susceptibility when
a sinusoidal external field is applied [see Fig. 1.5,
see also Eq. (1.2)].
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= 027 a + '
T e B=054 4 -
S e A ‘-M e
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Figure 1.5: Static scaling for the in-phase sus-
ceptibility X’ time evolution for Ising spin glass
Fey sMng 5TiO3. The collapsing of the data is obtained
using T, = 20.70 K, and the critical exponents v = 4.0 and
B = 0.54. The inset shows a magnified part of the plot.
Figure from [GSNT91].

Another of the most representative phenomena of the glass phase is the so-called aging
phenomenon. Let us consider the experiment performed by [VHO7'97], the so-called
thermo-remanent magnetization (TRM). A sample is taken at temperature T above the
critical one T;, and cooled in the presence of a field at temperature 77 < T}, (the sub-index
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g stands for the glassy transition point). The system is allowed to mature at temperature
T,. After a time t,,, the field is turned off, and the evolution of the magnetization M with

time ¢ is measured. Note that the moment of turning off the field corresponds to t = 0.

As shown in Fig. 1.6, the evolution of the magnetization with time depends on how much
time t,, the system has spent in the presence of the external field. In addition, for all
the curves in Fig. 1.6, it is possible to observe an inflection point close to t = t,. Similar
experiments are performed in Refs. [Cha84, OAHS85, NSLS86, AOHS6).
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Figure 1.6: Thermo-remanent magnetization M, normalized by the field-cooled value
My, vs. t(s) (logio scale) for the Ag : Mn; g% sample, at T = 9K = 0.87Tg. The sample has been
cooled in a 0.1 Oe field from above T, = 10.4K to 9K; after waiting t,,, the field has been cut at ¢t = 0,
and the decaying magnetization recorded. Figure from [VHOT97].

In addition to TRM experiments, one can also measure the co-called zero-field cooled
(ZFC) magnetization. In this type of experiment, the system is cooled without an external
field. After some time, the field is turned on, and the evolution of the magnetization of
the system is studied. In Refs. [LSB83, NSLS86], the reader will find experimental results
for ZFC protocols.

Both the ZFC and the TRM magnetizations turn out to be (approximately) a function of
the ratio t/t,,. Hence, t, is the most important time scale in the problem. It has been
argued that the crucial role is played by the coherence length £(¢) [MG21]. In Chapter 3,
we will recover this idea, not in the context of aging, but in accelerating out-off-equilibrium
dynamics.

Memory and rejuvenation

In the previous examples, when we applied an external field, it was constant in time.
However, we can consider using a sinusoidal field, H,. = Hycos ¢. In this situation, we
would measure the so-called ac-susceptibility, x... In this situation, as a response to the
sinusoidal field, the susceptibility has a sinusoidal behavior, but with a phase-delay ¢ with
respect to concerning the field H,.. This delay allows us to define the so-called in-phase
susceptibility ' and the out-of-phase susceptibility x”.

X' =xcos¢p , X' =xsing. (1.2)

9
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Figure 1.7: Out-of-phase susceptibility x” of the CdCr; 7Ing3S, spin glass as function of
the temperature T in presence of a sinusoidal field H,. of frequency f = 0.04 Hz. The solid
line is measured upon heating the sample at a constant rate of 0.1K/min (reference curve). The cooling
procedure has been stopped during 7h at 12K and then 40h at 9K. The inset shows a similar "double
memory” experiment performed on the Cu:Mn metallic SG. Figure from [JVHT98].

Fig. 1.7 shows experimental results (from Ref. [JVH"98]) for " in two protocols: In the
first protocol, continuous line in Fig. 1.7, the system was cooled at a constant cooling-rate.
After reaching the lowest temperature of 5 K, the system was heated back continuously
at the same rate. The results from the cooling and heating process result in very close
curves. Then, only the heating process is shown in Fig. 1.7.

In the second protocol, the process was repeated, but including two stops in the cooling
process at temperatures T} and T below the critical temperature 7. (which correspond
with the peak in Fig. 1.7). At these temperatures the system was let to age for t, =7
h for T} and t,, = 40 h for T5. The results of the cooling process are shown with white
circles in Fig. 1.7. Last, after reaching 5 K, the system is reheated at a constant heating
rate (black dots in Fig. 1.7).

As the reader will notice, we can extract two prominent conclusions from the results in
Fig. 1.7: In the cooling process, at T} and 75 makes aging, x” diminish, as evidenced by
the separation from the reference curve. However, when the cooling is resumed again, the
susceptibility merges back with the reference curve. This phenomenon is the so-called
rejuvenation. As for the heating process, when approaching the aging temperatures 7;
and Ty, the system separates from the reference results, following the data of the cooling
process. In this sense, we say that the system has memory so that it remembers the aging
process and follows the susceptibility curve.

These experimental results imply that the aging process at temperature 7' does not affect
susceptibility values at lower temperatures. This independence is usually related to the so-
called temperature chaos. The interested reader can find more information on temperature
chaos in [MG21].
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To conclude this paragraph, let us mention that although rejuvenation and memory effects
in spin glasses have been observed experimentally for more than 25 years, obtaining results
by simulation has only been possible very recently [BJCC*23]. Thanks to the dedicated
computer Janus II [BJBnC™14c], the prominent role of temperature chaos in producing
rejuvenation was confirmed.

1.1.3 Beyond physics

It is not always easy to find a clear example of how a theoretical physics work would
transcend to other fields or the possible relevance in everyday life. However, the spin glass
theory and the different tools developed for its study (including computational ones) are
one of those examples. To enumerate some of the different applications of the spin glass
model (without trying to be exhaustive): [Hop82| found that a neural network modeled by
a spin glass will reproduce a “content-addressable” memory, a memory that can recover
full details from a fragment of information (and correct errors); [RAS86] demonstrated
that the origin of biological information could be modeled by a frustrated and quenched
random model of spins; different computational problems, like the traveling salesman

problem (where one needs to connect N cities —or electronic devices, delivery spots, etc.

— using the shortest path) among others, can be modeled by a spin glass (see below); and
SO on.

The computational complexity theory gives a better understanding of the relevance of
the SG model. Consider N agents in some problems, for example, cities that must be
visited, electronic elements to connect, people to arrange in working groups, or elements in
a database to sort. The computational complexity theory classifies this problem according
to the “difficulty” of solving these problems in a computer (measured in time, or amount
of memory) scales with the number N of agents involve [Pap94]. According to this, there
are tractable problems, for which the resources scale polynomially with the agents (P
problems), and untractable problems, for which the needed resources scale faster than
any polynomial in N. These are called NP problems. A subset of the NP problems are
known as NP-complete problems. Their interest lies in the fact that any NP problem can

be transformed into one of the NP-complete problems using a polynomial-time algorithm.

This implies that developing an algorithm that efficiently solves one of the NP-complete
problems (i.e., an algorithm in which the needed resources scale polynomially on N) means
solving all NP problems efficiently [Pap94].

In such a framework, the relevance of the spin glass model is clear thanks to the fact
that Refs. [Bar82, Ist00] demonstrated that finding the ground state of a spin glass in a
non-planar interacting graph is an NP-complete problem. Then, other NP problems like
the salesman problem mentioned above, the graph coloring problem, or the task assignment
problem can be solved using an algorithm that minimizes the energy in a spin glass.

The particular NP-complete problem posed by SG allows us to employ physical intuition.

The introduction of the notion of temperature, alien to optimization theory, led to the
simulated annealing algorithm. For instance, physics can provide powerful insights in this
context.

11
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1.2 Theory

As it was explained at the beginning of this chapter, the first tentatives to explain the
linear dependence of the specific heat in the low-temperature regime and the sharp cusp
in the magnetic susceptibility presented in the alloys considered the interaction between
the magnetic moments (located over the diluted Mn) via free electrons in the conduction
band [Kas56, Yos57, Mar60]. This description uses the Ruderman-Kittel-Kasuya-Yosida
law for the coupling,

JggKY ~ COS(QIEFH{— gll) ’ (1.3)

Y 17— g®

between two magnetic moments at sites & and i/, respectively. Notice that the interaction
decreases and oscillates with the distance. In addition, due to the Fermi momentum kg is
of the order of an Armstrong to the minus one, the interaction changes in sign very fast.
These features, combined with the random distribution of the impurities in space, suggest

that the couplings would be treated as random variables [Bro59], which depend only on
the single realization of the alloy.
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Figure 1.8: Exchange parameters J (couplings) as a function of neighbor distance. The
dashed line represents the RKKY-conduction electron polarization [cf. Eq. (1.3)]. Figure from [MMS83].

The revolutionary change introduced by [And70] was considering a random matrix Jz ;
instead of the “real” RKKY interaction and proposed an easier model given by Eq.(1.1).
Notice that this model captures the essential features of the phenomena (randomness of
the couplings and frustration due to the possible negative values of the couplings). Each
realization of the matrix Jz; corresponds to the disorder present in the alloy (i.e., the
random positions taken by the Mn ions). Note that Mn ions do not migrate in experimental
times, which justifies considering Jz; as time independent. We name this property as
quenched disorder. A realization of the disorder is called a sample. The two usual elections



1.2 Theory

for the distribution of the couplings are (i) a normal distribution with zero mean and
variance one, or (ii) Jzz = +1 with 50% probability.

In this dissertation, we have specialized Eq. (1.1) to spins restricted to s = £1 (known as
Ising spin glass model, or Edwards-Anderson model [EA75]) and constant external field
for the whole sample, i.e. hz = h oriented in the same direction as the spins (only in
Chapter 6 we have considered a transverse field to drive quantum fluctuations). Under
this consideration Eq. (1.1) is written as

= — Z Ji,jsisj — hZSZ s (14)
(4,9) i

where the subindex ¢ and j identified the spin in a regular lattice in D dimensions, and
(1, 7) restricts the sum over nearest-neighbors.

[EAT5] noticed that some preferred orientation for the spins (system configurations) must
exist that give the minimum of the energy. For temperatures above the critical one, T,
the spins are blind to the energy minima, causing an expected value (s;) = 0. However,
below T, the spins feel the existence of the energy minima, and some order appears in the
system [recall Fig. 1.2]. specifically, if we consider spin s;, there exists a non-vanishing
probability that the spin has the same orientation at later times, which could be measured
through the local order parameter of the system, the so-called overlap,

¢ — lim [lim ]172(51-(0)51(75)>t] | (1.5)

t—o0 | N—oo

where N is the number of spins in the system and (O(t)); is the time average of an
observable O, i.e.

(O(t): = lim 1 Ot drO(r). (1.6)

As the reader will notice, there is no preferred direction at a high temperature (in
equilibrium), so ¢ = 0, and the system is in the paramagnetic phase. However, in the
spin-glass phase, the spins feel the minimum-energy states, and some order arises. Then,
the overlap differs from zero, i.e., ¢ # 0.

Now, the problem is obvious: to compute the average in Eq. (1.6), we need to know the
time evolution of the considered observable. The formalism of statistical mechanics was
invented to address this problem, specializing in the SG case. As usual, one needs to
compute the partition function

Z=Tre M=% e PHUsh) (1.7)
{si}

where (3 is the inverse temperature of the system in units such that the Boltzmann constant
kg = 1, and {s;} refers to the configuration of the system. Then, we can define the
probability distribution function (pdf) of the configuration {s;} as

o BH(si))

P({Sz}) = g (1.8)

Now, consider that the system will reach every possible configuration in equilibrium. In
this situation, we can trade the integral over time in Eq. (1.6) with an average over the

13
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configuration of the system weighted with (1.8). Then, we have that

> O({s;})e PHUsD
{si}

(0) = Z

(1.9)

Then, from now on, (-) will represent the thermal average over system configurations.

A special case is the free energy, which can be computed directly from the partition

function as .
F=——logZ, (1.10)

s
from which we can obtain all the fundamental thermodynamics quantities, such as the
energy or the magnetization. However, Eq. (1.10) hides the fundamental difficulty of
spin-glass systems: The disorder variables J; ; are fixed (that are quenched variables).
Then, we have to average over the disorder to compute the real free energy (notice that
a macroscopic system can be considered a sum of smaller parts, each with its own J; ;).

Then, we have
|

——log Z;
5

F = (1.11)

4,57

where the (-) operator stands for the average over the disorder (or quenched average).

1.2.1 Replica trick

In order to compute the quenched average in Eq. (1.11), [EA75] proposed the so-called
replica trick, that uses the fact that

zm -1
log(x) = 71nl£n>0 p- (1.12)
Then, Eq. (1.11) can be written as
1zZm—1
F=lim—— (1.13)

Assuming that m is an integer, when we take the average over disorder for Z™, we can
consider an average over m identical copies (or replicas) of the system that share the
couplings J; ;.

In the new replica formalism, the order parameter, see Eq (1.5), is written as
¢ = (s(a)s(b)> , (1.14)

where the super-index refer to the replica identifier. In this sense, we can think of the
replicas as a very separated time configuration of the system [cf. Eq. (1.6)]. Then, it is
natural to assume that all the replicas are equivalent, the so-called replica symmetric
ansatz. This implies that the overlap between replicas is always the same, i.e.

¢*" = q(1 = 6uw), (1.15)

with d,, the Kronecker delta.



1.2 Theory

1.2.2 Replica Symmetry Breaking

As briefly discussed at the beginning of this chapter, the replica trick with the replica
symmetry assumption produces a negative entropy for the SK model [SK75]. The first
sign of the solution was provided in Refs. [dAT78], which showed that the the replica
symmetric ansatz is not valid under the critical temperature.

This is the so-called replica symmetry breaking (RSB), implying that below the critical
temperature, there are replicas more correlated than others. Then, a different than
Eq. (1.15) form for the ¢ is needed to represent the situation. Rather than delving
into intricate details, we aim to provide a concise exploration of the essential conceptual
foundations that underlie this theory introduced by [Par79a] (the interested reader will
see, e.g., [CMM™*23]).

The RSB can be interpreted in terms of the complex free energy landscape of the system,
which characterizes the system states: Let us assume that the system is at high temperature
(high energy). The system is insensible to the free energy local details, so all the replicas
are equivalent. Then, we initially have a replica symmetric, represented in terms of the
order parameter [cf. Eq.(1.15)]

(q) = ) (1.16)

0

By reducing the temperature, at some point, the system is trapped in different regions,
thanks to the free-energy barriers. Then, different replicas fell different states, which
produced the first RSB. In order to represent this effect, the original n x n matrix is
divided into n/m; blocks of size m; x m;. The blocks represent the overlap of the new
groups of configuration. Then, the off-diagonal blocks are the overlap between different
groups of samples and remain unchanged. In contrast, the diagonal blocks are the overlap
inside the same group of configurations, which have a different overlap ¢; > ¢o (it is natural
to think that configurations in the same group are more correlated). This behavior is well
represented by the overlap matrix

0
q1

q0
q1

(¢™) = 5 (1.17)

q1
q0

q1
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By lowering the temperature, this process continues, breaking the ¢*® matrix in smaller
blocks, representing the RSB process each time. Thus, there is a hierarchy of overlaps,
which can be represented with an ultrametric tree. The bigger the value of ¢, the closer in
the tree are the replica configurations.

0 ¢
q1
g 0
0 @ qo
q1 w0
(") = s (118)
q0 o 0 q1
0 @
q1 o 0

Let us remark that we can continue this process to infinity by dividing the matrix into
smaller blocks of size m;. Obviously, n = mg > m; > - > my, = 1. In addition, in the
replica trick, we must take the n — 0 limit [cf. Eq. (1.13)], so there is no reason to still
consider my, with k = 0,1,2,--- to be integers. Therefore, we can consider my, € [0, 1].
Moreover, when k — oo the g4, matrix becomes a continuous function ¢(x), where x € [0, 1].
By this process, Refs. [Par79a, Par79b, Par80] correctly solved the SK model.

The hierarchic of states explains the very slow glassy dynamics: when the system is in the
RSB phase, the system gets trapped in some group of the infinitely large number of states.
Moving inside a group is easy, but the system must overcome a big free-energy barrier to
go from one group to another, making the dynamics slow. As the reader will notice, this
idea is connected with the non-ergodicity property discussed in Sect. 1.1.1.

Finally, let us remark that, despite the RSB theory being proved correct for infinite
dimension [Dot01, dDG06, CMM™23], it is under discussion whether or not it is suitable
for describing the Edwards-Anderson model in finite dimensions. Results related to this
topic will be found in Chapter 4, where we compare the numerical result with the RSB
predictions for the EA in dimension D = 4.

1.2.3 Droplets

Let us conclude this section with a brief explanation of the main ideas of the droplet
picture proposed by [McM84, FH86, BM&7h].

In the droplet viewpoint, the SG phase is understood from its ground state. The basic
object, the droplet, consists of a compact magnetic domain of linear size ¢ of coherently
flipped spins concerning the ground state [FH86, BM87a, FH88b, FH88a]. The droplets
are expected to have fractal boundaries with a surface area of order ¢4 , d — 1 < d, < d.

The main results predicted for the droplet theory are: i) the spatial correlation function
[see Eq. (1.31)] decays with exponent « (the so-called stiffness exponent), i.e

1
C(r) o« —, (1.19)
TO[
with 7 the spatial distance. ii) as a consequence of the long-distance vanishing limit of
the correlation function [F'H86], the overlap distribution function of the overlap is a delta

function, P(q) = d(¢*> — ¢&,). iii) An external magnetic field suppresses the SG phase.
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1.3 Methodology

As it was mentioned briefly in Sect. 1.1.1, SGs have a very large number of possible
configurations. These configurations are grouped (recall the discussion in Sect. 1.2.2)
in such a way that it is easy to explore neighboring configurations, but going from one
group to another is very difficult (non-ergodicity). This makes it very difficult to reach
equilibrium in SGs, forcing researchers to design new numerical methods to help connect

theory with experiments. In this section, we will briefly discuss some of these techniques.

1.3.1 Numerical methods

In order to reach comparable situations to those of an experimental system (see, e.g., Refs.

[ZPBJ*20, PZBJ*21, PZBJ23]), the scientific community has been forced to develop
algorithms based on unnatural dynamics to accelerate the thermalization process such as
Parallel Tempering (see below), to create specially dedicated computers such as Janus I and
IT [BMP*06, BIBnC™14c], to develop algorithms with a very high level of parallelization to
take full advantage of the computational capabilities of the moment [RSS94, BPMMP23],
or a combination of all these strategies.

Without the intention of being exhaustive, we will mention here the main numerical
techniques used to obtain the results reported in this dissertation (the interested reader
can find more information in Appendices D, F and E). In particular, in this thesis, we
use dynamical Monte Carlo (MC) methods, which allow us to sample configurations
according to the correct probability density function: the Boltzmann distribution. Using
this technique, we can explore the configuration space, reaching the equilibrium. In the
following paragraph, we will introduce the fundamental properties of our Monte Carlo
method.

Markov chain

In order to explore the configuration space, we consider a random walk. The main
idea is that, at some temperature 7' = 1/f, the random walk allows us to reach the
relevant configurations at that temperature (i.e., thermalize the system) according to the
Boltzmann-Gibbs distribution

o—BH({s:})
m({si}) = A (1.20)

where Z is the partition function. Our random walk should be Markovian, i.e., the next
state depends only on the actual state, not on the history of the random walker [Sok97],
and it will be represented by a transition matrix W. Each element Wy y represents the
probability of moving from configuration X to another configuration Y in one step. Thus,
Wy x >0VX,Y and )y Wxy = 1. The completeness condition >y Wxy = 1 means
that our walker must reach some state. We name stationary those Markov chains where
the transition probability is time-independent. Here, time is a synonym for MC step, and
hence, when we say that the Markov chain is stationary, we mean that W is the same for
all MC steps.

As the reader will notice, thanks to the Markovian property, the probability of going from
one configuration X,,, to one configuration X,, in n > 1 steps is the sum of the probabilities
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of each path that connects both configurations in n steps:

WXy X0 = Yo Wx, i Wxx, - Wx,yx, - (1.21)

X1,X2,, Xn—1

There are two essential features of our Markov chain, one related to the ergodicity, and the
other refers to the existence of a stationary distribution. Let us start by briefly reviewing
the basic concepts related to ergodicity. After that, we will discuss the stationarity of the
distribution m for a Markov chain.

We shall consider concepts related to ergodicity, namely irreducibility and aperiodicity.
Irreducibility guarantees that all the configurations Y are accessible from any configuration,
i.e.

VX, YHTLXA/ >0: [WnX’Y]X,y > 0. (122)

Next, we need to define the concept of period in a Markov chain. We call period dx of the
state X the maximum common divisor of the length of all the paths that start and end at
the configuration X. A Markov chain is aperiodic if dx = 1 for all states. In the following,
we impose irreducibility and aperiodicity properties on the Markov chain.

We say that 7 is a stationary distribution if it satisfies

(V) =) w(X)Wxy. (1.23)

Note that the above is equivalent to saying that 7 is a left-eigenvector with eigenvalue one
for matrix W. A stronger condition can be imposed if we consider a time-reversability
property of the Markov chain. This condition is known as detailed balance condition, and
it can be expressed as follows:

W(X)WX,Y = W(Y)WKX . (124)

Notice that summing over X in Eq. (1.24) we recover Eq. (1.23).

The crucial point is that, for a Markov chain that is irreducible, aperiodic, and that
satisfies the stationarity condition of 7, we can resort to a useful theorem (see Ref. [Sok97])
that guarantees that the transition probability [W"]xy satisfies

As the reader will notice, Eq. (1.25) implies that our random walk will eventually sample
the desired Boltzmann-Gibbs distribution and then converge to equilibrium.

Metropolis and Heat Bath dynamics

Both the Metropolis (MET) (Metropolis-Hastings) and the Heat Bath (HB) algorithms are
nothing more than concrete dynamics to obtain the sampling of distributed configurations
according to the Boltzmann distribution function of the system under consideration. Both
dynamics fulfill the properties of Markov chains described above. Despite their more
general validity, let us consider the case we are interested in here: moving the system from
configuration X to a different one Y.
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To carry out this change, we can proceed in many ways. The most widespread way consists
of considering the change of a spin individually, trying to change its orientation (spin-flip).
The way we choose the individual spin will affect the performance, but the most extended
way is to consider a sequential process over the lattice.

In this way, the dynamics of both Metropolis and Heat Bath are very similar. Let us
consider temperature 7" = 1//3, so the dynamic process is

1. Compute the energy of the configuration X, namely H(X).
2. Flip the spin at site i and compute the new configuration energy Y: H(Y").

3. The change is accepted according to a probability p, which is dynamic dependent.
For example,

o BIH(Y)—H(Y)]

— i —BHY)-H(Y)] =
PMET = Hlln{l, € }7 buB = 1+ e—BHE)-H(Y)] ’ (126)

represents the probability for the Metropolis and Heat Bath dynamics, respectively.

4. Repeat steps 1 to 3 for all the spins in the lattice. We denote the realization of the
complete process for all the lattice a lattice sweep or simply a sweep.

As the reader will notice, both algorithms favor a decrease in system energy over an
increase in system energy. The difference between the two algorithms is that Metropolis
always accepts changes that decrease energy, while Heat Bath does so with probability
p. Let us remark that allowing the system to increase the energy prevents the system
from getting trapped in a local minimum. Thinking in the free-energy landscape, allowing
the system to overcome the energy barriers between local minima helps to explore the
configuration space.

Multispin coding

Nowadays, many processors can work with 256-bit (even 512-bit) words and perform
synchronized Boolean operations on all bits in a computer word. As the reader will have
noticed, in the case of Ising SG, we can represent the state of a spin with a single bit.
We can use just one bit to code the interaction for J; ; = £1 couplings. This, together
with the current capabilities of computers, allows us to perform parallel operations with
256 spins (or even 512) since Metropolis and Heat Bath algorithms can be implemented
almost entirely with Boolean operations.

This way of working is known as multispin coding and, according to the way of coding
the spins, we can define two methods: On one hand, we have the so-called multispin
MUIti-SAmple (MUSA) method, in which many different samples are coded in the same
computer word. Due to this characteristic, the MUSA multispin coding has no restriction
concerning system size, number of temperatures, or dimensionality of the problem. On
the other hand, we have the multispin MUIti-SIte (MUSI), in which different sites of the
same sample are encoded in the same computer word. Then, this method poses several
constraints on the size dimensions. Such restrictions will depend on the number of bits in
a word or how the system is encoded.

In this thesis, we have performed Monte Carlo simulations of both MUSA and MUSI mul-
tispin types. The reader can find a more detailed description of both ideas in Appendix D.
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In addition, these parallel coding techniques can also be used for programs intended to run
on graphic processor unit (GPU), as we do in Chapter 6. The implementation of a Monte
Carlo algorithm with MUSI coding implemented for GPU is described in more detail in
Appendices D and F.

To conclude this paragraph, it is worth mentioning that one of the major difficulties of both
methods, MUSA and MUSI, is the generation of random numbers and their implementation
in the simulation algorithms. The needs of each problem and coding and other aspects
will be reflected in how random numbers are generated and used. More details on this
topic can be found in Appendix F.

Parallel Tempering

The slow dynamics exhibited by SGs is the first obstacle for the Monte Carlo methods that
mimic natural dynamics, such as the Metropolis and Heat Bath algorithms, because the
time to achieve thermalization would be prohibitive. Different algorithms try to mitigate

this problem, such as simulated annealing [KGV83]. In this dissertation, we have used
Parallel Tempering (PT) [HN96, Mar9g].

The main idea of the PT is to thermalize at the same time a set of N identical copies
of the system which are at different temperatures Ty < Ty < --- < Ty (or equivalently
f1 > By > --- > PBy). For those copies at T' > T the evolution to the equilibrium is faster
than the evolution for copies at T' < T¢, which are almost frozen (recall the discussion in
Sect. 1.2.2 about the exploration of the configuration space). Then, the PT alternate two
kind of steps:

First, each copy evolves independently through standard Monte Carlo dynamics (for
example, Metropolis) at its temperature. We can use m > 1 Monte Carlo steps in this
evolution. Second, after performing these m steps, we try to exchange the temperature of
the copies. The exchange rule between two copies labeled a; and as with configurations
{5} and {s(®2)} of the systems use a Metropolis for accepting the move:

p = min{1,exp (|Ba; — Baol[H({s“V}) = H({s*})])}. (1.27)

The underlying idea of PT method is very simple: Copies at low temperatures explore
nearby local minima in the free-energy landscape. By increasing their temperature, they do
not feel the effects of local minima and can move to other regions of the configuration space.
Thus, by lowering the temperature again, the copy will explore different local minima
in the free-energy landscape. As the reader will notice, for an effective thermalization
using the PT algorithm, every copy of the system must spend the same time in all the
temperatures: slow temperatures for exploring local minima and high temperatures for
moving to far regions in the configuration space.

The PT has been tested and used in various contexts, such as physics, biology, or chemistry,
among others. Thus, to obtain better performances, different switching rules have been
designed [SO99, Cal05, ED05, BSVIO7, BNJ0O8, MP13], as well as other methods to
optimize the choice of temperatures [KTHT06, SMEDO8]. The interested reader will find
Chapter 6 or Appendix C of Ref. [MG21] useful.
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1.3.2 When classical computing is not enough

Perhaps the best way to clearly state the major intrinsic difficulty of studying spin glasses
from the computational point of view comes from the computational complexity theory.
As already mentioned in the Sect. 1.1.3, finding the fundamental state of a SG in a non-
planar graph turns out to be one of the most computationally difficult problems to solve.
Specifically, it is an NP-complete problem [BMRU82, Ist00]. Moreover, given the property
of these problems to represent the whole class of computational complexity [Pap94],
developing new techniques to solve the problem has practical significance.

The difficulty of finding the fundamental state in SGs is related to two of their fundamental
properties: the space of possible solutions is exponentially large, and the free energy
landscape is very abrupt (recall the discussion in Sect. 1.2.2). Thus, algorithms that mimic
physical dynamics have the problem that exploring the configuration space to find the
energy minimum requires overcoming large energy barriers, making it very difficult to find
the solution to the problem. Parallel Tempering is hampered by the temperature chaos
phenomenon [BFM™18§].

A possible solution to this problem is by introducing quantum fluctuations, which allow
the system to cross the barriers separating the states instead of jumping over them, as
is done by the Parallel Tempering algorithm. In Ref. [KN98], the authors proposed a
method to find the fundamental state of a SG by introducing quantum fluctuations to
the system, the so-called quantum annealing. Putting quantum annealing into practice
is not an easy task. However, today, computers implementing this algorithm are a
reality[J 711, MF20, KRL"23], although they need to face several problems. One of these
problems is the existence of a phase transition that the system must cross in quantum
annealing. This problem will be discussed again in Chapter 6.

1.4 Analysis

In order to establish a common notation for this thesis, in this section, we will introduce
some of the common concepts that will be used in the subsequent chapters to define
the observable magnitudes. However, in each chapter, we will present the corresponding
magnitudes of interest in greater detail.

1.4.1 Symmetries

In the case of the Hamiltonian in Eq. (1.4), one of the fundamental symmetries is the
so-called gauge symmetry. Specifically, if we implement a random transformation ¢; = +1
for each site i, the resulting Hamiltonian is of the same type as the original one but with
a new couplings, i.e.

S; — €;S;, Ji,j — Eiesz',j R hz — Eihi .

With some work, one can demonstrate that, for symmetric probability distributions over the
couplings, i.e. P(J;;, h;) = P(+£J;;,£h;) (e.g. the normal distribution or the considered
in this thesis —J; ; = £1 with 50% probability), the average over the quenched disorder of
any observable O in the original system and the transformed system satisfies the relation

O s ATE D) i = (© (fasih {74 AR (.- (1.28)
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where (-)¢sy,in} is the thermal average with couplings {J}, {h}. Let us emphasize that we
take the thermal average for the same couplings, {J/} and {h}, in both sizes of Eq. (1.28).

Eq. (1.28) implies that only the gauge-invariant part of an observable O survives when we
take the quenched average after the thermal average. Therefore, it is convenient to work
with gauge invariant observables to avoid losing information upon averaging. For example,
the four-body correlation function [cf. Eq. (1.32)] is gauge invariant, because

ab _a a a b ab _a
qzquir - 9(’0’) (EJZF :(T:') g’c’) — EZG%JrT‘S:((: )Silrsg(c)sc(vlr - qqua:ir : (129>

1.4.2 Spatial correlation functions

The spatial correlation function in disorder systems, particularly within Ising models and
spin glasses, serves as a crucial metric for understanding the spatial arrangement of spins
and their interaction. More precisely, this function measures the correlations between the
spins of the system. A fundamental aspect must be taken into account when considering
its definition, which is related to the nature of the system. Usually, this aspect is not
explicitly stated since it is unusual to consider systems that require different definitions of
the correlation function. However, since throughout this thesis, we will consider both Ising
(Part II) and EA models (Parts I1I-V), to avoid confusion, we will make the difference
explicit.

In general, we can define the n-body correlation function, where n stands for the number
of different spins in the expression. In such a way, for a system with N spins sz in the
nodes of a D-dimensional lattices, we can define the 2-body correlation function as

O 1) = 5 Ssesers). (1.30)

where recall that (-) is the thermal average. In systems without quenched averages, like
the Ising model, this expression is enough to characterize the correlation of the system.

In contrast, if we consider a system with quenched disorder, like the Edwards-Anderson
model, we need to consider the quenched average, (--- ), to study the system behavior.
Notice that two spins would be correlated in one sample, i.e. (szsz)(s, = 1, while they
would be anti-correlated in other, i.e. (szsy)rs, = —1. Then, the quenched average
produce that (szsz )13 = 0, V& and 7. We can avoid this problem by using the four-body
correlation function, which has the form

o 1 7 \9
C4(T,t) = NZ<8585+F>%J} . (131)
Note subindex 4 to indicate that this is the four-body correlation function and to avoid
confusion with the two-body correlation function defined in Eq. (1.30). Now, let us consider
different replicas in Eq. (1.31) to calculate the four-body correlation function

N a) (a b) (b 1 J,abab \
C4(7’, t) = N Z <S(f )S;QFS;(?) (ﬁ)r >{J} N Z <q5beiF>{J} . (132)

Then, for systems with quenched disorder, the four-body correlation function is equivalent
to a two-body correlation function over Edward-Anderson’s order parameter, i.e., the
replica overlap field ¢%°.



1.4 Analysis

At this point, it is necessary to differentiate between the behavior of the correlation
function out of equilibrium and once equilibrium has been reached. In the first case,
the relevant length scale is the so-called coherence length, while in equilibrium, it is the
correlation length.

Coherence length

As previously mentioned, we can compare the correlation decay with the theoretical
predictions. In general, we expect that a system in contact with a thermal bath at
temperature T after a time ¢ will exhibit a long-distance decay

C(T, 7 t) ~r~ 0 f[r/&t)], (1.33)

where £(t) is the coherence length, which measures the linear size of domains of correlated
spins along the dynamics evolution [notice the explicit time dependency in Eq. (1.33)].

The problem of determining the characteristic coherence length in evolving systems has
been widely discussed. Previous works have concluded that a well-behaved estimator of
&(t), from the numerical point of view, can be computed through the integrals [BGM™09]

() = /0 T HRC(T, r t)dr (1.34)

By considering the long-distance decay [cf. Eq. (1.33)] in Eq. (1.34), and taking 2 = r /¢,
we would obtain

o= [/ /€T =€ [T s (1.35)
Then, we can estimate the coherence length by
Gean(®) = =2 o (t). (1.36)

In this thesis, we have followed Ref. [BGM'09] using & = 1. The interested reader can
find a more detailed explanation of the £ estimation from the Eq. 1.4.2 in the Appendix G.

Correlation length

In addition to the coherence length, from the correlation function, we can compute the
zero and minimal moment p’ susceptibilities

X(T)=>_C(T,r), F(T)=3Y C(T,r)e?", (1.37)
where p'= (2w /L,0,--- ,0) is the minimal moment in the D-dimensional space (or permu-

tations) [PC99, BCFT00]. From x and F, we can calculate the second-moment correlation

length (see, e.g., Ref. [AMMO5])

_ 1 X(T)
2sin(n/L) \ F(T)

Eeorr(T') —1. (1.38)

23



24

1 Some relevant facts about spin glasses

Both quantities are usually sensitive to phase transition, so they have been used to study
critical behavior. The correlation length measures how far the fluctuations in the system
propagate. It is important to notice that they are not the same quantity despite being
related and exhibiting a similar value [BCF709]. The most relevant difference is that the
coherence length is an evolving property in the out-of-equilibrium dynamics [which we
represent by the explicit time dependence in Eq. (1.33)], while the correlation length is a
static property, defined in equilibrium. Along this thesis, we will refer to both coherence
and correlation length as £(t) and &, respectively (notice the explicit time dependence in
the coherence length as a reminder of the different nature of both quantities; we will use
&eorr Where confusion is possible).
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Counterintuitive dynamics






Unifying paradoxical
dynamic effects

Shortcuts of freely relaxing systems The study of out-of-equilibrium relaxation pro-
using equilibrium physical observables cesses has attracted great interest in recent
I. Gonzdlez-Adalid Pemartin, E. Mompd, decades. Much of this interest stems from the
A. Lasanta, V. Martin-Mayor, J. Salas desire to find ways to control and predict these
Phys. Rev. Lett. (in press) relaxation processes [Nyq28, Zwa28, Ons31a,
https://doi.org/10.48550/arkiv.2308.04094 Ons31b, Kub66, MPRV08, ESW08b, ESW08a].

However, we currently lack a general theory
that goes beyond linear response theory and
fluctuation theorems, which would allow us to control these processes. In particular, this
theory could potentially lead to a short duration of relaxation times of freely evolving
systems between two desired states [Seil2], which has theoretical and industrial significance.

Recent research focuses on understanding different strange relaxation processes in non-
equilibrium systems, for example, the Mpemba effect [Jen06, MO69, BKC21]. Consider
two identical systems in equilibrium at different temperatures. Put them in contact with a
thermal bath at a temperature lower than that of both systems. The Mpeba effect occurs
when the system that starts from a higher temperature reaches equilibrium before the
system that was initially closer to equilibrium.

In Markovian systems, the Mpemba effect has been explained through spectral decomposi-
tion and decreasing or eliminating the slowest relaxation modes. This has been achieved for
both classical [LR17, KRHV19, KB20, WV21, BRP23, SL22, KCB22| and open quantum
systems [CLL21, NF19]. On the other hand, in systems where spectral decomposition
cannot be applied, different strategies have been used to control dynamics using macro-
scopic observables. Some of these include energy non-equipartition in water [GLH19],
a particular condition in kurtosis in granular gases [LVRPS17, TLCnL"19, MLCL"21],
and correlation length in spin glasses [BJCCT19]. In the same way, strategies that use
temperatures other than the target temperature show speed-up dynamics. These include
preheating protocols [GR20], or precooling protocols to control the size of magnetic do-
mains in systems without temporal scale separation (see Chapter 3), or different control
techniques [GOJP22, CL23].

What is even more surprising is another anomaly that was verified theoretically and
experimentally found: far from equilibrium, an asymmetry may appear: equidistant and
symmetric heating and cooling processes [L.G20, IDL 23] need different time to reach
equilibrium. Even more, using reciprocal relaxation processes between two fixed tempera-
tures, asymmetry is also found [IDL723]. The so-called "thermal kinematics” [IDL"23]
has successfully explained the phenomenon through information geometry [Cro07, 1D20].


https://doi.org/10.48550/arXiv.2308.04094
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2 Unifying paradoxical dynamic effects

In this chapter, we introduce an unifying framework for several of the above-mentioned phe-
nomena, in the context of Markovian dynamics. We aim to control the out-of-equilibrium
evolution of a system. In particular, in this chapter, we solely use the system in-equilibrium
physical observables and the spectral decomposition of the dynamic-generating matrix
introduced in Sect. 2.1. Identifying the slowest-decaying physical observables, we can
project the system onto the faster ones to speed up the total relaxation of the system.
Choosing the appropriate initial condition for the final relaxation (from equilibrium, or
after preheating or cooling) it is possible to obtain faster dynamics. To showcase this, we
consider the antiferromagnetic 1D Ising model with a magnetic field.

The remaining part of this chapter is organized as follows. In Sect. 2.1 we introduce the
theoretical framework. The explanation of the paradoxical dynamics effects is given in
Sect. 2.2. Sect. 2.3 contains a real example to illustrate the surprising phenomena. In
particular, we consider in Sect. 2.3 the antiferromagnetic Ising model in 1 dimension. In
a first pass, readers may choose to skip Sect. 2.1.2, as well as Sect. 2.3.1, that contains
technical information that is not essential for understanding the chapter.

2.1 Theoretical framework

We focus on Markovian dynamics to present strategies for controlling out-of-equilibrium
dynamics. This choice is motivated by the well-established theoretical framework for
Markovian dynamics. In particular, we focus our attention on modeling the dynamics of
a system in contact with a thermal bath at temperature 7}, through Markov dynamics
with continuous time [LP17]. The continuous-time dynamic is obtained as the limit of
some discrete-time Markov chain (in our case, the Heat Bath dynamics [Sok97]), which we
explain in Sect. 2.1.2.

There are two possible viewpoints on Markov dynamics. The first one considers the
time evolution of the probability distribution function (the so-called strong form of the
associated stochastic differential equation). The second focuses on the time evolution
of the observable magnitudes (weak form). These two viewpoints of the problem are
connected. This connection is analog to the connection between the Heisenberg and
Schrodinger representations in Quantum Mechanics for the time evolution. While recent
work [CL23] has emphasized the strong form, we consider the weak-form approach more
insightful. Before going into more detail in Sect. 2.1.2, we briefly recall the main ideas of
both approach in the following section (see [LP17] for more details).

2.1.1 Strong and Weak Markov Dynamics

Let € be the set of all possible states @ of the system (for a chain of N Ising spins, the
number of states is Q2] = 2%). The strong form of the dynamics focuses the attention on
the Master equation for P?St), the probability of finding the system in the microscopic state
y at time ¢:
dp
dt

1
_ Ly poge), (2.1)

70 e

where R(w]?g)/ /7o is the probability per unit of time for the system to jump from state x to
state y when subject to a thermal bath with temperature T}, (notice the use of the label
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b to recall the temperature dependency and the use of 7y as a fixed time unit). Let us
remark that the diagonal terms must be set as

R -~ Y RY) 22)
yeQ\{=}

to ensure the total probability conservation. The Master equation (2.1) can be solved
by obtaining the left-eigenvectors of the matrix R® (see e.g. [LP17], or Sect. 2.1.2 for
more details), and expressing the initial probability P®=0 a5 a linear combination of these
left-eigenvectors (we use P to represent the row vector of components P,). Let us remark
that diagonalizing R® which is a 2V x 2V matrix, would be a challenge even for a small
system (special methods have been developed to address similar problems, see Chapter 6
for an example).

Let us now focus on the weak form of the dynamics (i.e. in the evolution of the observable
magnitudes), which relies on two crucial mathematical ingredients.

First, we need the inner product between two observables A and B, which are two mappings
from the configuration space €2 to real numbers. Let

EOA =Y 7®) A(x) (2.3)

zel)

be the equilibrium expected value of A at bath temperature T3, 7r§,b) being the Boltzmann
weight for state @, which is given by:

oy _ expi-H(@)/(keTh)}
* Zn(Ty) ’

(2.4)

where
= > exp{-H(z)/(ksT)} (2.5)
e
is the system partition function, and H(x) is the energy of the system at the configuration
state . Under these conditions, the inner product of two observables A and B is defined
as
(A|B) = EPAB] = Y 7P A(z) B(z). (2.6)
zel)
Notice the use of index (b) to refer to the thermal bath temperature. we emphasize the role
of the constant observable such that 1(x) = 1 for any state @, because for any observable

A,

(1]A) = EM[A]. (2.7)
For any observable A, its component orthogonal to 1 represents its fluctuations:
At = A 1EP)[4]. (2.8)
Indeed, the equilibrium fluctuations of A from its expected value at T" are measured by
(AT[AT) = (AJA) — EP[A[(AJL) = E[A%] — (EP[A])*. (2.9)

The second crucial ingredient is the time-evolution operator R that acts over the observables
to produce time evolution, at bath temperature T3,

R®) = > RP Ay (2.10)
ye

where the matrix R, , is defined in Eq. (2.1) and codifies the dynamics.

29
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2 Unifying paradoxical dynamic effects

2.1.2 From discrete to continuous-time dynamics

Notice that, even though the discrete or continuous-time dynamics do not make a difference
in the inner product, R is not independent of the chosen dynamics. To better understand
the effect of the dynamics in the time-evolution operator, we follow the way from the
discrete-time to the continuous-time dynamics in the following sections (this process is
well-established, and can be found in textbooks, e.g. [LP17]).

Despite this theory being general, we are going to consider the Ising model with N spins
in one dimension with coupling J and external field h, which Hamiltonian is

N N
7‘[(33) = _sti Si+1 —hZSi, (211)
i=1 i=1
as an example for the following discussion.

Discrete time

Let us consider the probability for the system to jump from estate x to state y in a
single time-step W,,. If there is a finite number || of states, W, can be regarded
as an element of an Q2| x |Q] matrix W (recall that for infinity number of states, the
mathematical framework is functional analysis). Because W, is a probability, the matrix
W must complain with four basic properties: the positivity and completeness

Wiy >0 , Va,y €, (2.12)
> Wey=1 , VzeQ; (2.13)
yes
irreducibility,
Va,y € Q, Ing, > 0 such that [W"=v], (2.14)

i.e. always it is possible going from any state & to any other state y; and stationary, which
implies that the Boltzmann weight 7" is a left-eigenvector of the matrix W:

= maWay. (2.15)

ze)

This implies that a system initially in thermal equilibrium at temperature 7}, remains in
equilibrium forever, see Eq. (2.16).

Now, let denote P{™ the probability of finding the system in state x at the discrete
time-step m. Then, the probability after n further time steps is

Pyt =3 P W,y (2.16)

e

where W" is the n-th power of the matrix W [Eq. (2.16) is the discrete version of the
Master equation (2.1) and encodes the Markov and stationary properties of the dynamics].
Notice that m = 0 is the case of the time evolution of the probability from the initial
condition P{™=0),

For our example model, the Ising spin chain, the Heat Bath discrete-time dynamics with
random access to the chain forbids going from one state x to another state y with more
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than one different spin (i.e. W, = 0 for states  and y differing in more than one spin).
However, if  and y differ in the value of only one spin, then

Way = ;REE : (2.17)
s exp{~[H(y) — H(@))/ (ki) os)

1+ exp{—[H(y) — H(x)]/(ksTp)}

Remember that diagonal terms are fixed by the completeness condition (2.13). The 1/N
prefactor in Eq. (2.17) tells that the spin that will be attempted to flip is chosen with
uniform probability. These probabilities RE’B ensure that W satisfied the detailed balance
condition

ToWey = ToWyao, (2.19)

that can be used with the completeness condition to demonstrate that the detailed balance
implies stationary (2.15).

For a single spin-flip dynamics, it is common to restrict the number of time steps n in
Eq. (2.16) to a multiple of the number of spins N

n=kN, keN, (2.20)

to guarantee (on average) that every spin has k opportunities to change.

In difference to the strong formalism, where the attention is focused on the probability
distributions (i.e. Egs. (2.1) or (2.16) are solved by finding a base of left-eigenvectors of
matrix W), the weak formalism focus on the observable A evolution, which is driven by
the operator W as

WA (@) = 3 Way Aly) (2.21)

yeN

Notice that W[A] is a new observable. In addition, in this

formalism, observables are column vectors. In this situation, 1 S, s ke delmion (2.5) sl

the operator W"[A](x) is the expected value of A after n detailed balance property (2.19)

steps (where one knows for sure that the initial configuration

is ). Remark that for n — oo the expected value of A WIA]IB) = Zﬂz(cb)W[A](m)B(w)

becomes the equilibrium expected value at temperature Tj,, b)

independently of the initial configuration . The probability - Z Z Wa yA(y)B()

conservation [or completeness property (2.13)] implies as menven .

well that 1 is an eigenfunction of W with eigenvalue 1, i.e. - Z Z Ty Wy Ay)B(@)

WI1] = 1. Detailed balance implies that W is a self-adjoint e yf}i

operator for the inner product (2.6),T - yezﬂﬂy Alw)WIB](y)
(WIAIIB) = (AWIB]). (2.22) = (D)

Therefore, the spectrum of W (and hence of W) is real. In

addition, the completeness condition (2.13) guarantee that all the eigenvalues A belong to
the interval [—1, 1]. Remember that the constant operator 1 has A; = 1, being the largest
eigenvalue. Moreover, we can find an orthonormal basis of the space of observables with
finite variance (1,05, 08, ...), in which the O} are all eigenfunctions W[OP] = 4, 0p. We
can order the basis in such a way that 1 = A; > Ay > A3 > ... Ajg) > —1.
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Briefly getting back to the strong viewpoint, if (7w(®), 'vgb), ...) is the corresponding basis
of left-eigenvectors, the starting probability can be linearly expressed
12|
PO = 70 L 5™ 50 (2.23)
k>2

Hence, the solution of the Master equation (2.16) for the dynamic evolution for the
probability is

€]
P™ = x® 4 3 Ayl (2.24)
k>2

Returning to the weak formalism, the discrete-time evolution for the expectation value of
an arbitrary magnitude A, with finite variance and after n time steps, can be computed
using a linear decomposition over the right-eigenvectors base of the magnitude A,

|2
Alz) = EM[A1(z) + Y (0|40 (), (2.25)

k>2

and Eq. (2.16) for the probability evolution. The complete computation
E.fA] =3 PMA) =3 > B0, . Al)

xef) e yeld

2]
=ECLA+ 3 3 > P04 V.00 (x)

reQyeQ k>2

2
=EOA+ 3 3 3 PO0P 1A ArOP (x),

e yeQ k>2
can be written as
E.JA] = E®[A+3 o ="sf A7, (2.26)
k>2
7= (Op]A), (2.:27)
o= = 3 POk ). (2.28)
xEeN

Introducing small time step

Consider a modification of the previous discrete-time dynamics encoded in the matrix
W: at each time step, with probability €, we evolve the system using the discrete-time
dynamics introduced in the previous section, while with probability 1 — ¢, we do nothing.
The main idea of introducing the probability € is to represent a tiny time step. Explicitly,
we can represent this dynamics though a new W, matrix defined as

We=(1—-¢el+eW, (2.29)
or, better, o
W.=1+4+€eR, R=W —1. (2.30)

Bear in mind that matrices W and R have the same off-diagonal terms, while the com-
pleteness relation (2.13) for R is

Rew=— Y Ryy, VzeQ. (2.31)
ye\{w}



It is also crucial that R and W share the basis of observables
(1,09, ...), which is orthogonal with respect to the inner
product defined in terms of the Boltzmann weight [recall

Eq. (2.6)]," as well as the basis of probabilities (7", o ).

So Egs. (2.24)-(2.26) are valid for the new dynamics with
the replacement of the Ay eigenvalues of the matrix W by
the Ay eigenvalues of the matrix W,. Notice that both sets
of eigenvalues are related by the eigenvalues Ay of the matrix
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t Detailed balance implies that R and W
are self-adjoint operators with respect to
the scalar product (2.6). However, if one
prefers using the standard RI?l scalar prod-
uct, it is possible to transform R and W
into real, symmetric matrices through a
similarity transformation D, with matrix
elements Dy, , = ﬂéb)ém,y. In this way, the
left and right eigenvectors for R and W can

be simply put into correspondence with

R (remember that these three matrices, W, W, and R have

. . : ; (b)
the same left- and rlght—elgenvectors): the corresponding eigenvectors ¥, of the

(similarity transformed) symmetric matri-
ces D™'RD and D~'WD. Of course, the

Moo= A= 1: (2'32) set of all the W,gb) provides an orthonormal

Ak’ﬁ = 1+4+e\, (2.33) basis of RI€I (we mean orthonormal with re-

spect to the standard scalar product). The

where correspondence between the different eigen-
0= 5\1 > 5\1 > > 5‘|Q| > 9. (2.34) vectors goes as follows:

Hence, for € < 1/2; all the eigenvalues of W, are guaranteed
to be positive.

w(®)

v,(cb; = W,E ) (b and (’)k = ke

P = VAT
Ty

Continuous-time dynamics

In order to reach the continuous-time limit we need to make the parameter € in Eq. (2.29)
arbitrarily small. The first step is to take the limit in such a way that ¢/7q is a rational
number (remember that 7y defines our time unit)

t D
— == 2.35
qe@, (2.35)

7o
where p/q is an irreducible fraction (the irrational value of ¢/75 will be directly solved by
continuity in our final formulation). Consider a sequence of €, going to zero as

1
€ = —,

qr

reN. (2.36)

If we fix the number of time steps n, as
= Npr, (2.37)

we obtain that n.e, = Nt/7y, independently of . The factor N is introduced because we
are interested in a single spin-flip dynamics, so we want to work with an extensive number
of spin-flip attempts.

Notices that Eqs. (2.27) and (2.28) are independent of n, and ¢,. However, Eqgs. (2.24)
and (2.26) take the form

12

k>2
E.[A] = A+ o84 (1 + e )™ (2.39)

k>2
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The continuous time limit is reached by letting r go to infinity, so that €, goes to zero:

lim (1 + e A" = e NPlt/mo (2.40)

T—00

where we have taken care of the fact that the eigenvalues )\, are non-positive numbers. Fi-
nally, making the connection between R and R"® (and their respective for the eigenvalues),
we obtain

R"™ — NR, (2.41)
A = N). (2.42)

The final expressions for the probability or observable expectation value are

12|
PO = g0 Z e_|)"“|t/707kv,gb) ’ (2.43)
k>2
EfA] = EO[Al+ 3 o= ppteMelt/m (2.44)
k>2
where, recalling Eqgs. (2.27) and (2.28),
B = (OF1A),
a]in:O) — Z Pﬂ(}n20) O}g(ﬂ:) .
el

2.1.3 Understanding the observables evolution

Regarding Eq. (2.28), in situations where the system shows a separation of time scales
(i.e. |Aa2| < |As]), Eq. (2.44) gives rise to a hierarchy of physical magnitudes, with O}
having the slowest decay. If we find an initial setup such that aétzo) =0 —all 04,(::0) are
independent of the observable A under consideration— then, provided that £;' # 0, the
time evolution to the equilibrium of the expected value will show an exponential speed-up
(for an example of how to obtain an exponential speed-up in system without separation of

time scales see Chapter 3).

Notice that the starting probability P9 ¢odes the initial setup. This setup is not
restricted to an equilibrium state. Nevertheless, equilibrium states are easier to control
(e.g. experimentally), making them simpler to control. For instance, using an equilibrium
initial condition, the requirement for a speed-up would be met if we can find a temperature
T # T, (at which we previously equilibrate the system) such that o= = ET[O8] = 0.

To make it explicit, consider the system at temperature T'. After a long enough time,
the system is at equilibrium (this reasoning can also be applied to situations where the
first temperature does not reach equilibrium), so P9 — 2T When the thermal bath
temperature is changed to Tj,, for any observable A, the time evolution of the expected
value can be written (in the presence of time-scale separation) as

EP[A] = E®[A] + oy~ 5le M/, (2.45)
where
ozétzo) -y W?Oéb)(w) = ET[@éb)] ' (2.46)

e
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Notice that a prior knowledge of JET[OSD)] is not accessible, so determining the value of T
that guarantees agtzo) = ( is not an easy task. However, as it is detailed in Sect. 2.2, in

some situations, it is possible to force this behavior.

2.2 Experimental suitability

As the reader will have noticed, for a large number of states, the spectral decomposi-
tion (2.25) is not practical. In particular, identifying the slowest observable, O, may not
be feasible, or its experimental measurement may be difficult. Nevertheless, there are
more favorable situations.

Specifically, let us consider the neighborhood of a first-order phase transition at zero
temperature separating two ground states with different symmetries (see Sect. 2.3 for a
specific example). Let My, be the order parameter of the unstable phase (the suffix w
stands for wrong). If symmetries are such that E7[M,] = 0 for all T, then there are good
chances that (M2 )+ [remember definition (2.8)] will be a nice proxy for OF. Indeed, at
phase coexistence, slow dynamics are often caused by metastability [Par88]. Notice that
(M2)1 is the fluctuating part of M2 [see Eq. (2.9)], so it will have a zero expectation
value at equilibrium in the thermal bath temperature. Therefore, (M2 )+ agrees with the
behavior of O%: ET»[O8] = (1|O%) = 0. In other words, we expect that (M2 )+ is parallel,
or close to parallel, to Ob:
(MO
(M2)H|(M2) 52

with the scalar product defined in Eq. (2.6).

(2.47)

]

2
w

ET|

T T. T T T T, Ta Ty
Figure 2.1: Graphical explanation of the anomalous effects. (a) The Mpemba effect. (b)
Preheating for fast cooling. (¢) Asymmetry of heating and cooling processes.

The key property to produce unconventional dynamics effects
is that ET[M?2] is a non-monotonic function of 7', and there
is a bath temperature 77" such that ET[M?2] has a local
maximum (see Figs. 2.1 and 2.2).T Notice that the behavior
in Figs. 2.1 and 2.2 is general because E7[M?2] is proportional
to the susceptibility of M, with respect to its conjugate
field. This susceptibility goes to zero when T' — 0 because M, is the order parameter for
the unstable phase. On the other side, when the temperature increases, all susceptibilities
decrease. These imply that there is at least one local maximum of ET[M?2].

t If there were a physical argument
justifying the existence of a local minimum,

the argument would remain valid.
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2.2.1 Our basic observation

Take the spectral decomposition (2.25) for M2 when the starting distribution P9 g

the Boltzmann weight for some temperature 7% # T},. Under the just discussed conditions,
we can approximate the coefficient aétzo) as

T*TAA2] _ (D) AA2
of=0 o B MW Z ETIML] (2.48)

VIM2)H(M2)4)

where the denominator is only a constant fixed by the bath temperature.

Indeed, Eq. (2.48) is more general than it seems at first sight. In particular, it is not
necessary to achieve equilibrium at temperature 7%. In those situations, we can replace
ET"[M?2] by the expected value of M2 after evolving the system any time at temperature
T*, Ei—o[M?2] (we shall be changing the temperature of the thermal bath at time ¢ = 0).
This expected value is given by the probability distribution, P*=?, before changing the
temperature from T* to Ty,. This probability distribution P*=% may differ from the
equilibrium distribution, w7 .

2.2.2 Markovian Mpemba effect

Consider a thermal bath at temperature 7}, and two others temperatures, 7. (¢ from
cold) and Tj, (h from hot) such that T3, < T. < T},. These temperatures have been chosen
to have expectation values of M2 as shown in Fig. 2.1-(a). This situation forces that
all = 0 despite a§ > 0 [remember Eq. (2.48)]. In this situation, we take two systems at
equilibrium at temperatures 7T}, and T, and put them in contact with a thermal bath at
temperature T3,. For any observable A with 35! # 0 [see Eq. (2.27)] in the system originally
in equilibrium at 7" = T}, will experiment an exponential dynamic speed-up. Instead, the
system equilibrated at T' = T, will display a slower relaxation. In general, 7T}, will not be
such that ob will exactly by ol = 0, but Tj, will be close to the temperature where exact
equality is achieved.

Remark that situations where E(©)[A] is closer to E®[A] than E™[A] will produce a most
spectacular Mpemba effect because the difference

AJA = —(EM[A] - EF[A) (2.49)

1
N
will change sign.

Let us finally mention that the above explanation is also valid for the inverse Mpemba
effect [LR17]. This phenomenon refers to situations where two identical systems in
equilibrium at temperatures T.,q and Ty, such that T, < Tj, are putting in contact
with a hotter than both thermal bath at temperature 7;,. The inverse Mpemba effect
occurs when the system at temperature T,.q reaches equilibrium before the system at Ti,.;.
However, due to the rapid thermalization at high temperatures, the relaxation times are
shortened and become similar to each other. This makes it difficult to observe the inverse
Mpemba phenomenon, as it requires a higher degree of precision.



2.2 Experimental suitability

2.2.3 Preheating for a faster cooling

Previous works, such as those of [LR17, GR20] for systems with separation of time scales,
or the one explained in Chapter 3 for systems without time scale separation, propose
pre-cooling protocols to produce faster thermalization at high temperatures. Specifically,
take a system from equilibrium at temperature T, and cool it down to a temperature

T, < Tp. After some time ¢, put it in contact with a thermal bath at temperature T3, > Tj.

This evolution can make it thermalize faster than a system that evolves freely from T to
Ty, directly (see Chapter 3 or reference [LR17]). We shall consider, instead, the inverse
situation, i.e., whether pre-heating a system to a temperature 7, > Tj [as shown in
Fig. 2.1-(b)] can be used to accelerate the dynamics to equilibrium at temperature T3, (as
compared to a system originally equilibrated at temperature Ty, that is suddenly placed
in a thermal bath at T3,).

Notice that, for both protocols (pre-cooling and pre-heating), the exponential acceleration

is achieved by setting the agtzo) term to zero. Eq. (2.48) gives us a direct way to do so,
independently of the protocol considered.

As said above in this chapter, we focus on a pre-heating protocol. To amplify the effect, we
chose Ty close to the maximum of ET[M?2], so that as® " will be as large as possible, cf.
Eq. (2.48). In addition, we chose T, > Tj so that EMW[M2] > E@[M2], see Fig. 2.1-(b).
In this situation, after changing the bath temperature from 7j to T, the expected value
of M2 decreases from its initial value E?°[M2] and, at some time t', crosses E(®)[M?2].
From Eq. (2.48) it follows that if we instantaneously lower the bath temperature from T
to T}, at time t, ~ t' (where p comes from pre-heating), the relaxation at 7}, will start

with oz;p = 0. This ¢, time overhead is compensated by the exponential speed-up at Ti,.

For a better illustration of the phenomena, see Sect. 2.3.2, we introduce the convenient
estimator

A = (B ~ EPA) (2.50)

what quantifies how far from the equilibrium is the system at time .

2.2.4 Heating and cooling may be asymmetric processes

Naively one would think that two systems at temperatures T4 and Tz, equidistant from a
third temperature T, should need the same time to equilibrate at T. Another situation
where it is normal to expect to the same equilibration time for different processes is the
thermalization of a system that goes from T4 to Tz and the inverse process, i.e. going
from Tz to Ty. However, recent works [LLG20, IDL 23] have shown that these expectations
do not hold for out-of-equilibrium dynamics.

In order to explain these surprising effects, we focus on the second example, where process
Tp — T4 is faster than its counterpart T4 — Tp [see Fig. 2.1-(c)]. Unlike previous cases,
where the value of ozgtzo) is the key for explaining the behavior, here the values of ai? 74
and a2 "5 are numbers of similar magnitude but opposite signs. Hence, the main open
possibility to obtain a different equilibration speed in the relaxation process is the largest
relaxation time 1/|\2| in the system. Notice that the value of the eigenvalues )\ of the

evolution matrix RH® are dependent on the bath temperature [see Eq. (2.18)]. Therefore,
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the values of )\gTA) and /\gTB), which dominate the relaxation process, will be different in
general. This is the origin of the asymmetry as we explain next.

To amplify the effect, let us consider the maximum of E®)[M?2] at temperature T in
Fig. 2.1. In this situation, it is natural to expect that the relaxation time 1/|As| will also
attain its maximum value (remark the relation between slow dynamics a metastability
exhibit at phase coexistence [Par88]). Under these conditions [recall Eq. (2.45)] and
because A is independent of the observable under consideration, it is faster to reach
the equilibrium expected value when the system goes from T to T4 than when the
temperature is changed from T4 to Tg.

However, the energy is an important exception. But the underlying reason is the fluctuation-
dissipation theorem, that can be written as
dET M)

T e (M)HE), (2.51)

where £ is the energy operator. On the one hand, the L.h.s of Eq. (2.51) is zero for T}, = T
because there is a local maximum of ET[M?2] at that temperature. On the other hand, the
r.h.s term in Eq. (2.51) is approximately equal to 5§ [recall that (M2)+ ~ Oéb)]. Thus,
the approach to equilibrium of £ at T is ruled by A3 rather than A\, which makes it very
difficult to predict which will be the fastest process for the energy.

2.3 The antiferromagnetic 1D Ising model

This section provides a working example that illustrates the surprising phenomena that
have been explained in Sect. 2.2. The model we consider is the antiferromagnetic 1D
Ising model with N spins s; = +1, 1 < ¢ < N, and periodic boundary conditions
sy11 := s1. The configuration space is given by Q = {—1,1}"¥. The energy for a given
spin configuration & = (s1, Sq, S3, ..., Sn) is given by the Hamiltonian (1.4) with coupling
constants J; j; = J < 0 and external field h > 0

N
H(il?) = —JZ SkSk+1 — h Z Sk - (252)
k=1 k=1

We take N even to avoid frustration in the system. The line 2J 4+ h = 0 separates two
different minimum-energy configurations. If J > —h/2, the ground state (GS) is the
uniform configuration {s; = 1}. Instead, if j < —h/2, the GS is one of the two ordered
staggered configurations {s; = (—1)"} or {s; = (—1)"*'}. We see that this model realizes
the first-order transition at T=0 required to demonstrate exotic dynamics.

The order parameters that discriminates our GS are the uniform (M,) and the staggered
(M) magnetizations:

./\/lu(zc) = kz_: Sk (253)
Mg(x) =Y (=1)*s),. (2.54)
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In the uniform GS, M, = N and Mg = 0, while for the staggered GSs one finds M, =0
and Mg = £N. The energy &£, which is given by the Hamiltonian (2.52), is invariant

under spatial translations (s; — s;11) which ensures that ET[Mg] = 0 for all temperatures.

This is the preferred situation explained in Sect. 2.2. Therefore, we make stable the
uniform GS by choosing (J, h) = (—4,8.2) in order to use as our wrong order parameter
the staggered magnetization, i.e. My, = M. Other magnitudes of interest will be the
staggered susceptibility

1
Xst = NET[MEJ ; (2.55)
and the spin-spin interaction
N
Ci(x) = Z SkSkil - (2.56)
k=1

Notice that all the observable magnitudes considered here are invariant under spatial
translations. Also our dynamics, see Eq. (2.1), preserves the translational symmetry
of the starting probability P"=%. Therefore, the spectral decomposition in Eq. (2.25)
can be restricted to the subspace of magnitudes O} that are themselves invariant under
translations.
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Figure 2.2: Validation of (M2)" as a proxy for the slowest decaying observable OY. (a) xs
as computed for N — oo as function of the thermal bath temperature T, see Eq. (2.62). The susceptibility
has a maximim at 7} ~ 4.15. The curves for N = 8 and N — oo are hardly distinguishable at this scale.
(b) For N = 8, the cosine of the angle between (M?2)+ and O} is close to 1 for a wide range of bath
temperatures. OF is obtained by exact diagonalization (see Appendix C). The colored dots in (a) and (b)
indicate the three temperatures that we mostly use to demonstrate unconventional dynamics.

In Fig. 2.2(a) we show the temperature evolution of x4. As we expect from the general
discussion, we can confirm that the staggered susceptibility is non-monotonic. Moreover,
Fig. 2.2(b) shows that that the angle (defined by Eq. 2.6) between the slowest decay
observable O and the fluctuations of M2, namely (M2)*, is small. Therefore, the

conditions necessary for the existence of exotic dynamics are met with our working
parameters.
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2.3.1 Exact expectation values

One of the reasons for considering the one-dimensional Ising model with external magnetic
field is that it allows us to obtain analytically the temperature dependence of the different
observables studied in this chapter, see Eqs. (2.52)-(2.56), for a system of N spins. In
particular, using the transfer matrix formalism (see Appendix B for details) it is possible
to derive the free density energy (for N even):

1 A
Fy=1 —log |1 — 2.
N og)\++N ogl + <>\+>] (2.57)

where Ay are the respective eigenvalues of the transfer matrix (see Appendix B). Now,
introducing the notation K = J/(kgT') and H = h/(kgT'), and the ratio

A cosh(H) — \/6*4K + sinh?(H)
K H) = 2= = , 2.58
W ) A+ cosh(H) + \/e*‘“{ + sinh?(H) (259

we can calculate the temperature dependence of any observable from the free density
energy. In particular, the uniform magnetization

sinh(H ) 1— N

M, = ) (2.59)
\/e*“( +sinh?(H) 1+
and the spin-spin interaction is
: h2 H 1 N—-2
€= ) 1+y R (2.60)
e~ 4K + sinh*(H) 14+ 9N 1+ e*® sinh”(H)
From these results, we can calculate the system energy as
E=—-JC; — hM,. (2.61)
Finally, the staggered susceptibility has the expression
6_4K 1—2 N
Xst = Ld (2.62)

cosh(H) \/6_4K +sinh?(H) 1+ PN

2.3.2 Results

We have studied single-site dynamics (Heat Bath dynamics or Gibbs sampler [LP17, Sok97]).
For short chains (N = 8,12), we solved the Master equation (2.1) in two ways: through
Monte Carlo (MC) simulations, and by finding the “exact” spectral decomposition of the
operator R (strictly speaking, we compute the spectral decomposition of R using 300-digit
arithmetic). Both computational methods are explained in detail in Appendix E. The
results support the proposed approach for small N with a full agreement between both
methods. However, for larger chains (N = 32) we have only used a MC method (because
the numerical diagonalization is hardly accesable —see Appendix C for a discussion), which
validates our proposal as well. Let us mention that we have found statistical compatibility
for N =12 and N = 32.
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Our simulation setup

In our MC simulations we generate a large number of statistically independent replicas,
S = 2.4 x 10°. Along each trajectory we consider M, xs, and C;. We select a priori a
mesh of measuring times {t("), ..., t™)}. For each of this times ¢*), and for each trajectory
r, we obtain the corresponding value

Ay = Al (™). (2.63)

™ (t*) is the configuration of the r-trajectory at time ¢t*). The expected value E,u[A]
is estimated as

1 S
Eym[A] = 5 > Aiyr s (2.64)
r=1
while the errors for these expected values are computed in the standard way
BEw A = | 3 (A — By A (2.65)
t(k) - S(S - 1) —~ k},’l” t(k) . .

All our replicas contain a preparation step and a measuring step. In the preparation,
the initial configurations are chosen randomly with uniform probability (equivalent to
infinite temperature). Hence, the dynamics explained in Appendix E is followed at the
initial temperature for a time long enough to ensure equilibration. Then, one (or more)
temperature jumps are performed by changing the thermal bath temperature in Eq. (2.18),
while taking as the initial configuration the final configuration at the previous temperature.
Table 2.1 summarizes relevant details about our simulations.

Simulation T, (T7,) Size Trajectories Time

15177 — 1 8,12,32 | 2.4 x10° 10
415 =1 8,12,32 | 2.4 x10° 10
1 15.177 812,32 | 2.4 x 109 10
4.15 — 15.177 8,12,32 | 2.4 x10° 10
15.177 — 4.15 8,12,32 | 2.4 x10° 8
1 —4.15 8, 12,32 | 2.4 x10° 8

4.15 — (2000) — 1 | 8,12, 32 2.4 x 10° 10 (0.156)

Table 2.1: List of simulations. Columns: (I) Bath temperatures used in each case simulated.
Parentheses indicate the temperature used during the first step in the preheating protocol. (II) Number of
spins in the chain. (IITI) Number of independent trajectories, or replicas. (IV) Time length in units such
that 79 = 1. Parentheses indicate the time in contact with the first thermal bath during the preheating
protocol.

Markovian Mpemba effect

Fig. 2.3 illustrate the Mpemba effect for all the observables introduced above (i.e. £, Cy,
M2, and M, ). We have obtained the result with T3, = 1, T, = 4.15, and T;, = 15.177, for
N = 8,12, (data from exact diagonalization) and 32 (data from MC). We represent the
time evolution of A;[A] [cf. Eq. (2.49)]. Notice that a change in sign on A;[A] (marked
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by a dot in Fig 2.3) implies a crossing between E"[A] and E°[A]. Remark, there is no

crossing for M2, which is expected because we prepared our system so that E}[M?2] goes

exponentially fast w.r.t. ES[M2]. Hence, the negative sign in Fig. 2.3(a).
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Figure 2.3: Mpemba effect as obtained with T}, = 1, T, = 4.14, and T}, = 15.177. Evolution of
A[A] [cef. Eq. (2.49)] for the observables A = £ (a), A =C; (b), A = M2 (c), and A = M, (d). We
show the results for N = 8 (blue), N = 12 (red), and N = 32 (purple, with a lighter shade representing
the error bars of the MC data). The time at which A;[A] changes sign is marked by a colored dot.

Preheating for faster cooling

We compare the usual protocol (blue and green in Fig. 2.4) against a preheating protocol
(red and purple in Fig. 2.4). In the former, we start with a system in equilibrium at
temperature Ty = 4.15, and we let this system evolve with a bath temperature 73, = 1. In
the two-step protocol, we start again at Tj, but we first let the system evolve with a bath
at temperature 7, = 2000 up to ¢ = ¢, = 0.156. At this time we put the system in contact
with the bath at temperature 7},. All the panels in Fig. 2.4 show the expected speed-up
for the preheating protocol, although in the case of the energy [see Fig. 2.4(c)| the error
bars for N = 32 are probably too large to draw a definitive conclusion.

Heating and cooling may be asymmetric processes

Finally, we have the asymmetry between cooling and heating. We have chosen Ty = 1
and Tp = 4.15 = T* (left panels in Fig. 2.5) for a first experiment, and T4 = 15.177
and T = 4.15 (right panels in Fig. 2.5) for a second experiment. Notice, that 7 is the
temperature at which the staggered susceptibility x4 attains a maximum [see Fig. 2.2(a)].
Therefore, since 1/|\y| reaches its maximum value at this point, it will always be slower
to reach equilibrium for 7™ than other temperatures. This phenomenon can be seen for
the M,, My, and C; in Fig. 2.5. However, the behavior of the energy is the opposite:
it is faster to equilibrate at temperature Tg = T*. This phenomenon, as explained in
Sect. 2.2.4, is due to the fact that 55 ~ 0.
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logy(0¢[C1])

log (8¢ [M.])

Figure 2.4: Preheating strategy for faster cooling with Ty, = 1, Ty = 4.14, and T, = 2000.

Evolution of §;[A [cf. Eq. (2.50)] for the observables A = € (a), A=C; (b), A= M2 (c), and A =M,
(d). Colors red and purple (resp. blue and green) denote that the protocol includes (resp. does not
include) an initial quench at temperature T,. We show data for N = 8 (dashed lines), N = 12 (solid
lines), and N = 32 (solid lines width lighter shade representing the error bars of the MC data).

2.4 Conclusions

We have demonstrated that the “weak form” of Markov dynamics provides a unified
geometric framework for understanding and controlling various exotic dynamic effects in
the realm of the Mpemba effect. Our approach differs from prior work, which typically
prioritizes the “strong form” of the dynamics by tracking the evolution of the entropy of the
system (or, more precisely, some type of entropic “distance” such as the Kullback-Leibler
divergence [KL51]). We consider, instead, different physical observables, some of which
can be measured at the mesoscopic level.

Our geometric approach has not only allowed us to explain the Mpemba effect, but our
formalism has also allowed us to propose (and test) a protocol to accelerate the dynamics
through preheating. In the same way, we could verify that it is possible to find observables
that are unaffected by this acceleration due to an orthogonality phenomenon. Hence, one
cannot have too short a spectrum of observables when investigating the Mpemba effect.

Finite-size effects on the separation of time scales are also of concern because it is this
separation that determines the attainable exponential speed-up. Fortunately, we have
found that the speed-up depends very mildly (if at all) on the system size. However, in
the following chapter, we consider the case of a system without scale separation, studying
the possibility of obtaining an exponential acceleration through a protocol that exploits a
different physical mechanism.

Finally, we emphasize that our novel method can also be applied to other systems where
anomalous relaxation and non-monotonicity of equilibrium thermodynamic observables
have been observed, as reported in previous studies [IDL 23, GR20, KB20].
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logy0(0:[€])

logy(0¢[C1])
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Figure 2.5: (A)symmetry in heating and cooling. Evolution of §[A [cf. Eq. (2.50)] for the
observables A = &€ (a, b), A=C; (¢, d), A= M2 (e, ), and A = M, (g, h). In each panel, we depict
cooling (blue and green) and heating (red and purple) processes. We show the results for N = 8 (dashed
lines), N = 12 (solid lines), and N = 32 (solid lines, with a lighter shade representing the error bars of the
MC data). The cooling and heating processes were carried out between: (a, ¢, e, g) T4 =1 and T = 4.15;
and (b, d, f, h) T4 = 15.177 and Tp = 4.15.



Accelerating out-of-
equilibrium dynamics

Slow growth of magnetic domains As it is mentioned in Chapter 2, nonequilir-
helps fast evolution routes for bium relaxation processes have generated great
out-of-equilibrium dynamics interest in the last decades, where the promise
1. Gonzdlez-Adalid Pemartin, E. Mompd, of reducing the relaxation times has been the
A. Lasanta, V. Martin-Mayor, J. Salas main objective. In this scenario, it is normal
Phys. Rev. E 104, 044114 that the counterintuitive phenomenon such as
https://doi.org/10.1103/PhysRevE.104.044114 the Mpemba effect [MOG9] have stirred consid-

erable attention. Indeed, we now understand

which are the general conditions allowing for
faster cooling , or heating, in Markovian system [LR17, KRHV19] —such as the consid-
ered in Chapter 2—, granular matter [LVRPS17, TLCnL"19], spin glasses [BJCC™19],
water [GLH19], quantum Ising spin model [NF'19], and very recentrly the generalization to
Markovian open quantum systems [CLL21].

On this line, [GR20] have designed a new strategy for systems with timescale separation, in
which precooling the system results in a faster heating. On the other hand, in Chapter 2 we
develop a similar strategy to obtain a faster cooling process through an excursion to high
temperatures. However, the success of this protocol is based on the capacity to cancel the
slowest-decay relaxation modes, which is only possible for system with timescale separation.
Yet, for some systems timescale separation is not possible, think of a second-order phase
transition where critical slowing down [Par88, ZJ05] evidences a continuum of timescales
[see e.g., Eq. (3.2) below]. Under these circumstances, unraveling the machanism that
drives the dynamics is the key to potentially control the evolution.

In this chapter we show that growth of the ordered magnetic domains when the sys-
tem enters the symmetry-broken phase [Bra94, ABCS07, Bin87] allows to control the
relaxation time. In particular, the relevance of the domain growth for the dynamics slow-
down in spin glasses is now clear [MPRLR96, BB02, BCC08a, BJCCT17b, BJCCT17a,
BJCCT18, ZPBJ 20, PZBJ 21, BJCCT23, PZBJ23]. Here, we study the ferromagnetic
two-dimensional Ising spin model through numerical simulations. We develop an unex-
plored out-of-equilibrium heating protocol, in which the bath temperature starts below
the critical temperature and is later heated above the critical point. We find that this
excursion to the ordered phase induces a speed-up in the energy evolution of the system,
which is due to an acceleration of slow domain-growth process.

The rest of the following chapter is organize as follows: In Sect. 3.1 we discuss the model
and the basic parameters of our simulation setup. Sect.3.2 we study the isothermal
equilibration protocol, while in Sect. 3.3 we consider a two-steps protocol to accelarate
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the thermalization. We measure and compare the real speed-up for different two-steps
protocol setup. Finally, in Sect. 3.5 we summarize the main results of this chapter.

3.1 Model

In this work, we consider the well-known ferromagnetic Ising model in two dimen-
sions [MW73], defined by the Hamiltonian

H=—-J Z SiSj (31)
(i.7)

where the spins s; = £1 occupy the nodes ¢ of a square lattice of linear size L x L with
PBC. The system is in contact with a thermal bath described by the (dimensionless)
inverse-temperature 8 = J/(KgT), with J=1 energy units. As demonstrated by [Ons44],
a second-order phase transition at . = log(1 + v/2)/2 separates the paramagnetic phase
at # < (., from the ferromagnetic phase at § > f..

As it was demonstrated by [Ons44], the system correlation function, C'(7;t) (as defined
in Eq. (1.38)), gives the relevant information —for our purpose— of the system. In
particular, we focus our attention on the energy density F/(t) —accessible through the
relation E(t) = —2C(7in; t), where i = (0,1) [or (1,0)]— and the coherence length
&(t), computed from space integrals of C(7;t) [BCCT08b] [see Sect. 1.4.2, and Appendix G
for more details about the space integrals of C'(7;¢)]. We have used Ng = 256 independent
trajectories or replicas —except for a few exceptions collected in Table 3.1— for the
thermal average used in the correlation function estimation (see Sect. 1.4.2 for more
information about the computation of thermal averages).

We use the energy density as a thermometric quantity [BJCCT19] (i. e. as a measure of
how far the system is from equilibration) for which the equilibrium values E.q = E(t — 00)
is given by the exact result [Ons44]. On the other hand, the coherence length, which
corresponds with the typical linear size of the ferromagnetic domains (it should not be
confused with the correlation-length &, related to the spatial range of the correlations in
a domain —see Sect.1.4.2 for a extended discussion about both quantities), is the quantity
used to understand and drive the dynamic acceleration in the proposed two-steps protocol,
explained in Sec. 3.3.

Finally, we consider simulating two dynamical rules for the

Remember that Metropolis and Heat Bath model: Metropolis (MET) and Heat Bath (HB) algorithms
dynamics are characterized by the proba- (see, e.g., [Sok97, LBO5] for more details). Both dynamical
bility, p, to allow a spin-flip with an energy rules are described by the so-called model A dynamic uni-
g versality class [HH77], which is characterized by the absence
puver(AE) = min{l,e 2F/T}, of conserved quantities. The system size in our simulations,
o—AB/T L = 4096, is large enough to ensure the thermodynamic

pu(AE) = 1+ e AE/T limit has been reached. We consider the usual time step

definition as a full-lattice sweep [Sok97]. We implement a

multispin MUIti-Slte coding [FMM15], for the square lat-
tice [FMMM™19] (see Appendix D for a complete description), as well as an efficient way,
adapted to the high temperatures of this work, for generating the random numbers needed
in the simulation (see Appendix F for a detailed description).



3.2 Isothermal equilibration

16 Protocol information Nr
0.435 Isothermal 1536
0.4378 [sothermal 4096
0.4378 | from fBgiare = 0.46 with &gare = 120 | 1024

Table 3.1: Number of independent trajectories, or replicas, simulated for each thermal
bath and protocol. The data not contained in the table uses Ng = 256. The first column summarizes
the target inverse-temperature where the equilibration is wanted. The second column contains the relevant
information on the thermalization protocol used for thermalization. In particular, only the last row
corresponds to a two-steps suggested protocol.

3.2 Isothermal equilibration

As was mentioned in the introduction of this chapter, this work tries to unravel the
mechanism that drives the dynamics. In addition, we want to develop a thermalization
protocol that exploits this mechanism to reach the equilibrium faster. Particularly, we
center our attention on the paramagnetic phase. To achieve these objectives, we first need
to study the isothermal (usual or natural) equilibration. Thus, we consider a one-step
thermalization protocol, where a fully disordered spin configuration (corresponding to
infinite temperature) is put in contact with a thermal bath at inverse-temperature /3, at
the initial time ¢ = 0.
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Figure 3.1: Coherence length ¢ as a function of the time ¢, as computed with Metropolis
(MET) and Heat Bath (HB) algorithms for an isothermal protocol and several values of 5 (the width
of the curves is twice the statistical error; 8 increases from bottom to top).Only in the paramagnetic
phase, 8 < 8. =~ 0.44068679, the coherence length reaches its equilibrium value at long times. In the
ferromagnetic phase £(t) o< v/t at long times (dashed line). Inset: Comparison of the HB and MET
dynamics in the paramagnetic phase. Although £(t) grows significantly faster for MET, the equilibrium
limit at long times is the same for both dynamics.
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Under these conditions, the behavior of the system in the two phases is very different,
see Fig. 3.1. On the one hand, in the paramagnetic phase (3 < 3.) both £(t) and E(t)
approach exponentially their equilibrium value [Par88, FMMM™19]:

O(t; 8) = Opsua(B) [1 _ /ITB po(r, B) et dr| | (3.2)

where O(t; 5) refers to E(t;5) or &(t;8) and po(T,3) is a
continuous distribution of autocorrelation times 7 (remember
that time scale separation is not possible at a second-order
phase transition due to the critical slowing down [Par88,
7J05]).T The cut-off 75 (which corresponds to the largest
timescale that diverges at the critical point) guarantees an
exponential decay, exp(—t/73), for the finite-time corrections.
On the other hand, in the ferromagnetic phase, the domains
grow as & ~ /t [Bra94] until ¢ ~ L (dashed line in Fig. 3.1),
so the largest timescale exists in the ferromagnetic phase
only as a finite-size effect.

t Near a critical point, fluctuations become
very large. This slows down the rate at
which the system relaxes to equilibrium
because even small changes in the system
remain for a long time. As a result, the
different relaxation time scales approach a

continuum.
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Figure 3.2: Energy density E(t) from our isothermal protocol as a function of 1/£(¢) in the
ferromagnetic phase, as computed for 8 = 0.6, 0.48, and 0.46. In this representation, and for a given g3,
our Metropolis (MET) and Heat Bath (HB) data fall on the same curve. The dashed lines are fitted to
E(t; 8) = Eeq(B) +bs/&(t; B) (the only fitting free parameters are the slopes bg, remember that Eeq(3) is
given by the Onsager solution) [Ons44]). We only show the fits for £(¢) larger than the maximum value
reached in each simulation. Error bars in the y-axes are smaller than the symbols.



3.2 Isothermal equilibration

Concerning to the energy evolution, in the ferromagnetic phase (excluding fast initial
relaxations) its relation with £(¢) is well known [Par88]. This relation can be directly
shown if we consider the space divided in (L/¢)” magnetic domains (notices this assume
a non-fractal surface of the magnetic domains). Each magnetic domain while have, on
average, an energy

Eq = Eeq(T)SD + A(T)SD_l ) (33)

where the first term is the internal energy, and the second is a boundary term, which
represent the energy accumulation at the boundaries of the magnetic domains. Therefore,
the total energy of the system is

A(T)

E(§) = Eeo(T) + e (3.4)

This behavior is shown in Fig. 3.2. Surprisingly, the results for the paramagnetic phase
reveal that this relation extends to the paramagnetic phase (see Fig. 3.3), with an important
exception. Close to equilibrium, the energy is not affected by the magnetic domain growth,
which is shown by the null slope at the equilibrium limit.
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Figure 3.3: Energy density E(t) from our isothermal protocol as a function of 1/£(t) in
the paramagnetic phase, as computed for § = 0.4378, and 0.435. In this representation, and for a
given 3, our Metropolis (MET) and Heat Bath (HB) data fall on the same curve. The solid horizontal
lines are the exact Onsager solution [Ons44]. Error bars are smaller than the symbols. The null slope at
equilibrium implies that the growth of the magnetic domains does not modify the energy.

The clear relation between the density energy F(t) and the coherence length £(t) suggests
that this relation could be exploited as a way to achieve faster equilibration. To obtain this
speed-up, we propose to use the faster growth of the magnetic domains in the ferromagnetic
phase (see Fig. 3.1) to drive the energy equilibration in the paramagnetic phase. This idea
corresponds to a two-step protocol, in which the system is in contact with a thermal bath
at inverse-temperature 5 > 3. (in the ferromagnetic phase) before the thermal bath is
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changed to the paramagnetic phase (f < (3.). The complete analysis of this protocol is

explained in Sect. 3.3.

3.3 Two steps protocol: Canceling largest time cor-

rections
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Figure 3.4: Time evolution of the coherence
length in the paramagnetic phase for an isother-
mal protocol for Metropolis (MET) dynamics.
Data for 8 = 0.435 are multiplied by the scale factor
(8. — 0.435) /(8. — 0.4378) to show the compatibility of
both equilibrium data, showing that we are in the scal-
ing region. Let us remark, for late reference, the value
€end = 135(2) for the long-time limit at § = 0.4378.

In contrast with the isothermal evolution (one-
step protocol) studied in Sect. 3.2, our two-step
protocol uses an excursion to the ferromagnetic
phase to control, in some way, the speed of the
equilibration in the paramagnetic phase. The
complete protocol consists of introducing a fully
disordered spin configuration (equivalent to in-
finite temperature) in a thermal bath in the fer-
romagnetic phase, Ogart > [Se-
herence length £(¢) (which is the driver of the
speed-up) reaches a target value &gar, the bath
temperature is instantaneously raised to enter
the paramagnetic phase B.nq. This moment cor-
responds with our initial time ¢ = 0. Notice that
it is acceptable that &, may be larger than
Eend = £(— 00; Pend). Let us remark as well that
a one-step protocol with § < f. is a particular
case of a two-step protocol with &gy = 0 and

Bend = 6
We take [eng = 0.435 and 0.4378, where &g is

When the co-

very large, but the equilibrium limit is still reachable for us (remember the horizontal line
for both dynamics in the inset of Fig. 3.1). The two [enq are close enough to the critical
point to be in the so-called scaling region as it is shown in Fig. 3.4. Under these conditions,
the product (5. — Benq)Eenda remains constant as [enq approach the critical point [MW73]
(see Fig. 3.4). This behavior holds because the coherence length and the correlation-length
coincide in the paramagnetic phase, and the value of thermal critical exponent, v = 1.
In addition, this result assures the scale independence of the following discussion and
supports the universality hypothesis for the whole model A dynamics.

Based on Eq. 3.2, it is straightforward to show that once

t In the paramagnetic phase, and close
enough to the critical point, the theory
preditcs

oLt
|/3_ﬁC|V’

with critical exponement v = 1 for the 2D

gL—mo(ﬂ)

Ising model.

the system is introduced into the paramagnetic phase, the
difference in energy density to the equilibrium value must
evolve at long times as

E<t) - Eeq - A(gstart)e_t/m 5 (35)

where the amplitude A depends on the initial value of the
coherence length (the isothermal evolution is recovered for

&tart = 0), as seen in Fig. 3.5. The most remarkable result
shown in Fig. 3.5 is that A decreases until it changes sign
as the initial coherence length of the system increases. This suggests that there must
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S arts Sart) = 0, which would result
in an exponential acceleration of the thermalization process of the system. Notices the
independence of Ssart for &« shown in Fig. 3.5 However, due to statistical errors, it has
not been possible to determine this value of £, ; with high accuracy.

be a value of the coherence length, & for which A(&
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Figure 3.5: Excess energy E(t) — Foq vs exp(—t/75), as obtained with Metropolis dynamics.

(a) Data for Bstart = 0.46 and Beng = 0.435, as computed for several values of &art. (b) Data for

dart = 39.5 and fSena = 0.435, as computed for several values of Sstart. (c) As in panel (a), for

Bstart = 0.46 and SBeng = 0.4378. (d) As in panel (b), for £, .. = 78 and Bena = 0.4378. The equivalent
results for the Heat Bath dynamics are available in [GAPMLT21].

Our strategy to estimate £, , consists of taking different values of .yt close to our initial
guess for & .., obtained from Fig. 3.5 (MET). After that, using the Ansatz in Eq. (3.5),
we estimate A(&gart) through a fit with 75 fixed. We obtain previuosly the value of 75 by
fitting our most precise data, namely, that with &y = 0 (i. e. data from the isothermal
evolution with § = 0.4378), to the same Ansatz in Eq. (3.5). We use as a fitting window

the interval 0 < exp(—t/75) < 0.2.
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*

With these results, we find an interval (£3,., &qare) Where &%, is contained (see Tables 3.2
and 3.3). In order to determine the value of £, (resp. &iare) We impose A to be the
closest to zero positive (resp. negative) value, clearly bigger (resp. smaller) than zero (i. e.
larger in absolute value than twice its statistical error).

(a) Metropolis (b) Heat Bath
Sstart A X 10T JA|/AA | Eare A X100 JA|/AA
37 10.6(18) 2.9 36 13(2) 6.5
305 0.8(20) 04 |395  3(2) 1.5
42 —46(18) 2.6 | 50 —26.3(19) 13.8

Table 3.2: Values of A(&tart) obtained with SBstars = 0.46 and Bena = 0.435 form the
Metropolis (a) and Heat Bath (b) dynamics. AA is the statistical error obtained from the fit to
Eq. (3.5). The value of 75 used to fit these data are 433(14) for Metropolis, and 1470(50) for Heat Bath.

(a) Metropolis (b) Heat Bath
Cotare A X 10" |A|/AA | &y A x 100 |A]/AA
0 5(2) 25 | 70 9(2) 45
79 —2(2) 1815 —1(3) 03
87 —50(19) 26 | 92 —8(3) 27

Table 3.3: Values of A(&gars) Obtained with SBsgary = 0.46 and fBeng = 0.4378 form the
Metropolis (a) and Heat Bath (b) dynamics. AA is the statistical error obtained from the fit to
Eq. (3.5). The value of 73 used to fit these data are 2000(100) for Metropolis, and 6500(300) for Heat
Bath.

6end = 0'435 /Bend = 0.4378
MET HB | MET HB
10(3) 43(7) | 79(9) 81(11)

Table 3.4: Values of ¢, estimate for the Metropolis (MET) and Heat Bath (HB)
dynamics. We use f[gtart = 0.46, but as it expected, the behavior in the paramagnetic phase is
independent of how deep in the ferromagnetic phase the system is prepared (i. e. independent of SBgtart,
see Fig. 3.5). The center value and its error are obtained from the semi-sum and the semi-difference of
the extreme values from Tables 3.2 and 3.3.

We determine &7, . as the average of £, and iy, and its error as the semi-difference
(see Table 3.4). As expected, the results are independent of the inverse-temperature Sggart
of the preparation bath in the ferromagnetic phase (see Fig. 3.5). The final results for

& . are statistically compatible for both dynamics (see Table. 3.4).

Notice that these results for £%, , scales as the equilibrium coherence length &ena [ena(0.435)
69(1) and &.,q(0.4378) = 135(2)], i.e. as 1/(Bc — Pena). This correct scaling and the inde-
pendence of Sy for £, ¢, are distinctive features of universality. In fact, we speculate
that the scale-invariant ratio that we find for the Metropolis dynamics,

g:tart

lim STt — (.50(7) (3.6)
B—B: Eend



3.4 Measuring real speed-up

will be common to all models with scalar order parameter in the model-A dynamic
universality class [HH77]. Our results for the Heat Bath dynamics are consistent with this
speculation.

3.4 Measuring real speed-up

We have verified the possibility of obtaining an exponential acceleration by forcing the
system to reach a value £, . by entering the ferromagnetic phase. In order to compare
both processes (i. e. the isothermal and two-step protocols), we need to consider the
total time, tiota: the time that the system spends at both inverse-temperatures [g..¢ and
Bena- On the other hand, in order to adjust the parameters of the protocol, we need to
define the time it takes the system to reach equilibrium we need an operational definition
because strictly speaking, recall Eq. (3.2), equilibrium is never reached]. To do this, we
have defined the equilibrium time, tg('ll%, as the last instant at which the energy density of
the system is not within 0.1% of the equilibrium value. This definition corresponds to the

last time the energy density goes inside the interval [1.0001E,, 0.999E,,] (see Fig. 3.5).
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Figure 3.6: Energy density as a function of the total time t;ta1 €lapsed since the beginning

of the two-step protocol. Data computed with the Metropolis dynamics for fstart = 0.46 and
Bend = 0.4378. We represent different values of &gtart, increasing from top to bottom. The width of
the curves is twice the statistical error. The horizontal lines correspond to E.q and the 0.1% band.
Inset: Coherence length during the two-step protocol (Bstart = 0.46, Bena = 0.4378) as a function of
the time ¢ elapsed since the temperature changed. We show data for £X0Vacs ~ 7.92 (lower curve), as
well as for &ary = 50 (upper curve; this value yields the minimum equilibration time; see Fig. 3.7. The
equivalent results for the Heat Bath dynamics, which are very similar except for the time scale, are
available in [GAPML™21].

Consider the situation with &ar > &,y and where A(&garg) < 0. The energy density

tends to equilibrium from below. Nevertheless, with Egpary < 5, the value of A(&yare) > 0,
and the equilibrium is reached from above. In this range, the value oy = 5972 defined

53



54 3 Accelerating out-of-equilibrium dynamics

as the coherence length at B, that produce F(£5V; B ) = Feq(Bena) (recall Eq. 3.4
—this is the situation to study the Kovaks effect [BB02, KAHR79]), has an important
role: if gfovacs < ¢ < &4, the energy of the system at the change in temperature is
lower than E., (because the larger coherence length, the lower energy, as it is shown in
Fig. 3.2). In this situation (initial energy smaller than E., and approximating equilibrium
from above) E(tota1) cannot be a monotonic function of the tio. In fact (see Fig. 3.5),
the energy density for gfovacs < ¢ < &% presents a local maximum before a decrease
towards E.,. We suggest that this phenomenon is a consequence of a reconfiguration of
the magnetic domains created in the excursion to the ferromagnetic phase. Specifically,
the magnetic domains must be broken, producing an increase in the system energy due to
the appearance of more domain walls. When the domains are huge (i. e. &gart > ort)
the energy is much lower than E., and the effect produces only the approximation to
equilibrium from below. However, small domains (i. e. &spart < are)s With a very small
internal energy, cause two contradictory effects: at short time the internal domain-energy

raises, but, at long times the domain excess energy is the time decreasing boundary

contribution.
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Figure 3.7: Equilibration time tg'ql% as a function of &g apt for the two-step protocol with
Bena = 0.435 (a) and Bena = 0.4378 (b). Data from the Metropolis dynamics. The width of the curves
is twice the statistical error. the nonmonotonic time behavior of E(ttota1) produces a discontinuity; see
Fig. 3.5. Notice how close the curves for Ssiart = 0.46 and SBstare = 0.48 are after the discontinuity. The
equivalent results for the Heat Bath dynamics are available in [GAPML'21].

The presence of this local maximum of F(t.1) entails a discontinuity in the equilibration
time tgdl% as a function of &ar (see Fig 3.7). The discontinuity appears for a value of
Estare Such that the maximum value of E(tio) coincides with the upper limit of the 0.1%
band around the equilibration value. Note that for larger & are, equilibrium is reached
from below, and there is only one entrance in the 0.1% band. However, for smaller g,
despite the initial energy being smaller than the equilibrium one, the maximum value is
higher than the upper limit (see Figs. 3.6). This produces a second entrance from above
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to the 0.1% band (whuch provides our operational definition of equilibrium). Thus, just
after the discontinuity, the proposed two-step protocol could be shorter than its isothermal
counterpart by a factor of three (see Fig. 3.7).

Let us recall that data for Heat Bath dynamics are available at [GAPML*21], and present
the same behavior we found for Metropolis dynamics. The main difference is in the time
scale. This, it is not surprising because Metropolis dynamics approaches the equilibrium
faster than Heat Bath dynamics (see Inset in Fig. 3.1).

3.5 Conclusions

In the present chapter, we have found that precooling a system may produce a faster
equilibration at high temperatures in a prototypical system without timescale separation
(namely, the ferromagnetic two-dimensional Ising model close to its critical point).

The mechanism that drives this phenomenon is the connection between the internal
energy and the size of the ferromagnetic domains, characteristic of a broken symmetry
phase [Par88]. Our results suggest that this connection, surprisingly, extends to the
paramagnetic phase, which entails a way to easily control the equilibration speed-up.

In particular, the manipulation of the size of the domains can be used in a nonequilibrium
protocol to obtain an exponential speed-up in the equilibration process. The speed-up
emerges when the size of the magnetic domains produced in the low-temperature phase

is a well-defined fraction of the equilibrium correlation length at the higher temperature.

We numerically obtain evidence for a universality of this fraction (restricted to model-A
dynamics with scalar order parameter [HH77]). Finally, we explain how to develop and
tune a useful protocol that benefits from this universal mechanism.
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Divergences in spin glasses






Large correlations in
spin glasses in a field

Numerical test of the replica-symmetric At the beginning of this thesis, in Chapter 1,

Hamiltonian for the correlations of the we provided a brief overview of the problems
critical state of spin glasses in a field that motivated the development of the the-
L. A. Ferndndez, I. Gonzdlez-Adalid Pemartin, ory Of [EA75] and the Consequent theoreti-
Vo Milesbip-tiiepror, O Pests, . Biet arseigin, cal field. One of these problems is the diver-

T. Rizzo, J. J. Ruiz-Lorenzo, and M. Veca e
gence of the susceptibility and the appearance

of large correlation lengths and slow relax-
https://doi.org/10.1103/PhysRevE.105.054106 ations [I\IPV87, 1\[}(193’ Y01198] in Spin glasses
in a magnetic field, above the la so-called de
Almeida-Thouless (dAT) line [dAT7S].

Phys. Rev. E 105, 054106

This behavior appears in a huge variety of systems, for instance, structural glasses close
to their mode coupling temperature [Cav09], or hard spheres above the Garner transi-
tion [Gar85]. All of these phenomena can probably be explained by the same (or similar)
field theory. Nevertheless, despite this behavior is predicted by mean-field (MF) [MPV87]
and it has been identified both in experiments [BMdPSFdsdE86, GSNT91] and in numerical
simulations [SGSN90, DD91, SGSN91, JGFJ93, PRTRL98, MPZ98, MPRLI8, MNZ"98,
HM99, MPZ00, HM00, CFJ*03, YK04, LPRTRL08, LKMY13, BJBnC*14a, BJBnC*14b,
BnCF*12, LPRTRL09, LPRTRL11, GLL18, BBB*05, ABM*16, HC20, DLP*20, ABL*21],
the theory for finite space dimensions below the upper critical dimension D, = 6 is still
not fully understood [BR80, TDD02, CY17, ALP*22].

Different viewpoints try to explain the behavior mentioned above. Some believe that these
features might be related with a crossover, rather than to a phase transition [FS85, FH86,
BM8&7bh, BM87a, FH88b, FH88a, FHI3]: the corrections to MF theory would destroy the
transition, or move it to zero temperature. Another possibility, suggested by [HR20], is
the appearance of a first-order phase transition without critical behavior, i.e., with a large
but finite correlation length. However, the possibility of having an actual critical behavior
is still open, so the existence of a second-order phase transition as an explanation for these
phenomena is another possibility.

In this thesis, we will not engage in the debate on whether or not a phase transition exists
(nor about its nature). Instead, we focus on studying and understanding the properties of
correlations in the region where susceptibilities become enormous. We decided to work
with the 4-dimensional spin glasses in a magnetic field to achieve this. The main reasons
behind our choice are two: On the one hand, despite its complexity, there is a well-known
field-theory framework for D > 6 [PR13]. It is thus essential to check the behavior below
six spatial dimensions. On the other hand, we have the possibility of analyzing equilibrated


https://doi.org/10.1103/PhysRevE.105.054106

60

4 Large correlations in spin glasses in a field

configurations generated with Janus I [BMP*06] for a large number of samples in a big
lattice, which reach large values of the correlation length [BnCEF*12], for a D = 4 system
(which has allowed us to compare the results with theoretical predictions).

The main theoretical predictions to be checked are the existence of three different two-point
correlators (with their associated susceptibilities) that become critical and eight non-linear
susceptibilities related to the eight three-point correlators (with their corresponding eight
different coupling constants). Nevertheless, expanding around the MF solution, it is
possible to obtain a transformation such that only one of the three susceptibilities is
divergent at the critical temperature 7,.. This susceptibility is the so-called replicon.
Equivalently, two non-linear susceptibilities present a more violent divergence close to
T.. In particular, at first-order in perturbation theory, they scale as 1/(T — T.)3. For the
rest of the non-linear susceptibility, two of them diverge as 1/(T — T.)?, another one as
1/(T — T.), and the last three remain finite at the critical point. Notice that only the
couplings corresponding to the most divergent non-linear susceptibilities are relevant near
the transition.

The mentioned linear transformation that diagonalizes the singularity structure is well
known and has a physical meaning. However, corrections to MF could destroy the MF
structure of divergences (or they could modify the critical exponents). There is no record
of a systematic study of this behavior using numerical simulations. In this chapter, we
carry out this study for spin glasses. We verify in this way that the predictions made by
the theory are fulfilled in the region where the susceptibilities become very large, making
it plausible that (as we explained above) this situation carries over to other systems.

The remaining part of this chapter is organized as follows. In Sect. 4.1, we introduce
the main theoretical ideas, focusing on the replicon susceptibility and the most divergent
non-linear susceptibilities. We also explain how to estimate these quantities from numerical
data. In Sect. 4.2, we show the results for a Bethe lattice and the Edwards-Anderson
model (EA) on a four-dimensional hypercubic lattice. Finally, in Sect. 4.3, we summarize
the results obtained throughout the chapter and their implications.

4.1 Theoretical framework

Due to the complexity of the theory developed by [PR13], the following section has been
divided as follows to present the main points of the theory: in Sect. 4.1.1, we introduce the
general situation suggested by the theory. Next, in Sect. 4.1.2, we address the definition of
the replicon and longitudinal susceptibilities, while in Sect. 4.1.3 we focus on the couplings
of the theory that play a fundamental role in the theoretical predictions. Finally, in
Sect. 4.1.4, we present the approximations we need to make in order to study the couplings
from the Janus II configurations [BnCF12].

4.1.1 The scenarios suggested by field theory

The Wilsonian Renormalization Group (RG) [WK74] is the usual theory to study transitions
in finite spatial dimension. However, the standard perturbative construction fails in spin
glass models: the relevant corrections to MF theory come from a cubic term in the effective
Landau-Ginsburg theory (LGT). Just as a reminder, the D-dimensional Ising spin glass
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with an external magnetic field h is described by a Hamiltonian
H = _Zji,jsisj —f‘hZSi, (41)
(i.3) i

where, as we introduced in Chapter 1, the spin at the node i, s; would be +1, —1 and
the coupling constant .J;; are {£1} with 50% probability. However, in the critical region,
Hamiltonian (4.1) can be expressed as a replica symmetric (RS) Hamiltonian for the

replicated overlap field 14 () (e (z) = 0) [BR80, TDDO02]:

Hrs = ; /deE [ml Z ¢2b + ; Z(V¢ab)2 + my Z ¢ab,¢)bc+
ab ab abc
(4.2)
+ms Y Yapthea — éﬁh D Vapsethea — éﬁ]z > g,
ab

abed abc

In the above expression, m; are the so-called masses terms. More interesting are the cubic
couplings w; and w9 in Eq. (4.2), which have a special role for D < 6. In general, these
bare couplings differ from the corresponding dressed couplings w; and wy of the Gibbs
Free energy [PR13] (that are named the vertices in the field theoretical language). Let
us remark that the coincidence of both coefficients w; and w; arises only at the tree-level
approximation in field theory.

At the MF level (where w; = w;), my vanishes linearly in 7" — T..(h) upon approaching the
dAT line, T = T,(h). In addition, the solution displays RSB with a breaking point at a
value equal to the ratio A = wy/w; [GKS85, Riz13]. Notice that the parameter A controls
the MF values of equilibrium, as well as the out-of-equilibrium dynamical exponents in
different contexts [PR13, CFL"12, CPR13].

However, in spin glasses and also in other models with the same LGT, the construction
of the D = 6 — ¢ expansion fails because there is not a fixed point in the weak-coupling
region [BR80O]. In order to solve this problem, following the result of [MR18], [HR20]
applied the Renormalization Group (RG) to the Hamiltonian (4.2) until the mass term m;
(which is initially small because they start close to the dAT line) becomes equal to one. At
this point, they analyzed the resulting Hamiltonian at the MF level, following [BR80] and
projecting on the replicon subspace (see Sect. 4.1.2 for a non-exhaustive discussion on the
replicon). After taking care of the finiteness of the massive modes, [HR20] suggest that
below the upper critical dimension, the renormalized coupling A, (we use the sub-index r as
a reminder of the RG flow) becomes larger than one. Therefore, the transition becomes of
the first order, in close analogy with the calorimetric transition of glasses (see e.g. [Cav09]).
This scenario coincides with the ones obtained by [GKS85] and is in contrast with the
mode coupling theory, where A, must be smaller than one for consistency [GKS85, Riz13].

4.1.2 Replicon and longitudinal susceptibilities

As we have commented at the beginning of this chapter, we want to study the behavior of
the correlation functions close to the critical point. Notice that the correlation functions can
be computed in numerical simulations. Consider the two points correlation functions. For a
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system of linear size L, with N = L spins s; = +1 we have three relevant susceptibilities:

o= P - (4.3)
o = X Gl — ¢ (1.4)
Xs = 1 X 0 - (15)

where ¢ = (s;)2 is the average overlap [recall Eq. 1.5], ((---)) is the thermal average, and
(+--) is the average over the disorder [recall discussion on Sect. 1.2]. The expansion around
the MF solution (at all orders of the perturbation theory) demonstrates the divergence of
the so-called replicon susceptibility near the critical point:

1

XR = XSG = > (sisj)2=x1—2x2+ X3, (4.6)
]

where we denoted the connected correlation function as ((---))c (e.g. (si8;)c = (si5j) —
(si)(s;), see for instance [Par88]). On the other hand, the longitudinal and anomalous
susceptibilities. xr, and ya, which are degenerated in presence of a magnetic field,

XL = Xa = X1 — 4x2 + 3x3, (4.7)

are not divergent. To understand these results, let us consider a Gaussian magnetic field,
included in the Hamiltonian (4.1) through the term +h, >, h;s;, where h; are independent
Gaussian variables with zero mean and unit variance. We can then define the staggered
magnetization

msy = (hiS;) (4.8)

where (---) is the joint average over the couplings and the Gaussian magnetic field, and
the corresponding susceptibility

(9 mst

Yoo = st _ —52 ( ) <hisi><hjsj>) . (4.9)

Integrating by parts Eq. (4.9) one obtain that ys = 26xL. Notice that this connection
implies that, if the magnetic susceptibility is not critical, the longitudinal one, i, is not
critical either. Only the average (squared) connected correlator becomes critical. This is in
sharp contrast with the h = 0 case, where Yo = x3 = 0 and ya = x, = xr. We anticipate
a crossover region for small L and h, where both 1, and ya seem critical (because y, and
X are critical at the h = 0 transition).

4.1.3 The cubic couplings and their ratio

As we mentioned previously, the cubic couplings w; in Wilson’s Hamiltonian (4.2) are
bare parameters, so they cannot be measured. However, the corresponding coefficients
of the Gibbs free energy, w;, can be obtained through their connection to physical
observables [Par88, 7ZJ05, AMMO5]. In particular, because the Gibbs free energy is
the Legendre transformation of the free energy [Par88], the dressed couplings w; can be
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expressed in terms of the corresponding non-linear susceptibility w; as w; = w;/x%. These
susceptibilities can be calculated in terms of the connected-correlations at zero external
momentum [PR13],

1

2 (si55)c(8j5k)c(Sk55)c (4.10)

> (sisjs1)2 (4.11)
ijk

w1

D

1
2 2N “
Under the RG flow, the coupling constants w; and w, diverge at the transition, while the
renormalized coupling constants remain finite. These renormalized couplings are obtained
by renormalizing the lengths and the overlap fields

Wi

——7 4.12)
D/2° (
X?ﬁﬂ 2 /2

Wir =

where & is the second-moment correlation length. Note that these renormalized couplings
have finite and model-dependent values except at the critical temperature. Therefore,
if scaling holds, there are finite universal values wj , and w3, so, from definition (4.12),
Xr X |T —T,|77 and & o |T' — T.|™", one can check that

3 D
w; o< | T —Te| 77, "}/3:31/—51/77—}—51/. (4.13)
Notice that the renormalized coupling constants w;, play an important role in the compu-
tation of the critical exponents [Par88, ZJ05, AMMO5], being the zeroes of the S-functions
in the fixed-dimension scheme [Par88].

Returning to the ratio A, it follows that

Wor W

A= 2 =22 (4.14)

W2 r w1
SO A, = wg/wy: hence, A remains finite at the critical point (and it is universal for the EA
model), thus, we will drop thereafter the sub-index r. We also consider the dimensionless
quantities
Wi

A'L — W 9 (4.15)
that should scale with L as a Binder’s cumulant [Bin81]. Note that, at the critical
temperature, A; oc w;,.

Finally, it is important to remark that there are nonequivalent ways of taking the relevant
limits for A\(L,T') in the onset of a second-order phase transition at 7¢:

A = lim lim A\(L,T), (4.16)

L—oo T—T,
+y
NTT) = TILH%C Lhﬁngo)\(L T). (4.17)
It is hardly surprising that A\* # A(T.") [SS00]. A(T.") is, in general, more difficult to
estimate than A*. Still, it could be more desirable given that RG [-functions in the
fixed-dimension scheme (see e.g. [Par88]) are expressed in terms of the thermodynamic
quantities in analytical computations.
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4.1.4 Approximating the divergent non-linear susceptibilities
from three and four replicas

In order to calculate the parameter \,., we need to compute w; and wy [cf. Eqs. (4.10)
and (4.11)]. These couplings are related with quantities like

m? = (s;)2, mi = (5%, mb=(s)6. (4.18)

The usual approach consists in introduce K independent replicas of the system with the
same disorder (s, i =1,..., K — remember the replica trick in Sect. 1.2.1) obtaining

m? = (ss?), il = (s M), ml = (sVsP sV M5 (4.19)

Both couplings, w; and ws, can be numerically evaluated once expressed as [PR13]

W = W1 - 3W5 + 3W7 - Wg 5 (420)
1 3
wp = SWa = BWs o SWi+ 3Ws + 2Ws — 6Wr + 205 (4.21)
with

W, = N2<5Q125Q235Q31> ) Ws = N2<5Q125Q135Q21> )
W2 = N2<5 > Wﬁ = N2<5Q125Q135Q14> s
Ws = N2<5 25Q13> Wr, = N2<5Q125Q135Q45> )
W, = N2<5Q125Q34> Wy = N2<5Q125Q345Q56> .

The overlap fluctuations, 6@, can be written in terms of independent real replicas with
the same quenched disorder

1 b 1 —
0Qu = N ZZ: sl(-a)sl(- ) N z@: (s:)2. (4.22)
In the same way, each correlator W, requires a number of different real replicas that is
equal to the largest replica index in its definition that appears in its definition. Hence, we
need six replicas to compute w; and ws.

Nevertheless, the theory predicts that six linear combinations of the W,’s are less divergent
than the W, separately. Using these linear relationships one can use only three replicas to
estimate the couplings [PR13]

3 _ 2
= — 4.93
w1 30Wl 57V (4.23)
4 1

Notice the super-index to refer to using only three replicas. On the other hand, the theory
predicts that three linear combinations of the WW’s remain finite at the critical point.
Therefore, it is possible to express W; and Ws as a function of the remaining cumulants.
Notice that this allows us to estimate the couplings using only four replicas [Vec21]:
(4) 23W1 W2 3W3 9W4 6W6 W6
“ 30 "2 5 20 5 2 (4.25)
@ _ W n 2Wo  9Ws  3W, 35

— — . 4.2
15 5 5 5 5 +We (4.26)

S
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4.2 Numerical results

Appendix I shows the expressions we have used to calculate the coupling constants from
our numerical results.

Let us remark that the three- and four-replica estimators only coincide with the true
susceptibilities w; and wy at the critical point. For other temperatures, w; ,, ws, and A,
are model-dependent. In particular, close to the critical temperature

—

wi—w® = O(T = T.>), (4.27)
wi—w? = O(T =T, (4.28)

P

=

where the exponents 7, is expected to be smaller than 73 (e.g. in MF one finds y4 = 1
and 3 = 3). Nevertheless, we are only interested in the universal value the susceptibilities
w; and parameter \ take at the critical point.

4.2 Numerical results

The different correlation functions, susceptibilities, and coupling constants discussed in
Sect. 4.1 can be obtained from simulations using real replicas. As we explain in Chapter 1,
from two real replicas, one can compute the overlap ¢ [cf. Eq. 4.19]. Using four replicas, it
is possible to calculate the three susceptibilities under consideration in this chapter (x1, x2

and xs3), and with siz replicas the coupling constants w;—;» in Egs. (4.10) and (4.11).

However, as we detail in subsection 4.1.4, it is possible to compute both w; using only
three and four replicas at the critical point. Appendix D contains a detailed explanation

of the computation of both w; from three and four replicas (including the combinatorics).

This section shows the results obtained for the Bethe lattice and the Edwards-Anderson
model in 4 dimensions with an external field. We compare our results close to the critical
point to test the theoretical predictions.

4.2.1 The Bethe lattice

We first study our proposal for three- and four-replica estimators
in the Bethe lattice because it is a controlled setting. In particular,
the Ising spin glass model in a magnetic field on Bethe lattice
can be analytically solved [MP01, PT02]. The existence of a true
de Almeida-Thouless (dAT) transition is certain in this model.
Furthermore, the divergence of the susceptibilities under consider-
ation (i.e., linear and non-linear) closely matches the description
in Sect. 4.1.

The results for X\ presented in Fig. 4.2 are obtained using a four
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fixed-degree random regular graph (see Fig. 4.1 for an example). Figure 4.1: Schematic Bethe

We show the exact expression (using six replicas) and the three- lattice with fixed-degree 4.

and four-replica estimators \®) = wég) / wf’) and \® = w§4) /wYL).

Notice that T, and \(7.") are known analytically [PRTR14]. The estimators extrapolate to
the correct value at the critical point [taking the limits correctly, cf. Eq. (4.16)], although
finite-size corrections are present in the critical region. Let us remark that the finite-size
corrections for the true A (i.e., the six-replica estimator) and the four-replica estimator
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coincide close to the critical point. We expect the same effect for the three-replica estimator,
but the pre-asymptotic corrections at the sizes considered mask the effect. However, all
three estimators take the same value \* ~ 0.55.

0.7 :
0.6 : R=3,N=2"4 |
' : v R=4, N =21
: i R=6, N =24
r ® \NTS),N=cc
= ;& R=3,N=oc0
3 S — R=4,N=x
5 00r - — R=6,N=o00 |
[ -
~ -
0.4/ |
T.(h = 0.7)
0.3/ : |
0.6 0.8 1 1.2 1.4 1.6 1.8 2

T

Figure 4.2: Temperature dependence of the ratio of renormalized couplings )\, see Eq. (4.14),
computed with a magnetic field h = 0.7 on a Bethe lattice. We show data from the three-, four-
and six-replica estimators. The critical temperature (vertical dashed line) and the value of A\(T.F) ~ 0.47
(black dot), see Eq. (4.16), have been extracted from the analytical calculation presented in [PRTR14].
The thermodynamic limit, continuous lines marked as N = oo, are extrapolations considering scaling
corrections detailed in [Vec21].

4.2.2 4-dimensional Edward-Anderson model in field.

At variance with the case of the Bethe lattice, it is not certain that the phase transition is
described by the theory presented in Sect. 4.1. As we mentioned at the beginning of this
chapter, there are several theories to explain the behavior of the susceptibility and the
correlation length: a crossover (so there would be no phase transition, or it would be at
zero temperature [F'S85, FH86, BM&87h, BM87a, FH88b, FH88a, FHI3]), a discontinuous
phase transition at which the correlation length remains finite [HR20], or a second-order
transition with critical behavior [BR80, TDD02, CY17, ALP722]. This would imply that
the three- and four-replica estimators could produce different results, thus indicating that
the chosen theory is incorrect. Furthermore, the existence of such a theory for D< 6
could even be questioned because there is not a fixed point in the perturbative RG flow
below six dimensions. Therefore, the consistency of the results obtained by the three-
and four-replica estimators is a non-trivial test for the Replica-Symmetric field theory
proposed by [BR80] as applied in the region of large susceptibilities.

In order to study the EA model in 4 dimension, we have re-analyzed equilibrium config-
urations obtained by the Janus Collaboration [BnCF*12] using the Janus-I supercom-
puter [BCCT08a]. These configurations were generated for the four-dimensional Ising spin
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Figure 4.3: Replicon (yr) and longitudinal (x1,) susceptibility, Eqs. (4.6) and (4.7) versus
the temperature. The data are obtained for the D = 4 Edwards-Anderson model at magnetic fields
h = 0.075, 0.15, and 0.3. For each h, the temperature is rescaled by the corresponding best estimate for
T, [BnCF712]. We show data for our largest system, L = 16.

glass given by the Hamiltonian in Eq. (4.1). These data were obtained only for four real
replicas, which forces us to estimate A\ only through the three- and four-replica estimators.
The computation of [BnCF*12] was carried out near to (but not exactly) at the dAT line.

We have studied the three values of the external magnetic field (h = 0.075, 0.15, and 0.3)
that have been used to obtain the critical temperatures and critical exponents in [BnCF*12].
However, in addition to studying the replicon susceptibility xr as done in [BnCF"12],
we have also analyzed the behavior of the longitudinal susceptibility i, recall Egs. (4.6)
and (4.7). The results are shown in Fig. 4.3, where it can be seen that xg becomes very
large as the temperature decreases. At the same time, the longitudinal susceptibility
saturates to a much smaller plateau. The plateau value of x1, in Fig. 4.3 approximately
scale as h™", with x between 2 and 3. In MF, xi, near the critical temperature is
proportional to k=23 [TDD02]. Notice that Fig. 4.3 implies that the correlations extend
to much larger distances for the replicon mode than for the longitudinal ones, which is
in agreement with our MF-based expectations and with previous dynamic investigations
in D = 3 [BJBnC"14b]. In particular, the difference between yr and xi, excludes the
possibility that the critical behavior in xgr is due to the h = 0 fixed point.

Before studying A, we considered the behavior of the most divergent nonlinear susceptibili-
ties, wy and ws, see Eqgs. (4.10) and (4.11). The results presented in Fig. 4.4 show how w;
grows as T approaches Ty, or the system size L increases. The divergence suggested by
these results led us to consider the dimensionless magnitude A, see Eq. (4.15). At the
critical point, the A; curves as a function of T' for the different sizes should intersect or
converge at the critical point T.. Our data in Fig. 4.4-Right do not seem to behave in
this way, making it difficult to calculate 7. (indeed, the authors of Ref. [BnCF*12] could
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Figure 4.4: Non-linear susceptibility for the Edwards-Anderson model with magnetic

field h = 0.15 in D = 4. Left: Four-replica estimate, w§4), for the non-linear susceptibility in Eq. (4.25).
vs. temperature. Right: Four-replica estimate of the dimensionless quantity A;, recall Eq. (4.15) vs.
temperature. 7' is rescaled by the critical temperature T, [BuCF*12].

locate T, only by considering quantities at non-zero external momentum). However, in
the present thesis, we are more interested in the fact that the results do not seem to show
any evidence of an uncontrolled increase in A; as the system size L increases. This result
essentially rules out the scenario of a first-order phase transition [HR20]. It is important
to note that data for L = 16 possess a smaller statistic sample (see Table I in [BnCF*12]),
so its results should be taken as a qualitative confirmation that there is not a divergent
behavior in A; when increasing L.

After verifying that the behavior of w; is consistent with the theoretical predictions, we
consider the ratio A for the case of the EA in 4D. Fig. 4.5 shows the results for the
three- and four-replica estimators for the different external magnetic field values. It can
be seen from Fig. 4.5 that the results do not show large finite-size corrections as we
approach the critical point. Furthermore, the data barely depends on temperature for
T < T.(h =0.075), which suggests that A\* and A\(7.") should take on close values. This
result contrasts with those of the Bethe lattice, where a clear difference could be seen
between both results, see Fig. 4.2. In addition, given that the only finite-size corrections
are a monotonic decrease with increasing L for the three-replica estimator, as opposed
to a monotonic increase for the four-replica estimator, it is easy to obtain an interval
that encompasses the value of \* from the results for the largest size L = 16. Our results
are consistent with a universal value of A* &~ 0.55 at the critical temperature. Note that
our results for both approximations verify a value of A(L,T) < 1, so we conclude that
A(TF) < 1: the first-order phase transition scenarios has been ruled out.
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Figure 4.5: Three- and four-replica estimators for \ as a function of the temperature in
the d = 4 Ising spin glass. Each panel corresponds to one of the values of the external magnetic field
studied, from left to right A = 0.075, 0.15, and 0.3, respectively. The vertical lines correspond to the three
critical temperatures taken from [BnCF*12]. The band around A\* ~ 0.55 is our extrapolation to L — oo,
assuming that the three- and four-replica estimators converge to a common value for the three fields
considered. The width of the band represents the uncertainty in our extrapolation A\(L) = \* + A/L? (\*,
A and b are the fit parameters) for h = 0.075.
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4.3 Conclusion

Letting aside the debate about the existence or lack thereof of a true glass transition, it
is universally accepted that glass formers display slow dynamics and large correlations.
When the length scale for fluctuations becomes large, the usual framework to study the
problem is a Field Theory. However, the Hamiltonian is not constrained by symmetries:
in particular, for spin glasses in a magnetic field, we have a very complex theory with
eight different coupling constants.

The theory can be simplified thanks to the work of [BR80]. Indeed, their so-called replica
symmetric Hamiltonian is the basis of many analyses. Nevertheless, up to now, it has been
impossible to test the basic hypothesis underlying the theory in a non-trivial problem. In
this chapter, we overcome this challenge thanks to the detailed scaling description for the
many linear and non-linear susceptibilities in the problem provided by [PR13]. We apply
this description to re-analyses the equilibration configurations obtained with the Janus I
supercomputer for a D = 4 spin glass [BnCF12].

Our results suggest that the crucial scaling relations are fulfilled beyond mean-field
approximation, close to (but above) the de Almeida-Thouless line. Furthermore, it is
plausible that our approach will be helpful for studying other physical systems (e.g.,
glass-forming liquids). Finally, let us emphasize that our results for the renormalized
coupling A seem to exclude the suggested scenario of a first-order transition [HR20].
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Correlation function in spin glasses






Multifractal behavior of
spin-glass correlations

Multifractality in spin glasses In many subjects (physics, chemistry, geol-
M. Baity-Jesi, E. Calore, A. Cruz L. A. Ferndndez, ogy, bi(ﬂogY? etc.), random ObjeCtS apparenﬂy
A. Gordillo-Guerrero, D. Iniguez, A. Maiorano,

E. Marinari, V. Martin-Mayor, J. Moreno-Gordo, Changed- We say that these SyStemS Pfesent a
A. Munoz Sudupe, D. Navarro, I. Paga,G. Parisi, scaling symmetry (see [\7\71179, Pd188, B‘dl"lQ]
S. Pérez-Gaviro, F. Ricci-Tersenghi,

J. J. Ruiz-Lorenzo, S. F. Schifano, B. Seoane, for some examples) and are called fractals (or
A. Tarancén, D. Yllanes (Janus Collaboration) self—afﬁne). This behavior is usually quantita—
Proc. Natl. Acad. Sci. 121 (2) 2312880120 tively characterized through a number, named
https://doi.org/10.1073/pnas.2312880120 the fractal dimension. However, there are sys-

tems where many different fractal behaviors

coexist, and more than one fractal dimension
is needed to characterize the scaling properties. We refer to these systems as multifractals
(or multi-affine) [FP85, Har01]

Multifractal behavior was first observed in physics, in the context of turbulence [BPPV84],
Anderson localization [CP86], and diffusion-limited aggregation [SM88]. Chaotic dynamics
soon provided a unifying language for understanding multifractality [HJK*86hb, HIJK86a].
The concept has gained popularity as the list of systems exhibiting multifractality has
grown. Examples include surface growth [BS09], human heartbeat dynamics [TAG799],
mating copepods [SS14, Klo14], rainfall [Dei00], and financial time series [ARARO08]. With
the growing list of multifractal systems, different mathematical tools have been developed
to characterize their scaling behavior.

Surprisingly, in the present chapter, we justify adding to the list the out-of-equilibrium
dynamics of spin glass (SG) systems. Considering that these disordered magnetic alloys
have long been studied for their paradigmatic value as a toy model for studying glassiness,
optimization, biology, financial markets, and social dynamics (recall Sect 1.1), it is
surprising that such a prominent feature as multifractality has gone unnoticed for such a
well-studied model.

To understand this paradox, it is necessary to consider the typical way of studying and
working with these systems. Typically, the SG that is initially at high temperature is
cooled below its critical temperature T, and allowed to relax for a time t,, —in most
experimental studies, equilibrium conditions are not reached [VHO"97]. As t,, increases,
the glassy domains, characterized by the coherence length £(t,,), become larger. It is worth
noting how slow this dynamics is, so that after waiting for ¢, ~ 1 hour, only & ~ 200 lattice
spacings is reached [ZPBJ"20, PZBJ"21]. In this situation, the response to an external
magnetic field is typically measured to probe the SG dynamics experimentally. In this
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measure, an average over the entire system is carried out. Since the sample is effectively
composed of many independent domains of linear size ~ {(ty), the central limit theorem
ensures that the large fluctuations that could ultimately cause multifractal behavior are
eliminated.

In the case of numerical simulations, the framework in this chapter, the emphasis has
traditionally been on studying the spatial-averaged correlation function, thus following
the experimental works. Furthermore, the computational difficulty of studying correla-
tions without considering a spatial average is very high. However, recent works have
considered working at scales of the coherence length to study phenomena such as chaos in
temperature [BJCCT21], or memory and rejuvenation [BJCC*23], which were discussed
in Chapter 1. The work presented in this chapter also focuses on studying the correlation
function in the scale of the coherence length £ through the analysis of simulations generated
by the Janus II dedicated supercomputer [BJBnC*14c].

This chapter is divided into the following sections: Sect. 5.1 covers the standard framework
used for studying the correlation functions in spin glasses, also, in Sect. 5.1 we compare
the diluted Ising ferromagnet with the Ising spin glass to show the different behavior of
the statistical fluctuations of the correlation function in both models. In Sect. 5.2, we
focus our attention on the spatial fluctuations presented in the correlation function. After
that, in Sect. 5.3 we quantify these fluctuations through the moments of the probability
distribution function (pdf) of the correlation function. The main conclusion of this chapter
is presented in Sect. 5.4 using the multifractal formalism. Finally, Sect. 5.5 gives a technical
description of how we study the pdf of the correlation function from Ng independent
trajectories (or replicas), as well as other relevant technical details that pertain solely to
this chapter.

5.1 Correlation function in Ising spin models

The spatial correlation function provides us with information about the spatial correlations
of the system. In order to study its fluctuations, in Sect. 5.1.1 we discuss the models
that we are going to study, namely Edwards-Anderson model model and Ising link-diluted
model. After that, in Sect. 5.1.2 we compare both models.

5.1.1 Model definition and observables

This chapter considers the Edwards-Anderson model (EA) introduced in Sect. 1.1. We
work without a magnetic field in a cubic lattice with linear size L = 160 and periodic
boundary conditions. Hence, Hamiltonian (1.4) takes the form

H=— Z Jf,gSQ*Sg. (5.1)
(Z.9)
Remember that the spins sz = +1, placed at the lattice sites &, interact with their nearest
neighbors through the coupling constant Jz ;. The coupling constants are independent
random variables, Jz 7 = £1 with equal probability, fixed once and define a sample (recall
the quenched disorder introduced in Sect. 1.2).

As we mentioned in the introduction for this chapter, we also consider the Ising link-diluted
model (DIL) as a null experiment. The only difference with the Hamiltonian in Eq. (5.1)
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is the choice of the couplings: Jzz; = 1 (with 70% probability) or Jz; = 0 (with 30%
probability). The reader will notice that this is a ferromagnetic system without frustration.
Let us remark that both models, EA and DIL, display domain-growth out-of-equilibrium
dynamics.

We have simulated both models using Metropolis dynamics on the Janus II supercom-
puter [BJBnC*14c¢|. Our time unit is a full-lattice sweep, roughly equivalent to a picosecond
of physical time [Myd93]. The critical temperatures for these models are 7. = 1.1019(29)
for the EA [BJBnC™13] and T°™ = 3.0609(5) for DIL [BCBJ04] (this is twice the value
reported by [BCBJ04] due to our use of an Ising, rather than Potts, formulation). With
some abuse of language, from now on, we refer to the DIL temperatures as T rather than
their actual value TP™ = T(TP™ /TFA). The list of temperatures and the corresponding
maximum coherence lengths achieved in our simulations are summarized in Table 5.1.

TorT | ty(BA) | émax(BEA) |ty (DIL) | &pay (DIL)
0.7 | 46531866276 12 498 15
0.8 | 18734780191 15 919 21
0.9 | 15172184825 20 954 23

Table 5.1: Maximum t,, and coherence length {,,.x reached for each of our models and
simulation temperatures.

For both models, we consider 16 samples. For each of these samples, we simulated Ng
replicas. Recall the notation introduced in Sect. 1.3, we denote by (---) the average over
thermal noise for one sample (which is estimated by averaging over the replicas) and by
(---) the subsequent average over the samples.

As stated above, we are interested in the four-body correlation function [recall Eq. (1.31)].
Cu(Z, i t) = (s#(tw)sy(te))” . (5.2)

The reader will see that for a given sample and given (Z,7,ty), Ci(Z,¥;ty) is not a
stochastic variable. However, if we consider the variation induced by the different samples,
{J}, and sites (Z, ), the four-body correlation function is a stochastic variable. From now
on, we shall refer to this stochastic variable as Cy, without arguments.

Although it is impossible to compute Cy(Z, ¥/; ty,) with a finite number of replicas, unbiased
estimators of its moments can be calculated (see Sect. 5.5 for a detailed explanation). In
particular, the average, including space average, of the (four-body) correlation function
(see Fig. 5.1)

ij(f: tW) = 73 204(f7g: f"" _'; tw) (53)

is a well-known quantity and the basis of the computation of the coherence length &(ty,)
(see Appendix G for a detailed explanation of the estimation of the coherence length).

5.1.2 Comparing the spin glass with the Ising link-diluted models

Cubic symmetry, present in average over the samples, allows us to average over the three
equivalent displacements 7 = (7,0,0) and permutations. We shall use the shorthand
C#¥(r; ty) to indicate this average over the three equivalent 7.
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Figure 5.1: Average four-body correlation function, Eq. (5.3) versus distance r. Data
computed for the 3-dimensional DIL and the EA. Both models have a coherence length £(t,,) = 20 (dashed
vertical line) at temperature T (or T for DIL) equals 0.9 —recall that T2 ~ 1.1 [BJBnC*13]. Error bars
are smaller than the point size.

In Fig. 5.1, we compare this spatial-average four-body correlation function for the DIL and
the EA with coherence length £(t,,) = 20. It should be noted that both systems exhibit
qualitatively similar behavior. This feature —as we mentioned above— is explained by the
average over the sample destroying the large fluctuations presented in Cy(Z,y = T + 7 ty,)
since the sample is effectively composed of many independent domains of linear size ~ £(ty,),
the central limit theorem eliminates from the average response the large fluctuations.

The above consideration implies that multifractal behavior in SG should be investigated
in large statistical deviations that occur at a length scale smaller than (or compatible
with) &(ty). This is not the usual framework neither for experiments (see [ZPBJ*20,
PZBJT21, Z0S22], for instance) nor for simulations [BCC*08a, BJCCT17b, BJCCT18].
However, there is an important exception. Recently, [BJCC*23] achieved progress in
the theoretical interpretation of the experimental rejuvenation and memory effects in
spin glasses [JVHTO8] (see Sect. 1.1.2). The study of the temperature chaos played a
crucial role in this step forward (see Sect. 1.1.2) in the out-of-equilibrium dynamics at the
&(ty) length scale [BJCCT21], through numerical simulations using the Janus II dedicated
supercomputer [BJBnC*14c]. As we shall show in Sect. 5.2 and 5.3, when one considers
the fluctuations at the () length scale the surprising multifractal behavior emerges.

The reader may object that it is difficult to find large statistical fluctuations in a math-
ematical object bounded between 0 and 1, such as the spin-glass correlation function
Cy(Z,y = &+ 7 ty). Indeed, large fluctuations are only possible when the average of the
considered bounded object goes to zero. Fig. 5.2 shows this behavior for the four-body
correlation function in EA (bottom panel) when the coherence length £(t) grows. So,
we realize that the SG correlation function at a given site can exhibit large fluctuations
if we measure it in units of the average correlation. In particular, in the spin glass, the
correlation function scales as

Cr(rit) ~ LS (5.4
for large r, where the cut-off G(x) decays faster than exponentially as z grows (see e.g.
Refs. [BCCT08b, FMMM™19]). Hence, for r ~ {(ty), one may consider a power-law
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Figure 5.2: Average four-body correlation function C2V[r =¢(ty)], see Eq. (5.3) as a
function of the coherence length £(t, ). Data computed for the 3-dimensional DIL (top) and the EA
(bottom) at temperatures T T =0.9,0.8 and 0.7. The dashed line is our fit to Eq. (5.7), with ¢ = 1,
for the EA at T = 0.9 (we avoid scaling corrections fitting in the range £(ty,) € [10, 20], see Table 5.2 for
further information). Error bars are smaller than the point size.

scaling in £ — as we did to fit the data for 7" = 0.9 in Fig. 5.2 bottom panel (the
dashed line correspond to 6 =~ 0.4, see Table 5.2, which coincide with the result reported
by [BJCCT18])— or in r as we will consider in Sect. 5.2.

However, in the DIL, (Fig 5.2 top panel), the correlation function goes to a constant
value (the squared spontaneous magnetization) as £(t,,) grows. Therefore, large deviations
and multifractality are possible for the ferromagnet only at the critical point, where the
spontaneous magnetization vanishes [DC00, MMMP*23].

5.2 Statistical fluctuations in the correlation function

In order to confirm the possibility of large deviations in the statistics of the spin-glass
correlation function Cy, we compare the ratio of the second moment of Cy at r = £(ty),
C2, to the first moment squared, 742, as a function of the coherence length, see Fig. 5.3.
Note that this ratio, computed for the DIL, tends to a finite limit for large coherence
length. This is in contrast with the power-law followed by the EA data, which indicates
that in the scaling limit [i.e. &(ty) — 00|, the order of magnitude of C} is larger than that
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Figure 5.3: Ratio of the second moment of the four-body correlation function C2, computed

at 7 = £(tw), to the square first moment ?42, versus the coherence length {(t\). Data computed
for DIL (top) and for EA (bottom) for different temperatures T, or T. Error bars are smaller than the
point size.

of ﬁf. This behavior is not reminiscent of a monofractal, which in the scaling limit is
characterized by a single quantity (say, Cj).

In Fig. 5.4, we represent the same ratio of the second moment to the first moment squared
as in Fig. 5.3, but as a function of the first moment. Our data in Fig. 5.4 nicely follows a
power law as a function of C; (this type of analysis was pioneered by [BCTT93]). More
interesting is the fact that our data for T < T follow the same scaling curve, which slightly
differs from the results for the critical temperature. The independence on T justifies
our choice of focusing our attention on data at 7' = 0.9, namely the temperature in the
spin-glass phase where we can reach the largest £(t,,) (see Table 5.1).

After the previously mentioned results in Figs. 5.3 and 5.4, we may expect a different
behavior for the average and the local correlation functions when distances up to r ~ &(t,)
are considered:

1

1
av
C(rty) ~ M@ E )

5 Cy(Z, 8 + 7 ty) (5.5)
Indeed, in order to characterize the difference, we have introduced in Eq. 5.5 the order-of-

magnitude modulating factor M (Z, ¥;t,,). The order-of-magnitude modulating factor will
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Figure 5.4: Ratio of the second moment of the four-body correlation function 072, computed

at r = {(tw), to the square first moment 0742, versus the first moment C,. Data computed for
the EA and all the temperatures T considered. Error bars are smaller than the point size.

be computed as
_ log |[Cy(@, T + 7 tw) 1]

Clog O (\Jr2 + 2 4 02)

where [Cy(Z, & + Tty )1 is the first moment estimator of Cy(Z, ¥ + 7 ty,) computed with
Ngr = 512 independent replicas (see Sect. 5.5.1 for more details). C4V(r) is interpolated to
non-integer arguments using a fit obtained from data with integer r (see Sect. 5.5.5).

M(Z, 7 + 7 ty)

(5.6)

A picture of the physical situation is presented in Fig. 5.5. In particular, the results shown
in Fig. 5.5 reveal that the order-of-magnitude factor M (&, ¥;t,,) varies a lot (by a factor
of 16 for the considered region), which indicates that there are sites pairs (Z, 7 + 7) a lot
more —or a lot less— correlated than the average. In fact, we can see in Fig. 5.6 that
the median correlation function at distance r = £(t,) scales as [C4¥]%, with a ~ 1.5. This
result implies that the typical correlation function is much smaller than the average value.

5.3 Quantifying the multifractal behavior

To quantify the fluctuations of the four-body correlation function, we consider the moments
of the pdf of Cy at distance r = {(ty). The ¢g-th moment turns out to follow a scaling law

A
G~ (5.7)

Below are some details about our computation of 7(g). Fig. 5.2 [from which we obtain
7(1)] and Fig. 5.3 confirm this behavior. Fig. 5.7 shows the 7(¢) function, which clearly
differs from the monofractal behavior 7™°"°(q) = ¢7™°"°(1). This departure from linear

behavior justifies the use of the term multifractal to describe spin-glass dynamics (see,
e.g. [HIKT86h]).

Notice that for large moments, the inset in Fig. 5.7 suggests that 7(q) grows as log ¢. This
logarithmic growth seems to originate in the behavior of the pdf P(Cy) near Cy = 1. In
particular, our data is compatible with P(C}) oc (1 — Cy)B® for C, close to 1, with an
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Figure 5.5: Grayscale representation of the order-of-magnitude modulating factor
M(Z,7;tw), see Eq. (5.6). Data computed for site & = (64,64, 64) of a sample with coherence length
&(tw) =20, at T = 0.9, with Ng = 512 estimators. We show results for displacement vector ¥ = (r,7y,7.)
in a cube —40 < 7,7y, 7, < 40. The top-left panel depicts the three visible faces of the cube, while
the other three panels show sections at r, = —20,0 and 20, respectively. Our color code is darker the
smaller M (Z,7;ty) (hence, the more slowly correlation decay with distance). The color code is linear
between the minimal value of M (Z, ¥/ ty,) and 2.5. Displacements r with M (Z, ¥/ t,) > 2.5 are depicted as
if M(Z,7;tw) = 2.5. The maximum value of M (&, ¥;t) for the considered data is ~ 8.

exponement that grows as B[{(ty)] ~ log&(tyw) (see Sect. 5.5.4 for more details). This
result would explain the logarithmic growth of 7(¢) shown in the inset of Fig. 5.7. However,
to be on the safe side, we have tried two different functional forms to fit the data in
Fig. 5.7:

1+ g

1+cq’

ql + diqlogq
(1+dsq)?

Both expressions have the same derivative m at ¢ = 0. We take the value of m from the
scaling of the median of the distribution function P(C,) with £ (see Sect. 5.5 for details
on the computation of m). The complete information of the goodness-of-fit shown in
Table 5.2 illustrate the excellent job that both 71 (¢) and 72(¢) make at fitting our data.

mi(q) = ml

Ta(q) =m (5.8)

In Fig. 5.7 we also compare the functions 7(¢) as obtained at 7' = 0.9 and 7, temperatures.
We see that the multiscaling behavior at T, differs from its equivalent in the SG. This
result is not surprising if we consider that the data for the critical temperature T in
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Figure 5.6: Median of the distribution function P[C,(r = ¢)] in units of the first moment,
Cy(r =€), versus the first moment. Data computed for the EA at temperature 7' = 0.9. We show
data on a logarithmic scale. Therefore, the dashed line (a power-law fit with exponent ~ 0.5, see Table 5.2
for details) appears as a straight line. Error bars are smaller than the point size.

Fig. 5.4 do not collapse with the scaling curve followed by the data for T' < T..

Computation of 7(q)

Comparing Figs. 5.3 and 5.4, the reader may notice that a fit of the form

o7 4779
==L (5.9)
Cy Cy
can minimize corrections to scaling, see Fig. 5.4. From Eq. (5.7) one can obtain the relation
7(q) = 7(Dg — p(g)]- (5.10)

Eq. (5.10) allows us to obtain good fits (see Table 5.2) discarding (at most) one data point
corresponding to the smallest coherence length £(¢,,). Notice that we only need to consider
the &(ty,) dependence to obtain 7(1), as shown in Fig. 5.2.

We compute the errors by following the strategy of [Y1l11], namely carrying out all fit
separately for each jackknife block (when minimizing x? to perform the fits, we only
consider the diagonal elements of the covariance matrix). Errors in the fit parameter are
obtained from the fluctuations of the jackknife blocks (see Appendix H for more details).

5.4 Conclusions: The large-deviation function

Following [HJK"86b], we will now discuss our results in terms of a different stochastic
variable, a = log Cy[r = {(ty)]/ log[1/£(tw)], so that (we drop the argument in £ for the
sake of shortness)

1 dCy
—, P(Cy)— ~ &, 5.11
Eq. (5.11) defines the large-deviation function f(«). Then, we can obtain the moments of

Cy in terms of «

Cy =

. 1
o7 = / dC,P(C1)C ~ / daelos U@l (5.12)
0
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Figure 5.7: Scaling exponent 7(q) for the g-th moment Cy(r = £(ty)? ~ €7@, Data computed
for the EA at temperature 7' = 0.9 and T¢. Dashed lines are fitted to the functional forms in Eq. (5.8) (the
goodness-of-fit statistics are presented in Table 5.2). Inset: same data for T = 0.9 in semi-logarithmic
scale.

Notice that for large coherence lengths &, the above integral is dominated by the maximum
of |f(a) — qa at some value a = o™

— 1
q .t
Gl ~ i (5.13)
If we compare Egs. (5.7) and (5.13), we realize that the large-deviation function f(«) is
just (minus) the Legendre transformation of the singularity spectrum 7(q):

fla) =— max [7(q) — qa] . (5.14)
The Legendre transformation f(«) is shown in Fig. 5.8 as computed from our fitting
ansétze 11(¢) and 72(q) in Eq. (5.9). In the range of Fig. 5.8 —recall that a(q) = 7'(q¢)—
the results from our ansaétze are indistinguishable. However, the two differ in that, for
72(q), the range of « goes all the way down to a = 0 (because as(q) = dm/dg ~ 1/q). In
fact, if 7(q) grows logarithmically for large ¢ [as T2(q)], then the large-deviation functions
go logarithmically as well for a — 0, i.e. f(a — 0) ~ loga.

Let us summarize: the probability of finding a sites pair (Z, 7 +7) with Cy(Z, ¥ +7) scaling
as 1/r for r ~ ¢ goes, in the scaling limit, as ¢/(*) recall Eq. (5.11). This implies, see
Fig. 5.5, that there are a lot more pair of sites displaying the median scaling exponent
a =~ 0.65 than there are for the average scaling o & 0.3 [because f(0.65) > f(0.3), recall
Fig. 5.8]. This difference becomes more pronounced as £(ty,) grows.

Thus, the expression ”silent majority” introduced by [BJBnC*14b] perfectly describes
the spin-glass dynamics: the central limit theorem ensures that it is the (somewhat ex-
ceptional) average value the one that can be measured on the length scales larger than
&(ty) (hence, in experiments). However, the experimental-scale dynamic is not completely
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Figure 5.8: Legendre transformation f(a) of function 7(q), see Eq. (5.14), as a function of
a = d7/dq. Data computed from the fitting ansétze in Eq. (5.9) for EA at temperature 7' = 0.9. Errors
in both axes have been obtained following the strategy of [Y1111].

blind to these short-scale fluctuations. In fact, the previously mentioned temperature
chaos [BJCCT21]— and, hence, rejuvenation [BJCC™23], which is experimentally observ-
able (see, e.g. [JVH98])— is ruled by statistical fluctuations at the scale of r smaller
than, or similar to, {(ty). A new set of experiments are planned at the University of
Texas-Austin that could measure Cy at r < {(ty.

5.5 On the study of Cy(Z,v,ty) statistics

As discussed at the beginning of this chapter, this section provides technical details about
the study of the pdf of Cy(Z,¥,ty). We have decided to include this information here
(instead of as an appendix) because it is relevant only to this chapter.

Due to the complexity of the discussion of the correlation function, we have divided
this section into the main problems we have found in conducting this study. Therefore,
Sect. 5.5.1 discusses the problem of obtaining unbiased estimators of the powers of
Cu4(Z, 7, ty). Next, in Sect 5.5.2, we analyze the distribution function of Cy(Z, ¥, ty), from
which we will obtain the estimators of the distribution moments [cf. Eq. (5.7)]. Sect. 5.5.3
then discusses the estimation of the mean from the distribution function, while Sect. 5.5.4
focuses on the behavior of the distribution in the limit of Cy = 1. Finally, Sect. 5.5.5
provides an explanation of how we have interpolated C%¥(r;t,,) for real values of r, and
Sect. 5.5.6 summarizes the results of all the fits.

5.5.1 Unbiased estimators of powers of Cy(7, ¥, tyw)

In order to compute the g-th moment of Cy(Z, ;1) we need an unbiased estimator of

CH@, §; ty) = (sz(tw)sy(tw))?, for a given sites pair (Z,7)

If we have (at least) 2q replicas at our disposal, we can obtain a poor estimator

2q
[Co(, i; £ 22 = [[1 s ()55 (1) - (5.15)
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Notice that [C4(7, 7 ty)]P°" = (—1)?, where p is the number of replicas for which ¢, =

s (tw)s(a) (tw) = —1. The reader will notice that the statistical independence of the

z 7
different replicas ensures the expectation value

<[C4(f7 y; tw)]§°°r> = <Sf(tw)sg(tw)>2q .

Let us now use the Ngr > 2¢ replicas at our disposal. Specifically, we can consider all
the possible picks of 2¢q different replicas from the total Ng. In this situation, we use the
probability P(NR, M; S = 2q,p) of choosing p values ¢, = —1, when one picks S replicas
when there are M negative values in the set of Ny replicas (see next paragraph). Thus,

we can compute an unbiased estimator of (sz(tw)sz(tw))* as

(Cu(#. 1))y = G(Ne Mag) = SO (—1PP(Ne, M:S = 20.p). (5.16)

p=0

Now, the problem of estimating the powers of Ci(Z,7;ty) translates to the problem of
determining the probability P(Ng, M;S = 2q, p), which we will explain in the next section.

Computation of P(Ng, M; S, p)

As it was just discussed at the beginning of Sect. 5.5.1, we need to consider the following
problem: given a set of Ng different signs ¢, = +£1, M of which negative, we need to
obtain the probability P(NR, M; S = 2q,p) of getting p negative signs when we pick S
distinct signs. In order to organize the computation, we consider both the sign labels and
the pick orderings as distinguishable. Hence, the number of possible picks is

NR!
N R

picks = m- (5.17)

Let us denote by K(Ng, M;S,p) the number of picks of S distinct signs that contain

exactly p negative signs. So that, we can compute the probability P(Ngr, M; S, p) as

- K (Ng, M; S
P(Ng, M; S, p) = ( zRvk 2). (5.18)
picks

K(Ng, M; S, p) can be obtained as a product of three factors
K(Ngr, M;S,p) = F1FyF3, (5.19)
where the meaning of the different factors is as follows:

o [} is the number of ways that we can choose p tags of negative signs among M
possibilities.

e Fj is the number of ways in which a given set of p tags of negative signs can be
extracted: the first tag can be obtained in the first selection, or the second, etc. So
there are S possibilities for the first tag, which leaves us with S — 1 options for the
second tag, and so on.

o Finally, F5 is concerned with the S — p positive signs that we need to complete the
pick of S signs. We have Ng — M choices for the first tag to be chosen, Ng — M — 1
for the second tag, and so forth.
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Therefore, by considering that whenever the factorial of a negative integer arises, it should
interpreted as oo (hence the corresponding factor vanishes), we can calculate each factor
as

M! S! [ (Ng — M)!
S (Ne - M-S 4p)

(5.20)

However, to compute P, we have preferred to use a Pascal-Tartaglia-like relation. To
obtain this relation, it is useful to consider a pick of .S signs as two consecutive picks. We
get S — 1 signs from the first pick, and the last sign ¢, is chosen only afterward:

where A is the number of negative signs available for the last pick (given that we obtained
p — 1 negative signs from the first pick), while B is the number of positive signs available
for the last pick (given that we already obtained p negative signs from the first pick),
specifically:

A=max{0,M —p+1}, B=max{0, Ng —(S—1) — max{0,M —p}}. (5.22)

The recursion relation for K(Ng, M; S, p) instantaneously translates to a recursion relation
for the probability:

- A . B -
P(Np,M:5p)= —————P(Ng,M:5—-1,p—1 —  P(Nyp,M:5—-1.,p).
( Ry ) 7]7) NR—S+1 ( R 3 y P )+NR_S+1 ( R 3 ap)
(5.23)
Starting the recursion from
Ng — M M
P(Ng,M;S=1,p=0)= """ P(Ng,M;S=1p=1)=—, (5.24)
NR NR

we can accurately compute P(Ng, M; S, p) for whatever values of M, S, and p we need,
respecting, of course, the obvious bounds:

5.5.2 The probability distribution function of the correlation
function

As it was discussed in Sect. 5.3, we want to study the pdf for Cy given r = {(t,,. Let us
call this pdf P[Cy]. To study this pdf we have considered that there are three sources of
stochastic [Cy(Z, ¥ + 7 ty) is not a stochastic variable]: (i) the sample, (ii) the site #, and
(iii) the displacement choice, ¥ = (r,0,0), or ¥ = (0,r,0), or 7= (0,0,7)

Given the pdf P[Cy], the ¢g-th moment of Cj is given by
7 = / dC,CIP[CY]. (5.26)

Unfortunately, we can only access the moments of P[Cy].

However, as we discussed in Sect. 5.5.1, C{(Z, ¥ + T;ty) is only exactly measurable in
the limit Ng — oo. Thus, we have to use the unbiased estimators of the ¢-th power of
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Cy(Z, 2 + ; ty) from Ng > 2q replicas, recall Eq. (5.16), to estimate the ¢-th moment of
Cy(Z, 2 4 7 ty,).

As the reader will remember, the value of the unbiased estimator [Cy(Z, ¥; tw)], is a function
G(Nr, M, q) of the number M of negative signs in the set of Ny replicas. Thus, we can
think that the Eq. (5.26) can be written (in terms of an accessible estimator from our

simulation) as
Ny

Ci(§) = > P(M; Ng,&)G(Ng, M, q), (5.27)
M=0
where P(M; Ng, &) is a pdf computed over the samples, starting point & and the choice of
displacement 7, which represents the probability that exactly M of the Ny signs ¢, turn
out to be —1 in our simulation.

Therefore, most of the analyses considered in this chapter are based on the calculation of
the pdf P(M; Ng, &) from the system configurations. To achieve this task, given the size
of the system —160° sites #—, and the large number of replicas, and samples, we have
needed to use a multispin coding method (see Appendix D for a detailed explanation).

Symmetry of the probability distribution P(M; Ng, &)

The reader will notice that the probability P (Ng, M; S, p) is equivalent to the probability
of choosing S — p positive signs from the Ng — M that are available when picking S
signs, but focusing on positive or negative signs is irrelevant, because of the bijection
that transforms {c,}2% into {—c, }2®,. Then, the probability P(Ng, M; S, p) satisfies the
following relation

Both features, Eq. (5.28) and the bijection, implies that

G(NRaMaq) :G(NRaNR_M7q>' (529)

For instance, for even Ny, we can conclude from Eq. (5.29) that the minimum value of
G(Nr, M,q = 1) is reached at M = Ngr/2. Indeed,

G(Ne, M, q = 1) = [(Ng — 2M)? = Ng]/[Na(Ng — 1)].

Therefore, it is preferable to use a symmetrized probability rather than ]5(NR, M; S, p)
introduced in Sect. 5.5.2. Specifically,

Ps (n = ]\;R;Nmf) = P(n; Ng,¢§),

N (5.30)
Py (5 < 1 < Nas N, €) = Plmi N, €) + P(N = 3 N, ).
Thus, the moments of C); can be computed as
Nr
Ci&) = D Po(n; N, §)G(Nr,n,q). (5.31)
n=Ng/2

In fact, as we explain in Sect. 5.5.3, this symmetrized probability has a special role in the
computation of the median of Cy(Z, ¥, t,).
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5.5.3 Computation of the medians of Cy(Z, ¥, ty)

Lets start computing the cumulative distribution function of C4 from the symmetric
probability Ps(n; Ny, §)

S(n) = Enj Ps(; Ng, §) - (5.32)

(=Ng/2

In order to estimate the median, we need to determine the smallest integer n* > Ng/2
such that S(n*) > 0.5. After that, we linearly interpolate S(n) in n by assign positive
weights w_ and wy to (n* — 1) and n*, in such a way that

w_+twy=1 and w-Sn"—-1) + w;S(n*)=0.5. (5.33)

This allows us to obtain a cumulative exactly equal to 0.5. However, the reader may notice
that we need to convert the integer n* into a real number, namely an estimator of the
median of Cy. To do so, we need to consider the physical meaning of the fact that exactly

M of the Ng signs sgl) (tw)s?(ja) (tw) turn out to be —1 in our simulation of a specific sample:

1 & Ngr —2M 1—-C
_ (a) (@) _r—aM ) | )
Ne 2 Sz (tw)sy (tw) Ng <3x<tW)3y(tW)> +n Ne s (53 )
where Cy = (sz(ty)sz(tw))? and 71 is a random variable that verifies

Notice that 7 is statistically uncorrelated with (sz(tw)sj(tw)). Furthermore, because of
the central limit theorem, n tends to be a normally distributed stochastic variable in the
limit of large Ng. Thus, we may consider the (very) biased estimator of Cy [sgn(z) is the
sign function]:

[s3(tw)s5(t)]* = (W) 2

= Cu + 2nsgn((sz(tw)sy(tw))) +1 :

We do not expect problems from the term linear in 7. Indeed, as we said above, for Ng
large enough, 1 approaches a normal variable (so, symmetrically distributed around zero);
hence, it should not cause a significant bias on the estimation of the median. The real
problem comes from the term proportional to n?, which induces departure from the true
value of Cy of order 1/Ng. Hence, we may consider our first (very biased) estimator of the
median

Ng — 2(n* — 1)>2 - wy (NR—2”>2 . (5.37)

median st st )?) = - (P .

As explained above, we expect that this estimator of the median of C; will have a bias of
order 1/Ng.
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Figure 5.9: Biased estimators of the median, see (5.36) and (5.38), as functions of the
inverse number of replicas, Nr, for "= 0.9 and £(t) = 20. The dashed lines are fits quadratic
functions to extrapolate to Ng — oo (complete fit statistics are available in Table 5.2).

Alternatively, we may consider an unbiased estimator of Cy:
(Ng — 2M)* — Ny
Ngr(Ng — 1)

NrCi(1—-Cy) | (n° —1)
)Sﬂ(tw»)\l (Ng — 1)2 - Ng—1°

[C4] = G(Nr, M, q=1)

(5.38)

= Cy + 2nsgn((sz(ty

Notice that, although the expectation value of ? — 1 is zero, this term is not symmetrically
distributed around zero (not even in the limit Ng — oo, when 7 is normally distributed).
Hence, the n? — 1 will also distort the computation of the median by a quantity of order
1/Ng. Accordingly, we expect corrections of order 1/Ng for the corresponding estimator
of the bias of the median of Cy4

mediang ([Cy]) = w_G(Nr,n* —1,g=1) + w;G(Ng,n",q=1). (5.39)

The extrapolation to Ng — oo from both biased estimators is illustrated in Fig. 5.9. Notice
that both extrapolations (very biased and biased) coincide in the Ng — oo limit.

In order to perform this extrapolation, we compute our biased estimators [recall Egs. (5.37)
and (5.39)] for a sequence N}, = 32,64, 128,256 and 512, see Fig. 5.9. The reader will
notice that we need the P(M’; NE, &) to perform these calculations. However, we can
obtain these probabilities from their Ny = 512 counterpart as [P was defined in Eq. (5.18)]

NR -
P(M'; Ni, &) = > P(M; Ng,&) P(Ng, M; S = Nfy,p=M). (5.40)

M=0

To conclude this section, let us explain that, to estimate the slope m in Eq. (5.9) near
q = 0, we perform a power law fit of our estimate of the median of Cy as a function of the
first moment of Cy, Cy, see Fig. 5.10.
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Figure 5.10: Median of the distribution P[Cy(r = ¢)] versus the first moment, Cy(r = &),
for T' = 0.9. The median is calculated through the extrapolation to Ng — oo shown in Fig. 5.9. The
dashed line is fit to a power law to obtain the slope of 7(g) near ¢ = 0 (complete fit information available
in Table 5.2).

5.5.4 Probability distribution near C; =1

As we have shown in the inset of Fig. 5.7, the scaling exponent for the g-th moment 7(q),

ie., C{ ~ 1/[¢(ty)]" 9, goes as 7(¢q) ~ logq for large q. This is to be expected if the
probability distribution function for C'; near 1 behaves as

P(C; — 1) x (1 —Cy)P9 | (5.41)

with an exponent B(&) that grows logarithmically with £. Indeed, a simple saddle-point
estimation yields

_ 1 1 1
c7 — /0 dC, P(C1)CY ~ /0 A0 exp [Blog(1 — Ci) +qlog O] = . (5.42)
Thus, if B(§) ~ Alog(§) (A is an amplitude)
1 1
(5.43)

qAloe€ - gAlogq *

We have checked the behavior of the pdf P(Cy — 1) as computed from the Ny = 512
estimator in (5.38). We obtain a good fit to (1 — C;)B® | but the determination of the
exponent B(§) is quite difficult, as it depends significantly on the fitting range. This is
why we have turned to a different strategy. We have considered the following expectation
value

Ng
I(Ng) = Y Py(n; Ny, &e M), (5.44)

TLZNR/Q

The above sum is clearly dominated by values of n near Ng where, recall (5.36), Cy ~
1 —4(Nr — n)/Ng. Hence, we can approximate

1

1 1
I(NR) ~ /0 dC4 P(c4)efNR(1fc4) ~ /O dC4 (1 _ C4)B(£)e*NR(lfc4) ~ W .
R

(5.45)
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Then, our chosen strategy has been to fit our data for Z(/Ng) as a power law in 1/Ng, see
Fig. 5.11. Generally speaking, we obtain fair fits (although for £ < 10, we had to discard
the Ng = 32 data from the fits). The resulting exponents B(&) are shown in Fig. 5.12. As
it can be checked, the hypothesis B(§) o log(§) is tenable, particularly for & > 10.
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-
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éﬁ10 ;
N -6
100k . ]
10_7 '__I""— E
10*8 1 1 1 1 1 1 11 1 1 1
1072
1/Ng

Figure 5.11: Expectation value Z(Nr), see (5.44), versus the inverse of the number of
replicas Nr, at T = 0.9 and £(tw) = 20. The dashed line is a fit to (5.45) with Ny € [64,512] (full
details of the fit available in Table 5.2).
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Figure 5.12: Exponent B(¢) for T = 0.9. The dashed line is a fit to a + blog(¢) for £ > 10
(see Table 5.2 for complete fit statistics). These results make more plausible a logarithmic behavior
of 7(q) for large q.

5.5.5 Interpolation of C(r;ty)

Let us recall the interpolation of C%V(r;t,,) for non-integer values, needed to calculate the
order-of-magnitude factor M(Z, T + 7 ty) in Eq. (5.6). We consider only the interpolation
for our data for the EA at T'= 0.9 and t,, such that £(t) = 20.

In order to interpolate our data obtained for integer r, we have performed a fit that should
account for both the short- and long-distance behavior of the correlations:

A
CZV(Tv tw) - Fsd(r) + -Fld(r) ) Fsd(r) = (b0+blr+b2r2)e_(r/2.6)4 ) Ed(r) = ?e_(r/fexp)ﬁ .
(5.46)
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The functional form for Fq(r) is well known and physically motivated [BCC*08b, BCF 09,
BJCCT18]. However, Fy(r) is a purely ad-hoc fitting function. The above functional
form fits our integer-r data (within errors) for all » > 1. Of course, the fitting function
can be evaluated whether the argument is integer or not. The fit’s figure of merit is
x?%/dof = 9.18/71 (dof stands for ‘degrees of freedom), where we have considered only
the diagonal part of the covariance matrix. This explains the small value of y? that we
obtained in the fit (the departure of the p-value from one is ~ 107'®). To compute x?, we
considered as well the first image at L —r [FMMM™19], i.e., we compared the numerical
data to Fsd(T) -+ Fsd(L — T’) + Hd(T) -+ Ed(L — T’).

We conclude by giving the fit parameters (we report many digits for the sake of repro-
ducibility). For the short-distance piece, we have:

bo = 0.0453360389027432, by = —0.0264096080489446 , by = 0.00558776268187863 .
(5.47)

The parameters of the long-term decay are:

a=045829, [ =141217, A=0.551495, Ep = 20.5207. (5.48)

5.5.6 Summary information about fits in the chapter

As the reader will notice from the previous sections, the present chapter needed a large
number of fits. This would be impossible without some automation, detailed in Appendix H.
The complete statistical information on the fits of this chapter is summarized in Table 5.2.

As a check of the complete fitting process, Fig. 5.13 shows the evolution of the 10th and
20th moments of C} as a function of the coherence length with the corresponding fits to a
power law (5.7). Both fits have performed with only the amplitude constant A, as a fitting
parameter. We take the respective value of 7(q) of our analysis. These fits, included in
Table 5.2, confirm our analysis.
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Figure 5.13: The 10th and 20th moments of c; as function of the coherence length ¢ at
T = 0.9 for EA. Dashed lines are fits to a¢é~7(9 where the only fitting parameter is the proportional
constant a. The values of 7(10) and 7(20) are our final estimates presented in Fig. 5.7.
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Identifier Functional Form Fitting Range x2/dof Parameters

[C4], Fig. 5.9 0.872768/2 | a = 0.01492(12), b = —0.52(2), ¢ = —5.0(6)
f(@) =a+bx+ca?

[sz 4 72, Fig. 5.9 Nr € [32,512] | 0.946227/2 | a = 0.01492(12), b = 0.46(2), ¢ = —4.3(6)

Z(NR), Fig. 5.11 f(z) = az®+D 3.70448/3 a=14(2), b= 2.02(4)

B(¢), Fig. 5.12 f(z)=a+blogx 5.95738/9 a=0.78(11), b = 0.39(4)

CI=" Fig. 5.13 € € [10,20] 5.6406,/10 a = 0.00513(2)

flz) = az~7(@

C9=% | Fig. 5.13 7.64613/10 a = 0.001337(11)
Median of Cy, Fig. 5.10 Cy(€ € [4,20]) | 1.86484/15 a = 1.489(16), b = 1.575(4)
median[Cy]/Cy, Fig. 5.6 f(z) = aa® Cy(€ € [4,20]) | 8.88094/15 a = 1.488(7), b = 0.575(2)

C#¥(r=¢&T =0.9), Fig. 5.2 ¢ € [10,20] 1.99859/9 a=0.182(2), b = —0.411(5)
71(q) for T = 0.9, Fig. 5.7 5.01227/18 a=0.0129(18), b = 12
1(q) f(a) = malis / (18) 47(12)
m1(q) for T = T., Fig. 5.7 5.37753/18 a = 0.1718(17), b = 0.574(10)

q € [1,20]
75(q) for T = 0.9, Fig. 5.7 9.33556/18 a=0.039(2), b = 0.232(5)
(@) = ma g
72(q) for T = T., Fig. 5.7 8.23336/18 a = 0.0446(2), b = 0.242(4)

Table 5.2: Summary of the statistical information of all the fits reported in this chapter.
The fits have been done with Gnuplot. We have used this data to calibrate our analysis, which has been
automated to estimate the errors following the strategy of [Y1I11].
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Quantum spin glasses






Quantum spin glasses in
two dimensions

The Quantum Transition of the Two- Optimization problems, recall Sect. 1.1.3, ap-
Dimensional Ising Spin Glass: A Tale pear in a variety of situations in everyday
of Two Gaps life. Consider, for example, choosing the best
M. Bernaschi, I. Gonzdlez-Adalid Pemartin, dehvery route, designing the urban pUth
V. Martin-Mayor, G. Parist transport layout, deciding assignments in a
Preprint: Arxiv company budget, etc. In these problems, N
https://doi.org/10.48550/arXiv.2310.07486 agents (e.g., company departments) try to sat-

isfy their goals, which are sometimes mutually

contradictory. Under these circumstances, the
different solutions for the problem cause some agents to be frustrated. The natural way
to choose a solution is to consider a cost function that quantifies the frustration in the
system. Our goal will be to minimize the cost function.

All the above features are well represented in spin glasses, which, as we have discussed
in Sect. 1.1.3, fall in the NP-complete computational complexity class. Indeed, finding
the minimal energy state —the ground state (GS)— of an Ising spin-glass Hamiltonian
on a non-planar graph is the most familiar example of an NP-complete problem in
physics [Bar82, Ist00]. NP-completeness explains the interest in these systems, evidenced
by the up-surge of hardware specifically designed for minimizing a spin-glass Hamiltonian
through a variety of algorithms and physical principles (see e.g [GTD19, MTM™"20, MF20,
MMH*16, BJBnC*14c¢]).

In analogy to the use of out-of-equilibrium dynamics to accelerate the relaxation process
presented in Part. IT of this thesis, [KN98] presented a novel strategy that uses the quantum
fluctuations to accelerate the exploration of the spin-glass configuration space. In this way,
they hope to find the GS on an Ising spin glass. This strategy, the so-called Quantum
Annealing, has been implemented in hardware [J"11, MF20]. In particular, D-wave chips
solve Ising spin glass in space dimension D = 2 (fortunately, problems with D’ > 2 can be
coded over D-wave’s D = 2 graph [KRL"23]; see [Bax08] for more on the definition of D).

These devices use a transverse field I" to control the quantum fluctuations; see Eq. (6.1)
below. Specifically, for I' = oo, the GS has all spins as much aligned with the transverse
field as Quantum Mechanics allows them to be [paradoxically enough, from the point of
view of the computational basis that diagonalizes the 0Z matrices —c.f. Eq. (6.1), this GS
seems a random statistical mixture]. Diminishing the transverse field at zero temperature
adiabatically, the GS varies. Finally, at I" = 0, the system, which has remained in the GS
throughout the process, encodes the solution of the optimization problem (the GS of the
considered sample). However, at some point along the annealing process, I" goes through
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a critical point at I (see Fig. 6.1). This critical point separates the disordered GS from
the spin-glass GS that does show a glassy order in the computational basis. As we explain
below, the phase transition poses an obstacle to the annealing.

PM

—— r
Ie

Figure 6.1: Phase diagram for a 2-dimensional Ising
SG in terms of the temperature T and the transverse
field I'. For T > 0, the system is disordered when it is studied

at large lengthscales, i.e., it is in the paramagnetic phase (PM).

At T =0, for I' > I, the GS seems disordered (from the point
of view of the computational basis). In contrast, for I < It
there is a spin-glass phase (SG) —different for every disorder
realization [see Eq. (6.1)].

Although all of this may seem very far-
fetched (due to hardware difficulties), re-
cent experiments conducted on a D-Wave
chip [KRL"23] have shown that 5,000
qubits (a qubit is the equivalent of our
spins; we shall coin the term ¢spin to refer
to quantum spins) exhibit coherent quan-
tum dynamics for a few nanoseconds as I’
cross the critical point. This highlights the
importance of having a solid theory of the
phase transition at I.

The usual and most powerful framework to
study analytically phase transitions is the
Renormalization Group (RG). In particular,
the RG helps to identify which properties
of the critical point are universal, meaning
that they are the same regardless of the

specific microscopic details of the system.
Only very broad features, such as symmetries, matter (making it possible to classify
problems into universality classes). In fact, the study of disordered systems was among the
first applications of the RG (see, e.g., Refs. [GL76, Par79a, PS79]), a strategy that is now
well-established in D = 2 [Car96]. Nevertheless, it has taken a lot of work to show that
the RG —and the accompanying universality— applies to disordered systems in D > 2
as well [BEMMT98, HPV08, EMM13, FMMPS16, FMMP*19] (even in D = 2 this was
a challenging endeavor for spin glasses [FMMM™16]). Furthermore, as we discussed in
Chapter 4, due to the complexity of the theory, there is still controversy over how to use
the RG to make predictions for a system in dimension D < 6.

When we consider the scenario of the quantum transition in SG, the situation is even more
complicated. In fact, only the case of D = 1 is well understood [MW68, MW69, McC69,
Fis92]. In the case of SG in two dimensions, the problem becomes more complex. Contrarily,
predictions are obtained using different approaches. In addition, these results affect the
physical quantity that ultimately determines whether the computational complexity of
the quantum problem is greater or less than its classical counterpart. Specifically, we are
referring to the energy gap A that separates the GS from the first excited state of the
system.

The relevance of this energy gap for the quantum annealing comes from its relation with
the annealing time (the time required to remove the external field). In particular, this
time is proportional to 1/A? [AL18]. In a spin glass with N oc L? gspins at I' = I, (L is
the linear size of the system), A oc L™ (z is the so called dynamic critical exponent, see
e.g. [Carl2]).

Unfortunately, the determination of the dynamical exponent z is controversial. On the
one hand, Monte Carlo (MC) simulations [RY94, GBH94, RY96] and a series-expansion
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study [SY17] found finite values of z (e.g., z = 1.5 for D = 2 spin glasses [RY94]). This
result coincides with the predicted one for the droplet model for the quantum spin-glass
transition [TH95]. On the other hand, a real-space RG analysis concludes z = oo in space
dimension D = 2 and 3 [MN13]. Recent Monte Carlo simulation claims as well z = co in
D = 2 [MFRI16]. Notice that z = co would probably imply that the annealing time to
enter adiabatically the SG phase will scale superpolinomically with the system size L. Let

us remark that an annealer should not only go through I, but it also should reach I" = 0.

Here, we intend to clarify the situation through large-scale simulations on GPUs using
highly tuned custom codes (see Appendix D for details). It is essential that, as it will be
seen in Sect. 6.4, we have made no assumptions about the value of z. Another crucial
piece of our analysis is the spin-flip symmetry of the system, implemented by the parity
operator P (see Sect. 6.1).

We have decided to organize this chapter as follows: in Sect. 6.1, we introduce the
theoretical aspects necessary to formulate the quantum spin-glass transition problem
correctly. Sect. 6.2 summarize the main information of our numerical approaches: exact
diagonalization and Markov Chain Monte Carlo simulations. Next, we will define the
observables used to analyze and characterize the system in Sect. 6.3. Focusing on the

results obtained in Sect. 6.4 we analyze the ground state and study the critical point.

In order to settle the discussion on the dynamical exponent z, in Sect. 6.5 we study the
excited states of the energy spectrum. Finally, in Sect. 6.6 we summarize the main results
obtained in this chapter.

6.1 Our framework

As it was anticipated in Chapter 1, SG are the paradigmatic statistical model to study
quenched disorder [Par94]. Moreover, there is a subtle but important difference between
the previously discussed classical Hamiltonian and the quantum problem considered here:
instead of considering an external magnetic field oriented in the same direction as the
spins [recall Eq. (1.4)], the quantum version of the SG considers a transverse external field
I'. Indeed, the Hamiltonian in Eq. (1.1) for s = 1/2 spins (or gspins) now takes the form

H= —;Z [Jf,ga—g&g - Iy 6% . (6.1)
g i

As it was considered in Chapters 4 and 5, Jzz are the random couplings that define
the problem instance under consideration. A problem instance is named a sample in
experimental science (more details are given in Sect. 6.2). In particular, we consider
only nearest-neighbor interactions on the square lattice. Let us recall the use of the
Pauli matrices 6% and 4%, instead of our previously used notation (sz), to emphasize the
quantum fluctuations introduced by the second term in Eq. (6.1). In addition, we use the
notation * as a reminder of the quantum nature of the Hamiltonian operator.

The remainder part of this section is divided as follows: Sect. 6.1.1 briefly examines the
gauge and parity symmetries of the system. In Sect. 6.1.2 we give the main ideas of the
Trotter-Suzuki approximation [Tro59, Suz76], which allows us to implement a classical
equivalent to Eq. (6.1) [see Eq. (6.6); Appendix A]. Finally, Sect. 6.1.3 discusses the study
of the physical observables in terms of the transfer matrix.

97
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6.1.1 Parity and Gauge symmetries

The most relevant symmetries in the quantum spin glass are the gauge and parity sym-
metries. In particular, parity symmetry has an important role in studying the energy

excitation spectrum study in Sect. 6.5.

A
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Figure 6.2: Schematic representation of the energy
spectrum. The parity symmetry splits the spectra into even
and odd sectors according to the parity of states. We shall name
the even eigenvectors of the transfer matrix (6.10) as |0q), |1},
..., with corresponding eigenvalues e ##c¢s and e~ F(FastAn.e)
for n =1,2,3,... [we use the shorthand A, = Ay ]. For the
odd sector, we have [0,), |1o), ... with eigenvalues e~#(Fas+a),
and e *(FastA+Ano) for n =1,2,3,... [we use the shorthands
A = Ey, — Egs, and A, = Aj,]. Notice that expectation
values at zero temperature, T=0, are determined solely by |0).
This energy level diagram is based on the numerical results in
Fig. 6.4.

The parity operator
pP=T]s%, (6.2)

which implements a global spin-flip in the
system

P6Zp = —6Z vz, (6.3)

is a self-adjoint, unitary operator that com-
mutes with the Hamiltonian (6.1). This
symmetry splits the space of states V', with
dim(V) = 27, into two orthogonal sub-
spaces, according to the parity eigenvalue,
either +1 (even states) or —1 (odd states).
Fig 6.2 represents an oversimplified but en-
lightening cartoon of the energy spectra.
Let us consider a number n to identify the n-
th lower energy level, i.e., greater n greater
energy n. With this notation, the ground
state is represented by |0), and the original
space would be write as V' = lin{|n) ii;‘l.
However, parity allows to write V' as a di-
rect sum of two orthogonal subspaces, i.e.

Vi = lin{ne) i @ lin{[no)} 5 (6.4)

with R = ZLD_I, and where the sub-index refers to the parity of the state (we can use the
same notation for the energy of the states, see Fig. 6.2). In the splitted representation,
Vip, the GS (which is an even state) is represented by |0,).

Moreover, we can classify the operators as either even (i.c. PAP = A) or odd (PAP = —A).
As the reader will notice, the matrix elements of even operators can be non-vanishing only
if the two states have the same parity. The situation is the opposite for the odd operators,
i.e., the parity of the two states differ for non-vanishing matrix elements.

The parity symmetry is just a particular case of gauge transformation. Let us arbitrarily
choose nz = 0 or 1 for each site. The corresponding gauge operator

Gngy = [[(07)" (6.5)

is self-adjoint and unitary. When we apply this transform to the Hamiltonian in Eq. (6.1),
we obtain a Hamiltonian of the same type, but with modified couplings [Tou77]:

Jﬁg — Jf)g(-l)nﬁ_‘—ng .
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The reader could complain about the fact that this is not a symmetry in the usual sense.

However, the gauge symmetry naturally emerges when we consider the average over the
disorder (the quenched average, recall 1.4). Indeed, the gauge-transformed coupling matrix
has the same probability as the original one. Therefore, meaningful observables should be
invariant under an arbitrary gauge transformation.

To obtain the parity operator from the gauge one, we must set nz = 1 for all sites, which
does not modify the couplings Jz; (hence, parity is a symmetry for a given sample —or
problem instance— not just a symmetry induced by the disorder average).

6.1.2 The Trotter-Suzuki approximation

Following Refs. [Tro59, Suz76], it is possible to replace the original gspins on a L x L
lattice by classical spins on a L x L x L, lattice sz, = £1 (see Appendix A for a complete
derivation). The Trotter-Suzuki approximation introduces L, copies of the system —along
the so-called Fuclidean time 7— which interact in a ferromagnetic way. Specifically, the
resulting classical Hamiltonian takes the form

LT—l

1
H(S)=— > [2 > JzgSzaSge + Y SiaSiai

=0 "% 75 7

, (6.6)

where S as a shorthand for the configuration of the L” L, spins in the system (here,
D = 2). We will refer as S, to the configuration of the L spins at Euclidean time 7. For
the new classical system, the probability of a spin configuration S turns out to be

a—KH(S)

pS) = —. (67)

in terms of the partition function of the system

Z =3 e S, (6.8)
{s}

As the reader will notice, the external field that drives the transition in the quantum
system is replaced by the new parameter k. The exact relation between both parameters
(the derivation can be found in Appendix A) has the form

-1

r
2k

log tanhfk (6.9)

which implies that k& grows as I" decreases. Even though the Trotter-Suzuki approximation
assumed periodic boundary conditions (PBC) along the Euclidean time, in Sects. 6.4
and 6.5 we shall find it useful to consider as well anti-periodic boundary conditions (APBC)
only along the 7 direction.

Recall that, in this classical formulation, the energy gap A translates into a correlation
length n = 1/(kA) along the Euclidean time. In addition, as it is explained in Appendix A,
the limit 7" — 0 (of interest for studying the GS — see Sect. 6.4) transforms into the limit
L. — .
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6.1.3 The transfer matrix

As in Chapter 2, the transfer matrix method provides a powerful tool for studying the
behavior of the physical observables. In addition, it makes the connection between the
original quantum problem defined in Eq. (6.1) and the classical one in Eq. (6.6) [Kog79,
Par88]. Appendix A discusses this connection in more detail.

For the sake of clarity, let us define

N
x

N 1 ~
_ § : ~Z AL _ E ~ X
HO - _5 Jj’,gafo'g and Hl =T Oz .
7y

The original transfer matrix takes the form
T = e hHo+t), (6.10)

Hence, the quantum thermal expectation value of an operator A at temperature 7' =
1/(kL;) (see Apendix A for a discussion on the relation between the quantum-system
temperature 7" and the Euclidean length L, in the classical system) is

A Tr AT L
Ay = 2T
Tr T Lr
Now, for an operator A such that A = Aa({6Z}), i.e. A is an arbitrary function Ay of

the operators 6%, the Trotter-Suzuki approximation is equivalent to replacing the true
transfer matrix in Eq. (6.11) by its proxy,

T = o 5Hog k1§ Ho _ F 1 Ok, (6.12)

(6.11)

with expected value

—

TI‘Q TLT

[the subscript Q, is an abuse of language that has been introduced to highlight the fact that
the expected value and the trace in (6.13) are taken over the Hilbert space of 2F” states).
The most interesting feature in Eq. (6.13) is that averaging A.(S,) over configurations
distributed according to (6.7) we can compute (A) as well. In addition, because the 7
does not play any role in the expression, we may gain statistics by averaging over 7. In
summary, the expected value in Eq. (6.13) can be obtained as

(A)q = L17 > (Aa(S7)), (6.14)

where (---) denotes the classical thermal average discussed in Sect. 1.4.

(6.13)

Coming back to Eq. (6.13), and using the spectral decomposition of the transfer matrix
one obtains (for the sake of brevity we use the unsplit representation of the spectrum; for
clarity sake, we only consider PBC)

(0LA]0) + X (n[AJn)etr/mo
n>0
]_ + Z e*Lr/nn,O

n>0

(A)q = (6.15)

Let us finalize this section by emphasizing that both 7 and 7 are self-adjoint, positive-
define transfer matrices that commute with the parity operator (specifically, the two
transfer matrices share the symmetries discussed in Sect. 6.1.1).
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6.2 Our simulations

We studied a spin system on a square lattice of side L with PBC (as will be seen in
Sect. 6.3.2, we also consider APBC along the Euclidean time). The coupling matrix Jz ;
in Eq. 6.1 is nonzero only for nearest neighbors on the lattice, taking values Jy and —.Jj
with 50% probability. Our units of energy are such that Jy = 1. Let us recall that the
matrix Jz; defines a problem instance (or sample).

To address the problem, we considered two approaches: exact diagonalization of the
Trotter-Suzuki transfer matrix [recall Eq. (6.12)], whose results are detailed in Sect. 6.4.1,
and Markov Chain MC simulations, which account for the majority of our results. In
both cases, we use highly tuned custom codes for GPU. Appendices C, D and F contain
detailed information on the algorithms and methods used for diagonalization and Monte
Carlo simulations, respectively.

Let us remark that these customizations have allowed us to achieve sub-picosecond times
per spin update, competitive with dedicated hardware [BJBnC™14c]. Nevertheless, due
to the sizes of the systems studied (see table) and the large number of samples analyzed
(see below), this work would not have been possible without the two EuroHPC computing
grants: specifically, we had access to the Meluxina-GPU cluster through grant EHPC-REG-
2022R03-182 (158306.5 GPU computing hours) and to the Leonardo facility (CINECA)
through a LEAP (Leonardo Early Access Program) grant.

6.2.1 Exact diagonalization

Despite the efficiency of our algorithms, due to the large size of the transfer matrix,
2L7 % ZLD, we have limited the analysis by exact diagonalization to small systems. In
particular, we have considered L = 6, obtaining the four lowest energy states |0.), |0,),
1), and |1,), as well as their four eigenvalues effoe ekFre eFFoo and eFFie for 1280
samples at £ = 0.31 and 0.305. In addition, for £ = 0.3 and 0.295, we also analyzed a
subset of 320 samples. The results obtained are presented in Sect. 6.4.1.

6.2.2 Monte Carlo

With regard to our MC simulations, we used a Parallel Tempering algorithm [HN96],
implemented over a range of k values, to ensure equilibrium (see Appendix D and F for
more details about the implemented algorithm). We analyzed a total of 1280 samples for
each system size (see Table 6.1). As a rule, as applied to the disordered average, we have
estimated errors using the bootstrap method [ET94]. Finally, we have simulated six real
replicas of every sample (i.e., six statistically independent simulations of the system). This
allows us to implement the equilibration tests based on the tempering dynamics [BEM 18]
and to calculate unbiased estimators of products of thermal averages [cf. Eq. (6.17)] and
also the statistical errors for the time correlation functions [cf. Eq. (6.25)], as computed
in a single sample (see Appendix H).
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L | L. | kpn Kmax N° of k | MC steps
29 10.265 | 0.305 16 4.5%107
12| 2% 1 0.265 0.305 24 10.5x 107
16 | 2' | 0.265 | 0.295986 48 50.1x 107
20 | 211 | 0.265 | 0.295986 56 67.8x 107
24 | 2111 0.265 0.292 60 78 x 107

Table 6.1: Simulation parameters for the different system sizes. The k ranges have been chosen
to ensure the critical point k. belonged to the range (see Sect. 6.4.3). The N° values of k, kmin < &k < kmax,
are uniformly distributed. We also provide the number of Metropolis sweeps performed (an elementary
step consisting of 30 full-lattice Metropolis sweeps, followed by a Parallel Tempering attempt of exchanging
the k value. Appendix D and F provided more details about the MC algorithm

6.3 Observables

In this chapter, we study two distinct problems. One is the behavior of the GS as k
[hence I', recall (6.9)] crosses the critical point. The second problem regards the energy
spectrum at the critical point. Therefore, we must consider two distinct strategies to carry
out each of the analyses presented in Sects. 6.4 and 6.5, respectively. These strategies
can be summarized by considering two types of physical observables: On the one hand,
the study of the GS demands studying observables that are independent of Euclidean
time and averaged over disorder. On the other hand, the energy spectrum is accessible
by considering correlation functions along Euclidean time of several observables. Let us
emphasize that, unlike the one-time observables used to study the GS, these correlation
functions must be analyzed sample by sample.

6.3.1 Time-independent observables

Ref. [RY94] showed that the spin-glass susceptibility, named x("=%) as we explain below, is
barely divergent at the critical point. Therefore, we have had to consider other observables,
namely the generalized susceptibilities and their corresponding correlation length, in order
to find divergences that can help us study the critical point.

The basic building block for obtaining the different time-independent observables is the
spin correlation, 6% 65 . In this way, we can construct the L? x L correlation matrices

M and M [Yan62, SCM00] —p'=(27/L,0) or (0,27 /L):
Mi,ﬂ = <6§5’§>Q s [M]f’g == M@g*eiﬁ'(f_g) . (616)

From these matrices, we can define the 2n-body spin-glass susceptibilities at both zero
and minimal momentum:

) _ Tr [M ”]

X" = —p— F = iTr[MMn—l} . (6.17)

= 7P

Using x™ and F(™ we can calculate the second-moment correlation length (see, e.g.,
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Ref. [AMMO05))

) — \/ —1. 6.18
g 2sin(r/L) V F™ (6.18)

Notice that our x"=2 and £=2) are just the standard quantities considered in the
spin-glass literature [PC99, BCF*00].

Indeed, Y™ and €™ are sensitive to the existence of the phase transition at I,. In particular,
as L grows, x and £™ remain of order 1 in the paramagnetic phase. Close enough to
the critical point, in the critical region, they diverge as x(™ ~ L'/ and £ ~ L. On
the other hand, in the spin-glass phase, the susceptibility diverges asy™ ~ LP™=1) and
the correlation length as €™ ~ L® (with some unknown exponent o > 1).

Let us consider the critical scaling in more details. In the simplest approximation —
see Ref. [CMMMO02] for a more paused exposition— in the critical point and for large
separations r between ¥ and ¥, Mz ~ vzvy/r® with vz, vy ~ 1. Using this idea, we can
obtain the scaling behavior for y™

1 /L 1 1
X(n)sz/ Pz P, -
LP Jo |7 — Do|* |7 — Do@ 6.10
v g D 1 1 (6.19)
= / d Ul Tt d /L_[n — — e — — 7
LD—na 0 |U1 — Ug’a |U1 — UQ’a
where we introduce the n dimensionless variables @; = Z;/L for i = 1,2,---  n. Therefore,

7™/ = (n —1)D — na in this approximation. So, if D > a, ¥ grows with n. Since
x"=2) barely diverges [RY94], we decided to focus our attention on n = 3, which presents a
good compromise between statistical errors that grow with n, and a strong enough critical
divergence.

Besides, we have computed the Binder cumulant

2, (6.20)

where Qy = LPx("=2)_ Notice that in the paramagnetic phase, because of the Gaussian
nature of the fluctuations, B approaches three as L grows for fixed k < k.. On the other
side of the transition, in the spin-glass phase, B reaches a different large-L limit for fixed
k> k. (for k> k. various behaviors may arise depending on the degree of Replica Symmetry
Breaking [MPV8&7]).

6.3.2 FEuclidean time-correlation functions

As mentioned at the beginning of Sect. 6.3, in order to study the energy excitation spectra,
we must consider observables that are Euclidean-time dependent, the so-called Euclidean
time correlation functions. Let us consider (for simplicity) an operator fl, which is a
product of % operators at some spatial sites. The Euclidean correlation function for this
observable A can be computed as

- TI"Q A T A Tle=T

C4l7) Tog TE (6.21)

103



104

6 Quantum spin glasses in two dimensions

As in the computation of expected values [recall Eq. (6.14)], C'4(7) can be computed from
our spin configurations distributed according to the classical weight (6.7) by averaging

Calr) = 7 2 Aa(Sn)Aa(Srir). (6.22)

In particular, in the present chapter we focus our attention on the Euclidean time correlation
function of two operators, 6Z and the spin-spin interaction 6% 65 , which we average over
the system:

D& C&§ (1)

Zf,g Csz52 (7)
Clr)= =52 Qo) = =2

5 (6.23)

Qa(T)

T-dependence of the correlation functions

Let us go a step back and use the spectral decomposition of the transfer matrix (see
[Kog79, Par88]; and also Appendix B for details) in Eq. (6.21) to obtain some general
results about C4(7) (for the sake of clarity, let us first disregard the parity symmetry and
consider PBC).

Now, consider the base of energy states {|n)}, which also are eigenvectors of T with
eigenvalues e *Fn (recall that, in the unsplit representation V, E,, is the energy of the
state |n), n is the ordinal that identifies the growing energy states, and we use n = 0 for
the GS; see Sect. 6.1.1 for details). The trace in the numerator of (6.21) is

TrolAT™ AT =Y (0| AT m)(m| AT " |n)

n,m

— Z ’<n|A |m>’267kEmTekan(Lffr)
o (6.24)
— Z |An,n|2€_kEnLT

+ Z ’Anvm’2e_kEnLT |:e_kAm’nT +e_kAm,n(LT—T)} J

n<m

where A, ,, = <n|fi |m), and A,, ,, = E,, — E,. Let us define the Euclidean time correlation
length 7,,, = 1/(kA,, ). By proceeding similarly for the denominator in Eq. (6.21) and
taking out the common factor of the term associated with the ground state, one arrives at

KOLAIONE + 5 |42t/

Cuilr) = e e
" (6.25)
) ‘An7m|2€_L7/n"‘0 |:e—7'/7]m,n + e—(LT—T)/nmm}

n<m
+

1+ 3 eLr/mo
n>0
The presence of the parity symmetry allows to simplify (6.25). Specifically, for an even
operator A we find that (n|.A|m) is zero if the parity of the states |n) and |m) differ (for
odd operators (n|.A|m) = 0 if both states have the same parity). Therefore, for large L,
the largest correlation length to which Q2(7) is sensitive is the largest of 1, and 7, (see
Fig. 6.2), while in the case of C(7) the relevant correlation length is 7 (recall Fig. 6.2 for
an explanation of the notation).
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Moreover, for an even operator, every state |n) provides an additive contribution, given by
the term |A,, ,|2e£7/™0  to the T-independent term in Eq.(6.25) (namely the plateau in

Fig. 6.3). Because for odd operators (n|fi|n) =0, C4(7) for odd operators lack a plateau.

Let us briefly explain how to take care of the APBC in the Euclidean time axis for even
operators. In the case of considering a system with APBC, we would only need to add a
parity operator P to the end of each of the traces in the Eq. (6.25) [also in Eq. (6.15)].
Taking into account that parity is a symmetry of the system, we need to add a factor p,,
which accounts for the parity of state |n) (p, = +1 for even states, and p, = —1 for odd
states), to each term in the summations. In this way, for example, the denominator in
Eq. (6.25) [also in Eq. (6.15)] would become

TI'Q TLTP _ e—qu—Eo 1+ ane_LT/nn,O . (626)

n>0

The zero temperature limit

As it was mentioned in Sect. 6.1.2 (Appendix A), the zero temperature limit in the Trotter-
Suzuki approximation is equivalent to the L, — oo limit. Therefore, let us assume that
L, is large enough to have e=*7/7 e~L7/1e < 1 (see Fig. 6.2 for the notation). However,
although we can neglect terms of the form e~%7/".0 for n > 1, we cannot assume that
€ = e L7/" is small (in fact, for some samples one could even have € ~ 1).

4.5

4.4

4.3

(Q2(7))(x10?)

4.2 E

0 50 100 150 200 250 300 350

T

Figure 6.3: Even correlation functions 2(7) defined in Eq. (6.23), as computed for a single
sample of L = 20 at k = 0.29 =~ k. (see Sect. 6.4.3). The corresponding @2 value calculated from
TrM?/L?P is represented by a complementary colored horizontal line.

Now, for and even operator fi, and using the splited notation for the spectrum Vg, [see
Eq. (6.4) and Fig. 6.2], we can define A, = (0.].A|0.) and A, = (0,|.4]0,). Let us remark
that A, is the expectation value at exactly 7' = 0 [taking the L, — oo in Eq. (6.15), it is
straightforward to check this result]. With this notation, the plateau at 7 > 1,7, see
Fig. 6.3, is given by

Ce
1+ e’

CA(T > e, o) = A2 + [A) — AZ] (6.27)
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where ¢ = 1 for PBC and ( = —1 for APBC.

Notice that the difference between the plateau C4(7 > 1e,1,) and the value of (A)é in
this situation is
CG(AG - A0)2

(1+Ce)> 7

i.e. quadratic in (A, — A,) rather than linear as in Eq. (6.27). Indeed, in Fig. 6.3, for
the largest systems with L, = 2048, the plateau of the correlation function and the
corresponding expected value are essentially indistinguishable (taking into account the
measurement error).

CA(T > T, 770) - <A>(2Q =

Let us focus on the plateau of Qy(7) [recall Fig. 6.3 and Eq. (6.23)]

(e

Q2(T > N, o) = Qoe + [Q2,0 — QQ,e]m )

(6.28)

where Q. and Qs , are, respectively, the average over all pairs (Z, ) of A2 and A2. Two
consequences can be drawn from Eqgs (6.27) and (6.28):

1. The limit T"— 0 (or L, — o0) is approached monotonically. Furthermore, the PBC
results approach the limit from above, while the APBC from below. To confirm
this, we have explicitly checked all our simulated samples, finding no cases where
the APBC plateau is higher than the PBC plateau (it is intuitive to expect that the
PBC system will be more ordered than the APBC system).

2. Since Q2(7) and Qs are bounded between 0 and 1 also for the APBC, it is straight-
forward to conclude that |Q2, — Q2| < (1 —€)/e. Hence, the most difficult samples
€ ~ 1 present a tiny finite-temperature bias in the PBC estimator [indeed, compare
the L, dependence of the PBC and the APBC plateaux in Fig. 6.3].

6.4 The phase transition in the ground state

In this section, we focus our attention on the study of the phase transition. To avoid
polemics about the value of the dynamical exponent z, we have left aside the effects of the
excitation spectrum, focusing on the GS. To do this, it has been necessary to ensure that
the considered observables reach their zero-temperature limit (or, in the Trotter-Suzuki
formulation, L, — 00).

Even though our main results stem from Monte Carlo simulations, we have also performed
a numerical diagonalization of the transfer matrix for small systems (see Appendix C for a
detailed explanation of the algorithm). This diagonalization has been very useful, not only
to tune our analysis but also for the information it affords about how the limit 7" — 0 is
approached (recall Sect. 6.3.2).

Therefore, in this section, we discuss the main results of the exact diagonalization in
Sect. 6.4.1. With this information, in Sect. 6.4.2, we confirm that we achieve the T"— 0
limit in our MC simulation. Finally, the Sect. 6.4.3 provides our main results concerning
the critical point.
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6.4.1 Exact diagonalization

For small systems, L < 6, by exact diagonalization of the transfer matrix, we obtain the
energy states of the Trotter deformed Hamiltonian (see Appendix B). This spectrum is
divided into even energy levels (Ey. < Ej. < ...) and odd levels (Ey, < E1, < ...) due
to the parity symmetry (recall Sect.6.1.1).The GS is even and its energy is Egs = Epe.
Furthermore, the first excited state is odd with energy Ey,. In this way, the minimum

g
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= 0 C - | | T”* | | | k:|031 |__ - | | | 7
1 10 100 1 1.5 2 2.5 3 3.5 1 1.5 2 2.5
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Figure 6.4: Empirical distribution function of the different Euclidean correlation lengths
presented in the system, for different values of k. Data from the exact diagonalization of a L = 6
system. Data from k = 0.295, and k& = 0.3 are calculated over 320 samples, instead of 1280.

gap A is given by A = Ey, — Eye. Our results, shown in Fig. 6.4-Left, display dramatic
fluctuations among samples, up to the point that the statistical analysis should be
conducted in terms of log A. Moreover, as we will discuss from our MC data in Sect. 6.5,
the sample-to-sample distribution function of n = 1/(kA) is a Levi flight [i.e. for large 7,
the empirical distribution function decays as F'(n) =1 — % with b < 2].

Additionally, as it can be seen in Fig. 6.4, the value of n depends significantly on the value of
k [and therefore on the external field (6.9)]. This implies that the exponent b also changes

with k. Let us consider a sample at k; and ks (k; < ko) to understand what happens.

From the results of Fig. 6.5 we can conclude that (approximately) n(kz) = a[n(ki)]* 7,
where «, 3 are constants (for fixed k; and k3) and S > 0. This monotonic relation implies
that the same sample occupies percentile F' in the distribution for k1 and ks. Thus, the
exponent b that characterize the Levy flight satisfy the relation b(ks) = b(k1)/(1 + /). So,
because b(k2) <b(ky), the tail at large n becomes heavier as k increases (see Sect. 6.5 for
an extended discussion).

The other main result in this section is related to the next excited states, £}, and F .

In particular, the study of the sample-to-sample fluctuations of the same parity gaps
Ae = B — Eye and A, = By, — Ey, show a behavior different from our findings for

A. Specifically, the fluctuations for both A, and A, are moderate (see Fig. 6.4-Center).

Furthermore, for all our samples, we found that 7, and 7, are of similar magnitude (see
Fig. 6.4-Rigth) and A., A, > A, unless A turns out to be inordinately large.
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Figure 6.5: Dependence on k of the odd correlation length 7. Logarithm of the ratio of
n(k = 0.31) and n(k = 0.295) (as computed for the same L = 6 samples through exact diagonalization).
The results show an approximately linear relation with a positive slope. Data for the 320 samples we
studied at £ = 0.295 and k = 0.31.

6.4.2 Achieving zero temperature

As was mentioned in Sect. 6.1.2 and 6.3.2, the limit 7" — 0 in the Trotter-Suzuki approx-
imation is equivalent to the limit L, — oo. Hence, the simplest way to approach the
zero temperature limit would be to study a fixed set of samples for a sequence of growing
Euclidean lengths L, (which is equivalent to the naive way to study the thermodynamic
limit in other systems). When the results become L. independent, we achieve the L, — oo
limit. Indeed, the T > 0 effects are suppressed as e =/ [c.f Eq. (6.27)].

a) 0.14
0.13
5(3)
T 0.12
0.11
b)
3
B 295

~ PBC
= APBC

2.9

2.85 b \

0.285 0.286 0.287 0.288 0.289 0.290 0.291  0.292
k

Figure 6.6: Ensuring that the zero temperature limit has been reached through the
comparison of periodic and antiperiodic boundary conditions (PBC and APBC) along the
Euclidean time. (a): correlation length ¢3) [cf. Eq. (6.18)] vs. k, as computed for our largest systems
L=24, L, =2048 with both PBC and APBC for the same set of 1280 samples. The PBC/APBC statistical
agreement indicates that the 7" — 0 limit has been effectively reached for this quantity. (b): as in panel
(a) for the Binder cumulant [cf. Eq. (6.20)]. The dashed line represents our critical point estimation,
k.~ 0.29 (see Sect. 6.4.3). Errors in both panels are one standard deviation.

Nevertheless, as it was shown in Fig. 6.4 (see Fig. 6.11 for larger-L data from MC
simulations), some samples have an inordinately small gap, and hence a huge Euclidean
correlation length 7. So, there are instances with e %7/7 ~ 1 for all the values of L, that



6.4 The phase transition in the ground state 109

we can simulate (recall that we want to have e£7/7 < 1). This consideration makes the
naive approach sketched above risky.

Fortunately, recall Sect. 6.3.2, using PBC and APBC along the Euclidean time, we can
determine whether we have reached the zero-temperature limit. In particular, the PBC
results monotonically approach their L, — oo limit from above, while the APBC converges
to the same limit from below (see Fig. 6.3). In this way, the statistical compatibility
of the results from both boundary conditions guarantees that we have reached the zero-
temperature limit. For instance, Fig. 6.6 shows the specific case of the correlation length
and the Binder ratio for our largest system L = 24 and L, = 2048. The statistical results
ensure we have achieved the zero-temperature limit in a wide range of k, allowing us to
study the phase transition at 7" = 0.

6.4.3 The critical point

[RY94] showed that the spin-glass susceptibility x? is barely

divergent at the critical point. In particular, in Sect. 6.3.1 we In the scaling region, any magnitude be-
discussed that, in the GS, the standard spin-glass correlation haves as

function is affected by a very large anomalous dimension
¥ oc L2 with large n. Nevertheless, the susceptibility y
[see Eq. (6.17)] presents a divergent behavior, as we discussed
with the help of Eq. (6.18). Therefore, the corresponding correlation length £®) is suitable
for a standard Finite-Size scaling study of the phase transition [FF67, FB72, Bar83, Carl2],
which is illustrated in Fig 6.7. Under these conditions, we can apply the quotients
method [Nig76, BEMMMS96, AMMO5] to compute the critical exponents and the critical
point.

Ak = ko) = €24V F[EVY (k — k)]

0.15

SISISTSIS
[T
0 = = D DN

0.05

0.265 0275 0285 0295  0.305 —0.2 —0.1 0 0.1
k LYY (k — k)

Figure 6.7: Illustrate our Finite-Size Scaling analysis (see, e.g., [AMMO5, Nig76]) of the
critical point at T'=0 and I' = I, in terms of the parameter k that represents I in the Trotter-Suzuki
formulation [cf. Eq. (6.9)]. Left: correlation length ¢ in units of the lattice size L versus k. The curves
for the different L’s intersect at the critical point k. &~ 0.29 (see Sect. 6.4.3). Right: Data in Left, when
represented as a function of the scaling variable L/ Y(k — k¢), with 1/v = 0.7, converge to a limiting curve
as L grows. Errors in both panels are one standard deviation.
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The quotients method considers a dimensionless quantity at two sizes L, < L as a function
of k. In our case, we focus on £®) /L. In the scaling region, both curves for L, and L;
must cross at some point k*(L,, L) (see Fig. 6.7). Now, for dimensionful quantities A
(such as x® or x®), we consider the quotient

Ap,

Qa

k=k*(La,Ly)

Therefore, because the quantities A scales as £€°4/% in the thermodynamic limit (recall
that for finite size systems, ¢ is traded with L) and barring scaling corrections, we can

approximate ()4 as
Lb zAV
=|— . 6.30
@i=(7) (6.30)
As the reader will notice, we can obtain an effective estimate of x4 /v from this relation.
Table 6.2 summarizes our estimation of the effective exponents. However, we must

L, | Ly k* Y&y | 4By 1/v

8 [12]0.2910(15)| 0.47(4) | 1.73(7) | 1.07(7)
8 |16] 0.2014(8) | 0.45(3) | 1.68(5) | 1.04(6)
8 20| 0.2911(6) | 0.45(2) | 1.68(4) | 0.98(3)
8 [24] 0.2006(5) | 0.42(2) | 1.62(4) | 0.98(6)
12]16]0.2917(18)| 0.43(6) |1.62(11)|0.99(13)
12]20(0.2912(10)| 0.43(4) | 1.65(7) | 0.90(6)

)

12124 0.2905(8) | 0.38(3) | 1.55(6) | 0.92(9)
16(20| 0.290(3) |0.42(12)| 1.7(2) | 0.8(2)
16|24 [0.2897(14) | 0.35(6) |1.50(12) |0.85(16)
20(24| 0.289(2) |0.27(10)| 1.3(2) | 0.9(3)

Table 6.2: Crossing points k*(L,, L;) obtained for ¢ /L and the size-dependent, effective
critical exponents [see Eq. (6.31)] as estimated from 9,.¢®) /L (1/v), X (v /v) and x&) (v /v).
Errors are obtained using a bootstrap method. Data are represented in Fig. 6.8

extrapolate the results in Table 6.2 to the thermodynamic limit. Let us consider only the
leading correction to the scaling exponent, w so that we can extrapolate the thermodynamic

limit through
TA TA n 1 1+ DAL;M

(6.31)

O )
VL, V log(f—i) 1+ DaL;w
where D4 is an amplitude.
Unfortunately, we have not been able to obtain a reasonable estimate for the exponent w.
This is mainly due to two difficulties: firstly, the range of L values at our disposal was

not sufficiently large, and secondly, the non-divergent analytic background for the n = 2
observables (and the Binder parameter) competes with the L™ corrections.



6.4 The phase transition in the ground state

However, we have circumvented this difficulty using an alternative strategy. Specifically,
we have fitted our effective exponents in Table 6.2 to Eq. (6.31) with fixed w, i.e. the
fit parameters were the extrapolated x4 /v and the amplitude D4. To account for our
ignorance about w, we made it vary in a wide range 0.5 < w < 2. We estimate the
statistical error by a bootstrap method [Y1I11] with w = 1. We considered only the
diagonal part of the covariance matrix in the fits, performing a new fit for every bootstrap
realization (see Appendix H for more details in the automatic fitting process). Errors were
computed from the fluctuations of the fit parameters. In addition to the statistical error,
we obtain a second error that accounts for the w-dependence of the extrapolated x4 /v. We

estimate this error as the semi-difference of x4 /v estimated with w = 0.5 and w = 2. Thus,
(n)
we obtain for the correlation-length exponent v and exponents v [y (k) ~ L™ ]:

i = 0.71(24)(9), 7(;) = 0.27(8)(8) , V(:)) = 1.39(23)(11). (6.32)

The first error estimate is statistical, whereas the second error accounts for systematic
effects. Fortunately, as the reader will notice, systematic errors were comparable (for 1/v,
even smaller) with the statistical ones. Notice also that the bound v > 2/D [CCFS86] is

(2)
verified, and that x® ~ L3 is_ indeed, barely divergent [RY94].

Finally, to determine the critical point, k., we must proceed similarly to the case of the
critical exponents and extrapolate £* to the thermodynamic limit. In this case, taking
into account the scaling corrections, one finds [Bin81]

k*(Lg, Ly) = ke + D F(Lg, L, b) (6.33)
where Dy, is an amplitude, and the function F(L,, L, b) takes the form

—wthH 1 =57 B ﬂ

F(La, Lb) = La 31/1’7—1’ S = La . (634)

Unfortunately, this extrapolation is not possible without knowing the value of w.
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Figure 6.8: Crossing point k * (L,, L) for dimensionless quantities for two system sizes
Lo < Ly, see Fig. 6.7. Data computed for B, £ /L and €®) /L versus F(L,, L) (6.34). We set 1/v=0.7
and w=1 to compute F'(Lg, Ly). The curves should extrapolate linearly to k. as F(L,, Lp) tends to zero.
The shaded area represents our uncertainty in estimating k.
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However, as shown in Fig. 6.8, our results for &* obtained from £®)/L do not show
significant finite-size effects. In fact, our estimate for the critical point k. is a band that is
consistent with all our results (see Fig. 6.8):

ke = 0.2905(5) . (6.35)

Furthermore, the crossing points for B and £ /L, see Fig. 6.8, seem also reasonably well
represented by Eq. (6.35). Thus, we have considered k. =~ 0.29 for the study of the energy
spectrum discussed in Sect. 6.5.

6.5 Spectra of excitations at the critical point

In Sect. 6.3.2, we discussed the 7 dependence of the Euclidean-time correlation functions. A
remarkable feature we extract from Eq. (6.25) is that for even operators the 7 dependence
is only sensible to same-parity gaps (such as A, and A, —see Fig. 6.2), while for odd
operators only the different-parity energy gap A have a role in the decay.

Moreover, for both symmetry sectors, the correlation functions computed in a sample
decay exponentially (to zero for odd operators or to a plateau for even operators —recall
the discussion in Sect. 6.3.2— as it is shown in Fig. 6.3), and the relevant energy gap
drives this exponential decay. Therefore, what determines the behavior of the average over
samples of an Euclidean-time correlation function, C'4(7), is the probability distribution
function (pdf), as computed over the different samples, of the relevant correlation length:
n for odd operators, and 7, or 7, for even operators.

6.5.1 Even operators

Despite the main dynamical exponent z of the quantum spin-glass phase transition is only
related to the A energy gap (or 7), the even excited states remain relevant. Specifically,
an (ideal) quantum annealer for the Hamiltonian (6.1) is blind to the odd excited states,
so only the even ones may cause the system to leave its GS. Our approach is not entirely
satisfying in this respect because, for a given sample, our analysis obtains the smallest of
the two same-parity gaps A, and 4,, while A, is the only relevant one for the quantum
annealing process. Fortunately, our exact diagonalization analysis showed that both
same-parity gaps are of similar magnitude (recall Fig. 6.4-Right) —so, from now on, we
will refer to this correlation length as 7,.

As the reader will have anticipated from the discussion in Sect. 6.3.2, the correlation
function that we will consider to study excitations of the same parity is Q2(7). Since this
correlation function decays to a constant [as do all even observables, cf, Eq. (6.25)], we
have subtracted this plateau to construct what we call Q25(7) (the sub-index s stands
for subtracted). Fig. 6.9-Left shows our result for the average over samples of Q24(7) in
log-scale, where we can confirm that Q24(7) indeed decays to zero.

By the fitting process described in Appendix. H, we estimate the correlation lengths 7, for
all our working samples. With this data, we estimate the empirical distribution function
over samples for 7, (see Fig. 6.9). The distribution function indicates mild sample-to-sample
fluctuations as we obtained from the exact diagonalization (recall Fig. 6.4).
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Figure 6.9: Studying the spectra of even excitations at the critical point. (a): The
sample-averaged substracted correlation function Qs s(7) (see Methods) gets compatible with zero for
moderate values of 7 for all our system sizes. (b)-Left: After computing the Euclidean correlation

length nés) for each sample, we compute for each L the empirical distribution function F'(7.), namely the

probability F' of finding a sample with nés) < 7o (mind the horizontal error bars). (b)-Right: the data
in panel (b)-Left, when plotted as a function of the scaling variable u, see Eq. (6.36), do not show any
L residual L dependence but for our smallest sizes L =8,12. Errors in (a) and (b) are one standard
deviation.

In addition, we can see a weak dependence on the system size L. In fact, as shown in
Fig. 6.9, for all L > 12, the pdf turns out to depend on the scaling variable

Ne = e
" — T 00 =22(3), ze = 2.46(17). (6.36)

Remark that setting 10 = 0, the scaling process fails and the resulting estimate for the
exponent is z, &~ 1.7, closer to the result z & 1.5 reported in [RY94] (recall that in their
work,[RY94] did not distinguish the parity sectors). The reader will notice that exponent z,
plays the same role as the dynamical exponent z, but only for the same-parity sector. Thus,
we conclude that the even symmetry sector, the relevant sector for an (ideal) quantum
annealer, shows algebraic scaling for its gap.

6.5.2 0Odd operators

In order to conclude our study of the excitation spectrum, we must focus on the gap A.

To do this, we will consider the correlation function C(7) [cf. Eq. (6.23)].

The exact results in D = 1 [MWG68, McC69, Fis92] and the approximate Renormalization
Group for D =2 [MN13] make us to expect that C(7) will display, for large L, a power
law decay C(7) o 1/70. In Fig. 6.10-Left we can see the behavior of C(7). However,
the periodicity induced by the PBC in Fig. 6.10-Left makes it difficult to study the
r-dependence at large 7. Thus, to reduce the effect (see 6.10-Center and Right), we

consider the modified Euclidean-time variable

7= fT sin(r7/L,) = 7[1 + O(2/L2)] (6.37)
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Figure 6.10: Sample-averaged Euclidean correlation function as a function of the Euclidean
distance 7 (left panel), 7 [cd. Eq. (6.37)] to avoid distortions due to the periodic boundary conditions
(center and right panels). Left and center panels show the system size dependence for k£ = 0.29, despite
the right panel shows the k-dependence for the bigger system, L = 24 and L, = 2''. The dashed line in
the right panel is a guide to the eye to show the critical exponent b = 1 encountered for k = 0.285 (see
Sect 6.5.2).

that largely absorbs the finite L,-dependence. Thus armed, we can study the long-time
decay of C(7) oc 1/7° as a function of k. Looking at the results in Fig. 6.10-Right, the
reader will notice that exponent b decreases as k increases. Moreover, our results for
k = 0.285 in Fig. 6.10 are compatible with b = 1. As we explain next, this has some
relevant implications.

Divergence of the magnetic susceptibility

Due to the relationship between the linear magnetic susceptibility X1(i]:1) —the linear response

to a magnetic field along the Z axis— and the correlation function C'(7), namely

Xt = 1+QZC

T=1

(6.38)

the observation of a slow decay [i.e. b < 1 for large 7 in C(7)] implies a divergence in
Xl(l}fl). Thus, from the decreasing exponent b when k increases and the fact that b = 1
for k ~ 0.285 (see Fig. 6.10), we conclude that the susceptibility is divergent in the
paramagnetic phase as well. Notice that this is also the behavior reported for D = 1
[MWG68, McC69, Fis92]. In the critical point, see Fig. 6.11, we obtain a decay with b = 0.6,

producing a divergent susceptibility as well.

Probability distribution function of 7

In order to understand the divergent behavior of the linear susceptibility, we need to
consider the pdf of the Euclidean correlation length 7 [recall that, for a single sample,
C(7) ~ Be~™/M). The pdf for 7 is studied in Fig. 6.11. In particular, as it was anticipated
in Sect. 6.4.1, the results shown in Fig. 6.11-Right suggest that we are in presence of
a Levy flight (a distribution with an extremely fat tail). Notice that the heavy tail of
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Figure 6.11: Studying the spectra of odd operators at the critical point. (a): The decay
of the sample-averaged correlation function C'(7) approaches a power-law as L increases (dashed line as
a guide to the eyes). Indeed, we have needed to represent C(7) in terms of ¥ = L= sin(77/L,) to avoid

distortions due to the periodic boundary conditions (7 and 7 are almost identical for small 7/L;). (b):
Empirical distribution function F(n) as a function of logn for all our system sizes. Mind that we can

compute only up to some L-dependent F' because our largest L, is not large enough to safely determine

1 in some samples. (¢): For large 7, the assymptotic behavior F(n) =1 — % is evinced by the linear

behavior —in logaritmic scale— of 1 — F' as a function of 7 (we find b~0.8 —dashed line as a guide to
the eyes). Errors in (a), (b) and (c) are one standard deviate.

the empirical distribution function F'(n) becomes heavier as k increases, which implies a
decreasing exponent b in the power-law decay C(1) ~ 1/7°.

In addition, the Levy-flight perspective provides a simple explanation for the results
obtained by [GBH94, TH95]: Let us consider the different susceptibilities to a magnetic
field (linear, third-order, etc.) for a single sample. These susceptibilities are proportional to
increasing powers of 7. Hence, the average over samples of any (generalized) susceptibility
is related to the corresponding moment of the pdf of 7. In this situation, if F'(n) decays for
large 1 as a power law, some (initially a higher-order one) disorder-averaged susceptibility
will diverge. Because the power-law exponent decreases as k increases, the lower-order
susceptibilities diverge at larger values of k. In fact, the linear susceptibility turns out
to diverge in the paramagnetic phase. Thus, using the divergent behavior of some-order
susceptibilities is not advisable to determine the critical point.

6.6 Conclusions

In the present chapter, we have studied the quantum phase transition of the Hamilto-
nian (6.1). Our study has used an unprecedented extreme-scale simulation on GPUs and
the consideration of the main symmetries of the system to solve a decades-long debate
about the nature of the transition.

We have found that both parties in the polemics regarding the dynamic critical exponent z
(recall A o L™%) grasped parts of the truth. Recall that, Refs [RY94, GBH94, TH95, RY96,
SY17] supported a finite value for z, while Refs. [MN13, MFR16] claimed a z = co. Our
results imply that, while closing the gap A at the critical point is indeed super-algebraic
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(i.e., z = 00), it remains algebraic if one restricts the possible energy excitations to the
same parity sector.

Since this symmetry restriction is experimentally achievable (at least nominally), we
conclude that there is no fundamental principle that prevents a quantum annealer from
remaining in the ground state while entering into the spin-glass phase, recall Fig. 6.2. In
order to adiabatically enter the spin-glass phase, the annealing time would need to grow
as a power-law with the number of gspins, recall Eq. (6.36), provided that parity-changing
excitations are avoided. Moreover, universality suggests that this optimistic result extends
to all problems that share the space dimension and the fundamental symmetries with our
spin glass on the square lattice.

However, getting into the SG phase is only part of the process of solving an optimization
problem through quantum annealing. One still needs to reach a zero transverse field
in an adiabatic way. Despite this seems difficult for problems with space dimension
D — oo [Knyl6], recent investigations argued that an algebraic speed-up, as compared to
classical algorithms, is possible [KRL23].

Our results also pose several questions to be addressed in future work. Let us conclude
this chapter by briefly discussing some of these questions.

We know that spin glasses in D = 2 can be both difficult and easy to solve on classical
computers. Problems on the square lattice with nearest-neighbor interactions can be
solved quite efficiently (e.g., [KW18]). However, introducing second-neighbor interactions
changes the computational complexity of the problem, making it an NP-complete problem.
Whether or not this new problem belongs to the same (quantum) computational complexity
class as the case studied in this chapter is still unclear. In this sense, because the second-
neighbor interaction does not modify the critical behavior, any difference between both
models should arise from I' < .

In the same way, considering a three-dimensional Ising spin glass could also have an impact
on the characterization of the system. In this sense, recent experiments conducted on
D-Wave devices suggest that z~1.3 [KRL"23].

Finally, in our work, we have not privileged any instance. However, one could focus on
studying those problems that are difficult to solve on a classical computer [FMMPS13,
MMMH16, BEM™18]. Although we know that these classical problems remain difficult
to solve with D-Wave systems [MMH15], knowing if the scaling given by Eq. (6.36)
does not change in these circumstances could help to determine if this is the reason
underlying the poor performance of quantum hardware or if other effects are at play
(see,e.g., [AMMH17, AMMH19]).
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Conclusions

“Perché dovremmo studiare questo Although it has been almost 100 years since
problema se non ci divertiamo?” Ernst Ising first introduced the Ising-Lenz
N. Cabibbo model and 50 years since the modifications

introduced by Edward and Anderson to ex-

Quoted by G. Parisi in: ] )
Giorgio Parisi, la pace vince con la scienza plaln the behavior of glassy systems, these

Corriere della senza models continue to surprise us. Furthermore,
the list of subjects in which these models are
used, or the techniques developed for their
study, grows daily. This thesis tries to add to
this effort to bring us closer to understanding the physics of complex systems.

Corriere della sera (28 November 2022)

In this thesis, we have focused on studying the Ising-Lenz and Edward-Anderson models
from a numerical point of view. We have had to resort to specially dedicated computers,
such as Janus I and Janus II, to design highly optimized programs that run on CPUs
and GPUs or to automate analysis processes. Readers who are more interested in these
technical aspects can review the information contained in the appendices of this thesis.

In the first part of this dissertation, specifically Chapters 2 and 3, we have focused our
attention on the out-of-equilibrium dynamics of systems that do not exhibit proper glassy
behavior (in the sense of not showing slow dynamics). At this point, the reader has
undoubtedly wondered what connection, beyond the one that the model description can
establish, can justify the relevance of the study of this type of model to understand
glassy dynamics. In this sense, it should be remembered that one of the main difficulties
presented by the glassy systems is to have a dynamic that approaches equilibrium very
slowly. Thus, understanding and controlling the keys that govern other out-of-equilibrium
dynamics could give us clues to designing new protocols, algorithms, or other techniques
to accelerate glassy dynamics. Moreover, the ability to control and accelerate out-of-
equilibrium dynamics already has experimental applications and could also help manage
industrial processes.

Chapters 4, 5 and 6 have focused on spin glasses. Although we have studied different
phenomena in each chapter, correlations are the common thread. Thus, in chapter 4, we
saw that properties of the significant correlations present in spin glasses for dimension 4
coincide with the theoretical predictions found by field theory in dimension 6. In chapter 5,
we observed that by studying correlations locally and on a microscopic scale, a new
paradigm, such as multifractality, emerges to describe the dynamics in spin glasses. Finally,
Chapter 6makes contact with the search for routes that take advantage of the properties
of the systems to accelerate their dynamics, as we did in the first part of this thesis. To


https://www.corriere.it/cultura/22_novembre_28/giorgio-parisi-pace-vince-la-scienza-c31a85ee-6e64-11ed-9a2e-9215bb841eb8.shtml
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this end, in chapter 6, we have related a fundamental physics problem, such as studying
the phase transition present in quantum spin glasses, with the efficiency of the quantum
annealers. With our study of the phase transition, we have resolved (numerically) the
debate about the nature of the transition in quantum spin glasses: Although the problem
is dominated by an infinite randomness fixed-point, parity invariant excitations behave
as in a conventional critical point. This result explains the divergence between previous
works and leaves the door open to computational acceleration through quantum annealers.

In the following sections, we will present the main ideas and results of this thesis. The
interested reader can read the conclusions of each chapter, where more details about them
are given.

7.1 Unifying paradoxical dynamic effects

Many systems exhibit counterintuitive behavior when out of equilibrium. A clear example is
the Mpemba effect: Two identical systems, albeit at different temperatures, are brought into
contact with a thermal bath at a lower temperature. The initially at higher temperature
system takes less time to reach equilibrium at the temperature of the thermal bath.

The Mpemba effect, and others of similar nature, can be explained by studying the out-of-
equilibrium dynamics employing the spectral decomposition of the dynamics generator,
provided that we have a separation of time scales. In the case of Markov dynamics, the
spectral decomposition can be approached from two points of view: one focused on the
time evolution of the probability distributions governing the evolution of the system or in
terms of the evolution of observable quantities.

We tested the observable perspective for an Ising spin chain with antiferromagnetic
interaction. Thanks to the simplicity of the model, we have been able to verify that the
observable point of view not only allows for the explanation of these phenomena but, given
the experimental accessibility of the relevant quantities, allows for making predictions and
even controlling the dynamics of the system. In both cases, the existence of a parameter
of order M, such that the expected value of M? is a non-monotonic function of the
temperature, turns out to be a sufficient condition to find counter-intuitive dynamics such
as that of the Mpemba effect. Moreover, we have verified that under these circumstances,
it is possible to use protocols based on a previous preparation at a temperature different
from the final one, such as preheating the system, to obtain exponential accelerations in
the thermalization process.

7.2 Accelerating out-of-equilibrium dynamics

Chapter 3 of the thesis faces a problem similar to the one addressed in Chapter 2, but it
does so under unfavorable conditions. Indeed, unlike systems with time-scale separation,
where spectral decomposition can help us understand and exploit the dynamical properties
of the system to our advantage, near a second-order phase transition, we have no time-scale
separation. Knowing the processes governing the dynamics in this unfavorable situation
can allow us to control it. Thus, we have decided to study the two-dimensional Ising
model through Monte Carlo simulations. We have found that the growth of the magnetic



7.3 Large correlations in spin glasses in a field

domains not only governs the phenomena taking place in the ferromagnetic phase, as it
was already well known but also affects the dynamics of the paramagnetic phase. Thus,
controlling the size of the magnetic domains would allow faster relaxation processes to be
obtained.

For this purpose, we have proposed and tested a thermalization protocol that takes
advantage of an excursion to the low-temperature phase to rapidly grow the magnetic
domains up to a specific size before bringing the system to the temperature at which it is
desired to thermalize (in the paramagnetic phase). We have obtained this result for two
different local dynamics, which makes us think that this property can be extrapolated to
other systems belonging to the same universality class.

7.3 Large correlations in spin glasses in a field

Although the spin glass model was proposed almost 50 years ago (as measured at the
time of writing this thesis) to explain the behavior of magnetic alloys at low temperatures,
today, there are still unanswered questions.

One of these open problems is concerned with the large correlations in spin glasses with
external magnetic field at low temperatures. Although mean-field theory predicts a phase
transition, in the finite-dimensional case, below the upper critical dimension D, = 6 (it
has recently been proposed that, actually, D, = 8 [ALP*22], which highlights how little
certainty we have about this problem), there is still no clear theory that explains the
behavior of these systems at low temperatures. This is due to the inherent complexity
of the theory, which leaves open the possibility of at least three possible scenarios to
explain the behavior of spin glasses in the field: (i) either a crossover occurs because the
corrections to mean-field theory destroy the phase transition or shift it to zero temperature,
(ii) or the transition is of first order, with no critical behavior, i.e., with large but finite
correlations, (iii) or the phase transition is of second order. The difficulty is due, in part,
to the rich and complex structure of the divergences proposed by (finite-dimensional)
mean-field theory.

We have focused on studying the properties of correlations in the region of large suscepti-
bilities. For this purpose, we have reanalyzed equilibrium configurations for a large number
of samples in a tetradimensional lattice (L = 16) generated by the dedicated Janus I
computer. In this way, we have tested the theoretical predictions obtained for D > 6 in
dimension 4.

Our results indicate that the mean-field predictions are fulfilled for systems below the upper
critical dimension. Furthermore, our study does not seem to suggest that a first-order
phase transition exists in this problem.

7.4 Multifractal behavior of spin-glass correlations

Multifractality is the property of specific systems to exhibit not one but several self-
similarity relations simultaneously. Although the term was first used to describe physical
systems, such as turbulence in fluids or the growth of aggregates, there are many fields
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where the concept of multifractality has been observed. Some examples range from studying
the human heartbeat, time series in economics, or the mating process of tiny crustaceans.

Adding spin glasses, one of the most studied systems in recent years, to the list of systems
with multifractal behavior has surprised us. This achievement has required a paradigm
shift in the study of spin glasses. This change has been driven, among other factors, by the
growing technological development that has allowed the development of algorithms and
specially dedicated computers, such as Janus I and Janus II, which have allowed access to
microscopic information for systems comparable to the experimental ones.

Indeed, recent work has made it possible to explain phenomena such as chaos in temperature,
memory, or the aging of spin glasses, thanks to effects occurring at mesoscopic scales.
Specifically, to understand these phenomena it is necessary to study the system at distances
comparable to the size of the domains of the system. At this scale, we have found that
the correlations between spins at distances comparable to the size of the domains have
a heavy-tailed distribution. Thanks to the characterization of the distribution function
of the correlations through the distribution moments, we have identified the multifractal
behavior inherent to spin glasses. These results, among others, have spotlighted the need
to study correlations in spin glasses at the local level. A new generation of experiments to
test these ideas is in the planning stage.

7.5 Quantum spin glasses in two dimensions

The phase transition associated with quantum fluctuations of spin glasses with a transverse
field has been a source of discussion for a long time, thus posing a fundamental physics
problem that is still unsolved. Specifically, the problem was associated with determining
the very nature of the phase transition, represented by its dynamical exponent z.

Our work has focused on solving this problem by systematically studying the phase
transition in two-dimensional quantum spin glasses by determining the critical point and
the critical exponents of the system. We must consider the spin-flip symmetry of the
system implemented by the parity operator P. This symmetry separates the states of the
system according to the effect of the parity operator P on them. In this way, we have
even and odd states. This has allowed us to verify that there are, in fact, two relevant
dynamical exponents: the one dominating the phase transition z, associated with the
lower energy states of both parity sectors, and the one related to the states of the same
parity z.. The results obtained coincide with a finite value for the exponent of the even
sector, z, &~ 2.5. At the same time, the actual nature of the phase transition of the system
is characterized by a divergence in the exponent, i.e., 2 = 0o, as the predictions of the
real-space renormalization group indicated.

It has been necessary to push the computational capabilities to their limits in order to
achieve these results. In particular, we have developed highly optimized programs that run
on graphics processors (GPUs) to obtain the highest possible performance. This has made
the execution speeds of our codes comparable to those obtained by computers specifically
designed to solve spin glass problems, such as Janus I and II.

Interestingly enough, this theoretical problem has direct application thanks to the quantum
annealers. These devices solve optimization problems by determining the lowest energy
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state in a spin glass. The quantum annealers take advantage of the quantum fluctuations
introduced by an external field I, which varies the fundamental state of the system. As
the external field decreases adiabatically, the system remains in its lowest energy state so
that, upon reaching the null field, we solve the problem under study. However, the system
goes through the studied phase transition throughout this process. The annealing time
required to maintain an adiabatic evolution at the critical point scales with the size of
the system as 7., oc L*. Thus, if z = oo, we would need an annealing time that scales
superpolynomially with the number of qubits in the system.

Although we have obtained results consistent with a divergence in the dynamical exponent
z, parity symmetry ensures that the quantum annealing process is governed only by the
even-state sector so that it is the exponent z, that determines how the runtime scales
with system size. In other words, there is no first-principles theoretical objection to the
quantum annealing paradigm. Not, at least, as far as going through the phase transition
adiabatically is concerned.

It is interesting to speculate that our main conclusions, i.e., z, finite and z = oo, extend
to three dimensions. Testing this hypothesis will be the task of future work.
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“;Por qué debemos estudiar este A pesar de que ya hace casi mas de 100 anos
problema si no nos divierte?” desde que Ernst Ising introdujera por primera
N. Cabibbo vez el modelo de Ising-Lenz, y 50 anos de las

modificaciones introducidas por Edward y An-

Citado por G. Parisi en: ) .
Giorgio Parisi, la pace vince con la scienza derson para explicar los comportamientos en

Corriere della senza sistemas vitreos, estos modelos atin nos siguen
Corriere della sera (28 November 2022) sorprendiendo. En este sentido, cabe resenar
que la lista de materias en las que se utilizan
estos modelos, o las técnicas desarrolladas para
su estudio, crece dia a dia. Esta tesis trata de sumarse a este esfuerzo, con el objetivo de
acercarnos a comprender la fisica de los sistemas complejos.

En esta tesis nos hemos centrado en estudiar los modelos de Ising-Lenz y Edward-Anderson
desde el punto de vista especificamente numérico. Para ello, hemos tenido que recurrir a
ordenadores especialmente dedicados como Janus [ y Janus II, disefiar programas altamente
optimizados tanto para ejecutarse sobre CPUs, como GPUs, o automatizar procesos de
analisis. El lector méas interesado en estos aspectos técnicos puede revisar la informacion
contenida en los Apéndices de esta tesis.

En la primera parte de esta disertacién, especificamente los capitulos 2 y 3, hemos centrado
nuestra atencion en la dinamica fuera del equilibrio de sistemas que no presentan un
verdadero comportamiento vitreo (en el sentido de no presentar dindmicas extremadamente
lentas). En este punto el lector seguramente se haya preguntado que conexion, més alld de
la que se puede establecer mediante la descripcién del modelo, puede justificar la relevancia
del estudio de este tipo de modelos para entender la dinamica vitrea. En este sentido, hay
que recordar que uno de las principales dificultades que presentan los sistemas vitreos es la
de tener una dinamica que se acerca muy lentamente al equilibrio. Asi pues, entender las
clave que rigen otras dinamicas fuera del equilibrio, y controlarlas, podria darnos claves
para disenar nuevos protocolos, algoritmos, u otras técnicas para acelerar las dinamicas
vitreas. Ademas, la capacidad de controlar, y por tanto acelerar, las dindmicas fuera del
equilibrio no sélo tienen ya aplicacién experimental, sino que también podria tener utilidad
para controlar procesos industriales.

Los capitulos 4, 5 y 6 han centrado su atencién en los vidrios de espines. Aunque en cada
capitulo hemos estudiado fenémenos distintos, el hilo conductor que enlaza todos ellos
son las correlaciones. Asi pues, en el capitulo 4 vimos que propiedades de las grandes
correlaciones presentes en vidrios de espines para dimension 4 coinciden con las predicciones
tedricas encontradas por la teoria de campos en dimension 6. En el capitulo 5 observamos
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que al estudiar las correlaciones de forma local y a escala microscopica, surge un nuevo
paradigma, como es la multifractalidad, para describir la dindmica en los vidrios de espines.
Por tltimo, el capitulo 6 enlaza con la idea de buscar rutas que aprovechen las propiedades
de los sistemas para acelerar su dinamica, como hicimos en la primera parte de esta tesis.
Para ello, en el capitulo 6 hemos puesto en relacién un problema de fisica fundamental,
como es el estudio de la transicion de fase presente en vidrios de espines cuanticos, con la
eficiencia de los quantum annealers. Con nuestro estudio de la transiciéon de fase, hemos
resuelto (numericamente) el debate sobre la naturaleza de la transicién en vidrios de espines
cuanticos: Aunque el problema esta dominado por un infinite randomness fized-point, las
excitaciones invariantes por paridad se comportan como un punto critico convencional.
Este resultado permiten explicar la divergencia entre trabajos anteriores, ademéas de dejar
la puerta abierta a la aceleraciéon computacional mediante quantum annealers.

En las subsiguientes secciones vamos a recoger las ideas y resultados principales de esta
tesis. El lector interesado puede leer las conclusiones propias de cada capitulo, donde se
dan mas detalles acerca de las mismas.

8.1 Unificando efectos dinamicos paraddjicos

Muchos sistemas exhiben comportamientos poco intuitivos cuando se encuentran fuera del
equilibrio. Un claro ejemplo de esto es el efecto Mpemba: Dos sistemas idénticos, aunque
a temperaturas distintas, se ponen en contacto con un bano térmico a una temperatura
mas baja. El sistema inicialmente a mayor temperatura tarda menos tiempo en llegar al
equilibrio a la temperatura del bano térmico.

El efecto Mpemba, asi como otros de la misma indole, pueden explicarse estudiando
la dindmica fuera del equilibrio mediante la descomposicion espectral del generador de
la dinamica, siempre que tengamos separacion de escalas de tiempo. En el caso de las
dindmicas de Markov, la descomposicion espectral puede abordarse desde dos puntos de
vista: uno centrado en la evolucién temporal de las distribuciones de probabilidad que rigen
la evolucion del sistema, o bien en términos de la evolucién de magnitudes observables.

Hemos puesto a prueba la explicacion basada en observables para una cadena de espines
de Ising con interaccion anti-ferromagnética. Gracias a la sencillez del modelo, hemos
podido comprobar que la visiéon basada en los observables no sélo permite explicar estos
fenémenos, sino que, dada la accesibilidad experimental de dichos observables, permite hacer
predicciones e incluso controlar la dindmica del sistema. En ambos casos la existencia de un
pardmetro de orden M, tal que el valor esperado de M? sea una funcién no-monétona de
la temperatura, resulta ser una condicion suficiente para encontrar dinamicas antintuitivas
como la del efecto Mpemba. Ademas, hemos comprobado que bajo estas circunstancias es
posible utilizar protocolos basados en una preparacion previa a una temperatura distinta
de la final, como precalentar el sistema, para obtener aceleraciones exponenciales en el
Y )
proceso de termalizacion.
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8.2 Acelerando la dinamica fuera del equilibrio

El capitulo 3 de la tesis afronta un problema parecido al abordado en el capitulo 2,
pero lo hace en condiciones desfavorables. En efecto, a diferencia de los sistemas con
separacion de escalas temporales, donde la descomposicion espectral nos puede ayudar
a entender y aprovechar las propiedades dindmicas del sistema para nuestro beneficio,
cerca de una transicién de fase de segundo orden no tenemos una separacion de escalas
temporales. En esta situacion desfavorables, conocer los procesos que rigen la dindmica
puede permitirnos controlarla. De esta manera, hemos decidido estudiar el modelo de
Ising bidimensional mediante simulaciones de Monte Carlo. Hemos comprobado que el
crecimiento de los dominios magnéticos no sélo gobierna los fenémenos que tienen lugar
en la fase ferromagnética, como ya era bien conocido, sino que también tienen efecto en la
dinamica de la fase paramagnética. De esta forma, controlar el tamano de los dominiés
magnéticos permitiria obtener procesos de relajacién mas rapidos.

Para ello, hemos planteado y puesto a prueba un protocolo de termalizacion que aprovecha
una excursion a la fase de baja temperatura, para hacer crecer rapidamente los dominios
magnéticos hasta un cierto tamafio, antes de llevar el sistema a la temperatura a la que se
desea termalizar el sistema en la fase paramagnética. Este resultado lo hemos obtenido
para dos dinamicas de Metrépolis distintas, lo que nos hace pensar que esta propiedad
puede ser extrapolable a otros sistemas pertenecientes a la misma clase de universalidad.

8.3 Grandes correlaciones en vidrios de espines en
campo magnético

A pesar de que el modelo de los vidrios de espines haya sido propuesto hace casi 50 anos
(en el momento de publicar esta tesis) para explicar el comportamiento de las aleaciones
magnéticas a baja temperatura, ain hoy en dia sigue habiendo preguntas sin responder.

Una de estas incognitas se refiere a las grandes correlaciones que surgen en los vidrios de
espines con campo magnético externo, a bajas temperaturas. Aunque la teoria de campo
medio predice una transicion de fase, en el caso de dimensién finita, por debajo de la
dimension critica superior D, = 6 (recientemente se ha propuesto que D, = 8 [ALP722],
lo que pone de manifiesto las pocas seguridades que tenemos sobre este problema), ain
no existe una teoria clara que explique el comportamiento de estos sistemas a bajas
temperaturas. Esto se debe a la complejidad inherente a la teoria, que deja abierta la
posibilidad de, al menos, tres escenarios posibles para explicar el comportamiento de los
vidrios de espines en campo: (i) se produce un crossover debido a que las correcciones a
la teoria de campo medio destruyen la transicion de fase o la desplazan a temperatura
nula, (i) o la transicién es de primer orden, sin comportamiento critico, es decir, con
correlaciones grandes pero finitas, (iii) o bien, la transicién de fase es de segundo orden. La
dificultad estriba, en parte, en la rica y compleja estructura de las divergencias propuesta
por la teoria de campo medio en dimension finita.

Nos hemos enfocado en estudiar las propiedades de las correlaciones en la region de grandes
susceptibilidades. Para ello hemos analizado configuraciones en equilibrio para un gran
numero de muestras de un reticulo tetradimensional (L = 16) generadas por el ordenador
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dedicado Janus I. De esta manera, hemos podido poner a prueba las predicciones teoricas,
obtenidas para D > 6, en dimension 4.

Nuestros resultados parecen indicar que las predicciones de campo medio se cumplen para
sistemas por debajo de la dimension critica superior. Ademds, nuestro estudio no parece
indicar que exista una transicion de fase de primer orden en este problema.

8.4 Comportamiento multifractal de las correlaciones
en vidrios de espines

La multifractalidad es la propiedad de ciertos sistemas de presentar, no una, sino varias
relaciones de autosemejanza simultaneamente. Aunque el termino se utilizé por primera
vez para describir sistemas fisicos, como es la turbulencia en fluidos o el crecimiento de
agregados, son muchos los campos donde el concepto de multifractalidad se ha observado.
Algunos de estos ejemplos van desde el estudio del latido cardiaco humano, hasta el
estudio de series temporales en economia, pasando por la el proceso de emparejamiento de
pequenos crustaceos.

Anadir a la lista de sistemas con un comportamiento multifractal los vidrios de espines,
siendo estos uno de los sistemas mas estudiados en los 1ltimos anos, ha sido una sorpresa
para nosotros. Para ello ha sido necesario un cambio de paradigma en el estudio de estos
sistemas. Dicho cambio ha sido impulsado, entre otros factores, por el creciente desarrollo
tecnologico que ha permitido desarrollar algoritmos y ordenadores especialmente dedicados,
como Janus I y Janus II, que han permitido acceder a informacién microscépica para
sistemas equiparables a los experimentales.

En efecto, trabajos recientes han permitido explicar fendmenos como el caos en temperatura,
la memoria o el envejecimiento de los vidrios de espin, gracias a los efectos que ocurren a
escalas mesoscopicas. Especificamente, para entender estos fenémenos es necesario estudiar
el sistema a distancias equiparables a las del tamano de los dominios del sistema. En
esta escala, y centrandonos en las propiedades locales del sistema, hemos comprobado que
las correlaciones entre espines del sistema a distancias comparables con el tamano de los
dominios tienen una distribucién con una cola pesada. Gracias a la caracterizacion de
la funcion de distribucién de las correlaciones mediante los momentos de la distribucién,
hemos sido capaces de identificar el comportamiento multifractal inherente a los vidrios de
espines. Estos resultados, entre otros, han puesto el foco sobre la necesidad de estudiar las
correlaciones a nivel local en vidrios de espines. Una nueva generacién de experimentos
que puedan contrastar estas ideas esta en fase de planificacion.

8.5 Vidrios de espines cuanticos en dos dimensiones

La transicion de fase asociada a las fluctuaciones cuanticas de los vidrios de espines con
campo transversal ha sido origen de discusiéon durante mucho tiempo, planteando asi un
problema de fisica fundamental atin sin resolver. Especificamente, el problema estaba
asociado con la determinacion de la naturaleza misma de la transicion de fase, representada
por su exponente dinamico z.
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Nuestro trabajo se ha centrado en resolver este problema mediante el estudio sistematico
de la transicion de fase en vidrios de espines cuanticos bidimensionales, mediante la
determinaciéon del punto critico y los exponentes criticos del sistema. Para ello hemos
necesitado considerar la simetria de spin-flip del sistema que implementa el operador
paridad P. Esta simetria separa los estados del sistema atendiendo al efecto del operador
de paridad sobre los mismos. De esta manera, tenemos estados pares e impares. Esto nos
ha permitido comprobar que, en realidad, existen dos exponentes dinamicos relevantes:
el que domina la transicion de fase z, asociado a la interaccion de los estados de menor
energia de ambos sectores de paridad, y el asociado a la interaccién de estados de la misma
paridad z.. Los resultados obtenidos coinciden con un valor finito para el exponente del
sector par, z, ~ 2.5, mientras que la naturaleza real de la transicién de fase del sistema
esta caracterizada por una divergencia en el exponente z, tal y como las predicciones del
grupo de renormalizacién en el espacio real indicaban.

Para llegar a estos resultados ha sido necesario llevar al limite las capacidades computa-
cionales actuales. En particular, hemos desarrollo programas altamente optimizados que
se ejecutan en procesadores graficos (GPU) para obtener el méximo rendimiento posible.
Esto ha hecho que las velocidades de ejecucién de nuestros codigos sean comparables a las
obtenidas por ordenadores especificamente disenados para resolver problemas de vidrios
de espines, como son Janus [ y II.

Por otro lado, este problema de caracter teérico tiene aplicacion directa gracias a los quan-
tum annealers. Estos dispositivos son empleados para resolver problemas de optimizacion
mediante la determinacion del estado de menor energia en un vidrio de espines. Los quan-
tum annealres aprovechan las fluctuaciones cuanticas introducidas por un campo externo I,
que hace variar el estado fundamental del sistema. Al ir disminuyendo adiabaticamente el
campo externo, el sistema permanece en su estado de menor energia, por lo que, al alcanzar
el campo nulo, llegamos a la solucién del problema estudiado. Sin embargo, a lo largo
de este proceso, el sistema atraviesa la transiciéon de fase estudiada en el Capitulo 6. El
tiempo de annealing necesario para mantener una evolucién adiabatica en el punto critico
escala con el tamaifio del sistema como 7,, oc L. Asi pues, si 2 = oo, necesitariamos
un tiempo de annealing que escala superpolindémicamente con el niimero de qubits del
sistema.

Pese a que hemos obtenido unos resultados que concuerdan con una divergencia en el
exponente dinamico z de la transicion de fases, la simetria de paridad garantiza que el
proceso del quantum annealing esta gobernado inicamente por el sector de estados pares,
con lo que es el exponente z, el que determina cémo escala el tiempo de ejecution con el
tamafio del sistema. Esto implica que no existe una restriccién teérica para la ejecucion
del quantum annealing. No, al menos, en lo que a atravesar la transicion de fase de manera
adiabatica se refiere.

Es interesante especular que nuestras principales conclusiones, es decir, z, finito y z = oo,
se extienden a tres dimensiones. Comprobar esta hipétesis serd tarea de futuros trabajos.
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Trotter-Suzuki
approximation

This appendix details the derivation of the equivalent Trotter-Suzuki Hamiltonian in
Eq. (6.6) from the original quantum Hamiltonian (6.1). For the sake of simplicity, instead
of the original Hamiltonian (6.1) let us consider the following notation:

ZJ”AZ 57 FZ (A1)

where I is the transverse field, the qspins are in the ¢-node of a D dimensional square
lattice, and the couplin matrix J; ; is non-vanishing only for nearest-neigbors.

The partition function of this system can be expressed using the Transfer matrix formalism
(see Appendix B for more details) as

Z="Tr (e_m:[> =Tr [eﬁ(z”ﬂwa o2 )] . (A.2)

where (3 is the inverse temperature, i.e. 5= 1/(kgT) (Kp is the Boltzmann constant).

The Trotter-Suzuki decomposition [Tro59, Suz76], given by the following expression

L,
et Aot Ay {im (eAl/LTeAz/Lr . .eAp/LT> , (A.3)

L+—00
can be applied to the partition function in Eq. (A.2). The resulting expression is
. iz:..J 6254 BL 6% L
Z = Lhm Tr (eLT A K ) ; (A.4)
—+00

where we have L, copies of the system.

Let us take the computational basis, i.e., the base of states that diagonalize the operators
67, {|S)}, and insert L, unity decompositions over this base in Eq. (A.4). Then, the
partition function can be expressed as

Z = lim Z BL%ZU 3) JZJS(US(I)( Gl( ’eLT 2.0 §(2)> -
L:—00 {5(1)7---,5@"')} <A5)

B (L) o(L7) N -
eLr £4(i,5) URES S < ( ‘eLT Ziaz‘X S(l)>

Now, we can define k = L% Focusing on the matrix element
<S_v’(7—) ’ekF ZI 6 |§(T+1)> _
= (517, sﬁ&’we'ﬂ“’f LTINS L SEHY) (AG)
— éﬁﬁa}ﬁ‘ |S T+1 S(T)|ekFUN \S (T+1) > ’
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where we have used the fact that [@X , &JX } = 0 because they are applied to different spins,
and the base is a tensor product of the individual spin bases. We can study only one and
omit the particle sub-index because we have N copies of the same term.

» o (kreX)"
<S(7-)|ek1“o ‘S(T+1)> _ <S(T)‘ Z (nl)’S(T—H)> ) (A?)
n=0 :

Using the fact that 6™ = Z, and 6*"*! = 4; and 6%|S% = +) = |SZ = F), is easy to
check that

cosh(kI) if S — gr+1)

<S(T) |ekF&X |S(r+1)> — ’ (A8)
sinh(kI)  if S =80+
then we can be written as
P 1 T T
<S(7') ’ekl_'O'X ‘S(T+1)> _ 5 sinh (zkr)efés( )S(T+1) Jog[tanh (k1)) ) (A9>
Coming back to the complete expression we have:
1 N
(ST, | Gy [ sinh (2% p)] * o HlogltanhkDI T, X 87T (A 1)
2
Finally, we can write the partition function as
o (T) (T) kr . (T) (T+1)
Z = lim C 3 HIZ T s A L Y 808 , (A.11)
Lr—o0 N o
{{SW)}, . {SED}}
NLp
with C = |§sinh (2kI)| * , k= /L, and
log [tanh (kI” log [tanh(k log [tanh(k
k, = o8l = (RD)] o — _losltanh(kr)] = (k)] g p— _losltanh(kr)] zrll{( A )

If we consider a classical system with: D spacial dimensions with a coupling J; ; between
neighborhoods, and an extra Euclidean time (i.e. a system with D + 1 dimensions)
dimension with a ferromagnetic coupling; in a lattice of size L” x L. with the action

S=—kH="k |3 7,875 + IZZ PRI I (A.13)

T (i)

the partition function is given by equation (A.11). We use the approximation k,/k = 1.



Transfer Matrix

As it is well known in statistical physics, all the information about the system is contained
in the partition function [Hua87]. However, calculating the partition function is often a
difficult task. Therefore, different strategies have been designed to calculate the partition
function (or to obtain an estimate of the associated Boltzmann weights, such as Monte
Carlo methods).

One such method is the so-called transfer matrix method [KW4la, KW41b]. The main
idea is evaluating the partition function from the eigenvalues of some power of the transfer
matrix 7. Specifically, we express the partition function as

7 =Tre P =ToT™, (B.1)

where (3 is the inverse temperature in units such that the Boltzmann constant kg = 1, and
the trace operator refers to the sum over all the possible states (or configurations) of the
system.

In the following sections, we present a discussion of the results obtained using the transfer-
matrix method for the anti-ferromagnetic Ising chain (cf. Chapter 2), and the quantum
spin glass (SG) in 2 dimensions (cf. Chapter 6).

B.1 One dimensional antiferromagnetic Ising model

Let us consider the anti-ferromagnetic chain Ising model of length N with periodic boundary
conditions at finite temperature 7', which Hamiltonian [cf. Eq (2.52)] has the form

N-1 N-1
H=—J> sisii+hd s, (B.2)
i=0 i=0

where J < 0 is the coupling constant, and H the external magnetic field. This system
presents a crossover near the line 2J + h = (0 that separates a region with magnetization
close to one (above the line) from another region with vanishing magnetization (below the
line). This crossover is faster when the system is close to the critical point at temperature

T = 0. For the sake of simplicity, from now on, we use the dimensionless parameter
K = J/(kgT) and H = h/(kgT).

The partition function for this system is(see, e.g. , Ref. [Par88])
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where we define the transfer matrix as

The characteristic polynomial for the transfer matrix in Eq. (B.4) is
P(\) = A — 2)e” cosh(H) + 2sinh(2K) . (B.5)

Thus, the eigenvalues of the transfer matrix are

i = e cosh(H) + \/e—2K + e2K ginh®*(H) . (B.6)
Therefore, the partition function is
Z(H,K) =\ + )V, (B.7)

and we can define the corresponding free energy Fy as usual

1
Fy =log A\, + Nlog

A\ 1
1+ (ﬂ) ] zlog/\++ﬁlog [1+¢(K,H)N} : (B.8)

where we have define the ratio ¥ (K, H) = A_/A;. Let us define the auxiliary functions

e2K+H

y(K,H) = e sinh(H) = 5 (1—e), (B.9)
e2K+H

2(K,H) = ¢e*® cosh(H) = 5 (1+e_2H). (B.10)

Thus, the eigenvalues can be written in terms of y(K, H) and z(K, H) as (for the sake of
simplicity, we omit the functional dependence of K and H)

Ay =e & (zi\/1+y2> : (B.12)

and their ratio has the form

- VTTP

e

(B.13)

Magnetization

In order to obtain uniform magnetization, we have to derive the free energy with respect
to the external field H:

N N
8H 10g¢ = Mu’oo + ¢ 8H log A s (B14>

w=0gFN = log A
My = 0gFn = O log A\ + T+ oN 14N

14N
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where we defined M, .. = dylog A;. Let us calculate the partial derivative

. 2K sinh(H) cosh(H)
e Slnh(H) T \/6_2K+62K sinhQ(H)

(‘9H 10g )\:i: =
el cosh(H) £ \/6_2K + e2K sinh?(H)
eX sinh(H) \/6_2K + 2K sinh?(H) + e cosh(H)
= X
el cosh(H) £ \/6_2K + 2K sinh?(H) \/e—2K + 2K sinh?(H)
n e sinh(H) _ 4 e*K sinh(H) B Yy
JeiK 4 2K sinh®(H) 1+ e sinh®(H)  VIHYE
Then, Oy log\_ = —0gA; = —My . Therefore, substituting the result in Eq. (B.14) we
obtain
11—V
=M [ B.15
o (122) .

The reader will notice that substituting Eq. (B.9) in Eq. (B.15) we recover the expression
in Eq. (2.53).

Spin-spin interaction

The process of obtaining the spin-spin interaction of the system is equivalent to the one
for magnetization, with the only difference being that we have to derive respect to the
coupling K. Then

N C o N
¥ Ok logy = 1‘:’@@]\[ + 1wa8Klog)\_, (B.16)

14N

Cl = 8KFN = GKlog)ur -+
where we defined C; o, = O log A;. The partial derivative of the eigenvalues is

K —e 2K 12K sinh?(H)
e cosh(H) £ ———
\/e +e2K sinh®(H)

el cosh(H) £ \/e*QK + e2K sinh?(H)

ek cosh(H)\/e*QK + e2K sinh?(H) + {—e‘zK + 2K sinhQ(H)}
ek Cosh(H)\/e—QK + 2K sinh?(H) + [e—gK + 2K Sinh2(H)}

cosh(H)v/1T+ % + [—e‘zK + 2K sinhQ(H)} CVIFRE 1)
cosh(H)v/1+ y% + [6_2K + e2K sinhQ(H)} VI EEE ()

Ok log\y =

By substituting the result for the derivative and Eqs. (B.9) (B.10) in Eq. B.16, after some
simplifications, we recover the expression in Eq. (2.56).
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Staggered susceptibility

In order to compute the staggered susceptibility, we must include a new term in the
Hamiltonian (B.2), namely a staggered field hg, then (for N even)

N-1 N-1 Nl ,
He = —J Z 5;Sit1+ h Z Si + hgt Z (—1)"s;
i=0 =0 i=0 (B17)

N/2—1 N/2—1

N-1
=—J Z 5i8i41 + he Z Soi + o Z 8241 5
i=0 i=0 i=0

where we defined h, = h + hg, and h, = h + hg (the sub-index stands for even and odd
sites). Then, we can split the sum into even sites and odd sites and write the partition
function as

Z(K,H,Hy) = Tr (TuyoToe)V? (B.18)

where Hy = hg /T, and the transfer matrices are

oFK+H o~ K+H
Te%o<K7 H> Hst) = (B19>
o—K-Hy  K—H
for the even sites and
eK"rH e—K—Hst
To~>e<K7 H7 Hst) == (B2O>

for the odd sites. As the reader will notice, T, ,o(K, H, Hy) = Toe(K, H, —Hg), then
using the cyclical property of the trace, we can straightforwardly demonstrate that

Z(K,H, Hy) = Z(K,H,—Hy) . (B.21)

As for the original Hamiltonian (B.2), we can diagonalize the matrix product T ,oTy e
and obtain the partition function,

Z(K,H, Hy) = \Y? 4 \M? (B.22)
and, from it, the free energy F (K, H, Hy) = % log Z(K, H, Hs). The new free energy is

also symmetric under the transformation Hy — Hg, then we can Taylor-expand the free
energy close to the null field, i.e.

1
Fr(K,H,Hy) = F (K, H) + ixstH; + O(HY). (B.23)

Then, to compute the staggered susceptibility, we must compute the second derivative of
the free energy with respect to the staggered field and evaluate it in Hy = 0, i.e.

Xst = O Fr(K, H, Hy)| 11, =0 - (B.24)
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B.2 Two dimensional quantum spin glass

In Appendix A, we recalled that the partition function for a quantum spin glass given by
Hamiltonian (6.1) can be expressed as

L;—o0 Lr—o0

N ~ L~ ~ ~ Lr ~
Z=TT="Tr {(ek(%*”l)) } = lim Tr {(ek%e’ml) ] = lim Tr {TLT} , (B.25)
where we have defined

Jijote? . Hi=-Y 6", (B.26)

and 7 is the original transfer matrix while 7 is the transfer matrix in the Trotter-Suzuki
approximation. For the sake of simplicity, let us define

A

W=et  [=eth (B.27)

SO % = WU. Using this notation, the expected value of some observable A which
is diagonal in the computational basic, i.e., which is some function Aqy[67], is [recall
Eq. (6.15)]
n AN Ly
Tr[Aal67] (WU
Z A (S )e ) = Aol }Z( ) . (B.28)
{Sr}

Let us consider the similarity transformation given by D = e 3H0. Recall that the
trace is not affected by a similarity transformation, i.e., Tr[f)*lM ﬁ] =Tr M , and the
fact that we can apply the transformation to the whole product or each element, i.e.,
DMLy -+~ M,D = D'\NLDD'NMoD - - DM, D. Then,

To[D~'Aa(67)D (DWT D))
(A)g = ~ . (B.29)

As the reader will notice, D and Aq(67) commute because both are diagonal in the
computational basis. Then, we can write

(A)q = Tl Aa(6)T™] (B.30)

N

where 7 = e 2Hoe=*Hio=3H0 [of. Eq. (6.12)]. It is clear that 7 (at variance with 7:’) is a
real symmetric matrix.

In order to compute the error introduce by considering 7 instead of T, we can consider
the Taylor expansion of both operatorS'

T =1—k(Ho+ + (HO +HE+ HoHy + HaHo) + Ok, (B.31)

T=I- —”HO - Ho + O(k3)>

k:
I— —Ho+ Ho+0(k3)>

1)
[
<]I K, + ?—L1+O(k3)> (B.32)
(- 57
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By computing the product in Eq. (B.32) it is direct to check that 7 = T + O(k?).

The reader will notice that 7 is a defined positive operator. Then, we can proceed as usual
and define an effective Hamiltonian H such that 7 = e **. We expect that, because the
error introduce by T is cubic in k, the error respect the real Hamiltonian (6.1) is quadratic,
i.e. H =M+ O(k?). However, we do not regard this as a major problem. Indeed, H and
H share their basic properties (recall Sect. 6.1). Hence, the two Hamiltonians belong to
the same universality class.

B.2.1 The parity-aware basis

Finally, let us see explicitly that the parity operator divides the state spectrum of the
transfer matrix into the even and odd subspaces. To do so, let us introduce some notations
that will help us study the transfer matrix [cf. Eq. (6.12)]

e—k'}:ll

— a3 B.33
NEL

T = e 3t

where A/ = 2e *cosh k cosh kI" is an irrelevant, but useful normalization.

From now on, instead of considering the two-dimensional Cartesian coordinates ¥ = (x,y),
we may use a one-dimensional lexicographic index

j=x+Lxy, j=0,1,...L* =1 (because 2,y = 0,1,..L — 1). (B.34)

It’s important to note that the transformation j <+ (z,y) is a one-to-one correspondence.
Therefore, we will use the site labeling (either lexicographic or Cartesian) that results in
the most straightforward expressions.

We shall code an element of the computational basis (i.e., the basis that diagonalizes the L?
matrices 67) through a L*-bits integer n. If the j-th bit in n is one, then the corresponding
eigenvalue for cer will be s§ = +1 (or, switching to the Cartesian site-labelling, s% = +1).
Instead, the eigenvalue is s} = —1 if the j-th bit vanishes.

In the computational basis, e~ 5Ho jg diagonal:

ot 2 Jz.55%5%
e 2Mp) = @D In) . (B.35)
The central factor in Eq. (B.33) takes the form:
ef;ml L?-1 ok ok .
= S — 67 B.36
N5 L’“ +e kY T P ( )

where I; is the 2 x 2 identity matrix acting on site j [mind that all the matrices in Eq. (B.36)
are mutually commuting]. ITmplementing the action of the matrix JJX on the computational
basis becomes simpler in the C programming language, as it corresponds to flipping the
J-th bit:

67 n) = |n~(1<<j)), (B.37)

J
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where << stands for a right shift (i.e. multiply by 27), and ~ is the XOR bitwise operator.

In the computational basis, the parity operator
L?-1
S A X
P = HO Fa (B.38)
]:

is not diagonal. However, parity stands out as a crucial symmetry in our problem. Hence,
we must select a good-suited basis for P. In order to introduce the new basis, let us consider

a (L? — 1)-bits integer m (in the computational basis, we can regard this state as |0,m), i.e.

an element of the computational basis with the L? — 1 spin fixed to $5_r2 1 = —1). The
effect of a global spin-flip on this state is given by

P|0,m) = |1,m), wherem=2""1—1—n. (B.39)
Notice that m is the (L? — 1)-bit word obtained by changing all the bits in m.
Then, the new basis for the even subspace is

= 10m) + L
e \/§ Y

whereas for the odd subspace, we have

m=0,1,...,2" '~ 1, Plm)e = +[m)e, (B.40)

|m> _ |07m> B ’1,ﬁ>
o) \/§ 9
A nice feature of the new basis is that almost all the crucial operators behave exactly as

they did on the computational basis (for e ##0/2 think of m as a L2-bit integer with the
most significant bit set to be zero):

m=0,1,....2° ' 1, Pm), = —|m),. (B.41)

BN JpgSnse

N 2
e ), = e @ U m)e, (B.42)
XMoo = M (1<<)))eo  ifj < L?—1. (B.43)

The only exception is 672 /5 ;:
6;(:L2—1|m>e = [m)e, U}‘X:L2—1|m>0 = —|m), - (B.44)

As the reader will notice, in the new bases, the action of the transfer matrix 7 over the
even (equiv. odd) subspace remains in the even (odd) subspace.
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Diagonalization
problems in this thesis

In this thesis, we have dealt with two different diagonalization problems. On the one
hand, in Chapter 2 the matrix that generates the Markov dynamics, see Eq. (2.18) for
an antiferromagnetic Ising spin chain in the presence of a magnetic field. On the other
hand, in Chapter 6, we diagonalized the transfer matrix in the Trotter approximation [see
Eq. (6.12)] for a two-dimensional quantum spin glass. We have used different methods to
address each of the problems. In this appendix, we describe the methods used for each of
them.

C.1 Antiferromagnetic Ising spin chain

Let us consider a Ising chain of length N with a Hamiltonian [recall Eq. (2.11)]

N N
H(ZU) = _sti8i+1 —thl (Cl)
=1 i=1

Notice that the 2V x 2V matrix RM"B, which define the probability that the system goes
from state @ to state y, does not depend on ¢, [recall Egs. (2.30) and (2.41)]. Then, in
continuous-time Heat Bath dynamics, RM"B is given by [recall Eq. (2.18)]

RIB _ exp{—[H(y) — H(z)|/(ksTi)}
w1+ exp{—[H(y) — H(=z)]/(ksTi)}
if & and y differs in only one spin, and zero otherwise. The completeness relation fixes the

diagonal elements [recall Eq. (2.31)]
RP)=— Y RP. (C.3)

,xr :E,y
yeQ{z}

(C.2)

As the reader will notice, this matrix is very sparse because only N + 1 elements of each
row are nonvanishing.

In order to compute the eigenvalues and the right-eigenvectors of matrix R (from now
on, we omit the superindex for R"B), we have used MATHEMATICA by following the next
steps:

1. We have calculated R and the probability density [recall Eq. (2.4)]

—oy _ exp{=H(z)/(ksTh)}
’ Zn(Ty)

symbolically as a functions of the coupling and field (J, h) and the temperature T3, of
the thermal bath.

(C.4)
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2. To make sure that we have calculated both of them correctly, we check symbolically
their basic properties: detailed balance, R1 = 0 and #®R = 0, where 0 and 1
are the constant functions with values zero and one respectively, i.e., 0(x) = 0 and
1(x) =1 for all x € Q.

3. We have evaluated the expressions for R and (")

4. We have computed the eigenvalues (0, Ay, A3, . . .) and right-eigenvectors (1, 0%, O, ...)
of R.

Step four has been carried out following the proof of Lemma 12.2 of Ref. [LP17]: if D
is the diagonal matrix whose diagonal elements are D, , = (72>)1/2, then the matrix R
is similar to the symmetric (and real) matrix A = D R D~'. The spectral theorem for
this kind of matrices ensures the existence of an orthonormal basis of right-eigenvectors
(P wrt. the inner product

(A]B)y = ¥ Az (C.5)

el
and such that the eigenvector Pj corresponds to the eigenvalue .

As the reader will notices, if we define O = D1 Py, then OP is a right-eigenvector of R
with eigenvalue \gz. In this way we obtained the sets {(’),';’}',?:'1 and {)\k}ﬂl

Moreover, we verified to high accuracy that these eigenfunctions form an orthonormal
basis w.r.t. the inner product (2.6), and they satisfied that R OP = \;,, O for all k.

Finally, by computing the probability density P*=? as the Boltzmann weight at tempera-
ture Ty (which is the preparation temperature of the system), we can obtain the evolution
of the expected value of an observable A through the expression:

EfA] = EVLA + Y o~ 5 e, (C.6)
k>2
o= (OR]A), (C.7)
Oé](f:O) — Z Pa(:t:O) O};(w)
e

With this method, we have analyzed systems up to N = 12, which implies that R is a
4096 x 4096 matrix. The next system length N = 14 supposes a matrix of size 16384 x 16384,
which is beyond our computing capabilities through the method discussed in this section.

C.2 Quantum spin glass

As already mentioned in Chapter 6 (and discussed in Appendix B), in order to study the
quantum phase transition in the bidimensional spin glass model, we have focused our
attention on the transfer matrix in the Trotter-Suzuki approximation [Tro59, Suz76] [cf.
Eq. (6.12)]. Then, for a system of linear size L, we need to diagonalize the matrix

N —k7:l1 o
Ho NL2 eii Ho ) (C9>

w\ar

T

e
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where

Hly =

I\DMH

Jzg626% and Hi=-I) 63, (C.10)

£7g
and N' = 2e *cosh k cosh kI" is an irrelevant, but convenient, normalization.

As discussed in Chapter 6, we are interested only in the lowest energy states, which
correspond to the eigenvectors of T with the largest eigenvalues. Therefore, we have used
the classic Lanczos method, an iterative algorithm for computing the extremal eigenvalues
and corresponding eigenvectors of a large, symmetric matrix [Lan50].

As it was mentioned in Sect. C.1, what makes the problem demanding is the size of
the matrix, which grows with the linear size of the problem as 2° x 2%° (notice that in
Sect. C.1, it was 2F x 2%, due to the dimensionality of the problem). When considering
L = 5, the transfer matrix takes the form of a 22° x 2% matrix, and the Lanczos algorithm
is manageable even on a high-end laptop. However, transitioning from L =5 to L =6
brings about a significant shift in the scenario. This is due to the matrix size expanding to
236 % 235 (approximately 69 billion rows), posing a considerable computational challenge.

Exploiting the parity symmetry of the transfer matrix (see Appendix B) allows us to
express it as the direct sum of two matrices, each with a size half that of the original.
These matrices, termed "even” and "odd,” are diagonalized separately. Specifically, our
code calculates the two primary eigenvalues within each sector. Additionally, we retrieve
the eigenvector corresponding to the leading eigenvalue in both the "even” and the "odd”
sectors.

Although we split the matrix into two submatrices, the challenge persists as GPUs have
limited memory (as compared to CPUs with Terabytes of RAM). However, a matrix-free
approach alleviates this issue. In Lanczos’s algorithm, instead of storing all the matrix
coefficients, we can explicitly represent the matrix by evaluating the matrix-vector product.

Our code is built upon a fusion of two extensively employed open-source software packages:
Petsc and Slepc. Our original contribution lies in a highly tuned multi-GPU-CPU solution
designed to efficiently compute the matrix-vector product for transfer matrices. The
product is carried out in three phases:

1. Initialization: It corresponds with the rightmost matrix multiplication in Eq. (C.9).
The Slepc library (running on CPU) provides an input vector in[], that is copied
to the GPU, Then, on GPU, we execute

for(i=0; i<Nloc; i++) {
psilil=in[il*w[i];

}
where

285171 p g the number of GPUs:

o Nloc=—%—;

 w[] is the vector that contains the (pre-computed) Boltzmann factors e=**Ho/2,

see Eq. (C.10), for all possible configurations of spins;

e psil] is a temporary vector
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2. Computation: the central product in Eq. (C.9) is carried out in L2=(L x L) — 1

rounds
for(j=0;3j<L2;j++){
for(i=0;i<Nloc;i++){
scral[il=jP*psi[i]+jM*psi[i ® 2'];
}
swap(scra,psi)

}

where
e scral] is a temporary vector;
o Jpis equal to ekj% and Jm is equal to eki_%’ see Eq. (B.36).
o @ is the bitwise exclusive OR (between i and 27).

The connection defined by the i @ 2/ stride is shown for the first 4 values of i and
the first 4 rounds below

round 0
’O|1|2|3|4|5|6|7|8|9|10|11|12|13|14|15|'-~|N72|N71‘
R —
round 1
’0|1|2|3|4|5|6|7|8|9|10|11|12|13|14|15|~~~|N—2|N—1‘
P
’0|1|2|3|4|5|6|7|8|9|10|11|12|13|14|15|~-~|N—2|N—1‘
round 2
’O|1|2|3|4|5|6|7|8|9|10|11|12|13|14|15|~~-|N—2|N—1‘
round 3

Actually, the last round is slightly different from the previous rounds in the indexing
(and with an additional difference between the even and odd half of the transfer
matrix) as shown in equation B.44. The interested reader may check directly the
code for the details.

For small spin systems (up to L = 5), if the GPU has enough memory, all rounds
may be executed on a single GPU (i.e., P=1). However, for L = 6, the matrix size is
such that multiple GPU are required (P> 1). In this case, the first K = L2 — log, P
rounds may run in parallel on each GPU. Then, the temporary vector psil[] is
copied to the CPU because it must be exchanged among the different tasks using
MPI (the stride i & 27 exceeds Nloc). It looks like we could copy them back to the
GPUs after the exchange, but since each round after the K*" requires an exchange
with a different task, the overhead of copying back and forth the data from the GPU
to the CPU overrides the advantage of running on GPU, so the last rounds, after the
K™ run in parallel on CPU (using OpenMP). The value of K (that determines how
many rounds are executed on GPU) depends on the memory available on each GPU.
For L = 6 the computation requires 5 double precision arrays of 2% elements: ~ 1.5
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TB of GPU memory. Even using high-end GPUs, like the Nvidia A100, at least 20
GPU are required. Obviously, the more GPUs are used, the faster the computation,
but, at the same time, the number of computation rounds that are local to the
GPU decreases. Hence, it is necessary to find the best trade-off between GPU/CPU
efficiency and scalability that also depends on the network speed (although the MPI
scalability is close to ideal). With our platform (Infiniband based), we found that
the best tradeoff was reached by using (for L = 6) 256 GPUs, each one having (at
least) 32 Gbytes.

. Finalization: the final leftmost matrix product in Eq. (C.9) is computed in parallel
on CPUs and returned to the invoking SLEPC function in the output vector out []

for(int i=0; i<Nloc; i++) {
out [i]=psilil*w[i];
}






Multispin coding

Parallelization is probably the first way to improve the efficiency of many processes (in
computation science and beyond). The main idea is to split all the work into independent
tasks that different workers complete simultaneously.

Different degrees of parallelization are accessible (or bring some benefits) to the considered
problem. For example, in our case —a numerical study of spin glass— we can use different
computers to simulate different samples, replicas, temperatures, or system sizes and obtain
an improvement in the efficiency (i.e., simulate more samples in less time). However,
efficient parallelization crucially depends on the properties of the system under study and
of the hardware that will carry out the simulation.

In our case, the Ising model, spins, and couplings may be coded a single bit. Moreover, it
is possible to implement the dynamical algorithms using Boolean operations, giving us the
opportunity to take advantage of one of the most internal parallelization that is possible
in a computer: the computer units (cores in the CPU or threads in the GPU) work by
cycles. In each of these cycles, they can perform basic Boolean operations (AND, XOR,
etc.; actually, they can do more than boolean algebra in a cycle, but let us stop here for
the sake of clarity) with words of m-bits. Nowadays, the standard for the CPU is m = 128
or m = 256, but m = 512 is available. For GPU m = 32 is a typical value

In simple terms, we can perform some calculations over m spins in parallel. However,
we can use (at least) two approaches to take advantage of this parallelization. These are
the multispin MUIti-SAmple (MUSA) and the multispin MUIti-SIte (MUSI) multispin
coding [JR81, BFPP12]. Each solves different problems related to the study of SG. This
appendix brings the main ideas of both techniques.

Finally, let us mention that the problem of implementing an efficient multispin coding
algorithm to study SG poses two main difficulties. The first one is the implementation
itself, i.e., how to drive the algorithm using only Boolean operations, place the spins in
our m-bits words, etcetera. The second problem is generating the random numbers needed
for the Monte Carlo process. Appendix F focuses on this second problem.

D.1 MUIti-SAmple (MUSA) multispin coding

The MUSA approach consists of using the m-bits words to carry out in parallel the
simulation of m different samples (or replicas of the same sample). To achieve this, we
store all the spins s; at site ¢ from the m samples in the same m-bits words. Then, if the
system under study has N spins, using N of these m-bits words, we can store the whole
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m samples or replicas
A

7 N
(1) m
s s o "
o
[ I p. I c |
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Binary Tree Sum

m-bit words
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Figure D.1: Schematic representation of the MUIti-SAmple multispin coding. The spin
si, located in the same position ¢ from m different samples or replicas are stored in the same m-bits
word. Using Boolean operation, it is possible to take measurements over all the m samples in parallel (for
example, the energy of the system). We use a binary tree to sum (in parallel) the contribution of each
spin-spin interaction. Another possibility, see text, allows us to perform the thermal average (we store the
same spin from different replicas) using a population count to compute the sum over different pairs of
replicas.

m samples. In addition, similarly, we can store the couplings J; ;.

Then, by using basic Boolean operations, we can compute different observables or drive
the Monte Carlo algorithm. As an example, consider the computation of the energy in an
EA model without a field, i.e.,

H = — Z JZ'J'SiSj . (Dl)
(6,3)
As a convention, we codify the spin states and the couplings as follows:

s SZ:—l—>b(Sl):O

SZ:1—>b<Sl) =1
0 , Jiﬂ‘ =—-1— b(JZ'J‘) =1.

D.2
Ji,j =1— b(JiJ) ( )

For the sake of simplicity, let us consider from now on that s; and J;; refer to their
corresponding binary representation. Notice that inHamiltonian (D.1), the contribution
of each of the links will be 1 (satisfied links) or —1 (frustrated links), which in our bit
convention will be represented by 0 (satisfied) and 1 (frustrated), respectively.

Then, the energy contribution of each link can be computed as J; ; XOR s; XOR s;, so we
can compute the contribution of each of the links in parallel to the m samples. Now, we
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can compute the energy of the system as

E = —(Number of satisfied links — Number of frustrated links)

: : (D.3)
= —[Total links — 2 x (Number of frustrated links)] .

As the reader will notice, because we represent the frustrated links as 1 (and by 0 the
satisfied), a sum of the bits given by J; ; XOR s; XOR s; allows us to compute the number
of frustrated links. We compute this sum using a binary tree strategy, which maintains
separated the result for the m samples.

In order to perform the Monte Carlo algorithm, we use the algorithm presented in
Ref. [TK90]. In this case, we must include m-bit words that codify, for a given site 7, in
which of the m samples we shall perform a spin-flip (performed by a simple NOT operation
over the spin).

We also use the MUSA multispin coding to estimate the thermal average (or other quantities
that involve the interaction of different replicas). For example, in Chapter 5, we have
stored different replicas in the same m-bit word. Hence, estimate the number p of replicas
such that s\ sga) =—1is

p = pop_count (WORD; XOR WORD;) , (D.4)

where pop_count is the population count and WORD; is the m-bit word which keeps spin
SE“) from the different m replicas. We have speed-up the computation of [Cy(Z, ¥; tw)]4,
recall Eq. (5.16), in this way.

D.2 MUIti-SImple (MUSI) multispin coding

In the MUSI approach, instead of packing different samples in the same m-bits word, we
store spins from the same lattice of linear size L, forming a superspin [FMM15]. There
are many different ways to make this codification, and according to the geometry of the
system, interactions, etc., some of them are more efficient than others. In general, our
packing tries to solve two problems:

(i) In systems with nearest-neighbor interaction in a bipartite lattice, we can assign
colors according to the sublattice to which a spin belongs [for instance, in a cubic
lattice, the color is set according to the parity of the site, e.g., in a 3-dimensional
system the parity is (z + y + z) mod 2 = (z XOR y XOR z) AND 1; red (blue) will
correspond to even (odd) parity], in such a way that red sites interact only with
blue sites, and vice versa. We want to preserve this property because it allows us to
update all the red sites in parallel and all the blue ones afterward.

(ii) If a set of m spins, i, Si,, .- - S;,, i packed on the same m-bit word S, then their
m neighbors along the (say) positive X lattice direction should also all be packed
into a single m-bit word Sx, (i.e. the set of m lattice neighbors cannot be scattered
among several m-bit words).

In this thesis, we have worked with two MUSI packings, one for the bidimensional Ising
model studied in Chapter 3, and another for the quantum spin glass in two dimensions,
see Chapter 6. In the following subsection, we detail both packings.
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D.2.1 Our MUSI packing for the two-dimensional Ising model

IR L LA L L RL L)
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Figure D.2: Graphical representation of the packing process for a square lattice of size
16 x 16 using 16-bit computer word. M = 4 in this example. The superspin lattice has a linear size
of 16/4. Colors and symbols represent the i, and %, coordinates, respectively. Therefore, spins with the
same color and symbol are stored in the same superspin. The numbers inside the symbols are the bit
index i, = Mb, + zy.

iﬁéééﬂ@@@ﬂ@@@ﬁ@@@

8

Let us consider a square lattice of size L x L, which we want to package in M?2-bit
words. Then, the new superspin lattice has size (L/M) x (L/M). The original coordinates
7 = (z,y) and the packing superspin coordinates (i, 7,) are related by

T = bxﬂ +1,, where

b,=0,1,--- M —1 and (D.5)
i, =0,1,--- £—1

@ L )

y:by]\[}qLiy, where

by=0,1,--- ,M -1 and (D.6)
1, =0,1,--- £—1

Y r 7M :

As the reader will notice, M? physical coordinates (z,y) have the same superspin co-
ordinates (i,1,). The bit index 4, = Mb, + b, is the position inside the superspin (so
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0 < i, < M?). Fig. D.2 shows a graphical example of the packing process of a L = 16
square lattice using M = 4.

Recall that this packing process satisfies our constraints:

o The parity of the original lattice, given by (z 4 y) mod 2, coincides with the parity of
the corresponding superspin site (i, +4,) mod 2. So, the superspin lattice is bipartite
as well.

o For a superspin (i, i,), the M? nearest-neighbors spins along the (say) forward z-
direction in the physical lattice are all packed within the same superspin, which is the
nearest-neighbor superspin in the forward i,-direction (see Fig. D.2). As the reader
will notice, the only difficult part arises from the borders of the superspin lattice. Let
us consider the site (x,y) and its nearest neighbor in the forward z-direction, with
coordinate = (z + 1) mod L. This neighbor is packed in the super spin of coordinate
(iz + 1) mod (L/M), but we must consider two possibilities:

— If i, < L/M — 1, the coordinates i,, b, and b, remain unchanged,

— but if i, = L/M — 1, then b, changes as b, — (b, + 1) mod M (int the forward
y-direction we have an analogous situation, but with 4, and b,).

Then, we can use the color update scheme, i.e., update all the even sites and after all the
odd ones. This scheme allows the superspins to be stored in separate memory regions (see
below for an explicit example).

A working example

In order to exemplify the problem of determining the spin changes within the same word
in the MUSI scheme, we will discuss our solution for the two-dimensional Ising model. For
the sake of clarity, we shall constantly be referring to a single bit, s,(t), in the superspin
(remember that all the boolean operations are performed simultaneously on the m bits
sz (t) contained in the superspin).

We want to obtain a change bit B,(t), which is one if (and only if) the spin at site @ is to
be flipped at Monte Carlo time ¢ (for the sake of clarity, let us use C language notation):

sz(t + 1) = sz(t) " Ba(1), (D.7)

~

where ~ refers to the XOR Boolean operation.

The computation of B, () is naturally decomposed in two steps (the first is a deterministic
step, while the second step involves randomness):

1. In the first step, we compute the energy change AFE that flipping spin s,(t) would
cause. In the two-dimensional Ising model, AF can take five values, {—8,—4,0,4, 8}.
Hence, using standard Boolean operations, one computes five bits —{cm8,, cm4,,, cO,,
c4,, c8;} respectively— in such a way, only the bit associated with AE is one. The
remaining four bits are, of course, zero.

2. The second step depends on the dynamics and determines whether or not the spin-flip
is allowed. This is represented by other five bits {bm8,, bm4,, b0,, bd,, b8, }, which
are set to one with probability p(AE) (see below).
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Then, we obtain B,(t) from these bits as (for shortness, we will omit their dependence on
x and t):

B = [c8 & b8] | [c4 & b4] | [cO & b0] | [cm4 & bm4] | [cm8 & bm8], (D.8)
where & and | stand for the Booleand bitwise AND and OR, respectively.

As the reader will notice, Eq. (D.8) tells us that we will use only one of the five bits b
(although we cannot know in advance which one). Indeed, the AND conditions make
irrelevant those bits b which are not related to the current AFE. Hence, the five b bits do
not need to be mutually independent (instead, the b bits corresponding to different & or ¢
must be statistically independent). We can use this observation to reduce the number of
b bits we need to compute. For this purpose, we must consider that the probability of
setting to one of the random bits b depends on the dynamics we simulate. For example,
in Chapter 3 we have considered:

a) Metropolis:

puer(AE) = min{1, e’AE/T} , (D.9)
b) Heat-Bath:
o~ AB/T
puB(AE) = 1 o—AEJT - (D.10)

Therefore, we can make use of these observations to reduce the number of b bits that we
need to compute according to the dynamics:

a) In the Metropolis dynamics, we only need two bits because pygrr(AFE) = 1 for
AFE < 0. Therefore, we set bm8 = bm4 = b0 = 1.

b) In the Heat-Bath dynamics, because puyg(AE) = 1 — pyg(—AFE), we set bm8 = ~“b8
and bm4d = b4, where ~ is the Boolean NOT.

Thus, generating two statistically independent bits b4 and b8 for each spin contained in
our superspin is enough to carry out our Monte Carlo. The Appendix F describes how to
generate these bits.

D.2.2 Our MUSI packing for the two-dimensional quantum spin
glass

In our study of the two-dimensional quantum SG, we have considered a packing that only
refers to the Euclidean-time axis (remember the Trotter approximation — see Appendix A).
We decided to use this scheme because, while along the Euclidean time, the system has
only ferromagnetic interactions, in the XY -plane, we have random interactions given by
the coupling matrix Jzz. Furthermore, we have considered systems with L, > L. Then,
in our chosen scheme, the geometry of the XY -plane is not modified.

Let us start by packing the complete physical lattice site (x,y,7) in the superspin (with
32 bits each of them) lattice of sites (Z,9,7) by the relations

(D.11)
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where i, =0,1,--- ,L;/32—1,and b=0,1,--- ,31. As the reader will notice, this scheme
also preserves the original parity p = (xt XORy XOR7)AND 1 = (z XOR § XOR7) AND 1,

provided that L, is a multiple of 64 (our program requires it to be a multiple of 2048).

Then, we can store the superspin (Z, 7, 7) lattice in two separated lattices according to
their parity (or color in the checkerboard sense). Then, the superspin coordinates (Z, 7, 7)
are related with the split lattice coordinates (i, iy,17,) as

IS
I
-~

: (D.12)

Ly
21, + color, ,

<
I

7’:

where color, is the corresponding color in the checkerboard scheme of the superspin lattice,
which can be computed as color, = p XOR [(i, XOR i,), AND 1].

D.2.3 The daemon bits

As we did for the case of the two-dimensional Ising model, in order to carry out our Monte
Carlo simulation of the quantum spin glass in two dimensions, we have to find a way to
update all the spins contained in one of our superspins synchronously. To achieve this
through the algorithm of Ref. [[KK90], we need to obtain 32 independent and identically
distributed integers d; that identify what spins can be flipped in the superspin (according
to their AE). These 32 integers are coded in the two 32-bit daemon words id1 and id2:

d; = id1; 4+ 2 x 1d2;, where id1; and id2; are, respectively, the j-th bits of id1 and id2.

The distribution of interest for d; is

Probability for d; = 0 1—e ',

otk _ o8k

(id1; =0,1d2; = 0)

Probability for d; =1 (id1; =1,id2; = 0)

Probability for d; = 2 (id1; =0,id2; = 1) : e 8 o712k
( )

Probability for d; = 3 (id1; = 1,1d2; = e 12k,

To obtain the id1 and id2 daemons, let us consider 3 statistically independent 32-bit
word b4, b8 and b12 such that:

1. Each bit in the word is statistically independent.

2. A given bit is set to one with probability e*.

In Appendix F, we discuss how to generate such a b4, b8 and b12.

Then, if we successfully derive id1; and id2; from the corresponding bits b4;, b8; and
b12; (by applying boolean operators to the words b4, b8, b12) the statistical independence
of the 32 d; will be assured.

Our first step consists of applying the boolean AND operator in the following way (for the
sake of shortness, let us use C language notation):

b8=b4&b8;
b12=b8&b12;

As the reader will notice, the new value of the bit b8; will be equal to 1 only if the two
original bits b4; and b8; were equal to one, which happens with probability e 8 (as the
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initial two bits were statistically independent, their probabilities of being set to one are
multiplied through the AND operation). Similarly, the new b12; will be one only if the
three original bits b4;, b8; and b12; were also one, which happens with probability e~'%*.
Hence, the probabilities for the three bits after the AND operations are

Probability for b4; =0, b8; =0, b12; =0 : 1—e
Probability for b4; =1, b8; =0, b12; =0 : etk _ o8k
Probability for b4; =1, b8; =1, b12; =0 : e 8 o712k
Probability for b4; =1, b8; =1, b12; =1 : e 12k,

These probabilities are exactly what we want for d;. Therefore, we will have achieved our
goal if we can define a Boolean operation function f(b4;,b8;,b12;) — (id1;,1d2;) which
satisfies the following relationships

b4; =0, b8; =0, b12; =0 =d1; =0, d2; =0,
b4; =1, b8; =0, b12; =0 =di; =1, d2; =0,
b4; =1, b8 =1, b12; =0 =d1; =0, d2; = 1,
b4; =1, b8 =1, b12; =1 =di; =1, d2; = 1.

By building the truth table, it is straightforward to show that the desired function
f(b4;,b8;,b12;) — (id1,,1d2;) — (id1;, id2;) is given by the following C code:

id2=b8;
id1=(b4"b8) |b12,

where ~ is the bitwise XOR and | is the bitwise OR operator.



Continuous-time
Monte Carlo

In Chapter 2, we have considered a continuous-time Monte Carlo (MC) method. In
this appendix, we discuss our implementation. We refer the reader to Chapter 2 for an
explanation of our notation convention. Let us start by saying that, in a continuous
time MC algorithm, we first need to determine the interval time At between changes in
the configuration. To compute this interval time, we need to consider the probability of
not changing the configuration x in the time interval (¢,¢ + At). From the discussion in
Sect. 2.1.2 we can straightforwardly show that this probability is

1 T — A R:c x A
Tim W, J3r, = o Realdt/m (E1)
where 79 defines our time units. As the reader will notice, a Poisson process gives the
probability for the interval time between changes in the configuration. This situation is
canonical for a n-fold way simulation [BKL75, Gil77]. Let us briefly review the process of
conducting such a simulation.

Consider that we want to update our system for times ¢ € [t1, t5] starting from configuration
Ty at time ¢1. So, we set our clock to ¢ = ¢; and execute the following steps (for the sake
of clarity, we name @« to the current spin configuration):

1. Generate the time increment At until the next spin-flip as

To

At = —
| Re.o

log(u), (E.2)

where u is a uniformly distributed random number in the unit interval (0, 1].
2. Now, there are two possibilities according to the value of t + At:

a If t + At > ty, stop the simulation. For observables that must be computed for
a time t’ € (ty,t2), compute them in the final spin configuration.

b If t + At < t5 continue to (3).

3. Update the clock t — t + At. Because the spin configuration is constant for all
the times ¢’ € (¢,t + At), any observable that must be computed at ¢’ should be
computed before changing the configuration in step (4).

4. Choose the spin to be flipped with probability R, ,/Rs.. Remember that R, , # 0
if the new state y differ from the old state & in the value of more than one spin.
Note that this step should be skipped if ¢t + At > 5.

5. Return to (1).



158

E Continuous-time Monte Carlo

For an Ising model, there is a simple technical trick to speed up the simulation considerably.
For simplicity, we will consider the Ising chain studied in Chapter 2. Let us recall that

exp{—[H(y) — H(x)]/(ksTp)}

RIB = , E.3
"= T+ exp[—[y) — H(w))/ (ka})] 9
where H () is the energy of the state configuration « given by the Hamiltonian
N N
H(CB) = _stz Sit1 —hZSl (E4>
i=1 i=1

Therefore, R,, depends only on the energy change when flipping one of the spins in
the initial configuration . Let us consider that we modify the spin s, so the energy
change depends solely on s;_; + sg41 (which has three possible values: —2,0,2), and on
the value of s = +1 itself. Then, there are only 3 x 2 possible kinds of spins. We can
use this classification to create six lists of spins (one of every type of spin) and use them
to efficiently compute At and decide which spin to update. Notice that after making a
spin-flip, we need to perform some bookkeeping to keep our list up to date. To associate
each spin s, with its list, we can use the binary representation of spins s; = —1 — b; =0
and s; = 1 — b; = 1 so that the binary number b;_1bibr1 unequivocally identifies the
kind of spin.



Our random bits for
MUSI simulations

To obtain the results of Chapters 3 and 6 we have used multispin MUIti-SIte (MUSI)
multispin coding (see Appendix D). This has forced us to generate words of m independent
random bits with prescribed probabilities. In the following sections of this appendix, we
describe our employed methods.

F.1 Our random bits for the two-dimensional Ising
model

In Appendix D, we mentioned that to carry out our MUSI simulations of the two-
dimensional Ising model, we need to generate a set of m independent random bits that
take the value 1 with an arbitrary probability p. The textbook solution [NB99] fails the
independence requirement unless p can be precisely represented with a limited number
of bits. Conversely, the Gillespie method [FMM15] proves inefficient for our particular
problem due to the elevated critical temperature, resulting in an excessively large p. To
address this challenge, we devise a solution that combines elements of the textbook and
Gillespie methods through strategic interpolation.

Everything we are going to discuss below is valid for generating any one of the 5 bits
{bm8,;, bm4,, b0, bd,, b8} discussed in Appendix D. Therefore, we will consider only
one, e.g., b4. We obtain b as b4 = d1 | d2, where d1 and d1 are two independent
random bits which are set to one with probabilities p; and p,, respectively, and | is the
Boolean bitwise operator. It is straightforward to show that the probability p(4) for having
b4 = 1is p(4) = p1 + p2(1 — p1). Hence, if we choose p; in some convenient way (see
below), we need to set ps as

4) —
. p(4) —p . (F.1)
1—p
The overall idea is the following: if we can generate d1 efficiently with a probability p;

that is very close to, but smaller than, p(4), we will then have a sufficiently small p, to
enable an efficient application of the Gillespie method to obtain d2.

Specifically, we require that p; be exactly representable with n bits

B+ 1
:;, with #* €N, 0 < k* <2, and

k*+1 k*+2

< p4) < .

h
(F.2)
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We obtain d1 by generating an integer-valued random number £, 0 < k < 2", with uniform
probability. We set d1 =1 if k < k™.

Note that the value of n determines the efficiency of the algorithm. On the one hand, to
get a smaller value of p, that allows a higher efficiency of the Gillespie method, we want
a value of n large so that p; is very close to p(4). On the other hand, to generate the
number k, we need n independent random bits set to one with 50% probability. A tradeoff
must be found, minimizing the number of calls to our random number generator.

A significant simplification is that we can use the same random integer £ for all the possible
changes in the energy, AFE, only the threshold k*(AFE) varies. In this way, we obtain
all the bits d1 for every b8 and b4 (recall that we only need to generate b8 and b4; see
Appendix D).

At this point, it is worth noting that although the discussion on generating d; has been
done for a single bit, in the case of having m bit words, we must generate m independent
numbers k. In particular, in our work, we have used m = 265. To achieve this, we have
used the xoshiro256++ generator [BV21], ensuring the same randomness level on each of
its 64 bits. In fact, we employed a 256-bit streaming extension to implement a parallel
version of xoshiro256+4+, composed of four independent xoshiro256++ random sequences,
which produces 256 independent random bits, which are 1 with 50% probability. Therefore,
n calls to our xoshiro256++ implementation produce 256 independent k random numbers.

Finally, in the general case where we only need to generate one bit with probability p,
we would have to obtain the bitd2 with probability ps. For this, we could use a Gillespie
method. However, in our case, instead of using two Gillespie methods to generate b4 and
b8, one for each of the bits d2 needed, we can use a faster way.

We have two different probabilities py, one for b8 [p2(8)], and other for b4 [ps(4)]. Let us
define ppax = max{p2(4), p2(8)} and pmin = min{pa(4), p2(8)}. Then, we can implement
the Gillespie method for pua.., which gives the bits d2™** for the AFE with bigger p,
probability. Finally, the bit d2™" corresponding to pmi, is set to one if two conditions are
met:

1. The bit d2™** corresponding to ppax is set to one,

2. An independent random number r, extracted with uniform probability in [0, 1), turns
out to be smaller than pyin/Pmax-

F.2 Our random bits for the two-dimensional quan-
tum spin glasses

As described in Appendix D, to use our implementation of the daemon algorithm [IX90]
in our MUSI program (see Appendix D), we must be able to generate 32-bit words (that
are named b4, b8 and b12 in Appendix D) that should meet the following two criteria:

(i) all bits should be statistically independent;

(ii) (each bit) is set to one with probability equal to e=#* [recall k in Eq. (6.9)].
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The process to obtain one of these words, for example b4,
uses four “50/50” 64-bit random words (i.e., each bit has the
same probability 1/2 of being one or 0). To generate one of
these 64-bit random words, we use our own CUDA imple-
mentation of the D.E. Shaws’s counter-based philox_4x32_10
parallel generator [SMDS11]. We combine a subset of the
philox_4x32_10 bits with another subset produced by a sin-
gle iteration of the xoroshiro128++ transformation [BV21].
From each of these 64-bit random words, we obtain an 8-bit

tHence, every one of the 8 bits in n

is statistically independent, and set

s Even

to 1 with probability e~
for the largest k& value in our simula-
tions [BPMMP23], & = 0.32, one has

—4xk*8 _ e—10.24 ~ 2—14.773

e which is per-

fectly representable with 64-bit arithmetics.

random integer (so a total of 32 bits), which satisfies our constraints (i) and (ii). To

generate these 8 bits integers, we proceed as follows:

1. Let us consider an integer n = 0, 1,...,255 (notice it is an 8-bit integer) with a

probability

P[n] _ e—4k*pop,count(n) % (1 o e—4k)[8—pop,count(n)} 7 (F3)

where pop_count(n) is the population count function that returns the number of bits

equal to 1 in n.

2. For each n, we build a “normalized cumulative”

cum float(0) = PI0],
cum float(n) = cum float(n—1)+ P(n),
cum_float(n) = 2% xcum float(n), forn =0,1,2,---,255,

and a cumulative(n) that is the 64-bit truncation of cum_float(n)

cumulative(—1) = —1,..., cumulative(255) = "0, (F.4)

where ~ stands for computational negation.

3. Then, given one of the 64 bit “50/50” random words, we find 0 < n* < 255 such that

cumulative(n® — 1) < 64 bit “50/50” random word < cumulative(n®). (F.5)

We set as well n* = 255 if the “50/50” 64-bit random word equals ~0.

To speed up the search for n*, we resort to a binary search combined with a look-up table.
Repeating this procedure four times, we compute our 32-bit word, which satisfies (i) and

(ii).






Space integrals of
correlation function

Estimating the coherence length £(¢) in out-of-equilibrium systems has been a problem in
numerical analysis. Part of the problem arises from the fact that, despite our ability to
compute the correlation function C(r;t) [or Cy(r;t); see Sect. 1.4.2] and our knowledge
that it decays as

1 r

C(r—oo;t) ~—f [] (G.1)

re” [ €(t)
for long distances, the explicit form of function f(z) and exponent a are known only
at equilibrium. However, as we discussed in Sect. 1.4.2, it is possible to compute the
coherence length from the integral estimators

Lu(t) = /OOO P*O(T,r, t)dr (G.2)

Specifically, we can define the estimator

(G.3)

which is proportional to £(t). Following Refs. [BJCCT18, FMMM™*18, FMMM*19] (and
references therein), we have been chosen as our estimator of the coherence length £(¢) the
ratio 5172<t>.

Then, we are interested in estimating the integrals Eq. (G.2) for £ = 1 and 2. The difficulty
arises from the significant relative errors AC(r;t)/C(r;t) in the large-r tail of the correlation
function. The same problem arises in the analysis of noise time series (see, e.g., Ref. [Sok97]).
In fact, our solution is inspired by the methods of Refs. [BJCC™ 18, FMMM ™18, FMMM™*19],
our strategy combines two ideas: (1) we reduce the relative error by considering a sufficiently
large number of replicas, and (2) estimate the integrals I;(¢) carefully.

Specifically, we estimate the integral I () as the sum of two contributions: the numerical
integration of our measured C(r;t) up to a noise-dependent cut-off, and a tail contribution
from a smooth extrapolation function, namely

Ao (r/er)®

F(r) : (G.4)

b
where the amplitude A, the length scale £r and the exponent « are the fitting parameters.
The exponent b, is b = 1/2 in the Ising model (see Chapter 3), while it is also a fitting
parameter in the Edwards-Anderson model (see Chapter 5).
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Figure G.1: Integrator for I1(t), i.e r?C%V(r,ty), as computed for the three-dimensional
Ising link-diluted model (DIL) and for the Edwards-Anderson model (EA), versus the
distance r. Data obtained in system of linear size L = 160 with coherence length &(t) = 20 (dashed
vertical line) at temperature 7" = 0.9. Study of the coherence length performed in the analysis of the
four-body correlation function in Chapter 5.

The reader will complain about the value of b = 1/2 chosen for studying the ferromagnetic
phase in the Ising model —Chapter 3. It is true that, strictly speaking, b = 1/2 is only
valid in the paramagnetic phase. However, in other situations, the exponential term decays
very fast, making the value of b irrelevant.

The complete procedure to compute I in Chapter 3 (in Chapter 5 is very similar, with
the exception that b is also a fit parameter) is:

1. The statisitcal errors determine a spatial cut-off r.,;. The cut-off is the shortest
distance such that C(r.y+1; t) is smaller than three times its error, i.e. C(rey+1;t) <
AC (Teus + 15t). Recall that rey is time-dependent.

2. Define a region [ryin, max] Where we perform the fit to F(r). To calculate this
interval, we follow the next steps:

(a) Locate the position r* where r2C(r;t) is maximum. Let us call p = 7*2C(r*; t)
to such maximum value.

(b) Locate the values 7y, and 7.y, which must verify the inequalities
T* < Tmin < T'max < Tcut -

The values of 7y (TeSp. Tmax) is the smaller 7 such that r2C(r;t) < 0.9p [resp.
r2C(r;t) < p/3].

(¢) if rmax > reut, we consider that we need more replicas.

3. Finally, we calculate the integrals. There are two possibilities (in both cases, we
estimate errors with the jackknife method; see Appendix H for more details):

o If max — Tmin > 8, we fit the correlation function in the interval [rmin, Fmax] t0
F(r), which fitting parametes the amplitude A, the length scale £z and the
exponent . Then, the integral is the sum of the integral of our data of C'(r;t)
from 7 = 0 to rpax and the integral of the fit F'(r) from rp. to r = 20&k.
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o If ["imin, Tmax) 1S small (i.e. rpax — Tmin < 8, wWe integrate only numerically our
data of C(r;t) up to the cut-off rey.

To compute the integral, we consider a second-order Gaussian quadrature. In addition,
if an interpolation of C(r;t) is needed, we use a cubic spline interpolation. In Fig. G.1,
we show the integrand for & = 2 in the case of the Ising link-diluted model (DIL) and
Edwards-Anderson model (EA) models corresponding to the study carried out in the
Chapter 5. To clarify the process, we include in Fig. G.1 the definitions of the different
parameters considered when calculating the integral Iy (¢).






Error estimation and
automatic fitting process

This appendix lists the main statistical techniques used throughout this thesis. As the
reader will have noticed, due to the nonlinearity of the quantities studied and the large
amount of data at our disposal (sometimes correlated), we have decided to employ two
resampling methods to compute the statistical errors: jackknife and bootstrap. Both
techniques are widely known, and extensive literature exists (e.g., [Youl2]). Therefore, we
will limit ourselves to briefly describing our implementation of both methods.

Another difficulty we have faced in obtaining the results of chapters 5 and 6 is related
to the large number of fits we have made. Indeed, because specific quantities (think, for
instance, of the Euclidean correlation lengths discussed in Chapter 6) are only accessible
by fitting, and because of the large number of samples we have analyzed, we have been
forced to develop automatic procedures to perform these fits. In Sect. H.3 of this appendix,
we will describe how such automation was performed for the study presented in Chapter 6.

H.1 Jackknife method

Let us consider a set A of N measures of some observable O;. The jackknife method (JK)
considers groups of n of the N samples, called jackknife blocks. In our case, we have used
the most widespread method, which consists of making blocks of length n = N — 1. Then,
we label each block by the non-considered measure, i.e., O/% = A4/0;.

For each of the jackknife blocks, we can compute its estimator

(OJK

> 0. (H.1)

n—lﬁéZ

Then, for any function f(z) (the relevance of the method is achieved for non-linear
functions), we can define its JK blocks as f/* = f[E(O/X)]. The JK error estimator for
f(O) is (see, e.g., [Youl2])

of = JZ 75— Eg(f7%)], (H.2)
where Ejg (f™) is the expected value of f7%, defined as

Ex(™) = 3 S 4% (113)
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H.2 Bootstrap method

As in the discussion of the Jackknife method, we have a set A of N measures of some
observable ;. However, unlike the previous case, Ng # N blocks of N samples are
generated in the bootstrap method. To generate every one of these blocks, N samples are
randomly chosen with uniform probability from the set A, allowing the same sample to be
chosen several times. Then, we have created Ny “new” sets A;, with N samples.

The expected values for set sets Ay (k=1,2,---, Ng) are
1N

where n;  is the number of times that sample ¢ appears in the A; set.

In close analogy with the jackknife method method, for a function f(x) we can define its
corresponding bootstrap blocks as [P = f[E(OP)]. Then, the mean value of f over the

bootstrap block is
R

Es(f®) = FB;JCI?' (H.5)

Thus, the estimator of the standard deviation of f(Q) calculated by the bootstrap method
is given by the following expression [Youl2]:

o = J TN =) 2 VR~ Bl (1.6)

H.3 Automatic fitting process

As the reader will notice, in chapters 5 and 6, we have performed many different fits. To
mention a few examples, to make the extrapolations of the median of C for each of the 16
samples to the various () in chapter 5, or to obtain the Euclidean correlation lengths in
chapter 6. Carrying out these processes manually would have been nearly impossible.

As a solution, we have implemented in a C-code a nonlinear least-square method using the
Levenberg-Marquardt solver [Lev44] routine available at the GNU Scientific Library along
this process. We performed a series of manual adjustments with GNUplot to calibrate the
automatic adjustment procedure. In all of our fits, we consider the y?/dof computed with
the diagonal part of the covariance matrix as a figure of merit.

In the remainder of this section, we describe the more complex example of the above
procedure in this thesis: the process followed to obtain the distribution function of
the Euclidean correlation lengths discussed in chapter 6. In addition, we include our
computation of the distribution function of the Euclidean correlation lengths.

H.3.1 Automatic fits for the Euclidean correlation lengths

For a fixed value of k [recall Eq. (6.9)] we have obtained the functions C(t) and Qx(t)
[recall Eq. (6.23)], and their error, for each of our samples from the 6 replicas at our
disposal.


https://www.gnu.org/software/gsl/
http://www.gnuplot.info/

H.3 Automatic fitting process

As in Appendix G, we need a fitting window [Sok97, BCCT08b] to analyze the noisy
correlation functions. We have chosen the upper limit of the fitting window as

Tw,p = min 7| f(7) <3505}, (H.7)

with f(7) either C(7) or Qa4(7) = Q2(T) — Q21 (we refer as Q2,1 the plateau, see Fig. 6.3),
and oy(-y the corresponding standard error. At this point, we need to face two different
problems, one related with C(7), the other with Q2 (7).

Fitting C(7)

In our investigation of the odd correlation function, we have found that for some samples,
Tw.c > L:/2. This means that the ratio between the Euclidean correlation length 7 and L.,
namely 7/ L., is not small enough to allow for a safe determination of 7 (see Fig. 6.11). This
will affect our estimation of the distribution function of n and its errors, but let us focus
now on the samples for which we are able to estimate 7, i.e., samples with 7, ¢ < L, /2.

We have fitted our data from samples with 7, ¢ < L. /2 to
C(r) = B 7/ 4 elr=L0/] | (H.8)

where the amplitude B and the correlation length n are the fitting parameters.

To perform this fit we have considered the fitting window [Tiin.c, Tw.c]. We made a series of
fits varying Tmin,c to obtain the best window. Specifically, we have been increasing Tyin,c
in steps of 1, starting from Tyinc = Tw,c/10 to 7y /2. We stop when the corresponding
x?/dof goes below 1.

Fitting 25(7)

Despite ()24(7) is not affected by the impossibility of determining its corresponding
Euclidean correlation lengths, 1. and 7, (see Fig. 6.9), we need to estimate the plateau

QQ,pL

To do so, we fit Qo4(7) for 7 € [L./4,L,/2] to a constant ()2 ,1. In those rare cases in
which this fit was not acceptable (as determined by its x?/dof), we consider 7, c = L, /2
and we take ()21 as a fitting parameter.

Therefore, to obtain the Euclidean correlation lengths, we fit our data to
Q(7) = Qa1 + Bee ™™ + Bye /e (H.9)

where only the amplitudes B; and the correlation lengths 7, and 7, are fitting parameters
(and also @2 p for the above alluded to exceptional samples).

We first perform a fit to only one exponential. As in the previous case, we modify the

fitting window [Tinin,0,, Tw.Qs), DY INCTEASing Timin g, from 1 to 7y g, /2 until x?/dof < 0.5.

After that, we consider a fit with the two exponential terms and keep the best fit. In cases
where we employ two exponential terms, because we cannot determine which of the two
correlation lengths corresponds to 7., we take the larger of the two.
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H Error estimation and automatic fitting process

H.3.2 Interpolating the distribution function of Euclidean corre-
lation lengths

Once the Euclidean correlation lengths have been determined, we have calculated their
empirical distribution functions F'(logn) and F(n.). For the sake of simplicity, let us
consider X be either logn or n,. Then, we can compute the inverse function X[F] by
sorting in increasing order the Ng values of X and setting X[F' = i/Ng] as the i-th item
in the ordered list.

To calculate the value of X[F] at k, we have performed a linear interpolation from the
results of X[F] at the two nearest k values of the Parallel Tempering grid.

To estimate errors in X [F|, we employ a bootstrap method with Ng = 10000. In order to
create the bootstrap blocks, we extract each value X from a normal distribution centered
in the X;, and with standard deviation, the fitting error of X; (i identifies the chosen
sample).

To conclude, we should mention that for the case X = logn, we had to face the problem
of only being able to calculate X for Nok of the Ng samples. For this we have decided to
determine X[F] only up to (see Fig. 6.11)

1 Nok(Ns — N,
Fsafezi [NOK_4\/ OK( > OK)] ; (HlO)

Ng Ng

i.e., the maximum possible F' minus four standard deviates. Then, we only consider
bootstrap blocks for which X could be obtained in at least Fy,Ng samples.



RSB couplings in 4D:
combinatorial problem

In Sect. 4.1.4, we discussed the calculation of the coupling constants w; and w, for the
Edwards-Anderson model model in finite dimension [cf. Egs. (4.10) and (4.11)], which
can be computed from the connected-correlations at zero external momentum [PR13] as:

w = —Z $iSj)c(SjSk)e(SkSj)c s (I.1)
z]k

S N T (12)

Wy = 5N 2 $iSjSk)Z. )

By defining the overlap fluctuation 6@, between replicas

1 u
0Qu = 57 281”8 = 5= > (5i)? = Qu — a, (13)

7 7

it is possible to express both couplings w; and ws in terms of the following eight cubic
overlaps [cf. Egs. (4.20) and (4.21)] [PR13].

Wi = N*(6Q120Q230Q31) Ws = N*(0Q120Q130Q21) ,
Wy, = N25Q3,), Ws = N*(0Q120Q130Q14) ,
W, = N2(5Q125Q13) Wr = N*(0Q120Q130Qus5) ,
Wi = N20Q2%,0Qs4) , Ws = N*(0Q120Q316Qs6) -

Thus, substituting Eq. (I.3) in the definitions of the eight cubic overlaps, we can obtain
the expressions that allow us to perform the calculations of the couplings constants w;
and wy from the results of numerical simulations. For example, for YW; we have that

Wl - N2<5Qab5ch(5Qca> - N2<(Qab - Q) (ch - Q> (Qca - Q>>
= N2<Qabecha - Q(Qabec + chQca + QbaQac) + QQ(Qab + ch + Qca) - q3> <I4)
= N2[<Qab@bc@ca> - 3Q<Qabec> + 2q3]

where we have use the fact that @y is a symmetric matrix, i.e. Q. = Qpe, an that

<Qab> =dqg.
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I RSB couplings in 4D: combinatorial problem

Following the same method, it is straightforward to obtain that

Wi = N*[(QuQueQca) — 3¢{QuvQue) + 2¢°],

We = N2[(Q3) — 3¢(Q2) +24°],

Wy = N2[(Q2Qu) — a((Q2%) — 2(QuQuc)) +24°] ,

Wi = N?[Q%Qca) — ¢((Q%) — 2(QuQca)) + 24°]

Ws = N*[(QuvQacQura) — 4(2(QuQpe) + (QupQca)) + 24°]
Ws = N[(QuQacQud) — 3¢(QusQue) + 247,

Wr = N?[(QabQbcQuae) — ¢((QuQbe) + 2(QarQuc)) + 24°] ,
Ws = N[(QuQcaQer) — 3¢(QupQca) + 2¢°] -

The number of different subindexes in each expression determines the number of indepen-
dent replicas needed to evaluate the expression. Then, because we have four replicas we
have not compute directly W, and Wy (see discussion on Sect. 4.1.4).

Let us mention that, to compute each of the different expected values for the product of
different overlaps, we have averaged over all possible combinations of sub-indices at our
disposal. For example, with four replicas

(QubQbcQea) = i<@12@23@31 + Q23Q34Q12 + Q34Q11 Q13 + Qu10Q12Q24) - (L5)

In order to determine the number of possible ways to choose the replicas and the order
of replicas, it is useful to use a pictorial representation. In particular, we represent the
replicas as the vertex of a square (because we have four replicas), and the connections
between vertices are the terms @q,. Then, for example, we can represent (Q.,QpcQca) as

NN
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RAM random access memory 145

RFIM Random-Field Ising model 6

RG Renormalization Group 60, 61, 63, 66, 96, 97, 113

RKKY Ruderman-Kittel-Kasuya-Yosida 3, 4, 12

RS replica symmetric 14, 15, 61

RSB replica symmetry breaking 4, 5, 15, 16, 61

SG spin glass v, vi, 3-8, 10, 11, 13, 16, 17, 19-21, 59, 61, 70, 73, 74, 76, 80, 95-98, 116,
119, 122, 135, 143, 144, 149, 151, 154, 155

SK Sherrington-Kirpatrick model 4, 15, 16

SQUID superconducting quantum interference device 4

TAP Thouless-Anderson-Palmer 4, 5

TRM thermo-remanent magnetization 8, 9

ZFC zero-field cooled 9



Glossary

algorithm set of mathematical instructions or rules that, especially if given to a computer,
will help to calculate an answer to a problem 5, 46

ansatz initial estimate of the solution to a mathematical or technical problem that is
used to guide work to a more precise answer 14, 15, 51, 83

ergodicity property of a system or process, relating to or involving the probability that
any state will recur 4

fractal a complicated pattern in mathematics built from simple repeated shapes that are
reduced in size every time they are repeated 73

magnetic domain region inside of a material where groups of magnetic moments natu-
rally align in the same direction 4

multifractal referred to a mathematical object that presents more than one fractal
behavior 73, 74, 79

multispin coding technique used to accelerate Monte Carlo simulations, mainly in Ising
spin systems, by encoding them in one bit 5, 19, 86, 149, 151, 159
qubit in quantum computation, the minimum logic unit 96

quenched refers to some parameters (the couplings) of the system, which are random
variables that do not evolve with time 12, 64, 74, 97

replica Copy of a sample that evolves independently vii, 14-16, 22, 41, 46, 47, 64, 65, 67,
74, 75, 79, 84, 86, 101, 149-151, 163, 164, 168, 171, 172

replica method (also known as replica trick) mathematical tool developed by P. Ander-
son to study systems with quenched disorder 4

sample small amount of a substance that a doctor or scientist collects to examine it 9,
12, 19, 22, 74, 75, 85, 86, 97, 101, 105-108, 112, 114, 115, 149-151, 168-170

simulated annealing probabilistic technique that mimics the annealing process to ap-
proximate the global optimum of a given function 5

spin intrinsic form of angular momentum carried by elementary particles, and thus by
composite particles such as hadrons, atomic nuclei, and atoms 3, 4
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superpolinomically from computation complexity theory, an algorithm which resources
or time scales faster than any polynomial of the agents. 97

ultrametric tree special kind of additive tree in which the tips of the tree are all
equidistant from the root. 4
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