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The equivalence theorem for logarithmic
interpolation spaces in the quasi-Banach case
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Abstract. We study the description by means of the J-functional of logarithmic in-
terpolation spaces (Ag, Al)l, 4.4 I the category of the p-normed quasi-Banach couples
(0 < p <1). When (A, A1) is a Banach couple, it is known that the description
changes depending on the relationship between g and A. In our more general setting,
the parameter p also has an important role as the results show.
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1. Introduction

The real interpolation method (A, Al)ﬂ,q is an useful tool to work in PDEs, Har-
monic Analysis, Approximation Theory, Function Spaces and Operator Theory.
See the books by Butzer and Berens [9], Bergh and Lofstrom [4], Triebel [32],
Konig [25], Bennett and Sharpley [3] and Brudnyi and Krugljak [8]. The most
common definition of the real method is given in terms of Peetre’s K-functional.
But there is an equivalent description using the J-functional, which is also very
useful. For instance, to establish the reiteration theorem, to study duality prob-
lems or interpolation of compactness by the real method, the J-representation
of the K-spaces (Ao, A1), , plays a central role (see [4] and the papers by Cwikel
and Peetre [17] and Cobos, Kiihn and Schonbek [15]).

Logarithmic perturbations (Ao, A1)y, , of the real method are also very
useful in applications. Here 0 < 0 < 1,0 < ¢ < 00, A = (ap, as) € R? and the
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space (Ao, A1), , 4 is defined similarly to (Ag, A1)y, but inserting the weight

A (t) =

(1+|logth* if0<t<1,
(1+|logt))*> if1 <t < o0,

with the K-functional. See the papers by Gustavsson [23], Doktorskii [18],
Evans and Opic [21], Evans, Opic and Pick [22], Edmunds and Opic [20] and
Cobos and Segurado [16]. For suitable choices of A we can allow that 6 takes
the extreme values 1 and 0. Spaces (A, Al)j’%A are very close to A4;, j =0, 1.
They are also connected with the so-called limiting interpolation spaces for
ordered couples which have been studied by Cobos, Fernandez-Cabrera, Kiihn
and Ullrich [12], Cobos and Kiihn [14], Cobos and Dominguez [10] and Cobos,
Dominguez and Triebel [11], among other authors.

For couples of Banach spaces the description of (A07A1)1,q7A in terms of
the J-functional has been studied by Cobos and Segurado [16] in the case 1 <
g < oo and by the present authors [5] when 0 < ¢ < 1. It turns out that if
ap+1/¢ <0 < ax+1/g, to go from the K-representation of (4g, A1), , , to the
J-representation, one should correct the exponents of the logarithm by adding
1 when 1 < ¢ < oo, but if 0 < ¢ < 1 then one should add 1/¢q and moreover the
Gagliardo completions of Ay and A; are involved. The extreme case ¢ = oo,
ap = 0 and ay > 0 has been studied by Besoy, Cobos and Ferndndez-Cabrera
[7]. Then the J-representation is of another nature.

When 0 < ¢ < 1 the space (AO,AI)L%A is not Banach but quasi-Banach.
In fact, see for example the books by Bergh and Lofstrom [4], Triebel [32] and
Konig [25] or the paper by Nilsson [27], because of applications it is suitable to
work with the real method defined for p-normed quasi-Banach couples (0 < p <
1). Accordingly, we consider here the logarithmic spaces (AO,Al)L%A in that
category of couples and investigate their description in terms of the J-functional.

Our results disclose that now the correction factor in the exponents of the
logarithm depends on the relation among p, ¢ and A. Sometimes, although
(A()?Al)l,q,A admits a description as a J-space (A, Al)F;J, the sequence lattice
[ is not a logarithmic sequence space of the kind £,(27™¢"(2™)) but a sequence
of a different scale. In such cases we determine the best M and B such that

(Ao, Av) gy o-mem(amyys = (Aos Ar)y g a0 = (Aos Ad)g 2 mpsn(omy),s

i

We start by recalling the basic properties of (Ay, Al)l,q,A in Section 2, where
we also determine its characteristic function. Logarithmic .J-spaces are intro-
duced and studied in Section 3. Finally, in Section 4, we establish the equiva-
lence theorems and the embedding theorems.
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2. Preliminaries

Let (A, ]|l ,) be a quasi-Banach space with constant ¢4 > 1 in the quasi-
triangle inequality. Let 0 < p < 1 such that ¢4, = 2Y/7~'. As it is shown in
[26, §15.10] or [25, Proposition 1.c.5], there is another quasi-norm |||-||| on A
which is equivalent to ||-|| , and such that |||-||| satisfies the triangle inequality.
We say that (A, |||-]|]) is a p-normed quasi-Banach space. Note that if 0 <r < p
then (A, |||-]||) is also an r-normed space. Conversely, if (4, |||-]||) is a p-normed
space then it is quasi-normed with constant 2'/7-1.

Let A be a Hausdorff topological vector space and let A;, j = 0,1, be (p-
normed) quasi-Banach spaces such that A; — A, where < means continuous
embedding. Then we say that A = (A, 4;) is a (p-normed) quasi-Banach
couple.

For ¢t > 0 and a € Ay + Ay, Peetre’s K-functional is defined by

K(t,a) = K(t,a; Ao, A1) = inf{||ao|| , + tllarll4, : @ = ao + a1, a; € Aj}.
It is useful to consider also
Ky(t,a) = K,(t, a; Ao, Ar) = inf{ (Jlao|l% + " |ar|%,)"? : @ = ag+ar, a; € A;}.
Peetre’s J-functional is given by
J(t,a) = J(t,a; Ag, A1) = max{||al| , ,tllall 4, }, @ € Ag N A;.

The functionals K (t,-) and K,(t,-) are quasi-norms in Ay + A; and J(t,-) is
a quasi-norm in Ay N A;. We can take the same constant ¢ > 1 in the quasi-
triangle inequality for any ¢ > 0. Moreover, K(1,-), J(1,+) coincide with the
usual quasi-norms ||| 4 a5 I 4,4, Of Ao+ Ar and AgN Ay, respectively. Note
also that K (t,-) and K,(t,-) are equivalent quasi-norms

K(t,a) < K,(t,a) <27 K(t,a), a € Ay + A,.

Another useful property is that if |]-||Aj is a p-norm for j = 0,1, then K,(¢,-)
and J(t,-) are p-norms.

Let 0 <0 <1,0<q<o0and A = (a,0s) € R The logarithmic
interpolation space Ag 5 = (Ag, Al)&,q,A consists of all those a € Ay + A; which
have a finite quasi-norm

o0

1/q
lalls,, , = lallcaoa, , = ( ) [2-9meA<2m>K<2m,a>1q)

m=—oco

(the sum should be replaced by the supremum when ¢ = o). Here £(t) =
1+ |logt| and

o(t)  ifo<t <1,
o=ty if1 <1t < o0,

(A (t) = (leon)(t) = {
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See [5,16,21,22]. When A = (0,0) and 0 < 6 < 1 then (Ao, A1)y, o) =
(Ao, A1)y, is the real interpolation space (see [3,4,8,9,32]). For A # (0,0) and
0 < 6 < 1 the space (A0=A1)a,q,A is a special case of the real method with a
function parameter (see [23,24,31]). Note also that the equality

K(t,a;Ao,Al) = tK(til,UJ; Al,AQ), a € A() + Al;

implies that (A07 Al)o,q,(ao,aoo) = (Al, A0)17q7(a007a0).

Subsequently, we are interested in the spaces that arise when § = 1. On
the contrary to the case of the real method where A4y N A; — (Ao, Al)qu, now
it may happen that (Ao, A1), , , = {0}. To avoid it, we assume that

{a0+1/q<0 if 0 < ¢ < o0, 2.1)

ag <0 if ¢ = o0,

(see [22, Theorem 2.2]). Under this assumption, the space (Ao, A1), ,, is an

intermediate space with respect to A in the sense that the following embeddings
hold
A() N Al — (A()7 Al)l,q,A — A() + Al.

Moreover, if B = (By, By) is another quasi-Banach couple and the operator
T € L(Ay+ Ay, B+ By) is a linear operator such that 7" : A; — B; is bounded
for 7 = 0,1, then the restriction 7" : Zlyq,A — ELQ,A is also bounded. So, in
the terminology of [4,32], the logarithmic method with parameters 1,¢, A is an
interpolation functor in the category of all quasi-Banach couples.

If A is a quasi-Banach space intermediate with respect to A then we write
A° for the closure of Ag N A; in A.

It follows from the fundamental lemma (see [4, Lemma 3.3.2]) that a €
(Ag + Ay)° if and only if

min(1,1/¢t)K(t,a) - 0 ast — 0 and as t — oc.

Assume that, in addition to (2.1), we have

CH+1/g>0 if0 :
oo +1/q > 1 < g <0 (2.2)
Qoo > 0 if ¢ = o0.
Then, given any a € (A, A1), , 4, we have
00 1/q 00
( Z [27 A (2™) K (2™, a)]q> < 00 but Z £2=9(2™) = oo
m=—00 m=1

and Y0 ___[27™¢20(2™)]7 = co. Therefore, min(1,1/t)K(t,a) — 0 as t — 0
and as t — co. Whence

(Ao, A1)y g € (Ao + A1) (2.3)
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Remark 2.1. Note that if (2.2) does not hold then (2.3) may fail. An example
can be found in [5, Example 2.1].

Subsequently, if X and Y are quantities depending on certain parameters
some of them being the significant parameters in our reasoning, we write X <Y
if X < c¢Y with a constant ¢ > 0 independent of the significant parameters. We
put X ~Y if X SYand VY < X.

In order to give an example let (€2, ) be a o-finite measure space and let
0 < r < oo. According to [4, Theorem 5.2.1] we have that

K12 @) @) = ([ (7))

where f* is the non-increasing rearrangement of f. Let 0 < ¢ < oo and A =
(ap, o) € R? satisfying (2.1). By a change of variable and using Hardy’s
inequality we obtain

1 (L0 () Loo ()18 ~ (/0 [—% (/Ot’"(f*(s)yds)mr%)w
(/ { A )(/Ou(f*(s))rds)l/’"r%“)1/'1
~ ([ wr) "

This yields that (L, (£2), Lo (€2))1,4.4 coincides, with equivalence of quasi-norms,
with the generalized Lorentz-Zygmund space Lo g4 (§2). We refer to [19,28] for
properties of these function spaces.

If (A,]|-]] ,) is a quasi-Banach space and s > 0, we write sA for the space A
endowed with the quasi-norm s ||-|| ,.

The characteristic function @z of an interpolation functor JF is the function

defined by
FR,(1/t)R) = (1/P#(t))R, t >0

(see [8,24,29]). Next we describe the characteristic function @, 5 of (-, )1 4.

In what follows, we put ££(t) = 1+1log(1+|logt|) and define £¢%(t) similarly
to (A(¢).

If A = (ag,as) € R? and A € R, we write A + X\ = (g + A, @ + A) and
A = (A, Ay

The following auxiliary result is useful.

2

Lemma 2.2. Let A = (ag, an) € R? and 0 < ¢ < oo satisfying (2.1). Put

m=—0oQ

S 1/q
veu(2F) = ( Z [min(1,2m_k)2_m£A(2m)]q>  kez.
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Then we have for 0 < g < oo

2k pAt1/a(gk) if oo +1/q >0,
Vou(2F) ~ Q2 kAt a(9k) 01/ D) (oK) if a g +1/q =0,
2~k glaot1/a.0)(2k) if a0 +1/q <0,
and for ¢ = oo
v (26) {2—%&(2%) if Qe > 0,
o 27k (@00 (2k)  if gy, < 0.

Proof. If 0 < ¢ < oo then the result follows proceeding as in [5, Lemma 3.1].
Suppose ¢ = co. We have

Voo,q(Zk) = sup{min(1, 2m_k)2_m€A(2m)}

meZ
— max{sup{2-5¢4(2™)}, sup {2704 (27)})
m<k m>k
~ 27 F sup{r*(2™)}.
m<k

If £ <0, since o < 0, we get

Vooq(2F) ~ 27 sup{(1 — log 2™)*} = 27F¢20(2%),

m<k

If £ > 0, we have

Voou(2F) ~ 27F max <sup{(1 —logt)*}, sup {(1+ log t)o‘°°}>

m<0 0<m<k

= 27" max(1, sup {(1+log2™)*=})
0<m<k

ke (2R)if ag > 0,
)2k if g < 0.

This completes the proof. O

Proposition 2.3. Let (A, ||-||4) be a p-normed quasi-Banach space and let A =
(g, 000) € R? and 0 < ¢ < oo satisfying (2.1). Then, with equivalence of
quasi-norms, we have

(A, 27kA)1’qA = quA(Qk)A,

where the constants in the equivalence depend on p but they are independent of
k € Z and of the concrete p-normed space A.



Logarithmic interpolation spaces in the quasi-Banach case 7

Proof. Let 0 < p <1 such that A is p-normed. Take any ¢« € A and m € Z. It
is not hard to check that K,(2™,a) = min(1,2™ %) ||a|| ;. Therefore

oo

1/q
lalluaeny,, . ~ ( 5> [min(l,zm-k>2-mzA<2m>v> lal,

= Vq,A(zk) ||a||A .
O

Corollary 2.4. Let A = (qp, ) € R? and 0 < q < oo satisfying (2.1). Then
D0 (2F) ~ vn (271

3. J-spaces

Next we recall the general real interpolation method realized by means of the
J-functional. See the monographs by Peetre [30] and Brudnyi and Krugljak [8].
Since we are interested in quasi-Banach couples, following the paper by Nilsson
[27], we work with the general J-method described in discrete way.

By a quasi-Banach sequence lattice (I', ||-||) we mean a quasi-Banach space
of real valued sequences with Z as index set and satisfying the following two
properties:

i) T contains all sequences with only finitely many non-zero coordinates.
ii) Whenever |&,,| < |n,| for each m € Z and (n,,,) € T, then (£,,) € I' and
1€ )lle < (1)l
For 0 < ¢ < oo, the space ¢, of g-summable sequences and the space (.,
of bounded sequences are examples of quasi-Banach sequence lattices. Another
example is the space £,(27™), formed by all sequences (&,,) such that (27¢,,) €
l,.
Let 0 < p < 1. The quasi-Banach sequence lattice (T, ||-||;) is said to be
(p, J)-non-trivial if I' — £, 4+ £,(27™), that is,

0 1/p
sup ( > [min(1,27™) \%H”) H[Em)llp €19 < o0

m=—00

(see [27, p. 294]). Clearly, if I' is (p, J)-non-trivial then I" is (r, J)-non-trivial
for any p <r <1.

Let T’ be a (p,J)-non-trivial quasi-Banach sequence lattice and let A =
(Ao, A1) be a p-normed quasi-Banach couple. The J-space ZF;J = (Ao, 41)p.,
is formed by all sums a = >~ u,, (convergence in Ag+ A;), where (u,,) C
AgN Ay and (J(2™,u,,)) € T. The quasi-norm on Ar,; is

lallay, = lallagay,, = BN 0Dl a= 3 )

m=—0co
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(see [27]). Tt holds
AomAl — (A07A1)F;J ‘—>A0+A1. (31)

Moreover, (-,-)r,s is an interpolation functor in the category of all p-normed
quasi-Banach couples.

Remark 3.1. If ' is not (p, J)-non-trivial then the second embedding in (3.1)
may fail. Indeed, consider the p-normed quasi-Banach couple (¢,,£,(27™)). If
[ is not (p, J)-non-trivial then given any N € N, there is x = (z,,) € I' and
Ly € N such that

|zl <1 and ( Z [min(1,27™) ]:Emﬂp>1/p > N.
Im|<Ly
Put y,, = z, if m| < Ly and y,,, = 0 otherwise, and let y = (y,,,). Let e, = (6F)
where 8% is the Kronecker’s delta and write uy = yxex, k € Z. Then we have that
y=>"_ _ uy (convergence in £,+£,(27™)) with J(2*, ug; €,, £,(27™)) = |yxl.
Hence
191ty 020y < N9l < ll2flp <1

and
1/p

9lle ceyiemy ~ (D [min(1,27™) w]]”) 7 > .

Im|<Ly
This yields that (¢, ¢,(27™))r.s is not continuously embedded in ¢, + £,(27™).
Note that a direct consequence of the definition of (Ao, A1), is that
(Aos At)p.y © (Ag + A)°. (3.2)
Next we take A € R?, 0 < ¢ < oo satisfying (2.1) and consider the K-
method (-, )1 4. We want to describe (+,-); 44 as a J-functor.

Remark 3.2. It follows from Remark 2.1 and (3.2) that if (2.2) fails then
(+,+)1,4,4 does not admit a representation as a J-method.

If (2.1) and (2.2) holds, then for any p-normed quasi-Banach couple (Ag, A;)
we have with equivalent quasi-norms

(Ao, A1)y g = (A, A) py where A= (6, 6,(277))1g,0 (3.3)

(see [27, Theorem 3.19] and [6, Theorem 2.1]). Here A} stands for the Gagliardo
completion of A;, formed by all those a € Ay + A, having a finite quasi-norm

la|| y~ = sup{t /K (t,a) : t >0}, j =0,1
(see [3,4]).

The following result gives a more precise description of the quasi-norm of
the sequence lattice A of (3.3).
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Lemma 3.3. Let 0 < p < 1,0 < ¢ < 00 and A = (ag, a) € R? satisfying
(2.1) and (2.2). If © = () mez then

0 0 1/q
lll ity ~ (D0 1@ 27 )]
k=m

+ (Z [ﬁa“’(Qm)(Z 9—kp |xk|p)1/p]q) q'
m=0 k=m
Proof. Since K,(2% x;0,,0,(27™)) = (3% [min(1, gk—m) ‘ajmup)l/p we have
S = . - 1/q
HxH(ﬁp?Kp(Q—m))Lq’A ~ ( Z [27771@&(2771)( Z m1n(1,2m k:)p ’Z’k’p)l/p}q)
m=—o0 k—— 00
: & 1mra\ V4
(S e )
m=—00 k=—00
: 1/q
+ Z [£a°(2m)(z 9—kp ’xk’p)l/p]q)

m=—o00 k=m

[gao (Qm) (Z 2—kp ‘xk ’p)l/p] q) 1/q

(
(
(

0

(e )

m=0 k=m

=51+ 95 + 55+ 5,4+ 55 + Se.
Having in mind (2.1), we get Sz ~ (3 _pey 27 |2%|")'/?. Hence, the term in Sg
with m = 0 shows that S3 < Sg. On the other hand,

0

54 ~ ( Z ’.I‘k’p)l/p S Sl.

k=—o00

Next we check that S; < Sy and S5 < Sg. Assume first that 0 < ¢ < p. Then

0

0 m 0
G (35 2 35 ) (3 S 2 )
m=k

m=—00 k=—00 k=—o00



10 B.F. Besoy and F. Cobos

0

S ( > |Ik|q2_kqfa°q(2k))1/q < Ss.

k=—00
Similarly,
S (Lo i) = (Ul o2 en)
m=0 k=0 k=0 m=Fk

> 1/q
< (S mp2hamnn) < s,
k=0

Suppose now that 0 < p < ¢ < 0o. Let 0 < ¢ < 1. Using Holder’s inequality we
get

( 2. |fl?k|p)q/p = ( > 2 kalq)( > 2’f<1e>pq/<qp>)(q‘p)/p
k=—00 h=—00 Pt
~ 2m(1—5)q Z 2—k(1—5)q |xk|q '
k=—o0
Hence,
0 - l/q
Sl S( Z 2*meq£a0q(2m) Z ka:(lfs)q ’Jﬁk‘q)
v 0
—k(1—¢) g —meq paog (omy )
:(22 Tla|T Y 2Tmear0(2 ))
k=—o0 m=k

0
(Y QkQ\xk\qzaoq(Qk))”q < S

k=—o0

As for Sx, for the interior sum we obtain

( Z |z ” )‘1/1’ < ( Z 2R || ) ( Z 2k5pq/(qu)) (@)
k=0 k=0 k=0

m
~ QRN "9 ||
k=0

Therefore,

o0 m 1/q
S5 5 ( Z 2—mq(1—8)£aooq(2m) Z 2—kq8 |xk|Q)
m=0 k=0
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_ (Z 2—kq5 |Ik|q Z 2—mq(1—8)£awq(2m))
k=0 m=k
ok a4 po Ky )

S (X2 fmfe=(29) 7 < s
k=0

The case ¢ = oo can be treated analogously. This completes the proof. [
When p = ¢ the space A is a weighted /,-space as we show next.

Lemma 3.4. Let 0 < g < oo and A = (ag, ) € R? satisfying ag+1/q < 0 <
Qoo + 1/q. Then we have, with equivalence of quasi-norms

L (27 A a(m)) if 0 < as +1/q,

g bg(27 =
(> €427 ) 1,0, {Eq(zmgA+1/Q(2m)M(O71/‘1)(2m)) if 0= a0 +1/q.

Proof. According to Lemma 3.3, we obtain

1/q
. ( > oot (2m) 22 5z, \q>

ey 0 (2-m))10n
m=—o00

00 o0 1/q
+ (Z anoq(zm) Z 9~ ka |xk|q> ]
m=0 k=m

Changing the order of summation, we derive

1/q
121l ¢, ¢, (2-m130 . 0 (szm K Z gaoqu)

k=—00 m=—00
[ee] k 1/q
(e )
k=0 m=0

Since
k

D a2y~ 20T (25) f o+ 1/q < 0

m=—0oo

and

zk: gaooq(2m) gaooq—ﬂ (Qk) 1f 0 < Qoo =+ 1/(]7
00(2F) if 0 = @ +1/g,

the result follows. ]
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A consequence of Lemma 3.4 is that the space £,(27™¢AT1/4(2™)) (respec-
tively, £,(27m¢A+1/a(2m)¢¢(01/9)(2m))) is continuously embedded in £, +£,(27™),
that is to say, it is a (¢, J)-non-trivial lattice. Now we characterize this property

for p # g and B # (0,1/q).
In what follows, given 0 < p <1 and 0 < ¢ < o0, we put

o0 it 0 < q <p,
q = ﬁ if 0 <p<qg<oo,
D if ¢ = o0.

Observe that if p=1 and 1 < g < oo, then ¢* = ¢ where 1/¢+1/¢' = 1.

Lemma 3.5. Let 0 < p < 1,0 < g < o0 and A = (qp, 00), B = (B, B0) € R?.
The necessary and sufficient condition for the continuous embedding

Ca(27™ R (2™ B (2™)) > £, + £,(27™)

15 that
Qoo >0, or age =0 and By >0 if 0 < q<np,
&w+$—%>07 oraoo+$—;—):0andﬁoo+%—%>0 if p < q < o0,

(3.4)

Proof. Take any x = (x,,) € £,(2-™¢*(2™)0¢5(2™)). Using Hélder’s inequality
we get

> . o » 1/p
ol gyemy ~ (D2 min(1,27) )

m=—0oo

< ||(min(1,27™))]

£y (2m0=A(2m)£4—B(2m)) ||x"Zq(Z—mZA(Qm)MB(Zm))

0

= (X preeemeomr +Z[ﬁ‘awem)%‘ﬂ*(?m)]q*)W

m=—00 m=0

X ||I||eq(2fmzA(2m)ezB(2m)) .
The last sums are finite by (3.4). Therefore we obtain that
CL(27M R (2™) P (2™)) s £y + 6, (27™).
Conversely, if (3.4) does not hold then

{aoo<0,oraoo:0andﬁoo<0 it 0 < q <p,

1 1 1 1 _ 1_1 i
Qoo + ¢ — 5 <0, orozoo+a—5—0andﬁoo+q ;<0 if p<q< oo,
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and so [|(min(1,27™))| £, (2me-A(zm)ee-B(amy) = OO If follows that for any N € N,
there is Ly € N such that

1/q*

N < ( 3" [min(l, zfm)zme*A(Qm)wB(2m)]q*)
Im|<Ly
Assume now that 0 < p < ¢ < co. Let

q

{minu,zm)&)zm&w—m&(zm)z “a5P2m) i |m| < Ly,
Ym =

0 otherwise,

put ¥ = (Ym) and & = (ym/ [1Ylls, (2-m s @myez(emy) ) Then @ belongs to the unit
ball of £,(2-™¢*(2)£¢%(2™)) but

1/p

lelly oy ~ (D Tin(1,277) )

m=—00

(Zpuica lmin 2m)2m€A<2m)£eB<2m)]q*)l/p

( 2 jmi<i Min(L; 2*’”)27”5*“*(2“1)62453(27“)]4*) "

1/q*

:( 3 [mina,2*m)2mefA(2m)wB(2m)]q*) > N

Im|<Ln

Hence, £,(27™¢*(2™)€05(2™)) is not continuously embedded in £, + £,(27™).
In the case ¢ = oo, where ¢* = p, we put
2my=A(2m)ee=B(2m)  if |m| < Ly,
Ym = .
0 otherwise.

Then H(ym)HZOO(Q—mgA(Qm)M]B(Qm)) =1 but

H(ym)Hép_s-zp(gfm) ~ ( Z [min(172_m)2m£_A(2m)££_B(2m)]p> 1/p N

Im|<Ln

Finally, if 0 < ¢ < p we have ¢* = co. We may assume that Ly satisfies
that
min(1, 27532y =R (25N o5 (20N ) > N,

Let er,, = (0L¥) and o = 2LV ¢—2(2E7) 00~ B(2E)e; . Then we have

|’xqu(g—mgA(gm)MB(Qm)) =1 and
11lg, e, (2rmy = min(1, 275¥) 258 78 (257) 007F(25Y) > N.

This completes the proof. n
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Let 0 <p<1,0<q<o0and A/B € R? satisfying (3.4). Given any
p-normed quasi-Banach couple (Ag, A1), the logarithmic J-spaces are defined
by

Al,qA = (Ao; Al)l,q,A = (AO» Al)zq(z—mzA(zm));J
and ,
= J
Al,q,AJB% = (AO?Al)l,q,AJB% = (AO? Al)Zq(Q—WKA(QW)M]B(QW));J :

We close this section by computing the characteristic function of the inter-

polation functor (-,-){ 4.

Lemma 3.6. Let 0 <p<1,0< q< o0 and A = (ap, as) € R? such that

{aoozo if0<q<p, (55)

aoo+$—%>0 if 0 <p<q<oo.

For k € Z, put

> ) o 1/p
ug,ap(2%) = sup {( Z [min(1, 2¥7™) |$m|]p) : ||($m)||eq(2fmzA(2m)) < 1} :

m=—00
Then we have

gnp(2") = H(min(l, 2k_m))Héq*(2mzfA(2m)) :

Proof. Let x = (1) € £y(27™¢4(2™)) with [|2[l, o mpmpmy < 1. Applying
Holder’s inequality we get

oo
1/p

(> [min(1,2) o)

m=—0oo

S H (mln(l, 2kim)) ng* (2me—A(2m)) ||$H£q(2—m4A(2m))

Therefore, u, 4 ,(2%) < H(min(l,2’“*”1))“@‘1*(2"1[%(27”)).
Conversely, if 0 < ¢ < p, so ¢* = oo, given any ¢ > 0 we can find n € Z
such that

min(1,27")2"¢74(2") > ||(min(1, 257 —e.

) sz(gme%(zm))

Take x = 2"(~%(2")e,,. Clearly %[ 4, (2-mgr(omyy = 1. Moreover

I~ 1/p
( > [min(1,257™) |xm|]p> = min(1, 252702 (2")

m=—0oQ

> ||(min(1, 25 —¢.

) Hém@mﬂ@m))



Logarithmic interpolation spaces in the quasi-Banach case 15

Whence ug,a,(2") = || (min(1, Qk_m))“zw(sz—**(?m))'

Suppose now 0 < p < g < co. Let
Ym = min(1, 255 2M ("5 (2™), m € Z,
and y = (Y,,,). Then

. —my\ ||P/(a—D)
||yH£q(2,m[A(2m)) = H(mm(LQk ))qu*(zme—A(zm))'

Put
Um,

[[(min(1, 25m))]

Ty = YT and x = (z,,).

£ (2mg—A(2m))

00 . ) 1/p (Z;’;:_oo[min(l, ka)2m€A(2m)]q*)1/p
(min(1,257™) [z, []7) = a
X ) (5 clmin(1, 2 mpzeg-(zmge )

= [ (min(L, 2|, g agomy) -

Consequently,

u‘LAm(Qk) = H (mln(17 2kim)) ng* (2me—A(2m))

Finally, assume that ¢ = oo so ¢* = p. Let z,, = 2™/~*(2™), m € Z. We
have )l s oy = 1 and

o.¢] oo

( Z [min(1,2"™) |$m|]p>1/p:< Z [min(l,2’“_m)2m£‘f*(2m)]p>l/”'

m=—0oQ m=—0co

This yields that

u‘]:A:p(Qk) = H(mln(17 2kim))ng(2mg—A(2m)) :

O

Proposition 3.7. Let A be a p-normed quasi-Banach space, let 0 < g < oo and
A = (o, a) € R? satisfying (3.5). For any k € Z, we have

(A7 Z_kA){,q,A — qu:A,p(Qk)_lAv

being the norm of the embedding less than or equal to 1. Moreover, if in addition
we suppose that p =1 or 0 < g < p, then we have with equal quasi-norms

(4, 2—14:14)177% = uq,A7p(2k)71A~
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Proof. Observe that J(2™, u; A,27%A) = max(1,2™ %) ||ul| ;. If (um) C A and
a=>""__ u, (convergence in A), we obtain

m=—0oo

m=—oQ m=—oQ

0 1/p
min (1. 2k J(2™ ) P
: ( 2 [minct:2 e <2m>>} )

= ™t )) |l g, (- m

00 \p 00 1/p
o< (0 fualtt)"” = ( > [min<1,2’f—m>J<2m,um>]p)

x [1(7(2™, um))||£q(2—mZA(2m))
< g,,p(2°) (T2 )l 2 men(omy -

This yields that the embedding (A,27%A){ , < ug4,(2")"'A has a norm less
than or equal to 1.

Conversely, if p = 1, given any ¢ > 0 we can find x = (z,,) such that
||17||zq(27meA(2m)) <l and

g a1 (2) =2 < Y min(1,257) |z

o.¢]
m=—0oo

We can represent any ¢ € Aasa =) Uy, With

min (1, 257™) ||

Uy = —==c - a, me 7.
" > omin(1, 257 |z, |
Then
J(2m = < .
( 7um) Z;O:foo min(l, Qk*m) ‘zm‘ ||a||A — qu,l(Q’“) — ¢ ||a||A
Whence

lolla ey, , < (102 =)l

This yields that the embedding ug1(2%)'A < (A,27%A){ , has norm less
than or equal to 1.

Suppose now that 0 < ¢ < p. Then ¢* = oco. Given any € > 0 we can find
n € Z such that

uq,A,p@k) — & < 2"7%(2") min(1, 2F7™).

For any a € A we obtain

1

2" = —
(2% a) min(1, 2k—")

—Lon p— n
lall4 < (ug.sp(2) =) "2°7(2") a4 -



Logarithmic interpolation spaces in the quasi-Banach case 17

Consider the representation a = > >~ 6™ a. We have

m=—00 M
—n n n -1
lall sy, <2 "2V 0) < (ng,(28) ) fall,
This completes the proof. n

Corollary 3.8. Let A be a p-normed quasi-Banach space, let k € 7,0 < ¢ < oo
and A = (ag, ) € R? satisfying (3.5). The following equalities hold with
equivalence of quasi-norms:

Forp=1,
(2-kA(2F) A if0<q<1and ay <0,
2k p(000) (2k) A if0<q<1anday >0,
(A, 27FA)] Lon =142 7% Va (2k) A if 1 < qg<ooandag < q%,
2k pA=1a (k) (10 (2R A if 1 < ¢ < o0 and g = q%,
| 27RO =1/07) (20) A if1<q<ocandag>
For 0 < q <p,

2-FIh(2k) A if ag <0,

A,27kA
( ) 1,q,A {Q—kg(o,aoo)(gk)A Zf Qg > 0.

The constants in the equivalence depend on p but they are independent of k € Z
and of the concrete p-normed space A.

Proof. Let A = (oo, (). Using Lemma 3.6 and a change of variables we can

relate ug s, with the function Ve —i defined in Lemma 2.2. We have

Ug,(2°) = [ (min(1,2"7))
= H(min(1,2k+m))

Heq* (2me—4(2m))

_ —k
ey = Ve i(27).

Now the result follows by applying Proposition 3.7 and Lemma 2.2. [

4. The equivalence theorems

In this section we investigate the description of (Ag, A1), ,, in terms of the
J-functional and the logarithmic sequence spaces £,(27™¢"(2™)). Fix 0 < p <
1. We assume that the functors (-,-)1,44 and (-,-){ 5 are well-defined in the
category of p-normed quasi-Banach couples. This means that A = (ag, o)
and ¢ should satisfy (2.1), and M = (uo, piso), ¢ and p should satisfy (3.4). In
addition, according to (3.2) and Remark 2.1, A and ¢ should also satisfy (2.2).
So, the problem to study reads as follows:
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Given 0 < p <1, A = (ap, o) € R? and 0 < ¢ < oo such that

ap+1/g<0<ax+1/qg if0<qg< oo, (41)
g <0 < g if ¢ = o0, '
find M = (o, ptoo) € R? with
o >0 if0<q<p,
foo =T TS =P (4.2)
foo > 5 = 4 if0<p<qg<oo,

and such that for any p-normed quasi-Banach couple A = (A4,, A;) we have
(Ao, A1)y 44 = (Ao, Al)i]’%M (4.3)

with equivalence of quasi-norms where the constants are independent of A.

Unfortunately, for some values of parameters p, ¢ and A there is no M
satisfying (4.3). Take, for example, 0 < p < ¢ < 1 and o9+ 1/¢ < 0 <
Qoo +1/¢ < 1/p—1/q. Let Ml = (19, ptoo) With pioe > 1/p — 1/q. If (4.3) holds
then Proposition 2.3 and Corollary 3.8 with A = ¢; would yield

uq,M,1(2k)_1 ~ Vq,A(2k)

with constant in the equivalence independent of k. By Lemma 2.2 and Corol-
lary 3.8 we get for k € Z, k positive, that v, ,(2%) ~ 27Ffa=+1/9(2k) and
Uy, (2F) 71 ~ 27 gree (2F) . Tt follows that e + 1/q = fieo. Hence ayo + 1/q >
1/p — 1/q which contradicts that as +1/¢ < 1/p —1/q.

This example leads us to investigate the weaker questions of finding the
best M and B such that

(AOa Al)l,q,A - (A07 Al)iq,M (4'4)

or

(AOa Al)iqﬂﬂ% — (A07 Al)l,q,A (4'5)

for any p-normed quasi-Banach couple (Ap, A;) and with constants in the em-
beddings independent of (A, A;).

Inthecase 0 < p<qg <1, ap+1/¢g<0and 1/p—1/q < ax + 1/g, if
we assume that (4.4) holds for some M = (19, ftoo) With pio > 1/p — 1/q, then
proceeding as above we obtain that v, 4(28)¢; < ugp1(2F)"2¢;. The values of
vga(2F) and ug 1 (2%) ! have been pointed out above. Since the embedding is
valid for any positive k, we get o < oo + 1/¢. Let now k € Z, k negative,
then v, (2%) ~ 27F¢20+1/4(2k) while

> () if y <0,
2~k if Lo > 0.

Ug,M,1 (zk)il ~ {
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The option 27% is not possible since ag + 1/¢ < 0. Hence, we should have
to < ap+1/g. In other words, for these p, ¢ and A, the best possible M would
be (ag + 1/¢, a0 + 1/q). Next we show that (4.4) holds for this choice of M.
We shall use that (Ao, A1), ,, = (A7, AY), 4. This equality follows from the
equivalence

K(t,a; Ay, AT) < K(t,a; Ag, A1) < max{ca,, ca, K (t,a; Ay, A7)

which can be established by doing minor modifications in the arguments of
[3, Theorem V.L.5].

Theorem 4.1. Let 0 < p < ¢ <1 and A = (ap, as) € R? satisfying
ag+1/g<0, ax+1/g>1/p—1/q. (4.6)
Then, for any p-normed quasi-Banach couple A = (A, Ay), we have
~ gy
(Ao, Al)l,q,A — (A, A7 )1,q,A+1/q .
Proof. According to (3.3), we get
(Ao, Al)l,%A = (47, AT)l,qA = (47, AT)(zp,zp(g—m))Lq,A;J-
Besides, since p < ¢, we have £, < ¢, and £,(27™) < £,(2~™). Therefore,
(gpa fp(27m))1,q7A — (£q> gq(Qim))Lq,A = éq(27m£A+1/q(2m))
where the last equality follows from Lemma 3.4. Consequently,
~ g
(Ao, Al)Lq,A — (A7, A )1,q,A+1/q :

]

Next we consider the case 1 < ¢ < oo. This time our arguments are based
on decompositions of the type considered in [12] and [16].

Theorem 4.2. Lel 0 < p <1< q< o0 and A = (ap, an) € R? salisfying
ap+1/g<0and o +1/g>1/p—1. (4.7)
Then, for any p-Banach couple A = (Ay, A1), we have

(A07 Al)Lq’A — (A07 Al){,q,A—l—l :
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Proof. Take any a € (Ag, A1), ,. It follows from (4.7) (see (2.2)) that a €
(Ag + Ay)°. Hence,

min(1,#" ) K (t,a) — 0 as t — 0 and as t — oc.

For v € Z, let
27277 ify <0,
=<1 if v =0,
92! if v > 0.

Choose ay, € Ay, a1, € Ay such that ¢ = ap, + @1, and

y S 2pr(7V—17 a)p'

llao. |, + o1 llarll,

Let u, = ap, — o1 = a1,-1 — a1, € Ag N A;. We have

M P
a — Zul/ = ||a,+a,07N71 _a07M||I;10+A1
v=N Apg+Ar

= [larar +aon 1%y, .4,
< QP(VJprle(’YMﬂ, a)’ + K,(yn-_2, a)”) —0

o0
V=—00

as M — oo and N — —oc0. Soa =),
v — —oo and as v — oco. Besides,

u,. Moreover, u,|, ., — 0 as

J(ryv—la UV) < Kp(%/—% CL)

< , VE L. (4.8)
71/71 71/72
Indeed,
J(/Yufb uu)p —
B Vo Ly (Nl + 0 luwlly, )
v—1

< %2 (Naowllfy, + llaop—1ll%, +vo-1 larullfy, +v0—i llar,—[f,)

p
- Yo Ky(vy—2,a)?
< P (B0 + B a,07) £ T2
v—2 v—2

where we have used in the last inequality that the function t~'K (¢, a) is non-
increasing.

For v € Z, put I, = [y,1,7). If 2™ € I,, let w,, be u, divided by the
number of m such that 2™ € [,,. That is

5T if 2™ e I, and v <0,
Wy = { Uy if 2" e [, and v =0,1,

53 if 2" e I, and v > 1.




Logarithmic interpolation spaces in the quasi-Banach case 21

0.9}
m=—0oo

This sequence also satisfies that (w,,) C Ay N A; witha =)
for some 0 < d, f < 1 we have

M
a — E Wiy,
m=N

w,, because

p P

Q
= |la — Zuy —dup_1 — fugs

Ag+A1 v=>pP Ap+A
Q p
< lla— ZUV + ||UP—1||ZO+A1 + ||UQ+1||€10+A1 —0
v=>pP Ao+Ay

as N — —oo and M — oo. Consequently, using (4.8), we derive if 1 < ¢ < 0o

> 1/q
||CL|| (A0,41)] 4 as1 < ( Z 2—mquq+q(2m)J(2m wm)q>
m=—
0
N( IS wlg S (2" 1) EAq+q(2m))1/q
v=—o02m¢c],
= J(Yy—1, up)? 1/q
< ( 3 Q*IV\Q#QIV\(AQM))
~ q
v=—o002mc], Tv—1
- K (FVV*?aa)q v|A La
< ( Z pq—z\ \ q)
v=—002m¢€l, Tv—2
v=—o002m¢cl, > 73_2
- K,(2™, a)9 1/q
(3 3 B )
v=—002m¢ec]l,_o 2me
= ||a||(A07A1)1,q,A )
The case ¢ = oo can be treated similarly. O]

Next we show that the embedding in Theorem 4.2 is the best possible. We
rely on the characteristic functions of the functors.

Let 0 < p<1<gq<ooand A,M € R? satisfying (4.1) and (4.2). If (4.4)
holds then Proposition 2.3 and Corollary 3.8 with A = /¢, yield that

uq,MLl(Qk)i1 S Vq,A(zk)- (4.9)

Take any k € Z, k negative. Using Lemma 2.2 we have that v,.(2%) =
2~k ¢aot1/4(2k) and by Corollary 3.8 we get

2—kguo—1+1/q(2k) if g < 1—1/q,
gpn (25) 7~ Q27RO (2R)if g =1 - 1/q,
27* if 1o >1—1/q.
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Hence, (4.9) is only possible if 1y < ag + 1. Consider now k positive. Then

. 2 kpaeot/a(2k)  if g +1/g > 0,
quA(Q ) ~ —kppl/q(ok . _
27800 1(27) if v +1/g =10
and ug 1 (2F) 7 ~ 27k preo=141/a(2F)  Since g, > 1/p—1/q > 1—1/q, we derive
that if (4.9) holds, then gy < @ + 1 and that there is no Mif 0 < ap +1/¢ <
1/p — 1. Consequently, the embedding in Theorem 4.2 is optima. Note that
these arguments also explain the assumption on ay, in the statement of the
theorem. Thecases p=1<¢< o0, 0<p<lwithg=occand 0 <p<l=gq
can be treated analogously.
Now we turn our attention to embeddings of the type (4.5).

Theorem 4.3. Let 0 < p < 1,0 < p < ¢ < o0 and A = (ap, ) € R?
satisfying
ap+1/g<0<ax+1/q. (4.10)

Then, for any p-Banach couple A = (Ay, A1), we have

(Ao, Al)i],q,AH/p — (Ao, Al)l,q,A .
Proof. Take any a € (AO,Al)‘II’%AH/p and let (u,,) € AgN A; such that a =
2 m=—cc Um and ||(J(2m’um))qu(?_mfAH/p(?m)) <2 HaH(AOaAl)i],q,AH/p' Then
- - & : -m m /g
lallagn,,, < (30 RFAEDCDS min(, 28I, ) ")
k=—00 m=—0o0
~ IT™ um) e, 00 @)1 00
0 0 Ny
~ (3 [ 2 ) )
k=—00 m=k
(e @ )]
k=0 m=k

where we have used Lemma 3.3 in the last equivalence. Suppose now that
g < oo. To estimate the first term take any 0 < ¢ < —(ag + 1/q). Using
Holder’s inequality, for the interior sum of the first term, we get

0 0
( Z 2—mpJ(2m7 Um)p) q/p < ( Z 2—qu(2m7 um)qgaoq—&-q/p-i—sq(zm))

0
X ( Z g—qp(ao+1/p+a)/(q_p)(Qm))(qp)/p

m=k
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0
5 g—aoq—sq—1<2k)( Z 2—771(1{](27717 um)qgaoq—&-q/p-&-sq(Qm))

m=k

where we have used the condition on ¢ in the last estimate. Whence, changing
the order of summation, we derive

0

( Z [gao(Qk;)(zO: 27 J(2m, um)P)l/p]q) 1/q

k=—o00

0 0 1/q
< ( Z g—eq—l(zk)(z 2_qu(2m7um)qgaoq+q/p+aq(2m)))
k=00 m=k

0 m
:( Z 2_qu(2m7um)‘IKGOQ-&-Q/P-Fﬁq(Qm) Z E—Eq—l(Qk))l/q

m=—00 oo
- 1/q
~ ( Z 2fqu(2m7um)qgaothLQ/p(zm))

S HaH(AmAl){,q,A-&-l/p '

For the second term, we choose now any 0 < £ < a + 1/¢ and we proceed
similarly. We get

= m m q/p o . . o atancarom
(mz::kQ PJ(2 7um)l’) S(mz::kQ CJ(2™ )2 THaIP—E0 (2 ))

X ( Z ,€7PQ(Oéoo+1/p7€)/(q7p)(Qm)) (¢—p)/p

m=k
oo

o (IR (k) (N7 g (9 it ol om) ),

m=k

Therefore

( i_o: V%o (Qk)(i: 27 (2™, um)p)l/p] q)

k=0

1/q

< kfﬁ él“q(?’“)(fjk 2T (2, ) (1)) ) e
=0 m=

( EOO: 27 (2m, um)anooqw/p—eq(Qm) ( zm: 6*1“‘1(2’“)) ) 1/q
m=0 —

N ( EOO: 272, um)qeawq+q/P(2m)) v
m=0
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<
~ ||a’H(A0,A1)‘1I’q,A+1/p :
Consequently,
J
(Ao, AN g argp = (Aos Ay g
The case ¢ = co can be treated analogously. O]

Next we show that the embedding of Theorem 4.3 is the best possible. For
this aim we need some preparation.

Lemma 4.4. Let 0 <p <1, 0 < ¢ < 0o and take any B = (By, Bs) € R? with

>0 f0<q<p,
Po 20 fD<qsp (4.11)
5oo>5—a if 0 <p<qg<oo.
Then
27E2™) = (b, G271 g
Proof. Take any z = (z,,) € £,(27™(%(2™)) and e, = (6%), k € Z. Then
J(2F mper; £, 0,(27™)) = |a| and & = Z Tm€m-
Whence
Hx”(fp,ép(?*m)){,q,]B < H(J(2k7xk€k§gﬂ%gp@_m)))uzq(gfmem(zm))
= llalle,e-megamy
[

Proposition 4.5. Let0 < p < 1,0 < g < 00 and A = (g, o), B = (S, foo) €
R? satisfying (2.1) and (4.11). Then the embedding

(27 E2™) = (G, 6p(27™) 1.0

is a necessary and sufficient condition for (AO,Al)quB — (Ao, A1)y 44 for any
p-Banach couple (Ag, Ay).

Proof. The condition is necessary by Lemma 4.4. Let us check that the condi-
tion is sufficient. Take any p-Banach couple (Ag, A;). For any a € (A, Al)iq,B
we can find a representation a = Y °__ wu,, with (u,,) C Ay N A; satisfying
that [[(J(2™, um))llg,@-memmy < 2[all4,4,y7, - Since

1,q

K(2k,a) < Kp(2k,a) < ( i Kp(2k,um)p) 1/p
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g( ZOO: min(l,2k_m)pJ(2m,um)p)1/pa

m=—o0

we obtain

||CLH(AO,Al)1’q,A S H (K(Qkﬂ a’)) ng(g—k-gA(Qk))

(3 min(w,2mpen u,))

m=—0o0

<

£,(2- kA (21))
~ H (K(zka (J(2™, um)); p, Ep(2_m)) Héq(2*kZA(2k))
= [|(J(2™, Um))“(zp,ep(z—m))l,q,A :

Now using the condition we derive that

lalliag,ar), , , S NI 1wl 2-memamy)

1,q,
<2 ||a||(A07A1){,q~B '

The next result refers to the operators

k
Hyw = (32 (1+10g25)%7 (1 +log2") Prz, )
1T nz;( + log 2%)*P(1 + log 2") T .
Hyx = ( 1 + log 2K)2=P (1 1 1og 27) FeoP n) .
0T nzzk( + log 2%)*<P(1 + log 2") x .

Here x = (2, )nen. We consider Hy and Ho acting on the space £, of r-summable
sequences with N as index set.

Lemma 4.6. Let 0 < p < 1,0 < q < oo and A = (ap, ), B = (8o, fc) € R?
satisfying (2.1) and (4.11). Assume also that

Then Hy and Hy are bounded on £q.
Proof. Take any = = (z,,) € £q/p. For k € Z, let
kP 2R —log2k) P if k< 1,
=0 if k>0,
and put y = (ye)rez. Then [|yll, o-rmw)) = HIHZ?.: < 00. By the assumption
and applying Lemma 3.3, we obtain

1/p

||95qu/p = ||?/qu(2—sz(21¢)) 2 ||ZUH(zp,zp(2—m))1,q,A
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(5 S )

k=—o00

(zoo: P 2k: ZQ mp‘y ‘P 1/p} )
k=0
-1 -1

= (30 (1 - tog 24031~ log 27) 7 [, )]

k=—00 m=k

1/q

k
ad /q

= (Z [(1 + log 2"7)&0(2(1 + log 2™) For ‘:Em‘)l/p}q)l

k=1 m=1
> || Hyall”

a/p

Now we return our attention to Hy. Let z = (2x)rez Where

0 if k<0,
2 =
") e 25 (1 + log 2F) P if K > 1.

Using again the assumption and Lemma 3.3, we derive

1
2]l = ||

q/p

Zqu(Q—kZB(zk-)) 2 ||Z||(z 2p(27))1 g n

2 (i [(1 +log 2’“)“°°(§j 27 |z 7)117]") /g
k=1 —

= (2 [(1+10g25)7= (3 (1 + log 2) 7|, )/7]7) "

k=1 m=k
> || Hoz|l,[" .

]

We shall also need some results on matrix transformations of £.-spaces
established by G. Bennett [1,2]. Let (ay,), (b,) be sequences of non-negative
numbers and let M = (a,;) with

apnb, if 1 <k <n,
Unk =
0 it k& > n.

Put Tz = (Zk ) ankxk) = (an P bkxk) for the operator defined by
neN neN
M. Let 1 <r < oo and 1/r+1/r" = 1. According to [1, Theorem 2] and
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[2, Theorem 1], the operator T : £, — £, is bounded if and only if

00 1/r N A 1/
SUPyeN (Zn:N GZ) (Zk:l b};) <oo forl<r<oo,
1/r
SUPyeN (ZZOZN CZZ) by < oo for r =1, (4.12)

N
SUp yen AN Zkzl by < 00 for r = .

Put M = (Gpy) with

~ 0 if £ <n,
Upk =
aigb, if k> n,

and let Tz = (Zzilanka:k> = (bn S akxk) . Since T is the adjoint
neN

necN
of the operator 7', it follows from (4.12) that 7" : €, — £, is bounded if and only
if

o N L/ N 1/r
sup(Za;) (Zb;) < oo for 1 <r < oo. (4.13)
NeN %N k=1

Furthermore, a direct computation shows that T: b, — £, is bounded if and
only if

sup b ap < 0. 4.14
AP 414

Observe that H; is the transformation defined by the matrix M = (a,y)
given by the sequences

an = (1+1log2™)?P and by = (1 + log 2F) PP
while Hy is the transformation defined by M with
ar = (1 +1log28)P=F and b, = (1 + log 2")*=P.

Now we are ready to show that the embedding of Theorem 4.3 is the best
possible.

Proposition 4.7. Let 0 < p < 1,0 < p < ¢ < 00, A = (v, 0), B =
(Bo, Bso) € R? satisfying (4.10) and (4.11) and consider the p-Banach couple
Ly, 6,(27™)). If (zpvzp(zim)){,q,ﬁ = (b, 6p(27)) 1,98 then By > o + 1/p and
Boo > Qoo+ 1/p.

Proof. By the assumptions on parameters and Lemma 4.4 we have that

gq(27m£B(2m)) — (ﬁp: Kp(Qim))l,q,A
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Hence, according to Lemma 4.6, operators H, and H, are bounded on £4/p.

q < oo, applying (4.12) to H; we obtain that

> p/a ;& pg \ S
sup ( Z(l + log 2”)“0‘1) (Z(l + log 2’“)*BOH) "< oo,
NeN N k=1

Using that ag + 1/¢ < 0, it follows that
il (a—p)/p
(Z (1 + log 28) 7% ) < (1 + log 27)—e0~1/a,
k=1

Whence
(1 + log 2N)_ﬁ0+1/17—1/q if By < 1/]9 . 1/q
(1+log(1+1log2V))  if fo=1/p—1/q p < (1+log2")7071/1.
1 if 8o >1/p—1/q.

Since —agy — 1/q > 0, it follows that

Bo>1/p—1/q, or By <1/p—1/qgand — By +1/p—1/q < —ag —1/q.

Consequently, in both cases 3y > ag + 1/p.

If

On the other hand, since H, is also bounded on £/, according to (4.13),

we obtain
ad (¢—p)/q N p/q
Pq
sup ( E (1+4log2™)™” ) ( E (1 + log 2%) "‘O"q) < 0.
NeN * N k=1

Having in mind that S, > 1/p —1/q and ay + 1/q > 0, we get
(1 + IOg 2N)aoo+1/q 5 (1 + log 2N)50071/p+1/q.

This yields that Sy > a + 1/p.
The proof for ¢ = oo is similar but using now (4.14).

]

The next result complements Theorem 4.3. It corresponds to the limit case
Qo + 1/¢ = 0. One can establish it by using similar arguments to those of

Theorem 4.3.

Theorem 4.8. Let 0 < p < 1,0 < p < ¢ < 00 and A = (qp, ) € R?

satisfying
ap+1/¢ <0 =o0ax+1/g.

Then, for any p-Banach couple A = (A, A1), we have

(AOa A )1 ,8,A41/p,(0,1/p) (AO’ Al)l,q,A )
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Using the previous ideas based on matrix transformations of £.-spaces, one
can also show that the embedding in Theorem 4.8 is the best possible.

Writing down Theorems 4.2 and 4.3 for 1 < ¢ < oo and A a Banach couple,
so p = 1, we obtain the following result of Cobos and Segurado [16, Theorem
3.5].

Corollary 4.9. Let A = (ap, ) € R? and 1 < ¢ < oo such that
ap+1/g<0<ax+1/q.

Then, for any Banach couple (Ag, A1), we have with equivalence of norms
J
(Ao, Al)l,q,A = (Ao, Al)Lq,AH'

We finish the paper with the case 0 < ¢ < p < 1 where we have also
equality.

Theorem 4.10. Let 0 < ¢ <p < 1 and A = (ap, ) € R? satisfying ap+1/q <
0 < aw + 1/q. Then, for any p-Banach couple A = (Ay, A1), we have with
equivalence of quasi-norms

i) (A0>A1)1qA = (AgaAN)1 aA+1/q if e +1/¢ >0,
i) (A07A1)1qA = (AS7AN)1 4.A+1/4,(0,1/q) if o +1/¢=0.

Proof. Recall that (Ao, A1), ,, = (47, A47)1,4- Applying (3.3), using that
g < p and Lemma 3.4 we get that
(Ag, A~){q,M/q if o +1/q > 0,

(A07A1)1 a N )
- (AS AT g jaonsey i oo +1/g =0,

In order to check the converse embedding, consider the function v, 4(-). By
Lemma 2.2, we have

(4.15)

ok 2~k pAt1/a(gk) if e +1/g >0,
Vq,A( ) 2—]{:£A+1/q(2k)££(0,1/q)(2k) if oo +1/q = 0.

Take any a € (Ay, AY), . Since (2.2) holds, we know that (Ag, A7), C
(Ay + AY)°. Using [27, Theorem 3.2], we can find (u,,) C Ay N Ay with
a=>3 " _ Uy in Ay + A7 and

( i [min(l,Qkm)J(Qm,um)]q)l/q < cK(2*,a), k € Z. (4.16)

m=—0oQ

Therefore, if ay + 1/¢ > 0, according to (4.15) and (4.16), we have

< J 2m —m m
||a||(AgvAT)f,q,A+l/q - ||( ( Jum))HZq(Q éAJrl/q(Q ))
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o0

N( Z J(2m7um)q Z [min(LQk—m)z—kg&(zk)]q)l/q

m=—0oQ ]{3:700

< ( i 2 10 (28 K (2, a)')

k=—o00

= HCLH(A(T’AIN)L(;,A

1/q

The case ay + 1/¢ = 0 can be treated analogously. O]

Writing down Theorem 4.10 for (Ag, A;) a Banach couple, we recover a
previous result of the authors [5, Theorem 3.2].
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