Genuine multipartite entanglement in noisy quantum networks highly depends on the
topology
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Quantum networks are under current active investigation for the implementation of quantum
communication tasks. With this motivation in mind, we study the entanglement properties of the
multipartite states underlying these networks. We show that, in sharp contrast to the case of pure
states, genuine multipartite entanglement is severely affected by the presence of noise depending on
the network topology: the amount of connectivity determines whether genuine multipartite entan-
glement is robust for any system size or whether it is completely washed out under the slightest
form of noise for a sufficiently large number of parties. The impossibility to obtain genuine multi-
partite entanglement in some networks implies some fundamental limitations for their applications.
In addition, the family of states considered in this work proves very useful to find new examples
of states with interesting properties. We show this by constructing states of any number of parties
that display superactivation of genuine multipartite nonlocality.

Introduction. Entanglement is at the core of the foun-
dations of quantum mechanics and it is a crucial re-
source for the applications of quantum information the-
ory [I]. The analysis of many-body entanglement has
provided relevant tools for condensed matter physics |2|
and has given rise to several concrete multipartite appli-
cations such as secret sharing |3], conference key agree-
ment [4] and measurement-based quantum computation
[5]. Studying the complex ways in which multipartite en-
tanglement manifests itself is thus interesting both the-
oretically and to come up with new applications. On
the other hand, the preparation, control and distribu-
tion of genuine multipartite entangled (GME) states, in
which entanglement spreads among all parties and not
just a subset, is a major experimental challenge. Ar-
guably, the most feasible way to achieve this is by dis-
tributing exclusively bipartite entanglement among dif-
ferent pairs of parties giving rise to a connected net-
work. In fact, quantum networks are currently being
actively investigated as a realistic platform for quantum
information processing. This includes establishing long-
range entanglement starting from smaller entanglement
links or harnessing node-to-node entanglement in order
to achieve on-demand quantum communication between
different possible subsets of parties (see [6] and references
therein).

In this Letter we intend to put forward a theoretical
analysis, from the point of view of entanglement theory,
of the properties of the underlying states that arise in
quantum networks, which we term pair-entangled net-
work (PEN) states. It should be noticed that such a state
is a universal resource under local operations and classi-
cal communication (LOCC) provided that the underlying
graph is connected and the bipartite entanglement shared
by the nodes is of sufficient quality. This is because by
means of local preparation and teleportation the parties

can then end up sharing any quantum state of a given
local dimension. Recent work has considered the limita-
tions arising from the distribution of arbitrary bipartite
entanglement in networks when further restrictions than
LOCC manipulation are enforced and it has been shown
that certain GME states cannot be prepared in this way
|7, |8]. However, here we study the entanglement proper-
ties of PEN states within the LOCC paradigm depending
on the type of entanglement shared and the topology of
the network |9]. From this point of view, a natural ques-
tion to ask is when a PEN state is GME. This makes it
possible to benchmark the quality of the quantum net-
work. If the corresponding PEN state is not GME, then
it cannot be transformed by LOCC into a GME state
and, therefore, the relevant states in applications such
as the Greenberger-Horne-Zeilinger (GHZ) state cannot
be prepared in the network. Remarkably, it has been re-
cently shown [10] that any multipartite private state is
GME and, therefore, this is a necessary condition for es-
tablishing a secret key. In this way, our study leads to
some fundamental limitations of some PEN states which
may be crucial for applications.

A simple argument shows that all pure PEN states (i.e.
where all nodes share bipartite pure entangled states)
are GME independently of the amount of entanglement
shared and the geometry of the network (as long as it is
connected) and, actually, we have recently shown that
they are even genuine multipartite nonlocal (GMNL)
|[L1]. However, in realistic implementations noise is un-
avoidable and mixed PEN states must be considered.
The previous property of pure PEN states directly im-
plies that, for a fixed network, GME should be robust to
some noise, but the extent to which this holds is unclear.
In fact, to our knowledge it is not known whether sharing
arbitrary bipartite entanglement is enough to guarantee
that a PEN state is GME. Here, we consider a simple



and realistic model in which the nodes share isotropic
states, i.e. maximally entangled states mixed with white
noise, and show that the answer to the above question is
negative. The mere fact that the nodes share bipartite
entanglement does not imply that a connected network
is GME. Furthermore, this not only depends on the level
of noise but also on the topology of the network, as can
already be seen in the case of isotropic PEN states. How-
ever, our main result is a more extreme feature of this
phenomenon. Instead of asking for which value of the
noise parameter a given network is GME, we consider
a more realistic approach in which the noise parameter
is fixed and we ask which networks display GME under
this constraint. It turns out that, for any nonzero value
of the noise, any tree network of sufficiently many par-
ties is no longer GME and, on the contrary, the GME
of a completely connected network persists for any num-
ber of parties if the noise is below some threshold. This
shows a drastic dependence on the geometry of the net-
work. While any unavoidable limitation in the ability
to prepare entangled states upper bounds the number of
parties that can share GME in some topologies, a larger
connectivity guarantees GME for any size provided that
a certain level of quality in the prepared entangled states
can be achieved.

In addition to this, the overwhelming complexity of
multipartite state space has often led to constrain the
study of entanglement to subsets of states with relevant
physical and/or mathematical properties such as graph
states [12], locally maximally entangleable states [13] or
tensor network states |14]. We believe that the class of
PEN states is a promising platform endowed with a clear
operational motivation in order to study the rich phe-
nomenology of multipartite entanglement. Based on this,
using PEN states we provide examples of GME states
which are not GMNL for any number of parties, differ-
ent from those known before [15, [16]. Moreover, we give
the first, as far as we know, proof of superactivation of
GMNL for any number of parties building on the previ-
ously known construction for the bipartite case [17] by
proving in addition that sufficiently many copies of the
aforementioned states are nevertheless GMNL.

Preliminaries. As mentioned above, we will consider
networks where the nodes share isotropic states on C¢ ®
Ce:

p(p) = po} + (1 —p)1, (1)

where |¢1) = (1//d) Z?;Ol |i7) is the d-dimensional max-
imally entangled state, ¢ = [¢}) (¢} and 1 = 1/d>.
Isotropic states not only represent a standard noise model
but they also possess nontrivial symmetry properties.
This has lead to an in-depth study of these states and
they appear as an intermediate step in several protocols
[18]. In particular, isotropic states are entangled if and
only if p>1/(d+1) |1§].

PEN states are defined by selecting an undirected
graph G = (V, E) that encodes the structure of the net-
work. The vertices V = [n] := {1,2,...,n} represent the
parties and the edges F C {(i,7) : 4,5 € V,i < j} rep-
resent when two nodes share a bipartite state. In order
to specify the PEN state, one must specify G as well as
which state is associated to every edge in E. In our case,
we will always consider isotropic states p;;(p) shared by
parties ¢ and j and, for simplicity, we will often consider
that all edges are given by the same isotropic state (we
sometimes also label the parties who share a state by
the edge instead of the vertices, i.e. if e = (4,7), then
pe(p) = pij(p).). Thus, given the graph G and the noise
parameter p, the corresponding isotropic PEN state is

® Pij (p) = ®Pe(p)- (2)

(i.4)EE €

oc(p) =

Notice then that o (p) is a state on @), C4"*"  where
deg(i) is the degree of vertex i. We will focus on some
particular graphs: A tree graph is a graph with no cy-
cles, such as the star graph in which a central node is
connected to all other vertices and there are no more
edges. These are graphs with the lowest connectivity.
On the other hand, a completely connected graph is that
for which E = {(¢,7) : 4,5 € V,i < j}. Sometimes it will
be convenient to alter the notation for vertices in order
to label the different particles held by one party. For in-
stance, for 3 parties A, B and C the star and completely
connected PEN states can be also respectively denoted
by

Ostar () = pa,B(P) ® pa,c(p),
Ucc(p) = PAB; (p) & PACy (p) ® PB2Cs (p) (3)

Last, we provide the definition of GME. Given the n-
partite Hilbert space H = @), H;, a pure state |[¢) € H
is biseparable (otherwise GME) if |¢) = |[¢ar) @ [t57) for
some M C [n] and its complement M, where ) €
Riens Hi and [tvg7) € Q,cq7 Hi- The definition ex-
tends to mixed states by taking the convex hull: the set
of biseparable states is conv{|y)(¢| : |[¢) is biseparable}
and a state that does not belong to it is GME. It follows
from this definition that the set of biseparable states is
closed under LOCC. Notice that, for PEN states, it is
immediate that if a subset of the network only shares sep-
arable states with its complement, then the PEN state
is biseparable. It is worth pointing out that studying
GME in PEN states built from isotropic states is not
only a standard noise model but also quite general, since
all states with entangled fraction larger than 1/d (and,
in particular, all entangled 2-qubit states) can be trans-
formed by LOCC into an entangled isotropic state [18§].

Robustness of GME for isotropic PEN states. The
fact that any PEN state is GME for any connected net-
work sharing arbitrary bipartite pure entangled states



follows by noticing that the reduced state corresponding
to any subset of parties M C [n] will in this case be
mixed. Notice that, since the set of biseparable states
is closed, any given fixed PEN state will then tolerate
some noise in its edges so as to remain GME. However,
this still leaves open the question of whether sharing ar-
bitrary bipartite entanglement in any connected network
is enough to generate GME. We start by observing that
already the simplest case of tripartite PEN states with
2-qubit isotropic edges (cf. Eq. @) shows that this is not
the case (disproving moreover a conjecture in [19]). By
explicitly constructing biseparable decompositions and
using the techniques of [20] to build fully decomposable
witnesses for these states, in [21] we prove bounds on the
noise parameter p that guarantee biseparability or GME
for ogstar(p) and occ(p). The results are summarized in
Table [II Notice that for 0.491 < p < 0.547, occ(p) is
GME while ogtar(p) is biseparable. Thus, this proves
the intuitive fact (although false for pure states) that,
in the mixed case, increasing the connectivity by pro-

ducing more links plays a crucial role in the generation
of GME.

GME for p >
1/v/3 ~0.577
(25 — 3)/3 ~ 0.491

| biseparable for p <

Tstar () | (1 + 24/2)/7 =~ 0.547
oce(p) 3/7 ~ 0.429

Table I. Bounds for biseparability and GME for tripartite
PEN states with 2-qubit isotropic edges. Notice that both
states can be biseparable above the threshold p > 1/3 that
determines that the edges are entangled.

We now move onto our main results. The above ob-
servations show that if an experimental implementation
is bound to a certain visibility in the preparation of
isotropic states, say p = 0.5, the star configuration can-
not display GME while a completely connected network
does. However, improving the apparatuses to produce
isotropic states with p > 0.577 will suffice in any con-
nected 3-partite configuration. Now we ask whether there
is any threshold in the visibility an experimentalist can
aim at above which GME is guaranteed in general in-
dependently of the number of parties. This is indeed a
more realistic situation, where a certain quantum state
can be obtained in experiments and one wants to use it
in a large network.

We first focus on a general class of PEN states which
covers the most economic (i.e. of low connectivity) net-
works: tree graphs. For this family, we find a negative
answer to the previous question.

Theorem 1. Let G = (V, E) be a tree graph with n ver-
tices and let og(p) denote the corresponding n-partite
isotropic PEN state as given by Eq. (3). Then, oc(p)
is biseparable if |E| > dp/(1 — p).

The idea of the proof (which we postpone to [21]) is to

write the state og(p) as

PP @ g+ 1-p) Y L@ of .+

e€ER ecE e'#e

; (4)

where gb;r)e is the maximally entangled state of dimension
d lying on edge e, and the omitted terms are all separa-
ble along at least one bipartition, since each bipartition
is crossed by exactly one edge and at least one edge in
each term contains 1. In order to show that the above
expression is biseparable for some |E| we rewrite it as

|| -
> (%¢;e +p Pt —p)]le> Q) of.+ ..
ecE e #e
()

Now, each of the terms between brackets is (after normal-
ization) an isotropic state with visibility p/(p+(1—p)|E|).
Hence, we just need to impose this to be smaller than or
equal to 1/(d + 1) to obtain Theorem [II

In order to illustrate the previous result, note that the
n-partite PEN state ogiay (p) with 2-qubit isotropic edges
is biseparable when n > (14p)/(1—p). Thus, a visibility
p = 0.6 precludes GME for more than 3 parties, while the
experimentally very competent value of p = 0.95 bounds
the size to 38 parties. This shows a fundamental limita-
tion to GME distribution in practical scenarios such as
the star configuration in which a powerful central labo-
ratory prepares entangled states for satellite nodes.

It should be stressed that the proof of Theorem [l can
be easily generalized to other noise models and, more im-
portantly, to other networks. In this sense, in |21, Theo-
rem 1.1] we prove a similar result for polygonal networks,
i.e. those based on a cycle graph. At this point one may
wonder whether biseparability is unavoidable for arbi-
trarily large networks. Our next result shows that this is
not the case.

Theorem 2. Let G be a completely connected graph of n
vertices and let o..(p) denote the corresponding n-partite
isotropic PEN state as given by Eq. (@). Then, there
exists a value of pg < 1, which is independent of n (i.e.
depends only on d), such that o..(p) is GME for everyn
and for all p > pg.

Hence, the answer to our original question depends cru-
cially on the structure of the network. While there exist
topologies that lead to biseparable states for any value of
p < 1, the n-partite completely connected isotropic PEN
state is GME for every n for all visibilities above a fixed
threshold that is strictly smaller than 1.

The proof of Theorem 2] which is given in [21], relies
on two parts. First, we establish an upper bound on the
sum over all pairs of parties of the fidelity with the max-
imally entangled state ¢3 that can be achieved after any
LOCC protocol starting with a biseparable state. Then,
we show that, above a certain threshold in the visibility,
0ce(p) can overcome this bound by edge teleportation and



entanglement distillation when n is large. Once GME is
ensured to persist for a large number of parties, it fol-
lows that, for a fixed, large enough visibility, GME can
be guaranteed for completely connected networks of any
size. The precise value of the threshold py can be explic-
itly given (at least in the limit of large size) as this is
controlled by the success of the particular entanglement
distillation protocol that is implemented. We used the
one-way distillation protocol of [22], which in the partic-
ular case where the nodes share 2-qubit isotropic states
yields pp ~ 0.865. We did not attempt any optimization
in this direction.

Constructing PEN states with relevant entanglement
properties In addition to the relevance of PEN states
in the context of networks, we find this family ex-
tremely versatile to study general properties of multi-
partite entanglement. Here we will focus on the re-
lation between quantum entanglement and nonlocality.
The latter concept refers to the possibility of obtain-
ing certain correlations when performing separate mea-
surements on multipartite quantum states which can-
not be explained classically, and it is crucial in many
applications in quantum information theory [23]. In
precise terms, a given n-partite probability distribution

= {P(araz...an|X1X2-Xn) Yoy xannxn (With in-
put x; and output «; for party ¢) is said to be GMNL if
it is not of the form

P(ajas...an|Xx1X2+-Xn)

Z ZQM PM {az}’LGM|{X1}’L€M7 ) (6)

MCn]
X PH({ai}ieMHXi}ieﬂv A),

where gar(A) > OVA, M and >, ,,qm(A) = 1. Other-
wise, we say that P is bilocal. The distributions Py, Py
will be assumed to be nonsignalling as this captures most
physical situations better than unrestricted Pys, Pyr |24~
27]. An n-partite state p is GMNL if local measurements
{Esllxl 0} .. Egi\xl = 1 Vyi,) exist which give
rise to a GMNL d1str1but1on

p®Eazlxl (7)

While GMNL states are GME, as mentioned in the in-
troduction, the converse implication is not true for any
number of parties [15, [16]. Finding more examples of
GME states that are bilocal and the conditions under
which this might happen is crucial to understand the re-
lation between entanglement and nonlocality in the mul-
tipartite setting fully. In fact, the first such example
found in the bipartite case |28, 129] is a cornerstone in the
field.

It is worth mentioning that many copies of isotropic
PEN states are always GME (as long as p > 1/(d + 1)
for the underlying isotropic states). The fact that this

P(a1a2 0<n|X1X2 Xn =

holds even for biseparable PEN states is possible because
the set of biseparable states is not closed under tensor
products. Indeed, taking many copies of an isotropic
PEN state can be understood as having another PEN
state with the same topology but where each edge repre-
sents many copies of an isotropic state and, thus, whose
edges are more entangled. By means of the LOCC proto-
col of [1§], starting from sufficiently many copies of any
isotropic PEN state one can distill another PEN state
where each edge represents a state arbitrarily close to
a maximally entangled state. However, this new state is
GME (in fact, GMNL by |11]) and, therefore, the original
state must be GME as well.

The situation is not so clear when looking at nonlo-
cality since LOCC transformations do not preserve the
set of bilocal states. Being able to obtain a GMNL state
by taking many copies of bilocal ones is usually referred
to as superactivation. While this has been shown in the
bipartite scenario |17], to our knowledge, it has not been
studied for more than two parties. Our last result tackles
the previous two questions. It provides new families of
bilocal GME states and, moreover, it shows that super-
activation can also hold in the multipartite setting.

Theorem 3. Let 7(p) denote the n-partite PEN state
corresponding to a star graph in which all edges represent
the mazimally entangled state except one, which is given
by the isotropic state p(p). Then, if

1 (3d —1)(d —1)4-1
-7 <p< )
d+1 (d+ 1)dd

(®)

(i) 7(p) is GME ¥n > 3.
(i1) 7(p) is not GMNL Vn > 3.
(iii) T(p)®*

In order to prove this result (see [21] for details), we
prove that any star network with an entangled isotropic
state on one edge and maximally entangled states on
the rest is GME. We also establish a connection be-
tween having bilocality of PEN states and the edges being
nonsteerable—a property of bipartite quantum states, in-
termediate between entanglement and nonlocality, that
is also well studied [30]. We show that any star net-
work with a nonsteerable state on one edge is automati-
cally bilocal. Combining the previous two results we can
obtain a network 7(p) verifying conditions (i) and (ii)
above, where the bounds in Eq. (B5]) guarantee that the
edge with the isotropic state is entangled but nonsteer-
able [31]. Finally, using the ideas of |32], we extend the
Bell inequality used to prove bipartite superactivation in
[17,133] to a multipartite one in order to show that 7(p)®*
is GMNL for a large enough k.

Conclusions. In this Letter we have introduced the
class of multipartite PEN states as those underlying the

is GMNL ¥n > 3 if k is large enough.



current proposals of quantum networks and we have in-
vestigated their GME properties. We have shown that
sharing bipartite entanglement in a connected network
does not guarantee GME, but that both a higher quality
of node-to-node entanglement and a larger connectivity
play in favour of displaying this property. Our main re-
sult is a drastically contrasting behaviour with respect to
this feature: While tree isotropic PEN states cannot be
GME for any value of the visibility p < 1 for sufficiently
many parties, the GME of the completely connected PEN
state is robust for all visibilities above a fixed threshold
independently of the number of parties. In addition to
this, the class of PEN states is an operationally motivated
subset of multipartite states with a clear mathematical
structure in which the well-developed theory of bipartite
entanglement can be exploited to analyze entanglement
in the multipartite scenario. Thus, we have provided a
construction of GME but non-GMNL PEN states for any
number of parties that lead to superactivation of GMNL.

Besides these particular results, we believe that PEN
states might find applications in different contexts and
that this work can be continued in several directions.
We conclude by posing two such possibilities. First, tree
graphs and the completely connected graph represent the
two most extreme cases in terms of connectivity. What is
the minimal amount of connectivity that enables robust
GME in the sense displayed by the completely connected
graph? Second, the lack of GME in tree networks implies
that their GMNL cannot be robust either. However, can
the robust GME property of completely connected PEN
states be extended to GMNL? The dependence of these
features on the geometry of the network suggests that
there might be a fruitful interplay between these prob-
lems and the theory of complex networks.
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Supplemental material: Genuine multipartite entanglement in noisy quantum
networks highly depends on the topology

In this supplemental material we prove the content of Table I and Theorems 1, 2 and 3 in the main text. We recall
that, in the PEN states we consider, all nodes connected by an edge are assumed to share an isotropic state with
visibility p

p(p) = po + (1 —p)i, (1)

where |¢}) = (1/Vd) E?:_Ol |ii) is the d-dimensional maximally entangled state, ¢7 = |¢F)(¢7| and 1 = 1/d?. As
stated in the main text, p(p) is entangled iff p > 1/(d + 1) [18]. When the local dimension d is clear from the context,
we write the maximally entangled state simply as ¢* in order to leave room in the subscript for specifying which
parties share it.

GME IN ISOTROPIC PEN STATES OF THREE PARTIES

The only possible connected graphs for the case of three parties (A, B and C) are the star and the completely
connected graph. Hence, as explained in the main text, in this section we consider the PEN states

Ostar (p) = PAIB(p) & pAzC(p)a
0ce(p) = pa,B, (P) ® pa,c, (p) ® pB,c, (P)- (2)

corresponding to the two possible networks mentioned above, in which the edges stand for 2-qubit isotropic states of
the same visibility p. The goal of this section is to prove the biseparability and GME bounds provided in Table I in
the main text, which we reproduce here for the reader’s convenience. Each entry of the table is accounted for by one
of the following four propositions. The proofs of the biseparability bounds do not require the assumption that d = 2
and, hence, we consider the more general case of arbitrary local dimension d for the isotropic states underlying the
network. In the proofs we use the following additional notation. The (2-dimensional) flip or swap operator is denoted
by II = Z;j:o lij) (ji|. The superscript I'y; stands for partial transposition with respect to the parties in M C [n]
and X > 0 means that the Hermitian matrix X is positive semidefinite.

| biseparable for p < GME for p >

Ostar (D) | (1 +2v2)/7 ~ 0547  1/4/3 ~0.577
oee(p) 3/7 ~ 0.429 (2v/5 —3)/3 ~ 0.491

Table II. Bounds for biseparability and GME for 3-partite 2-qubit-sharing isotropic PEN states. Notice that both states can
be biseparable above the threshold p > 1/3 that determines that the edges are entangled.

Proposition 1. The 3-partite PEN state ogar(p) with 2-qubit isotropic states is GME if p > 1//3.

Proof. Throughout this proof we omit the subscripts labeling the qubits in all operators: X ® Y := X 4,5 ® Ya,c,
following the same order as in Eq. (2)). We will first show that the operator

W=191+21®0¢"+207 @1 —8¢pT @ ¢™ (3)

is a GME witness. In order to do so, it suffices to prove that tr(Wp) > 0 for every p that is a PPT mixture [20]. In
turn, for this it is enough to see that there exist Py;, Qas 5= 0 such that W = Py + QE/IM for M = A,B,C |20]. Tt
is straightforward to verify that this is indeed the case (we only need to use that II' = 2¢* for the 2-dimensional
maximally entangled state) if:

Py=2¢" @ (1-¢") +2(1-¢") @ ", 4
Qa=5[(1-T & 1+ + (14T (1],

Ps=0, Q=0+ (1-¢")+31-T) ¢,
Pc=0, Qc=1-9¢")@(1+1I)+3¢" @ (1-1I),

5

6

)
)
)
7)

(
(
(
(



where we have used that ¢, 1— ¢, 1411 >= 0 and that the sum and tensor product of positive semidefinite matrices
is positive semidefinite.
Next, we only need to observe that

3
tr(Wosar(p)) = 5 (1 - 3p%) (8)
which is strictly smaller than zero for the values of p provided in the statement of the Proposition. O

Proposition 2. The 3-partite PEN state o..(p) with 2-qubit isotropic states is GME if p > (2/5 — 3)/3.

Proof. The proof strategy is the same as in Proposition [I] and, as therein, we also omit subscripts for operators:
XY ®Z:=Xap ®Ya,c, ® Zp,c,, following the same order as in Eq. ([2)), unless otherwise explicitly stated. We
will show the operator

W=1010¢" +10¢" @1+¢"21e1-10¢"0¢" -T2 0l-¢"@1a¢" -3¢T o™ @t (9)
can be decomposed as
W =Py +QLM (10)
for each bipartition M = A, B, C, where Py, Qs = 0 for all M. Indeed, we have
Pr=10¢"0(l-¢")+o @ (1-9¢")@(1-9¢")
QA:%[(JI—H)®(]l+H)+(]l+H)®(]l—H)]®¢>+
Pp=10(1-¢")@¢"+o"®(1-¢")® (1-¢")

1 (11)
Qp =5[(A-M & A+ 1) + A+ @ (1= T4, 5,520, @ Py,
Po=1-¢")@¢"@l+A-¢")ed-¢") ¢
1
Qc :¢+®§[(]I—H)®(]l+H)+(]l+H)®(]l—H)].
Thus, W is a GME witness. Last, one needs to notice that
3
tr(Woee(p)) = o (11 + 15p 63p* — 27p%), (12)
which is strictly smaller than zero when p > (2v/5 — 3)/3. O
Proposition 3. The 3-partite PEN state osar(p) with d-dimensional isotropic states is biseparable if
(14+v2)d—1
< —"
P="prad—1 (13)
Proof. Notice that
Ostar (D) = P*0h, 5 ® Ol,c +P(L = P)o, 5 ® Daye +p(1 — ) Aa,p @ ¢l + (1 —p)°La,p @ Laye,  (14)
which can be rewritten as
Ustar(p) = (1 - Q)pz(bjng ® ¢Lc + (1 _p)QiAlB ® iAzC
(15)

2 2
qp - qp -
+¢55® <—2 h,o+p(1 —p)1A20> + (—2 o p+pl— p)llAlB> ® ¢h.c

for any ¢ € [0, 1]. Now, the first line can be seen as an (unnormalized) isotropic state in parties A|BC' (with dimension
d?), while the second line contains isotropic states in A|C and A;|B respectively (with dimension d). Showing that
each of these states is separable will entail the result.

Denote these isotropic states by o, 01,02 in the order that they appear in equation ([I5). Normalizing oy, we find

(1 - q)p*¢} 5 ® bk, o+ (1 —p)*1a,p @ Ia,co
(1-¢q)p*+(1—-p)? ’

(16)

oo =



meaning it is separable in A|BC' if

(1—q)p? 1

< , 17
1-gp*+1-p?~ d®+1 (0
i.e., if
(1-p)?
qg>1-— PP (18)
Normalizing o1, we obtain
ke + (1 - p)lac (19)
' ap®*+2p(1—p)
which is separable if
2
qp 1
< : 20
qp? +2p(1—p) —d+1 (20)
Simplifying, this entails that
2—2p
. 21
< (21)
Reasoning symmetically, the separability of o2 gives the same bound. Both bounds on ¢ together entail that
(1-p)?* _2-2p
1-— < 22
S @2)
and, solving for p, we obtain the desired bound. O

Proposition 4. The 3-partite PEN state o..(p) with d-dimensional isotropic states is biseparable if p < 3/(3 + 2d).

Proof. We show that the state of the triangle network can be decomposed into four matrices, three of which are
separable along one bipartition each, and the fourth of which is fully separable. Using the same convention for
subscripts as in the proof of Proposition 2] we notice that

~ p(p* —3p+3)

oec(p) = 3 (01 +02+03)+(1—p)3i®i®i, (23)

where

Pt ot 0ot + (3p(1-p)/2) (¢t @10t +10¢T ®o1) +3(1 -p)’lels ¢t

o1 p?—3p+3
Pt eet 9ot +(Bp(1-p)/2) (0t @ ¢t @1+18¢ @ ¢h) +3(1-p) 1ot o1 (24)
* p2—3p+3
Pt et et +(Bp1-p)/2) (¢t @ledt +ot et @) +3(1-pPtelald
78 = p>—3p+3 '

Clearly, the matrix 1ol®1is fully separable. We will show that o7 is separable in A|BC, and separability of o
and o3 in B|AC and C|AB respectively will follow by symmetry. We have that

01 ="T1® ¢E2C27 (25)

where showing that

. p2¢j§_131 & ¢X2CI + (3p(1 - p)/2) (ijx_lBl ® ]~1A2cl + iAlBl ® ¢X2CI) + 3(1 _p)QiAlBl ® ]~1A2cl

= 26
n p?—3p+3 (26)




is separable in A; A5|B;C} is sufficient to show that oy is separable in A|BC. Indeed, we can write

(3—p)? 2p 31-p)= 2p 31-p)= 31-p)? - Z
= — 1 S — 1 — 1 1 .
T1 4(3_3p+p2) 3_p¢AlBl + 3—p A1B; |® 3_p¢A201 + 3-p AxCy +4(3_3p+p2) A, B, @14,
(27)
The isotropic state
1 ~
¢+ %1 (28)

is separable whenever 2p/(3—p) < 1/(d+ 1), i.e., p < 3/(3+4 2d), therefore 7 is fully separable in A;|As|B1|C; which
guarantees the required separability of o1. Reasoning symmetrically, separability of o9 in B|AC and of o3 in C|AB
follows for the same values of p, and, hence, o..(p) is biseparable for the stated bounds. O

GME IN TREE NETWORKS OF ARBITRARY SIZE IS NOT ROBUST

In this section we prove Theorem 1 in the main text, which we restate here.

Theorem 1. Let G = (V, E) be a tree graph with n vertices and let o (p) denote the corresponding n-partite isotropic
PEN state as given by Eq. (2) in the main text. Then, og(p) is biseparable if |E| > dp/(1 — p).

Proof. Expanding the tensor product, we find
PRt 07— S e @bl b (20)
ecE ecE e'#e

where the omitted terms are all separable along at least one bipartition, since each bipartition is crossed by exactly
one edge and at least one edge in each term contains 1. Showing that the above expression is biseparable for |E| as
in the statement is sufficient to prove the claim. But we can rewrite the above as

P! |B|-1(1 i +
S (fgret +0" 0 -] @i+ (30)

e'#e
Here, each bracket has ¢} on |E| — 1 edges, and the state
PF/1EDs +p1PV (1 —p)L _ (p/|EDSS + (1 —p)1
plEI/IE| + pUIEI=D(1 — p) p/IE|+1—p

on the rest. But this is an isotropic state with visibility (p/|E|)/(p/|E|+ 1 — p), which is thus guaranteed to become
separable when the visibility is smaller than or equal to 1/(d + 1). For any fixed p < 1, this can be achieved by
choosing |E| > dp/(1 — p). O

(31)

Notice that the bound of Theorem [0 is not optimal, as lower |E| could be achieved by distributing the term
®e€ B (bjie among some or all of the omitted terms in equation (29]) as well, as in the proof of Proposition Bl

It is worth pointing out that the technique used in the proof of Theorem [l can be used to establish an analogous
result for a much more general class of noise models, namely, when the states at the edges are convex mixtures of an
entangled state and a separable state that is not on the boundary of the set of separable states. More interestingly,
these ideas can be extended to show that the non-robustness of GME holds not only for tree networks, but also
for graphs that contain cycles. We close this section by proving this for the n-cycle, which is a graph of n vertices
containing a single cycle through all vertices, and we denote the corresponding isotropic PEN state by ocycle(p) as
given by Eq. (2) in the main text.

Theorem 1.1. For any fixed d and p < 1, there exists n € N such that the n-partite d-dimensional isotropic PEN
state oqycie(p) ts biseparable.

Proof. Notice that, setting the convention n + 1 = 1, for this network F = {(¢,i+ 1) : ¢« € V} and |E| = |V| = n.
Thus, in a slight abuse of notation we will denote a state p. corresponding to e = (i,i + 1) by p;. Expanding the
tensor product, we find

n

Ucycle =p ®¢dz+]9n ! 1_ Z ®®¢dj+pn 2 1_ Z ]1 ®]1 ® ®¢dk ) (32)

=1 =1 VE i,7=1 k#i,j
i#]
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where all terms with two or more edges containing 1are separable along at least one bipartition, since each bipartition
of the cycle is crossed by exactly two edges. We will show that the terms where fewer than two edges contain 1 can
be paired with separable terms in order to write ocycie(p) as a convex mixture of biseparable states. Out of the terms
containing 1 on two edges, there are n such terms contalmng L® ]11+1 for some i. This means that the term is
separable in i 4+ 1]i + 1. Pairing these n terms with p™ @, ¢d11, we can write a fragment of gcycle(p) as

z+1® ® (bdj

3,
®
&
%
’ES

l\J
=
|

I M s

JFi,i+1
33
L 7 (33)
= pn_2 Z (Z¢;Z ® ¢Ii+l + (1 - p)2]li ® 1i+1) ® ® (b:{J
i=1 Gt
If, for each i, the state

P’ + 23 o7

E(bd’i ® @it (1—p)" L@ L, (34)

once normalized, is separable in i + 1[i + 1, then the fragment of Ucycle(p) in equation (B3]) will be biseparable. Now,
the state in Eq. (34]) is a convex mixture of ¢d ;@ ¢d i1 and 1, ® ]lz+1 Therefore, the state ([B4) is guaranteed to
become separable when (1 — p)?/(p?/n + (1 — p)?) is close enough to 1. For fixed p < 1, this can be achieved by
choosing a large enough n.

Using a similar strategy, the terms containing 1 on one edge can be combined with some of those containing 1on
three appropriately chosen edges. Thus, assuming that n > 4, another fragment of ocycie(p) can be written as

71(1_ ®®¢d]+pn31_ Z ]l®]l ®]|J+1® ® (bdk

J#i #@jil k#4,5,5+1
(35)
:pnig(l_p) Z I ® ® ¢Ik® <—¢dj ®¢d3+1+( ) ]1 ®1]+1>
j;ﬁ;‘,igﬂ, k#i,5,5+1
Hence, it is sufficient to show that the state
P’ 27 1
4(25;]»@(25;]»4_1 +(1—p) ]lj®]lj+1, (36)

once normalized, is separable in j + 1]j + 1 to deduce that the fragment in equation (B5) is biseparable. Again, for
fixed p, this is guaranteed for large enough n. Since every term that does not appear in fragments [B3) and (B3 is
already biseparable, the claim follows.

GME IN THE COMPLETELY CONNECTED NETWORK OF ARBITRARY SIZE IS ROBUST

In this section we prove Theorem 2 in the main text, which we state again here.

Theorem 2. Let G be a completely connected graph of n vertices and let oc.(p) denote the corresponding n-partite
isotropic PEN state as given by Eq. (2) in the main text. Then, there exists a value of pg < 1, which is independent
of n (i.e. depends only on d), such that oe.(p) is GME for every n and for all p > po.

The claim follows from the next two lemmas. Therein, we consider the fidelity between two quantum states p and

F(p,0) = tr*\/\/po\/p (37)

which, when one of the states is pure, boils down to

Fp, [9)(@]) = tr(pl) (¥])- (38)

The fidelity is often defined to be the square root of the expression given in Eq. ). Our choice is motivated by the
fact that the fidelity in Eq. (B8) is linear in both arguments.



11
Lemma 1. Let ¢;-';- be the 2-dimensional mazximally entangled state shared by parties i and j and let
Aij : Q) B(H:) — B(Hs) @ B(H;) (39)

be an arbitrary LOCC protocol that maps n-partite states to bipartite states shared between parties i and j. Then, for
every n-partite biseparable state x it holds that

1
F(A; <1-—-—. 40
T L P00 <1 (40)
1<J
Proof. Since x is biseparable, we have
X = ZPMXM, (41)
M

where each ) is separable across the bipartition M|M and Y mPyv = 1. Let M;; be the set of bipartitions that
split parties ¢ and j. Then, we can write the evolution of x under the protocol A;; as

= > purm(d)+ Y puonl(i, ), (42)

MEM;; MeM,;;

where 7a7(7,7) and oas (7, j) are bipartite states of parties ¢ and j. The state 7ps(4,7) is in principle unrestricted, so
it can have up to unit fidelity with ¢:; However, since LOCC operations cannot create entanglement, o (i, j) must

be separable, therefore its fidelity with ¢;rj cannot be larger than 1/2. Therefore, for any LOCC protocol A5, it holds
that

F(Ai;(x),65) < > pM+— > prl—— > pu (43)

M¢EM;; MGM” MEM”
Finally, summing over all parties ¢ < j, we obtain
n nn—1) n-—1
Z F ZJ (bz_]) S 2 - 2 ’ (44)

1<j

which readily gives Eq. [@0). To see this, notice that the first term in Eq. ([#4) is the number of distinct pairs i < j,
while the second comes from the following observation: the sums over i < j and M € M;; run through all bipartitions
M, more than once. In fact, the number of times each bipartition is counted is equal to the number of times each
bipartition is crossed by the edge connecting ¢ and j. In turn, this number is equal to the number of edges crossing
each bipartition. A bipartition splitting k parties from the remaining (n — k) is crossed by k(n — k) edges, which is
smallest when & = 1. That is, each bipartition M € M;; appears at least (n — 1) times, and so the sum ) ,, par,
running over all M, appears at least (n — 1) times. That is,

>N puzn-1 (45)
i<j MeM;;

O

Lemma 2. With the same notation as in Lemmaldl, for any fized d, there is a fized value of p < 1 and particular
LOCC protocols {Ai;} acting on the n-partite d-dimensional isotropic PEN state occ(p) such that

LS Pl ) > 1 1 )

i<j

for all p > p if n is sufficiently large.
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Proof. The protocol A;; for each fixed pair i < j goes as follows. In the complete graph, each party k # ¢, j shares
isotropic states with these parties: p;x(p) and pji(p). The protocol starts with each k (k # 4, ;) teleporting their
half of pix(p) to j by using p;x(p) as a channel. This is a noisy version of the standard teleportation protocol [34].
The teleported state will be a mixture of four terms, namely the four combinations of teleporting half of a maximally
entangled or maximally mixed state along a maximally entangled or a maximally mixed channel. The first term, with
weight p?, will give a maximally entangled state, the other three turn out to give a maximally mixed state (as can
be simply checked by performing the calculations in the standard protocol, replacing the teleported state and/or the
channel by an identity in each case). Therefore, the teleportation protocol yields

pi;(P?) = PPt + (1 —p*)L, (47)

Thus, parties ¢ and j end up sharing (n — 2) perfect copies of this state, one coming from each party k #i,j. If p is
sufficiently large, ¢ and j can now apply a distillation protocol D;; to obtain something close to a maximally entangled
state, whose fidelity approaches 1 in the limit of large n. More specifically,

F(Aij(oee(p), 635) = F(Dij ((pi 0*)* "), 65) = 1 —en, (48)

where €,, — 0 as n — co. To compare to equation ([6]), there only remains to show that ¢, — 0 sufficiently fast as n
grows.

Reference [35] showed that a one-way distillation protocol acting on isotropic states and having rate R is equivalent
to a quantum error-correcting code on a depolarizing channel with the same rate R. In turn, Ref. [36] proved a
lower bound on the fidelity F' of a d-dimensional quantum error-correcting code of rate R acting on a certain class of
memoryless channels, which, in particular, include depolarizing channels. After n uses of the channel, the lower bound
(there is an extra factor of 2 here as compared to the expression in [36] due to the different definitions of fidelity) is

F>1-2(n+1)>2@-DgnE (49)

Here, F is a function of the rate R and the noise parameter of the depolarizing channel, which, in turn, corresponds
to a function of the noise parameter p of the isotropic state. It holds that £ > 0 when the rate is strictly below the
maximum achievable rate of the channel [36]. By the correspondence with distillation, this entails that €, in equation
([@8) goes to zero exponentially fast for one-way distillable isotropic states if the rate is suboptimal. Since, for our
protocol A;;, we are only interested in obtaining one copy of ¢, we can achieve this exponential decay. Therefore,

ﬁZF(Aij(%e(?))a%) >1—ep, (50)

with e, < 1/n if n is large enough.
There remains to bound the visibility p of the isotropic states for which the statement holds if n is large enough.
The one-way distillation protocol |37] requires that the states n to be distilled are such that

H(tra(n)) — H(n) >0, (51)

where H(-) is the von Neumann entropy. It can be readily seen that isotropic states n = p(p?) of any fixed dimension
satisfy this inequality if p is large enough but strictly smaller than one. [l

Notice that in the particular case of d = 2, Eq. (&) reduces to

3(1-p?)
4

+ 3p?

log, (1 — p?) + ! log, (1 + 3p?) > 1, (52)
which holds when p 2 0.865, which is the estimate mentioned in the main text.

Lemmas [[land @l immediately imply the statement of Theorem 2] under the extra assumption that n is large enough.
However, this readily gives that the claim must hold for all n. Indeed, for a fixed d, let ng € N be such that oc.(p) is
GME for all n > ng if p > p. Now, for every fixed n < ng, oc.(1) is GME and, since the set of GME states is open,
the state must remain GME for all p > p*(n), where p*(n) < 1. Thus, the statement of the Theorem holds by picking

po = max{p, max p*(n)}. (53)
nsno
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In fact, py can be estimated as a function of ng. Consider o..(p) with 2-dimensional isotropic states and the LOCC
protocol A;; that traces out all particles except those corresponding to the isotropic state p;;(p). Then, the fidelity
with the maximally entangled state is

1+3p
F(Aij(0ee(p)), 67;) = 0 (54)
for all i < j. Comparing to the biseparability bound in Lemma [Tl the n-partite state oc.(p) is GME if p > 1 —4/(3n)
and, hence, max,<n, p*(n) <1 —4/(3no).

CONSTRUCTION OF GME BUT NON-GMNL STATES THAT DISPLAY SUPERACTIVATION OF
GMNL

In this section we prove Theorem 3 in the main text. For the sake of completeness we state it again.

Theorem 3. Let 7(p) denote the n-partite PEN state corresponding to a star graph in which all edges represent the
mazimally entangled state except one, which is given by the isotropic state p(p). Then, if

1 (3d — 1)(d — 1)4-1

1< 55
e I N T (55)

(i) T(p) is GME ¥n > 3.
(i) 7(p) is not GMNL Vn > 3.
(iii) T(p)®* is GMNL Vn > 3 if k is large enough.

The first two items in the theorem are a consequence of the following two lemmas together with the fact that for
the range of visibilities given in Eq. (55) a d-dimensional isotropic state is entangled but unsteerable [31]. We recall
that a bipartite state p4p has a local hidden-state (LHS) model if, for any POVMs on A’s side { M, } (where x labels
the POVM and a the possible outcomes of each of them), it holds that

tra(Mg, ® lpap) = Zp()\)PA(a|:C)\)0,\, (56)
)

where p(\) is a probability distribution, P4 (a|zA) is a conditional probability distribution given z and A, and o is a
single-party state which depends on the hidden variable A. If a state pap does not have an LHS model of the form
of equation (B6) for some measurements, then p4p is said to be steerable from A to B. Exchanging the roles of A
and B allows one to define steerability from B to A. However, the fact that the isotropic state is permutationally
invariant renders this distinction irrelevant in our case.

Lemma 3. The n-partite PEN state over a star network (with the central party labeled by A = Ay --- A,—1 and the
other parties by {Bi}?z_ll ,

n—1
7(p) = pa,5. (p) ® R) 64 5., (57)
1=2

is GME if the isotropic state pa, p, (p) is entangled, i.e. if p>1/(d+1).
Proof. We will show that, if A applies

d—1

X =iy @*" (58)

i=0

and the {B;} apply the identity, the resulting state is GME if p > 1/(d 4+ 1). Since local operators preserve bisepara-
bility, this will mean that 7(p) is GME too. Let

#(p) = (Xa®lp p, )7 (Xjl ® ]131___3”,1) (59)
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be the unnormalized state after the parties apply their operations. Since

T(p) = PPl p, @ Dl ©® - ©h g+ (L= lap ©¢h,5® -5 5 . (60)
and
1 dn1-1
Ohp, ®dip @ @Ol = g1 Z li)ald) g, 5, , lalls . B, .
A (61)
1ap, ® QﬁBz - ® (szn,l = di Z |Zk Alik) g, B, (4 Glg, B, -

Applying X to each |i) 4, where i =0, ..., d"~1' — 1, picks out the terms where all digits of i are equal, and thus gives
simply [i) , with @ = 0,...,d — 1. Then, the digits of [i)p p  must also be equal. Similarly, the action of X on
lik) o, where i =0,...,d —1 and k =0, ..., d"=2 -1, makesi=Fk=0,...,d— 1, with the corresponding effect on the k
index of [jk) g, p . Therefore, we obtain

d—1 d—1
~ p ®n—1 Rn— 1 1 - P . . A\ R@n—2 . . Rn— 2
71(p) = 5 Do alE s, Gla il b+ p Do lidp, 105 5, (ila lp, (5 5, - (62)
inj=0 i,j=0

Hence, the normalized state after the transformation is

T ®n 2 ®n 2
71 (p) = ﬁ =pGHZAB, B, , Z )4 l7) B, 105, 5, (s (s, B, (63)
2,7=0

where GHZ = |GHZ)(GHZ| and |GHZ) = Z ' )®" /\/d is the n-partite d-dimensional GHZ state. To show that
this state is GME, it is sufficient to find a w1tness that detects it. The operator

1
W = a]lABl"'anl — GHZyp,...B, (64)

fits the bill: since the maximum overlap of the GHZ state with a biseparable state is 1/d [38], we have that
tr(Wo) >0 (65)
for all biseparable states o. Moreover,

d—1—p(d—1)

uw(Wry(p) = —— B, (66)
which is strictly smaller than zero when
1
. 67
P> (67)
O

Lemma 4. Any n-partite PEN state over a star network (with the central party labeled by A = Ay --- A1 and the
other parties by {B;}1—}!

® PA B’ (68)

is not GMNL if at least one of the bipartite states pXZBi is nonsteerable from B; to A;.

Proof. We can assume that pgll) B, is nonsteerable from B; to A; without loss of generality. We will show that any
probability distribution arising from local POVMs on the network state is local across the bipartition By|ABz - -+ B, —1.
In particular, this shows that the state is bilocal.
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Let us assume that party A measures according to the POVM {E,, }, with outputs a and inputs = and, for every
i =1,---n — 1, party B; measures according to the POVM {nglyi}bi with outputs b; and inputs y;. Then, they
generate a probability distribution of the form

P(aby..bp—1|Ty1...yn—1) = tr

(Ealr ® ® Fgmh) (pA181 ® ® pA BZ>‘| . (69)

This distribution can be rewritten as

tra, B, <<trA2--An 1B

where we will show that

n—1
< ale ® ®Fb v ) <]1A1 ® ®P(§33i>
1=2

1
® Fbll?!l) pf41)31> ’ (70)

Fab2”'bn—llwy2"'yn—1 =44, A, 1By

( ala ®®Fb ) (ﬂAl ®®pA Bﬂ (71)

is a POVM element acting on ’H,Al By denotmg Ay = A, Ay Ay 1By Bp_1 =: B, abs...by_1 =: a, TY2.oYp—1 =:

I, Eqp @ Q. ng =: BAB and R 2 pA B, = Tj, we can rewrite Eq. (7)) as

e = Pl
Fas = trg (B4 (13 @ 75)) (72)

To show positivity, we notice that 75 is a quantum state, and thus can be written as a convex combination of pure
states |¢)) (¢|. Therefore, to show positivity of F;; we can assume

Faps =t (BAZ(15 9 |9) (u])) = (0| EAZ 1), (73)
If F|z were not positive, there would exist |2) € H 4 such that
(2] Fgjz |2) <0, (74)
which would imply that
W (| BE |2) ) < (75)

and hence that E(if“f would not be positive. But this is false, as EAlig is a POVM element. Therefore, Fy); =

Normalization of Fj; is guaranteed by the normalization of E~|m , as

5 Fe =1 (zgag %)) o
:tré(]lA@)TB):]lA.

Therefore, since equation ([{0) expresses the distribution achieved by the parties in the network as two POVM

elements acting on the nonsteerable state p5411) p, We can easily conclude that

P(abl...bn_1|xy1...yn_1) = ZPAPI (b1|y1)\)P2 (abg s 'bn_1|LL‘y2 cee yn—l)\)a (77)
A

where
P2 (abg - -bn_1|:vy2 e yn—l)\) = tT(Faby--bn,l\zy2~~~yn,10)\)- (78)

Now, the particular form of Fip,.., ,|zys-y, , defined in Eq. (1) ensures that P is nonsignaling and thus
P(aby...bp—1|2y1...yn—1) is local local across the bipartition By|ABs - By_1. O
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Observation 1. Note that if the state pgl)Bl in Lemma [§) is local (but steerable) the previous proof still works,
but we can only conclude that the distribution P(aby...bp—_1|zy1...yn—1) is bilocal according to Svetlichny’s definition
of bilocality [39], where the probability distributions of the bipartition elements are not required to be nonsignaling.
However, the operational definition that is used throughout this work requires, in addition, that the local components
Py and P> are nonsignaling.

In order to prove the third item in Theorem [B] we will show that taking many copies of 7(p) makes it possible to
win a generalization of the Khot-Vishnoi game with a higher probability than with bilocal resources.

The Khot-Vishnoi game [40, [41/] is parametrized by a number v, which is assumed to be a power of 2, and a noise
parameter 1 € [0,1/2]. Consider the group {0,1}" of all v-bit strings, with operation & denoting bitwise modulo 2
addition, and the subgroup H of all Hadamard codewords. The subgroup H partitions the group {0,1}" into 2" /v
cosets of v elements each. These cosets will act as questions, and answers will be elements of the question cosets. The
referee chooses a uniformly random coset [z], as well as a string z € {0, 1}* where each bit z(7) is chosen independently
and is 1 with probability n and 0 otherwise. Alice’s question is the coset [x], which can be thought of as u ¢ H for
a uniformly random u € {0,1}", while Bob’s is the coset [z @ z], which can be thought of as u @® z ® H. The aim
of the players is to guess the string z, and thus they must output a € [z] and b € [x P 2] such that a & b = z. Ref.
[41] showed that any local strategy for Alice and Bob, implemented by a distribution denoted by Pcal, achieves a
winning probability of

v
<GKV7Hocal> S m (79)

A higher winning probability can be obtained with a distribution P,,.x arising from certain projective measurements
on the maximally entangled state:

(Grv, Pmax) > (1 —21)°. (80)

Picking the value n =1/2 — 1/logv leads to the bounds
c 2
<GKV7Ploca1> S ; <GKV7Pmax> 2 D/ 10g v, (81)

for universal constants C, D.
We will now introduce an extension of the previous game to the star network via a lemma. Then, we will prove a
second lemma to bound the probability of winning with a bilocal strategy, before showing the superactivation result.

Lemma 5. The Khot-Vishnoi game can be extended to the star network by letting Alice and each of Bob;, for
i=1,..., K, play the bipartite Khot-Vishnoi game. This defines a game whose coefficients are normalized, i.e., satisfy

E , af}}%’ék Ga1.-.axb1---bxlwl---waL--yK <L (82)
Z1,--,TK b b
Yiooyr UK

Proof. Consider a star network of K edges, each of which connects Alice to Bob; for i =1, ..., K. Alice will play the
bipartite Khot-Vishnoi game Gy with each Bob;. Denoting Alice’s inputs and outputs as z1, ..., zx and aq,...,ax
respectively, and Bob;’s input and output as y;, b; respectively, we denote the coefficients of each game as Gy,p, |2y, -

Hence, the (K + 1)-partite game being played on the star network, which we denote by é, has coefficients

K
Gay.caxbr.biler axyr yx = H Gabiley:- (83)
i=1

Since Givy is a game, so is G, i.e. all of its coefficients are positive. Moreover, one can check that the coeflicients
Gaib;|ziy; satisty the normalization condition
1Y rJdr

Z max Go,p, |2y, < 1 (84)

a;,b;
TiYi
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for all ¢ € [K], and hence

K
E alr}l.?%x Gal...aKbl...bK|x1...xKy1...yK = § : alr,I.l.E.i;)éK Gaibi‘ziyi
T1ye.ny TK by,..., b T1yeeey TK by,..., b i=1
Yisyk UK yisyk UK
K (85)
= I I E maXGaibi\ﬂCwi
- a;,b;
1=1x;,Y;
<1

In fact, this normalization condition also holds if we take only a subset of games Gk, i.e. the product of Gg,p,|z,y,
for 7 in some subset of [K].

Lemma 6. The extension of the Khot-Vishnoi game to the star network is such that the winning probability using
any bilocal strategy is bounded above by C/v, where v is the parameter of the game and C is a universal constant.

Proof. Consider the game in Lemma [Bl In order to bound the winning probability of bilocal strategies, we consider
the two possible types of bilocal distributions Pgy,: those local in a bipartition that separates Alice from all the Bobs,
and those where some of the Bobs are in Alice’s partition element.

First, we take a distribution of the form

Pl(al, ceey CLK|I1, ...,:EK)PQ(bl, ceey bK|y1, ...,yK) (86)

for each a;, b, x;,y;, i € [K]. Using such a distribution to play G , the parties are effectively playing the K-fold parallel
repetition [42| of Gy, which we denote as G%I‘i. To bound their winning probability we will use the same techniques
as in Refs. |32,141]. Recall that, for the bipartite game, the questions are cosets of H in the group {0, 1}, which can be
thought of as u@® H for Alice and u® z@® H for Bob (where u € {0,1}? is sampled uniformly and z € {0,1}" is sampled
bitwise independently with noise 1), and the answers are elements of the question cosets. Without loss of generality,
we can assume Alice and Bob’s strategy is deterministic, and identify it with Boolean functions A, B : {0,1}" — {0, 1}
which take the value 1 for exactly one element of each coset. That is, for each question, A, B respectively pick out
Alice’s and Bob’s answer. Since the players win if and only if their answers a, b satisfy a ® b = z, we have that for all
u, z,

Z Alu®h)B(u® z @ h) (87)
heH

is 1 if the players win on inputs u ® H, u® z & H, and 0 otherwise. Therefore, the winning probability is

E|Y Au®h)Bu®zoh)| =Y E[Aud®h)Budzeh)
“% Lhen her ? (88)
=v E [A(u)B(u® 2)],

U,z

since for all A, the distribution of u & h is uniform.

For the parallel repetition G?}Ié, Alice and Bob must pick an answer for each copy of the game, so we can identify
their strategy with some new Boolean functions A4, B : {0,1}% = {0,1}? x --- x {0,1}? — {0, 1} which, restricted to
each set of K questions (i.e. K cosets), take the value 1 for exactly one element. Alice’s question of G%I‘i is given by
u = (u1, ..., ux ) where each u; € {0,1}", i € [K] is sampled uniformly. But this is equivalent to sampling w uniformly
in {0,1}*X. Similarly, z = (z1,..., 2x) is sampled bitwise independently, since each z; is. Therefore, the winning
probability is given by

ielR] hi€H;
i€[K]
(89)
= D E[A@® (b, hi) Bu® 2 ® (ha, ... hi))]
hi€H; o
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since there are v¥ choices of strings of the form (h1, ..., hx) € Hy x ... x Hg. To bound E,, . [A(u)B(u @ z)], we follow
the computation of Ref. |41, Theorem 4.1, which uses the Cauchy-Schwarz and hypercontractive inequalities, and
obtain

Ey,z [A(u)B(u® z)] < SKam (90)
If, instead, the parties share a distribution of the form
Pr(a, {biti<klxo {viti<k) Pa({i i kl{yi bis k) (91)

for each a = (ay, ...,ax), x = (¢1,...,2K), bi, yi, ¢ € [K], for some k € [K], then their winning probability is given by

K
(GoPP) = > TIGaimuten Prlen {bidicile {widisi) Po({bi}isnl i} o)
ai,bi,xi,yi 1=1
1€[K] Y

K k
e | K< > T Gaibitery. Prles {biti<klx, {viti<k)

ai,bi i,y i=k+1 a;,bi i,y =1
k<i<K 1<i<h

x Po({bi}isk{vitisr)

K
- Z H Gavsaiys f{aitisky {Zi Fis k) Pe({bi Yisk [{Yi bisn)s
ai,bi i,y i=k+1
E<i<K

(92)

where we define

k
flaitiskAzdise) = D [ Garbitws Pres {bi i<kl {vibi)- (93)
ai,bi,xi,y; =1
1<i<k

We will now show that we can define a probability distribution P({a; }isk|{zi}i>) all of whose components are greater
than or equal to those of f({a;}i>k,{xi}i>k), and use this, together with the previous parallel repetition result, to

bound <C~¥, P1P2>. First, note that the function f is pointwise positive and such that
> fHaidisk {midisn) <1 (94)
U415, 0K

for all xg11,...,xx. Indeed, fixing zg41, ..., Tk, We have

k
Z Z HGaibi\wiyipl(o" {bi}i§k|X7 {yz}lgk)

Ak41,5- 0K aj,b;,xq,y; 1=1
1<i<k

k
Z HGaibi|miyi Z Pl(au{bi}igk|X7{yi}i§k)

ai,bi,xi,y; i=1 Akt 1y QK
1<i<k
(95)
k
< E Hmal;XGaibi|miyi E Pr(a, {bi}ti<klx: {yiti<k)
;. bs
Tiyi =1 " a;,i€[K]
1<i<k bi,i<k
k
= § Hma'x Ga1b1|m1y1 S 17
> aq,b;
TiYi =1

1<i<k
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where the last inequality follows from equation (85). Thus, for each zj 1, ..., zx we can define P({a;}isi|{zi}isk) to
have the same elements as f except when all a; = 0:

- fHaitisk, {xitisk) if a; # 0 for some i > k,
P({ai}iskl{zi}ise) = {4 _ " Yy s — ~ (96)
1 Z{a,_} 4T f{a,isk,{zi}tisk) if a; =0 forall i > k.

t)i>k

Then, P is a probability distribution, all of whose components are larger than or equal to those of f, and hence from
equation ([@2) we deduce that

K
(G.PP) < > I Gawipew PUaskisrl{@idisi) Po({biis s Huiisn). (97)
a;,bi,xi,yi it=k+1
k<i<K
But the right-hand side is the winning probability of the (K — k)-fold parallel repetition of Gxy using the bilocal
distribution PP, which, repeating the calculation above, can be found to be bounded as

,Uka

p(K=k)/(1-n)" (98)

<év PP, 2> <
This exhausts the local strategies available to the players. Comparing the bound just obtained to the one from the
distribution in equation (8], we find v* > v&—=* > ¢, since v > 1 and K > k. Hence,
K oKk

(% v

KT S gERn S G (99)
Taking n = 1/2 — 1/ log v, we have that, for any bilocal distribution Pgp,,
~ C
<G,PBL> <= (100)
v
for some constant C. ([l

We are now ready to prove item iii) in Theorem [l It will be entailed by the following Lemma.

Lemma 7. The n-partite PEN state over a star network (with the central party labeled by A = Ay --- A,—1 and the
other parties by {B;}'— '),

n—1
7(p) = pa,5, (p) ® R) 4 5., (101)
1=2

gives rise to GMNL by taking many copies if the isotropic state pa, g, (p) is entangled.

Proof. Let us fix any p > 1/(d+1) such that the isotropic state pa, g, (p) shared by A; and By is entangled and simply
write pa, B, = pa, B, (p) and 7 = 7(p) for the rest of the proof. Taking k copies of the star network in the statement of
the lemma is equivalent to taking a star network where Alice shares k copies of an isotropic state, p‘ff B,» With Boby,
and k copies of a d-dimensional maximally entangled state, X%Cw with each Bob;, i = 2,...,n — 1. The latter state
is in turn equivalent to a d*-dimensional maximally entangled state qﬁ;ﬁc.

Let us first assume that d is a power of 2, therefore so is d¥, and consider the Khot-Visnoi game for v = d* and
the corresponding generalization introduced in Lemma Bl We will use the superactivation result first proved in Ref.
[17] and extended in Ref. |33] to show that state 7¥* allows the parties to win the game G with a higher probability
than if they use any bilocal strategy. B

Given the structure of the game, the probability of winning G using the state 7®* is lower bounded by the product
of the probabilities of winning each Gy with the state at each edge i, since the players can play every game
independently. On the maximally entangled edges, the probability of winning G kv is bounded by equation (80). We
will obtain a similar bound for the isotropic edge. Let p, be a d-dimensional isotropic state with a visibility p such
that the state is entangled. Its entanglement fraction [43] is F' = <¢j’ Pp }¢:{> =p+ (1 —p)/d?, which we can use to
write the isotropic state in the form

1-¢

_ +
pF—F¢d+(1_F)d2_1a

(102)
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with F' > 1/d whenever pp is entangled. Hence, in our situation we can write
k k k
p%lBl =F I® +7 (103)

where F' > 1/d and where the omitted terms are tensor products of ¢7 and (1 — ¢7)/(d* — 1) with coefficients that

are products of F' and (1 — F'). Acting on pffBl with the same projective measurements as above gives a probability
distribution Py, which is linear in the terms of equation (I03), and the action of Gy on this distribution is linear
too. Since the coefficients G4, |4, are nonnegative, we have

(Gkv, Pso) > F*(Gkv, Pr), (104)

where P; is the probability distribution obtained from the projective measurements acting on gb;l"k. By equation (0,
we find

F*(Ggv, Pr) > F*(1—2n). (105)
Since we have fixed n = 1/2 — 1/ logv like in Lemma [6 we find

D D
F* (Ggy,P) > F* =F* , 106
(Crv.Py) = k2In?d (106)

where D is a universal constant.
Putting the bounds from both types of edges together, and denoting by Pg the probability distribution obtained
from the state of the whole network and the projective measurements that are performed on each edge, we obtain

~ D D n—2 Fkpn-1
G P > = F* = - 107
< @/ = k2In’d </€2 In? d> k2(n—1) 1112(”71) d ( )

Finally, we use Lemma [6] to compare the local and quantum bounds. Using equations (I00) and (I07), we find

<6’PQ> .
<(~;, PBL> Z 21 2 ddek,

(108)
SUPpg, eBL

where BL is the set of bilocal distributions. Since F' > 1/d, this expression tends to oo as k grows unbounded. In
particular, the ratio is > 1, proving that GMNL is obtained.

The case where d is not a power of 2 was commented in Remark 1.1 of Ref. [44]. Here, one can modify the
Khot-Visnoi game to obtaining a similar bound on the quantum winning probability but with a different constant D.
The bound on the classical winning probability (equation (I00)) is unchanged. Hence, the same proof works in this
case. (|
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