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Abstract

In this work, we study the mathematical analysis of a coupled system of two reaction-
diffusion-advection equations and Danckwerts boundary conditions, which models the
interaction between a microbial population (e.g., bacterias) and a diluted substrate (e.g.,
nitrate) in a continuous flow bioreactor. This type of bioreactor can be used, for instance,
for water treatment. First, we prove the existence and uniqueness of solution, under the
hypothesis of linear reaction by using classical results for linear parabolic boundary value
problems. Next, we prove the existence and uniqueness of solution for some nonlinear
reactions by applying Schauder Fized Point Theorem and the theorem obtained for the
linear case. Results about the nonnegativeness and boundedness of the solution are also
proved here.

1 Introduction

Water treatment is an important environmental issue whose main objective is to provide clean
water to human populations (see, e.g., [2]). One of the principal causes of contamination of
water resources is due to organic or mineral substrates (e.g., nitrates or phosphorus) which
are produced by the agriculture and chemical sectors. A way to perform the decontamination
of these substrates is to use a bioreactor. In our framework, a bioreactor is a vessel in which a
microorganism (e.g., bacteria or yeast), called biomass, is used to degrade a considered diluted
substrate. Developing mathematical models that allow to simulate the interaction between
biomass and substrate inside a bioreactor is of great interest in order to design efficient water
treatment devices (see, e.g., [0l [11]).

There exists many mathematical models describing the competition between biomass and
substrate in bioreactors. Most theoretical studies consider a well-mixed environment, such
as the chemostat (see, e.g., [26]). Focusing on bacterias, some of the first explorations of
bacterial growth in spatially distributed environments, were carried out by Lauffenburger,
Aris and Keller [I4] and Lauffenburger and Calcagno [15]. Particularly, Kung and Baltzis [12]
considered a tubular bioreactor(assumed to be a thin tube), through which a liquid charged
with a substrate at constant concentration enters the bioreactor with a constant flow rate,
and the outflow leaves the bioreactor with the same flow rate. These considerations lead to
a coupled system of two reaction-diffusion-advection equations with Danckwerts boundary
conditions, typically used for continuous flows bioreactors (see, e.g., [12] 28] 3]).



This system of parabolic equations has received considerable attention in the literature,
both from theoretical and applied points of view. One can find the one-dimensional version
of the model with Danckwerts boundary conditions in [4], [7] and[22], where the asymptotic
behavior of the solution is studied under the assumption of constant fluid flow and entering
substrate. There exist many works on the existence and uniqueness of solution of linear
parabolic equations [I] [8] [9] [I3], particularly, for general bounded domains (see, e.g., [18]
19, [17, [16]). For the existence and uniqueness of solution of nonlinear parabolic systems in
C!* domains with mixed boundary conditions one can see the work developed by Pao [20]
21], where the method of lower and upper solutions is used. The existence and uniqueness
for a predator-prey type model with nonlinear reaction term is proved in [25] for Neumann
boundary conditions.

In this work, we carry out a mathematical analysis of a coupled system of two reaction-
diffusion-advection equations completed with Danckwerts boundary conditions, which models
the interaction between a substrate and a biomass, whose concentrations are denoted by S
and B, respectively. We prove the existence and uniqueness of (weak) solutions, together
with results about the nonnegativeness and boundedness of the solution. The reaction term
is assumed nonlinear in S. The domain into consideration is a three-dimensional cylindrical
bioreactor with Lipschitz boundary. The bioreactor is fed with a substrate concentration Se
at flow rate ), and the treated outflow leaves the bioreactor with the same flow rate ). In
contrast to the models presented in [4], [7] and [22], we allow variable @ to vary with time
and space, we also allow S, to vary with time and we consider a three-dimensional domain
with Lipschitz boundary.

This papers is organized as follows: Section Pl introduces the mathematical model which
describes the behavior of the continuous flow bioreactor and considers nonlinear reaction
between the biomass and the substrate. We also state the definition of weak solution. In
Section 3 we first prove the existence and uniqueness of solution of a simplified linear system
through some classical results for linear parabolic systems boundary value problems. Then, we
prove the existence and uniqueness of solution of the nonlinear system applying the Schauder
Fixed Point Theorem.

2 Mathematical modelling and weak solutions

We consider a cylindrical bioreactor as the one showed in Figure [l We denote by Q C R?
its spatial domain, by Q2 = T its boundary and by ) their union, i.e, Q = QU §Q. We
assume that I' = 'y, U gy U I'yan, where Iy, is the inlet upper boundary, I'yyt is the outlet
lower boundary and I['y,) corresponds to the bioreactor lateral walls. At the beginning of the
process, there is a certain amount of biomass and substrate inside §2. Furthermore, during the
studied time interval, diluted substrate enters the device through the inlet I';, and the fluid
exits the bioreactor through the outlet I'yys. We consider the following system describing the
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Figure 1: Typical domain representation of the bioreactor geometry.

behavior of this particular bioreactor

S, = div(DsVS — QS) — u(S)B in Q x (0,7),
B, = div(DpVB — QB) + u(S)B in Q x (0,7),
S(x,0) = Sinit () in €,
B(z,0) = Binit(2) in Q,
n-(DsVS —QS) = 5.Q in Ty, x (0,7), (1)
n-(DpVB - QB) =0 in Tin U Tyan % (0,7),
n-(DsVS — QS) =0 in Tan % (0,7),
n-(DsVS)=0 in Loyt x (0,7),
n-(DpVB)=0 in Loyt x (0,7),

\

where T' > 0 (s) is the length of the time interval for which we want to model the process, S
(mol/m?) and B (mol/m?) are the substrate and biomass concentration inside the bioreactor,
which diffuse throughout the water in the vessel with diffusion coefficients Dg (m?/s),Dp
(m?/s), respectively. The fluid flow is taken as Q = (0,0, —Q(x,t)) where @ (m/s) is the flow
rate. Se(t) (mol/m?) is the concentration of substrate that enters into the bioreactor at time
t (s), Sinit (mol/m?) and Biy;; (mol/m3) are the concentration of substrate and biomass inside
the bioreactor at the beginning of the process, respectively, and n is the outward unit normal
vector on the boundary of the domain €. Notice that besides the Advection-Diffusion terms,
we also have a term corresponding to the reaction of biomass and substrate, governed by the
growth rate function p(-) (s71).

Now, we are interested in defining the concept weak solutions for our System [l To do so,
assuming S, B € W(0,T, H (), (H'(2))’) (see the definition of this set in Appendix [AT]),
Q € L>(0,T,C()), Se € L*(0,T) and p € L*=(R), if we multiply the first equation of () by



v € H'(Q), it follows that
< Sp,v >HY(Q) xHY Q) — < diV(DSVS - QS),U > (HY(Q)) x HY(Q)

+ Jo, 1(S(z, 1)) B(z, t)v(z)dz = 0.

Then, applying the Green’s Formula and taking into account the boundary conditions, we
obtain

< St v >y )y xHE (Q) T Jo 1(S(x,t)B(x, t)v(x)de — frm Q(z,1)Se(t)v(z)dl iy
+ [o(DsVS(z,t) — Q(z,t)S(x,t)) Vo(z)dz + fFout Q(x,t)S(x, t)v(x)dl oy = 0.

Similarly, multiplying the second equation of (@) by w € H'(f2), applying the Green’s Formula
and taking into account the boundary conditions, one has that

< B, w > (1)) xHY(Q) +fQ(DBVB(x,t) — Q(z,t)B(z,t))Vw(z)dx
+ Jr. Q) B(a, yw(w)dTou — fo u(S(, 1)) B(, t)w(z)ds = 0.

We define the operators a; : (0,7) x HY(Q) x H'(2) — R and as : (0,T) x HY(Q) x H(Q)
by

a(tp.0) = [ (DsVp(@) = Qe (@) V() + [ Qe p(e)o(a)dlon.

Fout

as(t,q,w) = /Q(DBVq(ac) — Q(z,t)q(x))Vw(x)dz + Q(z,t)q(x)w(z)dT oys.

1—‘out

w
(H'(Q))" and consider the bilinear form

Let us denote 1 = ( g ), ¢ = < N >, HY(Q) = HY(Q) x H(Q) and (HY(Q)) = (HY(Q))' x

A(t,-,+) : H x H! — R defined by:

A<t7¢7 ¢) = al(t7p7v) + a?(t7Q7w)'

Definition 2.1. A weak solution of problem (1) is a function u = (S, B) such that S,B €
W (0, T, H'(Q), (HY(R))') and satisfy

<w (), @ >m o)y xm ) +AGul), @) =
Jr,, Q@ )Se(-)v(@)dTin + fo (S, ) B(x, ) (w(x) — v(w))de )
for all ¢ = (v,w) € HY(Q)

in the sense of D'(0,T) (see, e.g., [10]), i.e., all the terms above are considered as distribu-
tions in t. Notice that

<w(), @ > (H1(Q)) xHL(Q) =< Se(+) + Bi(+),v >(HY(Q)) xHL(Q)

= a ( fQ dx—l—fﬂ Yw(x )dx) in the sense of D'(0.T)).



3 Existence, uniqueness, nonnegativity and boundedness of
the solution

We are first interested in proving the following result:

Theorem 3.1 (Existence of solution). Let us assume that Q € L>(0,T,C(C)) is nonnegative,
Se € L2(0,T), Sit, Bunit € L*(Q), Ds, Dg > 0 and p € L>®(R) is continuous. Then, System
(@) has at least one weak solution (S, B).

Remark 3.2. Notice that we assume that Q) is nonnegative because of its physical meaning.

However, in order to prove Theorem [3] it suffices to consider Q such that [|Q(+,t)|| ) <
min(Dg,Dp)
2
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[439).

In order to prove Theorem Bl we first investigate the existence and uniqueness of solution
of the following linear parabolic system:

a.e. t € (0,T), where Ct is the constant coming from the Trace Theorem (see

(S, — div(DsVS — QS) + B =0 in Qx(0,7),
B, —div(DgVB — QB) —cB =0 in 2 x (0,7),
S(x,0) = Sinit () in ©,
B(z,0) = Binit () in Q,
n- (DsVS —QS) = S.Q in Ty, x (0,7), (3)
n- (DVB - QB) =0 in Ty U Tyt % (0,7),
n-(DsVS—QS)=0 in Dyan x (0,7),
n-(DgVS) =0 in Toue % (0,7,
n-(DpVB)=0 in Toye x (0,7),

where ¢ € L>®(Q x (0,7)).
Analogously to the nonlinear case, we first define the concept of weak solution for this
system. To do so, if we multiply the first equation of (@) by v € H!(Q), it follows that

< Sev >y xa@) — Jp, @@, 1)Se(t)v(x)dlin + [, c(z, 1) B(z, t)v(v)dz
+ Jo(DsVS(x,) — Qz,8)S(z,1))Vo(z)dz + [, Qx,8)S(z, )o(x)dToy = 0.
Similarly, if we multiply the second equation of [@]) by w € H'(Q), we obtain that
< Bi,w >y xmi@) + Jr,,, @@ 1) Bz, t)w(z)dloy

+ [ (DVB(x,t) — Q(x,)B(x, 1)) Vu(z)dz — [, c(x,t)B(x, tyw(x)dz = 0.

We define the operators a; : (0,7) x HY(Q) x H'(Q) and az : (0,7) x H'(Q) x H(Q)



by
a(t, (p.q),v) = Jo(DsVp(x) = Q(x, t)p(x)) Vo (z)de
+ Jgelz, )g(z)v(z)dr + [i Q(z, t)p(x)v(z)dTout,
ax(t,q,w) = Jo(DVa(z) — Q(z, t)q(x)) Vw(z)dz — [, c(z,t)q(z)w(z)dz

+ fFout Q(‘Tv t)Q(‘T)wQT)dPout‘

Let us denote ¢ = ( Z >, b= < Z)U ) and consider the bilinear form A(¢,-, ) : H' x H! — R

defined by )
A(t7 'l;ba ¢) = dl(t, (p7 Q>7 U) + d?(ta q, w)

Definition 3.3. A weak solution of problem (3) is a function u = (S, B) such that
S,B € W(0,T,H(Q), (H'())") and satisfy

<w(-), ¢ >myxn @) +AGU(), @) = [ Qz,)Se(-)v(z)dlim
{ for all ¢ = (v,w) € HY(Q))
in the sense of D'(0,T).
We now focus on proving the existence and uniqueness of solution of the linear system:

Theorem 3.4. Under the assumptions of Theorem [31l, problem (3) has a unique weak solu-
tion (S, B).

Proof of Theorem[37 In order to prove Theorem [34] we use Theorem [A.3l Therefore, we
need to choose suitable Hilbert spaces V and H such that V' C H and V is dense in H.
We consider V = HY(Q) = HY(Q) x HY(Q) and H = L2(Q) = L?(Q) x L*(f), provided

with the norms

1%l @) = 1Pl @) + llall o) where ¢ = (p,q) € H'(),

and
1Pl 7 ) = P11 2(0) + VPl for any p € H'(9).

Let us see that A satisfies condition (B3):
For all 9, ¢, € HY(Q), function t — A(t,, ¢) is Lebesgue measurable. This follows from

the fact that ¢ and ) are assumed to be Lebesgue measurable functions.
To be able to apply Theorem [A3] we need to find k € R such that |A(t, %, @) <

Kl e o) | @ller o) for all 9, ¢ € H'(Q), a.e.t € (0,T).
Now,

a1 (t, (p.q),v)| = | Jo DsVp(x)Vo(z)de — [ Q(z, t)p(x) Vp(z)da
+ Jqelz )g(z)v(z)dz + [i  Qz, t)p(x)v(z)dT out]
< Ds Jo |Vp(@)[[Vv(@)ldz + [|Ql L (@x (0,1 Jo [P(@)|[Vv(2)|dz
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+llell e @x ) lall 2@ vl z2@) + QI oo @x (0,7 121 L2 @ou) 1Vl 22D o) -

Then, using the Trace Theorem [A.9] we can conclude that there exist a constant Ct > 0
such that

@1 (t, (p,q),v)| < (Ds + (14 C)IQ| oo (crx (0,7 1P 1 0]l 11 )
(k1)
+ llell oo (@x0.1) llall zr vl 710
(k2)
< (k1 + E2)[[(p, Ol (o)l (v, w) |71 (0) = (B1 + E2) [ [l (o) |l 1 (0)-

Similarly, we obtain that
|a2(t, g, w)| = | Jo DeVq(2)Vw(x)dz - [o Q(x, t)q(x)w(z)dx
~ Joele, Dateyw(e)de + [, Qr, aw)w(@)dT o]

< (D + (1+ C)|Q oo @x (o)) + llell e @x o,y Nlal @y lwll o)
(k3)
< Esll(p, D)l o) 1 (v, w)[l11 @) = ksl @)l @lla @)

Consequently, it follows
|A(t, b, @)| < (k1 + k2 + E3) |9 [ler o) | @Ml )
| S ——
(k)

Let us see that A satisfies condition (B4):

We need to find v, A > 0 such that A(t, (p, q), (p, )+ A(|[plF2+lallZ2) = all(p, a) I3 1(g) fo

all p,q € HY(Q), a.e. t € (0,T), taking into account that A(t, (p,q), (p,q)) = ax (t (p, q),p) +
as(t,q,q). We have that

a(t, (p.a).p) = Ds||Vpliaq) — Jo Q x)Vp(x)dz + [ c(z, t)q(z)p(z)da
+ fl"out Q(J}, t)p($)2d$,

and

az(t,4,9) = DalVdllfzq — [ Q 2)Vq(z)dz + [ c(z,t)¢?(z)dz

+ frout Q(z,t)q(r)*d.

Applying Young’s inequality ([BG) with e > 0, to be chosen later, and taking z = p or z = ¢
the following inequality holds:

— [0 Qla, 0)2(@)Va(@)de = (€22 + £ 1V2122 )@l e @x o1y,

Furthermore,



frout ) dlout > 0, since @ is nonnegative by assumption, and

Jop e, Op(x)g(x)da > —IE=@eem (2, )2, ).
Consequently,

At (0,0, (0.0) = (Ds — 15 1Q @00 IVPI22(0

llell oo (ox (o,
(=T + allQll Lo ax 0. P72 0

+(D — 5 1@l L= @x(01) )HVQHLz
llell oo (ox (o,
—(FEEFI 4 6| Qll L @ o) 141172 0y
We choose €1 > 0 and €5 > 0 such that

1 1
o = Dg — EHQ”LW(QX(O,T)) >0, and ap = D — TQHQHLOO(QX(O,T)) > 0.
Then, we choose Ay > 0 and Ay > 0 such that

llell oo (x 0,1

ag = A1 — 5

— GIHQHL"O(QX(QT)) >0 and

3llcllx (0,1

g = Ay — 5 &||Qll o @x0,1)) > 0-

Therefore, choosing o = min{ay, as, ag, s} and A = A1 + Ag, one has that

[A(t, (p,q), (P, )| + Al (p, Q)Hi%m 2 O‘(Hp“%{l(ﬂ) + HCIH%{l(Q)) = O‘H'l»bH%II(Q)'

Finally, in order to apply Theorem we need to prove that
f:(0,T) — (HY(Q)), with f(¢) : H'(Q) — R defined by

( Zz > - /Fin Q(z,t)Se(t)v(z)dln,
is in L?(0, T, H'(2)').

Firstly, we must see that f(¢) is linear and continuous a.e. ¢ € (0,7"). The linearity of f(¢)
follows from the linearity of the integral. Because of this linearity, the continuity property is
equivalent to the existence of k(t) > 0 such that |f(t)(¢)| < k(?)|| @1 (), Vo € H'(Q).

Now, given ¢ = ( Z ), one has
1
®)| =1 Jp, Q@,t)Se(t)v(x)dlim| < [Q( )l oo (@) [Se ()| TinlZ 0]l 2 ()

a.e. t € (0,T), where |I'j,| is the Lebesgue measure of I',. Using the Trace Theorem [A9] we
conclude that there exists a constant C'v > 0 such that:

f(t)(9)] < CT|Fin’%||Q(‘at)||L°°(Q)|Se(t)| vl ) < k@) @lla (0)
(=k(1))




Secondly, we must see that fOT Il f(t) ”?Hl(ﬂ))'dt < 00. We use that

||G|| H(Q)) — Sup | <G, ¢> ’7
$eH!(0)
llell<1

and thus, by the hypothesis on @ and S,, we have that

Jo I1£(®) ydt < ) Tl CRISe®)PIQC )| oo gyt
< il CRIQNT o (e (0,19 1 Se I 7207y < 00
Since we have proved that all the assumptlons of Theorem [A.3l are satisfied, the proof of

Theorem [3.4] is finished. O

Before proving Theorem [B.1] we prove the following result:

Proposition 3.5. If (S, B) is the weak solution of System (3), then

1SNlw 0,1,z ), ())y < C and || Bllwo,r,.m51@),m5 @)) < Cs

where C' depends on Ds, Dsg, HSiHit||L2(Q)7 HBiHitHLZ(Q)f HQHLOO(QX(O,T))7 HSGHL2(O,T)7 ’Fin‘; T,
lcll o (x(0,)) and Ct (i.e., the constant coming from the Trace Theorem [A.9).

Proof of Proposition[3. From the first equation in System (3), it follows that

1 | 2oy = SUP ger2(0.1.11(), | <90 > |
<1

== Sup¢€L2(O,T,H1(Q)), ’ < diV(DSVS - QS) - CB’ ¢ > ’.
llell<t
Given ¢ € L?(0,T, H(2)), one has

| < div(DsVS — QS) — B, ¢ > |
’fo fm (DgVS(z,7) — Q(z,7)S(x,7))p(x, 7)daxdT
—Ds [ [, VS(x,7)Vé(z,7)dxdr + [ [,, QS(z,7)V(z,7)dxdr
— [T [y ez, ) Bz, 7)(x, 7)dzdr|
< HQHLOO(QX(O,T))||Se||L2(O,T)|Fin|%||¢||L2(0,t,L2(Fin))
HNQI Lo (0,0 1S 220,722 (Towe)) 191 L2 0,7, L2 (Tt
+Ds[[V ol 20,102 IV Sl 200,122 0))
HQ Lo (@ (0,00 1S 220,722 () IV @ L2 0,7, L2 ()
+lell e @x o, 1Bl 20,7, L2 @) |2l 20,7, 22 (02)) -

Consequently, if C is the constant coming from the Trace Theorem [A.9] one has that

1
”%HLQ(O,T,(H%Q))’) < CTHQHLOO(Qx(o,T))HSeHL2(o,T)\Fin|2
el e @x 0,0 1Bl L2 0,7,22(2) (5)
(Ds + (1 + CQll o @x 0 ISl L2 (0,7, 1 (2)) -

9



Similarly, from the second equation in System (3]), it follows that

198 | L2 0.1, (a1 )y = SUP e 200,111 @) | < div(DgVB — QB) +cB,¢ > |.
Given ¢ € L?(0,T, H*(f)), one has
| < div(DpVB — Q)B + ¢B,é > |
<@l oo 0,m) 1Bl 200,722 (o ) 1PNl 220,722 (Toue))
+DB|IVoll 20,720 IV Bl L2 (0,7, L2 (02))

QN poo @x 0.0 1Bl L2 0,7, L2 () I VDl L2 0,7, 2 (02))

+lell oo @x 0,0 | Bll 207,220 |0l 20,7, 2 (02)) -
Again using the Trace Theorem [A.9] one has that

152
at 27, @)

< (Dp + (1 + )R 1o @x 0,7y + el Lo @x o) 1Bl L20,1,m1 ()

(6)

Now, in order to obtain estimates for ||S||r2(0,7,m1()) and || Bl|r2(o,r,m1 (), We consider

A > 0 and the variables S = e=*S and B = e B that fulfill
S; + AS —div(DsVS — QS) +cB =0
By + AB — div(DgVS — QB) + c¢B = 0.
Multiplying the first equation in (@) by S and integrating, one obtains
SISDa) + Ay ISOIZe)dr + Jo f,,, Qe 7)5(, 7)dadr
+Ds Jy IV5(0)Z20)d7 = §11Simicl2(0)
—|—f0T e A fFin Q(x,7)8e(7)S(x, 7)dadr
+ [ f,Q S(x,7)VS(x, 7)dxdr
fo Jo c(z,7)S(2, 7)B(z, T)dadr.
Applying Young’s Inequality (B6]) with e; > 0 and the Trace Theorem [A9]
fo me e Q(x,7)Se(7)S (7, z)dzdr
< Jy e Q@ IS (1S 2(ry) Tl 2d 7
< Iia 3 1Ql e ooy €0l SelZago 1y + S NS1Z2(0 1102 + S NVS 20122y

Applying Young’s Inequality ([B6]) again, with e; > 0,

10
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fo 1o Q (z,7)VS(z,7)dzdr

< 1Rl @x (0.7 15N 20,7, 2 1V Sl 22 0,7, 22(02)

QI Lo (ax (0, G
Bliaxom) vz,

< EQHQHLOO Qx(0,T )HSHLz o012 T (0,7,L2()"

Moreover, applying Young’s Inequality (B8] with ¢ = %,
fo Joclz,7)S(z, 7)B(x, 7)dzdr

15022 0 1200y, VB0, s2
< llell oo x (o)) (5 + =GR,

Thus, considering (8]), one has

1 ‘F1n|2c

IS 2 () + (Ds = 1Ql o (@x 0,1 (265 +

INIVS 2201120

1
Din|2C2 llell oo (ax (o, G
+(A = |Q Lo (2 (0,7 (€2 + | 4L1 ) — == FEENNS 2 0.1 1200 (9)

1 lellpoe ax o, 1B
> 5 ||Oinit || 72 €1 Lo (§1x(0,T)) 2 in . 3 L2(O.T.L2(@)) .
< 5l1SmicllZ2 () + el 1Sell22 (0.7 Tl % +

Analogously, if we multiply the second equation in (7)) by B and we integrate, we obtain

B + O~ eslQl @0y — lellzm@xiomml B2z

(10)
||Q||LOO Qx(0,T D 1
(D — 100y G B2, o < Y Bl 20
. Iin 702 QI o0 (2
Choosing €; and ey such that Dg > HQHLoo(QX(O?T))(é + | 4|521 L), e3 > W

C2[Dy 2 :
and A > [|Q| poo (a1 (0,1)) Max(€3, €2 + T|T1|) + [lell oo (@x (0,7))» it follows that

”BH%2(07T7H1(Q)) < alHBinit”%ﬂ(Q)’

_ 1
||S”%2(07T7H1(Q)) < 042(%Hsinit|| L2(Q) +€1||QHL°° Qx(0,1)) | Se ||L2(0T ITin|2) (11)

tarap @0 B2,

where a1, as > 0 depend on ‘Fin|a ||C”LOO(Q><(O7T)), ||QHL00(0’T), Cr, Dg and Dg.
Furthermore, it is straight forward to see that

AT R1I12
HB||%2(O,T,L2(Q)) S (& ||B”L2(0’T,L2(Q))7

(12)
1512 20,7, 1010y < €IS 20 7111 0
From (@), (II)) and (I2)), it follows that
1Sl 0,7, 11 (), (a1 () 1 Bllw 0,7, 11 (02), 11 (2))) < Cs
where C' = C(T, || Sinitl| L2 (0): [| Binit | 2(0)» Ds: D8, Q|| oo @x 0,1))> | Sell 20,7+
el e (x 0,7)), [Tinl; CT)- O
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Proof of Theorem[3 1l In order to prove the existence of solution, we apply Schauder Fixed
Point Theorem [AZ4l We have to choose a Banach space X and a compact and convex subset
K cX.

We consider the Banach Space W (0, T, H'(2), (H'(£2))"), which is compactly embedded
in L2(0,T, L%(Q)) (see Remark [AS).

If Z € W(0,T, H'(Q), (H'(2))") and we solve the linear System (@) with c(z,t) = u(Z(z,t)),
Theorem B.4] proves that there exists a unique weak solution (Sz, Bz) with
Sy, Bz € W(0,T, H (), (H'(2))’). Furthermore, Proposition B3 shows that

| Bzllw 1,1 @),5 )y < C and [|Szllw o172 @), 01)) < C,

where C' depends (among others) on the norm of pu(Z(z,t)). Since u(-) € L*(R) it follows
that for all Z € W (0,7, H (), (H'(Q))"), we have

IBzllw o111 @)1 )y < C and [|Szllw o101 @)1 )y) < C,

where C'is a constant depending (among others) on ||| 100 ()-

If we define the set
K :={zeW(,T,H (Q), H'(Q))) : |z|lw o1 @) H ()) < CH (13)

from Remark and Definition [AJ5] K is a compact set of the Banach Space
X = L?(0,T,L?*()).

Let us define the application A : K — K by A(Z) = Sz. We prove Theorem Bl by
showing that A has a fixed point. In order to apply Schauder Fixed Point Theorem, it is
enough to prove that A is continuous.

In this direction, if {Z,}, C K, Z € K are such that ||Z, — Z||x —
that

1A

(Z
Let (SZ117BZn) d (
w(Zy(x,t)) and c(x,t) =
By, — By. Then (V,,W,) i

’I’L*)OO
0, we must prove

n) — A2)||x = 15z, — Szllr20,1,22(02)) =X o0.

7, Bz) be the weak solutions of linear system (B]) when c(z,t) =
w(Z(x,t)), respectively. We denote V,, = Sz — Sz and W,, =
is a weak solution of:

(Vi)e — div(DsVV,, — QVy,) + n(Z2)Byz — p(Zn) Bz, =0 in Q x (0,7),
(Wh)t — div(DpVW,, — QW,,) — u(Z)Bz + n(Zn)Bz, =0 in Q x (0,7),
and the initial and boundary conditions
Vo(z,0) =0 in €,
Wy (2,0) =0 in ,
n-(DsVV, —QV,) =0 in Iy, Uyan x (0,7,
n- (DpVW, —QW,,) =0 in Iy, Uy x (0,7),

n-(DsVV,) =0 in Ty x (0,7),

n- (DgVW,) =0 in Toy x (0,7).

12



Given A > 0, then V,, = e *V,, and W,, = e MWV, fulfill:

(V)e + AV, — div(DsVV,, — QV;,) 4 e~ (/L(Z)Bz — u(Zn)an> =0,
(14)
(W)t + AW, — div(DgVW,, — QW,,) — e~ (M(Z)BZ - M(Zn)BZn> = 0.

Multiplying the first equation of (I4]) by V;, and integrating, one obtains:

_ T T _
%HVH(T)”%P(Q) + )‘fo ||Vn(7')||%2(9)d7— + fo fFout Q(x,tau)vg(x,T)dxdT

V(D)7 +Af0TIIVn(T)II%Q(Q)dT+fonpoutQ(az,f)‘_fi(wm)dxdf
(15)
+Ds [y |[VVn(7) odr = Iy [, Q (z,7)VV, (2, 7)dzdr

+ fOT e [, (,LL(ZH(QS‘,T))BZH (x,7) — M(Z(.I,T))Bz(l‘,’r))vn(il?, 7)dzdr.

Similarly, if we multiply the second equation in () by W,,, we have

WD) 220y + A Sy IWa(D220yd7 + fo fr, @, 7IWE (@, 7)dadr

+D5 fy VWD) 2ayd7 = fy Jo Qla, I)Wal, 7) VW (2, 7)dudr (16)
+ [T ( 7))Ba(x,7) — ,u(Zn(:U,T))an(x,T))Wn(x,T)dxdT.
Summing equations () and () it follows:

LIVl + W) 220 ) + A S (1T (P20 + W72y )7

T 1QE ey (IVa () By + 1) Ragry )7

+ 5 (DslIV V()20 + DBIVIWa (7)1 )dT (17)

= fo fQ ( Vo (2, ) VVy (2, 7) + Wn(w,T)VWn(x,T))dxdT

13



For the last term in (7)) we have that

JFe= 1 (MZ(:I;,T))BZ(:]C,T) — (Zu(x,7)) By, (2, T)) (V_Vn(x, ) — Vn(x,T))dde

= fOT e [ Z(z, 7)) (Bz(x, 7) — Bz, (z, 7')) (V_Vn(zl;, T) — Vn(a:,T))dxdT

+
S

e [ By, (v, 7) (u(Z(:r, ) — u(Za(z, 7))) (Wn(:g, ) — Vala, T))dxdT
o P Ao [t Y ey o AT

+ Jo 11(Z (@, 7)) = 1(Zn(e, 7))l B, (@, )| Wa (@, 7) = Vo, 7)|dwd7.

Moreover, by applying Young’s Inequality (B6l) with €;, which will be chosen below, it
follows

fo o Q (2, 7)VVy (2, 7)dzdT
T _
< 1@l @x o)) Jo ELVa(DZ2() + 26 IV Va()ll72(0))dT.
We apply the same reasoning for W,, with some positive constant es > 0.

Coming back to (7)) it follows that
L (V)22 ) + IV (D) 224

+ o Q@ ) IVaM2a iy + Wl r,,,)) A7
1Rl oo (% T >
+(Ds — = Bxemy ¢ |yvvn(7)|y%2(mdf

1Rl Loo (63 (o, T 1
+(Dp — =) [y IVWa(m)[1Z2())dT (18)

[ell poo ()
+ <>\ — €1||Q||L°°(QX(O,T)) 7(>

:ZC

Jo Va(@)I32qyd

T —
+(A = el|Qll e @x o)) — slHlle@) fo IWa(T)lI72(qydT

< Jo Jolm(Z(@, 7)) = 1 Zn(2,7))|| Bz, (2, 7)||(Wa(w,7) = Vi (2, 7))|dadr.

If €1, e and A are chosen such that e¢; > W”wjﬁ%, €y > ”QHLOZ;W and A >
1@l Lo (Qx(0,T)) max(€r, €2) + %HNHLW(R)a one has
fo Vo (T )dT
(19)

<2 [ Jolu(Z (2, 7)) = p(Za(e, 7)) || Bz, (@, 7)| | (Wa (2, 7) = Vi, 7))|dadr,

To prove that the right hand side of ([I9]) converges to 0 as n — oo, we use the following
steps:

14



L. Since [|Z, — Z||r2(0x(0,1)) "Z% 0, using Theorem [AI5 there exists a subsequence
{Zn,}k C {Zp}n such that Z, — Z a.e. in Q x (0,7T). Then, since p is continuous,
w(Zy,,) — (Z) ae. in Q x (0,T"). For simplicity, we denote {Z,, }r = {Zx }-

2. Since [|p(Zk) || Lo (@) < llpll oo (r) < 400, by applying Theorem [AT4 (using that L' (€2 x
(0,7)) is separable and (L'(Q2 x (0,7)))" = L=(Q2 x (0,T)) ), there exists a subsequence
{u(Zx;)}; weak-+ convergent to some k € L*>°(Q x (0,T)). For simplicity, we denote

Due to steps 1 and 2, we conclude that {@(Z;)}; is weak-* convergent to pu(Z2).

3. Bz, € K, since (Sz,, Byz,) is solution of (@) with ¢ = j(Z;). Moreover, since K C X is
compact, there exists a subsequence { Bz, }; C { By }; such that there exist some B € X
fulfilling || Bz, — Bl[x 2% 0. For simplicity, we denote {Z;, }; = {Z; }:.

4. We define

K ={zeW(,T,H (), H' (D)) : [Izlwomrm @@ @) <4C

where C is the constant appearing in the definition of K in (). Notice that K is a
compact set of X (see Remark [A7and Definition[AB]). Since W; —V; = By, — Sz, — Bz +
Sz € K, using the same reasoning as the one followed above, one obtains that there exists
a subsequence {W;, — Vi }, € {W;—V;}; and P € X such that ||(W;, —V;,)—P|x — 0.
For simplicity, we denote {Z; }, = {Z,},.

By steps 3 and 4, we conclude that B,(W, — V,) C LY (2 x (0,7)) and || B.(W,. — V;) —

=00

BP|rr@x©01) — 0.

Furthermore, since {Z,}, C {Z;};, it also follows that {{(Z;)}, is weak-* convergent to
w(Z). Using Theorem [AT6] if follows that

S fo (2 (7)) — ol Zel D B DI 2, 7) — T, )|ty
LM‘EQ) Ll‘(,Q) (20)

= foT Jo0-B(x,7)- P(x,7)drdz.
From (I9]), this implies that

T
/ / 672)\T|SZY (x,7) — Sz(z, T)|2dxd7' = 0,
0 Q
2AT

but since min ¢cjo e """ = e~ 2’ one has that

=00

5z, = Szllr2(x o) — O-

Finally, we prove that [|Sz, — Sz|| L2(Qx(0,T)) 3 (convergence of the whole sequence
instead of subsequence) by reduction to absurdum. Let us assume that this is not true. Then,
there exists € > 0 and a subsequence {Sz, }; C {5z, }» such that

152, — Szllz2(@x0,1)) > € ,VI € IN. (21)

If we know proceed as above, we can find a subsection {5z, }m C {Sz, } such that

152,,, — Szl r2x0.1)) — 0,

which contradicts (2I]). O
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Now, we are interested in studying the nonnegativity and boundedness properties of so-
lutions B and S.

Theorem 3.6 (Nonnegativity and boundedness of B). Under assumptions of Theorem [Tl
(i) If Binit > 0 in Q, then B >0 in Q x (0,T).
(ZZ) [f Binit € LOO(Q): then B(%,t) < ”Binit||L°°(Q)€”HHLOO(]R)t a.e. (l’,t) € x (OvT)

Proof. Function B satisfies the following system:

( B, = div(DsVB — QB) + u(S)B in Q% (0,7),
B(ZL‘, 0) = Binit(l‘) in Q,
: (22)
n- (—DBVB + QB) =0 in 'ty UTgan X (O,T),
n-(—DpVB) =0 in Tou % (0, 7).
\
If we define the new variables BT = max(B,0) and B~ = —min(B,0), then B= B*—B~

and the first statement of Theorem can be reformulated as
B (2,00=0in Q= B (x,t) =0 in Qx(0,7).

Multiplying the first equation of ([22]) by B~ and integrating, one obtains
3 Jo ax B~ (M1 qydr = fy Jo Qla,7) B~ (2, 7) VB~ (2, 7)dzdr

—fot froutQ(:U,T)(B‘(Q:,T))Qdde - fg Jo De(VB™(z,7))*dzdr

+f(;t fQ w(S(x,7))B~ (z,7)>dzdr.

Applying Young’s inequality with ¢ > 0 (that will be specified below), one has:
LJE B ()20 < (@l omy — D) L VB (1) 23 ydr

(M 01D ) y) 1B (1) gy

Choosing € such that e||QHLoo(QX(07T)) — Dp < 0 and applying Gronwall’s Inequality in its
integral form (see Theorem [A.11]), one has:

”Q” oo<’><( s ))
1B~ ()220 < |B7(0) 22y 2 et — g,

S—— >0
=0 by hypothesis -

Consequently B~ = 0in 2 x (0,7 and the statement (i) of the theorem is proved.
Now, we define U (z,t) = HBinit”Loo(Q)@HNHLOO(]R)t—B(ZE, t). We want to prove that U(z,t) >
0in ©Q x (0,7). It fulfills
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U, = div(DVU — QU) + u(S)U + aelrlr=m? in Q% (0,7),

U(z,0) = || Biit|| Lo (@) — Binit(z) in Q,
n - (DpVU = QU) = Q(t)|| Bunitl| oo (e #I==®"  in Ty x (0,7), (23)
n- (DgVU - QU) =0 in Tyan % (0,7),
n-(—DVU) =0 in Toye x (0,7),

\

where a = ([|ull Lo ) — 1(9)| Binitl o< (0)-
We define the new variables UT = max(U, 0) and U~ = —min(U, 0). Multiplying the first
equation of ([23) by U~ and integrating, we have

Ly U (Daqydr = = fo fr, Qe T)(U (2, 7))2dadr

— Jo Jr., @@, )| Bunit ||z (@M= 07U (2, 7)dadr — [ [, Dp(VU™ (,7))2dadr
+ [N o, Qe U (2, 7) VU (2, 7)dzdr + [} [o, 1(S(z, 7)) (U (z,7))2dxdr

+ [3 [ adtlie@t (U= (2, 7))dzdr.

Since @ and U~ are nonnegative, applying Young’s inequality with ¢ > 0 (that we will
choose below), it follows

LU (1) ey < (lQllo@eoimy — D8) o 190 (1) Bz gyl

@l @x oy (T (77—
H(llll o) + =752 Jo 10 ()72 dr-

Choosing € such that €[|Q|| L@ (0,7)) — DB < 0 and applying Gronwall’s Inequality in its
integral form (see Theorem [ATT]), one has:

_ _ oo (g + LN (@ 0.1)
||U (t)H%Q(Q) < ||U (O)H%Z(Q)eQ(HHHL @+ )t

Since U(z,0) > 0, then |[U~(0 )HL2(Q = 0 and, consequently, U~ = 0 in Q x (0,7) and
the statement (ii) of the theorem is proved. O

Theorem 3.7 (Nonnegativity and boundedness of S). Under assumptions of Theorems [31]
and [3.68-(ii), if Se > 0 and Syt > 0 in Q, u is lipschitz and p(0) = 0, then S > 0 in
Q x (0,T). Furthermore, if Sinix € L>=(2), Se € L*(0,T) and p(z) > 0 for z > 0, then
S < max([|Sinit[lLoe (@) [|SellLo(0,1)) in 2 x (0,T).
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Proof. Function S satisfies the following system:

Sy = div(DsVS — QS) — u(S)B in Qx (0,7),
S(l’, 0) = Sinit(x) in Q,
n-(DsVS —QS) =QSe in I'yy, x (0,7), (24)
n(DSVS_QS):O in Dyan X (O7T)a
n-(DsVS)=0 in Loyt x (0,7).
If we define the new variables ST = max(S5,0) and S~ = —min(S5,0), then S = ST — S5~
and multiplying the first equation of ([24]) by S~ and integrating it follows
3 Jo @15~ (DI (ydr = =[5 Jr,, Qe 7)(S™ (2, 7))*dzdr
—fg fFin Q(z,7)Se(7)S™ (z, 7)dadT — fg fQ Ds(vs_(l‘,T))le’dT
(25)

—|—f0 Jo Qz,7)S™ (x,7)VS™ (2, 7)dzdr

+ f(f Jou(S(z,7))B(x,7)S™ (x,7)dxdr.
Under the hypothesis formulated on pu, there exists a constant Cf, such that

| [ fo 1(S(a, 7)) B(a,7)S~ (2, 7)dzdr]
<CL [y fo1S(z, )| Bz, 7)|S™ (2, 7)dadr
< CLlBllrax.1) Jo Jo (S~ (x,7))?dzdr.

Furthermore, since Se, @@ and S~ are nonnegative, coming back to equation (23]), one

obtains -
%fo EHS (1 )H dT < — fo fQ Dg(VS™(z, T))le'dT

—i—fo fQ (x,7)S™ (2, 7)VS™ (z,7)dxdr (26)

+CL|IB|| Loe (0 (0,7)) fo Jo (5™ (z, 7))*dadr.
Moreover, applying Young’s inequality with € > 0 (that will be specified below), one has:

LS () Ragydr < (€@l omy) — D) Ji IIVS~(0) e gyl

1Rl oo (@ x (0,1

T e
+(— 2 4 CL|Bl peegax0.1)) Jo 187 (D172 dT

Choosing € such that €[|Q|| Lo (o (0,7)) — Ds < 0 and applying Gronwall’s Inequality in its
integral form (see Theorem [ATT]), one has:
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19l pee@x 0.7
15~ agy < 15 (O)agey X CUBlmancomn ) = g,

—_———
=0 by hypothesis
Consequently S~ =0 in  x (0,7") and the first statement of the theorem is proved.

Now, we define 8 = max(||Snit|| Lo (), [ Sell L (0,r)) and U(z,t) = 8 — S(=x,t). We want to
prove that U(x,t) > 01in Q x (0,7). It fulfills

( U, = div(DsVU — QU) + u(S)B in Q x (0,7),

U(z,0) = B — Sinit(2) in Q,
n- (DsVU -QU)=Q(B—S.)  inTix(0,T), (27)
n- (DSVU — QU) =0 in Fwall X (O,T),
n- (DsVU) =0 in Tous % (0, 7).
We define the new variables UT = max(U,0) and U~ = — min(U, 0). Multiplying the first

equation of ([27) by U~ and integrating, it follows

3 o & IU™ (D2 0ydr = = Jo ., QU™ (2, 7)) dadr
fo fF (x,7)(B — Se(T ))U_(ac,T)dxdT—f(;5 Jo Ds(VU™ (z,7))*dadr
—i—fo o Q (x, 7)VU (x,7)dzdr — fo Jou(S(x,7))B(x,7) U~ (2, 7)dzdr.

Since S(x,t) > 0in Q2 x (0,7), by the hypothesis formulated on x4 one has that p(S(z,t)) >
0. Furthermore, taking into account that @), B and U~ are nonnegative (see Theorem [3.0)),
applying Young’s inequality B6 with ¢ > 0 (chosen below), one has

LU (D) Radr < (ElQl o @niory — D) fif IVU~ (7|22 dr

+||Q||L°°(Q><(O T)) fO 1T~ ( dr.

()

Choosing € such that €||Q|| L (@x(0,r)) — DB < 0 and applying Gronwall’s Inequality in its
integral form (see Theorem [ATT]), one obtains

_ _ 190l Loo @x (0,1))
U= Oy < 10O Bagye s,
Since U(x,0) > 0, then [[U(0 )HLQ(Q = 0 and, consequently, U~ = 0 in Q x (0,7") and
the second statement of the theorem is proved. Ol

Remark 3.8. Notice that we assume that (), Se, Binit and Sinit are nonnegative and essentially
bounded because of their physical meaning. The assumption (1(0) = 0 is due to the fact that if
there is no substrate concentration, no reaction is produced; the assumption p(z) >0 if z >0
follows from the fact that if there is substrate, the reaction makes the substrate concentration
decrease and the biomass concentration increase (see System (1)). These two assumptions,
together with the hypothesis that p is an increasing function (assumed in Theorem [3.9) are
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commonly used in bioreactor theory (see e.g, [24]) . Furthermore, the assumption of consid-
ering that function u is essentially bounded is a caused by the fact that microorganisms have
a mazimum specific growth rate.

Finally, we prove the uniqueness of solution of System ().

Theorem 3.9 (Uniqueness of solution). Under the hypothesis of Theorem and if p is
increasing and Lipschitz, then System (1) has a unique weak solution (S, B).

Proof. Let us assume that (51, B1) and (52, B2) are two different weak solutions of System
). We denote V=51 — So, W = B; — By and V = e MV, W = e MW, where A > 0
will be chosen later. Proceeding as in previous theorems, we can obtain the following energy
estimate:

VDo) + A o IVEOR2dr + fy S, Qe 7V (@, 7)2dzdr
+Ds fOTHvV( D22 dr = Jo Jo QV (2, 7)VV (2, 7)dedr
(28)

+/0T6AT/Q <N(52($,T))BQ(£L’,T)—[L(Sl(l',T))Bl(SC,T))V(x’T)dxdT'

J/

~~

(1)

Now,
= Jo € Jo1(Si(2. 7)) (Baa, 7) = By, 7))V (a, 7)dadr
+ foT e Jq <N(S2(957 7)) — u(S1(z, T)))Bz(x, )V (x, 7)dzdr.

Since p is increasing, (,u(Sg(a:,T)) — M(Sl(x,T))>(Sl (x,7) — S2(x,7)) < 0. Moreover, by
Theorem B8] it follows that By > 0 in 2 x (0,7), and

(1)

IN

el ooy Sy Joy IV (a2, ) [|W (2, 7) | daed T

| /\

Illeewy (717 (712, @ H W ()72 g))dr.

Coming back to (28]) and applying Holder’s and Young’s inequality ([B6) with e; > 0 (that
will be chosen later), one has:

VD) 220y + (A = el @l z@xomy — 572 ) fo 1V (722 qydr
1Ql Loo (2 (o, T -
Jo Jro QT (2, 7)?dudr + (Ds — 0D ) [TIGT (7)|2, o dr  (29)

[l oo T 17
< wao ||W(T)||%2(Q)d7-'
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Proceeding analogously, we obtain the following energy estimate

_ T _
HW (D) 2oy + Mo IWOIZadr + fo Jr,, @, 7)W (z,7)2dadr

+Dsp fo VW (7 )HL2(Q dr = fOT fQ QW (z, 7)VW (2, 7)dxdr
(30)

T
+\/0 e_’\T/Q(,u(Sl(x,T))Bl(x,T)—,u(Sg(a:,T))BQ(I,T))W(x,T)daEdT.

>

(1)
Now,

= [T [ 1(S1 (2, )W (2, 7)2dadr

T Jo € fo (1(S1(2,7)) = u(Sa(@,7)) ) Bala, )W (w, 7)dadr.

Using the fact that p is Lipschitz, there exist some constant C7, > 0 such that
T =
(1) < [l ey Jo IW O 20)d7 + Cr fy Jo IW (2, 7)V (2, 7) Ba(a, 7)|dwdl 7.

Since By € L>®(Q2 x (0,T)) (see Theorem B.0)), applying Young’s inequality ([B6]) with ¢ = %,
one obtains

T =
(U1) < alooqry ST I ()22 0ydr
W3 (Gl
+CL||B2(7')HLOO(Qx(0,T)) fOT( 2L2(m + L2(Q )d7'~
Coming back to equation (30), it follows that

2HW LQ(Q + fO fFout W(QS‘, T)zdl‘dT

CLlBz[lLo @x (0. T 17
+(A—ezr|Q|\Loo<M,T>)—uunmm)— AP 0 ) [V (1) [ gy 7

(31)
+(Dp — =) 11V (7)3, gy dr
S CLHB2||LO2°(QX(O,T)) fOT HV )||2
Finally, adding equations (29) and (BII), we obtain
LUV Oy + 17 (O)12q)
llall oo CrlBz2ll Lo (2x o, T 117
O = 1l Q om0y — i — ColPelizoxtoirny (7 2, o r
_ CLlBz2llLo (xqo, T\
+(A = ellQll L @x o) — sl L@y — =7 =) [§ IW(T)[[2pdT  (32)

€2

QI oo (@ x (o, T =
+(Dp — — e [ IVW (7)1 20y dT

IQl@xony (T ot
+(Dg — TRy (177 (7)|2, o dr < 0.
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. HQ”LOO Qx(0,T ||QHL°0 Qx(0,T
Choosing €1 > w, €9 > w and

CL|| Bz Lo (@x(0,1))

A
” 2

3
+max{er, 2} Qll L @xo,r)) + Il =),

it follows that HW“LQ(QTJ{I(Q)) + ||‘7HL2(07T7H1(Q)) = 0, which implies that W = V = 0 in
Q% (0,7).

Consequently S = Se and By = By in  x (0,7) and we have proved the statement of
Theorem [3.9 Ol

4 Conclusion

In this work, we have focused on the modeling of a continuous flow bioreactor in which a
biomass and a substrate are interacting. We have carried out a mathematical analysis of the
system of partial differential equations appearing in the model. We have stated the definition
of solution and we have proved theoretical results showing the existence and uniqueness of
solution under the assumptions of both linear and nonlinear reaction terms. We have also
shown non-negativity and boundedness results for the solution. The results shown in this
work are of interest for the study of this type of bioreactor models, their design and the
optimization of the corresponding processes (see, e.g., [5 [I1]).
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A Classical existence and uniqueness results

A.1 Classical results regarding linear parabolic boundary value problems

We consider V', H Hilbert spaces with associated norms || - || and |- |, V' C H and such that
V is dense on H. If we identify V'’ with the dual of V, it follows that

VcHCcCV.
Let us consider V = L%(0,7,V) and H = L?(0,T, H), where if X is a Hilbert Space,
L?(0,T, X) denotes the space of Lebesgue measurable functions f : (0,7) — X and such that

T
2 1)} < oo,
( /0 1£(1)%dt)} <

Then, it follows that V' = L?(0,T,V").
We also consider the space

d
W (0,T,V,V') = {ulu € L*0,T,V), di; € LX(0,T,V')},

with the norm
T 2 T du 2 1
lwllw o,7,v,v = ( ; [u(t)[[-dt + ; IIE(f)IIV/dt)Q-

Theorem A.1 (Theorem 3.1 and Proposition 2.1 in [19]).
w(0,T,V, V') c C°([0,T), H).

Let a(t,-,-) a bilinear and continuous form on V', a.e.t € (0,7T), satisfying the following
conditions:

YuveV the function ¢t — a(t,u,v) is measurable and
(33)
JdeeR: |a(t,u,v)| < clull]v]| Vu,v € V, a.et € [0,7T].
There exists A, « > 0 such that
a(t,v,v) + ANv|*> > afjv||? Yo eV, aetel0,T]. (34)

Since a.e. t € (0,7T), the form v — a(t,u,v) is continuous on V, there exists A(t)u € V'
such that
a(t,u,v) =< A(t)u,v >yrxy,
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which defines
A(t) € L(V, V).

Let us consider the following evolution problem
Find v € W(0,T,V, V') such that
Atyu+ %% = f, where f € L2(0,T,V"), (35)
y(0) = wo, where uy € H.

Definition A.2. We say that u is a weak solution of (34), if it satisfies

d

S(u(),0) +a(u(),0) =< FO)0 Sy for allv e,

in the sense of D'(]0,T[), which means that the three terms of the equation above are to be
considered as distributions in t.

Theorem A.3 (Theorem 1.2, Chapter III [18]). Assume Hypothesis (33) and (3])) hold. Then
Problem (33) has a unique weak solution.
A.2 Fixed Point Theorem

Theorem A.4 (Schauder Fixed Point Theorem: Theorem 3, Chapter IX [8]). Assume X is
a Banach space, K C X is compact and conver, and assume also

A K —K

18 continuous. Then, A has a fixed point in K.

A.3 Embedding Theorems

Definition A.5 (Compact operator). Assume X,Y are Banach Spaces. We say that the
operator f : X — Y is compact if given U C X bounded, f(U) is precompact in'Y, i.e., f(U)
is compact in'Y .

Definition A.6 (Compact embedding). Assume X,Y are Banach Spaces. We say that X C
Y is compactly embedded if the identity operator id : X — Y is compact.

Lemma A.7 (Aubin-Lions Compactness Lemma). Let X C B C'Y Banach spaces such that
the inclusion X C B 1is a compact embedding. Then, for any 1 < p < oo, 1 < q < oo, the

space
df

{f:f€LP(0,1,X) and 3 € LY(0,T,Y)}

is compact embedded in LP(0,T, B).

Remark A.8. Particularly, if q=p =2, X = H(Q) and B = L*(Q) and Y = (H'(Q))" it
follows that
W(0,T, H'(Q), (H'(Q))) € L*(0,T, L*(€),

with compact embedding.
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A.4 Trace Theorem

Theorem A.9 (Theorem 3.27,[23]). If Q@ C R" is open and Lipschitz-regular and T' = §SQ,
the trace operator v : H*(Q) — L*(T') defined as v(u) = u|r is well defined and continuous,
i.e., there exists a constant Ct > 0 such that

[yl 2y < Crllullgr)-

A.5 Inequalities
Proposition A.10 (Young’s Inequality with € > 0 [§]).

b2
ab§6a2+£ ,Va,b € R,e > 0. (36)
Theorem A.11 (Gronwall’s Inequality in its integral form [27]). Let £(-), x(-) and ¥ (-) be
real continuous functions defined on an interval [a,b] and such that x(t) > 0, for t in [a,b],

and .
e(t) < / e(s)x(s)ds + ¥(t) for all t € [a,b].
Then,

t
et) < o(t) + / X(S)¢(S)€f: vludugg for all t € [a,b].
Furthermore, if ¢ is constant, then it follows

e(t) < wefat X()ds for qll t € [a, b]

A.6 Functional Analysis

Definition A.12. Let X a Banach Space and X' its dual. We say that (fy)n, C X' converges
to f € X' in the weak-+ topology, and we denote it by fo — f, if

n—0oo
< fo,® >xrxx = < [, >xixx
for every x € X.

Theorem A.13 (Banach-Alouglu-Bourbaki (Theorem 3.16, [6]). Let X be a Banach space
and X' its dual. The unit ball

By ={feX | Ifllx <1}
is compact in the weak-+ topology.

Theorem A.14 (Theorem 3.18, [6]). Let X a separable space and {fn}n C X' a bounded
sequence, then there exists a subsequence {fn, }r that converges in the weak-x topology to
some f € X'.

Theorem A.15 (Theorem 4.9, [6]). Let 1 < p <oo. If {fu}n C LP(Q) and f € LP(Q), such
that || fo — fllzeg) — O, then there exists a subsequence {fu }r such that fu, — f almost
everywhere in Q.

Theorem A.16 (Proposition 3.13(iv), [6]). If {fu}n C X' converges to f € X' in the weak-x
topology, {xn}n C X, © € X such that ||z, — x||x — 0, then

< foy o Sxixx—< f, 0 >xxx -
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