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PREFACE

These notes are intended for a one-semester Quantum Physics II course at the Universidad
Complutense de Madrid, presuming familiarity with Quantum Physics I, and in particular
with the hydrogen atom and the harmonic oscillator. Although far from being a book,
they stem from many excellent books and lecture notes, including those in the subsequent
bibliography. The choice of content, the order in which the different topics are presented,
and in many cases, their reformulation, are, however, my own. Feedback on the content is
very welcome, especially if you identify typos or places where the text lacks clarity.!

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License. You are permitted to copy and share this document in its entirety
for noncommercial purposes; however, creating and distributing modified versions, using it
for commercial purposes or uploading it in money-based platforms like Wuolah is not allowed.

The content is organized as follows. After a quick recap of wave mechanics in Chapter
1, Chapter 2 introduces the concept of spin through the so-called Stern-Gerlach experiment.
Choosing this spin first approach has contextual and mathematical advantages. On the one
hand, the inherently quantum mechanical nature of spin will force us to leave behind any
reliance on classical physics’ descriptions. On the other hand, the spin one-half system is
one of the simplest and most instructive quantum setups, making it the perfect candidate for
illustrating the foundational principles of quantum mechanics. This will be done in Chapter 3,
where we will present the abstract mathematical formalism, ideas and postulates of quantum
mechanics. Throughout this journey, we will discover that a plethora of unrelated physical
systems and phenomena, ranging from simple molecules to neutrino and kaon oscillations, can
be formally brought down to the aforementioned spin one-half setup, as explicitly illustrated
in Chapter 4. A detailed treatment of composite systems, statistical mixtures and identical
particles is then presented in Chapter 5. The peculiar attributes of spin will prompt us to
study the algebraic theory of angular momentum in Chapter 6. Finally, Chapters 7 and 8
provide a good collection of tools and approximation methods to deal with realistic quantum
mechanical systems, covering topics such bound states and relativistic quantum corrections,
which we discuss in detail in Chapter 9.

Quantum mechanics, at this level, presents a dual nature: it is conceptually and com-
putationally challenging. While this course will certainly demand a considerable effort from
your side, it will also offer a delightful experience, confronting you for the very first time with
the practical applications of quantum mechanics. In order to facilitate the understanding of
the different topics, I have prepared a handful of supplementary materials:

!Please send comments and corrections to javier.rubio@ucm.es.
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CONTENTS

e Examples: I have made an effort to supplement the theoretical developments with
detailed examples illustrating the most important results. These should, be considered,
however, as examinable material.

e Solved and proposed exercises:

Practicing exercises in quantum mechanics is as essential as swimming practice for
learning to swim or regular training for building muscles. Just as you can’t expect
to master swimming by jumping into the water once, you can’t fully grasp quantum
mechanics by simply reading these lecture notes or passively attending my lectures. To
aid your training, I’ve compiled a collection of over 150 exercises.

At the end of each chapter, you will find a selection of worked-out exercises. These
exercises come with full, detailed solutions and are intended to reinforce the chapter’s
main concepts, illustrate key techniques, and provide worked examples to support your
learning and problem-solving skills.

Immediately following the solved examples, you will encounter the Proposed FExercises.
These problems are left for you to solve independently and range in difficulty from
straightforward applications to more challenging questions that require a deeper under-
standing. These are categorized as follows:

— W Exercises marked with this symbol should be understood as essential problems
you should master to excel in the midterm test and the final examination. Some
of these will be addressed during the exercise sessions.

- /p Exercises marked with this symbol typically involve deriving specific identities
provided without proof during the lessons or exploring more formal aspects of the
course not strictly necessary in a first encounter with the subject. On general
grounds, they will not be covered during the exercise sessions.

@ Exercises marked with this symbol often require thoughtful consideration of
the problem’s formulation before proceeding with calculations. Though usually too
involved for an exam, some of them offer valuable insights and will be discussed
during the exercise sessions.
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CHAPTER 1

AN EXECUTIVE SUMMARY OF WAVE MECHANICS

I insist upon the view that ’all is waves’.

ERWIN SCHRODINGER IN A LETTER TO JOHN LIGHTON SYNGE, 1959.

In this introductory chapter, we provide an overall picture of wave quantum mechanics,
discuss its more important and surprising features, and introduce a series of concepts that
will be important during the whole course. We start our discussion by introducing the
Hamilton-Jacobi equation, which Schrodinger himself used as the starting point for deriving
his seminal time-independent quantum wave equation (E.Schrédinger, An Undulatory Theory
of the Mechanics of Atoms and Molecules, Physical Review (1926) Vol. 28, No. 6 pp. 1049-
1070).

1.1 The Hamilton-Jacobi equation

Classical mechanics can be formulated through four fundamental approaches: the Newto-
nian, the Lagrangian, the Hamiltonian, and the Hamilton-Jacobi formalisms. The last one,
in particular, offers a refined framework for analyzing Lagrangian systems, encompassing
both geometrical optics and classical mechanics, and establishing a profound link between
trajectories and wave-like behavior.

A transformation (g;, p;) — (Qq, P;) of the spatial coordinates ¢; and canonical momenta

pi (i=1,2,...,n) of an n-dimensional system is said to be canonical if it preserves the form
of the Hamilton equations, namely
dqg; OH dp; OH dQ; 0K dP; oK
dg; _OH — dpi_ OH = dQ; 0K 9
dt api dt 8qi dt GPZ dt 8@1
The new Hamiltonian K is related to the original Hamiltonian H as
OF

K (Qi, P;,t) = H (q;, pi, t) + (1.2)

ot’
with F' the generating function of the canonical transformation, which can take the alternative
forms F (qi, Qi,t), F (qi, Pi,t), F (pi, Qi,t) or F (p;, P;,t). The so-called Hamilton’s princi-
ple function S = F(q;, P;,t) is the specific generating function for which the transformed
Hamiltonian K vanishes, leading to the equation,

oS

H(pr’bvt)



1.1 The Hamilton-Jacobi equation 3

In this case, the transformation equations relating coordinates and momenta take the form

oS oS

;= , ;= ) 1.4

Pi= g @i=5p (1.4)

Substituting the first of these expressions into (1.3), we obtain the seminal Hamilton-Jacobi
equation,

oS 08
H(q,— — =0. 1.5
(q >, ) . (15)

The solution of this partial differential equation provides the function S, and with it the
equations of motion of the system when Q); and F; are identified with initial values of the
coordinates and momenta (the variables @ and P remain constant with time, cf. (1.1)).! In
particular, the set of equations

98 (qi, P, t)
_ ) 1.6
Q=2 (16)
can be inverted to express the coordinates ¢; in terms of the transformed variables
¢ = q(Qi, Pi,t) . (1.7)
The momenta p; are then obtained using
oS (q;, P, t
i = (‘g’ 1) . (1.8)
i 9i=q(Qi,P;,t)

Since the variables P; remain constant, the Hamilton’s principal function S depends only on
q; and t, i.e.

ds = Z dql Sdt. (1.9)

Making use of Eq. (1.3) and the first expression in (1.4), we have therefore

n

Z @—H L, (1.10)

with L (g;,dgq;/dt,t) the Lagrangian. Integrating this equation, identifies S as the action or
indefinite time integral of the Lagrangian,

S = /Ldt+constant. (1.11)

Note that while the Newtonian, Lagrangian, and Hamiltonian formalisms ultimately give rise
to systems of coupled ordinary differential equations, often with a large number of variables,
the Hamilton-Jacobi equation elegantly consolidates this complexity into a single partial
differential equation for the action S, a quantity that plays only a minor explicit role in the
other formalisms. Moreover, while the equations of motion in these traditional approaches
depend on the gradient of the potential, the Hamilton-Jacobi equation uniquely incorporates
V(z) in its undifferentiated form.

1We are not suggesting that solving this differential equation is straightforward in general, but rather that
we know the number of integration constants required in the final solution.



1.1 The Hamilton-Jacobi equation

D>

The Hamiltonian of a free particle in one-dimension, H = %, is independent of the
coordinate x, meaning it does not explicitly depend on the generalized coordinate

qg=z,
95\ 1 (9S\?
=)= (55) =3 ()

The corresponding Hamilton-Jacobi equation,

oS oS
H —t — =0
(Q7 6(] ? ) at 9
98 _ _1 (98
ot 2m\oxz /)
Since the right-hand side of this expression is independent of time, we can express S
as

takes then the form

S =W(z)— Et. (1.12)

with W (x) the so-called Hamilton’s characteristic function. We then have

2
_E:_L<88) — g—S:\/2mEEa — W(@)=az+C,
X

om \ 0z

and consequently

o

S(z,t) =ax+C — %t.

Taking now into account that K = H + %—f =0, we get
2 2
o
;L—z—:o — p = a = constant,
m m

and therefore )

Do
S (xz,po,t) = poxr — —t.
(z,p0:t) = po om
where we have used the freedom to add an arbitrary constant to S to set C' = 0. Since

08 _ 05 _  po

the solution of the original problem is
Po
T = Q + —t, P =Dpo,
m

with the new canonical variables (@, P) corresponding to the initial position xzy and
the initial momentum pyg.



1.2 The Schrodinger equation 5

For reasons that will become evident soon, let us consider the Hamilton-Jacobi equation
(1.5) for a non-relativistic particle of mass m moving along the z-axis under the influence of
a real-valued potential V' (z) € R,

1 /08\2 oS
m(w) +V+ oo =0, (1.13)

and introduce a quantity

o(z,t) = exp (— S(;O’t)> : (1.14)

with Sy a constant with dimensions of action. Inverting this expression, S = —Spln ¢, and
differentiating the result with respect to x and ¢, we obtain
oS Sp 0 oS Sp 0
9o _ 2098 S (1.15)
Ox v Oz ot p Ot

Differentiating now the first of these equations with respect to z,

8290_ 1 0pdS 1 0°8

ge_ w9 - 02 1.16
0z2 Sp Ox Oz SogoﬁxZ ’ (1.16)
and combining it with the result of differentiating the first transformation in (1.4),
%8 Op, d (Ox
2 _—m— (=) =0 1.17
922~ 9z dt <8m> ’ (1.17)
results in ) -
oS S5 0%
— ] = ——=. 1.18
< oz > © Ox? (1.18)
This allows us to express Eq. (1.13) as a wave equation
Op SN
— = —== . 1.1
505200 = (52 75+ V(@) ) (ot (1.19)

Note that, although ¢ is dimensionless by definition in (1.14) , this expression remains valid
when ¢ is scaled by any dimensional constant necessary for its proper physical interpretation
in a specific application.

1.2 The Schrodinger equation

In quantum mechanics, the evolution of a non-relativistic particle of mass m moving along
the z-axis? under the influence of a real-valued potential V' (z) € R is described by a partial
differential equation, the so-called Schridinger equation

L 0p . n? 02 L 0p .
zha(x,t) = <_%W + V(x)) o(x,t), <+— zha(m,t) = Hp(z,t). (1.20)

2The restriction to one dimension is just done for the sake of clarity; generalization to three dimensions is
straightforward.
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Here i = 1.054 x 10734J -s = 6.5822 x 1071%V - s is the reduced Planck constant (pro-
nounced “h-bar”), p(z,t) is the wave function of the system, and the differential operator in
parentheses is the Hamiltonian of the theory.

The similarity between the quantum Schrédinger equation (1.20) and the classical Hamilton-
Jacobi equation (1.19) is apparent. A simple inspection of Eq. (1.20) reveals several interest-
ing facts:

e The Schrodinger equation is linear in the wave function, since the operator H does not
depend itself on it and

L(ay) =alLy, L (p1+@2) = Lo1 + L,
with 5
L=ili— —H 1.21
Mot (1.21)

and a a constant that, as we will discuss below, does need not be real. Therefore, any
linear superposition of solutions with arbitrary coefficients is also a solution. This makes
quantum mechanics much simpler than many classical theories. Consider for instance
the corresponding 1-dimensional Newton’s equation of motion for a non-relativistic
particle of mass m moving in a time-independent potential V' (x),

d?x(t)

m—
dt?

= —V'[z(t)]. (1.22)
Since the function V'[z(t)] = 0V (2)/0x|,—y) is generically non-linear in its argument,

V'(ax(t)) # aV'(x(t)), V/(@1(t) + 22(t) # V' (21(8) + V(22(8),  (1.23)

neither the scaling of a solution by a constant nor the superposition of solutions are
guaranteed to be a solution.

e The Hamiltonian is a Hermitian operator, meaning that for any single-valued? functions
f and ¢ vanishing at infinity we have

[z s(119) = [ ds(atpys. (1.24)

This is a trivial condition for the potential term V and also true for the operator 92 /9z>
(or the corresponding Laplacian in 3 dimensions), as can be easily seen be integrating

the identity
2f\" . [0? 0 f\"* L (0
() o0 G) - |) s ()] o

e The wave function is necessarily complex since otherwise the right-hand side of Eq. (1.20)
would be real, while the left-hand side would be imaginary due to the 7 factor. Note
that is a very unusual situation. Indeed, although we are certainly used to deal with
complex numbers in physics, most of the time they are just convenient tools, not an

3This condition avoids multiple probability values, see below.
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absolute necessity! Consider, for instance, the electric field associated to a circularly
polarized wave moving along the z axis,

B(z,t) = Re (Eo(éx + igy)e“’fmt)) ,

with €, €, unitary vectors.

While this expression involves auxiliary complex numbers making it look nice and com-
pact, the electric field is at the very end a real quantity,

—

E(z,t) = Eycos(kz — wt)é, — Egsin(kz — wt)éy, (1.26)

and so are the Maxwell equations! On the contrary, in quantum mechanics, both the
Schrodinger equation and the dynamical variable ¢(z,t) are fundamentally complex,
posing immediately a question on the physical interpretation of the wave function, since
we just measure real quantities. This problem motivated Bohr to construct the most
immediate real object one can derive from a complex number: its norm,

©*(x, )p(z,t) = |p(z,t)]* € R. (1.27)

This positive-definite quantity is then interpreted as a probability density for the particle
to be near x at time t.* Imposing that the particle can be found somewhere at any
time with unit probability leads to the wave function normalization condition

oo
/ do [ o(z, ) = 1. (1.28)
— 0o

For square integrable functions, this normalization can be easily achieved by a trivial
rescaling of p(z), with the resulting wave function representing a physical state. On the
other hand, if the integral of |¢(z,t)|? diverges, there is no possible rescaling leading to
the fulfillment of the normalization condition (1.28), meaning that such a non-square
integrable function does not represent a physical state. Note finally that the normaliza-
tion condition allows us to quickly figure out the wave function units. In particular, in
one dimension, since dx has the units of length and probabilities are unitless, we have

] = 1/y/length.

4This probabilistic interpretation was opposed by many renowned physicists such as Einstein or Schrédinger
itself and led to many debates along the years, most notably at the Solvay Conference in 1927. Although
carefully explained in many books, we will not cover the interpretations of quantum mechanics in this course.
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e The Schrodinger equation is a first-order differential equation in time. Therefore, in
spite of the above probabilistic interpretation, the specification of the wave function all
over space at an arbitrary initial time ty determines the wave function of the system
at all times. The linearity of the equation guarantees also that the normalization
condition (1.28) is necessarily conserved. Indeed, denoting the normalization as N(t) =
[, da|p(x,t)* and differentiating with respect to time, we get

*

AN d [™ d Lo det
dt_dt/_ lp l’t|d$—/ |go.7ct 2de — dt(gp«p) @dt—l—d =0,
(1.29)

where we have made use of the Leibniz’s rule

d [? bof db da
dt/ f(x,t)da;—/a Oty de+ 0,05 — )

with constant integration limits for differentiating under the integral sign and taken into
account the time-dependent Schrodinger equation (1.20) and its complex conjugate
—ihd ¢*/0t = ¢*H, where the Hermiticity of H is implicitly used. This result is
important since, if the wave function at later times were not normalized, then the
probability interpretation of quantum mechanics would not work.

e The Schrodinger equation for time-independent potentials is invariant under time-
reversal, T : p(z,t) — ¢*(z,—t), with the factor of i on the left-hand side playing
once again a crucial role in this invariance. In this case, the equation admits separable
solutions of the form

Zan exp( i t) on(), (1.30)

with the stationary functions® ¢, (z) obeying the time-independent Schrédinger equa-
tion

h2

_%@Z(m) +V(@)pn(z) = Enpn(z), +—  Hpn(z) = Enpn(z), (1.31)

and F, the energies of these solutions, which, as follows, from (1.24), are necessarily
real,

B, [ dugien = [ dogin(Hon) = [ do(Hon)'u =B, [dovton,  (0=m).

(1.32)
As any other second-order linear differential equation, Eq. (1.31) displays two linearly
independent solutions with symmetry and continuity properties depending on the spe-
cific potential V(z). Regarding continuity, if the potential varies continuously with
respect to x, the wave function ¢(x) will be continuous and at least two-times differ-
entiable in that variable. Moreover, if V(z) exhibits a finite discontinuity at a certain
point, both ¢(z) and ¢'(x) will remain continuous at that specific point. However, if
the potential features an infinite discontinuity at a particular location, ¢(x) will retain

The states only change by a phase, hence the name. Note, also, that the associated probability |¢(x,t)|* =
|an|? does not change with time.
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its continuity at that point, but ¢'(z) will not. Regarding symmetry, potentials invari-
ant under parity transformations or reflections about the origin, V(—z) = V(x), will
display wave functions that are either symmetric or antisymmetric under reflections.

o If we multiply (1.31) by ¢} (z), integrate over x and perform a partial integration we
obtain

2
Bo= o [deli@l + [dav@lon@P > [dev@le@P. (39

meaning that if the potential has a global minimum, one has

E, > /dx V(m)\cpn(a:)|2 > Vmin/dm |<pn(x)|2 = Viin — B, >Vain. (1.34)

1.3 Some exact solutions

For future reference, we summarize here some standard solutions of the Schrodinger equation
(1.31) (or its 3D version), as usually done in Quantum Physics I courses. Alternative algebraic
approaches to the harmonic oscillator and the hydrogen atom can be found in Appendices A
and (B). The knowledge of these solutions will be taken for granted in this course.

1.3.1 The free particle

Consider the Hamiltonian of a free particle of mass m,
p
H=—. 1.35
- (1.35)
The solution of the corresponding corresponding time-independent Schrédinger equation
(1.31),

n? d?
%@80(90) = Ep(z), (1.36)
are the momentum eigenstates
1 ipp
wplan) = \/ﬁeh (1.37)
with
2
p

Taking into account that these momentum eigenstates are also energy eigenstates, the formal
solution of the time-dependent Schrédinger equation can be written as

o dp 7it+1px
go(l‘,t): 27[‘7180(1)70)6 Zmht R (139)
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with ¢(p,0) the initial wave function in the momentum representation. For a normalized
Gaussian wavepacket

1
20271 ,ﬁ( —po)?
ol = | 2] oo (1.40)

describing a superposition of momentum eigenstates with momenta centered around pg and
probability amplitudes becoming small as |p — po| > h/o, we have, for instance,

2 (z—pot/m)? it
Iw(w,t)QZ%;‘We bt (POl M) R =0t + (1.41)

This describes a Gaussian wavepacket moving with velocity pg/m while broadening in time

) o?(t) = o® + (ht>2 : (1.42)

2mo

1.3.2 The infinite potential well

Consider a quantum particle confined within a one-dimensional potential well

V(x):{o ifo<az<L. (1.43)

oo otherwise.

Requiring the finite-energy solutions of the corresponding time-independent Schrodinger

equation (1.31) for 0 <z < L,
2mE
1/ o (1.44)

to satisfy the boundary conditions ¢(0) = ¢(L) = 0 determines the integration constant
A = 0 and leads to the quantization of the wavenumber k = 7n/L and the associated energy
levels

o(x) = Acos(kx) + Bsin(kx) , k

h2m2n2

En—m, n:1,2,3,..., (145)

The second integration constant B is fixed, up to a physically irrelevant phase, by the nor-
malization condition

/Oa de [p(z)]2 = 1. (1.46)

The resulting normalized energy eigenstates

on(z) = \/%Sin (%m) (1.47)

are either symmetric or antisymmetric under reflections about x = L/2. Note that, in
general, the n-th excited state has n nodes, as expected from the node theorem (Sturm-
Lioville theorem).
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1.3.3 The harmonic oscillator

Consider a quantum particle of mass m confined in a one-dimensional harmonic oscillator
potential of frequency w,

1
V(z) = gmw2m2. (1.48)

To solve the corresponding time-independent Schrodinger equation, we define the dimension-
less variable

u= %x (1.49)
In terms of this quantity, Eq. (1.31) becomes
dQSO 2
WJr(e—u)cp:o, (1.50)
with
2B (1.51)
= — .
hw

a dimensionless energy. Introducing in (1.50) an ansatz of the form

w2

() = v(u)e ™ | (1.52)
and performing some trivial simplifications, we obtain a Hermite equation
V" —2uv’ + 2nv =0, 2n=e—1, (1.53)

that can be tackled by complex variable methods. To this end, let us consider an integral
form solution

U@:/wwwﬁ, (1.54)

with v an as-yet unspecified contour in the complex and Y (¢) a function to be determined in
what follows. Taking the first and second derivatives of v(u),

v = / U Y (t)dt v = / "2y (t)dt (1.55)
gl v
we can write
d
' = / tY (t) (ue™dt) = / tY (t)de"t = tY(t)e“t\f - / e"t—(tY (1)), (1.56)
gl gl v dt
with A and B the end points of the contour . Imposing this contour to satisfy

ty (t)e”|% =0, (1.57)

the previous expression reduces to

qw:—/wﬂawm. (1.58)
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Inserting this result and the equations in (1.55) into the Hermite equation (1.53), we arrive
to a first order ordinary differential equation for Y (),

Leuf <2$(tY(t)) + (t* +2n) Y(t)) dt=0 — %(tY) + <t22 + n) V=0, (L59)

that can be integrated by separation variables. Defining Z(t) = tY (t), we get

az
i <t+n>Z—O — - =

t n 1 t2
- =4+ = — Z(t)= —e 7 1.
5 7 ( + t) dt (t) e 1, ( 60)

2

and therefore

YO = et o= |

~

1 ut—ﬁ _u? 1 ut—ﬁ
s dt, p(u)=e 2 s dt.  (1.61)
g

The resulting wave function ¢(u) turns out to be normalizable only if n is a non-negative
integer. By Eqs. (1.51) and (1.53), this implies the quantization of the energy spectrum,

E:%szhw(n—l—%) : (1.62)

The function v(u) in (1.61) can be recast in a more familiar form by completing the squares
in the exponentia,

1 2 1 2 9 0 2 1 ()2
v(u):i{tnﬂe“t 4dt:7£tn+1e“t T = e fitnﬂe (u=3) dt, (1.63)

and introducing a displaced integration variable z = u — % Dropping an irrelevant constant
factor, we get

22
u2 €
U(U) = e %}/ mdz, (164)

with 7/ a contour encircling the point z = u. Taking now into account the Cauchy’s formula
for the derivatives of homolomorfic functions,

d*f(u) _ k! f(z)
we can rewrite v(u) as a Hermite polynomial of order n, ©
u? d"” _u2 n u? d"” _u2 L%J m on—2mp| n—om
’U(U) =€ M@ — Hn(u) = (*1) (& M@ = (7].) mu .

m=0
(1.66)
Note that this is not a general formula for the polynomials themselves-just an algorithms for

calculating them. The corresponding wave function ¢(u) takes the form

1 1 u?

p(u) = \/—Nson(U) = WG_THMU), (1.67)

SHermite’s polynomials H,, (u) are defined with an additional factor of (—1)™ to keep positive the coefficient
next to the highest power of the argument.
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with N a normalization factor determined by imposing

N = / o2 du=1. (1.68)
Using (1.66) and integrating by part n times,
N = / e " H2(u)du = / (—1)"H, (u) duN = / du, (1.69)
oo oo du" du”
we get
d"H, o
S =2l and N = 2%!/ e % du = 2"nl/T . (1.70)
U —00

Note, once again, that, the n-th excited state has n nodes.

1.3.4 The hydrogen atom

Consider a hydrogen-like ion involving a single electron and a nucleus of charge Ze. Neglecting
the spin degrees of freedom and other relativistic effects, the Hamiltonian of the 3-dimensional
system can be approximated by

9 - 2
VA
H= o P 20 (1.71)
2m,  2me  |Te — T

with e = ¢2/(47ep). The corresponding time-independent Schrédinger equation in the posi-
tion representation takes the form

h? h? Ze?
—— V- —VZ— FoyTn) = Bo(Fe, ). 1.72
o " 2me | — Tl ©(Te, ) ©(Te, ) ( )
Introducing the center-of-mass coordinates
7= Mele - Mnln P i (1.73)

Me + My,

we can rewrite the kinetic terms in this expression as

R _, A2 G 1 1
— — | —VZ 4+ V2 1.74
2my, no2m 2 |me+m, & + m Tl ( )
with em
m= e (1.75)
Me + My,

the reduced mass of the system, which for m, ~ 1836 m. coincides approximately with the
mass of the electron, m ~ 0.999 m.. The full Schrédinger equation (1.72) becomes therefore

h2 5 h2 ) Z62 . .
[_2(me+mn)vﬁ o VT T} P(R,T) = Ep(R,7), (1.76)

with r = |7]. To solve this equation, we separate variables as ¢(R, 7) = ®(R)¢(7), obtaining
a sum of two independent terms

1 [_ h?
@(E) Q(me + mn)

-, 1 h2 Ze?
2 [ —
VRCD(R)] + [ Zy .

o — V2 } o(r)=F, (1.77)
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which must individually equal a constant. This splits effectively the Schrodinger equation
into two separate parts, one associated with the center-of-mass motion

R

2(me +my,) 50 (R) = Een®(R), (1.78)

and one with the relative motion of the two particles

2 62
-5 25 o) = B, (1.79)

with F = Ecoum + E,- the total energy of the system. The solution for the center-of-mass piece
is completely straightforward,

L kR WK’

SR = —— Bey = — 28
(%) CECA M = S (i, + me)

(1.80)
The relative motion part resembles that of a particle of mass m in a external Coulomb
potential. Writing the gradient in spherical coordinates in terms the angular momentum

operator,
9 20 1L7

2
2 _ 22 - 1.81
Vi or:  ror r2h2’ (1.81)
and separating the angular and radial variables,
¢(F) = Rn,l(r>Y2,m(07 ¢) 5 (182>
we obtain
R (9* 20 1L Ze?
—— == +-=-=—]|—-——-FE Y; =0. 1.
|: om <87’2 rOr ) h2> - n,l:| Rn,l(r) l,m(ea ¢) 0 ( 83)

Taking now into account that the spherical harmonics Y;,, are eigenstates of the angular
momentum operator, L2Yl7m(0, @) = h2(L+1)Y, (0, ¢), and dividing the resulting equation
by Yi.m (0, ¢), we arrive at a radial Schrédinger equation

R Td2 2d] RAU+1)  Ze?
_ .- — =F 1.84
< |:er r d?“] ) R’I’L,l(r) n,ZRn,l(T) 9 ( 8 )

2m 2mr? r

which we choose to rewrite in terms of the dimensionless variable

r h2
- = 1.
P az’ 2= etz (1.85)
to obtain 0 (e 2
+
~Rul) = 2Rl + (T = 2) Raso) = ensasto), (1.56)
p p p
with )
2ma
€nt = 52 Enj- (1.87)

Note that (1.86) is divergent for p — 0. Substituting the ansatz

R,i(p) = ple P F, (p) (1.88)
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into it yields an expression
—pE1(p) =200+ 1 = Anp) F () + 2(Ana (€ + 1) = 1) Fr(p) =0, (1.89)

which can be recast as a generalized Laguerre equation by further introducing the variable
y = 2pAp, and defining F,, ;(p) = frni(y),

Yfni) + fra)(a+1—y) +Efai(y) =0, (1.90)
with 1
a=2+1, k=i —(-1. (1.91)
n,l

The solutions of this seminal equation are Laguerre polynomials nga)(y) with £ =0,1,2,...

or equivalently

1
Ani = —, n>1, £<n. (1.92)
n

Collecting all terms, the relative-motion wave function becomes ¢pm (1,6, @) = Ry 1(r)Y1m (6, ¢)
with
Ry y(r) = Ny ! LY (2r fnag) e~ (/mez) | (1.93)

n—_{—

and N, ; a normalization constant fixed by the requirement

o) T 27 [e’)
1:/0 drr2/0 d9sin(9)/0 d¢|Rn,l(rmm(e,¢)|2=/ drr? | R (r)? . (1.94)

0

The energy eigenvalues associated with ¢,pn, (1, 0, @) are

E,=-"_Ry, (1.95)

with

Ry = =13.6eV (1.96)

the Rydberg constant.
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1.4 Exercises

. The Gaussian integral ¢
Solve the integral

oo
I= dr e = T
oo o

Hint: Consider the two-dimensional integral I* = ffooo dx dy e—o(@®+y?).

. Expectation values for Gaussian states ¢

Use the previous result to compute the expectation value of 22, 2 and 2" on a Gaussian
state o(z) = e~ with a > 0 and n a natural number, i.c.

) 9] 00
(.%'2> — / dr x26—2aw2 , <l‘4> — / dx x4e—2aaz2 ’ <:L,2n> — / xQne—QQZQ .
—0 —00 -

Hint: Differentiate the Gaussian integral in the previous exercise with respect to a to in-

troduce the terms z2, x* and x*" terms.

. The residues’ theorem ¢

Use the residues’ theorem to show that

o wwT
e T _
/ ———dr=—e 7,
oo X T T

with w and 7 real positive constants.

. Playing with matrices ¢

Consider two matrices

a 0 0 b 0 0
A= 0 —-a 0 |, B=|0 0 —ib |,
0 0 -a 0 i 0

with a and b real constants.

a) Are they Hermitian? Do they commute?
b) Determine the corresponding eigenvalues and eigenvectors.

¢) Find a set of orthonormal eigenvectors that are simultaneous eigenvectors of both A and

B.
d) Construct a rotation matrix R such that RTAR and RTBR are diagonal. Verify that
R'R=RR' =1

. The harmonic oscillator in the Hamilton-Jacobi approach #

Consider the Hamiltonian of a one-dimensional harmonic oscillator with mass m and spring

constant k,

2
p 1,
H=— 4+ —kz*.
2m+2x

Use the Hamilton-Jacobi approach to determine the classical motion of the system. Com-
pare your result with the standard solution obtained from Hamilton’s equations.
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6. From Schrédinger to Hamilton—Jacobi ¢

A quantum particle moves in one dimension under the influence of a potential V' (x). Sup-
pose its wavefunction can be written in the form

oont) = exp (3500

with S(x,t) a real-valued function.

a) Show that substituting this ansatz into the time-dependent Schrédinger equation leads
to an equation for S(z,t) that reduces to the classical Hamilton—Jacobi equation in
the limit 4 — 0. Not surprisingly classical mechanics is contained in Schrédinger wave
mechanics!

b) Apply this result to the special case of a free particle, with V(x) = 0, and demonstrate
that it gives the exact plane-wave solution. Why does the semiclassical approximation
become exact in this situation?

7. A particle in a one-dimensional potential well ¢

Determine the energies and wave functions for a particle confined to an interval z €

[—L/2,4+L/2], with L > 0 and boundary conditions ¢(L/2) = ¢(—L/2) = 0.

8. Bound and scattering states in the exact solvable Péschl-Teller potential. ¢

Consider a particle of mass m moving in the one-dimensional potential

o1

Vv = — .
(z) m cosh? x

a) Show that ¢(z) = (tanhz + ¢)exp(ikx) is a solution of the Schrodinger equation for
a particular value of the constant c¢. Determine this value and find the corresponding
energy. By analyzing the asymptotic behavior of ¢(x), compute the reflection and
transmission coefficients.

b) Show that ¢(x) = 1/coshz also satisfies the Schrodinger equation. Demonstrate that
this solution corresponds to a bound state and calculate its energy. Provide an argument
supporting the idea that this is the ground state of the system.

9. The Floquet’s and Bloch’s theorems ¢

A potential V(x) that satisfies the condition V(z + na) = V(z) for n = 0,£1,42,... is
called a periodic potential with period a. In this case, the Schrédinger equation is invariant
under transformations of the form © — x + na, i.e., under translations by integer multiples
of a.

Let u1(z) and ug(z) be two linearly independent solutions of the Schrodinger equation. Due
to the aforementiones invariance, the functions ui(z + a) and ug(x + a) are also solutions.
Therefore, there must exist constants ci1, ¢12, €21, c22 such that

ui(x + a) = enqur (z) + crauz(z),

uz(x + a) = equr (z) + cooua(x).

Prove the following seminal theorems:
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10.

11.

12.

13.

14.

a) Floquet’s Theorem: Among all solutions of the Schrodinger equation, there exist two,
@1(z) and @a(x), that satisfy p(z + a) = Ap(z), where X is a constant.

b) Bloch’s Theorem: These solutions can be written in the form ¢(x) = e

ug(x) a periodic function of x with period a, i.e. ux(x + a) = ug(x).

ug(z), with

The Kronig-Penney model ¢

The Kronig-Penney model describes a periodic potential formed by an infinite sequence of
rectangular barriers. Each barrier has height Vj, width b, and is separated from the next
by a distance a — b, such that a is the lattice period.

a) Determine the Bloch eigenfunctions of the Hamiltonian associated with this potential.

b) Show that for energies £ < V{, the energy spectrum consists of continuous bands of
eigenvalues.

What potential shapes this wave? ¢

_(* " —z/x0
o) = () et

where n and zg are constants, use the time-independent Schrédinger equation to deter-
mine the potential V' (z) for which ¢(z) is an eigenfunction and the corresponding energy
eigenvalue E. Assume that V(z) — 0 as z — oc.

Given the wave function

A particle in an impenetrable spherical shell ¢

Determine the discrete energy eigenvalues for a particle confined by an impenetrable spher-
ical shell of radius R, inside which the potential is zero.

Bound states in a finite spherical well ©

In nuclear physics, a simple and effective model treats the nucleus as a finite spherical
potential well: a particle inside the nucleus experiences a constant negative potential, while
outside the potential vanishes. This is described by

V() = —Vy, forr<a,
0, for r > a,

with Vj > 0 representing the depth of the potential well and a the nuclear radius. Determine
the discrete energy eigenvalues associated with the bound states of a particle confined in
this potential. Assuming the nucleus has a radius @ = 5 x 1073 cm and a well depth
Vo = 10 MeV, calculate the minimum mass that a particle must have in order to be bound
within the nucleus.

Units in atomic physics ¢

Although we usually measure quantities in kilograms, meters and seconds or a combination
of them, these conventional units are not the most suitable ones for atomic physics. The
essential constants that come into play in this context are the reduced Planck constant
h, the speed of light ¢, the electron mass m. and the squared electron electric charge
e? = ¢?/(4meg). Combine A, m. and c to construct units of length, time and energy, stating
the corresponding numerical values in the international system of units. Repeat the exercise
for combinations of i, m. and e?. Do the results ring the bell?



CHAPTER 2

SPIN AND THE STERN-GERLACH EXPERIMENT

No experiment is so dumb that it should not be tried.

WALTHER GERLACH’S REPLY TO BORN’S DISMISSIVE COMMENTS,
QUOTING EDGAR MEYER

If you will simply admit that maybe [nature] does behave like this, you will find
her a delightful, entrancing thing. Do not keep saying to yourself, if you can
possible avoid it, ‘But how can it be like that?’ because you will get ‘down the
drain’, into a blind alley from which nobody has escaped.

RICHARD FEYNMAN

In our development of quantum mechanics till now the behaviour of a particle was gov-
erned by a wave function depending on the position of the particle in a given coordinate
system. There are, however, experimental observations that cannot be explained by a wave
function depending only on coordinates. In this Chapter, we introduce the so-called Stern-
Gerlach experiment and introduce the concept of spin, a quantum property with no classical
analog.

2.1 The Stern-Gerlach experiment

The seminal Stern-Gerlach experiment was conducted in 1922 at the University of Frankfurt
by Otto Stern and Walther Gerlach, both students of Ehrenfest. In its original version,' a
collection of silver atoms is produced by evaporating silver into a high-temperature oven,
from which they escape through a tiny hole. The produced atomic particles are then further
collimated through a series of slits, producing a beam with a well-defined momentum p,
in the z-direction, which is subsequently passed through an inhomogeneous (non-uniform)
magnetic field pointing mainly in the z direction and detected on a photographic plate. The
results of the experiment were surprising to say the least: the silver atoms arrived on the
screen at two spots, symmetrically located around the point of arrival in the absence of a
magnetic field!

'The Stern-Gerlach experiment has been repeated with sodium, potassium, copper, gold, thalium and
hydrogen atoms, with the same results.
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To address this issue (and many other challenges in atomic physics that we will discover dur-
ing this course), Wolfgang Pauli postulated the existence of a genuinely quantum mechanical
degree of freedom that he cautiously called “a classical non-describable two valuedness” ( “eine
klassisch nicht beschreibbare Art von Zweideutigkeit”), an attribute that nowadays receives
the much more favorable name of spin. Soon after, Ralph Kronig, Samuel Goudsmit and
George Uhlenbeck approached this concept from a somehow less radical perspective, suggest-
ing that this internal characteristic could be linked to an intrinsic rotation of particles. Let
us adopt this naive point of view for the time being and analyze in detail the Stern-Gerlach
experiment from a purely classical perspective.

2.2 Magnetic moment in classical physics

In classical physics, an atom is essentially a collection of charged particles moving in the field
of a central force. Similarly to the Earth’s motion around the Sun and its rotation on its own
ax1s we can imagine any of these charged particles havmg both orbital angular momentum
L and intrinsic rotational angular momentum or spin S.

According to the usual laws of electromagnetism, the current loop generated by a charge
q in circular motion is associated with a magnetic moment [ proportional to the area A of
the loop. The latter quantity can be easily obtained by integrating the oriented area element
swept out by the radius vector 77 over a period T'. In particular, taking into account Kepler’s
area law, we have

dA 7xp L .
e = N A= "1 2.1
dt 2m 2m om= (2.1)
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with m the mass of the particle, p'its linear momentum and L the associated angular momen-
tum, a fixed vector perpendicular to the orbital plane. Multiplying the result by the current
I = q/T induced by the charge ¢ when passing a given point 1/T times per period, we get
the associated magnetic moment expression?

jr=I1A=171. (2.2)

2m

As should be clear from this expression, the magnetic moment [y, is a fixed vector perpen-
dicular to the orbital plane with an orientation depending on the sign of ¢. In particular, i,
and L are counter-aligned for negatively charged particles. Note also that the proportional-
ity constant is universal; in particular, it does not depend on the radius of the loop, nor on
the velocity of the charge particle. The magnetic field moment has units of A - m? in the
International System of Units, with A standing for Amperes. It is, however, more convenient
to express it in units of energy per magnetic flux density, A4 - m? = Joules/Tesla.

A similar results holds for an intrinsic angular momentum .S,

R qh S
= — | = 2.

with g the so-called gyroscopic ratio, a factor effectively encoding our ignorance of the charge
distribution. Experimentally, for electrons (¢ = —e, g = 2), protons (¢ = e, g = 5.586) and
neutrons (¢ =0, g, = —3.826) we have

B} S B} S B} S
fise = —2up+, fsp = 279N, fsn =—1.91un—, (2.4)
h h h
with
eh Joules eh Joules
= =9.27 x 107# = — =505x10"% . (25
HB 2me Tesla ’ HN 2my, Tesla (2:5)
(Born magneton) (Nuclear magneton)

The value g = 2 for the electron will be derived in Chapter 2 using the so-called Pauli
Hamiltonian. In reality, due to quantum electrodynamics’ effects, this quantity turns out to
be slightly larger from two, namely 2.00231930436. The deviation from 2 is known as the
anomalous magnetic dipole moment. Note also that the existence of a non-vanishing neutron’s
magnetic moment reflects the fact that nucleons are not elementary particles. Indeed, protons
and neutrons are composed of quarks, and the actual magnetic moments of the quarks can
be used to compute the magnetic moments of the nucleons.

Let us estimate which of the above magnetic moments is the dominant one in silver
atoms. As you probably recall from your chemistry lessons, the most common silver atoms
have 47 electrons, 47 protons, and 60 or 62 neutrons. Since the magnetic moment of a given
particle is inversely proportional to its mass, the contribution of heavy protons and neutrons is
effectively suppressed by a numerical factor m./m,, ~ 103, with m, and m,, the electron and
proton masses.? This leaves us with the potential contribution of 47 electrons. Note, however,

2Be careful when comparing books. This formula is correct in the international system of units. In Gaussian
units the magnetic moment is i, = IA/c.

3In spite of this suppression, nuclear magnetism is of great practical importance as it lies at the basis of
nuclear magnetic resonance. We will return to these issues in the following chapters.
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that, as follows from the electronic configuration of silver, 1522522p%3s523p®4523d'04p54d'°5s,
most of these inner electrons are paired inside closed shells, forming a spherically symmetric
cloud with no orbital or intrinsic angular momentum. This leaves us a single 5s electron as
main contributor to the silver magnetic moment, and in particular to the intrinsic angular
momentum (2.3), since the orbital angular momentum of an s state is zero. The energy of
an interaction of this magnetic moment with the magnetic field B is given by

U=—-i-B, (2.6)

which results on a classical force

o - - 0 _ = e 0B
—VU = V(ue By + pyBy + p2B.) ~ ——(ji- B) = - o (2.7)
0z 0z
where we have taken into account that ¢ = —e for the electron un 5s. Note that the magnetic

field B cannot be strictly parallel to the z axis, since configurations with B = (0,0, B) and
dB/dz # 0 are incompatible with the Maxwell equation V - B = 0. The expression (2.7)
should be therefore understood as an effective description of the real setting valid only when
the time scale associated with the (precession) effects induced in the S, component is fast
as compared to the device crossing time, so this spin component averages effectively to zero.
Consequently, the deviation of the beam of silver particles in the Stern-Gerlach experiment
provides a measurement of the intrinsic magnetic moment of the electron along the z-axis,
which is the orientation of the magnetic field gradient. For a thermal environment such as the
oven, the distribution of the spin directions is expected to be completely random, covering
effectively all possible values between S, = —|S| and S, = +|5|. However, the Stern-Gerlach
experimental finds only two potential values for the electron spin projection. The magnitude
of the deflections is compatible with the spin projections values

S. = ig (2.8)

with

=" 65822 x 1071V -5, (2.9)
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the reduced Planck constant, a fundamental unit of angular momentum. The factor 1/2 in
this expression leads us to refer to this as a spin 1/2 system, i.e. a system of two states,
one with spin up (4z) and another with spin down (—z). When orienting the magnetic
field along any other direction, e.g. the x-axis, a similar result was observed,* S, = +h/2.
Note that this result is at odds not only with classical physics but also with Schrodinger
wave mechanics. In fact, if the result of the experiment would be associated with a regular
orbital angular momentum I, we should expect the beam to divide into a odd number of
components, namely (2 + 1).

4While the +7/2 is universal, the relative intensity of the images in the photographic plate depends in
practice on the direction of the magnet, unless the incident beam is completely unpolarized.
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The day quantum mechanics got smoky

It’s often said that science rewards careful planning, but sometimes a little bad habit
can change everything. Otto Stern’s fondness for cheap, foul-smelling cigars is a
perfect example.

While working on the Stern—Gerlach experiment, Stern kept puffing away in
the lab, filling the air with thick, sulfurous smoke. At first, the results of the
experiment were barely visible. The silver atoms had landed on the detection plate,
but the marks were so faint they were almost impossible to see. Then, almost by
accident, Stern’s cigar smoke came to the rescue. The sulfur in the smoke reacted
with the tiny silver particles, darkening them and making the pattern stand out much
more clearly. See here for further details.

2.3 Sequential Stern-Gerlach experiments

It is interesting to see what happens when performing several sequential Stern-Gerlach ex-
periments. To simplify the figures, let us denote a Stern-Gerlach apparatus measuring the
component of the spin S in a given direction x,y or z as a box with a XY or Z label.

Experiment 1

f=—0

This experiment involves two consecutive Stern-Gerlach devices both aligned along the z-
axis. The first one acts essentially as a polarizer or a state preparation device, filtering out
the S, = —h/2 component and letting only the S, = h/2 one proceed towards the next Z
machine. By preparing the state in this manner, the details of the source can be ignored and
we can focus on what happens in the second device, usually called the analyzer. Since all the
ongoing particles have a definite spin projection S, = h/2, the second Z machine yields only
the upper output, i.e. nothing comes out from the bottom port.

The quantum mechanical insight derived from this experience is that states with S, = /2
do not have components or amplitudes along S, = —h/2. These states are referred to as
orthogonal states.

Experiment 2
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f=—10

This experiment measures the spin projection along the z-axis and subsequently along the
x-axis. As before, the relevant output of the first Z polarizer is just a S, = h/2 beam of
particles directed towards the next X machine, which, as indicated in the figure, provides
both possible outputs S, = h/2 and S; = —h/2, in clear analogy with a single Z-like device.
Note that this is at odds with classical mechanics, where an object with angular momentum
along the z axis has no component of angular momentum along the x axis. The results of this
experiment remain unchanged if we rather use the lower Z polarizer port, i.e. atoms entering
the X machine in a state S, = —h/2, result also in final states with S, = h/2 and S, = —h/2.

The quantum mechanical insight derived from this experience is that a state with a definite
value of S, has components along the states S, = h/2 and S, = —h/2. It also highlights
the probabilistic nature of quantum mechanics. As can be experimentally demonstrated by
recording the counts out of each port, the arrival sequence of atoms at any of the counters in
the figure cannot be predicted. In particular, we can only say that there is a 50 % probability
for an atom to exit the upper or lower port of a particular device. Note, however, that this
is not the probability to pass through a whole system of Stern-Gerlach filters!

Experiment 3

125

BB

500

This experiment is an extension of the previous one where the spin projection is measured
three times in a row. As before, the S, = i/2 beam exiting the first Z device goes into an X
machine, which acts now also as a polarizer. Only the S, = //2 component continues forward
to an additional Z machine. Interestingly, while one could classically expect the final result
to retain some memory of the first Z filter, half of the particles making it out to the third
machine turn out to have S, = i/2 and the other half S, = —h/2. This means that, for all
practical purposes, the last two analyzers in this experiment behave like the two analyzers in
Experiment 2, but with X <> Z. The initial measurement resulting in S, = h/2 is effectively
erased! It should be clear from the discussion of Experiment 2 that this conclusion remains
unchanged if we rather use the lower X polarizer port, namely
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The quantum mechanical insight to be derived from this experience is that there is a fun-
damental incompatibility when trying to know simultaneously the spin projection along two
different directions; e.g. S, and S, are incompatible observables. Of course, this does not
imply necessarily that all pairs of observables in quantum mechanics!

Experiment 4

100

=— e

<=

This experiment is a slight variation of the previous one, where rather than disregarding or
blocking one of the beams leaving the intermediate X device, we recombine them as an input
of the following Z analyzer. ° As displayed in the figure, all the atoms in this scenario exit
the upper port of the last analyzer as if they remembered to have been initially measured
to have S, = h/2! The combination of the two beams avoids the disturbance observed in
Experiment 3, giving back the result of Experiment 1, as if the X device was not there! Note
also that, in spite of allowing more ways or paths as compared to Experiment 3, the number
of counts in the lower detector is zero.

The quantum mechanical insight derived from this experience is that the combination of
two effects can lead to cancellation rather than enhancement. Does this ring the bell? Indeed,
all the above is just the spin 1/2 version of the Young’s double slit interference experiment
you probably encountered in your Quantum Physics I course.

2.4 Not a spinning ball!

The things related to spin can be even more surprising. As Goudsmit and Uhlenbeck already
recognised in their original paper, the interpretation of spin as an intrinsic rotation of particles
we have adopted so far is doomed from the very beginning as it leads to serious problems with
Special Relativity. ¢ In particular, different experiments involving the scattering of electrons
seemed to indicate that these should be extremely small (r. < 107'7 m across), behaving

5As discussed in the wonderful Feynman’s Lectures on Physics, this is more easily said than done. In
particular, the recombination must be done properly in order to avoid disturbing the beams.

6 According to Goudsmit, this problem was pointed out by renowned physicist Hendrik Lorentz to at the
time quite young Uhlenbeck, who overwhelmed implored Ehrenfest, his research supervisor at the University
of Leiden, to withdraw their already submitted paper. Ehrenfest’s reply was not precisely comforting: “It is
too late. It will be published in two weeks. Both of you are young and can afford to do something stupid”.
The printed version does contain, however, a footnote acknowledging Lorentz’s caveat.
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essentially as a point-like particle and having to whirl at superluminal speed in order to match
the intrinsic angular momentum 7/2 observed in the Stern-Gerlach experiments, namely

h vk 107347 -5
§ = Jwr~mr (r) mrety ¢~ mre ~ (100 kg)(10 7 m)(10°m/s) ~ 0

with I the moment of inertia and w the angular velocity. As Pauli strongly defended along
his life (see e.g. the letter in Fig. 2.1), this problem gets resolved if one regards spin as an
intrinsically internal property just like mass or charge, but without a classical analog.” In
particular, in contrast to orbital angular momentum, spin cannot be described by a differen-
tial operator. This hypothesis was formally demonstrated by Paul Dirac in 1926, when he
introduced his renowned relativistic equation, from which both spin and magnetic moment
are automatically obtained without any further postulates. In some sense, relativity forces
Spin upon us.

"The term spin is indeed a misnomer that, unfortunately, has become entrenched within the terminology.
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Figure 2.1: Letter by L.H. Thomas to S. Goudsmit on March 25th 1926. Taken from The
discovery of the electron spin by Goudsmit, 1971.
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2.5 Exercises

1. Maxwell’s Equations and the Stern—Gerlach experiment ¢

In a Stern—Gerlach-type experiment, a beam of silver atoms travels along the z-axis and
passes through a region of non-uniform magnetic field. The field is predominantly oriented
along the z-axis. Near the center of the magnet, the system is symmetric with respect to
the y — z plane and the field satisfies Maxwell’s equations in vacuum. Let B (x,y, z) be the
magnetic field near the point (x,y, z) = (0,0,0).

a) Use the symmetry of the field with respect to the y — z plane to determine how
B.(x,y, z) must behave under x — —xz. Deduce that 0B./0z|,_, = 0.

b) Assuming the field is approximately invariant along the y-axis near the center of the
magnet (neglect edge effects), argue that 9B, /dy = 0.

c) Assume the field to have the form g(w, z) = Bp é,+az é, + Pz é, near the center. Use
the Maxwell’s equation V - B = 0 to find the relation between a and /.

2. Modifying the Stern—Gerlach experiment #

In the original Stern—Gerlach experiment, a beam of neutral silver atoms is passed through
an inhomogeneous magnetic field directed along the z-axis, resulting in a splitting of the
beam into two distinct spots on a detector screen.

a) What would be the behavior of a beam of isolated electrons under the same magnetic
field gradient? Would the beam still split into two components? What other effects, if
any, would need to be considered?

b) Would the beam still split if the magnetic field was constant in space? If not, describe
the expected behavior of the particle beam.

c) Suppose the silver atoms are ionized, losing their single 5s electron and becoming Ag™
ions. Would a beam of these ions still split when passing through the original Stern—
Gerlach setup?

3. Deflection in the Stern—Gerlach experiment ¢

In a Stern—Gerlach experiment, a beam of hydrogen atoms is emitted from an oven main-
tained at a temperature of T' = 500 K. The atoms subsequently traverse a region character-
ized by a magnetic field gradient, which exerts a force on the magnetic moments associated
with the electrons. The magnetic field gradient is dB/dz = 0.2 T/mm and the length of
the magnetic field region is L = 20 cm.

a) Assuming that the atoms follow classical trajectories and that their electron spins are
initially aligned along the +z-axis, determine the acceleration experienced by the atoms
due to the magnetic force.

b) Calculate the displacement of the beam in the z-direction upon exiting the magnetic
field region.
4. Magnetic fields and the 21 cm line ¢

The 21 c¢m line observed in radio astronomy is extensively used to map the structure of our
galaxy. This spectral line arises from the emission of a photon during a spin-flip transition
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of the electron in a hydrogen atom. Specifically, the electron transitions from a spin state
aligned with the proton’s spin to an anti-aligned configuration. Determine the effective
magnetic field experienced by the electron inside the hydrogen atom. The energy of the
emitted photon is E = %, with h the Planck’s constant, ¢ the speed of light and A the
wavelength of the photon.



CHAPTER 3

PRINCIPLES OF QUANTUM MECHANICS

I knew of Heisenberg’s theory, of course, but I felt discouraged, not to say repelled, by
the methods of transcendental algebra, which appeared difficult to me, and by the lack
of visualizability.

ERWIN SCHRODINGER, 1926

The more I think about the physical portion of Schridinger’s theory, the more
repulsive I find it. What Schrédinger writes about the visualizability of his theory is
probably not quite right, in other words it’s crap.

WERNER HEISENBERG, WRITING TO WOLFGANG PAULI, 1926

If you are receptive and humble, mathematics will lead you by the hand.

PauL A.M. DIrAC, 1933.

Young man, in mathematics you don’t understand things. You just get used to them.

JOHN VON NEUMANN.

As you learned in your Quantum Physics I course, Quantum mechanics is based on a set
of postulates dictating the mathematical treatment of the theory and its interpretation. In
this chapter, we will reformulate them using an algebraic formulation of quantum mechanics,
the so-called transformation theory of Dirac. When formulating the postulates in this way,
we will find a plethora of new terms and concepts, that will be immediately explained in
detail. In particular, we will introduce the essential properties of Hilbert spaces. To illustrate
the practical use of the postulates, we will consider the simple, but inherently quantum
mechanical, Stern-Gerlach experiment presented in the previous chapter. This will allow us
to break away from any classical concept or intuition, while paving the way to study more
general systems.
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3.1 States in a Hilbert space

Postulate 1

A (pure) state of a quantum system is described by (the ray of) a vector in (the pro-
jective space of) a separable, complex Hilbert space. The state vector contains all the
information about the system’s quantum state.

As we have seen in the introduction, quantum mechanics is essentially a linear theory
involving complex functions for which it is possible to compute a norm. It seems therefore
rather natural to try to formulate it in a vector space with these properties.

A complex Hilbert space H is a vector space over the complex numbers C endowed with
an hermitian inner product that maps any ordered pair of vectors to C and is complete with
respect to the norm. This constitutes a generalization of finite-dimensional Euclidean vector
spaces R™ to complex vector spaces with finite or infinite dimensions.

3.1.1 The superposition principle

Any element of H is called a ket vector or simply a ket. In Dirac notation, it is represented
by the symbol |¢), with ¢ a distinctive label allowing to differentiate this specific vector
from others and taking, depending on the situation, discrete or continuous values. Any linear
combination

) = ale1) + ble2) , (3.1)

with |p1) and |p2) in ‘H and complex coefficients a and b, is also in H. Physically, this is
nothing else than the superposition principle leading to wave-like interference. This implies
in particular that any vector A|p) with A € C* describes the same physical state as |p)!

Rays in Hilbert space

Although not always sufficiently emphasized, a physical state does not strictly
correspond to an element |¢) € H but rather to a ray through the origin.

A ray is an equivalence class of vectors that differ by multiplication by a nonzero
complex scalar A € C*. Geometrically speaking, the equivalence |¢) ~ A|¢) for all
lp) € H/{0} means that physical states live in the projective Hilbert space PH. Due
to this property, one can always normalize the states to unity, leaving only an overall
phase with no physical significance, i.e. |p) and e¢*|p) describe the same state, with
‘eio“ = 1. However, relative phases are physically significant in superpositions. In
particular, given two states |¢1), |p2), we can identify alpi) + blp2) with e'®(a|p1) +
blps)) but not with alpr) + ¥blps).
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Superselection rules

In specific cases, there can exist superselection rules imposing restrictions on the types
of states that can exist or be prepared in a quantum system. These rules emerge from
symmetries and conservation laws and restrict the application of the superposition
principle. For instance, the conservation of electric charge implies a superselection
rule for charge particles, forbidding to express the state of a neutral particle, |¢ = 0),
as the superposition of two charged states | 4+ ¢) and | — g).

Hilbert spaces follow the same rules of linear algebra as real vector spaces, but with the
addition of complex scalar multiplication and complex conjugation. These rules include
properties such as commutativity, associativity, distributivity and the existence of a unit
element and a zero vector:

[p1) + l2) = p2) + lee1) (Commutativity of addition) (3.2)
(lp1) + lp2)) + @) = 1) + (Ip2) + [03)) , (Associativity of addition) (3.3)
a(le1) + lp2)) = aler) + alpa), (Distributivity of scalar multiplication)(3.4)
(a+b)|p1) = ale1) + ble1), (Distributivity of scalar multiplication)(3.5)
(ab)|p1) = a(bler)) , (Associativity of scalar multiplication) (3.6)
lo) — @) =0. (Additive inverse) (3.7)
As usual, a set of vectors |p1), |p2) ... |pn) are linearly independent if the condition
N
Z cilpi) =0 (3.8)
i=1
implies necessarily ¢; = ¢ = ... = ¢y = 0. The dimensionality of the Hilbert space is

determined by the largest possible number of linearly independent vectors we can find. If
there exists not an upper number, we say the vector space has infinite dimension.

3.1.2 Dual space, inner product and norm

As any vector space, the dual space H* of a Hilbert space H is defined as the space of
linear functionals/maps from H to C. In particular, the ket |p) allows us to define a linear
functional (x| (called bra, dual vector, covector or one-form) that maps each element of H
into a complex number equal to the scalar or inner product of |x) by |¢), that is,

(1Y HxH—C,

(10 19)) = (xle) (39)

with (-|-) the so-called bra-ket symbol (“bra(c)ket”) popularized by Dirac'. As you probably
demonstrated in your Algebra course, this provides a vector space isomorphism H* = H in
finite dimensions. Non-trivially, the result also holds in infinite dimensions.

!This notation was first introduced by Hermann Grassmann, one hundred years earlier than Dirac.
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Riesz theorem

For every ket vector |p) € H, there exists a unique bra vector (| € H*, i.e.

lp) € H +— (o] € H*.

In other words, a Hilbert space and its dual are naturally isomorphic.

The scalar product (3.9) satisfies the properties?

(ple) >0 if |p) #0, (plp)=0 iff |p) =0, (Positive-definiteness) (3.10)
(xle) = (2", (Conjugate symmetry) (3.11)
(X|ap1 + bp2) = a{x|p1) + b{x|e2) , (Linearity in kets) (3.12)
(ax1 + bxale) = a*(x1le) + b" (x2|¥) , (Antilinearity in bras)  (3.13)

with * denoting complex conjugation and Eq. (3.13) following directly from Egs. (3.11) and
(3.12). By definition, two vectors are orthogonal to each other if their scalar product vanishes.
Analogously, two subspaces H; and Hsy in H are orthogonal if each of the vectors in one is
orthogonal to each of the vectors in the other, i.e. if H; and Ho do not have common vectors.

The positivity of the scalar product (¢|p) induces a norm?

o)l = llell = Vielp) € R (3.14)

which generalizes the concept of modulus and allows us to define a distance

d(e,x) = lle = xll = V(¢ — xle — x) (3.15)

between two arbitrary vectors ¢, x. H is therefore a metric space. The properties also ensure
the important inequalities.

[{xle) < lIxIlllell (Cauchy-Schwarz inequality) (3.16)
le —xIl < llell + llxll (Triangular inequality) (3.17)

with the equality in the last expression holding if and only if |¢) and |x) are proportional to
each other. To prove the Cauchy-Schwartz inequality, let us define a state |a) = |x) + al|p)
with ¢ € C. Taking into account the positive definiteness of the inner product,

(ala) = (x|x) + alxle) +a*(wlx) + lal*(wlp) 2 0,
and choosing a = —(p|x)/{¢|p), we get

[(x|#)]
{ple)

(xIx) = [(xlo)l < lixllllell -

2Note that in (3.13) the inner product is taken to be conjugate-linear in the first argument or bra. In the
mathematical literature, the convention is usually the opposite.
3When convenient, we will rather use the notation |[|¢)]|.
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To prove the triangular inequality, we consider the norm of the difference of two vectors
lle — x|l in (3.15). Expanding the inner product there as

(e — xle —x) = (ele) — {plx) — (Xle) + (xIx)

we can write

e = xII* = llell? + 1IxlI* = 2Re({elx)) < llel® + IIxI1* = 2 {elx)|

where Re((|x)) denotes the real part of (p|x) and we have taken into account that Re({p|x)) <
|{¢]x)|. Using now the Cauchy-Schwarz inequality, |{¢|x)| < ||¢||||x||, we obtain

lo—xI1® < lelP+HIxIP+2lellixl - — le=xl* < (lell+IxD?  —  lle=xIl < llell+lIxl-

3.1.3 Separability

In the context of Hilbert spaces, the term separable refers to a specific property related
to the cardinality or size of the set of vectors spanning the space. A Hilbert space H is
said to be separable if admits a countable* (but not necessarily finite) orthonormal basis of
vectors {|n)} = {|1),]2),...,|n)} in H with (n|m) = dpm, such that any vector |¢) admits a
decomposition

o) = enln), (3.18)

with ¢, = (n|p) the components of |p) in that basis. In terms of this above basis, a ket state
can be written as a column vector

c1
C2
ey =1.1> (3.19)
Cn
a bra becomes a row vector
(x| = (di,d3,....,dy), (3.20)

and the inner product becomes just the matrix product of a row vector and column vector

C1
2

(Xlp) = (d1,d3,....dp) | . |- (3.21)

Finally, the squares norm becomes

) I1? = (ele) = > leal® (3.22)

1A set is countable if its elements can be put in a one-to-ole correspondence with the natural numbers (1,
2, 3, ...). For example, the set of integers is countable. If a set is not countable, it is uncountable.
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D>

The eigenfunctions of an infinite well of width L, namely V (z) = 0 for Olegz < L and
oo otherwise, form a countable infinite basis

2 . /nrx
on(x) = \/;sm <T> . n=1,234,... (3.23)

3.1.4 Completeness

In mathematics, a Cauchy sequence is a sequence of elements {¢, } = ¢1, @2, . .. in a metric or
normed vector space that becomes arbitrarily close to each other as the sequence progresses;
more formally

Ve>0, IN : J|om—vn]|<e Vn,m>N. (3.24)

Intuitively, this means that the elements become arbitrarily close to each other as we progress
through the sequence. No matter how small a positive value € we choose, there always exists a
point in the sequence beyond which the distance between any two elements is always smaller
than e. A seminal example of a space that is not complete is the set of rational numbers Q,
which is a subspace of the real numbers R

D>

Let us have a look at the sequence {a1,as,...,a,} con a, = 1/n. This sequence is
Cauchy. Consider, for instance, a choice of € = 1/10. Then, for N > 2/e = 20, we
have 1 1 1
- <= N.
Hm nH<107 vn,m >

To see this explicitly, we can consider 2 very separate elements in the sequence

106 —1 109 1 1

1 1
— || = < = — < .
H 22 x 106 22 H 22 x 106 ~ 22 x 106 22 " 10

A normed vector space (H, (-|-)) is considered complete if every Cauchy sequence in H con-
verges within the same Hilbert space H, i.e. if for any sequence {¢,} = @1,92,... in H
where the distance d (¢n, ¢m) tends to zero as n,m — oo, there exists an element y in H
such that d (yn, x) approaches zero as n approaches infinity. Heuristically, this means there
are no points ‘missing’ from H.

Complete normed vector spaces are called Banach spaces. The condition of completeness
is important in infinite-dimensional function spaces as it guarantees the convergence of specific
eigenfunction expansions.
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Example 4: A uniform spatial probability density

Consider a uniform spatial probability density throughout an infinite potential well of
width L,

plr)=—.

W=7

Albeit this wave function cannot be written as a finite linear combination of energy
eigenvectors, it can be expressed as the sum of the convergent series

—  2V2 . _ (nTT
o(z) = nz_:l (25_21)7r4p2n_1(x) with ¢ (z) = \/Esm (T) .

To prove that the above sequence is a Cauchy sequence, we need to show that for any
given positive real number €, there exists an integer N such that for all m, n > N, the
absolute difference between the m-th and n-th terms of the sequence is less than €. In
other words, we want to prove that

lom(z) —on(z)| <€ forall m,n>N.

Taking into account the form of the m-th and n-th terms,

O 2V2 - 4 . [ (2m— )z
om(z) = m@%n—l(x) = @m —1)r sin < 17 ) ,

2n —1
we have
lom(2) — pn(z)] = ‘ (2mi D sin <(2m —Ll)m:> - i i sin ((2n —Ll)ﬂx> ’
4

1 . ((2m— 1)z 1 . [(2n—1)nz
1n = 11 ————— .
om—1" L m—1" L

Applying now the triangle inequality we get
1 . ((2n— 17z
sin :
2n —1 L

1 . ((2m—1)mx n 4
sin —
2m —1 L T

Since both terms on the right-hand side involve sine functions, we can use the fact
that |sin(z)| <1 for all z to simplify further,

4 1 1
- <= .
om(®) —en@)| <+ (5 + 327 )

™

om(@) — on(z)] < =

oo

Now, we need to find an N such that for all m, n > N, the right-hand side of the
above inequality is less than e,

4 N B
s\om—1"om=-1) ¢
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Choosing N such that

4 1L )
s\aN_—1"aN_-1)°©

N>§+1.
TE

and simplifying, we get

Since € is a positive real number, the expression on the right-hand side is a constant.
Therefore, for any €, you can choose an N such that for all m, n > N, the absolute
difference between the m-th and n-th terms of the sequence is less than e. This satisfies
the definition of a Cauchy sequence, and thus, ¢(z) is a Cauchy sequence.

In this course, however, we will be mainly interested in inner-product spaces that have
finite dimensions and are therefore always complete. If you are interested in the more com-
plicated treatment of Hilbert spaces of infinite dimensions, you are suggested to enroll the
UCM Quantum Mechanics course, where this topic is usually covered.

Example 5: Spin 1/2 bases and the Block sphere

We have seen in the previous chapter that when spin-1/2 atoms pass through a Z-type
Stern-Gerlach device, they separate into two beams of particles with spin projections
+h/2 along the z-axis. This suggests that the spin states of the electron can be
described using two basis states or kets

|+) «— S, =h/2 |, |-)+—S,=-h/2, (3.25)

commonly known as spin up and spin down states This is the simplest non-trivial
example of a Hilbert space. The signs in these expressions indicate only that the z-
component of spin is positive or negative and could be replaced by any other distinctive
label you like, such as arrows | 1), | ), giving you some (inaccurate) feeling of “rotation
around an axis” or even numbers [1), |2) indicating that you are dealing with a two-
level system. Note also that we are not yet accounting for other possible degrees of
freedom such as the position of the atom, its momentum or energy. We will come back
to these things later.

As we learned in Experiment 1, the two states (3.25) are orthonormal,

() === =1, (=) = (=I+) =0. (3.26)

In particular, after passing through the second Z analyzer, all previously prepared |+)
states emerge again as |+) states; no down spins appears.

An explicit representation of the basis vectors satisfying the above normalization con-
dition could be for instance

w=(o)  ==(1). .27
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with the corresponding bras obtained by transposition and complex conjugation,

A general ket or bra in the two-dimensional space spanned by the above basis vectors
o) =al+)+b|-) eH «— (p|=a"(+]+b*(—| € H* (3.29)

is completely defined by a set of two complex coefficients a = |ale’® and b = |b|e?”, i.e.
by four real parameters. The normalization condition (p|¢) = 1 implies, however, a
relation

1 = (plp) = (a*{+] + " (=])(al+) + b]-))
= |al>(+4) + a*b(+|=) + b al{—|+) + [b]*(=|=) = lal* + |b]?,
lal* + [b]* =1, (3.30)

reducing the number of linearly independent real parameters to 3. Moreover, since the
state is defined as a ray-vector in the Hilbert space, we can rewrite (3.29) as

) = i@ (lall+) + [pleiP=)|-)) (3.31)

and simply neglect the irrelevant phase factor e’®. This leaves us with two real numbers
that can be naturally represented by a point on a spherical surface called the Block
sphere. This point is determined by the expectation value of the three Pauli matrices
(see below) or alternatively by the polar angles 6 and ¢. In particular, choosing

la| = cos(0/2), |b| = sin(6/2)e, p=0-a, (3.32)

with 6 ranging from 0 to m and ¢ ranging from 0 to 27, we can write the convenient
expression

|p) = cos g|-|-> + sin geiﬂ—) . (3.33)

The correspondence between quantum states in C? and points on the unit-radius Block
sphere in R? is apparent in this figure.
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The vector pointing towards the north pole represents the state |+) while that pointing
towards the south pole represents the state |[—). On the other hand, all vectors in the
equatorial plane stand for symmetric superpositions of the two basis vectors, namely

(6 = /2, sin(n/4) = cos(n/4) = 1//2)

1 %
o) = 5 (1) + 1)) (3.34)

We can make use of this expression to construct states |+), representing the spin
projections S, = £h/2 along the z-axis. Since these must be orthogonal to each other,
but not orthogonal to S, in order to let half of the atoms go through in Experiment
2, we have (0 = 71/2, ¢ =0, =1, ¢ = 7, €™ = —1)

=== (1) Pe=gsm-ln==( 1),

(3.35)

where in the last steps we have used the explicit representation (3.27). As anticipated,
these states satisfy

b=t =3 (1 -1) (] ) =0,

Note also that they are normalized

AH+M=;(11)<1>:1, A—FM:;(1—4)<51>:L

Similarly, one could construct states |+), representing the spin projections Sy, = 4h/2
along the y-axis (0 = 7/2, ¢ = 7/2,e"™/? =i, ¢ = m, 372 = —p),

4= (#+i-n=—s (). = gstn-i-n=2( L ).

(3.36)

Note that this superposition of |+) states involves complex numbers (there would be
no way to find the y-type states without them). Special attention must be therefore
taken when determining the associated bras and operating with them. For instance,

we have
1

1 ) .
<+b=;5(H4—M—D=;6(1 —i ),
and
y(H=)y =y (=) =

N =
—

—_

\

~.
SN—
7 N\
| =
~.
~__

I

(@)
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3.2 Observables

W Postulate 11
Every measurable physical quantity in quantum mechanics is associated with a Hermi-
tian or self-adjoint operator acting on the system’s Hilbert space. This operator is said
to be an observable.

Once we have defined the space of ket vectors, we can define the operators in that space.
In Hilbert spaces, operators are linear transformations A : H — H mapping vectors in the
Hilbert space to other vectors in the same Hilbert space, A : |¢) — Alg), in a way compatible
with the vector space structure and therefore with the superposition principle, namely

A(alpr) + blpa)) = adlpr) + bAfp2) (3.37)

with |¢), [¢1), |p2) states in H and a and b complex coefficients. Given two linear operators
A and B, we define their sum and product as

(A+ B)lg) = Alp) + Blg) , (AB)|p) = A(Blg)), (3.38)
for all |p) € H. Note that the operator algebra is associative,
A(BC) = (AB)C, (3.39)

but not necessarily commutative, meaning that, in general, the order of the operators is
important AB # BA. The difference of two actuation’s orders is given by the commutator

[A,B] = AB — BA. (3.40)

When this quantity vanishes, A and B are said commute; otherwise they are said to not
commute. The commutator obeys a bunch of useful properties,

[A, Bl = —[B, 4], (Antisymmetry)  (3.41)
l[aA1 +bAs, Bl = a[A1,B] +b[A2,B], Va,beC (Linearity) (3.42)
[A, BC| = [A, B]C + BJA, C], (Leibniz identity) (3.43)
[AB,C] = A[B,C] + [A,C]|B (Leibniz identity) (3.44)
[A,[B,C]] + [B,[C,A]] + |[C,[A,B]] =0, (Jacobi identity) (3.45)
[AB,CD] = [A,C|DB + C[|A,D]B + A[B,C|D + AC|D, B], (3.46)
f (3.47)

(4), 4] = 0.

whose proof can be lengthy but completely straightforward. Consider, for instance the Leibniz
identity (3.44). Starting with the definition of the commutator (3.40) and taking into account
the associative property (3.39), we get

[AB,C] = (AB)C — C(AB) = A(BC) — (CA)B = A(BC) — A(CB) + A(CB) — (CA)B
— A(BC — CB) + (ACB — CAB) = A[B,C] + [A,C]B..



3.2 Observables 41

Similarly, for the Jacobi identity (3.45), we have

[A,[B, CJ]+[B, [C, A]] + [C, |A, B]] = [A, BC] — [A,CB] + [B,CA|] — [B, AC] + [C, AB] — [C, BA]
—[A, B]C + B|A,C] — |A,C]B — C|A, B] + [B,C]A + C[B, A] — [B, A|C
— A[B,C] +[C, A|B + A[C, B] — [C, B]JA — B[C, A]
=2(]A, B|C — C|A, B] — [A,C]B + B|A, C] + [B,C]A — A[B,C))
—2(ABC — BAC — CAB + CBA — ACB + CAB + BAC — BCA + BCA
— CBA—- ABC + ACB) =0,

and so on and so forth.

The inverse of a linear operator A : H — H is another linear operator A~! satisfying the
conditions

AN (Alg)) =), and A (A7) = o). (3.48)

The inverse of a product of operators A and B is (AB)™' = B~ A~!, provided of course that
the inverse operators A~! and B! exist.”

Bounded and unbounded operators

If there exists a real positive number C such that

[A[o) | < Cllell, Vo eH, (3.49)

the operator A is said to be bounded; otherwise it is said to be unbounded. The norm
of the operator, || A]| is defined as the lower limit of the constant C' satisfying the above
equation, namely

[Alo)|

||Al| = sup : (3.50)
20 ol

In other words the operator is bounded if ||A|| < co. In a finite-dimensional Hilbert
space all operators are bounded. This is not the case, however, in an infinite dimen-
sional Hilbert space. Common example of unbounded operators are for instance the
position and momentum operators you are all familiar with and the Hamiltonian of

the harmonic oscillator,
H= P + L mw?x? (3.51)
=5t gmw , .

since there exists states H|py,) = En|en), ||¢|| = 1 with an arbitrarily large value of
E,.

The necessity of dealing with unbounded operators leads to situations in which their
action on vectors in H does not generate a state in H. In those cases, it is necessary
to define the domain of an operator A,

lp) € D(A) CH if Alp)eH. (3.52)

5An inverse exists if the matrix representing the operator has a non-vanishing determinant, as discussed
below.
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3.2.1 Adjoint operators

Using the one-to-one correspondence between bras and conjugate kets, let us derive an anal-
ogous conjugation relation for linear operators. Consider a linear operator A and a ket |¢)
conjugate to the bra (p|A. Since |¢) depends antilinearly on (|, it must be linear in |¢),
namely

|6) = ATlp) (3.53)

with AT a linear operator called the Hermitian conjugate or adjoint operator of A. Now, as
Af|p) is the ket conjugate to the bra (p|A, the scalar product of this ket by an arbitrary bra
(x| is the complex conjugate of the scalar product of |x) by (p|A,

(XIAT|p) = (A" (3.54)

Since this must hold for any |) and |x), the ket conjugate to (x| A" must be necessarily equal
to Alx),

({1 ANT = Al (Alp)T = (plAT. (3.55)

Consequently, the conjugate of the operator Al is the operator A itself,
(AT)T =A, (3.56)

Additionally, we can highlight the useful properties

(cA) = AT, (A+ B)t = AT 4+ BT, (AB) = BTAT, (A, B]f = [Bf, A],
(3.57)
with ¢ € C. In other words, Hermitian conjugation is to operators what conjugation between
bras and kets is to vectors and complex conjugation is to ordinary numbers.

Note finally that in matrix form, the Hermitian conjugate of A becomes the conjugate trans-
pose (AT)* of its associate matrix,

dATle) = (lA)* — (A = 45 - (3.58)

Example 6: The adjoint operation
To determine the bras’ equation associated to a ket equation
0) = aAlx) + BC|¢),

with @ € C and A, B and C linear operators in Hilbert space, we consider its product
with an arbitrary bra (£|. This provides an equation between complex numbers,

(€lp) = al§|Alx) + (€IBC¢),

which can be subsequently conjugated to obtain

(€)™ = a™(€|AD)" + (€|BClg)" .
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Applying the properties of the inner scalar product on the left-hand side and the
definition of the Hermitian conjugate in (3.54) on the right one, this expression can
be rewritten as

(ple) = a*(x|ATIE) + (#I(BC)I¢),
which upon canceling the arbitrary vector |£) provides the searched equation for bras’,
(ol = a*(x|AT + (¢|C'BT.

In practice, one typically skips all the above intermediate steps and directly writes the
final expression by inspection.

3.2.2 Projection operators and resolution of the identity

The beauty of the Dirac notation lies on its ability to integrate vectors, linear operators and
inner products into a single framework, allowing us to manipulate these quantities in a clear
and intuitive way. Consider, for instance, the following expression and its interpretation
within the Dirac framework,

(Im(ml) lo) = [n) ({mle)), (3.59)
—— ~ ——
operator state state number

where we have taken into account that all operations with bras, kets and linear operators
are associative, i.e. that we can order them the way we want provided we keep their order
from left to right. As suggested by the notation, the outer product |n)(m| is not a number,
but rather a linear operator. This can be easily verified by considering its action on a given
superposition state in (a|p1) + blp2)) € H,
[n)(ml(aler) + blpz)) = [n)(almle1) + b{mlps)) = almlei) [n) + b(mles) [n) € H. (3.60)
eC eC

Note also that Hermitian conjugation is naturally encoded by the notation. For instance, we
have

(In)(m)le) = (pln)(ml)T = [m){pln)* = [m)(nlg) = (Im)(n))le), Vlp). (3.61)

and therefore
(In)(m|)" = |m)(n|. (3.62)

It immediately follows from (3.59) that an operator
P, = |n){(n| (3.63)

acts essentially as a filter, mapping any vector |¢) € H into a vector along |n), i.e. P,|¢) =
|n){n|e) ~ |n). This operator is indeed a (self-adjoint) projection operator satisfying the
idempotent property P2 = P,, as can be again easily verified in Dirac notation,

PPy = (In) (n))(In)(n]) = [n){n[n)(n| = [n){n| = P (3.64)
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If the vectors {|n)} form a basis of the Hilbert space, we can use the associated projection
operators to obtain a very useful decomposition of the identity operator,

> In){n| =1, (3.65)

as can be easily verified by acting on a general state [¢) = )" cm|m),

[Zymw] o) = ZcmZ\n nym Zcmym (3.66)

This is the so-called completeness condition or resolution of the identity for the orthonormal
set {|n)} and it is particularly useful when moving between bases.

Forbidden quantities

Quantities of the type |¢)|x) make no sense for states belonging |¢) and |x) belonging
to the same Hilbert space. They are neither bras or kets. They are allowed, however,
if the states belong to different vector spaces (see Section 5.1).

3.2.3 Bases and representations

Depending on the specific Hilbert space under consideration and the nature of the problem,
the relevant operators can take different forms, ranging from matrices to differential operators.
If H is finite dimensional, an operator A in a given orthonormal basis {|n)} in H takes the
form of a matrix, with elements A,,,. To obtain these entries, let as assume

Alg) = Ix) (3.67)

and expand the vectors |p) and |y) in terms of the orthonormal basis,

o) =1Tlp) = Zln (nle) = Z@Iﬁln% (3.68)

Cn

x) =1Ilx) = Z|n Y(n|x) = Z@’”W (3.69)

dn

Making use of the linearity property (3.37), we can rewrite (3.67) as
> cadln) = duln), (3.70)
n n

which, multiplying on the left by (m|,

> cnlm|Aln) =Y dn(min) = dpndn = dpy, (3.71)

n
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gives us

dm = Z Amncn y (372)

with
Apn = (m|A|n) (3.73)

the so-called transition matriz element. In this basis-dependent representation, the basis-
independent equation (3.67) becomes simply the multiplication of a vector by a matrix,

d1 A11 e Aln C1
=1 Sl (3.74)
dn Anl e Ann Cn,

Similarly, the trace becomes the sum of the diagonal matrix elements,
TrA=> (n|An)=> Apn. (3.75)

Note also that the matrix elements of the product of two operators A and B satisfies the
usual rules of matrix multiplication, namely (AB)pn = > ; AmiBin, as can be easily verified
by using the identity resolution (3.65),

(AB)un = (m|AB|n) = m|A(Z| i) Bln) = 3 (mlAJi) (i Bln) = ZAszm (3.76)

7

3.2.4 Hermitian operators and spectral decomposition

An operator A is called self-adjoint or Hermitian if it is equal to its adjoint AT,
A=A, (3.77)

so that
(x| Alp) = (plA}x)* . (3.78)

Hermitian operators have three crucial properties that we will use constantly in the fol-
lowing;:

e The Hermiticity of an operator ensures that their eigenvalues are real, allowing for
meaningful interpretations of measurable quantities. Indeed, if A is a Hermitian oper-
ator in H with eigenvectors |n) # 0 and eigenvalues a,, € C,

Aln) = an|n) (3.79)
the property (3.78) implies

(n|Aln) = (n|]Aln)*  —  an(n|n) =a;(nln) —  a,=a,

n -

(3.80)
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e The eigenvectors |n) and |m) of Hermitian operators corresponding to distinct eigen-
values a,, and a,, (a, # an,) are orthogonal to each other, i.e. (n|m) = d,,, as can be
easily verified,

0 = (n|Alm) — (m|A|n)* = am(n|m) — ap(n|m) = (am — an){(n|m). (3.81)

Note that if several eigenfunctions share the same eigenvalue (degenerate states), any
linear combination of them will be still an eigenfunction with the same eigenvalue.
This allows us to use the Gram-Schmidt orthogonalization you studied in your Algebra
course to construct eigenfunctions within each degenerate subspace. Therefore, even in
the presence of degeneracy, the eigenfunctions can be chosen to be orthogonal.

Gram-Schmidt decomposition

Given a complete basis {|p;)} of the Hilbert space H, the sequence of states

k—
1) k) — 521 (xilor) Ixs)
Ix1) = IXk) = T Vk > 1
Hen) 117 ) = 32521 (xslew) i) |
forms an orthonormal basis of H. To show that (x;|x;) = d;; we proceed by

induction:

(sl Ixa) 12

[ lor) = >25=

k
(Xklxk) = Hew) — X573 (eilen) ) 112
1

Sy
Valx2) = ey = ) arlea) (“"I'W IE >||2<“01'*02>>
1

~ e o2y — ) ales

)

[ e

N ({p1lp2) — (p1lp2)) = 0.

Assuming now that (x1|x;) = d1; we show that (x1|x;j+1) = 01,41 :

1 J
(x1lxj+1) = - < 1 <|90j+1> = lxw) <X/<:|<Pj+1>>
I lejr1) = Dreq Ixw) (xeleisr) |l =
1 S
= - ((x1lej+1) (xalxr) (xelejrt))
I loj+1) = D1 Ixk) (Xkl@saa) |l Ly
1

((xalejr1) — (xalejr1)) = 0.

[ |80j+1> - 21;:1 Ixx) <Xk|<ﬂj+1> |
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Finally, assuming that (x;|x;) = d;; we show that (x;+1|x;) =0fori+1<j:

(Xi+1lx;) = ﬁ <<<Pz'+1 —Y {pirilx) <Xl|> ’Xj>
=1

= 1 || ((pir1lxs) — ; (piv1lxa) <x:zL)§j))
1

— T (@iv1lx) — {pir1lx;)) = 0.

Therefore {|x;)} is an orthogonal basis of H.

e Since the above eigenvectors form a complete, orthonormal set, (m|n) = 9y, wWe can use
them as a basis in a finite dimensional Hilbert space. This allows to write a Hermitian
operator A as a sum of projection operators with coefficients equal to its eigenvalues
G,

A=Y "an|n)(n|. (3.82)

This relation is known as the spectral decomposition and allows us to define general
functions of operators,

FA =) flan)In)(nl, (3.83)

provided that f(ay,) is a well-defined function for all the eigenvalues a, of A. For
instance, a function

InA= Zln (an) |n)(n| (3.84)

is only meaningful if all the eigenvalues of A are positive-definite.

D))

In the Stern-Gerlach experiment, the spins in the z— and z-axis are observables rep-
resented by the Hermitian operators S, and S, both of them with eigenvalues +h/2.
Using the spectral decomposition (3.82) together with the previously constructed states
(3.25), (3.35) and (3.36), we can easily build an explicit representation of these oper-
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ators, namely

0 —i\ _h
g=0 (3.86)

/01 (0 —i /1 0
Ul:<10>, 02:(2 0), 0'3:(0_1>, (387)

the so-called Pauli matrices. These are all Hermitian traceless matrices with determi-
nant —1 and eigenvalues +1 and —1,

tro; =0, deto; = —1. (3.88)
They also satisfy the following important and frequently used relations,

005 = 5@']1 + 1€k 0k , [O’i, Uj] = 20€;10% , (3.89)
with repeated indices summed over the values 1, 2,3 and ¢;;, the totally antisymmetric
symbol, equal to +1 if (ijk) is a cyclic permutation of (123), —1 for a noncyclic
permutation and zero otherwise. For example, one has €237 = 1, € =213= —1 and

€112 = 0.
The previous expressions can be used to derived an Hermitian operator

| S

Si =7 -8 =nySy +nySy +n,S, = =it - &, (3.90)

measuring spin in an arbitrary direction specified by a unit vector
= (N, Ny, nz) = (sinf cos ¢, sin O sin ¢, cos ) . (3.91)

More explicitly, we have

h 0 1 0 —i 10
=z e (30 )om (5 0 ) om (o )

_ ﬁ n, Ny — My \ 72 cosf  sinfe ¢
"2\ ny+ing, -n, ~ 2\ sinfe’®  —cosd :
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Note that, as expected, this general expression reduces to the particular cases in (3.85)
for (ng,ny,n.) = (1,0,0),(0,1,0),(0,0,1), while sharing generically the same eigen-

values, independently of 7. This can be easily seen by direct computation

2 h2
det(Sﬁ—)\]I):)\2——(00529+sin29):Az—Z:O, — /\::|:§,

or more elegantly obtained by computing the square of the matrix and its trace

n\? m\? h

S2 = <2> (7 - &)? = <2> I, tr Sz =nitr S; = iy tr(o;) =0, (3.92)
either by brout force or using the first property in (3.89) for ¢ = j, namely

—  (A-8)?=1. (3.93)

N;o;N;0; = nmjéij +1 (nmjeijk) Ok ,

0 by symmetry

Not surprisingly, especially if you understood the general discussion on the Bloch
sphere in the first example of this chapter, the eigenstates |+),, of S5 coincide in form

with that in Eq. (3.33) and its orthogonal vector,
0 _; 6
|=)m = =g §€_Z¢H—> + cos §|—>. (3.94)

9 0,
|+)n = cos §|+> + sin §e’¢]—> ,

as follows explicitly from the eigenvector equations (S5 —=(5)I)|£),, = 0. For instance
/- 2 2 _
with |c1]” + |c2| = 1 we have

for an ansatz |+), = c1]+) + c2|—) = (¢1 ¢2)
B cos®—1 sinfe ™ c1 Z(bl—cose wsm&/Q
2( sin @ e'¢ —C059—1><CQ>_0 ™ e=e e L ¢ 0059/2
and
1— 0 2 2 C :COSQ,
la + e =1 = |af? |1+ (COS) _ lal =1 — ' )
sin 6 cos? 5 cop = sinie“ZS

where we have taken into account that the overall phase of the eigenstate is not ob-

servable to choose the simplest form of ¢;.

A useful relation
A very useful relation for forthcoming developments is
v- o)
sin |0], (3.95)

— \/@ and & = (O’x70'y,0'z)

with ¥ an arbitrary real vector with components v;, ||
ices. The proof is straightforward.

the spin operator, with o, 0y, 0, the Pauli matrices
Expanding the above exponential in series and taking into account the first expression

exp(iv-d) = cos\v[]H—z 7
0
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in (3.88) for expressing (- &)? as

(17 0_")2 = ’UZ"UjO'iO'j = vivj(éij]l + ’L'Eijkgk) = vivjél-j]l = |17|2]1,

(7-5)

|71

= cos |0] 1+ sin |7 . (3.96)

3.2.5 Position and momentum bases

Until now, we have assumed the bases of the Hilbert space H to be discrete, either finite or
countably infinite, overlooking the fact that many systems cannot be adequately described
within this framework. The simplest example is the free particle in one dimension, where the
natural basis consists of the position eigenstates {|z)}. Each state |x) represents the particle
being exactly at position x, so that a measurement of the particle’s position would yield x
with complete certainty. Because the particle can be found at any point along the real line,
the basis must include a distinct vector for every real number x. As a result, the set of basis
states is uncountably infinite.

Working with infinite-dimensional vector spaces requires a more careful mathematical
framework. Nonetheless, many key ideas from finite-dimensional linear algebra continue to
apply by analogy. While the correspondence is not perfect, it is sufficiently strong to allow
for practical calculations and to build an intuitive grasp of the behavior of quantum systems.
In simple terms, the extension to the continuous requires the formal replacement of sums by
integrals and Kronecker delta symbols by Dirac delta functions,

d - /ds, Opm — 0(s — §'), (3.97)
such that, in 1-dimension,
o) = wili)

(m|n) = mn

(x|p) = Zx%som
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Armed with this, we can establish the following links between matrix quantum mechanics
(Heisenberg) and wave quantum mechanics (Schrodinger)

Position basis Momentum basis
X = [dzzlz)(a] P = [dpplp){pl
Xlz) =z |z) Plp) =p|p)
(z]2’) =0 (x — ') (plp") =0 (p—p')
Jdz|z)(z] =1 Jdplp)(pl =1

lp) = [ dzp(z) |2) lp) = [ dp3(p)lp)

with p(x) = (z|¢) and @(p) = (p|y) the components of the vector |p) with respect to the
bases |z) and |p) and the integrals integrals extending from —oo to co unless otherwise stated.

Dirac’s delta distribution

Don’t panic. The notation §(s) in the above expressions stands for the so-called Dirac’s
delta distribution, defined as

/00 ds f(s)d (s —s') = f (&) (3.98)

—00

in Schwartz’s distribution theory for all sufficiently well-behaved trial functions f(s)
of argument s. This property is just the continuous analogue of the expression

Z Féij =5, (3.99)

with d;; the Kronecker delta you are completely familiar with. While §;; picks a vector
component out of finitely many vector components, the Dirac distribution § (s — s')
picks a function value out of infinitely many function values, implying in particular
that

/Oo dséd(s—s')=1. (3.100)

—00

For a finite interval [a, b], we have also

b s if seja
/adsf(s)(;(s—s’):{g( ) ii 52{@23’ (3.101)

Although the Dirac delta is not a function in the classical sense—since no function
that is non-zero only on a set of measure zero can be integrable—it can be formally
manipulated as such within integrals, with the following useful properties
§(s—s')=6(s —s), (3.102)
1
|al

f(s)d(s—5")=f(s)d(s =45, (3.104)

§(a(s — ")) 5(s— ), a€R, a#0, (3.103)
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/_OO 5(s —n)6(n— ') dn = 8(s — §), (3.105)
d(g(s)) = Z m, where  g(s;) =0, ¢'(s;) #0. (3.106)

i
In spite of the above, it might turn out convenient to represent the Dirac delta distri-
bution as the e — 01 limit of a smooth function d(s — s, €) that becomes negligible
away from its zero argument, but so strongly peaked there that its integral is unity,
namely

§(s— &)= lim (s — & €), lim / dsd(s—s',e)=1. (3.107)

e—0t+ e—01 Joo
One could consider, for instance, a Gaussian representation

1 _(s=s)?
2

= 3.108
T (3.108)

da(s— s e) =

a Lorentzian representation

1 €
op(s—8,6)= =, 3.109
p(s=5,e) Te2+ (s—8)? ( )
or even give up continuity and define the delta function as a rectangle of width 2¢ and
height 1/2¢, ensuring that the total area is equal to 1,

{216, for |s—¢| <e,

dr(s—5' €)=
Al ) 0,for |s—s'|>e.

(3.110)

Another useful representation, equivalent to the Lorentzian one, appears in Fourier
analysis,

@@ﬂm—ljcmmdwm
2 J_
(3.111)

_ 1 1 1 B -
_27T<6+i(s—s’)+e_i(5_51))—513(3 s',€).

Finally, we highlight a sine-square representation

esin®((s — §') /e
TR i ()

(3.112)

that will become useful when studying time-dependent perturbation theory in Chapter
8.

Note that the norm of position or momentum states is infinite,

(z]z) = 5(0) = oo, (plp) = 8(0) = oc, (3.113)
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meaning that they are not square-integrable functions in R3, L? (RS), and therefore not
suitable states for describing particles. This should not be a surprise, since the position
of a particle cannot measured with infinite precision. Normalizable states can be however
constructed using superpositions of a continuous set of states,

+A/2 2+A/2
o) = / dz |7)(zlp) = / d o(z)x) (3.114)
z—A/2 z—A/2

with A a narrow but non-vanishing range around a position our detector cannot resolve.
In this language, the wave function ¢(x) you have been using to describe physical states is
identified with the components of an abstract vector |¢) in an infinite-dimensional space in
which we have chosen to introduce a basis labeled by the values of the position. Answering
one of the questions we formulated in the introduction, we notice that the same abstract
vector could be alternatively described by its components along the direction associated
to a definite value of the momentum ({p|p)) or other any other direction connected with
alternative observables. From a mathematical perspective, wave mechanics is just one of the
possible representations of quantum mechanics and there is nothing particularly exceptional
about it.

To determine the momentum operator P, let us can consider the translation operator
T : H — H leading to the infinitesimal displacement from z to x + § , namely

T(x + 6z) = T(x) + %oz } T

T(x+ ox) =T(x)T(6z) = T(x)(I —idxK) = T(x) — idxT(x)K dr —iTK, (3.115)

where we have taken into account that the continuous set of translations can be composed
or multiplied,
T ()T (72) =T (%1 + 72) (3.116)

and introduced the so called generator of translations K through
T(6x) =1 —idzK + O[(dz)?] . (3.117)

With the boundary condition 7°(0) = 0, the above first-order differential equation admits a
solution

T(z) = e K2, (3.118)

The physical interpretation of K follows naturally from the commutation relation of the
position operator X and T'(6X),

[X,T(0x)]|z) = ox|z + dox) = dzT(0x)|x) —> [X,T(0x)] = 0xT (dx), (3.119)
where we have taken into account that

XT(6x)|z) = X|z + 0z) = (x + 0x)|z + dz),

3.120
T(6x)X|z) = T(0x)x|z) = x|x + dx) . ( )
Combining this result with the definition (3.117), we have
[X,T(0x)] = [X,I - idzK] = —idz[X, K],
(3.121)

0xT (6z) = dx(l —idxK) ~ dx T+ (9[(535)2],
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and therefore
[ X, hK]| = ihl, (3.122)

allowing us to identify the generator of translations in one dimension with the linear momen-
tum P = hK! The action of this operator on kets and bras in the position representation is

given by
T(6 =lx+46 _
(0z)|z) = |2 'm> | Play = oyl + 67) — |z) | (3.123)
T(0x)|x) = (I — $ Péx)|x) = |z) — 0z P|x) oz
and 5
(P! = (2|P = h<+;‘<| , (3.124)
x
since P is self-adjoint,
“6z) =1+ %oxP
(62) At 1 (3.125)
T1(6z) =1+ L6z Pt

These two expressions allow us to recover the form of the momentum operator you discovered
in Quantum Physics I,

elPle) = (alP [ da'a ey = in I [ g

= —iﬁi /dx/[(S(x + 0z —a') = 6(z — a')]p (a') = —ihSO( 5 (3.126)
T
dso( )
= —ith———= e
namely
d
P=—ih—. 12
Zhdm (3.127)

Hermitian versus self-adjoint

In finite-dimensional Hilbert spaces, the different operators can be represented by
matrices, which can generically act on every vector in the Hilbert space. In infinite-
dimensional Hilbert spaces, however, an operator A may not be able to act on the
entire Hilbert space. This leads to some technical distinctions between the concepts of
Hermitian and self-adjoint operators, with self-adjointness being somehow a stronger
condition that requires not only that A = Af, but also that A and A share the same
domain, D(AT) = D(A). Usually the question of domains D(A) C D(A") appears in
problems with non-trivial boundary conditions. Consider for instance the momentum
operator of a particle confined to a one-dimensional interval 0 < x < L. The corre-
sponding domain is given by the set of twice-differentiable wave functions that vanish
at the boundaries of the box, namely

= {(x) € £2([0,L]) | $(0) = &(L) = 0} .
Since the difference between the terms (p|P¢) and (Pcp]¢> vanishes due to the condi-
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tion ¢(0) = ¢(L) =0,

(@1Plo) Pt = [ ae [(alo) (=in-Lwlo)) - (inaktale)) (ol

L
= —ih/ dx % [(z|p){x|d)] = —ih[p(L)¢(L) — §(0)p(0)] = 0,
0

the operator P is Hermitian within D. However, the operator is not self-adjoint
(without extensions) because the domain of its adjoint, P?, is larger than that of P.
Indeed, while having the same differential form as P, the adjoint operator P acts on
the space of all square-integrable functions, without any restriction on their values at
the boundaries,

= {p(z) € £%([0, L]) | no boundary conditions on ¢(0) and (L)} .

To make P self-adjoint, you would need to find boundary conditions that make
D(P) = D(P?). This leads to a family of self-adjoint extensions, where the boundary
conditions (like ¢(L) = e?$(0)) are chosen to ensure this equality.

Using Eq. (3.127) and the states in the position and momentum representation, we
can determine the form of the overlaps (z|p),

o d ipe
—Zﬁ%@c!p) =plzlp) — (z|p) = Newl™, (3.128)

with N a normalization constant that can be determined as

(plpy =0(p) —p) = 15((p —p)/h) = Qthd;peh(p —p)z }
(plp'y = [ da (plz)(z|p') = |N|? [ dzen®'~P)2
where in the first expression we have used the Dirac delta property (3.103) to pull out

a 1/h prefactor and the Fourier representation (3.111) in the € — 0" limit. Combining
Egs. (3.128) and (3.129) we have therefore

= G (3.129)

1 ipx L —ipx
(elp) = === /" (pla) = —==e7" o, (3.130)

These overlaps allows us to change between position and momentum wave functions

¢@=w@=/mmmmwzjmwmww /mammmx

1
B \V2mh

1
P(p) = WorT \/_

We have therefore ¢(p) is the Fourier transform of ¢(z). Analogously, ¢(z) is the
inverse Fourier transform of ¢(p), with the invariance under the transformations

dz e_ipx/hsf’(m)a p(x) = dp elpm/h (p) - (3.131)

(@) < @p), xTp, Q& i, (3.132)
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leading to the Parcival theorem

/ " dr g (z)p(z) = / " @) (3.133)

—00 —00

Note that the transformations (3.131) are well-defined even in the case of a well-
localized particle with ¢(x) = (z|z¢) = d(z — x¢), for which

1 3 1 i
3(p) = —— [ dze PN§(z — xp) = ———e PO 3.134
o) = o / ( )= Jomn (3.134)
In this case, however, the associated momentum distribution is constant

1

P@)* = 5 (3.135)

and all momenta values equally probable. This is just a manifestation of the uncer-
tainty principle, to be described in the next section.

3.3 Measurements

W Postulate 111

When a physical quantity (observable) is measured in a quantum system, the system’s
state collapses into one of the eigenstates of the corresponding operator. The probability
of obtaining a particular outcome (eigenvalue) is determined by the square of the inner
product between the system’s state vector and the eigenstate. After the measurement,
the system’s state is given by the eigenstate corresponding to the observed measurement
outcome, so, if the measurement is immediately repeated, the same outcome is obtained

with probability one.

Prior to this statement, our journey has primarily focused on conventional linear algebra
and notation. The pivotal moment that elevates quantum mechanics to the realm of physics
lies in establishing the correlation between squared overlaps and probabilities.

According to the above postulate, if a system is prepared in a general superposition state
|©), the probability of obtaining an eigenvalue corresponding to the particular eigenstate |m)
is given by

2

Prob () - [y — LIRS __(elPule) 5.136)
{lg) (mlm) — (plp) (m[m)
where P,, = |m)(m/| stands for the projector operator on the state |m), and we have allowed
for arbitrary normalizations for the states |p) and |m). Note that the potential outcomes of
this formula have all the fundamental properties one should expect for probabilities. First,
they are all positive definite

Prob (|¢) — |m)) >0, (3.137)
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and remain the same if we multiply |¢) and/or |¢) by complex numbers. Second, the sum to
all possible outcomes equals to one, namely

e el (mim)
;Prob(|<p>—>|m>)—z o) =1, (3.138)

m

where in the last step we have used

(plo) = cnchy (mln) = lem|® (mlm) . (3.139)

Of course, if our initial and final states are properly normalized, (¢|p) = (m|m) = 1, the
above probability depends only on the probability amplitude

Prob (|p) = [m)) = [(ml@)]* = (¢l Pl ) (Born’s rule) , (3.140)

being still invariant if |¢) and/or |¢) are multiplied by a phase.

D>

Stern-Gerlach Experiment 1

Prob(|4+) — |+)) = |<+|+>|2 =1, — TFinal state |<p'> =4,
Prob(|+) — |=)) = |[{(~=|+)]*=0 — |-) never happens.

Stern-Gerlach Experiment 2

lp) = |+)

Prob(|+) = |+)z) = ]z<+|+>\2 =—, — Final state |¢') = |+).,

N — DN -

Prob(|[4) = |-)¢) = |e(=|+)|? ==, — Finalstate |¢)=|-)s.

Stern-Gerlach Experiment 3

|p) = |+)z (after filtering one half of the atoms)

Prob(|4+); — |+)) = |<+|+>gg\2 = -, — Final state |g0'> =|4),

N — DN -

Prob(|+)s = |=)) = [(=[+)s[* = 5, — Finalstate |¢) =]|-).

Projection along 7 (cf. (3.94))
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o) = |+)
Prob(|+) = [+)n) = [{+]+)n]” = |cos §(+]+> + sin §€Z¢<—H—> =cos” 5,
) 0, 0 0,0
Prob(|+) = |=)n) = [(+[+)al” = ‘—Sm € (H+) + cos S {+[=)| =sin® .

Note that if there exist several states with the same eigenvalue (degenerate states), one must
sum over them when computing probabilities. Also, immediately after the measurement, the
state is the superposition state associated to all degenerate eigenvalues, namely

o Pl (3440

with P, the projection operator on the corresponding subspace

g(m)

Z |m, ) (m, |, (3.142)

and g(m) the degeneracy of the eigenvalue m. Note that the denominator in (3.141) ensures
the proper normalization of the resulting state, since, as any projector operator, P2 = P,,.

Example 9: Probabilities and degenerate eigenvalues

Consider a state

1
o) = %(Q\U +12) +13))

in a quantum mechanical system with three orthonormal states |1),|2), |3) on which a
observable A has 2 degenerate eigenvalues a; = ag = 0 and a non-degenerate eigenvalue
a3z = 1. The probabilities of measuring the eigenvalues 1 and 0 are then given by

Prob(|p) — |3))

Prob(|p) — |1),

where we have indicated also the final states.

3.3.1 Compatible observables

Imagine that you want to measure two observables associated with two Hermitian operators
A and B. As we have seen in Section 3.2.4, the eigenstates of either A and B can be used to
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construct an orthonormal basis, namely

é’ﬁéi ZZ;Z>> — o) =D (aile)las) = Y _ (bile) 1bi) - (3.143)

7 7

If we start measuring the observable corresponding to A, and immediately after the one
corresponding to B, we get

Measure A Measure B Final output
l¢) — a; with prob. |(a;|@)]* — b; with prob. ](bj|a¢>|2 — (ai, b))
System in state |a;) System in state |b;) ail) |, [(bjlai)|? .

On the other hand, if we reverse the order of measurements, we rather obtain

Measure B Measure A Final output
) — b; with prob. [(bj|@)|> — a; with prob. [(a;|b;)|> — (as,bj)
System in state |b;) System in state |a;) [(b;]0)? 5 [(ag]bi)]? .

The results obtained through these two procedures will generally differ, unless the second
measurement leaves the state resulting from the former unaffected. This can only happen if
there exists a complete set of simultaneous eigenstates of A and B, namely

Aluj) = ajlug) Blug) = bjlu;) . (3.144)

This condition is equivalent to
[A,B] =0, (Compatible observables) (3.145)

as follows easily from considering the matrix elements
(uj|[A, Blug) = (arby — brag) (ujlug) = 0. (3.146)

On the contrary, if [A, B] # 0, there will be at least one eigenstate |a;) of A that is not
an eigenstate of B, such that the above argument holds and the final outputs differ. In
other words, it is impossible to measure simultaneously two observables represented by non-
commuting operators because they cannot be diagonalized in the same basis, they are incom-
patible.

The largest set of mutually commuting observables is referred to as a complete set of
compatible observables (CSCO). When this set is identified, it becomes possible to consis-
tently narrow down the quantum state of a system to a unique and well-defined state. This
procedure operates as follows: Let us consider a complete set of mutually commuting observ-
ables A, B,C,.... To start, we perform a measurement of the observable A, yielding outcome
a;. If a; is not degenerate, the state collapses to |a;). If a; turns out to be degenerate, we
proceed to measure the observable B, obtaining a result b;. If b; is non-degenerate, the state
becomes |a;b;). If, on the contrary, b; is also degenerate, we move on to measure the observ-
able C, continuing this process. The sequence continues until we ultimately arrive at a state
la;bjc; - - -) completely specified by the eigenvalues of all the mutually compatible observables
measured along the way.
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3.3.2 Expectation values

Given the complete, orthonormal set of eigenstates {|n)} of some Hermitian operator A with
eigenvalues a,, A|n) = ap|n), the expectation value in a quantum state |p)

(A = (p|Alp) (3.147)

is just the sum of all the eigenvalues associated to the states |n), weighted by the probability
that |¢) agrees with |n),

(A)p = (plAlp) =D chealm|An) =) " anleal® (3.148)

namely

(Ao = anlcal® . (3.149)
n
Similarly the expectation values

(AP)y = " abcnl (3.150)

n

with integer p are the moments of the probability distribution associated with measuring the
observable associated with A in the state |p).

Eianiple 103 Bxpectation yakue of Eaull zaatrlces andthe Bloch aphere ) >

The expectation values of the Pauli matrices for a general state

0 0 .
) = cos 5 |+) +sin ze|-),
take the form

(ploz| ) = {plox|p) = cosb,
(@ loyl v) = (ploy|e) = sinfsin ¢,

(plo:| ) = (plo|p) = cosb,

such that

(02)2 + (0,)? + (0.)? = cos® ¢ + sin® ¢sin? § + cos® f = 1.

This shows that the expectation values of the Pauli matrices form a unit vector in
Cartesian coordinates, which corresponds to the Bloch vector for the given quantum
state.
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3.3.3 Generalized uncertainty principle

Let us define the uncertainty or standard deviation of A from its mean (A), in a state |¢),

ApA = /(o] (A= (A),1)2 o), (3.151)

with the identity operator operator made here explicit for the sake of clarity, but omitted in
what follows. Note that since

(0l (A= (4)0)* |0} = (Pl (A= (A)p) (A= (A)p) o) = (A= (A)p) [ 20, (3.152)

the uncertainty A, A = 0 iff |¢) is an eigenstate of A, namely for A|p) = A|¢) we have

(A= (A))|p) =0
(plAlp) = Melp)

This means that, unless we know that our state is in an eigenstate of A before carrying
out a measurement, we will never be sure of the value we will obtain when measuring an
observable quantity! Let us also emphasize that the uncertainty A, A is not related at all
to the experimental limitations of a given experiment or the errors that could result from
performing it. In particular, the resolution 6A of a given device can be smaller than A A,
but even in that case, the spread of the results will never be smaller than A, A. In other
words, the condition 4 < A A only allows to accurately determine the uncertainty A, A.

}AM = (A)]p) = Alp) . (3.153)

Let us consider two Hermitian operators A and B and define the states

pa) = Alp) = (A)ele) [vB) = Ble) = (Blole) (3.154)
such that (cf. Eq. (3.152))
(ApA)* = [lpall®, (ApB)* = ||l (3.155)
From the Cauchy-Schwarz inequality (3.16) it follows that

(8p4)" (AyB)” = lpall’llenl? = l(walen)? 2 | Im (pales) I, (3.156)

which taking into account

(palep) = (p| (A= (A)p) (B = (B)y) ) = (¢|AB — (A)(B)ylp),  (3.157)
(palep)” = (plAB — (A)p(B)olp)” = (p|BA = (A)p(B)ole) (3.158)

and therefore )
Im (paler) = o (¢4, Bllp) (3.159)

can be written as
2

(8P (3B 2 | (4B - (3.160)
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This inequality constitutes the generalization of the Heisenberg uncertainty relation for po-
sition and momentum operators,

(A X)(A,P) =

N St

, (3.161)

following from the commutation relation [X, P] = ih. In particular, Eq. (3.160) states the
impossibility of finding states having simultaneously definite values of A or B if [A, B] #
0. Note, however, that the lower limit in (3.160) relies on the state |¢), so there could
be cases in which the expectation value ([A, B]), vanishes even if the observables A and
B have a non-zero commutator [A, B] # 0. In those specific cases, it is a priori possible
to measure simultaneously A and B with arbitrary accuracy. This happens, for instance,
when considering the commutator expectation value (¢ |[Ls, Ly]|¢) of two orbital angular
momentum components in a spherically symmetric state |p), which is generically vanishing
even if [Ly, Ly| = ihL, # 0.

Example 11: Spin 1/2 algebra and uncertainty relations

The observables S, and S, are incompatible because

n? 1 1 0\ (1 0 0 1

4 0 0 -1 0 -1 10

h? -1\ (0 1 R0 -2

4 0 -1 0 4 2 0

0
550 = 7 ( (]
I8 0

1

hi(f0 —i .
——zh2< i 0 )——thy#O.
Similarly, we have

[Sx, Sy] =

i 0 —i 0\ _ A
(5 %) -( 7))=5
:ih2<(1) fl):ihsz¢o.

It is indeed not difficult to convince oneself that the three hermitian operators S; with
i=1,2,3 (z,y, z) satisfy the algebra

[Si, Sj] = ihe;jk Sk , (3.162)

with repeated indices summed over the values 1, 2,3 and ¢;;, the totally antisymmetric
symbol with €123 = +1 or equivalently Sx S =ihS if you don’t feel comfy with indices
yet. As for the angular momentum, this imply that the components of spin operator

Sz

S=15, (3.163)
S
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along different axes cannot be simultaneously measured, meaning that they are incom-
patible observables. This is reflected in a generalized uncertainty relation

(1150 S,))2 = (5.7 (3164)

(AS, (A8, > :

N

Each spin component commutes, however, with the Casimir operator

h? 3
2 2., 2., 2 2
S° = 1 (02 +0,+02) = é_lh I, (3.165)

namely

[S2, 5] =0, (3.166)
meaning that it is always possible to measure simultaneously the absolute value of the
spin and one of its components.

The operators S, and S, can be combined into the so-called raising and lowering
operators

Sy =S, +i8, (3.167)

satisfying the commutation relations
[S2,54] =0, [S.,S4] = +hS,, [Sy,S ] =2hS,, (3.168)

The name given to these operators becomes obvious when considering the action of
5% and S, on the states |+)

(D))
(D) e

3.4 Temporal evolution

W Postulate IV

The evolution of a quantum system is governed by a linear, unitary operator acting
on the state vector. The evolution of the state vector over time is determined by the
Schrédinger equation.

Symmetries are fundamental in physics. Imagine we take a normalized state |p,tg) at time
to. Whatever the time evolution of this state turns out to be, it should end up in another
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vector |p,t) within the Hilbert space and with the same length. As we will show in what
follows, this is precisely what a unitary operator does.

3.4.1 Unitary operators

An operator U is said to be unitary if it is the inverse of its own adjoint, namely
Ut =U'U =1, or Ul =u-t. (3.171)
Given such an operator, we can define a similarity transformation on states and operators,
o) = ') = Ulyp), (ol (Pl =(plUT, A A =UAUT, (3.172)

such that the scalar product and all physical properties remain unchanged,

XI¢") = (XIUTUp) = (xle) (3.173)
W14 = (x [UTUATTD | 0) = (dAlg). (3.174)
(A',B] = A, B], (3.175)

including eigenvalues.

Unitary operators have some crucial properties:

e Contrary to Hermitian operators, the eigenvalues u,, of unitary operators are complex
numbers of unit modulus. The eigenvectors |n) and |m) associated to distinct eigenval-
ues u, and u,, are nonetheless still orthogonal to each other, i.e. (m|n) = d,m,. Indeed,
for

Uln) = up|n) , (3.176)

we have
(m|n) = (m|UU|n) = uiu,(mln)  — (1 —ulu,)(mln) =0, (3.177)
and hence |u,| =1if m =n ((n|n) # 0) and (m|n) = 0 for u, # up,.

e Since the eigenvectors of a given unitary operator U form a complete, orthonormal set,
(m|n) = by we can use them as a basis.

e Using unitary operators, we can perform changes |n) — U |n) among orthonormal bases.
The transformed states U|n) can be viewed as the columns of a matrix, which are both
normalized and mutually orthogonal. Additionally, since the inverse of a unitary matrix
is given by its conjugate transpose, denoted as U~! = UT, the rows of this matrix are
also normalized and orthogonal to each other. In general, hermitian matrices can be
diagonalized using unitary matrices.
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e A unitary operator U can be written as the exponential of a Hermitian operator A
called the generator of U, A
U=¢4. (3.178)
Indeed, as follows from the Taylor expansion of the exponential,
1
1A - A\
e =" —(iA)", (3.179)

n:
=0

the properties A = A and (A™)f = (Ah)",

7 = s AN = 1 - n —iAf
(€)= (A =37 (i) = e (3.180)
i=0 i=0
and the commutation of A with itself, we have
UUt = eideiAT = gide=id (3.181)

Note also that taking into account the spectral decomposition (3.83) we can write
(3.178) in terms of the eigenvalues and eigenvectors of A, Ajn) = a,|n), namely

U=> e n)n|. (3.182)

3.4.2 The time-evolution operator

As anticipated, the state vector |p,t) at time ¢ is assumed to follow from the state vector
|, to) at time ¢y by applying a unitary operator U (t,t), called the evolution operatorS

lp,t) = U(t, t0)les to) - (3.183)
The evolution operator has some important properties:

o U (to,t0) =L, as follows from the defining equation (3.183).

e Time composition works like matrix multiplication: we go from ty to t/, from t’ to t”
etc,

AN =U ") e, t")y =U ", ) U (', to) o, t
o t") = U (¢",8) |p,t) = U (¢",¢) U ( “W(”}waw=vw¢%www

|907t”> =U (tﬁvto) |907 t0>

(3.184)

5Note that, if it exists, this operator is unique.
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e The “inverse” (or “dagger”, since U is unitary) can be removed by flipping the order
of the arguments

UL (t,t0) = U (to,t) = U (t,10) , (3.185)
as follows straightforwardly from setting ¢ = ¢( in the final result of (3.184),

I=U (to,t0) = U (to,t") U (¢, t0) - (3.186)

Since we are looking for a differential equation (the Schrédinger equation), let us consider
the derivative of Eq. (3.183). Taking into account that |p, o) is independent of ¢, we get

0 oU (t,tg) oU (t,tp) oU (t,to)

—p, t) = | —2—= to) = ——=U (to,t ty = 22Ut (¢t t 3.187

o) = (225 Y o) = 20 (o, oty = 2N o) (380
where we have made use of the definition (3.183) and the property (3.185) to get an equation
for |p,t). Let us explore the properties of the operator

AU (¢, to)

A ot

UT (,to) (3.188)
connecting the left and right-hand side of this expression:

o Anti-Hermiticity.

Differentiating
U(t,to)UT (t,t) =1 (3.189)
with respect to time, we obtain,”
t,t (et
OU10) iy 40y 4+ U (1, 1) 210D gy A= pt, (3.191)

ot ot

meaning that the operator connecting the left and right-hand side of Eq. (3.187) is
anti- Hermitian.

e 1o independency.
Introducing the identity operator into the definition (3.188), we get

A(t,tg) = aUgt’tO)UT (t,t0)
= aUg;’tO)U (to,t') UT (to, ') UT (t,t0) (3.192)
= (?t (U (t,t0) U (to,t")) U (¢, t0) U (to,t) ,
"Note that a time derivative does not interfere with daggers, and therefore
AT =U (t,to) U™ (t, o) . (3.190)

ot
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where in the second step we have taken into account that U (tg,t’) has no ¢ dependence
to include it into the derivative and made use of the property (3.185). By composition
(cf. (3.184)), this this is equal to

0

A(t,to) = %U () U (¢t) = 5.U (1) Ut (t,¢) = A (t,1) (3.193)

meaning that A is independent of tg.

e Units of time: Since the unitary operators U have no units and we are taking a single
time derivative, [A] = [1/T].

We have therefore an operator A that is anti-Hermitian, only depends on ¢ and has units of
inverse time. Multiplying (3.187) by iA and defining a Hermitian operator

aU (t, to)

H =ihA =ih En

Ut (t,to) , (3.194)
that we name Hamiltonian, we get

., 0

thole:t) = H(t)le, 1) . (3.195)

This is nothing else that the generalization of the Schrédinger equation (1.20) for a wave
function ¢(x,t), as can be easily seen by multiplying (3.195) by (x| from the left and identi-
fying
P2
oz, t) = (z|p,t), H(t)= 5 + V(). (3.196)
This is quite nice: The time-dependent Schrédinger equation is just the result of unitary time

evolution!

Example 12: Building a Hamiltonian for spin 1/2 particles

Let us consider the time-independent Schrodinger equation for a spin one-half particle,

Hy=FEy, (3.197)
with
H= 2]1 3.198
= — o
2 2X2 ( )

a matrix Hamiltonian and y = (X17 Xg)t the so-called Pauli spinor, a column vector
encoding the two possible spin degrees of freedom. Taking into account the identity

(G-a@)(3-b)=a-blaxy +id - (@ x b) (3.199)

with @ =b = P and recognizing that PxP= 0, we can write

(G- P)-(G-P) =PIy, (3.200)
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and therefore q
H=5-(G P)(¢- P). (3.201)
The corresponding Hamiltonian for a charged particle interacting with an electromag-
netic field follows from the minimal coupling prescription
P =P —qA@), (3.202)

with ¢ the charge of particle and A the external vector potential. Including also a pos-
sible electromagnetic scalar potential ¢(Z), we obtain the so-called Pauli Hamiltonian

Hpua = 5(5 - )@ 7) + 4 9(8). (3.203)

In this context, the term 7 x 7 in Eq. (3.199) gains significance (@ = b = ), since its
contribution to the resulting Hamiltonian

Hpaui = %[(* A+ 06 - (7 x T)] + qi(T) (3.204)

is no longer zero. Indeed, we have

o o 1
(T X ) = €jpmiTj = S ik (73, 75] (3.205)

with?
h :
[71'7;,71']‘] = [pz - unPj - qu] = —2(] (8,A] - a]AZ) = lqh (8“4] - 8]AZ) . (3206)

or equivalently
(T X 7)) = %eijk(i qh) (0;A; — 0;A;) = (iqh)eijr0iAj = (iqh)(V x A)y, = (i qh) By .
(3.207)
Back to the Pauli Hamiltonian (3.204) and leaving implicit identity matrices, this
implies
H ~:i(13— E)Q—@6-§+ &(Z) (3.208)
Pauli m q m q o c

The second term in this expanded Pauli Hamiltonian represents the coupling of the
charged particle to the magnetic field, aligning precisely with the one anticipated in
the previous Chapter. Indeed, comparing this piece with Eq. (2.3) and taking into
account Eq. (3.86), we observe that the Pauli equation fixes the electron’s magnetic
moment to g = 2.

“The A; components are functions of position and therefore commute among themselves.
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The quantum mechanics dualism

At this point, it is interesting to highlight the mysterious dualism of quantum mechan-
ics. A given quantum state can change in two distinct ways. On the one hand, we have
unitary evolution, which is clearly deterministic. Given an initial condition |¢(0)), the
Schrodinger equation (3.195) is able to predict the state |, t) at a later time ¢. On the
other hand, we have measurements, which are inevitably probabilistic. In particular,
a quantum theory cannot make definite predictions on the result of a measurement,
but just assign probabilities for the different outcomes to occur. This contrasts with
the classical descriptions of nature we are all used to, where the relationship between
the state of a system and the result of a measurement is trivial.

The quest for a more elegant and transparent formulation of quantum mechanics is
a valuable endeavor that could be eventually successful. However, it is important
to acknowledge that, while not axiomatically proven, the postulates presented here
accurately capture our current understanding of quantum physics, being supported by
a plethora of experiments.

3.4.3 Time-ordering and Dyson series

In the above derivation, the Hamiltonian H is a derived quantity, obtained from the unitary
evolution operator U. In practical situations, however, we will postulate/construct a Hamil-
tonian and calculate the unitary evolution for it. To do so, let us consider again Eq. (3.194).
By simple manipulations, this can be written as a differential equation for U (¢, ty),

dU (¢, to)

S = —H(U (1 t0), (3.209)

with boundary condition U(tp,t9) = I and the partial derivatives replaced by total deriva-
tives since there is not potential confusion.® This differential equation admits an integral
representation

o t
U(t,to) =1— % HEU, to)dt', (3.210)
to

8As long as non-commuting operators are involved, all we are going to discuss here applies also to other
scenarios in mathematical physics where this type of differential equation appears.
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which can be formally solved by iteration. In particular, by recursively substituting the
left-hand side of Eq. (3.210) into the right-hand side, we obtain the so-called Dyson series”

. t . t/
Ult,to) =1— % / H(t) []1—; H(t”)U(t”,tO)dt”] dt’
t

0 to

. t .\ 2
. H(tdt + <—Z) / dt’/ dt" H(tYH(t") (3.211)
7i to 7i to to

+ ..
t(n—1)

N <_;)”/t dt/t i’ / AW HEHE) .. HE™) + .

with to < t(™ < ... <t" < <t, or more compactly,

U(t,to):]l+§:<—;>n/ dtl/ dts - /tn ity H)H(t) - H(t,),  (3.212)
n=1 to

where we have replaced the increasingly cumbersome notation ¢',¢”, ... the integrating vari-
ables by t1,to,...t,, with top < ¢, < ... <ty < t; < ¢, most suitable for the subsequent
developments. As we will discuss in Chapter 8, truncating this infinite sum is a usual pro-
cedure in the context of time-dependent perturbation theory, yielding approximate solutions
for U (t,to). It is nonetheless, possible to recast it in a much simpler exponential-like form.
To achieve this goal, we must rewrite the integration regions in such a way that they do not
depend of the integration variables, but instead go simply from ¢y to ¢ in all the n integra-
tions; we must uncouple the integrals. As a first step, let us define an instruction to reorder
the operators in such a way that the corresponding time arguments decrease as we move from
the left to the right, the so-called time-ordered product of operators

T[H (1) H (t2) - H (tn)] = H (t3,) H (t,) -+ H (t,) . (3.213)

with ¢;, > t;, > --- > t;, . Consider for instance the integral in the second line of Eq. (3.211).
This can be written as

IQE/ dtl/ dtQH tl t2 / dtl/ dtQT )H(tz)], (3214)
to to to to

where, in order to insert the T symbol, we have taken into account that the integration region
should be given by half of the square region 0 < t1,t5 <t where to < t;. The same integral
can be also evaluated by interchanging the order of integration, without changing of course
the value of the integral, i.e.

12:/ dtl/ dty H (t) H (t2) /dtQ/ dty H (t1) H (t2) . (3.215)
to to to t2

Since the times ¢; and ¢35 in this expression are jusrt dummy integration variables, we can
relabel them in the last integral as t1 — to and to — 1, getting

Igz/ttdtl /ttdtQH(tQ)H(tl):/ttdtl /ttdtQT[H(tl)H(tg)], (3.216)

9Note that the operators H in this expression with different time-arguments do not generically commute.
The order must be preserved!
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where the T symbol in the last expression follows from the condition t5 > ¢1, in which case
T [H (t1) H (t2)] = H (t2) H (t1). In other words, the integration region is now given by the
area of the triangle above the diagonal line in the previous figure. We have therefore two
different ways of writing I, namely

12:/tdt1 /tl dts T [H (1) H (t2)] | Igz/tdtl /tdtQT[H(tl)H(tz)}, (3.217)

with ¢; appearing respectively as a upper and lower index. Therefore, by adding these two
integrals,

oty = [ty [t T1H (1) H () + [ dty [ dtaT [H (6) H (8)]
Ry

—/ttdtl /ttdth[H(tl)H(t2)] ;

we can eliminate the ¢; dependence, getting an expression whose integration region coincides
with the full square area, i.e. 0 < t1,to < ¢. Dividing this result by two, we end up with

I = ;/j it /tt dty T [H (t1) H (t2)] . (3.219)

This procedure can be easily extended to higher-orders. In particular, for the n-th term in
Eq. (3.211), the original integration region in I,, is given by the hyper-volume bounded by
the hypercube defined by 0 < tq,to,...,t, <t such that ¢, < ... <t3 <ty <1, which is a
fraction 1/n! of the hypercube. As before, by simple interchanging the order of integration
in n! — 1 possible ways and appropriately relabeling the integration variables, we can obtain
alternative expressions for I,, covering the remaining n! — 1 regions of the hypercube, such
that we end with an integral over the entire hypercube 0 < ty,t2,...,t, < t, namely

I,

t tl tnfl
/dtl/ dtg---/ dt, H (1) H (t2) - - H (tn)
o to to (3.220)

1 t t t
= dtq / dty - -+ / dt, T [H (tl) H (tg) ---H (tn)] .
n: Jio ¢ to

Using this result, Eq. (3.212) becomes equals to the Taylor expansion of a time-order expo-
nential

U(t,to):]I+Z§!<2>n/tdt1/tdt2--«/tdtnT[H(tl)H(tQ)---H(tn)], (3.221)
n=1 to to to

which is usually compactly written as

Ut to) = T [exp (—% / t dt’H(t’))] . (3.222)

to

Given this general expression, we can considered two specific cases:
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"

e If the Hamiltonians evaluated at different times commute, e.g. [H(¢'),H(t )] = 0, we
can simply drop the T' symbol in the previous expression. Eq. (3.222) simplifies then
to

0 1 i n t t t
U(t,lto):HJrZ:a (—h> /to dtl/to dtg--'/to dtn H (t1) H (t2) - - H (ty,)
n=1

:}Hi; (_;> (/t:H(t’) dt’> = exp (—;/t: dt’H(t’)) :

where in the last step we have recalled the Taylor series of the exponential.

(3.223)

e For time-independent Hamiltonians, Eq. (3.222) becomes only depending on (t — tg),

U (,t0) = exp <—Z(t;t°)H> . (3.224)

This means that if the initial state of the system is an eigenstate of the Hamiltonian
operator with eigenvalue F,
Hlp, to) = Elp, to), (3.225)

the action of the operator (3.224) becomes a trivial multiplication by a phase factor

_iE(t—tg)

lp,t) =e” " g, to) (3.226)

The state is then stationary; all its observable properties are constant in time.

Example 13: Spin 1/2 in a uniform magnetic field

Consider a spin 1/2 particle with aspin pointing along the direction specified by some
angles (6o, ¢o) at time t = 0 (cf. Eq. (3.33)),

0 Oy
|, 0) = cos 50]+> + sin Eoe“bo]—} , (3.227)
and placed in a uniform magnetic field oriented along the 2 axis B = BZ. The

associated Hamiltonian takes the form
H=-fi-B=-v5-B=uwS,, (3.228)
where, for notational convenience, we have introduced the so-called Larmor frequency
w= -8B, (3.229)

with v = gq/(2m) the Landé factor. Since the Hamiltonian is constant, we can make
use of the expression (3.224) with ¢ = 0,

T .
U(t,0) = exp (—th> = exp (— waJ) , (3.230)
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to determine the state of the system an any subsequent time ¢ > 0, namely
—iHt/h it bo 00 i(po+wt)
lp,ty =€ lp,0) =e 2 | cos EH_) + sin 5 ¢ oTwh—y ), (3.231)

where we have taken into account that S,|+) = +h/2|+) and factored out an overall
and physically irrelevant phase. The evolved spin vector (3.231) corresponds therefore
to a rotation around the z axis, with constant inclination 6(¢) = 6y and angular velocity
w. Indeed, spin precesses in exactly the same way as magnetic dipoles do in classical
electromagnetism. This is the basic principle behind the nuclear magnetic resonance
technique, used chemistry and medicine. Numerically, a hydrogen atom in the earth
magnetic field B ~ 5 - 1077 T precesses with a frequency

1B go e M2
2

x5-107" T ~ 2.13kHz. (3.232)

The Green’s function in position space

Writing Eq. (3.209) in the position representation, we get a differential equation

d ) . d
%G (;U,t;w',tg) = _ﬁH (l‘, _Zhdx> G (x,t;m',tg) , (3.233)

for the matrix elements of the evolution operator, the so-called propagator or Green’s
function in position space,

G (z,t;2',t0) = (z|U(%,t0)|2'), (3.234)

with initial condition

G (z, to; x',to) =0 (m — x/) . (3.235)

Given G (z,t; 2, tg), the time-dependent solution of the Schrodinger equation for any
given initial condition ¢(z,%o) is obtained as (cf. Eq. (3.183))

o(z,t) = / G (z,t;2,t0) ¢ (a'to) da’ . (3.236)
R

In addition to providing an explicit solution to the time-dependent Schrédinger equa-
tion, the propagator (3.234), and in particular the quantity |G(z,t;2/,t0)[*, can be
interpreted as a proxy for the probability density of finding the system at the point x
at time ¢ if it was initially localized around the point z’ at time tg. ® Moreover, in the
Feynman’s path integral formulation of quantum mechanics, the propagator admits a
natural interpretation as a sum over all possible paths connecting the initial point z’
at time tg to the final point = at time ¢.

“Strictly speaking, since the position eigenstates |z) are not normalizable, |G(x,t; 2, )| is only
proportional to the probability density, rather than exactly equal to it.
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3.4.4 The Schrodinger and Heisenberg pictures

Using the evolution operator U, one can express the time development of the expectation
value of a given combination of operators AB---C in two equivalent representations,

(0, t|AB---Clo,t) = (p, to|UTAB - -- CU|p, to) = (0, to|UTAUUTBU - - - UTCU|p, ).
(3.237)
The left-hand side of this expression is said to be in the Schrodinger representation, with
the states evolving while the operators are fixed. The right-hand side is said to be in the
Heisenberg representation, with the states fixed and the operators evolving according to

Ap(t) = Ut (t)AsU(t) (3.238)

with the subindices S and H referring respectively to the Schréodinger and Heisenberg repre-
sentations. Note that even if Ag has no time dependence, the operators Ay (t) will depend
on time unless Ag commutes with the Hamiltonian, as follows from

WAt _ 0 Titnasu o) = 10t s, 450100 + U025 Ou @), (3230
which taking into account that
UH0) Hs(0), As] U = [Hn(), An(®)] . 0022y = 2218 g5
can be compactly written as
dACI;(t) _ _% [An(t), Hu(t)] + %AH(t) : (3.241)

This is the Heisenberg equation of motion.

3.4.5 Time-evolution of expectation values

Let us make use of the Heisenberg picture to compute the evolution of a time-independent
Schrodinger operator Ag. Taking into account Egs. (3.238) and (3.241), we have

d d dAy i
o\ tlAsle,t) = = {p tol Anle, to) = (¢, tol = =10, to) = = {p(to)l[Am, Hulle, to) ,
(3.242)
or more compactly
d{Ag i
<dt o _ - ([Aw, Hu)),, - (3.243)

Note that since the expectation values of Schrodinger operators are the same as the expec-
tation values of Heisenberg operators, this can be also written as

d

= As), = 7 ([As, Hsl), - (3.214)
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These equations are a natural generalization of the classical Hamiltonian equation for an
observable function ) of x and p,

d
L — (0., (3.245)
with the formal replacement of the Poisson brackets
0A0B 0AO0B
ABl=—— — —— 3.246
{4, Or Op  Op Oz’ ( )
by commutators,
{A,B} = —%[A, B]. (3.247)

The factor 7 in this prescription is important for hermiticity, since the commutator, by itself,
is not Hermitian. As in classical mechanics, Eqgs. (3.243) and (3.244) come also with a
very important physical consequence: an operator A is conserved if it commutes with the
Hamiltonian! This conclusion holds irrespectively of whether we use the Heisenberg picture
or the Schrodinger picture.

Example 14: The quantum Newton’s law

Consider the Hamiltonian of a moving particle in one dimension,

Qi V(X), (3.248)

- 2m

with X and P position and momentum operators satisfying the commutation relation

[X, P] = ih. Since these operators are independent of time, the evolution of their
expectation values is given by

d(P) i d(X) i

5 = RUBHD, g = R\ HD, (3.249)

which taking into account that

1
2m

ik B V(X))
[X, P?] _EP, [P,H] = [P,V(X)] = —ih X

[X, H| = (3.250)

can we rewritten as

dt m

Combining these expressions, we obtain the quantum mechanical version of the New-

ton’s law,
d*(X) oV (X)
=— . .252
Tt < 0X (3252)
Note that this expression reduces to its classical counterpart,
d2
A C) (3.253)

dt? or '’
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only if those situations in which the average of the potential derivative can be replaced
by a function of the average of X,

<8V(X)> V(X))
ax /= ox) -

(3.254)
This approximation is valid whenever the probability distribution is narrowly peaked

around (X), or, equivalently, if the uncertainty AX is sufficiently small.

3.4.6 The time-energy uncertainty relation

Combining Egs. (3.244) and (3.160) with B replaced by H, we get

1 h|d{A),
> = - [—F .
ApHAA > S (4] = 5|25 (3.255)
This expression can be alternatively rewritten as
h
A H AT > 5 (3.256)
ith
" A,T(A) _ B4 (3.257)
T = :
7 |d(A)y/dt|

the characteristic time in which the change in the expectation value of A becomes comparable
to the uncertainty A, A. In other words, it is the time after which we can deduce that a change
has occurred by measuring A. For this reason, A,7(A) is sometimes called the lifetime of the
state |p) with respect to the observable A. Note, however, that in spite of the appearances,
the above expression is not completely analogue to the uncertainty relation (3.161), since
there is not a time operator T in quantum mechanics that could satisfy the commutation
relation [T, H| = ih entering Eq. (3.160).

The inequality (3.256) is sometimes heuristically written as

AE At >

| St

(3.258)

with AFE the energy spread and At the characteristic evolution time. According to the above
reasoning, we can interpret At as the lifetime of an excited state, existing only for a limited
amount of time. A particular example could be an atom in an excited energy state eventually
transitioning to a lower one by its interactions with the electromagnetic field. The energy of
the emitted electron has an uncertainty AE = h/2At, which is usually expressed in terms
of the so-called decay width T' = AE/h. As explained in Section 3.3.3, AE is unrelated to
the accuracy with which the energy can be measured. An example of this is the unstable
Z boson mediating the weak interaction, whose mass or rest-frame energy is known more
precisely than its width,

Ez =mgzc? = 91.1875 + 0.0021 GeV, AFEy; = hl' = 2.4952 £ 0.0023 GeV .

In other words, the peak’s position can be identified much more precisely than its spread.
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3.5 Some worked-out exercises

Physical states

A cavity supporting a single mode of oscillation of the electromagnetic field can have
states with n = 0,1,2,... photons present, from which we can construct the basis
of orthonormal vectors {|n);n = 0,1,2,...}. Which of the following states could
represent a physical state of the system?

= = = a”
—;\/ﬁln% |¢>—;n|n>a ZT acC.

A physical state must be normalizable. The inner product {p|p) gives rise to a divergent series,

(ple) = Z*

not admitting therefore a probability interpretation; this vector does not represent a possible physical
state of the system. On the contrary, the inner product (¢|¢) gives rise to a convergent series

(6l6) = Zni

allowing to normalize the state to unity and supporting its interpretations as a physical state of the
system. Finally, for the final state |a) we have

<a|:n§::oﬁ<n|a <ala>=zzmﬁ

2

allowing to normalize the state,
o0
2 (0%
o) = 7o /2 3 )
n=0 n!

and supporting its interpretations as a physical state of the system. This type of states are called
coherent states.

The Hadamard gate

One of the basic gates in quantum computing is the Hadamard gate

HZ\%(%—FUz):\}i(} _11>

with o, and o, the Pauli matrices.

a) Show that H? = I. Determine the eigenvalues and eigenvectors of H in the basis
of eigenstates of o,.

b) Determine the form of H in the bases of o, and o,.
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I c¢) Provide a geometric interpretation of H in terms of the Bloch sphere.

a) By direct computation, we have

1/1 1 11 1
2 _
H—2(1—1><1—1>—2

Alternatively, one can write

1
= == (10001 + 1101+ o) 1] - ]
with |0) = |+) and |1) = |—) the o, eigenstates (the |0) and |1) notation is chosen here for clarity),
and use (0]0) = (1|]1) =1 and (0|1) = (1|0} to obtain

T
|

= 2 (1001 + 11301 +10) a1 — 1y 1] {10301 + 1) 0]+ [0y ] — 11

%[\0><0|0><0l +10){0[0) (1] + [1){0]0) (0] + [1){0[0) (1]

+10) (1[1)(0] = [0) (1 [1) (1] — |1><1|1><0|+|1><1\1><1|}
- %[2|0><0\ +2p)(1)] = 1.

Since H? =1, the eigenvalues must be either +1 or —1,

2 [ a O a 0\ (a®> O (10 . .
Hdiag(o b><0 b)(o bQ><O 1), h a=<1, b=+,

However, if both eigenvalues were equal, H would be proportional to the identity matrix, which
is not. Thus, one eigenvalue is +1 and the other —1. By direct calculation, we can find that the
(normalized) eigenvectors are

B 1V2F1 1/V2 a\ _ (0 _ (1 £v2)[0) +11)
(H-A:DAL) =0 —> ( 1/J:§F —1/\@;1)(1))(0) — ) = o vs)

b) The eigenbasis of o, is formed by the two states |£), = %UO) +11)). From the form of H in the

o, basis,
1

V2

it is clear that we can express H as

H = |4)s (0] + =), (1, or H = |0)2(+] + [1Da(=],

H = —=(]0){0] + [1)(0] + |0) (1] = [1)(1]),

where the last expression follows from the first, since H' = H. Finally, we can express the o, basis
|0) and |1) in terms of the o, basis as

1 1

10) ﬂ(l+>x+\—>x)’ 1) = —Z(+)e = =)e)-

S

2
Inserting these expressions in the equation for H we find
1

H = |O>w<+| + |1>m<_| = \/§
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or

500

Evidently, H has exactly the same representation in the o, basis. We could indeed anticipated
this immediately once we noticed that H interchanges the o, and o, bases.
For o,, we can proceed differently and determine the action of H on the o, eigenstates |+), =

L.(]0) £4|1)), namely
V2
H1), = <5 (HI0) A1) = 5(00) + 1) £i00) 7 i) = (<5 ) 0y + (5 ) )
L itg LFi = Lotz (0y g = i3
:ﬁei (|O>+(1ii)|1>)_ V2 FE(l0) Fil1) =T, -

Thus, the Hadamard operator

just swaps the two states in the o, basis.

c) Since H? =1, the action of H must be a 7 rotation. Since

1
H:\ﬁ(am+az)

and the Pauli matrices represent rotations of angle 7 around the corresponding axis, H represents
a 7 rotation around the axis %(x + 2).

Operator representations

A given operator H on C? is defined as

/3

1 3
H|1) =—-|1 — |2 H|2) =
1) = —5I)+ 2P, 2)

S

o0+ 512,
with |1) and |2) an orthonormal basis for C2.

a) Find the matrix representation of H with respect to the basis {|1),|2)}.
b) Show that H? = I, with I the identity operator on C?.

c) Express H in Dirac notation in this basis, i.e., write H in the form
Z?,j:l |i)(j|H|i)(j|. Verify that the resulting expression yields the correct results
when applied to |1) and |2).

d) Determine the eigenvalues and eigenvectors of H.

e) Write H in Dirac notation with respect to this new basis, i.e., write H in the form
Zf j—1|€i)(e;| with [e1) and |e2) the orthonormal eigenvectors in d). Confirm that
the result matches the expression found in c).

()
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HT is the conjugate transpose. Since the off-diagonal entries are the same and real, H = HT.

b)
s (12 VB (2 VB (10 _
= n e ) (e )= (o 1)1
0
=2+ e+ e+ e,
H11) = 2 + 2 + L + Lpen - -t + L),
and
112 = 22+ L e + L + e - P+l

d) To calculate the eigenvalues of H, we let

det( _l‘g/;A 1>/2§£2)\ > =(-1/2-2)(1/2-1) =3/4=0, A==+l

The eigenvector for A = 1 is given by

(3 ) 0)-6)

t
This gives us that a = b/ V/3. The eigenvector is therefore some multiple of (%7 1) . We normalise

it to 3
1 3
=1 —|2).
lex) = 511+ 2212)

The eigenvector for A = —1 is given by

(A ) () -0):

So a = —/3b and the eigenvector is some multiple of (—\/g, 1)t. We normalise it to

) = =21+ 1.

H = |e1)(e1] — |e2){ez]
1 V3 1 V3 V3 1 V3 1
= <2|1> + 2|2>> <2<1| + 2<2|> - <—2|1> + 2|2>> <—2<1| + 2<2|>

1 V3 V3 3 3 V3 V3 1
= DA+ =D+ 120+ 12)2] = DA+ =12+ = 12) (] = 712)(2]

_ _%|1><1\ + §|1><2| + ?IQWI + %|2><2\~

4
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Stern-Gerlach experiments and probabilities

2)

Consider a beam of spin 1/2 particles passing through a series of three Stern-Gerlach
devices, as illustrated in the figure.

S =1in A
S = p Z S.=—1in

(;l% Z Ly
_ —

The first device filters out particles with S, = —h/2. The remaining S, = h/2 com-
ponent proceeds them towards a second device, whose magnetic field is oriented in a
direction 77 in the xz plane, making an angle 6 with the z axis. This device transmits
particles with Sz = S 7= h/2, filtering out those with S; = —A/2. Finally, the last
device transmits only particles with S, = —h/2.

)
‘ﬁ:\v

a) Determine the fraction of particles going through the first Stern-Gerlach device
that survive to the third measurement. How must the second-device magnetic field
be oriented in order to maximize the number of particles transmitted by the final
device? Which fraction of particles survive for this value of 67

b) What fraction of the particles survive the last measurement if the second Stern-
Gerlach device is removed?

The first device filters out particles with S, = —#/2. This gives a probability factor 1/2. Since the
relative angle between the two magnetic fields in the first and second Stern-Gerlach devices is 6,
the probability of a particle emerging from the second device with S; = h/2 is simply cos?(0/2).
The relative angle of the magnetic fields between the second and the third Stern-Gerlach devices
is —f. Therefore, the probability of a particle emerging from the second device with S, = h/2 is
cos?(—0/2) = cos?(8/2) and the probability of emerging with S, = —%/2 is given by sin?(8/2).
Consequently the probability of a particle emerging in the final device with S, = —h/2 beam is
1 0 0 1
P = —cos? —sin® — = —sin*4.

2 2 2 8

The maximum value of sin? @ happens for § = 7 /2, i.e. when the second magnetic field is oriented
in the z direction. The maximum fraction of atoms making it through the three of Stern-Gerlach
devices is then 1/8. Half of the initial particles are filtered out in the first device, half of the
passing through particles are lost in the second device, and from those making it through, another
half will be lost when passing through the final device.

If the intermediate Stern-Gerlach device is removed, all atoms entering the last device have S, =
%h, therefore no atoms with S, = —%h emerge.

Sequential measurements in a two-level system

Consider a quantum two level system with Hamiltonian

0 1
H=5(9 ),

with Ey a positive real constant. The system has only two additional observable
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quantities

1 -1 1
asn( L) men( L),

a) Identify the complete set of commuting observables that includes the Hamiltonian.

b) Assuming the system to be initially (¢ = 0) in the state |p,0) = (10)!, determine
the state of the system at time t > 0.

c) If a measurement of the observable A is performed on |p,0) at time ¢ = 7', what
values can be obtained? What are the corresponding probabilities?

d) Suppose that the measurement of the operator A at time T gave the larger of the
two possible results. What are the possible outcomes of measuring the energy at
t = 377 And the corresponding probabilities?

0 1 1 -1 1 -1 0 1
ma=ma-an=ral(35) (4 3 )-(4 7) (V)]
-1 1 -1 1
—mnf(34)-(3 4]
A commutes with the Hamiltonian.

[H,B]:HB—BH:EOFL[(? (1))(_12 i)_( .

e (700) (1 5] = () ?1)

A and H form a complete set of observables that commute.

b) To find the evolved version of the initial ket, we will need the eigenvalues and eigenvectors of the
Hamiltonian. This are given by

=0 — M-FE}=0 — E.=+=E,.

-\ Ep
Ey -\

The corresponding (normalized) eigenvectors follow straightforwardly from

HA =B, HA =Bl — =) )=o)

In terms of |+), the initial state |¢) takes the form

1 1
o) = E'H + E|—>-

At time t, we have

—1 i Eot
lp(t)) = Leﬂ‘Eot/hH) " ieiEot/h|7> 1 femiBot/h g oot/ cos (ot
¥ 2 NG 9 \ ¢—iEot/h _ giEot/h _isin<ETo) :
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¢) Since A and H form a CSCO, they have simultaneous eigenvectors. Therefore, the A eigenvalues
can be easily obtained by Acting with this operator on |+) states,

wrmn (4 ) (- ) e

(1) (2) - ()

The possible results of measuring A on the state are 0 and 2A. The probabilities of getting each
result are given by

—1si

B 2 _ cos (£21)
Prob(0) = |[{+]|p, t)]| (1/vV2 1/vV2) n(Eot)

and

_1 eiEot/h’2 _ L

Prob(2h) = |(~l, ) = |( v —yve) (208
’ n Eot)

d) If the measurement at time 7" gave the larger A eigenvalue 2%), the state of the system collapses
to the vector |¢(T")) = |—) corresponding to this eigenvalue. Since this is already an eigenvector
of the Hamiltonian, the time dependence can be directly added by matching the condition at time
t =T, namely

it > T)) = e Pot=D/h|—) .

The only possible result at ¢t = 3T is —Ej,

Prob (E()) = O7 Prob (7E0) =1.

More on probabilities

An Hermitian operator () representing a physical observable for a quantum system

with Hilbert space H and orthonormal basis {|1), |2)} is defined as Q|1) = 2|1) — 2i|2)

and Q|2) = 2i|1) —|2). Which are the possible outcomes of measuring @) if the system
1

is initially prepared in the state [p) = —=[1)+ % |2). And the associated probabilities?

Which are the states of the system after the measurement?

In matrix representation the ) operator takes the form

2 9
QZ(% 21)

The corresponding eigenvalues and eigenvectors are g1 = —2,¢> = 3 and
@) = (1) +202). ) = —=(211) —il2)
—_ 1 s = — — 1 .
q1 /5 q2 NG
Therefore the possible results of a measurement are —2 or 3. If the result ¢ = —2 is obtained, then

the state of the system immediately after the measurement is performed is |g;), and if the result go = 3
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is obtained, then the state of the system immediately after the measurement is performed is |g2). The

probability of obtaining ¢ = —2 is

2
1 13

=—1-2+2P2%==.
T B T

alel? = gllalt + 1+l = |5 - 20+

The probability of obtaining the other result can be calculated either by simply subtracting the
previous result from unity or by explicit computation, namely

Spin precession in an oscillating magnetic field

2

1 2
=—24i-1=—
+ 15| +i—1]

(1+1) =

w|
[\
S
&l
ot

el = 5 Haalt) + (1+3) (@2]2)* =

Consider an electron initially prepared in a spin-up state with respect to the z-axis,
lp,0) = |z),, and placed at rest in a uniform but oscillating magnetic field B =
By cos(wt) €, with By and w constants and €, a unit vector along the z-direction.

a) Write down the associated Hamiltonian and Schrodinger equation.
b) Determine the unitary operator U(t) leading to time evolution.

c) Calculate the evolution of the state in terms of the time-dependent angles 6(t) and
¢(t) defining the instantaneous direction of the spin.

d) Find the probability of getting —#/2 if S, is measured at time ¢.

e) Which is the minimum field amplitude required to force a complete flip in S,?

a) The Hamiltonian is given by

L Boh
H=—B-5=—vyBycoswt 82:7720 Coswt< (1) _01 ) .

w0=(30)

the corresponding Schrodinger equation reads

00 . yBoh 1 0 o\ _ yBoh a
zha—Hgo— 5 coswt(o _1)<ﬁ>_ 5 cos wt _3)

with initial conditions

1 1 /1 1
o=t =(1) = e =50 = .

b) Since the considered magnetic field is classical, and therefore just a function and not an operator,
the Hamiltonians at different times commute with each other

[H(t'), H(t")]  [cos(wt"), cos(wt”)] =0,

Denoting the state at time ¢ as

allowing us to write

. t B
U(t,0) = exp (—;/ H(t’)dt') = exp (2’)'20 sin(wt)az) .
0 w
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c)

e)

Taking into account the previous evolution operator and the fact that (o,)"|+) = (£1)"|£) and

(oo} o0

exp (iQ(t)o,) |£) = Zni iQ(t Z (£iQ(1))" |£) = exp (£iQ(2)) ,

n=0 n—O

with Q(t) = 'YQB" sin(wt), we get

1 (vBo/2w) sin wt
|907t> = U(ta 0)|9070> - U(ta O)|+>r = ﬁ (e—i(’yBo/Zw)sinwt> :

Alternatively, we can solve the system of differential equation we obtained when deterimining the
Schrédinger equation. Solving in particular the equation for «;, and imposing the initial condition

a(0) = %, one gets

B iy B sin wt 1, :
a=i(L22) coswta — Ina= LML onstant at) = —=¢'(7Bo/2w) sinwt
2 2w V2

Solving now for 3, we have

. . ’YBO 1 — ) sin w 1 i('yBO/Zw) sin wt
p=—i (2) coswih ﬁ(t) B Ee i t7 — |%0’ > \/>< i(yBo/2w) sin wt
in agreement with the previous result.

The probability amplitude of getting —h/2 if S, is measured at time ¢ is given by P = | (—|¢, t)|?
with

+<_|¢7t> _ % ei(’)’Bo/Qw) sinwt e—i(’YBo/Qw) sinwt:| — isin |:’Y2BO Sinwt] ]
w

Therefore, one has

B
P =i (—|p,t)]* = sin? {,YQWO sinwt] .

The argument of sin? must reach 7/2 (so P = 1). This requires

B
2 0:z7 or B():E.
2w 2 vy

An electron in a two-component magnetic field

a)

A spin-1/2 particle is subject to a constant magnetic field By = (0,0, B3). At a given
time tg, a second magnetic field él = (B1,0,0) is introduced for a duration 7. During
the interval from ¢y to 7, the spin will precess about the axis defined by the combined
fields El + §3. Assuming the particle spin to be oriented along the positive z-axis at
t = tg, determine a) the angular frequency of the precession and b) the value of 7 for
which the expectation value of the xz-component S, of the spin reaches its maximum.

The angular frequency is w = yB = v+/B? + B2 with v the gyromagnetic ratio and B = |B| =

| = VBT + B3

).
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b) Setting to = 0 for simplicity, the solution to the Schrodigner equation

1 .
gl =He oo =l =(g).  H=-mB=—

in the interval 0 <t < 7 is given by
Cexp | L cimn N~ L (LY g O~ L (T 2 e
el U Rt SE T G RS o CO N

Let us compute the different power of & - é,

&-§:B101+B303,

(¢-B)> =B} of +Bs 03 +B1Bs(01+03) = (B} + Bj)1,
Y Y —

-B)* = (B} +B3)&- B,

7= (B + BT,

B = (B2 4+ B3) 5 B.

A
UJL

ECH
]

QU

With this, we have

i S (_1>k ty 2k ) 0 k ty 2k+1 ) N .
—q _ _r B B I[ B B: 0 - B
¢ kzzo k)] (2) (5% + Bs) +ZO 2k+1 ( ) (Bi+ B;) io

1 1 _,
= cos B? + B3t —I—Sin{ BQ—i-BQt}i&'-B
/B B i 2

2 v/w
( Cos‘*’?tJri“’f3 sin <t iyBL sin ¢ )

X . B
w% sm%t coswt — 11372 sin 2

and therefore
yBs

T cos < 4+ sm wt
— ——H = 2 w 2 <t<rT.
|, t) exp[ . t} e, 0) ( iy B i st ) ,  0<t<r

The expectation value of S, at ¢ = 7 is then

(Suduer = 5 () o2l (7))

h wr vz . o wr P . wT 0 1 cos G- + Wﬁ* sin “"
=~ |cos— —i—sin —, —1— sin —
2 2 w 2’ w 2 1 0 51 sin &7

h wrw B3 wr) A8 wr  yBp wT ’Y’Yﬁs . WT
=—|({cos— —1—sin— | 1—sin — —¢——sin — + sin —
2 2 w 2 w 2 w 2 2 w 2

h’)/QBlBg . 9 wT
= ——F——Ssm"- —.
w? 2

The maximum of this quantity occurs at the maxima of sin® wr, namely

1
51n2%=1 — w27-=(n—|-2>777 n=0,1,2,...

or
~@n+D)m @2n+1)m

w 4B} + B}

n=0,1,2,...
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3.6 Exercises

1. The Tight-Binding Model ¢

Consider an electron moving in a one-dimensional chain of N atoms, equally spaced by
distance a. The electron can only occupy discrete sites |n), where n = 1,..., N, and sites
are connected in a loop ([N + 1) =|1)). The system is governed by the Hamiltonian:

N N
H=EY [n)n|—a) (In){n+1[+n+1)(n]),

n=1 n=1
where Ej is the on-site energy and « > 0 controls hopping between neighbouring sites.

a) Show that the state |@p) = —= 25:1 e’*n?|pn) is an eigenstate of H, and find its energy

N

b) Imposing pn+1 = ¢1, find the allowed values of k. How many distinct values are there?

c) Fora=1, Ey =2, =1, N =100, plot E(k). Where are the minimum and maximum
energies?

d) Explain why adding the hopping term causes the electron’s eigenstates to spread out
over the entire lattice, even for very small «.

e) Show that for small k, E(k) ~ (Ey — 2a) + aa’k?. Compare this with £ = % for a
free particle, and find the effective mass m* of the electron in the lattice.

f) Determine the total range of energies in the spectrum. How does it depend on a? What
does this range represent?

g) Suppose the Hamiltonian includes next-nearest neighbour hopping;:

H = H o/ (In)(n+2| + I+ 2)(n]).

n

Compute the new E(k). How does the energy spectrum’s shape change?

2. Leibniz-type identities and the Baker-Campbell-Hausdorff formula /~

Consider two operators A and B such that both commute with their commutator, that is,
[A,[A,B]] = [B,[A,B]] =0. Let A € C.

a) Show that the commutator between A and B™, for any positive integer n, satisfies
[A, B"] = nB" ![A, B]. Use this result to prove that [4,e®] = eP|[A, B].

b) Define the operator-valued function F()\) = eMere=A+B) - Show that it satisfies
the differential equation dF()\)/d\ = \[A, B]F()), and deduce from this that ede? =
eA+B+%[A,B] — BeAglAB]

c¢) Suppose now that A and B are arbitrary operators. Show that d (e)‘ABe*)‘A) JdA =
eM[A, Ble™4, and use this to derive the expansion

eABe™ = B[4, B + 1[4, [4, Bl + 24,14, (4, B + ..

3. Bogoliubov transformations ¢

Consider annihilation and creation operators a and a' satisfying the canonical commutation
relation [a,al] = 1.
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a) Demonstrate that the Bogoliubov transformation b = acoshn + af sinhn with 1 a free
parameter leads to a new pair of operators b and b! that obey the same canonical
commutation relation [b, 7] = 1.

b) Use the previous result to diagonalize the Hamiltonian H = fiw afa+ A (aa + aTaT), with
w and X positive constants. Determine its eigenvalues. Note that the diagonalization is
only possible for values of \ below a certain critical threshold.

c) Show that the unitary operator U = exp [g(aa — aTaT)] implements the Bogoliubov
transformation via b = Ua U1,

(d) Express the ground state of the Hamiltonian in terms of the number basis |n), defined
by afa|n) = n|n).
. Hermitian operators and commutation relations /

Consider a Hermitian operator A satisfying the commutation relation [A, B] = ¢hl. Is
B necessarily Hermitian? Is it possible to construct finite dimensional matrices A and B
satisfying this commutation relation?

. A fermionic oscillator

Consider an operator A satisfying the relations AAT + ATA =T and A% = (fﬁ)2 =0.

a) Can A be Hermitian?
b) Show that the only possible eigenvalues of the operator H = At A are either 0 or 1.
c) If a state |0) satisfies H|0) = 0 with (0|0) = 1, determine the states |a) = A|0) and

|b) = AT|0).
. Pauli matrices as generators /
Show that . .
e'2%"0,e "27" =0, cos ¢+ oysing,

with o, 0, and o, the Pauli matrices.

Stern-(Gerlach experiments and probabilities 7

Consider a beam of spin 1/2 particles passing through a series of three Stern-Gerlach
devices, as illustrated in the figure.

PR >
S.=1n N Z |8, =-in
n —
Oven=—=y Z |
_ —A

The first device filters out particles with S, = —h/2. The remaining S, = h/2 component
proceeds them towards a second device, whose magnetic field is oriented in a direction 7
in the xz plane, making an angle 8 with the z axis. This device transmits particles with

Si = S -1 = h/2, filtering out those with S; = —h/2. Finally, the last device transmits
only particles with S, = —h/2.

a) Determine the fraction of particles going through the first Stern-Gerlach device that sur-
vive to the third measurement. How must the second-device magnetic field be oriented
in order to maximize the number of particles transmitted by the final device? Which
fraction of particles survive for this value of 67
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10.

11.

b) What fraction of the particles survive the last measurement if the second Stern-Gerlach
device is removed?

A toy-model of the Young’s double-slit experiment 4

Consider a quantum particle that can reach a detection screen by traveling along two or
more possible paths. To model its dynamics, we introduce three observables A, B, and C,
each with a non-degenerate spectrum. The observable A corresponds to the preparation
of the system: the particle is initially in the eigenstate |a), representing emission from
the source. The observable B, with spectrum o,(B) of eigenstates {|b)}, encodes which-
path information, identifying through which slit the particle passes. Finally, the observable
C, with spectrum o,(C) of eigenstates {|c)}, represents the measurement performed at
the detection screen. To ensure the presence of quantum interference and measurement

incompatibility, we assume [A, B] #0, [B,C]#0, [A,C]#0.

a) Suppose a measurement of B is performed after preparation in |a), followed by a mea-
surement of C'. Show that the probability of obtaining outcome ¢ € o,(C) is

Prob(a —b—c)= > [(c[b)*{bla)[*.
bEop(B)

b) If no measurement of B is performed, and the system evolves coherently from |a) to a
measurement of C, show that the probability is
2
Prob(a — ¢) = ] ST (el (b|a>’

beop(B)

c) Expand the last expression and relate it to the result in part a a). Identify the interfer-
ence terms and discuss the conditions under which they vanish.

More on probabilities 7

An Hermitian operator () representing a physical observable for a quantum system with
Hilbert space ‘H and orthonormal basis {|1), |2)} is defined as Q[1) = 2|1) — 2{|2) and

Q|2) = 2i|1) — |2). Which are the possible outcomes of measuring @ if the system is

initially prepared in the state |¢) = %|1> + %|2> And the associated probabilities?

Which are the states of the system after the measurement?

Compatibility of anticonmuting observables /

Can two Hermitian operators satisfying the anticommutation relation {A, B} = AB+BA =
0 be compatible? Illustrate the answer with an example.

Compatibility of observables and spectra ¢

Consider three observables H, A, B.

a) Prove that if [H, A] = [H, B] = 0, but [A, B] # 0, the spectrum of H is degenerate. Can
some of the eigenvalues of H be non-degenerate?
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b) Given
ni 0 0
H= 0 ny O , ny = ng # ng,
0 0 ns

in some orthogonal basis of a three-dimensional Hilbert space, construct two Hermitian
operators A and B such that [H,A] = [H,B] = 0, but [A, B] # 0. Determine the
corresponding eigenvalues and eigenvectors. Find a basis with respect to which your
operators H and A are simultaneously diagonal.

12. Spin uncertainty relation /~

Verify explicitly the validity of the relation (AS;)?(ASy)? > 1(i[S,, Sy))? = %(Sz)z for a
spin 1/2 particle in the state |+).

13. The fall of the ice pick ¢

Estimate the order of magnitude for how long an ice pick could, in principle, remain bal-
anced upright on its tip if the only factor limiting its stability were the Heisenberg un-
certainty principle. Assume the tip is perfectly sharp, and that both the ice pick and the
surface it rests on are rigid.

You may make reasonable physical approximations (e.g., mass, dimensions), as long as they
do not affect the order of magnitude of the result. Use the uncertainty principle to estimate
the timescale for the onset of instability, and express your final answer in seconds.

14. Observables vs. Symmetries ¢

Determine which of the following operators can represent a symmetry operation, and which
can represent an observable: a) A = [1) (2|, b)B =|1) (2| +|2) (3| +|3) (1], ¢) C = |1) (2| +
12) (1].

15. Unitary operators ¢
Consider a Hermitian operator A and a unitary operator U. How does the spectra of A
compares to that UAUT?

16. An alternative universe with modified Schrodinger equation /

Consider an imaginary universe where quantum mechanics is controlled by a second order
Schrodinger equation zhg—; lp,t) = H|p,t). Assuming a time-independent Hamiltonian with
discrete eigenvalues E,,, determine the evolution of |¢,t) = > ¢, (t)|Ey). Are probabilities
conserved?

17. Coherent states evolution

Show that a coherent state [A) = > e~/ 2%|n) remains coherent when time evolution

is given by the harmonic oscillator Hamiltonian. Calculate the time-evolved state |\, t).

18. An electron in a square-wave magnetic field

Consider an electron at rest in a magnetic field B with constant z-component B3 and
time-dependent z-component B, (t) vanishing for ¢ < 0 and ¢ > T and taking alternating
constant values By and —Bj in time intervals 7 for 0 < ¢ < T, as illustrated in the figure.
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19.

20.

e
1

T

If the the spin is initially oriented in the positive z-axis, determine the expectation value of
the magnetic moment after N oscillations, i.e. at a time ¢t = 27 N/w, with w the precession
frequency. Calculate the total duration T of the pulse for which the angle between the
magnetic moment expectation value at 7' and the z-axis is maximal. Particularize the
result for B; < Bs.

Conserved quantities /~
Show that if two observables A and B are conserved, their commutator [A, B] remains
constant.

Landau levels in Landau gauge

Consider a charged particle (such as an electron) moving in three-dimensional space, subject
to a uniform magnetic field pointing in the z-direction: B = (0,0, B). We take the electric
field to be zero. The quantum dynamics are governed by the Hamiltonian H = ﬁ (P—qA)?,

where A is a vector potential satisfying V x A=B.

a) Show that in the so-called Landau gauge A = (0,2B,0), the Hamiltonian becomes
1
2m

H=_— (P}+ (P, —qBz)* + P?).

b) Because the Hamiltonian is invariant under translations in the y- and z-directions, we
can look for solutions to the Schrédinger equation of the form ¢(F) = etkvytik=2y (z).
Substitute this ansatz into the Schrédinger equation and show that y(x) must satisfy

[ L p2 M (z - kyl%ﬂ X(x) = (E - thE) x(z),

2m 2m

where wp = % and g = ,/q% is the magnetic length.
c¢) Identify the effective potential acting on the particle in the z-direction. What kind of
familiar quantum mechanical system does this resemble?

d) Write down the energy levels of this system. What values can the quantum number n
take? What role does k. play?

e) Take k, = 0 to focus on motion in the z-y plane. Show that the energy levels become
1
E, = hvup <n+2>, n=0,1,2,...

These are called Landau levels. How does the spacing between levels depend on the
magnetic field B?
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21.

£)

g)

The energy levels do not depend on ky, yet the wavefunctions do. Explain why this
means that each Landau level has a large degeneracy: many different quantum states
with the same energy.

Suppose that the particle is confined to a rectangular region of size L, x L,. Using the
fact that y(x) is localized near = = kyl%, estimate the allowed range of k,. Then, derive
the total number of distinct quantum states N that can fit into a single Landau level in
this region. Show that N = qﬁ?, where A = L, L, is the area. Why is this degeneracy

so large in practice?

Landau levels in symmetric gauge ©

Reconsider the motion of the charged particle in the previous exercise, but this time us-
ing the symmetric gauge for the vector potential A= %(—y,x,()). This choice respects
rotational symmetry in the plane, and the angular momentum about the origin becomes a
useful quantum number.

a)

Show that in the given gauge the Hamiltonian becomes
1 ¢By\> 1 gBz\®> 1 _,
H=—|P+—= — |\ Py —— —P
2m< » > +2m< ) Tomte
and verify that it can be rewritten (for k, = 0) as
hQ qB q232
—Vi4+ L
2m + 2m”° + 8m
where L, = P, — yP, is the angular momentum operator.

H=—

(2 + y°),

Switch to complex coordinates w = x+ 1y and w = x — iy and define complex derivatives

a_l i_zg 5_1 2+Zg
- 2\ozx  oy)’ - 2\ox  oy)’

Verify the identities dw = 0w = 1, and 0w = dw = 0.

Show that the Hamiltonian for £, = 0 becomes

2h2 _ 2
H=-""05-2r, + "By,
m 2 8
and that the angular momentum operator becomes L, = A(wd — w0).

Consider wavefunctions of the form ¢o(w, @) = f(w)e /45 where f(w) is any holo-
morphic function. Show that these wavefunctions all lie in the lowest Landau level and
satisfy Hpg = EWTBcpo.

Show that the monomials f(w) = w™ yield eigenfunctions of L. with eigenvalue hM,
and describe the physical significance of the quantum number M.

In symmetric gauge, the wavefunction ¢y = w™ e~1wl?/41% ig concentrated around a ring
of radius r = vV2MIp. Estimate the number of distinct angular momentum states that

. . . . 2
can fit inside a circular region of radius R, and show that N = 21% = %, where
B

A = wR? is the area of the region. How does this result compare with the degeneracy
you found in Landau gauge?

Although the wavefunctions look very different in Landau and symmetric gauges (strips
vs. rings), explain why this difference does not imply a physical distinction.



CHAPTER 4

TWO-LEVEL SYSTEMS

Study hard what interests you the most in the most
undisciplined, irreverent and original manner possible.

RICHARD FEYNMANN IN PERFECTLY REASONABLE
DEVIATIONS FROM THE BEATEN TRACK

The realm of quantum mechanics encompasses several interesting problems that can be
simplified and brought down to two-state problems similar to spin 1/2 systems, such as tun-
neling states in a double-well potential, the ammonia molecule, the Microwave Amplification
by Stimulated Emission of Radiation or MASER, the two-kaon problem or neutrino oscilla-
tions. To illustrate the amazing things that are already within your reach, we will explore in
this chapter some of these scenarios, leaving others as homework exercises. When doing so,
it is extremely important that you don’t miss the forest for the trees.

4.1 Don’t miss the forest for the trees

While the physics involved in the formulation of the specific Hamiltonians we are going to
consider can be very diverse and in some cases far beyond your current training, it will be
always! possible to express the result in a given orthonormal basis |¢1), |©2) as a two-by-two
Hermitian matrix characterized by four real constants go, g1, g2, g3 € R, ? namely

go+93 91— 192 S o
H = ; =gol+ g1o1 + goo2 + gsozs = gol+ g - 7, 4.1
<91+zgz 90— 93 ) 907 T JLOL T G202 T G308 = 905 (4.1)

with o; the linearly independent Hermitian Pauli matrices [¢ = 1,2, 3 (z,y, )], & a vector o =
(02,0y,0.)T and § = gii a vector with components (g1, g2, g3), magnitude g = /g7 + 93 + g3

!See, however, Section 4.5.
2Remember that the diagonal elements must be real and the off-diagonal elements must be each-other’s
complex conjugate, so H can be completely identified by 4 independent real numbers.
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and direction 7 (77 - @ = 1). The evolution of the system will be then given by a pair of
Schrédinger equations,

ihi <|801>> —H <\901>> 7 mi <\901>> _ ( 90+93 g1 — 192 > <|801>> . (4.2)
dt \|e2) |2) dt \|p2) g1+ig2 go—gs ) \|p2)
which will be generically coupled if g; +iga # 0. For this reason, we will refer to {|¢1), |p2)}
as the coupled basis in what follows.

As a mathematical problem, solving the above system of coupled differential equations
involves i) the diagonalization of the Hamiltonian and ii) the solution of the resulting un-
coupled differential equations. The first task provides, through the characteristic equation
det(H — g;I) = 0, the eigenvalues and normalized eigenvectors of the Hamiltonian, which are
given by,

H|®1) = e1|®1), H|®g) = e2|®2),

€1=90+9, €2=¢go—9-

1 1-— o
1)) = + +Tg3/g|(p1> + 293/96man 1(91/92)|<p2),
(4.4)
1 - —i tan™ 1+
|®y) = — 53/96 tan™ (g1/92)| ;) 4 293/9\902>‘

Note that defining

(4.3)

2 _ 2
tanqﬁzﬂ, 005959—3, sing=1-2 tan2 g = 7 93, (4.5)
g

92 9%

and moving the half-angle variables

0 1 0 1 0 1-— 0 1-—
cos — = \/ oot _ \/ +gg/g’ sin — = \/ cosy _ \/ gg/g’ (4.6)
2 2 2 2 2 2

it is possible to rewrite these eigenvectors in a way matching the general form of vectors in
the Bloch sphere.

0 .0 A 0
|®1) = cos §|<P1> =+ sin 56 ¢\802>, |®2) = —sin 56 ¢|901> + cos §’<P2>- (4.7)

In this new basis, the Schrodinger equations in (4.2) effectively decouple,

ma () = (75 0% ) (8) “

allowing us to determine the evolution of uncoupled basis states |®1) and |®2) using the
standard procedure for time-independent Hamiltonians,

@1, 1) = =1/ B, 0) Dy, 1) = e =2/ M| Dy, 0) (4.9)

and with it the evolved state |®,¢) of any given initial state |®,0) that could be rewritten
in terms of them. As an example, let us assume that the system is initially prepared in the
state |®,0) = |p1) and determine the probability of finding it in the same state at time ¢,
namely P;(t) = |(p1|®,)|?. Inverting the relations in (4.7), we have

0 0
[@,0) = [g1) = cos 5[ @1,0) —Sin§61¢|q)2,0>, (4.10)
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and therefore 9 P
|®,t) = e 1" cos 5| ®1,0) - e~ e2t/hgin §ei¢|<1>2, 0). (4.11)

Factoring out the gy part in €1 2,
. . 9 , 9
|®, 1) = e'90t/h {e"gt/h cos §\<I>1, 0) — e9t/h sin ie“z’\cbg, 0>} , (4.12)
and computing the overlap with (],

(p1]®, 1) = o—igot/h [cosg ge—igt/h + sin2 gez‘gt/h] — o—igot/h [1 +2g3/9€—z‘gt/h X 1-— 93/geigt/h]

2
_ e*igot/h eigt/h + e—igt/h B Z% eigt/h . e—igt/h _ efigot/h s it B 2973 i 9775
2 g 2i h g hi’
we get
2 2
_ 2 _ 29t 93 .29t 93\ .2 9t
Pi(t) = |{¢1]®,t)|* = cos E—l—?sm E_l_ < —92> sin” = . (4.13)

Note that the resulting probability is periodic, with the system returning to its initial state
after a time interval wh/g. The specifics of the evolution are governed by the dimensionless
ratio g3 /(g3 +g3). For a fixed mixing amplitude /g7 + g3 and g3 = 0, the oscillations display
their maximum unit amplitude and the lowest frequency. This behavior remains accurate as
long as ¢3/(g9% + g3) < 1. As g3 increases, the amplitude of the oscillations decreases, while
the frequency rises. In the regime where g% > g% + g3, the system transitions between states
much more rapidly than when g% < g% + g%, but the transition probability is small.

The precession analogy

As we have seen in the previous chapter, the spin states |+),, are eigenstates of 7i - .
Recalling that the + signs are just a label for the first and second states of a basis
where 71 - ¢ looks diagonal, we could have easily anticipated that the spectrum of the
general two-level Hamiltonian (4.1) will take the form

H|E)n = (g0 £ 9) [£)n (4.14)

with the states |£), understood now as general states not necessarily having to do
with spin. Continuing with this analogy, we could also determine the time evolution
of general two-level states by simply rewriting the associated Hamiltonian H in terms

of the spin operators S = %6’,

—

G-S=gl+a-S. (4.15)

St Do

H=gol +

The gy I component in this expression multiplies the states by a time-dependent phase
exp (—igot/h). On the other hand, the second term allows to identify the equivalent
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of the Larmor frequency determining the precession of the states, namely

2
O==q. 4.16
hg ( )

4.2 The quantum Zeno effect

In quantum mechanics, the act of measurement has a profound effect on the system being
observed. In this section, we will illustrate the so-called Quantum Zeno Effect or Turing
paradozr, a quantum mechanics phenomenom where the evolution of a quantum system is
inhibited or slowed down by frequent measurements. It is named after one Zeno’s four
famous paradoxes, particularly the paradox that suggests a moving arrow appears to be at
rest when observed at every instant in time. First theorized by Beskow and Nilsson in the
1960s and later formalized by Misra and Sudarshan in 1977, it was experimentally confirmed
by Itano, Heinzen, Bollinger and Wineland in 1990.

Consider a simple two-level system with effective Hamiltonian
H=c¢o,, (4.17)

and initial state )

) 0 = =
|0, 0) 7
where € is a positive constant with the dimensions of energy, |G) is the ground state of the
syatem and |E) its first excited state,

(1G) +[E)) , (4.18)

E,—c, |B)= (é) L Bo——, |O)= (?) . (4.19)

Note that the state (4.18) is not only a superposition state of the eigenvectors of H, but also
an eigenstate of the spin operator o, with eigenvalue +1,3

o= (2 1)) oo

Let us consider a situation where this quantity is repeatedly measured at times t = At, 2A¢t, ...

and determine the probability Py (At) of obtaining +1 in all performed measurements. Tak-
ing into account that the Hamiltonian is independent of time to determine the evolved state
of the system at time ¢,

1 i . 1 e—iet/h
|907t> = U(ta 0)|§070> = E (6 t/h |E> +e t/h |G>> = \/5( etet/h ) ’

and recalling the o, eigenvectors in the z basis,

=) Fe=os( L)

3The o, operator is indeed a paritity operator.

 NAt
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the probability of obtaining +1 for o, at time At is given by

1 A A
P (041 80) = | (i, A0 = | § (780 4 )

2 = cos? cat
= )

After this first measurement, the system is in a state |p, At) = [+),. Evolving this state until
the time of the second measurement at t = 2At, we get

1 e*iCAt/h
|, 2At) = U(2At, At)|p(At)) = ﬂ( pieAt/h > :

The probability of obtaining again +1 for o, at ¢t = 2At is therefore

2
P (00, +1,+1;288) = |, (+], A"+ o (+]ip, 2A8)[* = [2 (?tﬂ ‘

After this second measurement, the system is again in a state |p, At) = |+),, which can be
further evolved until the time of the next measurement at ¢ = 3At. Iterating the process N
times, the probability of obtaining +1 in all N measurements becomes

N N
. . ~eos? (AEN] = [eos2 (€1
P(oz+1,+1,...,+1; NAt) = [cos < - ﬂ = [cos <hN>] ,

where in the last step we have replaced At = T/N, with T the total observation time, which
we take to be finite. Taylor expanding this expression for short times At — 0 and using the

relation,
2 n
x 2
L——5) =e/m,
n

eAt\ 2 N €T\ 2 N €272
— PR 4 ~Y — R ~y J—
[1 ( A > —i—O(At) ~ [1 <hN) _exp( h2N> )

which is always smaller than one for any positive and finite 7" and N. For infinite IV, however,

the probability approaches 1,
N
T\ T\
=(1—-— 1+ — ~1.
hN AN

Therefore, in the limit of infinite instantaneous measurements, the system is constantly forced
to “reset” to the measured state, preventing it from evolving naturally according to the
Schrédinger equation.

we obtain

P (0z; +1,41,...,+1; NAt)

12

T\ 2
P(og; +1,4+1,...,+1; NAt) ~ [1 — | —
(025 +1,+ + ) [ <hN>

4.3 The solar neutrino problem

Nuclear reactions in the core of the Sun release an immense amount of energy in the form
of light and other fundamental particles, including neutrinos. These solar neutrinos stream
out from the Sun almost freely, providing a direct window into the interior nuclear activity.
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Neutrinos in the Standard Model of particle physics

The Standard Model of particle physics is a fundamental theoretical framework that
describes the electromagnetic, weak, and strong nuclear forces governing the behavior
of subatomic particles. It classifies particles into two categories: fermions or half-
integer spin particles and bosons or integer spin particles.

Standard Model of Elementary Particles

three generations of matter interactions / force carriers
(fermions) (bosons)
| 1l 1
mass | =2.2 MeVic? =128 GeVic? =173.1 GeVic2 0 ~124.97 GeVic2
charge |% % % 0 0
n |+ (@ » (C » (A . @ | H
up charm top gluon higgs
g Y S
=4.7 MeVic? =96 MeVic? =4.18 GeVic? 0
- -4 - 0
% d % S % b 1 y
down strange bottom photon

=0.511 MeV/c? =105.66 MeV/c? =1.7768 GeV/c? =91.19 GeV/c?
-1 -1 -1 0

@ W @ || @

electron muon tau Z boson
|

<1.0 eVic? <0.17 MeV/c? <18.2 MeVic? =80.360 GeV/c?

o o o 1

@ @ @ W
electron muon tau

neutrino neutrino neutrino W boson

Fermions, subdivided in quarks and leptons, are the building blocks of matter. They
are organized into three generations or families with increasing mass and complexity.
The property distinguishing different generations of leptons is called flavour.

e The first generation consists of the lightest and most stable fermions, which form
all the matter we encounter in our everyday live. In the quark sector, we have
the up quark (u) and the down quark (d), which combine to form protons and
neutrons, the building blocks of atomic nuclei. On the lepton side, we find the
electron (e) and its associated neutrino (v)

e The second generation includes the charm quark (c¢) and the strange quark (s).
These particles, along with the first-generation quarks, form mesons and other
exotic hadrons. On the lepton side, we have the muon (x) and its associated
neutrino (v,).
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e The third generation comprises the heaviest and least stable fermions. In the
quark family, we encounter the heaviest elementary particle ever discovered, the
top quark (t), as well as the bottom or beauty quark (b), which plays a crucial
role in B meson decays. On the lepton side, we have the tau (7) and its associated
neutrino (v,), the heaviest of its kind.

Bosons, on the other hand, are the force carriers of the fundamental forces of nature.
There are four primary types, each of them associated with a specific force:

e The photon ~ is the mediator of the electromagnetic force. It has no electric
charge, no mass and travels at the speed of light.

e The W, W~ and Z bosons are responsible for the weak nuclear force, governing
for instance the nuclear beta decay and neutrino interactions. These bosons are
comparatively massive and have short lifetimes, resulting in short-range interac-
tions.

e The gluon g is the force carrier of the strong nuclear force, also known as the
strong interaction or the color force. It binds quarks together, forming protons,
neutrons, and other hadrons. Gluons themselves carry color charge, making
them unique among the Standard Model force carriers. In particular, unlike
other bosons, gluons can interact with each other, leading to the phenomenon of
color confinement.

e The Higgs boson H is a relatively new addition to the Standard Model of particle
physics, where it provides mass to many of its constituents. Its discovery in 2012
validates the Standard Model theoretical framework, offering also the possibility
of exploring new avenues beyond it.

Unlike electrons or protons, neutrinos do not have an electric charge, not interacting
therefore with the electromagnetic forces responsible for the signals in most particle detectors.
On top of that, the neutrinos interact very weakly with matter through the weak nuclear force.
As a result, they can pass unaffected through large amounts of material, including the Earth
itself.

When the first detectors capable of measuring the solar neutrinos’ flux were installed in
the 1960’s, it was discovered, much to everyone’s surprise, that there was a significant dis-
crepancy between the predicted number of electron neutrinos and those detected on Earth.
In particular, depending on the specific model under consideration, the measured electron
neutrino flux was only around 30% to 50% of the anticipated figure. The issue was particu-
larly perplexing because the various theoretical models of the Sun and the available detection
techniques appeared to be rather robust and well-founded. This led to a deep reevaluation
of our understanding of neutrinos, challenging in particular the initial assumption that neu-
trinos have zero mass. As we will demonstrate in what follows, the existence of neutrino
masses allows for neutrino oscillations, a process thorugh which a neutrino of a given flavour
transforms into a neutrino of a different flavour. This accounts for the deficiency observed in
the detection of solar neutrinos.
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Aiming to highlight the formal similarities with spin 1/2 systems, we will consider first a
simplified scenario involving only two neutrinos flavours v, and v, propagating in vacuum.
Adapting the general notation in Section 4.1, |ve) = |¢1) and |v,) = |2), and taking into
account that, as hypothesized above, this flavour states do not have a definite mass, the mass
operator in this basis (which is our toy scenario plays the role of the Hamiltonian) would take
the form

A 1 1
M = ( Z;n m;n > = §(m1+m2)H+Am01 +§(m1 —mg) o3, (4.20)

with Am a real quantity to be fixed experimentally. Comparing this expression with Eq. (4.1),
we can easily identify the values of gg, g1, g2 and g3 and directly determine the eigenvalues and
eigenvectors using the expressions in Section 4.1. Alternatively, we can explicitly compute
them from the eigenvalue equation

(ml Am) <”e) =m (”e) . (4.21)
Am  mo Yy vy
In particular, isolating v, from the first equation

mive + Amy, =mr, — V= ———Ve, (4.22)

and substituting the result in the second one, we get

Amve+ms <mA—le€) =m (mA—lee> — m2—(m1+m2)m—Am2+m1m2 =0,
m m
(4.23)

or equivalently

1
my = B (ml + mg £ \/(m1 — mg)2 + 4Am2> . (4.24)

Adapting once again the general notation in Section 4.1 to the problem at hand, |v;) = |®1)
and |v_) = |®3), the corresponding eigenstates are given by*

lvy) = cosO|ve) +sinf |v,) , lv_) = —sinf|ve) + cosb |v,) , (4.25)

with
1% m—ma
tanf = #* ="~ "~ 4.26
an Ve Am (4.26)

and 6 the so-called mixing angle. Using the double angle formula for the tangent,

2tanf
tan2 = ——— 4.2
an 1 —tan?6’ (4:27)

the last expression can be rewritten in terms of the mass difference m; — ms,

- 4.28
e (4.28)

2 (n5m)
tan 20 = % =2Am
1— (m—m1)
Am
4Note that, as compared with the general formulas in the previous section, the notation here effectively
replaces 8 — 26 in order to match the most standard notation in the neutrino physics community. With this

replacement, Eq. (4.4) becomes tan20 = /g% + g2 /g3, which upon comparison with Eq. (4.20) allows to
directly find Eq. (4.28).

m—mi 2Am
Am? — (m —my)?
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where in the last step we have taken into account the eigenvalue equation in (4.23), namely

m? — (m1 4+ mo)m + mimg = Am?,

m? — (m1 + ma2)m + mimg — (m — my1)? = Am? — (m — mi1)?,

) (4.29)

2

m2—(m1—|—m2)m—|—m1m2—m —m%—i—QmmlemQ—(m—ml) ,

(m1 —ma)(m —my) = Am? — (m —my)?.

Having diagonalized the mass matrix, we can easily determine the evolution of the uncoupled
basis states by taking into account that the energies of the decoupled modes are determined
by the usual relativistic dispersion relation in the p > m4c limit (neutrinos have very small

masses)
4,2

ctm
e+ = \/p2c2 + mict ~ pc+ 2Ei , (4.30)

with £ ~ pec. Consider, for example, an electron neutrino v, produced in the Sun which
propagates towards the Earth with momentum p. By inverting the eigenstates’ relations in
(4.25), the associated state vector at ¢ = 0 can be expressed as a function of the definite-
mass/energy states |v4), namely

|,0) = |ve,0) = cos @ |vy) —sinf [v_) (4.31)

where we have again adapted the general notation in Section 4.1, i.e. |1,0) = |9,0). At a
given time ¢, this state becomes

v, t) = cosOe M |y ) —sinGe ™ L) | (4.32)

with the energies 4 determined by Eq. (4.30). This expression can be rewritten in a more
enlightening way by eliminating the uncoupled basis states |v4) in favour of the coupled basis
ve) and |,

. . 1 . .
lv,t) = (cos2 e+t 1 gin? He*“—t/h> |Ve) + 3 sin 26 <e*“+t/ﬁ — efle—t/h) lvu) . (4.33)
making explicit that the electron neutrinos produced in the Sun can transform, during their

journey to Earth, into muon neutrinos. The probability of finding a muon neutrino at time
t is then given by

Pu(t) — ’<I/M’I/7 t>‘ — —<in2926 (eis+t/h _ 6i£_t/h> ( —iept/h _ efis_t/h)
Lo  i(ep—e)t/h  —i(ep—e_)t/h _a20p|l 1 i(ep—e_)t/h
= 4 sin 20(1 e e —i—l)—sm 20 5 2Re<e ) ,

or equivalently
AEt
P,(t) = [(vuv, 1) = sin® 26 sin® 5 (4.34)

where we have introduced the energy difference AE = ey —e_. As a result, the survival
probability that it has remained an electron neutrino is

AFEt
P.(t) = 1 —sin”® 20 sin® TR (4.35)
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Taking into account Eq. (4.30) and denoting by L the distance L = ct travelled by the

(approximately massless) neutrino, the above expressions become

o CPAM?L
AE he

P,(t) = sin? 20 sin Fhe

P.(t) = 1 — sin® 20 sin (4.36)

showing clearly that if AM? = m%r —m? # 0, oscillations can take place. This flavour-
changing behavior, governed by neutrino mass difference and the mixing angle 6, explains
why some of the expected neutrinos were missing when detected on Earth, since the detec-
tors in question were originally designed to exclusively identify electron neutrinos. Neutrino
oscillations were later confirmed through other experiments, such as the Sudbury Neutrino
Observatory (SNO) and Super-Kamiokande, which detected neutrinos from various sources,
not just the Sun, and observed oscillations between different neutrino flavours.

A rough lower bound of the neutrino mass difference can be obtained by considering the
maximal oscillation probability for the time needed for a neutrino to travel from the Sun to
the Earth, namely

4 2

cAM“t 7 2rhE  2whE

< s AM?= < —
4hE 2 At = AL

(4.37)

with L = ¢t ~ 1.5 x 10® km the Sun to Earth distance. For a neutrino energy of E ~ 8MeV,
this translate into a tiny value

VAM? <8 x107%V/c?. (4.38)

The above toy-model can be generalized to accommodate the 3 neutrino flavours existing
in the Standard Model of particle physics. In this case, the definite flavour states |v,) and
the states of definite mass |v;) are connected through a 3x3 unitary matrix, known as the
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, the MNS matrix or the neutrino mixing
matrix,’

Va) = Z Uailvi) s |vi) Y Unilva) s (4.39)

with a = e, u, 7, and i = 1, 2,3. The corresponding probability for a transition from a flavour
state o at t = 0 to a flavour state 5 at time ¢t is then given by

Pop(t) = Z UaiUEz‘U;jUﬂje_iAEijt/hu (4.40)
irj
with A2 A2
c*AMZ M L GeV
AE;; ~ —— =12 Y 4.41
J 2FE 7(eV/c2)2 km E (4.41)

4.4 The ammonia molecule

The ammonia molecule (NHj3) is another instructive example of a two-level system. This
molecule is composed of one nitrogen atom and three hydrogen atoms, taking the shape of a

5This is analogous to the Cabibbo-Kobayashi-Maskawa (CKM) matrix in the context of quark flavour
mixing.
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pyramid or flattened tetrahedron. Neglecting for simplicity potential rotation effects in the
molecule and assuming the nitrogen atom to be motionless, the potential energy of the system
will be only a function of the distance between the nitrogen atom and the plane defined by the
three hydrogen atoms. The potential experienced by the nitrogen atom can be schematically
represented as a double-well potential like the one the figure,

The intermediate barrier parametrizes the fact that the nitrogen atom is effectively repelled
by the hydrogen atoms when approaching the plane containing them. The two minima at
42 correspond to the two equilibrium configurations relevant for our discussion, nitrogen up
and nitrogen down, and are classically stable and degenerate in energy,

Provided that the energy barrier is not infinite, this degeneracy will be unavoidably broken
by quantum effects. To formalize this, let us denote by

|p1)  (nitrogen up), |p2)  (nitrogen down), (4.42)

the quantum states associated to the wave functions around zy and —zy. As in the classical
picture, if the energy barrier is infinite, the Hamiltonian is diagonal

([ E 0
H= ( o E ) : (4.43)
and the states |¢1) and |p2) are degenerate in energy,
Hp1) = Eoler), Hpa) = Eplps) - (4.44)

However, if the energy of the barrier is not infinite, quantum tunneling can take place.
Incorporating this effect through the off-diagonal elements of H and requiring the result to
be Hermitian, we obtain

_( Eo —A\ _
H_<_A EO>_E0]I—A0—1, (4.45)
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with —A a real quantity to be fixed experimentally. Comparing again this expression
with Eq. (4.1), we can easily identify the values of go, 91,92 and g3 (namely go = Ej,
g1 = —A, g1 = g2 = 0) and directly determine the eigenvalues and stationary states of
the system. Alternatively, we can explicitly compute them using the characteristic equation
det(H — g;I) = 0, obtaining

‘EO—E -A =0 — (EBp—e)?=A? — e =E+A. (4.46)

—A Eo—E

The associated eigenstates are no longer degenerate in energy but rather correspond to an
excited state (E) and a ground state (G),

1 1 1 1 1 1
B =5 ( 1 ) = glen—le. 16 =T5 (1) = Jslen+lea) (447
Denoting by |®) the generic states in this new basis and if the ammonia molecule is initially
in the state |p1),

1
V2

the time-evolved state at time ¢ will take the form

|©,0) = [¢1) = —=(1G) + [E)), (4.48)

1 (Eg—A)  ( A)
1) = — (e LEEG) et |B)) (4.49)

V2
which, as we did in the neutrino case, can be conveniently rewritten in terms of the states

lp1) and [p2),

. Egt
_; Eat

e . Egt

(5 o) + o)+ % () = hoah)) = % [cos S hon) + dsin S|
(4.50)

making explicit that |®,¢) oscillates between nitrogen up and nitrogen down configurations,

with a frequency w = A/h ~ 23.87 GHz determined by the experimental energy difference

2A = 0.9872 x 10~* eV. The associated time-dependent probabilities of finding the molecule

in the states |¢1) (nitrogen up) and |¢2) (nitrogen down) are finally given by

’(I)vt> =

P = lalef = (5) . P = lalP —si? (51) . s

4.4.1 The ammonia molecule in an electric field

In the ammonia molecule the electrons tend to cluster towards the nitrogen, making its
surroundings slightly negative and the hydrogen plane slightly positive. This produces an
electric dipole moment [ that points down when the nitrogen is up. When placed in an
electric field pointing along the positive z direction, the dipole energy £ = —[i - & induces
two new contributions in (4.45), namely

[ Eo+pé —A B B
H—( _A E0M5>_EOH AO’l-f—,ugO'g. (4.52)

The modified energy eigenvalues and eigenvectors take the form

ep(€) = Ep + / u2E2 + A2 eq(€) = Ey — / u2E% + A2 (4.53)
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with the subscripts G and E referring again to the ground and excited states, respectively.
According to these expressions and as a function of £, eg and g correspond to the branches
of a hyperbola that approach asymptotically the values Ey £ £. Therefore, small electric
fields minimize the energy of the |E) state, while large ones modify the energy of the |G)
state. This device acts therefore as an beam splitter, as can be seen explicitly by considering
the weak field expansion (u€/A < 1) of (4.53),

1 pu2&?

EE((‘:)ZEo—i-A-i-i A + ..., 6@(5)2E0—A—§ A

In particular, if the ammonia molecules moves in a region where the electric field £ is weak
but the gradient d€?/dz along the axis of the molecules is large, the molecules in the states
eg(€) and eg (&) will experience opposite forces,

1 pu2&?

(4.54)

d 1 2 2 d

in complete analogy with a Stern-Gerlach apparatus.

4.4.2 The ammonia MASER

Consider now a beam of ammonia molecules in the |E) state entering a resonant electromag-
netic cavity tuned to the frequency of 23.87 GHz through a small hole and exiting it through
another one in the opposite side. If the ammonia molecules in the cavity interact with an
electric field £ oscillating with the resonant frequency 23.87 GHz, the interaction with that
field will induce the transition |E) — |G), feeding extra energy into the field.

The mathematics of this transition become clearer if we express the Hamiltonian (4.52)
in the |E) and |G) basis. Taking into account the corresponding matrix elements

(BIH|E) = 2 (1] ~ (@) H(lo1) — le2)) = 5 (ol Hlor) — (1] Hlipa) — (ool Hlgr) + (2l i)
=FEy+A )

(GIH|G) = Eo — A,

(BIHIG) = 5((o1] = () H(4) +12)) = 5(+Hlia) + (o1l Hlipa) — {oal Hln) — {2l Hl2))
=pé,

we have

[ Eo+ A nE
p(B2s ) -

The associated Schrodinger equation for the amplitudes C'r and Cg to be in the |E) or |G)

states is then given by
wi (e )= (e 5) (G ) s

where, for the sake of simplicity, we have set the constant energy Ey to zero. Note that if
uE = 0, this equation admit an exact solution

< ggg; ) N < iliiif: gi > : (4.58)
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with time-independent S8g and Sg. Therefore, for small &€, one can expect solutions
Ce(t) eI Bp(t)
= 4 4.
< Ce(t) eTIAUI Ba(t) ) (4.59)

with slowly varying Sg and Sg. Substituting this expression into Eq. (4.57) and performing
some trivial algebra and cancellations, we get

o d ( Be(t) 0 et pE Be(t)

h— = . 4.60

"t ( Ba(t) el g 0 Ba(t) )’ (4.60)
with wp = 2A/h the frequency of a photon associated to the transition |E) — |G). If the
electric field in the cavity is set in resonance, we have

E(t) = 2&y coswot = & (ei“’ot + e_iwot) {ziiiﬁigzzﬂiogsl(jfjwzzo;) 7 (4.61)

and
iBE(t) = 10 (11 e20) (1) ~ 20350 (4.62)
iBa(t) = LE0 (14 ety gpir) = K05 0) (4.63)

where in the last step, we have dropped the exponentials since these have zero time-averaged
values. Taking another time derivative of the top equation we find

e =~ (H22) ), (4.64)
which for a molecule in the state |E) at ¢ = 0 has the simple solution
BEe(t) = cos (Mh&)t> . (4.65)
The time-dependent probability to be in the |E) state at time ¢ is then given by
Pu(t) = [Cp(t)? = ’e‘mt/ﬁﬂE(t)‘ — cos? <’f°t> . (4.66)

Requiring that the travel time of the molecules entering the cavity in the state |E) is such
that they leave it in the state |G),

P\ _ Féop _ T 3T
cos<hT>—O — hT_Q’Q’“' (4.67)

each molecule gives an energy 2A to the electromagnetic field in the cavity, building up a
coherent field or MASER (Microwave Amplification by Stimulated Emission of Radiation).

The first ammonia maser marked a groundbreaking achievement in the realm of quantum
electronics. For their groundbreaking contributions to the development of this revolutionary
technology, Charles H. Townes, James P. Gordon, and H. J. Zeiger were awarded the Nobel
Prize in Physics in 1964.



4.5 Unstable states: an effective non-Hermitian Hamiltonian 107

4.5 Unstable states: an effective non-Hermitian Hamiltonian

In all the previous examples we have implicitly assumed the states in the coupled basis to
be absolutely stable. Let us consider now the situation in which |p;1) represents the excited
state of a non-isolated two-level system able to radiate energy to the environment through
the transition to a lower energy level |p2).

Atoms and radiation

When studying the hydrogen atom in Quantum Physics I you implicitly assumed the
system to be completely isolated from the electromagnetic field, obtaining absolutely
stable or stationary energy levels. While this idealized description serves as a valuable
starting point, a more comprehensive understanding of atomic physics requires the
inclusion of electromagnetic interactions proportional to the fine structure constant.
This interactions allow for the decay of “stationary” states.

In order to incorporate the instability of the state, we will replace the associated energy

eigenvalue by

r
E — El—z'?l, (4.68)

with 'y = Ay the so-called decay width, v; = 1/71 and 71 the lifetime of the state. The matrix
representing the resulting non-Hermitian “Hamiltonian” in the coupled basis {|¢1) , |p2)} can

be then written as -
_( BEr—i A
H = < A B, > , (4.69)

with A a weak coupling between states. Note that the phenomenological replacement (4.68)
effectively captures the idea of instability. In particular, for A = 0, the probability of mea-
suring |¢1) at a given time ¢ is no longer conserved,® but rather decays exponentially within
a characteristic time 7,

Pi(t) = [(prlp) P = e/ (4.70)

In the presence of coupling, the situation becomes slightly more involved and interesting. To
determine the evolution of the system in this case, we must first diagonalize the “Hamiltonian”
(4.69), determining the corresponding eigenvalues and eigenvectors in the uncoupled basis
{|®1), |®2)}. The eigenvalues of the matrix (4.69) follow directly from the characteristic
equation det(H —el) =0,

r r
e —¢ <E1 + By — 121> + BB, — z'?lEz — AP =0, (4.71)

5This contrasts with the situation in strictly conservative, isolated systems, where the Hamiltonian is a
constant of motion and all eigenstates remain stationary,

—iEpt/h

Hlpn) = Enlon) lon, t) =€ lon) -

The non-conservation of probability is, however, not surprising, since the effective ”Hamiltonian” (4.69) is
clearly non-Hermitian, as we are explicitly neglecting the energy driven away from the system.
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which, in the weak coupling regime

P2
Al < \/(E1 —Ez)2+j, (4.72)
admits two solutions
T Al Al
812E1—271+#.F, EQ’:EQ—F%. (473)
2 E1*E2*271 EQ*E1+171

The energies and inverse lifetimes of the states in the presence of the coupling are given by
the real and imaginary parts of €; and €,. In particular, due to the mixing A, the initially
stable state |¢2) acquires a finite imaginary part

Iy IR

Im€2 = —

.
2 (E2—E1)2+%

(4.74)

and therefore a finite lifetime! Note also that the smaller the difference between the unper-
turbed energies F; and Es, the more effectively the perturbation acts on the energies and
lifetimes. The limiting case E1 = Fj is studied in the next section.

4.5.1 Coupling of states of the same energy

When the energies Ey and Fs are equal, the operator (4.69) admits a decomposition

I —iLr A
H:(El—z4>]l+K, K:( A Z,r41>. (4.75)

The eigenvalues of H are then given by

T T
61:E1—izl+k1, 62:E1—’L'Zl—]€1, (4.76)
with k; and —k; the two solutions of the characteristic equation for K, det(K — kI) = 0,
namely
F2
k2 =|AP? - Té — ki = —ko. (4.77)

The eigenvectors of H and K are given by

0 = Ao+ (i ) lea) . 18 = Alon) + (—h+il ) o) . @7

In the uncoupled basis {|®1), |P2) }, the Hamiltonian of the system becomes diagonal, allowing
to determine the evolution of a given initial state using the standard procedure for time-
independent Hamiltonians. Assuming, for instance, that the system is initially in the state

1
[©,0) = |p2) = 5— [|®1) — [D3)] (4.79)
2kq
the state vector at time ¢ becomes
1 ) ) )
’(I),t> _ 76—1E1t/he—%’ht e—zklt/h ’(I)1> - ezklt/h |(I>2> ) (480)

2k
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The probability of finding the system at time ¢ in the state |¢1) is therefore

- —i i 2
Par(t) = Keal D) = rige ™ eI 1] 8y) = 4/ 0|
11 | o (4.81)
_ T ‘26—71t/2 ]A|2 ‘e—zklt/h _ oikit/h
1

A simple inspection of (4.77) reveals two different regimes, in close analogy with those ap-
pearing in a classical damped harmonic oscillator:

o |Al> 11 = —ky =/|A]* - . In this case the eigenvalues of the system have
the same 1mag1nary part, but dlfferent real parts,

r\> T r\> T
:E1+1/\A|2—<41> —z'Zl, er=E) — yA|2—<41> —izl, (4.82)

meaning that the two states |®,) and |®,) display the same lifetime, 271, but different
energies. The associated probability of finding the system in the state |p1) is then
represented by a damped sinusoid with time constat 27,

2 2
Py (t) = Lf—t/(?ﬁ) sin | (/|A]* — <F1> 0. (4.83)
AP = () +)

In other words, the coupling is sufficiently strong to make the system oscillate between
the states |p1) and |p2) before the instability of |¢1) start playing a role.

o Al < %, ki = —ky = Z\/( ) |A\ In this case, the eigenvalues of the system
have the same real part, but dlfferent imaginary parts,

r r r r\2
e1=E1—i Zl— <41> —AP] gy =Ey —i Zl-i- <41> —AP]

(4.84)
meaning that the two states |®1) and |®2) have the same energy F; but different life-
times. The associated probability of finding the system in the state |¢1) is represented
by a sum of exponentials,

2 2
Pgl(t):L —t/(211) ginh? I —ym?f : (4.85)
() - 1ap ! "

In other words, the lifetime 77 is so short that the system becomes completely damped
before it has time to oscillate between the states |¢1) and |p2).
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4.6 Exercises
1. Eigenvalues of a general two-level system /~

Determine the eigenvalues and eigenstates of the Hamiltonian
H=gol+gi01+g202+9g303=gol+7-7

with I the identity matrix, o; the linearly independent Hermitian Pauli matrices [i = 1,2,3
(z,y,2)], & a vector 0 = (0,,04,0,)7 and § = g7 a vector with components (g1, g2, g3),
magnitude g = \/g7 + g5 + g3 and direction 7 (i -7 = 1). Express the eigenstates in terms
of the ratios g3/g and g1/g2 only. Can you find the connection with the form of a general
vector in the Bloch’s sphere? This is a good result to remember.

2. Neutral K-meson Oscillations ®

There exist two types of neutral K-mesons that can be produced using down and strange

quarks, |KY) = |d5) and |f0) = |sd) [We call them “kay-zero” and the “kay-zero-bar”— the
generic term for a K-meson is a kaon, pronounce “kay-on”]. If the weak interaction did not
exist, both species would possess equal masses and the Hamiltonian governing the behavior
of a kaon with zero momentum would be simply

M 0

with M = 497.6 MeV. The presence of the weak interaction leads, however, to an extra

term
0 €
m-(" ).

effectively mixing the aforementioned states. The two resulting eigenstates
1 1
V2 V2

are respectively known as K-short and K-long, since they have different decay lifetimes 7
(Tks = 0.0896 ns, 7x, = 51.2 ns).

Ks) = —= (1K) +|KY) . KL = —= (1K) = |K9).

a After introducing the mixing term, the masses of kaons differ by 3.56 peV. Which is the
value of €7

b If a kaon is created in the K| state at time ¢ = 0, determine the probability of measuring
it as a K as a function of time.

¢ A beam of kaons is produced in the Ky channel with a kinetic energy of 600 MeV per
kaon. Plot the probability of the kaons being in the K| state as a function of the distance
traveled x. Neglect the eventual decay of kaons.

d Repeat the previous task taking into account the kaons decay. Hint: The wave function
should be modified by a factor e */(27) to take into account decays of lifetime 7. It is
also convenient to remember that hc = 197.327 MeV - fm.
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3. The ammonia molecule ¢7/

The molecular structure of NHj3 consists of four atoms, namely one nitrogen and three
hydrogen. The nitrogen atom is positioned above a base formed by an equilateral tri-
angle made up of three hydrogen atoms. Ignoring electronic, vibrational excitations and
rotational excitations, this system admits a two-state description. The two states arise
from transitions where the nitrogen atom undergoes a flipping motion, transitioning from
a position zg above the fixed hydrogen plane to a position —zg below it. These states are
separated by a potential energy barrier.

In a basis |+),|—) this system can be described by a Hamiltonian

([ Ey —A
i=( % %)
with the off-diagonal elements (+|H|—) = (—|H|+)* = —A ~ —0.4936 x 10~%eV# 0 en-
coding the possibility to tunnel between the nitrogen up and nitrogen down configurations.

a) Determine the eigenvalues of the Hamiltonian H by using the spin precession analogy.
Compare the result with that following from the direct diagonalization of H.

b) Determine the wavelength of the photon that may be emitted in the transtion between
the previous states.

c¢) Determine the time evolution of the system if at ¢ = 0 the ammonia molecule is in the
state |+). Which are probabilities of finding the state in the up or down position at
time ¢7?

4. Microwave Amplification by Stimulated Emission of Radiation (MASER) O®

In the ammonia molecule, the electrons have a tendency to concentrate near the nitrogen
atom, causing the nitrogen vertex to have a slightly negative charge and the hydrogen plane
to have a slightly positive charge. Consequently, one obtains a downward-pointing electric
dipole moment ji when the nitrogen atom is up. In the presence of an electric field £ = €2
directed along the z axis and assuming the electric dipole moment to be i = —uz with
i > 0, the energy of the nitrogen-up state |4) increases by u&, whereas the nitrogen-down
state |—) decreases by the same amount. This leads to a modified Hamiltonian

. Eo—i—ué’ —A
H_< —A EO_M(S)’

a) Determine the eigenvalues of H by using the spin precession analogy. Compare the
result with that following from the direct diagonalization of H.

b) By considering the limit u€/A < 1, argue that this settings acts as a beam splitter.

¢) Imagine that a beam of ammonia molecules in the |E) state enters a high-@Q electro-
magnetic cavity through a small hole at one end. Argue that adjusting the velocity of
the ammonia molecules, each molecule can give an energy 2A to the electromagnetic
field of the cavity if the molecule travels a specific amount of time 7" ensuring that the
molecule leaves the cavity in the state |G). This idea is the basis of the first ammonia
maser, recognized with the Nobel Prize in Physics in 1964. Determine the travel time
T.
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5. A biased double-well potential #

Consider a quantum particle confined in a one-dimensional double-well potential. Assume
that the two lowest energy eigenstates are well separated from higher excited states, so that
the system can be accurately described within a two-dimensional Hilbert space spanned by
the localized states |L) and |R), representing the particle being confined in the left and
right well, respectively.

The wells are not identical: there is a small energy bias € € R, such that the left well has
energy greater than the right well by e. Additionally, the particle can tunnel between the
wells with amplitude A > 0.

a) Construct the Hamiltonian operator H in the basis {|L),|R)}, expressing it as a 2 x 2
matrix. Clearly state the physical interpretation of each term in your Hamiltonian,
identifying the contributions from the energy bias and the tunneling amplitude.

b) Rewrite the Hamiltonian in terms of Pauli matrices. Interpret the result as the Hamil-
tonian of a spin-1/2 particle in an effective magnetic field.

c¢) Determine the eigenvalues and the corresponding normalized eigenvectors of the Hamil-
tonian. Discuss whether the eigenstates are localized in one well or delocalized across
both wells.

d) Suppose the particle is initially localized in the left well, that is, |p,0) = |L). Determine
the state |p,t) at time ¢, and compute the probability of finding the particle in the right
well as a function of time.

e) Now consider an open version of the system in which the particle can irreversibly decay
from the right well into the environment with rate I' > 0. Propose a simple effective
non-Hermitian Hamiltonian that models this process within the two-level approximation.
Describe qualitatively how the presence of this decay channel modifies the system’s
dynamics. In particular, explain how the coherent oscillations between wells are affected
and what the long-time behavior of the system is.

6. Diagnosing a faulty two-level system Hamiltonian ¢

Suppose the poor Javier did a typographical error when writing a two-level system Hamil-
tonian

H = a|1)(1] + b|2)(2| + ¢|1) (2|
in the orthonormal basis {|1),]2)}, with a,b,c € R.

a) What fundamental principle of quantum mechanics does this Hamiltonian violate? II-
lustrate the issue by solving the time-dependent Schrédinger equation for a = b = 0.

b) What condition should the Hamiltonian with a = b = 0 satisfy in order for the time
evolution to be physically consistent?

7. A qutrit ¢

Consider a quantum system satisfying
Hl|+) = +hw|+) , H0) =010) , H|=) =—-hw|-),

with {|—),]0),|+)} an orthonormal basis and H the associated Hamiltonian.
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a)

h)

Write an expression for H in terms of projection operators. Use this result to derive
the matrix representation of H in the {|—),|0),|+)} basis. Identify the corresponding
stationary states.

If the system is initially prepared in a state |p) = % (|-)+1i|0) —|+) ), which are the
possible outcomes of measuring H? And the associated probabilities?

Under which conditions could the matrix

010
A=6011 0 1
010

represent a measurable quantity? Assume this condition to hold in what follows.

If the system is initially prepared in the state |¢), which are the possible outcomes of
measuring A? And the associated probabilities?

Is there any physical state on which both A and H can be measured with certainty?

Which are the probabilities of obtaining the eigenvalues E; and a; if the associated
observables H and A are measured in this specific order? What happens in we measure
them in the opposite order?

If a measurement of A at t = ty results on a value /26, which is the state of the system
at ¢ > ty? And the expectation value of A?

Determine the probability of obtaining a value v/26 if we perform a second measurement
of A att > tg.

. A three-level atom Vf

Consider a three-level atom involving a non-degenerate ground state and a two-fold degen-
erate excited state, defined by

Hlg) =0,  Hler) = €ler), Hleg) = €lea)

with {|g),|e1),|e2)} an orthonormal basis, H the associated Hamiltonian and € a positive
constant.

a)

b)

Write H in terms of projection operators. Use this result to derive the matrix represen-
tation of H in the {|g),|e1),|e2)} basis. Identify the corresponding stationary states.

An observable A in this system is defined by its operation on the eigenstates of H,
Alg) = ale),  Aler) =alg),  Ales) = —ales),

with « > 0 a constant. What are all the possible outcomes of measuring A?

For each of the eigenstates of H, calculate the probability of obtaining each value of A
if the system is in that eigenstate.

Do H and A have common eigenstates? Are they compatible observables? Explain.

If at time t = 0 the system is in the eigenstate of A with the largest eigenvalue, calculate
the probabilities of obtaining the different possible results of a measurement of A as a
function of time.

If at time ¢ = 0 the system is in the state |¢) = %ﬂel) +|e2)), calculate the probabilities

of obtaining the different possible results of a measurement of A as a function of time.
Explain the differences between this result and the one found in part e).



CHAPTER D

COMPOSITE SYSTEMS AND IDENTICAL PARTICLES

The Exclusion Principle is laid down purely for the benefit of the electrons
themselves, who might be corrupted (and become dragons or demons) if allowed
to associate too freely.

ALAN TURING IN A POSTCARD TO HIS LOGICIAN FRIEND ROBIN GANDY.
ONLINE AT THE TURING ARCHIVE

The career of a young theoretical physicist consists of treating the harmonic
oscillator in ever-increasing levels of abstraction.

SIDNEY COLEMAN

So far we have been dealing with isolated quantum systems where no interactions with
other systems are, or have ever been, present or problems that under specific circumstances
can be factorized into independent single-particle systems. The free particle, the harmonic
oscillator or the hydrogen atom you studied in your Quantum Physics I course are just some
specific examples of this. This naive approach effectively disregards many relevant aspects
in the description of realistic physical systems, like the potential interference between spins
and wave functions or the uncertainties associated with lack of knowledge on a system, either
because it involves numerous degrees of freedom, as happens for instance in solids or gases, or
because we have only access to a subsystem of it. How should we proceed in those situations?

5.1 Composite systems

W Postulate V

When dealing with composite quantum systems, the state space of the composite system
is the tensor product of the state spaces of the individual systems. The evolution of the
composite system is determined by the unitary transformations applied to the combined
state vector.

Tensor products are used to describe physical systems consisting of multiple subsystems.
In what follows we will focus on tensor products of two Hilbert spaces, but the most of the
discussion can be easily generalized to tensor products of three or more Hilbert spaces.
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Given two independent Hilbert spaces H; and Ho with respective bases {|i)} and {|a)},
the so-called tensor product, Kronecker product or direct product H; ® Hs is defined as the
vector space over C spanned by all pairs of elements’

i) ® |av) (5.1)
with defining properties

c(|t) ® |a)) = (c]i)) @ |a) = |i) @ (c|a)), (Complex multiplication linearity)
(|2) + 7)) @ |a) = |i) @ |a) + |J) ® |a) (Vector addition distributivity) (5.2)
1) @ (|} +18)) = i) @ |a) +1i) ® |8),

for any ¢ € C. The first property relates (c|i)) ® |a) and i) ® (c|a)) to ¢(]i) ® |a)), ensuring
that these objects are not linearly independent, which would give rise to a much larger space
(remember that for instance c|i) and |i) are the same state in H1). The other properties are
imposed for the sake of linearity. The bases states |i) and |a) can be associated to independent
properties of the same particle or of different particles. For instance, for a particle moving
in three dimensions, the overall Hilbert space is constructed as the tensor product of three
one-dimensional spaces, each corresponding to motion along one axis. When considering two
distinct particles, their combined Hilbert space is the tensor product of the individual Hilbert
spaces associated with each particle. If a particle has spin, the Hilbert space incorporates
both the wave function for the center of mass, representing the spatial degrees of freedom,
and the spin space, which is two-dimensional in the case of a spin-1/2 particle.

Notation

We will frequently drop the ® symbol when expressing the tensor product of two
vectors |i) and |a),
6) © la) = [i)]e) =i, 0,

being any of these alternative notations appropriate as long as it is clear from the
context that a tensor product is implied. Keep in mind, however, that while a double
label in a ket, such as |i, ), typically indicates a tensor product, this is not always
true. For instance, in the case of the angular momentum, labels like |I,m) do not
actually represent a tensor product.

The linear functional or bra vector corresponding to the product state |i) ® |«) is defined as
(1) ® la))T = (il ® (al, (5-3)

with the order of the factors on either side of ® remaining unchanged when the dagger
operation is applied. Given this functional, the inner product in H; ® Ho is naturally defined
in terms of the inner products (|); and (|)2 of the basis elements in H; and Ha,

(il @ (al) (I7) ©18)) = (ili)r(alB)z2, (5.4)

!The basis obtained by the tensor product of bases |i) and |&) used in this definition is of course just one
of the numerous bases of H1 ® Hz. In particular, an orthonormal basis for Hi ® H2 can be composed entirely
of generic product states without necessarily being a product of bases.
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such that if the bases {|i)} and {|a)} are orthonormal bases, {|i) ®|a)} is also an orthonormal
basis of H1 ® Ha,
(il @ (a]) (17} @ 18)) = 0ij0ap - (5.5)

Consequently, if H; and Hs are spaces of finite dimension n; and ns, the dimension of Hi @ Ho
is nino.

Not a direct sum

Note that the tensor product operates quite differently from the “usual” product & or
direct sum of two vector spaces, where for two vectors |p) and |x) one has simply

¥1
P v
@ — _ — = .
ek - || - (2)
Xna

In particular, if H; and Hs have finite dimensions n; and ne, the direct sum of #;
and Ho has dimension ni + ng, instead of nins.

A general element of Hi ® Hs can be written as a linear combination

9 = 3 riali) @ o). (56)

In particular, given two states |p1) = >, a;|i) € Hi and |p2) = Y bala) € Ha, the vector
|p1) ® |p2) in the basis |i) ® |a) can be written as

1) ® |a) = Zai,ba i) @ |ev) . (5.7)

Therefore, the components of a tensor product vector are the product of the components of
the two vectors in the product. Note, however, that not all vectors of the form (5.6) can be
expressed as (5.7). States that can be expressed as the product of one state |p1) in H; and
one state |¢2) in Ho are called separable, product or pure states. On the other hand, linear
combinations of two or more separable states are called entangled or non-separable states and
are only possible in quantum systems.

Example 15: Spin 1/2 and spatial degrees of freedom

Since spin is independent of position and momentum, the associated operators com-
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mute,

[S,4] =0, [S,5] =0, [S,L]=0. (5.8)

The total state of a spin-1/2 particle is therefore constructed from the direct product
of position and spin eigenstates,

%, +) = 17) @ |4), 7, =) =19 @]-), (5.9)

and the total wave function takes the form

e . _ ([ ¢+(&)
(&) = (Zlp) = <x,+([zp> [+ + (&, ('f> =)= < o () > ' (5.10)
o+ (& - (Z

The Pauli spinors ¢+ express the probability of finding the particle at the position &
with spin in the positive (4) and negative (—) z-direction. The normalization of the
wave function is obtained from

(olo) = / Bl (@) + / Prlo_ (@), (5.11)

with [ d®z|p4 (Z)[? the probability of finding a particle with s, = £h/2 in the volume
V.

Example 16: Two spin-1/2 particles

Consider a system of two spin-1/2 particles, such an electron and a proton, with Hilbert
spaces H1 and Hg of dimension n; = 2 and ng = 2. Taking into account that for each
spin there are two basis states |+) = ((1)) and |—) = ((1)), the composite system H; @ Ha

admits a basis

+ ) =R+, |+-)=hel-), [hH=eH+), |--)=)e-),
(5.12)
with the first and second entries referring respectively to the z component of the spin
for the first and second particle. For instance, in the state |—, +) the first particle has
spin —h/2, while the second one has spin +5/2. The associated bras are denoted by

<+’+|7 <+7_‘7 <_7+‘) <_7_ )

maintaining therefore the original order in the ket, i.e. the first and second entries
are still associated with the first and the second particle. The Hilbert H; ® Ho and
its dual are therefore four-dimensional, niny = 4.

Given the above basis states, the most general vector state in H; ® Ho takes the form

lo) = al+,+) + b+, —) + c|—, +) +d|—, —), (5.13)
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with a, b, ¢, d complex coefficients satisfying the normalization condition
lal? + [B% + [e|* + 1d]? = 1

Note that, as stated after Eq. (5.7), is not generically possible to express |¢) as the
tensor product of two states |p1) € H1 and |p2) € Ha. In particular, for (5.13) to be
of the form

a161
aq bl . a1b2
<a2> 8 (b2> = [k, (5.14)
asbo
or equivalently
’(,01> X |<,02> = alblH-, +) + a1b2|+, —> + a2b1|—, —|—> + ang’—, —) , (5.15)
we should have
a1b1 o a2b1 L g . E
ale - a2b2 b N d '

A set of states that clearly do not satisfy this condition are, for instance, the seminal
Bell or EPR states,

(I+ =) = 1=+, (I++) —1=-), (5.16)

~ Sl-

\[

1
\f E(H’_)H_’H)’ (5.17)

This orthonormal basis for the Hilbert space of two qubits is indeed instrumental in
protocols like quantum teleportation, superdense coding, and entanglement swapping,
where the manipulation and measurement of entangled states are key.

(++H+1=-),

If A, B are operators acting respectively on H1 and Ha, the operator A® B acting on H1 ® Ho
is characterized by its action on the basis vectors |i) ® |a)),

(A® B)(|i) ® o)) = (A]i)) ® (Bley) - (5.18)
The corresponding action of A® B on an arbitrary vector |p) € H1®%Hsa can be determined by

expressing |¢) in terms of the basis vectors and applying the definition above. In particular,
for the tensor product |1, p2) = |¢1) ® |p2), we have

(A® B)lp1,p2) = Zaz (A® B)(|i) ® |a)) Zaz ® (Bla))
(5.19)
— (ZaiAh’)) ® (Z baB|a>) ,

(A® B)le1, p2) = (Alp1)) @ (Blpa)) - (5.20)

or equivalently
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In other words, everything acts in the space where it can! Note, however, that in the case of
vectors, an arbitrary linear operator on H; ® Ho cannot be generally expressed in the form
A® B, with A € Hi and B € Hs.

Among the properties of the tensor product of operators, we can highlight the following;:

e The tensor product of two operators which are themselves the sum of other operators
can be written as a sum of tensor product operators using the usual distributive rule,

(@d+d'B)@C=a(A®C)+d (BxC),
A® (BB+p'C)=pB(A®B)+ B (A2 C) ,
with o, o/, 38, 5" € C.

(5.21)

e The adjoint of a tensor product operator is the tensor product of the adjoint operators,
written in the same order relative to the symbol ®,

(Ao B) = AT BT. (5.22)

Note, however, that if the operators on A and B are themselves products of operators,
one must reverse their order when taking the adjoint. For instance if A = A;As and
B = BlBng, we have

(A14; ® B1ByBs)' = Al Al @ BIBIB] . (5.23)

e The ordinary operator product of two tensor product operators is given by
(A® B)- (C®D)=AC® BD. (5.24)

Note that the order of the operators is preserved by this operation, with A to the left
of C on both sides of the equation, and B to the left of D. Using the distributive law,
we can derive an additional rule for the ordinary operator product of sums of tensor
products, namely

(A®B)- (C®D+F®G)=AC® BD + AF ® BG. (5.25)

e The projector onto the tensor product vector |i,a) = |i) ® |«) is obtained by taking
the tensor product of the projectors in |i) and |a), namely

i, (i, af = i) (il @ |a)(al, (5.26)

as follows immediately from the definition of the scalar product in H1®@Ho, cf. Eq. (5.4).

e The matrix elements of a product operator in the basis |i) ® |«) are the products of the
matrix elements of the factors in the basis |i) and |a),

(i,alA @ Blj, B) = (il Alj) - (a| B|B) = AijBag , (5.27)

from which it follows also that the trace of a product operator is the product of the
traces of its factors,
Tr[A® Bl = (i|Ali)-> (a|Bla) = Try, A-Try, B, (5.28)

(2 [0}

with the subscripts on Try, and Try, indicating partial traces over the subspaces H;
and Hg.
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e An operator A on a Hilbert space H; can be naturally extended to an operator A ® I
on a product Hilbert space H1 ® Ho, with I the identity operator on Hs. In particular,
if [p1) is an eigenvector of A with eigenvalue a, then |p1, p2) is an eigenvector of A ® I
with the same eigenvalue,

(A@Dp1,2) = (Alp1)) @ [p2) = aler) @ |p2) = alpr, 2). (5.29)

A simple calculation shows also that an operator A ® I commutes with one the form
I® B,

(A DI ® B)lp1, p2) = (AR T)(|¢1) @ (Blp2))) = (Aler)) @ (Ble2)) s
(I® B)(A@1D)|e1,p2) = (I® B)(Alp1) ® [¢2)) = (Algp1)) @ (Blgz)) -
reflecting the physical fact that operators that originate from different particles don’t

know anything about each other! For instance, this property allows to write the Hamil-
tonian of a system of two independent particles as

(5.30)

H=H Il+I® Hy, (5.31)

or the Hamiltonian of a free particle in three dimensions as

1
H=—((helelP+IePel)’+(IsIaP)). (5-32)

Example 17: Composing two-dimensional Hilbert spaces

Let us verify explicitly the relation (5.20) for two operators A and B represented by
2 x 2 matrices and two states |p1) and |p2) represented by 2 x 1 column vectors.
Expanding these elements into components,

An A12> (311 B12> <a1> <b1>
A = s B = s = s = ,
<A21 Ao Bo1 Bz 1) as P2 b2

and taking into account the matrix elements of A ® B in the |i, ) basis,

(i, /| A ® Bli,a) = (i'|Ali){c/|Bla) = AyiBara ,

we have
AnBi1 AnbBi2 A12Bi1 A12Bio
A®B_(AHB A12B>_ AnBa AnB A19Ba A1aBa
A B AxnB A91B11 A21Bia A2Bii Ax»Bia |’

A21Bo1 Ag1Bay  AgeByi  AgpBa

a1b1

aq b1\ [ aibo

() () = |ome |
agbg

A A (a1 Anar + Ar2as
A = = 5
(A1) <A21 A22> <a2> (A21a1 I A22a2>
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(Bly)) = <Bn B12> <51> _ (31151 +B12b2>
Ba1 Bay) \b2 Bs1by + Bagbs ) -

The left-hand side of the given equation reads therefore

(A® B)(I¢) @ Ix)) =

A11B1y AnBiz A1pBin ApBra\ [aib
A11Ba1 A1Boy A12Boy A12Bao aibs
A21B11 A21B12 AxaBiir ABia | | ab:
Ao1Ba1 A91Boy  AzeBoy Az Bao asbs

A11B11a1by + A11Bi2aibs + A12Briagby + A12Braagbs
A11Boa1by + A11Bagaibs + A1 Baiaghy + A1z Bagasbs
A91Bi1a1by + Ag1Biaaiba + AxaBriaghy + AxaBisashs | 7
Ag1B21a1b1 + A1 Bagaiby + AzaBojagby + AgaBogasbs

while on the right-hand side we have

(Al¢)) © (Blx)) =

(

Anar + A12a2) <Bnb1 + B1252)
Asgiay + Agzan Bs1by + Baobo

(A11a1 + Ai2a2)(B11by + Bi2bs)
(Aj1a1 + Ajza2)(Ba21b1 + Bagbs)
(A21a1 + Azza2)(B11by + Bi2bs)
(Agra1 + Agzag)(Ba21by + Bagbs)
A11Bria1by + A11Biaaiby + AjaBriashy + A1 Biaasbs
A11B21a1b1 + A11B22a1by + A12Bojagby + A12Bagagbs
A1 Bria1by + A21Biaaiby + AgaBiiashy + AsaBiaasbs
Ag1B21a1by + Ag1Basaiby + AzaBojagby 4+ Az Bagasbs

The left-hand side matches therefore the right-hand side of the equation. The row
and column size of A® B is 4 x 4. The row and column size of |¢1) ® |p2) is 4 x 1.
The row and column size of (A|p1)) ® (B|ps)) is also 4 x 1.

We could apply this general result to the system of two spin-1/2 particles introduced
in Example 14. For instance, the operator

01 0 0

oo 0\ _ [10 0 o
"Z®%_<0 —crx>_ 00 0 -1
00 -1 0

acts as a Pauli o, operator on the first spin, and a Pauli o, on the second, namely

0, Qozl+,+) = |+, —), 0, ®og|+, =) = |+,+),
UZ®J$’7a+>:7|*7*>a JZ®UI|7’7>:7|7’+>'
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Be careful with the notation

In many quantum mechanics books, the symbol ® indicating the tensor product of
states and operators is frequently omitted, leading to expressions of the form [i)|a)
or AB. While there is no possible confusion for states, this simplified notation can
be ambiguous for operators, being sometimes necessary to specify the specific Hilbert
space on which each of the operators act.

5.2 The no-cloning theorem

Throughout this lectures, we have already discover several ways of preparing identical quan-
tum states. One possibility, explored in Sections 2.3 and 4.4.1, is filtering, either through a
magnetic or electric field. Another one, explored in Section 4.5 is waiting for an unstable
system to decay to its ground state. However, none of these methods allows to construct
a replicas of a prototype state of our choice, as done for instance in classical physics when
duplicating a key or copying a computer file.

To build a machine able to provide copies of a quantum state [1)), we can only make
use of unitary operations, since any measurement would inevitably induce the collapse of the
original state into an eigenstate of the corresponding observable, corrupting the information
contained in it. Given for instance a suitable Hamiltonian determining a unitary operator
U and a blank piece of paper |y), we could imagine to construct a state like the one we are
looking for, namely

) @Ix) — U([¥) @ [x) = |¥) @ |¢). (5.33)

Unfortunately there not exist a single universal operator U able to clone a general quantum
state constructed of an arbitrary superposition of orthogonal qubits. Indeed, if we apply the
same procedure to another state |¢),

[9) @ Ix) — U(l¢) @ [x)) = [¢) @9}, (5.34)
and compute the scalar product with (5.33), we obtain

(gl @ (NUTU(19) @ lIx)) = () = (o] @ (@l) ([v) @ [)) = (9]v)?, (5.35)

which is only possible for (¢|¢)) = 0 or £ 1, i.e. if |[¢) and |¢p) are either orthogonal or the
same state.’

5.3 Density matrix

Realistic quantum mechanical settings typically involve classical statistical uncertainties on
top of the unavoidable quantum ones. Let us imagine that we ignore the quantum state of a
system, being only able to assign classical probabilities pi, ps,...p; ... within an ensemble of

2Note that, since classically states are necessarily orthogonal, the quantum no-cloning theorem is not in
conflict with classical duplications.
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normalized states {|¢1), |p2), ... |@i) ...}, not necessarily orthogonal to each other.® In order
to account for this statistical mixture, we can make use of the the so-called density matrix,

p=p"=) pleled, D op=1,  Trp=1, (5.36)
%

7

which is nothing else than a sum of projections onto the spaces spanned by the states |g;),
weighted classically by the probabilities p; > 0. This object allows us to calculate statis-
tical properties of the system. In particular, given a basis |n) of the Hilbert space under
consideration, the expectation value for the measurement of an observable is given by

= ZPK%W%) = " pilpiln)(nlAles) = pilnlen) (@il An) (5.37)

,n ,n

which taking into account (5.36) can be written as

(4) = 3 (nlpAln) = Tr(pA), (5.38)

n

with the trace extending to all the states in the Hilbert space. This argument applies as well
to any function of A, namely

(f(A)) = Tr(pf(A))- (5.39)

Similarly, the probability of obtaining the result a from the measurement of some physical
quantity A on a mixed state is given

pla) = Tr (FPap), with P, =|a){al, (5.40)

since

Tr (Py p) = Z(%IPaPIW = Z<¢ila><al(zpﬂs@j>(w\)lwﬁ
(5.41)

7 i J
E p((ﬁ@)(@ (P)(f;ﬁ P a a
3Indeed, if “th&statksinvdlved dite' hd orthorz:ﬂpf tk’lsglcorﬁ%pt of (;pl m;L Tix (a W%l(g}gted sum of

projection operatoljs) still makes sense. In the orthohormal case, each prOJec%lon operator |¢;){p;| corresponds
to a distinct, non-overlapping pure state, making the density matrix easy to interpret in terms of distinct
quantum states. For example, if the system is in a mixed state of two orthogonal states |p1) and |p2), the
density matrix p = p1|p1){p1]| + p2|p2){p2| in the basis {|¢1), p2)} with (p1|p2) = 0 will look like as

= b1 O
0 P2 ’
In the non-orthonormal case, however, the density matrix in the basis {|¢1), ¢2)} is typically not diagonal, since

the matrix elements will involve not only the probabilities p1,p2 but also the non-zero overlap (p1|p2) # 0,
complicating the interpretation of the system’s mixed state.
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Example 18: Density matrix for a beam of electrons

Consider an electron beam with an isotropic distribution of spins,
(Sz) = <Sy> =(5;) =0.

Since the spins are isotropically oriented the probabilities of finding S, with values
+h/2 are both 1/2. Therefore, in the representation where S, is diagonal the density
matrix (5.36) takes the form

p=3 M6+ D=5 (o )ao+z (T )on=3(g 9)-

As can be trivially verified through Eq. (5.38) (note that p in this case is just the
identity), this choice of p is consistent with the unpolarized character of the beam.
For instance, we have

(S,) = Tr(pS,) = Tr(S,) =0.

It is important to note that the density matrix (5.36) is not unique, since it can be put
in the form of a linear combination of projectors in different ways. In particular, two density
matrices p; and py can be prepared with different probabilities A and (1 —\) and still describe
the same state

p(A) = Ap1 + (1 = A)p2. (5.42)

For instance, the state

p =5 () + 1) (D) (5.3

in the previous example can be alternatively written as

p = Alen){e1] + (1= Nlp2)(e2l, (5.44)

with |¢1) and |p1) orthogonal vectors of unit norm related to the |£) states by
[+) = VAle1) +VI=Apa), =) = VA1) = V1= Xga). (5.45)

The main exception is, of course, the case in which p actually describes a pure state.

5.3.1 Pure vs Mixed States

A particularly nice feature of density matrices is that they allow us to treat pure states and
mixed states with the same mathematical formalism. In particular, if one p; is equal to one
and the remaining ones zero, the state is pure. On the contrary, if the system is not in a pure
state and we know only the statistical weights p;, the system is in a mixed state.

To determine if a given system is in a pure or mixed state, one can consider, for instance,
the square of the density matrix,

p>=p, (Pure State), p? #p, (Mixed State), (5.46)
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where we have taken into account that for a pure normalized state |p), |¢){p]| is a projector,
ie.

p* = o) elle) (el = o) el (5.47)

Alternatively, one could evaluate the so-called purity of the density matrix p, given by

Tr p? _ZZZPZPJ (n]gi)(pilei) (pjln) = Zzzpzlh (pilpj)(pjln) (nle:)
2
= Zzpzpj 901’90] 90]’(101 Zzplpﬂ (‘01|(‘03 < Zzpipj - (sz) - 17
i g i

or

Trp? <1, (5.48)

with the equality taking place when only one of the eigenvalues of p is one and the rest are
zero (pure state), i.e.

Trp? =1, (Pure State) Trp? <1, (Mixed State). (5.49)

In classical settings, the uncertainty inherent to a probability distribution p is associated to
a Shannon entropy,

= pilogpi, (5.50)

with the convention 0log 0 = 0. If there is no uncertainty, such as when p; = 1 and all other
p; = 0, then the entropy is S = 0. On the other hand, when there are N possible outcomes
and no preference for any particular one, meaning p; = 1/N for each ¢, the entropy reaches
its maximum value of S = log N. In quantum mechanics, a density operator p is associated
to a von Neumann entropy

S(p) = —Trplogp. (5.51)
Note that expression is just the Shannon entropy constructed out of the density matrix
eigenvalues, as can be easily verified by expanding p in an orthonormal basis. Beyond its

fundamental significance in statistical physics, the von Neumann entropy also serves as a
measure of entanglement. Among its properties, we can highlight:

e Non-negativity: The von Neumann entropy satisfies S(p) > 0.

e Minimum entropy: The von Neumann entropy is zero, S(p) = 0, if and only if p
represents a pure state.

e Maximum entropy: For a system described by an N-dimensional Hilbert space, the
von Neumann entropy is maximized at S = log IV, i.e. when p is the maximally mixed
state, p =I/N.

e Concavity: Given a convex combination of density matrices, »  \; = 1, the von Neu-
mann entropy obeys the inequality

S(Z Aipi) > ZAiS(pi). (5.52)
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This implies that entropy increases as our knowledge about the composition of the state
decreases.

e Subadditivity: For a composite system with Hilbert space H = Ha ® Hp, the von
Neumann entropy is generally less than or equal to the sum of its parts, namely

S(pap) < S(pa) + S(pB) (5.53)
with the equality holding if and only if psp is uncorrelated, i.e. if pap can be written
as PAB = PA X PB.

e Strong subadditivity: Extending to a tripartite system H = HaQHp Q@ Hc, entropy
obeys
S(papc) +S(pp) < S(pap) + S(psc) - (5.54)

This result, though nontrivial to prove, can be understood intuitively by considering
the subsystems AB and BC, which share an overlap on B. Strong subadditivity asserts
that the total entropy of the combined systems cannot be smaller than the total entropy
plus the entropy of their shared part.

Example 19: Density matrix for pure states

For the general spin state (3.33),

the density matrix takes the form

coS g 0 —id i O cos? g e~ sin g coS g
pP= id i 0 (COS§ € Smi): i i O ) 279 .
e’ sin b) e’ sin 5 COS bl Sin b}

The associated trace is simply

0 0
TrpzcosQ§+sir12§:1,

and, as expected for a pure state, the eigenvalues A are 0 and 1, as can be easily
verified by explicit computation

| )\]I|—0—‘ cong—)\ e_id’singcosg )
p €' sin % cos g sin? =)\ ’

0 0 0 0 0 0
)\2+c052251n22—)\<COSQ2—|—sin22> —sin250052§:)\2—)\:0—>)\:O,1.
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2

Given a system with Hilbert space C? and orthonormal basis {|+),|—)}, the operator

p=2e+gln- — o= (%0,

satisfies all the conditions to be a density matrix, i.e. it has unit trace Trp = 1
(unit total probability), it is Hermitian p! = p, and it has semi-positive eigenvalues
A =3/4,1/4. More precisely, since

= o= (614 1001 (G4 1001) = o+ ol 2,

g
Trp’ = —(+H + ={-|-)==+= == <1,

it can be interpreted as the density operator for a mixed state, representing an ensemble
where 75% of the time the system is in the state |[+) and 25% of the time the system
is in the state |—).

2%

As any other operator in H = C?2, a two-by-two density matrix can be expressed in
terms on the identity operator and the linearly independent Pauli matrices o;, namely

with P = (P, P,, P.) areal vector giving the position of a point in the unit ball 1P| <1
and & = (04,0,,0,). Note that this matrix is automatically Hermiticitian, p = pT,
since all the Pauli matrices are Hermitian and the vector P is real. On top of that,
it is positive definite and has unit trace, as follows directly from the characteristic
equation determining to its eigenvalues,

det(p — AT) = det (% (éif}y ?:;’:y) A ((1) 2)) —0,
or equivalently
1+ P, —2X\)(1— P, —2)) — (P —iPy)(Py +iP,) =0.
Simplify each term in this expression,
(A1+P,—2))1—-P,—2)) = (1—2)2- P2,

(Py —iP))(Py +iP,) = P} + P2,
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and taking into account that [P|2 = P2 —G—PyQ + P2, we have (1—2X)2—|P|2 = 0. Thus,
the eigenvalues of the density matrix p are
1+ |P|

Ay = .
) 2 9

_1-|P|
2

A1

Since 0 < \]3] < 1, both of them are non-negative. Also, by inspection, Tr p = 1. Since
for a pure state one of the previous eigenvalues must be zero and the other one, we
must have |P| = 1. On the other hand, for a mixed state, we must have |P| < 1. In
other words, pure states live on the surface of the Bloch sphere, while mixed states
live in its interior, with the center corresponding to the mazimally mized state.

5.3.2 Ensembles in statistical physics

In statistical physics, the behavior of systems with many particles is described using various
ensembles, each suited to different physical situations. The three main ensembles are the
microcanonical, canonical, and grand canonical ensembles, each differing in the constraints
imposed on the system.

e Microcanonical Ensemble: This ensemble describes an isolated system with fixed en-
ergy, volume, and number of particles. The system cannot exchange energy or particles
with its surroundings. All accessible states have the same energy, and the probability
distribution is uniform across these states. It is most useful for studying closed systems
in equilibrium.

e Canonical Ensemble: The canonical ensemble is used for systems in thermal contact
with a large heat reservoir, meaning the system can exchange energy but not particles
with its environment. Here, the number of particles and the volume are fixed, while
the energy can fluctuate. The probability of a system being in a particular state is
governed by the Boltzmann distribution, which depends on the system’s temperature.
This ensemble is suitable for systems at constant temperature.

e Grand Canonical Ensemble: In this ensemble, the system can exchange both energy
and particles with a reservoir, meaning that the number of particles, in addition to the
energy, can fluctuate. The system is characterized by a fixed temperature, volume, and
chemical potential. This ensemble is ideal for systems in contact with both a heat and
particle reservoir, such as gases in open containers.

Each ensemble provides a different statistical description of a system, but they all converge to
the same thermodynamic results in the thermodynamic limit (where the number of particles
becomes very large). The choice of ensemble depends on the nature of the system’s interaction
with its surroundings and the constraints that define its equilibrium state.
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D>

Consider a classical system where each microstate ¢ has an associated energy F;. In
the canonical ensemble, the probability of the system being in the i-th microstate is
given by

1 45
pizze BE%?

with 8 = 1/(kgT), kg = 1.380649 x 10723 J/ K the Boltzmann constant, T the
temperature, and
Z = Z e PEi

the so-called partition function, ensuring proper normalization. The equivalent quan-
tum case is described by a Hamiltonian

H=> E|E)(E;

and a density matrix
1 1 B
:Zzpi|Ei><Ei|:Ze PH Z=TrePH,
i

diagonal in the basis |E;) and with eigenvalues matching the classical canonical prob-
abilities p;. Note that at low temperatures (17" — 0, § — o0) this operator is strongly
peaked around the lowest energy state |Ep),

li = |Fy) (E
Jim p |Eo) (Eol ,

and hence becomes pure. On the contrary, at high energies (T" — oo, 8 — 0), all states
contribute democratically,

- 1
P8P A ;'E”> (En]

The partition function Z allows us to compute the expected energy of a thermal state,

E = (H) = Tr (oH) = Z<E IpH|E;) Ze—ﬁEz (Ej|H|E)(EE;)

1 .—Bi_l —BE; _ _ BB _ _ 9
_Zzi:EZe E_Zzi:EZe Ei — Z@ﬁz Ei ﬂan.

For instance, a harmonic oscillator with energy levels E; = hw(i + 1/2), we have

. 1/2 1 ‘ .
zZ=> ¢t/ = fT, p= D dTRENE] = (1-a))_ ¢|E)E;
=0 % 3

q

with ¢ = e " and therefore

1/2
Tr(pH):—%ln(q—> ﬁwl—l—q
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Note that the latest expression can be rewritten as

hw hw
Tr(pH) = — + ———
(pH) = — + s
with the first term standing for the ground state energy, which (in the absence of
gravity) lacks any physical meaning and can be subtracted away. Doing so, we recover
the one-dimensional version of the famous Planck formula for the spectrum of a black
body of temperature 7', namely

Propagators, imaginary time and the emergence temperature

An additional connection between quantum and statistical mechanics appears when
considering the propagator (3.234) in imaginary time. In particular, for time-
independent Hamiltonians with eigenfunctions p;(x) satisfying Hy;(z) = FE;pi(x),
a (Wick) transformation ¢ — to = —ih/3, transforms the propagator

G(x,t; CU/,t()) _ (x‘efiH(tfto)/h’x/> _ ZefiEi(tfto)/h sz(x)@j(l'/) ,

into the thermal density matrix characterizing a canonical ensemble in the coordinate
representation, namely

Gz, to — ihf;a' to) = ) e 75 pi2)p] (2').

n

5.3.3 Composite systems and partial traces

Given two density matrices p; and p2, we can construct an operator p; ® po, which is Her-
mitian,
(o1 ® p2)' = pl @ pl = p1 @ p2, (5.55)

has positive-definite eigenvalues (p1 @ p2) (|7) ® |a)) = A ([i) ® |a)),

(1 @ p2) (|7) @ |a)) = p1]i) @ pa|a) = Ai]i) @ Aefa) = A A2 ([i) @ ) = A= A A2 >0,
(5.56)
and unit trace

Tt [o1 @ pa] = Tr [n] @ Tr [pa] = (1)(1) = 1, (5.57)
qualifying therefore as a density matrix.

If we were just interested in the properties of the system 1 regardless of what happens
with the system 2, we could average over all the possible states of the second system or, in
the more standard terminology, trace it out. This operation result on the so-called partial
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trace

Trz [p1 ® 2] = > (e @ p2ly) =D o1 @ (Yp2ly) = 1 (5.58)

where in the last step we have taken into account that the trace of a density matrix is one.
The partial trace Tro can be therefore understood as the “inverse” of the tensor product: it
provides smaller systems by ”ignoring” one or more constituents of a composite system.

i B Bl i 2 e i o i i 12 i) YN

Consider a general state in the composite system of two spin 1/2 particles with Hilbert
space H = H1 ® Ha = C?> ® C? and dimension dim(H; ® Ha) =2 -2 = 4,

¢) =Y riali) @ o).

The density matrix associated to the state |¢) (pure in H) takes the form

p=lp)ol= D rarisli) (Gl ® la) (8l

i'a7j7/6
or more explicitly
2
[ro0l® 0076
2
o170 |7ou

leor&) 10701
TG0 T11To

700710 700711
To1Tg  To1T11

2 .
Ir10* 10771 )

rurfo  |rul?

The partial trace over the states of the second particle provides the density matrix for
the first system,

=Trzp=) (Vo) = > riarjsld) (il ® (vla)(Bl)

2 i.0,5,8,y
= Z Tzarjﬁl ]l(sva(sﬁfy Z 7'1'7
B.,7,8,7y 4.4

or in matrix form
7 = Z ( |T‘()0|2 ol |7“01|2 T00T 1o + 7”017‘{1)
" réorio + ririn ronl® + rul? )

A simple comparison of this expression with that for p makes clear that the four
elements of p; = Trg p are simply given by the sum of the diagonal elements of each
of the four blocks in which p can be cast.
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5.3.4 Time Evolution of the density matrix
Using the unitary evolution for each normalized state {|p;)} within the ensemble,
|pist) = U(t; to)|is to) (5.59)

we can easily determine the evolution equation of the density matrix,

p(t) =Y pilen t) (@i tl = Ult,to)les, to)pi{pi, tolUT (¢, to)

2

= U(t,t0) (Z ’@i,t0>pi<§0i,0‘> UT(t,to), (5.60)

)

p(to)

namely
p(t) = U(t, to)p(to)UT (¢, to) - (5.61)

Differentiating with respect to time and using Eq. (3.194), we obtain the quantum version of
the classical Liouville equation for the phase space density, the von Newmann equation

dp i

=——[H,p|. 5.62
o = 7l (5.62)
Note that, although this equation is formally similar to Eqgs. (3.244) and (3.243), it differs by
a minus sign following from the different order in the commutator. In anycase, any density
matrixwhich depends only on the Hamiltonian H is also independent of time in both the
Schrodinger and Heisenberg representations.

5.4 Identical particles

W Postulate VI
The states of a system of identical particles must be either totally symmetric or anti-
symmetric under the exchange of any pair. Totally symmetric (antisymmetric) states
are associated to integer (half-integer) spin [Spin-Statistics theorem].

In classical physics it is always possible to keep track of individual particles even if they are
identical, i.e. if all their properties (mass,charge, ...) are the same. In particular, knowing
the positions and velocities of a system of particles at a given time, we can assign them
labels and follow their individual trajectories in phase space without disturbing the dynamics.
The specific labels are of course irrelevant since all the possible configurations obtained by
exchanging labels will follow exactly the same dynamics, making all the physical predictions
insensitive to labels. Moreover, since there is a continuum of locations, the probability of
finding two identical particles in exactly the same place is zero. Identical classical particles
do not lose therefore their identity: they remain distinguishable.
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Quantum mechanics introduces an extra twist that turns out to be of paramount signifi-
cance: the uncertainty principle. It becomes impossible to monitor the trajectory of identical
particles due to the fundamental inability to determine which particle is which when they
come close enough to each other. On top of that, the trajectories of identical particles cannot
be observed without modifying their behavior, i.e. even if the position of a particle is precisely
known at a specific moment in time, it is impossible to determine its coordinates at a next
instant. In quantum mechanics, identical particles lose therefore their individuality. The
only measurements we can make are those to determine the probability of one particle being
located at x1, another one at xo, etc..., but without aiming to distinguish which particle is
which.

1\ 1 1 -/2

"""" \ / .

2 2 2

Example 24: Two spin 1/2 particles

Consider two static spin 1/2 particles lying infinitesimally close to each other, such
that the spin is the only relevant label to be considered. In this situation, the state of
two particles of opposite spin can be described by the tensor products

0 ®=)e or [=)a)@[+)2), (5.63)

with the understanding that the first ket is for particle 1 and the second for particle 2.
Note that, although these states are orthogonal to each other, we cannot distinguish
them by measuring any observable, since they have the same eigenvalues! Indeed, we
cannot distinguish them from any linear combination

lo) = al+)1) ® =) (2 +bl=)a) @ [+) @) (5.64)

with complex coefficients a, b satisfying the normalization condition |a|? + [b]? = 1.
This is known as exchange degeneracy. Although the physical states are identical, the
mathematical descriptions differ due to the labels (1) and (2), which act essentially
as quantum numbers, making the particles non-identical from a mathematical per-
spective. These labels, while physically unobservable, lead not only to distinct states
associated with the same eigenvalues but also to different physical predictions. In-
deed, given a system initially prepared in the state |p), the probability of finding it in
another state |x) depends on the coefficients a and b.
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There are a priori different ways of dealing with exchange degeneracies. * A successful and
empirically confirmed approach is to construct the full tensor product Hilbert space as if the
particles were distinguishable, to subsequently restrict to states that are either symmetric or
antisymmetric under hypothetical permutations of particles. As we will see in what follows,
this construction gives rise to fermions and bosons, which, as far as we know, account for all
known elementary particles. In other words, particles with mixed symmetry do not seem to
exist.

5.4.1 The symmetric group

Since our whole discussion on the indistinguishability of particles rests on the concept of par-
ticle exchange, it will useful to consider some of the mathematical properties of permutations.

The symmetric group S, is the group of permutations of n objects. A permutation m € S,
is usually represented by the two-line notation

71':(1 2 ”) (5.65)

pP1 p2 - Pn
understood this as a mapping of the standard ordered integers 1,...,n into some arbitrary
ordering of them
1 2 - n
S A (5.66)
p1 p2 - Pn

Alternatively, one can use the much more compact notation for cycles or product of cycles.
A r-cycle or cycle of length r is written as (iyia...4,) with i; € {1,2,...,n}, j =1,...,7,
and its action given by

11 —>0p —v 193 —> ... = lp_1 — Ip —> 11 (5.67)

For instance, in Sy, we have

<; 23 §>E(12)(34), <; g ’ j>z(1z3)(4):(123).

Finally, one can visualize the action of permutations using a graph where arrows point to
where each entry is mapped, namely

o o o o o >é<‘. o

o o .><. o o o o
4For instance, one possibility, advocated by H.S. Green in 1953, would be to consider para-particles or multi-
dimensional representations of the permutation group [H.S. Green, Phys. Rev. 90, 270 (1953)]. However,
in this scenario any particle reaction involving a single para-particle is forbidden. This conservation law
excludes the possibility that any of the many known particles (leptons, photons, hadrons) are paraparticles

[O.W. Greenberg and A.M.L. Messiah, Phys. Rev. 138B, 1155 (1965), Selection Rules for Para-Fields and the
Absence of Para-Particles in Nature].
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From this pictorial approach, it is clear that if cycles are disjoint their product can be specified
in any order,

(12)(34) = (34)(12).

The permutations can be composed or multiplied, meaning that if we apply one permutation
after the other (from right to left) we get a new permutation. Note, however, that in general
permutations do not commute. For instance, we have

(12)(13) = (132), (13)(12) = (123).

.>.<. [ ] [ [ ] [ [ o [ @

X >§< > >e<

o o o [ [ o [ [ o o o [

with the arrows on the graphs following the equal signs obtained by following the arrows
in the left ones. Among the properties of cycles, we can also highlight:

e All 1-cycles are equal to the identity element, denoted by e.

e For a given positive integer n, .S, is a finite group with n! elements, e.g.

S_{123 1 2 3 12 3 12 3 123}
3=l lg 13 ) \132)'\321/)'{2a31)'\312

={e,(12),(23),(13), (123), (132)}.

e Any rotation of a given cycle specifies the same cycle, e.g.

(123) = (231) = (312).

e All cycles in \S,,, except the identity, can be written as a product of 2-cycles or transposi-
tions (pair exchanges). This result is intuitive since any set of integers can be reordered
into an arbitrary configuration by the simple transposition of consecutive labels. The
decomposition of a permutation into a product of transpositions is not unique, but it is
unique (mod2), meaning that every permutation is either even or odd. A permutation
is said to be even (odd) if it can be written as the product of an even (odd) number of
transpositions e.g.

(123) = (13)(12) = (23)(13) is even,

and
(13) = (12)(23)(12) = (12)(13)(23) is odd.
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5.4.2 Bosons and fermions

As we saw in Section 5.1, the Hilbert space of n copies of a single-particle Hilbert space H M)
is defined by the tensor product

H — D o oo WD (5.68)

As usual, the action of an element 7 € S,, on H(™ is defined by its action on the associated
basis elements,

T ity ey in) = T (1), ..., 7 (in)), (5.69)
and subsequently extended by linearity to the whole H (™, namely

Tlo) = D Ciinmliny i) = Y iyl (@) (i) (5.70)
11 4eeeyln 11,e.in
with
[0) = Y Cirroinlit, i) (5.71)
i17"'7in
an arbitrary element of H().

Since permutations do not commute, it is impossible to find complete basis of states that
are eigenstates of all permutation operators. This doesn’t mean, however, that we cannot
find some states that are simultaneously eigenvectors of all permutation operators:

e Particles whose n-body Hilbert space is that of totally symmetric vectors,

Sym™ (HW) = {|p) € H™ : 7|p) = |}, Vr € Sn}, (5.72)

are called bosons, after the name of the indian physicist Satyendranath Bose. A bosonic
state remains the same independently of how we shuffle around particles, it is totally
symmetric. Having this in mind, it is convenient to introduce a unitary symmetrization
operator or symmetrizer

Pg : Z 7|p) (5.73)

n! TESH

leaving invariant every element |¢) € Sym(™ (7—[(1)), namely

1
Psle) = n! Z -yl Z lo) =lp) — Ps Sym(”) (7—[(1)) = Sym(”) (7.[(1))7
" xeSn " mESH
(5.74)

where we have taken into account that m|p) = |p) together with the fact that S,, has
n! elements. This operator is de facto the orthogonal projector onto Sym(") (H(l)) and
therefore we can made use of it to find a set of vector spanning Sym(”) (7—[(1)). Indeed,
it is easy to see that Pl = Pg and Pg = Pg, since

IZ n|z Z W/:%ZW,:PS. (5.75)

" meS, TESn 7r/—7r71 est ' €Sn
——
Sglzsn
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and

PS_PS Za——ZPSU:%ZPS:PS, (5.76)

n! oESn oESy " o€ESy

where we have taken into account that

1 1 o1 ,
Psazaz o, = Z W:HZT{:PS (5.77)
TK'ES" 71'/571'0' TI'/ESnO' 7T/€Sn
Sno=Sn

and the fact that S,, has n! elements.

Example 25: Triplet states

For a system of two static spin 1/2 particles lying infinitesimally close to each other,
the symmetric group contains only the identity permutation and a transposition 7
swapping the two particles, namely Ss = {e,7}. As can be easily verified by applying
the projector operator Pg, the states

1
E(H_’_)'}_‘_v"i_))v _’_>7 (578)

are examples of totally symmetric vectors,

[+ +),

1
Pslt,4) = — 3w, +) = 5 (elh, )+ 710, ) = 54,4 + [, 4) = 4,
TESK

Pol+,-) = §<e|+,—> =) = 5+ 2) + 1+,

Psl=, ) = g (el =) +71=,#) = 5=+ + [+, ) = 3 (1+,) +1=, +)),
Psl= =) =I=.-).

e Particles whose n-particle Hilbert space is that of totally antisymmetric vectors,

AP HDY = {|p) € H™ : 7]p) = sgn(m)|p)}, sgn(r) = {w: Z\(;(;n ;

(5.79)

are called fermions, after the name of the italian physicist Enrico Fermi. Similarly to
what we did for bosons, we can introduce a unitary antisymmetrization operator or
antisymmetrizer

Z sgn(m)7|p) (5.80)

TrGS
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leaving invariant every element |@) € A(™) (7—[(1)), namely

Palg) = =1 3 san(mle) = o1 3" san’(m)lg) = lg) —> Pan® (HO) = a0 (10}

" weSy G TESy
(5.81)

where we have taken into account that 7|yp) = sgn(m)|¢) together with the fact that

S, has n! elements. Note also that, as happens for the symmetrizer, le = P4 and
P% = Py4.

Example 26: The singlet state

In our beloved system of spin 1/2 particles, the singlet state

1
E(H_?_> - ’_7+>) (582)

is a totally anti-symmetric vector. Indeed, we have

1 1 1
TE(H’ - ==+ = E(!*,H —+-)= *E(H, =) ==+

Alternatively, we could apply the projector operator P4. Taking into account for a

single transposition sgn(7) = —1, we obtain
1
Pyl+,—) = 5(’+a =) = 1=+,
1 1
Pal=+) = 5(I=+) = [+ =) = —5(+ ) == +),

and therefore

Pa—=(l+ =) = [=+) = Z=(+ =) = = +).

7

Sl

Note also that

1 1

Pal+,+) = = > sen(m)n|+,+) = 5 (+,+) — [+, +)) =0,
s TESR 2

PA|—,—> =0.

This illustrates a very important property of identical fermions following directly from
the symmetrization postulate: two of them cannot occupy the same single particle
state.® This is the so-called Pauli exclusion principle, which we will prove in full
generality in Section 5.4.3.

“Note that this (very common) sentence (that we will also use without caring too much) is indeed
a bit loose, since particles belonging to an n-particle system do not have a state on its own, only the
system has a wave function.
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When considering a system of identical particles, we are either in Sym™ (HM) or in A (H(D).
Note, however, that in general for n > 2, the n-particle Hilbert space is not completely
spanned by purely symmetric or antisymmetric states, i.e.

Sym™ (HWy @ A (HD) c 1™ (5.83)

Example 27: Hilbert space reduction

For a system of three particles occupying three distinct states |a), |b), and |c), there
are six possible states,

la,b,¢) la,c,b), |b,c,a), |bya,c), |c,a,b), |c,ba),
but only two possible combinations for bosons and fermions,

la,b,c) + |a,c,b) + |b,c,a) + |b,a,c) + |c,a,b) + |c, b, a) (Bosons) ,
la,b,c) — |a,c,b) + |b,c,a) — |b,a,c) + |c,a,b) — |c,b,a) (Fermions) .

The reduction of the size of Hilbert space becomes even more dramatic for increasing
n. In general, for n particles filling n distinct states, we have n! states to start with
but only one totally symmetric state and one totally antisymmetric state. The other
n! — 2 states are disregarded.

5.4.3 The Pauli exclusion principle

Imagine a basis element |iq,...,i,) in H(™ where two identical particles j and k with j # k
occupy the same single-particle state, i; = iy, such that, by construction, the state is invariant
under the transposition 7 swapping j and &,

Tjk‘ila---ain> == |11,72n> (584)

From this we easily conclude that the state |i1,...,i,) cannot be an element of A (’H(l)),
since if it was, we would have

Tjk’il, ey Zn> = sgn (Tjk) |7;17 “on ,in> = —’il, ooy in>, (5.85)

contradicting Eq. (5.84). Indeed, for any state |¢) € H(™ invariant under transpositions,
Tlp) = |¢), we have

1 1 1
Py =— Z sgn(o)or = — Z sgn (077 ') or =sgn (7)) = Z sgn(oT) oT
| | | ~—~
n ocESH n 0ESH -1 w 0ESh o'=oT
1 1 5.86
=-— Z sgn(o’)o’ = —— sgn(o’)o’ = =Py, (5.86)
e o'€TSh n' o'€Sn
~——
TSn=5n

and therefore
Palp) = Pat|p) = —Palp), —>  Palp) =0, (5.87)
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meaning that |iq,...,,) is orthogonal to Am) (’H(l)) whenever two particles occupy the same
single particle state.

The Spin-Statistics theorem

Within non-relativistic quantum mechanics, the correlation between spin and statistics
can be seen as an empirical law. However, the spin-statistics relation emerges naturally
from the unification of quantum mechanics and special relativity (i.e. from quantum
field theory). The so-called Spin-Statistics theorem, formulated by the physicist Julian
Schwinger, Sin-Itiro Tomonaga, and Richard P. Feynman in the late 1940s, states that
the statistics of a particle (Bose-Einstein or Fermi-Dirac) is directly determined by its
spin.

e Fermions, with half-integer spin values, obey Fermi-Dirac statistics, which dic-
tate that no two identical fermions can occupy the same quantum state simulta-
neously.

e Bosons, with integer spin values, obey Bose-Einstein statistics, which means any
number of them can occupy the same quantum state.

The assumptions in the theorem are: (1) Lorentz invariance, (2) causality, and (3)
unitarity (i.e., positivity of the norms).

A corollary of the symmetrization postulate and the spin-statistics theorem is
that there are only fermions and bosons in Nature. In the Standard Model of particle
physics, these particles play indeed a fundamental role.

5.4.4 Wave-function of n identical non-interacting particles with spin

The Schrédinger equation for n non-interacting particles with spin,

L0 L 2 . = L = L o2 L o= L =
lhasﬁ(ﬁ,surmsm 3T, Sn) = He(m, 81572, 825370, Sn) (5.88)

can be written as the product of a spatial part and a spin part,
@(71, 81372, S35 70y Sp) = (F1, Py oo, Tl @) = @ (F1, Py ooy Tn) @151, 8,0, S . (5.89)

For identical bosons, the overall wave function must be symmetric; forcing the spatial and
spin parts to be simultaneously symmetric or antisymmetric

¢S (F17F27”'7Fn)® ‘§17§27‘--7§n>57
GA(T1,T2, ..., Tn) @ |S1,52,...,50)4 -

On the other hand, if the particles identical fermions, the spatial and spin parts must have
opposite parities, resulting in an overall antisymmetric wave function,

©s(F1, 81572, S2; . .17y ) = { (5.90)

5 — R — N — G G, ,§ S
@s(T1, S1572, 595+« 570, Sn) = { 2 = n) (5.91)
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Example 28: Atoms with two non-interacting electrons

Accounting explicitly for spin degrees of freedom, but neglecting the the interaction
between electrons and the spin-orbit interaction, the Hamiltonian of a two-electron
atom, like the Helium atom, the singly ionized Lithium ion Li™ or the doubly ionized
Berilium atom Be?* is given by

=~ Z2 =~ 22
H=H +Hy,= b 2€ + P _2¢ (5.92)
2m 71 2m )

with m = Mm./ (M + m,) the reduced mass of the system, M the mass of the nucleus,
m, the mass of the electrons and 77 and 75 the location of the electrons with respect
to the nucleus, which is placed at the origin of coordinates. The corresponding time-
independent Schrodinger equation is given by

[Hi + Ho) (71, S1; 72, 52) = Enyny (71, 51372, S2) (5.93)
with 5
Z<e 1 1

the sum of the energies of the electrons, ag = h?/ (me?) the Bohr radius and e?/(2ag) =
13.6eV. The associated wave function is given by

o(71, 81575, 82) = ¢ (71,75) @ |S1, So) (5.95)

Since this system consists of two identical fermions, its wave function must be anti-
symmetric. Therefore, either the spatial part is antisymmetric and the spin part is
symmetric,

L& - & 1 . . L L& a
@(Tlasl;’rQa 52) - E[anlllml (T1)¢n2l2m2 (TQ) - ¢n2[2m2(7‘1)¢n111m1 (TQ)]|SLSQ>57
(5.96)

or the spatial part is symmetric and the spin part is antisymmetric,

@(Fla §17 ’FQa 52) = ¢n1l1m1 (F1)¢n2l2m2 (F2)|§15 §2>A ) (597)

with |1, S5) s and |5}, S5) 4 given respectively by the symmetric triplet states in (5.78)
and the antisymmetric singlet (5.82). The ground state corresponds to both electrons
occupying the lowest state n = 1, I = 0, m = 0, i.e., n; = ng = 1. The associated
energy and wave function are given by

Z2%e? L o= L = . S =
Ej1 = -2 = —27.27%¢eV, ©11(71, 51; 72, S2) = 100 (71) P100 (72) |S1,52) 4,
(5.98)
with
1 [(Z\%? _z
$100(7) = Rio(r)Yoo(2) = NG <a0> e 9o . (5.99)

In the first excited state, one electron occupies the lowest level n = 1, [ =0, m = 0
and the other one occupies the level n = 2, I = 0, m = 0. This corresponds either
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tony =1,n0 =2 or to ny = 2,19 = 1. The associated energy and wave function are
given by

Z2e2 1
= —2° (1+>:—17.0Z2eV,

= 41 (5.100)
©12(71, S1; 7, S2) = 7 (6100 (71) 200 (T2) — D200 (71) D100 (72)] |51, S2) 5,
with .
1 Z zZr _ Zr
$200(7) = Rao(r)Y00(Q) = T <ao> (1 - 2ao> e 20, (5.101)

Note that these theoretical results fail miserably to describe the experimental values.
For instance, according to Eq. (5.98), the ground state energy of helium (Z = 2)
should be Ejj¢n ~ —108.8eV, while the experimental value is rather a ~ 40% lower,
Fiiexp = —78.97eV. A more accurate determination of the energy levels will be
obtained in Chapter 6, where we will explicitly account for for the Coulomb force
between electrons using a variational and perturbation theory approach.

5.4.5 The Slater determinant and the permanent

The use of the projection and antisymmetrization operators to built bosonic and fermionic
states can become rather complicated, since the procedure requires a sufficiently efficient way
of summing over permutations. There is a case, however, where things can be phrased more
compactly.

Given a collection of n non-interacting particles,” we can easily construct a multi-particle

wave function for fermions that is anti-symmetric under the exchange of any pair of particles
by using the Slater determinant

|en, (le» |en, (7?» P [ (7}1»
|90> _ % |§07L2:( 1)> |<Pn2( 2)> |(,0n2(’l“n)> : (5.102)
o0, (71)) @0, (T2)) - |on, (Pn))

with ¢, () the single-particle wave functions, n; collectively denoting the different eigen-
values and the overall factor of 1/ v/n! ensuring that the resulting state is normalised.5 Note
that different rows are associated to different eigenvalues, while different columns correspond
to different 7; assignments In fact, swapping two particles is tantamount to swapping two
columns in the determinant, changing it by a minus sign. Also, if two particles sit in the
same state (e.g. m1 = ngy), the corresponding rows become linearly dependent and the deter-
minant vanishes, ensuring the Pauli exclusion principle. Interestingly enough, a multi-particle

5Even though the state derived using the Slater determinant is only exact for non-interacting fermions, it
provides a useful starting point for the study of weakly interacting systems in a perturbative scheme.

5Tf you have doubts about how this operates, consider writing and expanding the Slater determinant for
n = 3 and verify that the result is indeed fully antisymmetric under the particles’ interchanges.
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wave function for bosons can be similarly obtained by expanding all terms in the Slater de-
terminant and setting all relative signs positive. The resulting object is called the Slater
permanent.

e P L))

To illustrate the use of Slater determinants, let us consider the ground, first excited
and second excited state of a system of three identical and non-interacting spin-1/2
particles, all of them in the same spin state |+) and confined to move in a one-
dimensional infinite potential well of length L, namely

0, O0<zx<L
V(z) = e
o0, otherwise.

To this end, we recall the single-particle energy and wave function of a particle confined
within an infinite potential well,

n2h2n2 2 . /nmx
Enzma n:172737"'7 QOn(x): ZSIH<T)'

Since the three particles considered are identical spin 1/2 fermions, the total wave
function of the system must be completely antisymmetric. Furthermore, as all of
them share the same spin projection (+%/2) and the Pauli exclusion principle dic-
tates that no two particles can occupy the same quantum state, each energy level can
accommodate at most one particle. One must therefore have,

hPm? 2 2 2
:m(n1+n2+n3), ny # ng # ng.

Ground State: In the ground state, the three particles occupy the lowest available
energy levels, n = 1,2,3, with only one particle per level. The total energy of the
ground state is therefore

Th2m2
mL?

) _ ﬁ27'('2
2mL?

(17 +22 4+ 3%) =

Given that the total wave function of the system, ¢(© (21,2, 23), must be antisym-
metric and the spin part is already fully symmetric,

[++H) =N+ |+,

the corresponding spatial part is necessarily antisymmetric. Making use of the Slater
determinant, we can write

90(0) (901,352,903) = —=1 ¥2 (1‘1) 2 (z2) 2 (1’3) X |+ I +> .
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First Excited State: In the first excited state, the third particle is promoted from
n = 3 to n = 4, with the other particles remaining in n = 1 and n = 2. Substituting
the values, we get

2 21h2 2

2mL 2mL?
Following the same reasoning as before, the corresponding total wave function takes
the antisymmetric form

1 | er(@) oi(z2) 1 (a3)
oW (21, 22, 73) = 75| P (1) @2(x2) @2(z3) |®|+++) .
| pa(m1) @4(x2) @a(x3)

Second Excited State: In the second excited state, the second particle is promoted
from n = 2 to n = 3, while the other particles occupy n = 1 and n = 4. The total
energy and total wave function are therefore

K22 13K272
E®=_""_(124+324+4%) =
2mL2( T ) mL? ’
and
1| (@) er(ze) er(zs)

0@ (21, 22,03) = —= | @3(x1) @3(z2) @3(23) |®|+++) .
vl w1 (1) pa(

&
&
©
~
=
w
~—

5.4.6 Overlappings and correlations

If the symmetrization postulate were always necessary, the study of a system with a restricted
number of particles would become an impossible task, since one would need to consider all
identical particles in the entire Universe. However, under specific circumstances, identical
particles may behave as if they were actually different. Consider for instance two identi-
cal particles with wave functions (spatial parts) ¢1(Z) and @2(Z). According to the sym-
metrization postulate, the corresponding system state must be either symmetric (S — +) or
antisymmetric (A — —),

ps5/A(T1, T2) = N [p1(Z1)p2(Z2) £ ¢1(T2)p2(21)] (5.103)

with IV a normalization factor. Given these expressions, the probability density of finding a
particle in a given region of space is a priori correlated with the position of the other one,

2 2

| 0574(F1, T2) [P =N [l (T1) [Ploz (F2) [° + |1 (F2) P02 (71)

£2Re (p1 (1) 2 (T2) @1 (F2) 5 (71))]

with the last-term the so-called exchange density. This correlation becomes, however, neg-
ligible for non-overlapping wave functions, ¢1(z2) ~ 0 and @2(x1) ~ 0. In this limit, the

probability density of finding one particle at & = Z1 ~ (x1) and the other at & = ¥ ~ (x2)
becomes simply the join probability density expected for classical particles,

sy (F1,32) |7 = N2|p1 (#1) [Ple2 (72) - (5.105)

(5.104)



5.4 Identical particles 145

Then, the question of identity does not arise. There is no need of symmetrizing or antisym-
metrizing the states of non-overlapping localized particles.

The situation changes completely when the two particles start approaching each other.
To illustrate this explicitly, let us consider a simplified one-dimensional scenario where two

identical particles of mass m are well-localized around the points x = +a and x = —a, with
approximately Gaussian single-particle wave functions
LN s L e
r)=|—% e P r)=|— e PrTa 5.106
oie) = (s oate) = (7 (5.106)

and 28a? > 1 (or equivalently (Az)%, < a?). The two-particle wave function of the com-
posite system takes the form (5.103) with

1 —1/2 1 9842 -1/2
N=—"(1+1? = (14280 5.107
V2 ( ) /2 ( € ) ( )
and ~
= / dz o1 (z)pa(x) = e P (5.108)

a function quantifying the overlap of single-particle wave functions. Taking into account that
the Hamiltonian of the system of the two non-interacting identical particles of mass m is just

2 2
Y4 D3
H=2 P 1
2m + om’ (5.109)

the expectation value of the energy in the above state becomes

h2B\ 1+ e 2% (1 - 28a?)
=4INP(E£TI) = | — 11
e NPTy = (G50 ) N (5.110)
with ) 24
W[ h
- (@) () = 22 111
om | i@l (@) = 40 (5.111)

the energy expectation value in either of the localized one-particle states ¢ = 1,2, and I the
mixed matrix element (i = 1,2 and j # 7)

I h? 2
~5. drp; ()] (z) = s (1- 2ﬁa2) e~ P (5.112)

=
4dm

—00

As explicit in Eq. (5.110), a variation in the distance a between the two particles results in a
change in the energy of the system, leading with it to an effective force F' = —€/0a between
them. If the particles are fermions, we have

2h%3%a _opa2 1+ 2pa® + e~ 2Ba
=—c¢

F 2
m (1 2607

)

which is always positive since e—26a% 4 2Ba®> — 1 > 0. This repulsive force arises due to
the antisymmetry of the total wave function or equivalently to the Pauli exclusion principle.
Fermions cannot occupy the same quantum state, leading to a repulsive force that increases
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as the particles get closer, preventing them from collapsing into the same region of space. In
the case of two bosons, the situation is more complex. The effective force

. 27@25%6,%2 e=200% 11— 2428
m (1+ 6—25“2)2

is attractive at large separations (25a2 > 1), where the overlap between the wave functions
becomes negligible, and repulsive at very short separations a < 0.83~1/2. However, contrary
to the case of fermions, this repulsion is not associated to the Pauli exclusion principle but
rather to the increase of kinetic energy as the particles come closer to each other.

Example 30: Fermi Gases and white dwarfs

An important consequence of the Pauli exclusion principle is the existence of high-
density stars known as white dwarfs. Within these objects the force preventing collapse
is not provided by nuclear reactions but rather by the large numbers of electrons
present in the star’s material and their impossibility to occupy the same states. This,
in turn, generates a strong repulsive force among the electrons, ensuring the star
doesn’t collapse under its gravity.

A simple white dwarf can be modelled as a collection of ordinary matter (nucleons and
electrons) confined to a finite radius by some kind of a potential well. For the sake of
simplicity, let us describe this potential as an infinite square well in 3-dimensions, even
if the star has of course a spherical shape.® The associated energy levels are given by

B w2 R2
-~ 2mL2
with L the size of any of the box sides and n,,n, and n. positive-integer quantum

numbers, which for large numbers of electrons can be interpreted as the components
of a vector 7,

(n2 +nl+n2) , (5.113)

w2h?
E= i) . 5.114
If the temperature of the star is sufficiently low, all the electrons will occupy the lowest

available energy states, filling a sphere of radius nmax. This gives

1 4
Ne= 2% g X ST = T s (5.115)

= max g max ?

with the factor 2 due to the fact two electrons can occupy a state with given n,,n,
and n, and the factor 1/8 following from the fact that the n; can take only positive
values, so that only 1/8 of the sphere actually represents distinct physical states. The
energy of the highest-energy electrons, Er, is known as the Fermi energy. Taking into
account (5.115) this can be written as’

™ T2h? <3Ne>2/3 h2

= o (3n%n.)** . (5.116)

= —n — "
2meL? M 2m, L2

F
™

with n, = N./V the electron density and V = L? the volume of the box. The
associated wave number

kp = (3n%ne)'/? (5.117)



5.4 Identical particles 147

/

corresponds to a de Bloglie wavelenght Ap = 27/kp = 2.03n. 13, Taking into account

that ne 173 s approximately the interparticle spacing, this implies
AR

d~ — A1
T (5.118)

meaning essentially that the exclusion principle forces electrons to be at least a half-
wave apart.
The total energy of the physically distinct states is given by

1 Mmax 9 7.[.2h2 9 7T3h2 5 3
E, = 8/0 dn 4mn o2 = 10meL2nmaX = gNeEF- (5.119)

This energy can be evaluated alongside the gravitational potential energy F, of the
star. Assuming a uniform mass density p with M (r) = (4/3)mwr3p, this is given by

R 2 R 2 2
M 1 1 M
g 0 T 3 0

15 5R
(5.120)

Rewriting this result in terms of the volume V = 47R3/3 and taking into account
that most of the star’s mass is in the nucleons (namely M ~ N, M, with N,, the total
number of nucleons and M, the single nucleon mass), we obtain

3 A7 L
E,= —SGN>M? | — ) 5.121

Taking into account this expression together with Eq. (5.116), we can determine the
equilibrium configuration from

0

After some algebra and taking into account that the electron number is related to the
nucleon number by N, ~ N,, /2, we obtain

R=

97 2/3 h2 3
( 8) e 173, (5.123)
etVlp

Note that the radius decreases as the total mass increases. For a solar mass star
My =2 x 10%° kg and M,, = 2 x 10727 kg, this corresponds to a number of electrons
N, ~ 10°7 concentrated in an Earth-size radius R ~ 8000 km. The associated density
is insane: a white dwarf is 2 million times denser than water! Note also that the
numerical value of the Fermi energy, Er ~ 2 x 10%eV, is comparable to the rest
energy Erest = mec® = 5.11 x 10°eV, so the most energetic electrons are getting fairly
relativistic.

According to the above description more massive stars lead to smaller white dwarfs.
This holds true until the mass of the progenitor star exceeds a critical value from which
on inverse beta decays e~ + p™ — n + v converts virtually all protons and electrons
into neutrons, liberating neutrinos which carry off energy. The electron degeneracy
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pressure is therefore no longer able to avoid gravitational collapse. The final outcome
in this case will be a neutron star if the neutron degeneracy pressure is able to stop
the collapse, or a black hole is that is not the case. The degeneracy pressure of the
neutrons can be calculated in the same way as the electron pressure, but with N, n.
and me replaced by N, n, and M,, obtaining a radius

_ (97T)2/3 h -1/3

R=" GM,{jN” . (5.124)

For a two solar mass star, this corresponds to a small radius R ~ 10 km. The associ-
ated density is astounding: all humanity can be squashed down to a sugar-sized piece
of neutron star

“Although this is admittedly a lazy square-cow approximation, it will be enough for our purposes.
Notice that this energy is inversely proportional to the mass, allowing us to neglect the energy of
nucleons in the star in first approximation.

5.4.7 The occupation number representation

Even when formulated in terms of Slater determinants or permanents, the manipulation
of symmetric or antisymmetric states become quite cumbersome for increasing numbers of
particles. On the one hand, the computation of matrix elements between n-particle sym-
metrized /antisymmetrized wave functions involves generically a large number of integrals,
(n!)2. On the other hand, adding new particles to the system forces us to perform continuous
re-symmetrizations/re-antisymmetrizations of the whole wave function, which is certainly
not an optimized procedure for the treatment of grand-canonical ensembles, particle creation
in relativistic quantum field theory, or the production of photons and phonons in quantum
optic or solid state physics. The source of these complexities is related to the fact that we
insisted on working which wave functions that contain a lot of useless information, such as
the specific positions of the individual particles. Indeed, we know from the beginning that all
possible permutations will appear anyway! Keeping only the minimal amount of necessary
information is precisely what the so-called occupation number formalism does. In this setting,
instead of asking which particle is on which state, we will be interested in knowing how many
particles are there in each state. The essential step is the introduction of creation and an-
nihilation operators with specific commutation relations able to accommodate the statistical
properties of bosons and fermions. Because this description does not refer to the labeling
of particles, it contains no redundant information, leading therefore to a precise and simpler
description of the quantum many-body state.

Identical bosons

Consider a state |n) describing a system of n identical bosons in the same quantum state
|w), which could be associated for instance with an energy level E = hw. Introducing an
annihilation operator a leading to a state with one particle less,

aln) = /nln — 1), (5.125)
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we can define a number operator N = a'a counting the number of particles in [n),
(nla' = vnin—1 — (nlafan)=n — alaln) =n|n). (5.126)

This allows us to interpret the adjoint operator a as a creation operator leading to a state
with one extra particle,

) ! n+1) — daf|n) ! Taln + 1) (5.127)
n) = ajn a'|n) = ——a'aln 5 .
vn+1 vn+1

namely
a'ln) = vn+1ln+1). (5.128)

A state with no particles is called the vacuum state and satisfies
al0) =0. (5.129)

The state with n particles is correspondingly given by
n) = —=(a")"|0), (5.130)

which, as expected for bosonic particles, is explicitly symmetric under particle exchange. The
consistency of the procedure

aa'|n) = vVn + lajn + 1) = (n + 1)|n), ataln) = vnal|ln — 1) = n|n), (5.131)

leads to the commutation relations

la,al] =1. (5.132)

The above formalism can be easily extended to a system of n; bosons in the state |w;), 1y
bosons in the state |ws), etc. .. with the corresponding state |ny, no,---) understood as com-
pletely symmetric under the exchange of any pair of particles and the occupation numbers n;
satisfying the relation n = ), n;, with n the total number of bosons in the system.

As we did for the system with a single energy level, we can define the annihilation (a;)

and creation (a;f) operators for particles in the state |w;),
CLi|TL]_,"' 7ni7"'> = \/ﬁi|n17"' y g — 17"'>7 (5133)
a;-r]nl,--- TNy o)y =i+ 1|ng, - my + 1,00, (5.134)

with commutation relations

[a;, al] = b5, [ai, a;] = [a],al] = 0. (5.135)
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The associated number operator N; = ajai determines the occupation of |w;),

a}aiml, e M, > = ni|n1, e My, > . (5.136)
Then, any state of the system of n identical bosons can be written as

1 n n:
sz, ) = o (e @)™ 1) (5.137)

with |0) =0,0,---) the vacuum state, which is again symmetric under the exchange of any
pair of particles. For instance, if wy is the lowest single-particle energy level, the ground-state
of a non-interacting bosonic system is |n, 0,0, ...) (all bosons in the lowest energy state).

The Hilbert space of the system of n identical bosons constructed out of the direct sum
of Hilbert spaces of fixed particle number,’

Hp=HEOHsOHZOHL D - = P HE, (5.138)
n=0

is called the Fock space of bosons. In particular, this formalism describes a system of oscilla-
tors with a discrete spectrum of energies F; = hw;. When there is a continuum of oscillator
modes of energy E, we rather have a; = a (w;) — a(w). This defines a quantum field theory
for bosonic fields. In this framework, the harmonic oscillator is no longer a simple mechanical
oscillator, but a mode of excitation in a quantum field, which can be viewed as an infinite
collection of harmonic oscillators.

Identical fermions

The occupation number formalism can also be adapted to describe a system of identical
fermions whose states are antisymmetric under the exchange of particles. In order to satisfy
the Pauli exclusion principle, we must require

|ny,na,...), with n;=0or1. (5.139)

Introducing annihilation (n) and creation (n') operators for fermionic states,

o)y=0,  aly=0), AfO=0),  4f)=0, (5.140)
77' fn17...nA7... — _1Vin. n17...71_n.7...
af I, may ) = (1% (1= oy 1= i)
with v; = ;;11 ny the so-called Jordan—Wigner string depending on the ordering of the
involved single-particle states, we can define the number operator N; = 77iT 7; giving the
occupancy of state |w;), namely
n;fm‘nh...ni’...> =n2|ny, - ng, o) =ng|ng, - ong, ) (5.142)

"Note how, by virtue of the direct sum, states containing a different number of particles are defined to be
orthogonal.
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and derive the anticommutation relations

{ninl} =0y, {nini} = {nl.ni} =0, (5.143)

with {4, B} = AB + BA the anticommutator. Any state of the system of identical fermions
can be then written as
o, ) = ()™ (m3)" -+ [0). (5.144)

As expected, two fermions cannot occupy the same state,
{nl,nf} =0, — =0, (5.145)

ensuring the fulfillment of the Pauli exclusion principle. For instance, the ground-state for n
non-interacting fermions is represented by |1,1,...,1,0,0,...).

When there is a continuum of modes of energy E, we have n; = n(w;) — n(w). This
defines a quantum field theory for fermionic fields.

Superselection rules and Majorana fermions

Note that the seemingly innocent phase (—1)" in Eq. (5.141) seems to depend on the
particle numbers ni to the left of n; and therefore on the specific order of fermions.
This order should be, however, completely arbitrary, since our predictions of physical
properties should not rely on how we decide to order the modes in our description. On
top of that, the phase (—1)"* seems to be something observable. Imagine for instance
a gedanken experiment involving three modes, one on Earth and two on Jupiter. By
measuring an operator containing an odd number of fermionic annihilation and cre-
ation operators, one could a priori determine by a phase whether a particle is present
on Jupiter or not, achieving instantaneous communication and violating causality!
The solution to these issues lies in the fact that not all observables are allowed for
fermionic operators. In particular, any valid fermionic operator must commute with
the parity operator

2n
I=i"[]e, (5.146)
j=1
written here in terms of 2n Majorana fermions, defined as
Coj—1 = ij + fis Coj = _/L.(f; = i) (5.147)
for j = 1,...,n. These fermions are Hermitian, ¢; = c;r-, and satisfy the fermionic
anticommutation relations {c;,cx} = 0, for j,k = 1,...,2n. For obvious reasons,

they are often referred to as half fermions.
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5.5 Some worked-out exercises

Mixtures, superpositions, and basis transformations

Consider the following matrix expressed in an orthonormal basis {|\1), |A\2)},

_1/30
P=3\0 1)

a) Determine whether it can describe a physical state.
b) Determine whether it can describe a statistical mixture of the states |A1) and |A2)
and, if so, calculate the weight or probability of obtaining each state in the mixture.

c¢) Determine whether it can represent a superposition of the states |A\;) and |A\2) and,

if so, determine the coefficient of each state in the linear combination.

d) Determine whether it can represent a mixture of the states [r1) = %2 A1) + 1[\2)

and |k2) = L3|A1) — 1|\2), and, if so, calculate the weight or probability of each

state in the mixture.

a) To describe a physical state, the density matrix p must be Hermitian, semi-positive definite and
have unit trace. Since the matrix elements are real, the eigenvalues \; = 3/4 and Ay = 1/4 are

non-zero and Trp = $(3 + 1) = 1, p describes a physical state..

b) The matrix p is diagonal in the {|A1), |\2)} basis and none of its eigenvalues are zero. It represents
therefore a statistical mixture of these states with weights or probabilities P(A1) = 3/4 and P()\2) =
1/4.

¢) Since p has two non-zero eigenvalues, it cannot represent a pure state. Therefore, it cannot
represent a superposition of [A1) and |Ag).

d) The states |k1) and |ko) form an orthonormal basis. Therefore, if p represents a mixture of these
states, it should be diagonal in that basis, namely p = p1|k1) (k1| + p2|r2)(k2], with p; +p2 =1,
and p; and po the probabilities of the respective pure states |rk1) and |ke). Expanding |k1) (k1| and
|2} (Ral,

)| = <fu1> + ;|A2>> (*fw + §<A2|> = A L ) Ol L2 ) a2 ) Ol

ko) o] = (“fm - ;|A2>> (fw - ;<A2|) = A a1~ Y210 a2 P 2 )l

and combining the terms, we get

p= Z (p1 +p2) [A1) (M| + ? (p1 — p2) [A1) (A2 + ? (p1 — p2) [A2) (M| + i (P1 + p2) [A2) (N2l .

Since p; 4+ p2 = 1, this simplifies to

o= 21001+ L2001 = pa) ) Ol + 2 01— o) Aa) ]+ S 1)l

Since the off-diagonal elements of p are zero, we must have p; = ps, which, combined with the
condition p; + ps = 1, implies p; = ps = 1/2. Therefore, p represents a mixture of |£1) and |k2),
with statistical weights 1/2.
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Entangled states and density matrices

Consider a composite system of two spin 1/2 particles with Hilbert spaces H; = C? and
Ho = C2. Show that the expectation value of any observable A1) = A ® I of particle
1 in a state |¢) = %(H—) ® |+) — |=) ® |-)) can be expressed as (A1) = Tr[p(M A],
with p(1) = 3+I5x2. Compare this result with the expectation value (A)sup = (¢|A|0)
of A in the superposition state |¢) = %(H—) —|=)). Find the observables for which
both expectation values agree.

By direct computation, the expectation value (A(1)>‘@> becomes

(AD)g) = (PlA®Tlp) = \%((H ®(+ - (- <*|)(A®H)\%(I+> R+ -1 el=)
= %(HI @+ - (-le =N+ - A=) e]|-))
= %(<+|AI+> () = (A=) (=) = (=[A[+) (=[+) +(=[A]=) (=)

i e i Y

= %(<+|AI+> + (—|A]=)) = Te[pM 4],

where the last equality follows at this stage from pure inspection. Note, however, that p() is indeed
the reduced density matrix for particle 1. To see this explicitly, let us write down explicitly the density
matrix for the pure state |¢),

p=lelel =5l @+) — [ @)D+ &+ - (=l® (=] .

DN =

Expanding this expression yields four terms

~[(14) ® M)+ ® () = (49) © (=1 © (=]) = (=) @ [=-)(H & (+]) + (=) @ =) ((~| @ ()

X H @ [ H + [N @ =N = @ [ = [ @ =)

p:

DN = N

The reduced density matriz p™") = Try p for particle 1 is obtained by tracing out the degrees of freedom
of particle 2 in this equation namely

pt) = % () Tro(|4) () + [=) (= Tra(| =) (=) = [+) (= Tra () (=) = [=) ([ Tr2(|=){+])] -

Taking into account that

—  Tro(|+)(+]) =1,
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the previous expression reduces to the one given in the exercise

1 ].
p(l) =3 () (| + =)=l = §H2><2 .

As for (A)|4), we have

(A)je) = (BIAI) = —=((+] = (-DA=(1) = =) = S(HAI) = (+AI-) = (—1A1) + (-1A1-)).

V2 V2

For the expectation values (A™M)) and (A)s,p, to agree, the off-diagonal terms (+|A|—) and (—|A|+)
must vanish. Hence, the observables for which both expectation values coincide are the ones that are
diagonal in the {|+),|—)} basis.

Density matrix evolution for a three level system

Consider an ensemble of particles with a Hilbert space spanned by the orthonormal
basis {|1), ]|0),|—1)}. The ensemble is prepared in such a way that 30% of the particles
are in the state |1), 50% in the state |0), and 20% in the state %(\1) + | —1)).

a) Write down the density matrix p for this ensemble in the {|1),|0),| — 1)} basis.
b) Determine whether the initial state is pure or mixed.

¢) Compute the expectation values of the operators

5 (010 5 (0 =i 0 10 0
Se=— (10 1|, S,=—<1i 0 —i|, S.=n[0 0 0
v2\o 1 0 v2\o i o 00 —1

for this state.

d) Write down the time-dependent density matrix p(¢) using the unitary time evolution
operator for a Hamiltonian H = fww(|1)(1]| + [0)(0] + | — 1)(—1]|).

e) Show that p(t) remains a valid density matrix (i.e., it retains the properties of
Hermiticity, unit trace, and positive semidefiniteness) at any time t.

a) The density matrix p is given by

pzoawupuwoxm+ozcn+|_”>(“H*_”>,

V2 2
or
100 000 0 3 04 0 0.1
p=03[0 0 0)+05(0 1 0)+02(0 0 0)=(0 05 0 |.
000 000 1o ! 0.1 0 0.1

b) To diagonalize p, we solve for the eigenvalues,

04—X 0 0.1
det(p—A)=det[ 0 05-X 0 |=o0,

0.1 0 0.1—-X



5.5 Some worked-out exercises 155

obtaining
A =05, A=0.3, A3=02.

Since not all eigenvalues are 0 or 1, the state is a mixed state.

c) For S;, Sy and S, we have

0.4 0.1
(S.) =Tr(pS.) =hTr | 0 0 | =04h—0.1h=0.3h.
0.1 —0.1

Degeneracies and total spin of four fermions in a one-dimensional box

Consider a composite system of four spin-1/2 particles confined in a one-dimensional
infinite potential well, bounded by z € [0, L].

a) Determine the energies of the ground state and the first two excited states of the
composite system.

b) Identify the degeneracies of the previous states and the possible values of the third
component of the total spin in each case.

c) Write down the wavefunction representing the ground state of the composite sys-
tem.

a) The energies and state vectors of the individual spin-1/2 particles take the form

252
9 _7h _ ]2 (mrx)
E,=n"Ey, E, = i IZ (x|n,+) = \/Lsm < |£),

with n € N the quantum number of the one-dimensional infinite potential well and the states
|£) the spin states associated to the spin projections m, = +1/2. Since we are dealing with
identical fermions, the Pauli exclusion principle prevents two spin-1/2 particles from having the
same quantum numbers.

e Ground state: Two particles occupy the n = 1 level, with states |1,+) and |1, —). The other
two particles occupy the n = 2 level, with states |2, +) and |2, —). The corresponding energy
of the composite system is therefore

252
o2 o2 . 7h
EG—2(1 +2 )E1—5W

e First excited state: Two particles occupy the n = 1 level, with states |1,+) and |1, —). The
third particle occupies the n = 2 level with state |2,4). The fourth particle occupies the
n = 3 level with state |34). The corresponding energy of the composite system is then

15 w2h?
Fig=(12-124+224+3)F = ———.
st = XA 2 meL?
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e Second excited state: One particle occupies the n = 1 level, with state |1, %), two particles
occupy the n = 2 level, with states |2,+) and |2, —), and the fourth particle occupies the
n = 3 level, with state |3,+). The corresponding energy of the composite system is then

22
B 9 9 TR
FEona=(1+2-2°43 )E1_97meL2.

b) The ground state is non-degenerate. The sum of the individual m, values determining the third
projection of the total spin is 0.

The first excited state is 4 times degenerate, corresponding to the possible combinations of mg
values of the particles in the n = 2 and n = 3 levels. The possible values of the z component of
the total spin are {—1,0, 1}.

The second excited state is 4 times degenerate, corresponding to the possible combinations of m
values of the particles in the n = 1 and n = 3 levels. The possible values of the third component
of the total spin are {—1,0,1}.

¢) In the ground state, the four particles occupy the individual states |1, +), |1, =), |2,+), and |2, —).
Since we are dealing with identical fermions, the state vector of the composite system must be
completely antisymmetric. Using the Slater determinant, we have

|l ok B p
R S S T G O
N R S T G o S

Two interacting particles in a 1D harmonic trap: bosons vs fermions

Consider a system of two particles of equal mass m constrained to move in a one dimen-
sional harmonic oscillator potential and interacting weakly through an attractive har-
monic force proportional to the distance separating them, namely Fia = —k (21 — x2).
Determine the energies and wave functions of the ground state, the first excited state
and the second excited state under the assumption that the trapped particles are a)
identical bosons of spin 0 and b) identical spin 1/2 particles.

Denoting k = mw? for compactness, the Hamiltonian of this two-particle system can be written as

(xl - .132)2 )

h? ( 02 82

2
with K > 0. This expression can be diagonalized by introducing the set of variables

1

§= 77=E(x1—x2),

(@1 +2)
—F= \T1 x2),
V2
which, up to normalization constants, can be understood either as a rotation of 45 degrees in the
x1 — x2 plane or a change of coordinates to the reference frame defined by the center of mass (“CM”)
of the system and the relative coordinate between the particles (“rel”). Taking into account that the
gradient part of the Hamiltonian is invariant under rotations, we get

_ n? [ 0? 0? 1 9 9 2 02 82 2 9
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Written in this form, the Hamiltonian is just the sum of two independent harmonic oscillators of

angular frequencies
k k+ 2k
weM = 4\ = Wrel = )
CM A 1 i

The total energies and spatial wave functions of the system are therefore given by

1 1
EnCMnrcl = (nCM + 2) hOJCM + (nrel + 2) hUJrel ) Pnemnre (57 77) = SO'ELICC)M (g)(pgjj?n) (77)’
with ncov, nrel = 0, 1,2, - -+ non-negative integers representing the quantum numbers for the CM and

relative motions and <p,(1k) the n-th eigenfunction of a harmonic oscillator of spring constant k.

Since the CM coordinate £ depends symmetrically on both z; and xo, and therefore it remains
unchanged (¢ < £) under particle exchange (z1 <> x2), the wave function ¢, (§), which depends
only on &, is also symmetric under particle exchange, @y, (§) — ©ney (§), for any quantum number
nem. On the contrary, the relative coordinate 1 changes sign (n <> —n) under particle interchange
(x1 4> x2), meaning the wave function ¢, (1) will have the following behavior:

o If n.q is even, the relative wave function ¢, (1) is symmetric with respect to 7, @n,.,(n) =
©n, (—n), and therefore symmetric under particle exchange.

o If ny is odd, the relative wave function ¢, , (1) is antisymmetric with respect to n, ¢, ., (n) =
—n,..(—n), and therefore antisymmetric under particle exchange.

The total spatial wave function @, yn,., (&,n) is therefore symmetric if n.q is even and antisymmetric
if nye is odd.
Taking into account that wcen < wrel, the three lowest energy levels of the system are, a priori,

TLCMzoy nrel:Oy nCM:17 nrelzoa TLCM:O, nrel:17

1 1 1
Eopo = 571 (weM + Wrel) Ey = 571 (wem + Wrel) + Awew, Ep = 571 (weM + Wrel) + Awrel.

For identical and spinless bosons, the associated total wave functions, containing in this specific case
a purely spatial part only, must be symmetric with respect to the interchange of the two parti-

cles. Thus, only the symmetric states ppo(&,n) = go(()k)(g)gp(()kH”) (n) (ground state) and ¢19(&,n) =

gogk)(f)gpék+2ﬂ)(n) (1st excited state) are allowed. The state po1(&,n) = cp(()k) (£)cp§k+2ﬁ) (n) is, on this
(k+2K)

occasion, forbidden, due to the antisymmetric contribution of the relative wave function ¢ (n).

If the particles are identical with spin 1/2, the associated total wave functions, including now the
product of spatial and spin parts, must be antisymmetric with respect to an interchange of the two

. . k k42 k k42
particles. As the spatial parts ¢go(&,n) = (p(() )(f)gp(() +2r) (n) and ¢19(&,n) = (pg )<§)(p(() + ”)(n) are
symmetric, they must be combined with an antisymmetric spin contribution (the singlet state). Up
to normalization factors, we have

eoo(&m) (I +=)=1=+) er(&m) ([ +-)—1=+),
On the other hand, since the spatial part ¢p1(€,n) is antisymmetric due to the relative-motion con-
tribution gogk“ﬁ) (1), it must be combined with a antisymmetric spin contribution (the triplet state).

Up to normalization factors, we have

vo1(&,m)| £ £), o1 (&) (| +=)+1—+)) .
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5.6 Exercises
1. How to test a bomb without exploding it? /

Consider a stock of bombs equipped with a novel type of sensor, such that if a single
photon strikes the sensor, it triggers an explosion. Some of these bombs are, however,
malfunctioning, allowing photons to pass through the sensor’s hole without any impact.
As a result, these bombs do not explode. Is it possible to identify the bombs that are
still operational? Hint: See arXiv:hep-th/9305002

2. Composite systems of two spins 1/2 particles

a) Consider a system of two spin 1/2 particles with Hilbert spaces H; = C? and Hy =
C? and Hamiltonian

H=¢(0,Q0, +0y®0y+0.80,),

with € a constant with dimensions of energy. Determine the associated stationary
states in the basis of eigenstates of 0, ® 0.

b) Repeat the exercise for a Hamiltonian
H = e(az®]l+]l®oz) +J(0x ® 0y + 0y D0y) ,
with J a constant with dimensions of energy.

3. A density matrix for an ensemble of spin 1/2 particles 4

p:i”
n* p

describes an ensemble of spin- % particles in the S, basis, with the asterisk representing
complex conjugation.

The density matrix

a) Which are the allowed values of p?
b) What values must n have for p to represent a pure state?

c¢) Determine the pure state associated to the maximum possible real value of n.

4. Reconstructing the density matrix from spin expectation values

a) A pure ensemble of spin-1/2 particles is prepared identically. The expectation values
(Sz) and (S) are known, along with the sign of (S,). Show how this information
allows reconstruction of the state vector |¢), up to an overall phase. Why is it

unnecessary to know the full magnitude of (Sy,) in this case?

b) Now consider a mized ensemble of spin—% particles. Suppose the ensemble averages

(Sz), (Sy), and (S) are all known. Show how to construct the 2 x 2 density matrix
p that fully characterizes the ensemble.

5. Density matrix evolution for a two level system ¢

A two-level quantum system is initially in the state described by the density matrix

)

D[ =0 =


https://arxiv.org/abs/hep-th/9305002
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and evolves under a Hamiltonian

hw (10
H‘z(o —1>'

a) Write down the time-dependent density matrix p(¢) using the unitary time-evolution
operator.

b) Show that p(t) remains a valid density matrix (i.e., it retains the properties of
Hermiticity, unit trace, and positive semidefiniteness) at any time ¢.

c¢) Calculate the expectation value of the Pauli matrix o, as a function of time, namely

(o=(1))-
6. Characterizing a spin-1 density matrix ¢

How many independent real parameters are required to fully specify the density matrix
of an ensemble of three level system?

7. Permutation symmetry and observables /

a) Verify, formally and graphically, that the set of permutations of n elements form a
group, namely that i) all compositions are again a permutation, ii) there is an identity
element leaving everything as it is, iii) there is an inverse for every permutation and
iv) the product of permutations is associative. How many permutations of n letters
are there?

b) Show that all observables of identical particles commute with the permutation op-
erator, especially the Hamiltonian.

8. The hydrogen atom is a boson ¢

The symmetrization postulate for elementary particles induces also a definite bosonic or
fermionic character for composite particles, as long as the energy exchanges with their
environment are much less than the difference between the first excited state and the
ground state. By considering a system of two hydrogen atoms, show that the hydrogen
atom as a whole is indeed a boson.

Generalize the result to a system of NV elementary fermions, arguing that the composite
particle is a fermion when it contains an odd number of fermions, and a boson when it
contains an even number of fermions. Provide examples of composite particles that are
bosons and fermions.

9. Three non-interacting particles in a 1D infinite potential well 4

Consider a system of three non-interacting particles constrained to move in a one dimen-
sional infinite potential well of length L, i.e. V(z) =0 for 0 < 2 < L and V(z) = co
otherwise. Determine the energies and wave functions of the ground state, the first
excited state and the second excited state under the assumption that the trapped par-
ticles are a) spinless and distinguishable particles with masses m; < mg < mg, b)
identical bosons of spin 0, c) identical spin 1/2 particles and, iv) all in the spin state
|+). Determine the associated degeneracies.
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10.

11.

12.

13.

14.

N non-interacting particles in a 1D infinite potential well ¢

Consider N noninteracting bosons confined in an infinite potential well of length L, i.e.
V(z) =0for 0 <z < L and V(z) = oo otherwise. Determine the ground state energy
of the system. How would the ground state energy change if the particles were fermions
instead of bosons?

Two non-interacting particles in a sphere ¢

Consider a system of two identical and non-interacting spin 1/2 particles constrained
to move inside a sphere of radius R. Determine the wave functions of the ground state
and the first excited state.

Five non-interacting particles in a 1D harmonic oscillator ¢

Consider a system of five non-interacting particles constrained to move in a one dimen-
sional harmonic oscillator potential. Describe the ground state of the system under the
assumption that the trapped particles are a) identical fermions, b) identical bosons and
c) distinguishable particles. Determine the associated degeneracy. Repeat the exercise
for excited configurations involving one unit of energy above the ground state, two units
of energy above the ground state and three units of energy above the ground state.

Six non-interacting particles in a ring ®

Certain molecular systems can be modelled as a number of electrons confined to move
on a circular ring of radius R. Assuming the electrons in the ring not to interact
with each other, derive the normalized one-particle wave functions and energies for
this scenario. Use this result to estimate the three lowest energy levels of benzene, an
aromatic hydrocarbon composed of six carbon atoms joined in a planar hexagonal ring
with one hydrogen atom attached to each and 6 electrons. Taking into account that the
average C-C bond length in benzene is 1.40 Angstroms, estimate the minimum energy
required to excite an electron from the ground state to a higher energy level. What is
the corresponding wavelength at which this molecular system can absorb radiation to
facilitate this excitation?

Zero-point energy and scaling properties in a lattice ¢

A particle of mass m moves through a lattice composed of delta function barriers, each
with large dimensionless strength gg > 1. The lattice has spacing L and total length
D, with D > L.

a) Since gp > 1, the barriers are very strong, meaning transmission across them is
highly suppressed. Particles are effectively localized within each individual well.
Estimate the ground state energy by modeling the particle as confined to a single
infinite square well of size L. Express your result.

b) If instead gy < 1, the barriers would be weak, and the particle could freely explore
the entire system of length D. Calculate the ground state energy in this limit and
compare it to the result from part a). How does the ratio of the two energies scale
with D/L?

c¢) Based on your results, discuss why the essential physical properties of a solid (such
as optical response or conductivity) remain unchanged when considering samples of
increasing size, provided D > L.



CHAPTER 0

ANGULAR MOMENTUM

For a spin-one particle only—because it requires three amplitudes—the
correspondence with a vector is very close. In each case, there are three numbers
that must transform with coordinate changes in a certain definite way. In fact,
there is a set of base states which transform just like the three components of a
vector.

RicHARD FEYNMAN, CHAPTER 5, THE FEYNMAN LECTURES ON PHYSICS,
VorLuMme 111, 1965

In this chapter, we will explore the fundamental role of symmetry in quantum mechanics
through the study of the rotation group and the elegant algebraic theory of angular momen-
tum, which facilitates the solution of problems with rotational symmetries like the hydrogen
atom. The chapter also introduces to so-called Clebsch-Gordan coefficients, a crucial tool for
combining angular momenta in composite systems.

6.1 Groups and algebras

A set G forms a group if it is endowed with an operation x and satisfies:

1. Closure: If g1,¢92 € G, then g1 x g2 € G.
2. Associativity: g1 * (g2 * g3) = (g1 * g2) * g3 for all g1, 2,93 € G.

3. There exists a unit element [ such that I xg =g+ I = g for all g € G.

W

. Every g € G has an inverse g~! such that g 'xg=g*g ' =1I.

Given a group G, a subgroup H is a subset of G that contains I such that hy x hy € H
for all hy,he € H. A group is called Abelian (or commutative) if g1 * go = g2 * g1 for all
91,92 € G and non-Abelian (or non-commutative) if there is at least one pair g1, g2 such that
g1 * g2 7 g2 * g1.

A parametric group in which the dependence of the group elements on all its parameters
is continuous and differentiable is called a Lie group. The number of independent parameters
is called the dimension D of G. The Lie algebra G associated with a Lie group G is obtained



6.2 The rotation group 162

by expanding the group element g around the identity element I, namely'

D
gla)=T+iYy T +0(@?), (6.1)

i=1
with z; (i = 1,...,D) a set of local parameters and T" the generators of the Lie algebra G.

These satisfy
. . D ..
[T, 7] =) fI*T*, (6.2)
k=1

with f¥* the so-called structure constants, and the Jacobi identity>
([T, 79), T + (17, T*], T'] + [[T*T"), 7] = 0. (6.3)

A Lie algebra satisfying Eqgs. (6.2) and (6.3) can be integrated to obtain a Lie group (Lie’s
theorem). Up to subtleties, the study of Lie groups can be reduced to the study of Lie
algebras.

6.2 The rotation group

In three dimensions, rotations can be described using various mathematical representations,
such as axes and angles or the Euler-angle parametrization. For instance, in an orthonormal
basis {z,y, z}, rotations of angles a, § and « around the z, y and z axes can be written as

1 0 0 cosB 0 sinf
Ry(a)=| 0 cosa —sina |, RyB)= 0 1 0 , (6.4)
0 sina cosa —sinf8 0 cospf

cosy —siny 0
R.(y)=| siny cosy 0 |, (6.5)
0 0 1

A general rotation can be then constructed out of three consecutive rotations around the z,y
and new z axes,

R(a, 8,7) = R:()Ry(B)R=(7) (6.6)
namely
cosacosBcosy —sinasiny —cosacosfsiny —sinacosy cosasinf
R(a, B,7) = | sinacoscosy+ cosasiny —sinacosfsiny + cosacosy sinasinf

—sin S cos~y sin 8 sin 7y cos 3

The Euler-angle and the axis-angle parametrizations are related by

B
tan 5 T+ o —7 B o+
2 2 2
tanf = ERCECE Y= 5 , cos ¢ = 2 cos 5008 —5— — 1. (6.7)

IThe factor i ensures the generators T" to be Hermitian. In mathematics, this factor is usually dropped,
taking T; = —T.
2Since matrix multiplication is associative, this last relation is automatically satisfied by matrices.
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The set of rotations forms a non-Abelian Lie group with the composition of rotations as
binary operation. In three-dimensions this group is denoted as SO(3), which represents the
special orthogonal group in three dimensions. For an infinitesimal rotation R.(¢) around the
z axis, we have

1 —dé¢ O
R.(6¢p)=1| d¢p 1 0 |=1-idpK,, (6.8)
0 0 1
with the self-adjoint matrix
0 —i 0
K.=| ¢ 0 0 (6.9)
0 0 0

the generator of these rotations. Taking into account that R.(¢ + 0¢) = R,(¢)R.(d¢), we
can then write

dR(¢)
do

RZ(¢) + 5¢ = Rz(¢) (]I - Z(SQZ)KZ) — =—1 Rz((b)Kz ) (610)

or equivalently

R.(¢) = *5=0, (6.11)

where we have taken into account the boundary condition R,(0) = I when performing the
integration. Similarly rotations around the z-axis and the y-axis are generated by

R, (¢) = e 5=2 Ry(¢) = e " Kv9, (6.12)
with
0O 0 O 0 0 ¢
K.=(00 —i |, K,=| 0 0 0 (6.13)
0 72 0 —3 0 0

The three generators K, K, and K satisfy the commutation relations
[Ki, KJ] = iéiijk 5 (614)

and therefore the same algebra as the angular momentum
[Ji, Jj] = ieijkﬁJk N jE hK. (6.15)

This is course a well-known property: while rotations around the same axis commute, rota-
tions around different axes do not. For instance, a rotation of 7/2 around the z axis followed
by a rotation of w/2 around the x axis produces a different result from that obtained by a
rotation of 7/2 around the z axis followed by a rotation of 7/2 around the z axis:
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"4 z
Ry(m/2) Rx(m/2)
Yy Yy Yy
V4 #
X X X
Z
Rx(m/2) Rz(m/2)
X X X

6.3 The angular momentum operator

Just as in classical mechanics, the angular momentum in quantum mechanics appears as the
generator of rotations. Under a rotation of angle ¢ around an arbitrary axis 7 = (ng,ny,n2)
I, the vectors |¢) € H change as®

l0) = Ra(@)]) = e 597 7| ), (6.18)

with J the total angular momentum operator for the system. Note that this definition of the
angular momentum as the generator of rotations superseeds definitions such as L=7x I
which are not as general, and, in particular, not applicable to spin systems. The angular
momentum .J is defined without any reference to the position or momentum of anything, it
could be an orbital momentum L, a spin S, a combination of both or something else!

RERE RIS Eall aatrlcenloe on o @ U more At s HatIon ) >

As we show in the first chapter, the Pauli matrices,

h(0 1 h(0 —i h(f1 O

satisfy the same commutation relations as the angular momentum (6.15), allowing
us to interpret them as the generators of the rotations in the 3-dimensional space
of a spin 1/2 system. They are indeed a 2-dimensional representation of the angular
momentum algebra, in contrast to the 3-dimensional representation in (6.9) and (6.12).

3In general an infinitesimal rotation around 7,
Ri(0¢) =1— i8¢ (naKs +nyKy +n.K.) =1—id¢ii - K , (6.16)

is generated by ~
Ri(¢) = e "o7E (6.17)
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In our usual basis |+£), and taking into account that o2 = I, we have for instance,

R . _szqg_ eii% 0
(@) =e n 0 = R (6.20)

2 3
et 1% L L (i) 2 L2 o3
Ry(¢) =e rv? =1— 220y+2!( 22> 0y+3! ig) oy
3

. 1
— 10y [(5_31<<2b> =+ ...

—]Icos?—ia sin?— COS% —sin%
2 L) sin% cos% ’

(6.21)

or more generically

|
n=0 n

R(G) = ex [——ﬁ‘ ] ii[—f -a]:cos<¢>/2>—isin(qb/z)(q?-&).

(6.22)

Note, however, that rotations in spin 1/2 systems are somehow unusual since a rotation
of 2w radians does not take us back to the original state, but rather produces a '™

phase,
_ _ (-1 0 o1\ _
redlp=med=( 3 5 ) (2)=-w. 6
In other words, the s = 1/2 representation does not satisfy the property R, (0) =
R, (2m) = I, being necessary to perform a 4w rotation for getting back to the same
state! This unusual rotation group is called the SU(2) group, the Special (det R = 1)
Unitary (RTR =1I) group with complex Hermitian generators

<301), <Z%> (6.24)

Due to above behaviour, the SU(2) group is said to be double covering group of SO(3),
to which it is locally isomorphic (same algebra) but globally different (smaller number
of elements).

The fact that a 27 rotation is not the identity operation prompts us to consider
its physical significance, more specifically whether it leads to any observable effects.
Although an overall phase factor in a quantum state lacks any physical meaning, it’s
possible to split a beam of spin-1/2 particles into two segments and subject one of them
to a 27 rotation. As a result, the phase shift becomes discernible in the interference
pattern that emerges when the segments are rejoined. This experimental scenario has
been conducted with neutron beams, showing the —1 phase shift associated with 27
rotations to be real [cf. Sakurai’s book for a more detailed discussion].
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The Dirac’s belt trick

The so-called Dirac’s belt trick or the Balinese cup trick demonstrate that when an
object with attached strings is rotated by 360 degrees, it does not return to its initial
state. A subsequent rotation of another 360 degrees does, however, the job.

This can be easily verified by taking a cup of coffee and executing two hand rotations
while keeping the cup in the upright position. Following the initial hand rotation,
your arm becomes twisted. However, during the second rotation, your arm returns to
its original orientation. This is achieved by the hand making one rotation over the
elbow, resulting in the arm’s twist, followed by another rotation under the elbow,
which effectively untwists it.

Alternatively, you could make use of a belt featuring a conventional frame buckle,
with the prong acting as a reference point. While the end opposite of the buckle
is secured to prevent any movement, the belt is extended without any initial twist,
and the buckle is meticulously maintained in a horizontal position while undergoing a
complete clockwise rotation of 360 degrees. At this point, the belt will visibly exhibit
a twist. A second clockwise rotation of 360 degrees, while seemingly exacerbating
the twist, enables the belt to be restored to its untwisted state while maintaining the
buckle in a horizontal position and aligned in the same direction.

While the different component of J do not commute with each other,
[Ji, Jj] = ihe;jrJk (6.25)

they do so with the Casimir operator
J=J2+ T+ T2, (6.26)

since this is a scalar and scalars are not changed by rotations. In particular, taking into
account the Leibniz identity [AB,C] = A[B,C] + [A,C]B in (3.44), we have for instance

(T2, 1) = [J2+ T+ J2, L) = [J2, 1] + [J}. ] =
[T o) 4 [, L] o 4 Ty [Ty, J2) + [Ty, J2) Ty = (6.27)

(—ihJ,) + (—ihJy) o + Jy (ihJy) + (ihJp) J, =0,

I
o

or more generally
[J2,J;] =0, (6.28)
meaning that it is always possible to measure simultaneously the absolute value of the angular

momentum and one of its components. Choosing for instance the commuting operators J 2
and J,, we can write

J2|5,m) = K25 (5 + 1)|j, m), J.|3,m) = mh|j,m) , (6.29)


http://www.gregegan.net/APPLETS/21/21.html
https://www.youtube.com/watch?v=Rzt_byhgujg
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with j(7 + 1) and m a convenient notation for the corresponding eigenvalues, with j,m € R
as must be for Hermitian operators.? In order to determine the possible values of these
quantities, let us combine the operators .J, and J, into the so-called raising and lowering
operators

Ji = J, +iJ, (6.30)

satisfying the commutation relations
[J2,J:] =0, [J, J1] = £hJy, [Ty, J_] = 2RJ, . (6.31)

The first expression follows directly from the definition of Jy and the property (6.28). For
the second and third expressions we have respectively

(o, Ja) = [Jo, Ju £ idy) = [Jo, Jo] £ [Js, ] = ihJy £ i (—ihJ,) = £h (Jp +iJ,) = £hJs

(6.32)
i, J_] = [(Je +idy), (Jo —idy)] = [Tz, Jo) + [T, —idy| + [y, Jo] + [y, —iJy] (6.33)
=0 —ihJ, + ihJ, — (—=1)h%J, = 2hJ, + h2J, — K2 J, = 2hJ., . '
Other useful relations
Other useful relations among J?2, J, and J4 are
2 1 2
and
JiJ_ = J%— J2 + Ry, J Jy=J2—J2—hJ,. (6.35)

The corresponding proof is also straightforward. Expanding the products J;.J_ and
J_Jy as
Jyd_ = (Jo+idy)(Jo — idy) = J2 + I —i[Ja, Jy]

J_Jy = (Jo—idy)(Jo +idy) = J2 + J2 +i[Jz, Iy,

we get
Jyd_+J_Jp=2(J2+J2),

and therefore (6.34),
1
=024+ Jl+ T = 5o+ T 1) + J2.

From this expression and using the commutator [Jy, J_] = 2hJ,, we find (6.35).

“Note also that the positivity of the J? requires j(j + 1) > 0.
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The name given to J+ becomes obvious when considering the action of J? and .J, on the
states Ji|j, m), namely

J2J|jmy = JyJ?|j,m) = k(5 + 1)J 1|, m) (6.36)
Jodxlg,m) = (Jed, 4 [Jo, J£]) 3, m) = (Jad, £ hJL) |j,m) = (m + 1)hJL|j,m),(6.37)

where we have used the first two expressions in (6.31). The states Ji|j,m) are therefore
eigenstates of the operators J? and J, with eigenvalues j and m 4 1. This allows us to write

with the constants c;rm and c;,, related through the condition J_ = (J4+)T, namely

Cj_m = <]>m - 1|J* |]7m> = <]7m|J+|J>m - 1>* = (C;_mfl)* . (639)
Given a state |j, m), the operators J; and J_ generate a whole tower of states

SRR |jam_ 2>a |j,’I7’L— 1>7 |jam>> |]7m+ 1>7 |jam+2> (640)
In particular, the application of the raising operator Jy provides vectors with higher J,,

. J . J . J .
Fom) =5 [dom+ 1) =5 [im+2) o [, Mumax) (6.41)

up to a limiting case J|j, mmax) = 0 (physical systems do not have infinite .J,). Analogously,
the lowering operator J_ generates vectors with lower J,,

. J_ . J_ . J_ .
|Jam>—>|]7m_1>—>|]7m_2>—>|J7mm1n> (642)

with J_|j, mmin) = 0. The proportionality constants in Egs. (6.38) and (6.39) can be easily
obtained by expressing the product J_J, in

|C;—m = <J?m‘(J+)TJ+‘j7m> = <j7m|J—J+|j7 m>7 (643)

in terms of J? and J,,

J_Jp = (Jo—idy)(Jo +idy) = Jo 4+ Jp +ilJe, Jy| = J* — JZ = ., (6.44)
such that
|chal? = Gom|J? = T2 = hdglj,m) = B*[§(j + 1) — m(m +1)], (6.45)

where we have used that (j,m|j,m) = 1. Combined with the condition (6.39) this expression
determines cjm, and Cjp Up to a phase factor, which is generally chosen to make them real
and positive, thereby defining the arbitrary phase in |7, m). With this choice, Egs. (6.38) and
(6.39) become

Jilgym) = hy/§(G +1) = m(m+ 1)|j,m + 1), (6.46)

J-lg,m) = hy/§(j +1) = m(m = 1)|j,m - 1). (6.47)

The matrices representing the different angular momentum components J; for a given j can
be easily obtained from Eq. (6.29) and these expressions.
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Note that since J? — J2 = J2 + Jj must have positive definite eigenvalues, one must have
jG+1)-m*>0, — |ml<ViG+1) —  |m|<j+1 (6.48)

The existence of a maximum and a minimum cutoff in (6.46) and (6.47) restricts the difference
the difference mmax — Mmin = 27 to be an integer and with it the allowed quantum numbers

j=0,1/2,1,3/2, ... m=3j,7—1,...,—j+1,—7. (6.49)

Angular momentum can be only integral or half-integral!

The quantization of angular momentum is a direct consequence of commutation relations,
which in turn derive from the properties of rotations and the definition of J as the generator
of rotations. For a given j, there exists therefore 2j + 1 basis states, namely

J=0, |070>a

J= 1/27 ’1/27 1/2>7|1/27_1/2>7

J=1 ’171>7‘170>7‘17_1>7

J=3/2,  13/2,3/2),13/2,1/2),13/2,-1/2),[3/2, =3/2),
ete. ..

In this basis, the z and y components of the angular momentum,

1 1
Te=s (), = (i), (6.50

follow straightforwardly from Egs. (6.46) and (6.47),

(Gom = VL] m) = Gom el fom — 1) = 2G5+ 1) —mlm 1),
(6.51)

<]7m_1|‘]y‘jam> = _<.]7m|<]y‘jam_1> = 5\/‘7(]_{—1) _m(m_ 1)

All other matrix elements are equal to zero, and in particular the diagonal elements deter-
mining the average value of these operators in the corresponding state, namely

(Je) = (J,) = 0. (6.52)
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Example 32: Spin 3/2

Acting on the set ¢ = (|3/2,3/2),(3/2,1/2),3/2,—-1/2),|3/2,—-3/2)) for j = 3/2, we
get the 4 x 4 matrices

50 0 0
o3 0o o
T.=h| o 3 1 , (6.53)
o0 o -3
0 V3 0 0 0 0 0 0
0 0 2 0 V3 0 0 0
0 0 0 0 0 0 V3 0
and from them the irreducible representations®
0 V3 0 0
1 V3 0 2 0
Jx—§(J++J_)_f 0 2 0 3|
0 0 V3 0
0 —/3 0 0
vV3 0 -2 0
— Yy gy =2 6.55
Jy (Jp —J_) =i 0 2 0 -v3 | (6.55)
0 0 V3 0
50 0 0
.o 3 0o o
=g g -3 0
o0 o0 -3

“Irreducible means that there is no basis where these matrices can be simultaneously reduced to
smaller diagonal blocks.

Rotation symmetry and energy degeneracies

If a given Hamiltonian H is invariant under rotations, [J2, H| = [J;, H] =0, [J+, H] =
0,
H(Jg|ngm)) = JeH|njm) = E,(Jx|njm)) — H|njm=x1l) = E,|njm=+1), (6.56)
and the (25 + 1) states with m = —j, ..., j the same energy,
H|njm) = Epnjm) , (6.57)

with n an index labelling it. This happens for instance in the hydrogen atom, where
energies only depend on the principal quantum number n,

1 m(Ze?)?

_ 6.58
2n?2 k2 (852
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6.4 Orbital angular mometum

As this point you should be confused. .. Using only commutation relations coinciding exactly
with those of the orbital angular momentum, we have just found that the quantum numbers
j and m can take half-integer values. However, the treatment of the angular momentum
in Quantum Physics I yielded only integer values for [ and m. What are we missing? To
answer this question, let us consider the form of the various angular momentum operators in
a spherical coordinate system

T =rsinfcos ¢, y =rsinfsing, z=rcosl, (6.59)

with 0 <6 <7 and 0 < ¢ < 27. From Eq. (6.8) with J = L = hiK we have

(r.6,0) (ﬂ - ;aqﬂzz) @) = (r.6.9) (11 + ;&bLz) @) = (10,6 — 56a) =

0
- (7", 97 ¢|O¢> - 6¢87¢<T7 9) ¢’Oé> 9
or equivalently
0
L, = —zh% . (6.60)

The corresponding expressions for the operators L., L, and L? = L2+ Lg + L? are more
easily obtained by transforming their Cartesian expressions to spherical coordinates. To this
end, we make use of the chain rule

S-S (5) o o1
83:1 dx; Oaj - oy o’ '

with (9z;/0a;)~" the inverse of the matrix dz;/da; relating the total differential of a Carte-
sian coordinate dx; to the spherical coordinates «; = r,0, ¢, namely

al’i
= —daj, 6.62
2~ 5a, 1 (6.62)
J
with
O % % % sinfcos¢ rcosfcos¢p —rsinfsing
L= % % g% = | sinfsing rcosfsing rsinfcose . (6.63)
da 0z 0z 0z cos 6 —rsinf 0
ar 98 ¢
Inverting this matrix, we get °
sin 6 cos ¢ sin 6 sin ¢ cos 6
(8% 8% %):(% % a%) %cos@cowﬁ %costinqﬁ —%sin@ , (6.64)
__1sing 1lcoso 0
T sin @ r sinf

5Note that since the elements dx; form a column vector, the components 9/0z; form a row vector or
covector.
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or equivalently

0 g 1 0 1lsing 0
8—x—sm0cosd> T—i—;cosﬁcosmﬁae S0 95
0 . . 1 0 lcos¢ 0
i il 6.65
3y s1n081n¢aT+T008981n¢86 SN0 96" ( )
0 0 0
8——00895 fsmH%.
Using these expressions, we have
. . 0 A ., 0 cos¢ 0
Ly =yp, — zpy = —ih (yaz z(?y) =h (sm 50 + o d 8¢) , (6.66)
B . 0 a\ . sing 0
Ly = zps — xp, = —ih (Zax maz) —zh( COS¢39+tan05¢) , (6.67)
1 62 1 0 )
2 _ 2| 1 07
Lr==h [sin298¢2 T (Sl 989)] (6.68)

with the last expression coinciding, up to a multiplicative factor, with the Laplace operator
V2. Combining Eq. (6.60) and (6.68) with the result of multiplying the equivalent of (6.29)
by the bra (0, ¢|,

(0, ¢IL2|1,m) = K211+ 1)(0, 6|1, m), (0, 9| Lz|l;m) = hm(8, o|l,m) , (6.69)

we arrive to the eigenvalue equations

L?Y},,(0,¢) = —k? 1_& L 9 98 Yim(6,0) = A1+ 1)Y,,,(0 6.70
l,m( 7¢)—_ sin208¢2 +sin0% <Sln 86>:| l,m( 7¢)_ ( + ) l,m( 7¢)7 ( . )
0
with
Yim(0,¢) = (0, o[l,m) (6.72)

the so-called spherical harmonics forming a basis in the corresponding two-dimensional an-
gular space,

00 ¢
Z Z Yim(0, )Y (¢',¢') =6 (cos® —cost') 5 (p—¢'), (Closure) (6.73)

=0 m=—¢

27
/ dgf)/ Y (0, 8)Y1n (0, ¢) sin 0d0 = 64140,y (Orthonormality). (6.74)

The solution of the above system of equations becomes easier upon realizing that Eq. (6.71)
allows for a further separation of variables, Y} ,,,(6, ¢) = 0, (0) @y (),

.0
*Z%q)m((b) = m®Pn, (), (6.75)
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admitting therefore a solution '
D, (@) o €™M (6.76)

This expression makes explicit that the lack of half-integer values for [ in the hydrogen atom
is due to additional restrictions beyond the commutation relations. In particular, in order to
have the same value at ¢ and ¢ + 27, we must require exp(2mwim) = 1, forcing m, and hence
[, to be an integer.

To determine the remaining functions ©;,,(f), we made use of the raising and lowering
operators in spherical coordinates,

(0 i 0
_ L — B | —_ —_
Ly =L;+iLy,=he (80+tan08¢>’ (6.77)
o (0 i 0
= — = — _Z¢ _—— _—
L_=L;—ily he (89 tanﬁaqb) . (6.78)

In particular, acting on the state with the highest projection m =1, L, Y;; = 0, we get

001 1O\ 44 9 _ 0 ol i
(89 — o) =0 = SOy = o Insing) — Oy =a(sind)', (6.79)

or equivalently

Yim (0, ¢) = ci(sin)e™? (6.80)

with ¢; some integration constants to be fixed, up to a phase, by the normalization condition
(6.74). One obtains

1 (-1 [@+1)!

= 6.81
“T e 2 2 (6.81)
The remaining states with m =1—1,..., =+ 1, —[ are obtained by applying (6.47), namely
L_Y; (6,
Yim-1(6, ) i) (6.82)

TR0 LD) —mm 1)

A list of the first few spherical harmonics can be found in Appendix C. Their graphical
representation as color-phase density plots on spherical surfaces is displayed in the following
figure. The z-axis points upward, the z-axis extends out of the page, and the y-axis points
to the right. Black regions represent nodes or function values of zero.
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Let us determine the explicit form of the spherical harmonics for the cases [ = 0 and
l=1.

For [ = m = 0, we have Y( (0, ¢) = o, with ¢¢ fixed, up to a phase, by the normal-
ization condition (6.74),

2T ™
1 1
2 2
0dfdo = 1 — = — —  Y50(0,0) = —.
0/0/|CO| sin 0dfd¢ |co gy 0,0(0,9) e

For [ = m = 1, we rather have Y 1(0, ) = c1 sin §ei?, with ¢; fixed, up to a phase, by
the normalization condition (6.74),

2r

// lc1)?sin®0d0dgp =1 —  |eif? = —83 o Yi1(8,0) = —1/ = sine.
T 8
0

0

Acting with L_ on this normalized state and taking into account Eqs. (6.78) and
(6.82), we obtain

Y10(6,0) = hL\/iL_ Y1.1(00,9) = % e (cos@ei‘ﬁ + cos Heid’) =4/ % cos @,

1 [3 _is .
Y17_1(0,¢):h—\/§L_Y1’0(0,¢): o Psiné.

and
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6.5 Addition of angular momenta

In systems involving several angular momenta interacting with each other, the conservation
law of angular momentum applies only to the total angular momentum and not to the separate
components, making the former a more relevant quantity.

Example 34: Two spinless particles interacting through a central potential

Consider for instance the Hamiltonian of two spinless particles interacting with each
other through a function V[(7] — 7)?] of the distance between them,

|7 — 7| = \/(961 —22)? + (y1 — y2)® + (21 — 22)°.

While the kinetic contributions commute with both angular momenta, this is not the
case of the potential counterpart. For instance, for an arbitrary ket |¢), we have

(F1[L1z, Hl¢) = (Flz1[pry, V] = y1[p1z, Vo)
ol () (2 )

3y1 83/1 8(131 B 8x1
_ 0V OV
= 1 e U1 S 2
th oV
= —75[331 (y1 —y2) — 1 (x1 — x2)]p

#0,
and

. ih OV
(e Vllg) = =it (22— o) =+ 5o (= 1) = (a1 = )l 0.

Similar results hold for all other components,

[Ll,jav] 7&0’ [L27j’V] #Oa

meaning that the angular momenta of the individual particles are not good quantum
numbers in this case. They are not conserved quantities. Note, on the other hand,
that the total orbital angular momentum is conserved

(FI[L1 + Lo, V]|p) = 0.

How do we construct eigenstates of the total angular momentum of a composite system
with two angular momenta Ji and Jo? As explained in Section 5.1, the Hilbert space of the
resulting system is given by the tensor product of the Hilbert spaces of the individual systems,
namely H = H7' ® H’2. In particular, since Ji and Jy act on different spaces, [fl, fg] =0,
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they cannot be naively added, being necessary to consider a tensor product

J=n@I+I®J,=J,+J; (6.83)
such that, in the direct product basis

{lj1, m1; g2, ma) = |j1,m1) @ |j2, m2)} (6.84)

the operators J_i and jg act respectively on the vectors of the Hilbert spaces H’! and H72,
namely
J g1, mas g2, me) = (Ji |j1,ma)) 2, me) + |j1, ma) (J2 |2, me)) - (6.85)

Uniqueness

Note that the way of summing angular momenta in Eq. (6.83) is unique. Indeed, it is
a simple exercise to check that if we had introduce some non-zero complex constants
o and f3,
J=aJ1 QI+ bI® Joy,

we would have

[J;, J;] = iheji (a® Jip @ T+ 01 ® Jog)
forcing us to impose the conditions a? = a and b2 = b in order to recover the algebra
of an angular momentum if the operator in parenthesis is Ji. Since neither a nor b is
zero (otherwise we would not summing anything), the only solution is a = b = 1.

Every irreducible representation of J is labeled by an eigenvalue of J?2,

P2 =ReIl+IRJ2+ (1 ol) IeJ)+(I®J) - (J; 1)
—Rel+10+2 Y JueJy=Ji+ R +2d J, (6.86)
1=T,Y,2
with the corresponding states tagged by those of J,,
J,=J. QI +1® Jo, = J1, + Jos . (6.87)

Since the operators J12, J22, J?.J, commute with each other®, we can make use of them to
define a new (coupled) basis of eigenstates {|j1,j2,7, m)}, which we will compactly denote
as [j,m)c in order to avoid extensive repetition of the labels j; and jo. The relation to the
original uncoupled basis {|j1,m1; jo, ma)} constructed out of JZ, JZ, Ji,, Ja, is given by

J1 J2
Gmye =Y. ldnmasja,ma) (1, ma; ja, mali, m)g (6.88)

mi1=—ji me=—j2

SNote, however, that [JQ, le] # 0 and [JQ, Jzz} #0
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where we have made use of the completeness relation”

Z |71, J2s m1, ma) (J1, j2; m1, ma| =1 (6.89)

mi,m2

to introduce the so-called Clebsch-Gordan coefficients
(J1, ma; J2, malj, m) o (6.90)
which are only different from zero if
m=mj +ms, (6.91)

since

0 = (j1,m1; g2, ma|J. — Jiz — Joz|4, m)c = h(m — mq — mga)(j1, m1; j2, malj,m)c.  (6.92)

"Note that we are restricting ourselves to those states with fixed j; and j2, not summing therefore over
them.
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The condition can be represented graphically as
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with each dot representing a vector |j1,m1; j2, m2) and the dashed lines selecting combination

with m = mq + mo.

Let us determine the possible states |j1,m1; j2, m2) corresponding to the total J, quantum
number m = mq + mo. Assuming j; > jo, without loss of generality, we have

m = mj + mo States Number of them
J1+j2 71, J1) ® |72, J2) 1
J1+j2—1 l71, 71 — 1) ® |72, jo)
171, J1) @ |j2,j2 — 1)
jl +]2_2 ‘j17j1_2>®’j27j2> 3
71,71 — 1) ® |j2,j2 — 1)
171, J1) @ |j2,j2 — 2)
J1—j2 171, J1 — 272) @ |2, j2) 2j2 + 1
|j17j1> ® |j2’ _]2>
Ji—J2—1 l71, 71 — 2J2 — 1) ® |ja2, J2) 250 +1
|j1,j1 - 1> & |j27 _j2>
Ji—J2—2 2jo +1
J2 — 71, —71) ® |j2, J2) 2ja +1
|71, 242 — j1) ® |72, —J2)
Jo—J1—1 71, —j1) ® |j2, J2 — 1) 252
l71,2j2 — J1 — 1) ® |j2, —Jj2)
—J1— J2 |71, —71) @ |j2, —J2) 1
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From this, we can determine the possible values of j by demanding that the set of states
|71, m1; j2, me) yields complete multiplets |j, m)c, where m takes the 25 + 1 values j > m >
—m for each j.

Let us start by considering the maximum value of j, corresponding to the maximum value
of m, namely j; + j2. This means that we have a total of 2(j1 + j2) + 1 states |j, m)¢ with
J=j1+jzand j >m > —j.

Now, let’s consider the value m = j; + jo — 1. For this, there are 2 states. A linear
combination of these states belongs to the multiplet corresponding to j = j1 + jo. The other
must correspond to the value (j1 + j2 — 1) of j. Otherwise, this would contradict the fact
that all |j1,m1; j2, mo) states can be grouped into complete multiplets |7, m, j1, j2).

The above reasoning can be continued as long as decreasing m by 1 increases the number
of states with the given value of m also by 1. At it should be clear from the above table, this
happens till the value m = j; — jo. From there on, the number of states in the table does not
increase further. That is, for m = j; — jo — 1, all the states are already included in multiplets
with j > j1 — jo. Therefore, no lower values of j are possible. This implies

J1+342>3 > 51— gl (6.93)

accounting in total to 2jo 4+ 1 different values (j; > j2). This result is known as the triangle
condition, as the three numbers j, j1, jo must be such, that they could form a triangle.

Note that if both j; and jo are simultaneously half-integers or integers, the possible j’s are
integers, while if only one of them is half-integer, the j-values become half-integral.

A simpler proof

I like the above demonstration because it illustrates that the states |j1,m1; j2, m2) can
contribute to different values of j, as it should be indeed expected since [fz ,Jiz] # 0,
[j?, J12] # 0. A less insightful but fully algebraic approach it to combine the already
known relations

—j<m<yj, —j1 <mq1 <ji1, —J2 <ma < ja.
In particular, setting m = 5 and j; = m; we have
mea=m-—-mi=j—j1 & —j2<j—i<jo = ji1—532<j<ji+7j2.
Similarly, setting m = j and msy = j» we end up with

Jo—n<j3j<n-+tj2,
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which combined with the previous case boils down to Eq. (6.93).

As an extra consistency check of the above results, let us determine the total number of
states |7, m)c and compare it with the number of states in the original basis |j1,m1; j2, ma),
namely N = (251 + 1)(2j2 + 1), as j1 > m1 > —j1 and ja2 > mg > —ja. Taking into account
that for each value of j there are (2j + 1) states |j, m)c, we have (j; > j2)

Ji+j2 2j2 252
N= Y @+1)=> RF+h—d)+1=2 k+[201—J2)+1] (22 +1)
. — — (6.94)
J=Jj1—72 k=0 k=0
=2jo(2jo+ 1)+ [2(J1 —J2) + 1] (2j2 + 1) = (251 + 1)(2j2 + 1),
with k = j — (j1 — j2). Voila!
Example 35: Spin-orbit interactions
Consider a Hamiltonian
H=pL-S, (6.95)

with some constant 5. The presence of this interaction precludes the use of the un-
coupled basis {|l,m;; s, ms)} since L - S does not commute with L, or S,,*

L5, L.] = [La, L) Si + [Ly, L] Sy = —iALy S + iRLaS)

(L 5,8 = L2182, 82 + Ly [y, S:] = —ihLoSy + ALy Ss

In order to find a new basis that diagonalizes this interaction, let us notice that

=

J2=12+5242L-§ — L.-S==(2-12-5% (6.96)

with J = L + S the total angular momentum. The operators {JQ,JZ,LQ,S2} all
commute with each other. For simultaneous eigenstates |j,m)., we have

T ljim)e =BG + D) i m)e
I j,m)e = hmlj, m)c
m)c
m)c

L2 ’]7 ( )|J’m>C’ )
§2|j,m)e = W?s(s + 1) |4, m) ¢

and therefore

2
L-S|jm)g= %[j(j +1) =1l +1) = s(s + D] |j,m)g (6.97)

with j running from |l — s| to | + s, and for each j,m runs from —j to j. Note that
the result is m-independent. This is a nontrivial consequence of L-S being a scalar
under J.
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For one-electron atom (such as the hydrogen atom) with s = 1/2, there are two possible
values of j for [ > 1,5 =1+ %, and

—(+1).

—

“Note that L and S are completely independent degrees of freedom, i.e. [L, 5] = 0.

JG+1)—I(+1)—s(s+1) = <z + ;) <z 14 ;) —1(z+1)—§ _ {l’ (6.98)

Example 36: Mesons and baryons

Quarks are elementary particles of spin 1/2. Due to the peculiarities of the strong
interaction, these fundamental constituents of matter are never found in isolation but
rather confined within hadrons. When two quarks, or more accurately a quark and
an antiquark, combine, they form a meson, such as the pion or the kaon. When three
quarks combine, they form a baryon, such as the proton or the neutron. Knowing the
spin of the quarks, we can determine the spin of mesons and baryons by taking into
account the angular momentum sum rule in Eq. (6.93).% Assuming the quarks to be
in the ground state (so their orbital angular momentum is zero), we have:

e Mesons:
s1=1/2, s9=1/2 — s1+s2>812>|s1—82] — s12=1,0,

in agreement with the observed spins for the lightest mesons (7 ’s and K ’s have
spin 0, p ’s and w ’s have spin 1).

e Baryons:
81:1/2, 82:1/2 — 81—}—8228122‘31—82’ — s12=1,0,
si2=1, s3=1/2 — s12+s3 > s123 > |s12—83] — s123 =3/2,1/2,
si2=0, s3=1/2 — sia+s3>5123>|s12—s3] — s123=1/2,

in agreement with the observed spins for the lightest baryons (proton, neutron,
etc...do carry spin 1/2 and A, 7, ... carry spin 3/2).

%This explanation is intentionally adapted to the level of this 3rd year course. The distribution of
quarks and gluons inside particles like the proton is described by parton distribution functions (PDFs),
which depend on the momentum fraction carried by each parton (quark or gluon) and the resolution
scale of the probe (e.g., in deep inelastic scattering experiments). Also, the spin of the proton is not
simply the sum of the spins of the valence quarks; contributions also come from the spin and orbital
angular momentum of the sea quarks and gluons.
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6.6 The Clebsch-Gordan coefficients

Given mq and msg, the matrix elements (6.90) allow determining the quantum numbers j and
m the whole system may possess and vice versa. Finding them is completely straight-forward
but rather tedious:

1. Start with the upper values of m and j,
mP =m®+my’ =51 +j — =41+, (6.99)

Since mj 4+ mg = m, this singles out a unique state in the sum (6.88) that, as any other
must be normalized to unity, namely

|71 + Jo. 1 + Jo) o = |1, J13 d2, J2) (s Jis g2, Jldt + d2, 1 + 32) ¢ = |d1s d1s g2 Jo)
(6.100)
where we have adopted a phase convention
(41, J15 2, J2ldjn + Jo, 1 + j2) o = 1. (6.101)
This fixes our first matrix element in (6.90).

2. Apply recursively the lowering operator J_ = J1_+Jo_ and Eq. (6.47) to systematically
determine all others terms involving the same j = j;+j2 and a reduced m, decreasing the
latter quantum number step by step all the way down till its minimum value —(j1 + j2),
where the whole thing stops. This generates the 2 (ji + j2) + 1 states forming the
irreducible representation j = j; + j2, For instance, the Clebsch-Gordan coefficients

(41,01 — Ligo, Jolgn + jo, i+ g2 — 1) and  (ju1,j15 52, 92 — L|j1 + j2, 1 + j2 — 1)

(6.102)
can be read off from
|jup mup o 1> _ J- |jup7mup> _ (J1, + JQ*) |jlaj1;j27j2>
) \/jup(jup + 1) — nup (mup _ 1) \/2]7111)
- : (6.103)
I IV J2 o
=\ jup W0 gt = Lz g2 4y [ g b i das j2 = 1)
namely
(rodt — Lo dalt + G2 + 2 = g = | 20—, (6.104)
J1+ )2
(Gt 1 dar da — 1d1 + Gar i + 2 — Vg = 4| —2—. (6.105)
Ji+ 72

3. Repeat the iterative process again, starting this time with the state |j; +jo — 1, 71 +j2 —
1)¢, which can be fixed up to a phase factor by requiring it to be properly normalized
and orthogonal to the state |j1 + j2,j1 + j2 — 1) you previously determined.

8Note also that the notation in Eq. (6.90) is certainly not unique. Indeed, a variety of relabellings and
permutations of its arguments can be found in the literature, together with alternative notations such as
C(j1, 2, m1,ma; j,m). It is therefore very important that you understand the overall logic of the computation,
avoiding cherry-picking formulas here and there!
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4. Of course, one could multiply the states by any arbitrary phase and the coefficients
would work as well. Here, we take the Clebsch-Gordan coefficients to be real.

2%

To illustrate the above procedure, let us consider our well known system of two spin
1/2 particles. This exercise is useful for the computation of the hyperfine splitting
in the hydrogen atom, where the relevant spins are those of the proton and the elec-
tron. Identifying J; — S; and j1 = s1 = 1/2, jo = s9 = %, we can construct N =
(251 + 1) (282 + 1) = 4 states in the common basis of the operators S%,57,51., S2.,
namely

11/2,1/2;1/2,1/2) = | + +), 11/2,1/2;1/2,-1/2) = | + ),
11/2,=1/2,1/2,1/2) = [ = +), 11/2,=1/2;1/2,=1/2) = | = =) .

In agreement with the composition law (6.93), the total angular momentum of the
system

S = 51 + gg
can take only two values s; +s2 = 1 and s; — so = 0. To calculate the Clebsch-Gordan
coefficients relating the coupled basis |s,m)¢ to the uncoupled one |s1, my; s2, ms), we
consider the coupled basis state with higher values of s and m, which can be only
obtained for m; = mg = 1/2, i.e.

Using the ladder operator S_ in both sides of this equation, we obtain

S_|1,1)¢ = hy/s(s + 1) — m(m — 1)|1,0)¢ = hv2|1,0)¢,
1 1/1
S_|11, )¢ = (S1- + S2-)|[ + +) —h\/5 = —§<——1)(|— +)+1+-))
=h(l+-)+[-+
or equivalently
1
L,Ococ=—(+-)+|—-+)).
1,0)c \/5(! )+H=+)
Applying S_ again to this state, we find
L, -No=|--).
This completes the triplet of states forming the irreducible representation s = 1,
namely
LYe=++), L0Oc=—7(+)+]-4), L, -Nc=]--).

7

(6.106)
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The remaining state with s = m = 0 state can be determined by requiring it to be
orthogonal to the state |1,0)c previously determined. This provides the singlet state

1

|0,0) = V2

(l+=)Y=1—-4)). (6.107)

The above results are often expressed by saying the product space of two spins 1/2 is
the direct sum of a spin one space and a spin zero space,

®==160. (6.108)

N | —
N | —

As we showed in Section 5.4.2, the spin-one representation consists of bosonic (sym-
metric) states, while the spin-zero representation is a fermionic (anti-symmetric) state.
The total angular momentum operators can be seen to commute with the action of
permutations on the triplet and singlet states. For instance, for J, and the triplet
state, we have, by simple inspection, that

J.1,1) = K|1,1), 7|1, 1) = [1,1),
J.1,0) =0, 7|1,0) = |1,0),
T, —1) = —h|1, -1), 7|l —1) = [1,-1),

and therefore J, w|1,m) = wJ,|1,m). A similar analysis can be done for the other
momentum components and the singlet state, confirming that the total angular mo-
mentum operators commute generically with the permutation operator, This means
that the bosonic and fermionic subspaces will always transform among themselves
under rotations.

It is rather evident that developing this algorithm becomes quite laborious for states with
angular momentum beyond the lower values. Luckily for us, the most common Clebsch-
Gordan coefficients have been determined with computer programs and tabulated once and
for all. There most conventional tabulations can be found in various places including the
Particle Data Group site and the end of this section.” This tables are, however, rather
confusing and require some explanation. There is one table of the form

o J
J1® J2 m m
mp M2
mq mo CGC

for each j1, jo pair, with the possible values of j and m indicated at the top of the table and
those of m; and mgy on the left. The associated Clebsch-Gordan coefficients (CGC) appear
in the intersection cell, in some compact but tricky notation: the displayed numbers are the
coefficients squared times their sign.

9Note that, as compared to this text, j and m are capitalized in the table.


https://pdg.lbl.gov/2002/clebrpp.pdf
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D>

For instance, for j; = 1,jo = 1/2 and m = m; + mg = 1/2, we have

o 3/2 172
n®2 |y 419
Y1 —1/2| 1/3  2/3
0 +1/2| 2/3 —1/3

Taking into account the underlined comment above (and in particular, that —1/3
really means —4/1/3 ), this table tell us that

13/2,1/2)¢ = \/;1, 1;1/2,-1/2) + \/?1,0; 1/2,1/2),
11/2,1/2)¢ = \/gu, 1; 1/2,—1/2)—\/;1,0; 1/2,1/2).

Note that although the tabulation of the Particle Data Group does not contain the
related case j; = 1/2,j2 = 1, this can be always be obtained through the relation

and

(j2, ma; 1, ma|f, M = (=1)7 7772 (j1,my; jo, malj, m) ¢ - (6.109)

which we provide without proof.

D))

Consider a system of two particles of spins s; = 3/2 and sy = 1/2 described by the
effective Hamiltonian w .

H = 5 S1 -89,
with w > 0 a constant and S; and S, the spin operators of the two par-
ticles. If the system is initially prepared in an eigenstate |si,ms,;s2,ms,) =
13/2,1/2;1/2, 1/2} of S ,S1.,92, and Sp,, which is the probability of finding it in
the state |s},m/ ;s5,m},) =13/2,3/2;1/2,—1/2) at later times?
Since S - S5 does not commute with the z components of S, and .572, the set of oper-
ators {Sl,Sz, Sz, Szz} do not form a CSOC. On the other hand, the set of operators
{5’2 S 5'22} with § = 5'1 + Sg the total spin of the system, commute with each other,
thus pr0v1d1ng an appropriate coupled basis |smy) for diagonalizing H, with s and
ms the eigenvalues of the total spin operator and its third component. In this basis,
we have indeed

51’

w huw 9
ot | Hls, ma)o = oo{s,m| (5 — 8 = 83) |, me)o = [s<s +1)- —] ,

2h 2

which, with the allowed values of the total spin s = s1 +s9 = 1,2, leads to the energy
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eigenvalues

E1 = —5wh/4, E2 = 3wh/4 .
The eigenstates of S2 and S, will be also stationary states. These can be expressed
in terms of the uncoupled basis |s1,ms,; S2, ms,) through some Clebsch-Gordan coeffi-

cients a, b, c and d, namely
331 1 3111 3111 331 1
S ) 21)¢ = dl=, 22 =2 ).
2°2°2 2>+ ‘2’2’2’2>’ [21)e = C2222>+ ’2’2’2’ 2>
These coefficients can be either directly read off from the table of Clebsch-Gordan
coefficients or easily determined from the action of the ladder operators. Considering
for instance the action of the ladder operator S; = Si 4 + S2 4 in the lowest energy
state |11), we obtain

‘11>C =a

331 3111
S+‘11>C—0—CLS2+ 5 5 2,_2>+b517+ 2727272>
3311 3311
=5 533) +B[5 5553
which implies a + v/3b = 1 and, therefore, the (normalized) coefficients
V3 1
a=—, b=—-.
2 2
Similarly, acting with the ladder operator in the highest energy state |21), we get

3311 3311
21)c = 2h|22)c = 2 = .- =
S+|21)c = 2h|22)c h’2 35 2> Cﬁ\/§'2,2,2,2>+dﬁ

3311
2'2'272/"

and, therefore, v3c+d =2 or

11)0 f 331 1\ 1[3111

222 2127272792

11331 f 3111

‘21>C Y 7a7777_7 a’a’ala

212°2°2 2°2°2°2

with inverse relations
3 1 1 1 V3 331 1 1 V3
=521 —711 = e —— ==l |11

The evolution of the initial state |p,0) = [3/2,1/2;1/2,1/2) is then given by
1 ; .
o) = 5 (ﬁe*’“/hmna - e*lElt/huwc) -

is therefore

22°2 2|¥

P:

2
Ey— Eq)t Ey— Eq)t
—2(1—cos( 2 ) ) 3 '27( 2 ) = -
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34. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,

AND d FUNCTIONS
) J J
Note: A square-root sign is to be understood over every coeflicient, e.g., for —8/15 read —/8/15. Notation:
[ ] m m
1/2x1/2 +i — 0 3 = v
Y)Y =4/—cosf X .
[+uv2+u2] 1] o o 1 Ar 2x1/2 52|52 372 m; m, | Coefficients
T2 12Uz 12| 1 3 o bzeve] 1)m2+m2
“U2 +12|1/2-1/2)71 Vi =~/ — sinfe™® +2 -1/2| U5 4/5] 5/2 3/2
|-v2-12 8m +1 +1/2| 4/5-1/5|+1/2 +1/2
o 5/3 o 1 +1-1/2| 2/5 35| 5/2 3/2
1x1/ 2 [77 Yy = 7(5003 9*5) 0+1/2] 3/5 -2/5|-12 -12
+3/2 312 12 0-1/2| 3/5 2/5|5/2 3/2
Fr vz 1|lvz+u2 Y= [15 i 0cost it -1+1/2| 2/5-3/5)-3/2 -3/2
2 -1-1/2| 45 1s| 5/2
+1-12| U3 23| 32 U2 8 3/2x1/2
9+ya| 28 sfu Ty 2 _ 1 /15 . o) o [Frz 2 +i +i +i e
0-U2| 23 y3|a2| Y3 = |5, sin 0o [2-v2] 1
-1 +1/2| 1/3-2/3]-3/2 +3/2-1/2|1/4 3/4] 2 1
ox1[3 — +1/2 +1/2[34-1/4] 0 0
2 3/2x1 | ¥ 2——rm we-v2ly2 v2| 2 1
[x2 +1 +2 [z 1|+3/2 +3/2 e ]
+2 0|1/3 2/3 3 1 +3/2 o]l 2/5 3/s5l 512 32 12 -1/2-1/2|3/4 1/4] 2
+1 +112/3 -1/3] +1 +1 +1/2 +1| 3/5 -2/5|+1/2 +1/2 +1/2 -3/2 +1/2) 1/4-3/4]-2
+2 -111/15 3/5 +3/2-1|1/10 2/5 1/2 |=3r2-1/2] 1
1x1 1|2 +1 0[8/15 1/6-3/10] 3 2 1 +1/2 0| 35 1/15 -1/3| 572 32 12
— +2 +2 0+1| 2/5-1/2 10| 0 0 0O -1/2+1(3/10 -8/15 1/6|-12 -1/2 -1/2
frraf 1f+2 +1-1|15 1/2 3/10 +1/2 -1|3/10 8/15 1/6
+1 0[1/2 12 10 0 0f3t5 o0 -25| 3 2 1 -1/2 0| 35 -1/15 -U3| 5/2 32
0 +1[1/2-1/2 0 0 -1+1|ys5 -y2 10| -1 -1 -1 -3/2+1|110 -2/5 12|32 -3/2
+1-1|/6 12 1/3 0-1| 2/5 1/2 1/10 -1/2-1| 3/5 2/5|5/2
00 0-1/3 1 -1 0|8/15 -1/6-3/10| 3 2 -3/2 0| 2/5 -3/5}-5/2
-1 +1|U6-12 1/3 -1l -2 +1|1/15 -1/3 3/5| -2 -2 [-2-1] 1
0-1j/2 1/2] 2 -1-1|23 13| 3
Y, " = (=1)"mym -1 ofy2-12]-2 -2 0{1/3-2/3]-3 (j1jamaimaljije J M)
-1 -1 1 47!' — -2 -1 da a4, .. .o y
| dfn,o =4/ w1 Y/ e imo | = (=1)7 91792 (jojymam |joj1 T M)
j —-m! ;3 j X 3 -
din',m = (_l)m " dZn,m’ = d]fm.fm’ 3/2x3/2 +3] 3 2 d(l)o = cosf dl/z = CcoS = d% 1= —1 + cost
’ [Frz+a2] 1]+ +2 . 1/2,1/2 2 ; 2
2x3]2 | 12— +32+12| V2 v2| 3 2 1 g2 —an? g sind
S B
232
+2+1/2] 317 47| 772 B2 32 TU2+12 138 T o Sos 3 2 T 0 1 1—cos@
+1+3/2| 417 -8/ 7|+3/2 +3/2 +3/2 -1/2+3/2|1/5-1/2 3¥10] 0o o0 0 o0 A1, =7
+2-1/2) 1/7 16/35 2/5 +3/2 -3/2 [1/20 1/4 9/20 14
+1+1/2| 4/7 135 -25| 7/2 52 32 12 jg _i;g 920 14-1/20-1/4
2x2 j 7 2/7718/35 /5] +1/2 +1/2 +1/2 +1/2 -1/2 +1/2 |9/20 -1/4-1/20 V4| 3 2 1
+
Z+2] 1] +3 +2-3/2| 1/35 6/35 2/5 2/5 -3/2 +3/2 [1/20 -1/4 9/20-1/4)| -1 -1 -1
+1-1/2|12/35 5/14 0 -3/10 1232 Us U2 310
t2 41112 12 3 0+1/2(18/35 -3/35 -u5  ys| 72 52 32 v2| |y5-35 35 o -us[ 3 2
t1+2|Y2-12 2 +2 -1+3/2| 4/35-27/70 2/5 110 -2 -U2-U2 -U2| | _3541y2| 1/5-1/2 3/10| -2 -2
+2 0(3/14 U2 27 +1 -3/2|4/3527/70 2/5 1/10 o -
+1 +1 0-38/7 4 3 2 1 0 -1/2018/35 3/35-1/5 -1/5 |_§j§ _ijg 55_52 _:
0 +2(3/14-1/2 2/7] +1 +1 +1 +1 -1 +1/2 12/35 -5/14 0 3/10| 772 5/2 3/2
> 10114 310 37 U5 -2 +3/2 [ 1/35 -6/35 2/5 -2/5|-3/2 -3/2-3/2 ai2-32
+1 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 -y2| 47 -1y3s-2/5| 72 52
-1 +2 (1/14-3/10 3/7 -1/5 0 0 o0 0 0 > +v2| U7-16/35 28| 512 a2
+2 -2 | 1/70 1/10 2/7 2/5 1/5 -1-3/2| a7 37|72
+1 -1 835 2/51/14-1/10 -1/5 —2-1/2| 37 -47}72
0 0 [18/35 0-2/7 0 15
-1+ | 8/35 -2/5 1/14 1/10 -U5| 4 3 2 1 -2-3/2| 1
d3/2 _l+cost 0 -2 +2 | /70-1/10 2/7 -2/5 15| -1 -1 -1 -1
3/2,3/2 — cos3 +1 -2[1/14 310 37 15
. 2 0 -1| 3/7 1/5-1/14-3/10
282 7\/§1+cosﬂ . 2,= (ﬂ) -1 0| 37 -U5-1/14 30| 4 3 2
3/2,1/2 2 : 2 -2 +1|1/14-3/10 37 -us5| -2 -2 -2
3/9 _1—cosf 0 9 _ l4cosf . 0 2314 12 27
(13;2771/2 =3— cos 5 21~ —T“ne -1 -1| 47 0-3/7 3
‘ ] 1+ cosf -2 0314 -12 2/7 -3
g2 o Lz 0 d%, = V6 sin? @ i, = —5 (2cos6-1) 1 2 |U2 U2| 4
3/2,~3/2 2 207 4 -2 -1|U2-1/2|-4
32 3cosf—1 5 1l—cosf . 9o _ 3 . - =
d1/2’1/2—7(,055 5 _1 =———F——sin0 (1170— 3 sin @ cos 6
3/2 _ 3cosf+1 .0 9 (1 —cosf\2 9 1 —cosf ] 9 _ (3 o 1
d1/2771/2777 sin 5 dy _o= (T) dl’_lfT(QcosﬁJrl) d0,07(5 cos 075

Figure 34.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (7The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974). The coefficients
here have been calculated using computer programs written independently by Cohen and at LBNL.
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Particle ¢t t, j g Quark content Mass [MeV]
p R S wud 938.27208816 =+ 0.00000029
n ; —% ; 0 udd 939.56542052 =+ 0.00000054
A+t 343 3 42 uu 1232 42
AT LS O R uud 1232 + 2
A0 i1 3 0 udd 123242
A~ % _§ % -1 ddd 1232 +2
7t 1 +1 0 +1 ud 139.57039 £ 0.00018
0 1 0 0 0 J5(ui—dd 134.9768 + 0.0005
T 1 -1 0 -1 di 139.57039 + 0.00018
pt 1 +1 1 +1 ud 775.26 £+ 0.25
P° 1 0 1 0 %(uﬂ —dd) 775.26 4 0.25
o 1 -1 1 -1 du 775.26 & 0.25

Table 6.1: Properties of selected hadrons: isospin ¢, projection t,, spin j, electric charge g,
quark content, and mass (in MeV). Values from the Particle Data Group.

6.7 Isospin: protons and neutrons in disguise

The formalism developed for the addition of angular momenta—whether spin, orbital, or to-
tal—applies far beyond these specific degrees of freedom. A notable example is isospin, which
arises in nuclear and particle physics as an approximate symmetry of the strong interaction.

The concept of isospin (or isotopic spin) was introduced by Werner Heisenberg in 1932,
shortly after the discovery of the neutron. At the time, it was observed that the proton
and neutron have nearly identical masses and interact symmetrically under the strong nu-
clear force, despite their differing electric charges. To explain this, Heisenberg proposed
that the two nucleons could be viewed as two states of a single particle type—the nu-
cleon—distinguished by a new internal quantum number that behaves like angular momen-
tum. This quantum number was later dubbed isospin due to its formal similarity to spin.

Isospin is treated mathematically using the SU(2) symmetry group, just like ordinary
spin. The proton and neutron are organized into an isospin doublet

(\%) - (!lt—:f//z?iz—:_l{?;)) : (6.110)

The isospin operators T = (T, Ty, T,) satisfy the SU(2) commutation relations [T}, T};] =
ihe;j Ty and the total isospin operator T? has eigenvalues t(t + 1)h%. As for spin, ladder
operators T4 = T, £iT) allow one to move between states within a multiplet. This formalism
allows us to describe nuclear and hadronic states in terms of isospin multiplets, simplifying
the classification of particles and predicting symmetries in reactions governed by the strong
force. For instance, the pions form an isospin triplet

T =lt=1t,=+1), | =t=1t,=0), |t )=t=1t,=~-1). (6.111)

The above groupings reflect the fact that strong interactions are approximately invariant
under isospin transformations, i.e. they depend on the total isospin, not on the charge state.
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Consequently, many hadronic processes conserve both T and T, yielding selection rules and
degeneracies analogous to angular momentum conservation. As isospin follows the SU(2)
structure of spin, we can also apply the machinery of angular momentum addition. For two
particles with isospins ¢; and ¢, the total isospin ¢ ranges from |t; — t2| to t; + t2 in integer
steps. The states of definite total isospin are constructed using Clebsch—Gordan coefficients,
just as in spin systems.

Example 40: Isospin decomposition in A — 7N decay

The A baryons form an isospin quartet with total isospin ¢ = 3/2. Each member
of this multiplet can decay strongly into a pion and a nucleon. Since pions form an
isospin triplet with ¢ = 1, and nucleons (proton and neutron) form a doublet with
t = 1/2, we are dealing with a system in which the total isospin in the final state can
be analyzed by coupling these two representations.

Let us consider for instance the decay of the AT, which has isospin projection
t, = 1/2. The allowed final states must also have ¢, = 1/2, which can occur in two
combinations: either a 7% (with ¢, = 0) and a proton (with ¢, = 1/2), or a 7+ (with
t, = +1) and a neutron (with ¢, = —1/2). Both of these channels conserve isospin
projection and are therefore allowed.

Note that the pion-nucleon system can in general have total isospin ¢ = 1/2 or
t = 3/2. However, since the initial state is a pure t = 3/2 state, isospin conservation
implies that only the t = 3/2 part of the pion-nucleon system contributes to the
decay amplitude. This justifies projecting the final state onto the subspace with total
isospin ¢ = 3/2.

To express the isospin state of the AT in terms of the above two-particle states,
we use the table of Clebsch-Gordan coefficients. The state |[A™), with total isospin
t =3/2 and t, = 1/2, can be written as a linear combination of pion-nucleon states
with total isospin ¢ = 3/2 and the same projection,

a%) = /5 1n%) + 2 It

The probabilities of decay (decay widths) are proportional to the squared modulus of
the amplitudes,

(AT —»atn)  2/3

LA+ — %)  1/3
This result is consistent with experimental data, provided that the kinematic (phase
space) factors for both channels are approximately equal.

The same reasoning applies to the A® which has t, = —1/2. The two allowed
decay channels in this case are 7°n and 7~ p, and the decomposition reads

1A% = /3 [x%) + /2 ).
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Again, the predicted ratio of decay widths is 2, which matches what is observed ex-
perimentally.

The development of the quark model gave isospin a more fundamental origin. The proton
and neutron are made of |p) = |uud) and |n) = |udd), with the up and down quarks forming
themselves an isospin doublet

Wy =t =1/2,t,=1/2), |d)=|t=1/2,t,=—-1/2) . (6.112)

Isospin symmetry thus arises from the approximate equality of m, =~ my and the flavor-blind
nature of QCD interactions. It is embedded in the broader SU(3) flavor symmetry, which also
includes the strange quark, but remains particularly accurate and useful due to the small mass
difference between the up and down quarks. Small mass splittings like m,, —m, ~ 1.29 MeV
and m + —m o = 4.6 MeV reflect the breaking of isospin symmetry due to electromagnetic
interactions and quark mass differences. Nevertheless, many features of nuclear and particle
physics can still be understood remarkably well using isospin conservation and its associated
selection rules. The excellent agreement of the predicted and observed branching ratios in A
decays serves as a concrete example of the utility of isospin symmetry in hadronic physics.
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6.8 Some worked-out exercises

L., measurements

Consider a system described by the wave function ¢(7) = f(r)(z + iy + z) with f(r) a
radial function. What are the possible outcomes if we perform a measurement of the
operator L,,? And the corresponding probabilities?

Taking into account that

/1 /3 ; /3
Yoo =1/ —, Y 41 =Fy/ s—sin feti? Yip =14/ -—cosl,
4 8T 4m

the given wave function can be written as

olr) = rf( 5 [~V + Yao)

The measurement of L, can yield m = 1 or m = 0, with probabilities

Pm=oy= 0 _ [ Molde 1 1
—0) = _ - _1
(Wl Jvio—vavuldae [ [viof +2vuf]d 3
2 2 [Y11]? d
P(m:l): |<11|90>| o f| 1,1‘ . 2 :g'

W) v - vavul*an  f il +2vul?]ae 3

Spin-dependent interactions of two identical particles in a 1D harmonic trap

Consider two indistinguishable particles of spin 1/2 and mass m constrained to move
along a line and interacting through the Hamiltonian

w

1 1
H=— (p% —I—pg) + Zmw? (x% —1—:1:%) oh

2
5 5 (8% + RSy),

with § = S} + S5 the total spin of the system and 51, S, the spin operators of the two
particles.

Calculate the energy and degeneracy of the two lowest energy levels. Express the
result in terms of the eigenfunctions of the one-dimensional harmonic oscillator and
the eigenfunctions |s s,) of S? and S,.

a) Spatial part: we are dealing with two one-dimensional harmonic oscillators. The corresponding
eigenvalues and eigenfunctions for the first energy levels are then given by

ETL]TLQ = hw (nl +ng + 1) »
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ny=0,n2=0, E=~hvw, non degenerate [0)1]0)2,
l0s) = 75 (11)110)2 +10)1[1)2)

= = = = = 1 ﬁ
n=1,ny=00rn; =0,ne=1 FE=2hw, 2 times degenerate { ) = % (11)1]0% — [0)1]1)a) ,
L (12)1]0)2 + [0)1]2)2) |
similar for ni,ne,n3 =0,1 E =3hw, 3 times degenerate % (12)1]0)2 — 0)1]2)2) ,
1 > 1)z

Spin part: The total spin can only be s = 0, 1. Denoting the spin part states as |s s,),, we have

Bo= (554 1)+ 5,)

2
s=0, Ey,=0, [00),
—Shw sy =1, |[11),
s=1 E,=-202+s)={-w s,=0, [10),
—shw sy =-1 [1-1),

According to the Pauli exclusion the total wave function of the system must be totally antisym-
metric. Therefore, one must combine even spatial parts with (odd) spin states with s = 0 and odd
spatial parts with (even) spin states with s = 1. Denoting the spin parts as |s s,), the two lowest
states of H are therefore

hw
E = 5 loa)|11), non degenerate

E=hw { ig 1>||01>02>‘00>y 2 times degenerate
a y

The next state has F = %hw
As requested, let us now express [11),,10),,]00), in the basis |ssz),. For spin 0, we have
00), = [00), .

To calculate the expression for the other two states, we compute the matrix Sy for s = 1 in the
basis |s s,). Using the definition of ladder operators, we have

S, =S, +i8,, 1
»SLZSI—?;S?;, — Sy—z(SjL—Sf)

Taking into account the correspondence |11), = (1,0,0),|10), = (0,1,0),|1 — 1), = (0,0, 1)], this
gives

0 V2 0 0 0 0 hf 0 V2 0
0 0 0 0 V2 0 N0 —v2 o0

Let’s calculate |11),:
5 0 V2 0 a a 2V2b = a, o= —ip
% V2 0 V2 <b> =h<b> — Q¢ 2(—V2a++V2c) =b, —>{ . 1\{)5 ’
1) 0 _\/5 0 cC C Z(_\/ib) =c, .

ib b b|2 b2
1), = (-0 ) = =t g B e -

with the phase chosen arbitrarily. Therefore,

e S )

1 1 1
11), = =[11), + —|10), — =[1 — 1),
1)y = 3[11): + —=[10). = S[1-1)

V2
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Let us finally compute |10),

5 0 V2 0 a =V2b=0
% -2 0 V2 b |=0—19 2(—V2a+Vv2c)=0 — b=0,a=c.
'\ 0 —v2 o ¢ LVa(=b) =0

10)y = (a,0,a) —  [oI* =la* +|a]* =2Ja]* — a=

-

Therefore,

1

|10>y: (|11>z+|1_1>z) :

S

2

Total spin of a diatomic molecule: symmetry constraints

a)

Consider a diatomic molecule formed by two spin-1 atoms in a non-relativistic system,
such as two deuterium atoms forming a deuterium molecule. The two deuterons are
in an s-wave state relative to each other (no orbital angular momentum).

a) Determine the possible values of the total spin quantum number j for the deuterium
molecule if the deuterons are treated as distinguishable particles. Write down the
corresponding spin-wave functions in terms of the individual spin states of the two
deuterons.

b) Reanalyze the situation when the deuterons are treated as identical particles.

When the deuterons are distinguishable, the possible total spin states j are 2, 1, and 0. To
determine the states of total angular momentum for a system of two spin-1 particles, we refer to
the table of Clebsch-Gordan coefficients. Accounting for the square root and sign conventions in
the PDG table, we have

2,2) = [1,1),
2.1) = = (11.0)+[0.1). L1 = (L0 -0.1).

2.0) = = (L=1 + 11 +20.0)) . [1.0) = = ([L.-1) = |-L.1)).
2.-1)= = (0.-1) +|-1.0) . [1=1) = = (0,1) — -1,0))
12,-2) = | -1, —1). 10,0) = — (|1, =1) — |0,0) + |—1,1)) .

&l

3

According to the spin-statistics theorem, since the two identical spin-1 deuterons are bosons, their
total wave function must be symmetric under the exchange of particles. This symmetry requirement
implies that any state that is antisymmetric under particle exchange cannot exist in the physical
system.

Since all states with j = 1 in a) are antisymmetric under particle exchange (for instance, we have
%(H,O) —10,1)) = —%OO, 1) —|1,0))), they do not survive when the particles are identical. In

other words, for two identical spin-1 particles, the possible values of the total angular momentum
j are restricted to 2 and O.
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Orbital and spin dynamics of a particle on a sphere

Consider a particle of mass m and spin 1/2 restricted to move on the surface of a unit
radius sphere and in a state specified by the normalized spinor

o) = 1 (3sin9'e_w>
()00 \/41:()77[_ Zela )

with « a constant parameter.

a) What values of L? can be obtained if we perform a measurement on |¢g)? What
are the corresponding probabilities?

b) If a measurement of the total angular momentum .J? at time ¢ = 0 yields the
value 3/4h2, what is the normalized state |p1) of the system immediately after the
measurement?

c¢) Determine the evolution of |p;) under a Hamiltonian

H= 2 . +28S.),
o +w(L,+28S,)

with w a constant. If a measurement of the third spin component is performed at
time ¢t > 0, which is the probability of finding the particle with spin up?

a) In the notation |Il,s,) and Y} ,,, we have

1 1Y _ 3 1eY 2
lpo) = Tiox (\/EYL,1|1/2> + e V167Yy 0| — 1/2>) = \[5“ —11/2) +e \/;00 —1/2).

Therefore, the possible outcomes are states with [ = 1,0. The corresponding values of L? are,
respectively, [(I + 1) = 2h% and 0, with probabilities

Prob (L? = 2n°%) = 3 , Prob (L* =0) = =.

b) In the coupled basis |jm )., the state [pg) takes the form (cf. CG table for the first term in |po),
no tables needed for the second!)
i),

N R T

Since j(j + 1) = 3/4, the measurement select the part of the state with j = 1/2, namely

EEERREE )

Normalizing this quantity, we obtain

o) = 75|
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¢) Going back to the uncoupled basis |11, s.), the state |p1) becomes
1 1 1 2 1 el 1
S Y S QR e S T AR 1
=[50 -2) -3 -13)] - Foloo-3)
1 1 1 00 1
5)

10‘2>‘¢§\1‘1§>‘i§
I(1+1)
2

S

Taking into account that

H|ll,,s,) = {%LQ +w(LZ+2Sz)] 111,,s.) m{ +zz+25z} 11, 5,),

the energies corresponding to each of the three states in the right hand side of this expression are
given respectively by
E=mw(l14+40-1)=0, E=lhw(l-141)=hw, E=mw0+0-1)=—Iw.

Therefore, we have

1 1\ et 11\ efotint 1 1 1
) = 5|10 -3) = r |1 53) ~ g |00 —3) = lea|5) +lew)|3)
with -
e~ W 1 1 1 ‘
= — 1—— , — 10) — ezaJr'Lwt 00) .
eay= - |- 3) fom) = =10 - e 00)

The probability of finding the particle with spin up at time ¢ is 1/3.

A hydrogen atom in a constant magnetic field

Consider the reduced Hamiltonian of a hydrogen atom in the presence of a constant

magnetic field along the z-direction,
2

h2
H=—V+Z 4uS,,
2m r

with m the reduced mass of the system, w = eB/(2m) the Larmor frequency, B the
magnetic field magnitude and S, the third component of the electron’s spin. The
system is further characterized by the orbital angular momentum L and the total
angular momentum J = L+ S. The initial state of the system has the following
properties:

e Its radial quantum number is n = 3.
e It is an eigenstate of J? with eigenvalue 1542 /4.
e It is an eigenstate of J, with eigenvalue 35/2.

e A measurement of L? yields 6h% with probability 1/2.

a) Which other values can be obtained when measuring L? in this state? With what
probabilities?

b) Write down the vector representing the initial state of the system in the coupled
and uncoupled bases.
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c¢) Determine the possible results of an energy measurement and the associated prob-
abilities.

d) Calculate the probability of obtaining the value 3542/4 when measuring J? after a
time ¢.

a) Since j(j 4+ 1)h% = 15h%/4 and mjh = 3h/2, the quantum numbers of the initial state are j = 3/2
and m; = 3/2. The possible values of [ are integers in the range [j —s| <1 < j+ s with s =1/2
the spin of the electron, i.e.,

3
=1 =
and l B +

Since the probability of the state having [ = 2 (corresponding to (I + 1)k = 6A2) is 50 %, the
probability of it having the other possible value [ = 1 (corresponding to the eigenvalue 2A2) is the
remaining 50 %.

b) Taking into account the previous results, the state vector in the coupled basis can be written as

1 133 . 1 133
90>:\/7 3,2, 5,5 > +eza 5 371337> 5
2 . 2'2°2/,

7727272 2
with €’® an arbitrary phase. Decomposing each term in this expression into the uncoupled basis
using the table of Clebsch-Gordan coefficients,
3,2,1 11
) ) 2 2

1 fHpead -

1,1,2, =
5 22>

|>—\/5 32111+m\ﬁ31111
SO_ 5 7aa2a2 € 2 7a7272 .

¢) The spectrum of the system can be easily computed in the uncoupled basis, where the Hamiltonian
is diagonal,

5

we get

1 1 1
3727277a_7 - 1N
2" 2 10

E
Epm, = ——5 + hwms.

In the state |p), the only possible energy outcomes are

EO hw Eo hw
Paciz=="g =75 Pare=="g+ 5
with respective probabilities
1 1 \]* 2 11\ 11\ 1
P— = 372a2a77_7‘ = T P = 3a2717777’ 3717177a7’ = A
3,—1/2 ’< 279 <P> 5 3,1/2 ‘< 25 <P> +‘< 2 5|%? 10

d) In the uncoupled basis where the Hamiltonian is diagonal, the time evolution of the system’s state

is given by
5 2 1 1 i /1 11 1
t) = 5E3,1/2t\/7 3.2.2 2. —Z\— —5E31/2t, | 3.2.1 —+£E3 )0t “1\/7
|(p’ > 6 5 b ) 727 2> e 10 ) ? 72 2 +6 2

1
3,11,

.
> =

1

272

3

5
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To determine the probability of obtaining a certain value when measuring J2, the vectors of this
linear combination must be expressed in terms of the coupled basis ones. Using once again the
table of Clebsch-Gordan coefficients,

1 1 1 153 4 133
2,2, =, =) =4/213,2,5,2,2 Zl3,2,2,2,2
37 b 727 2> 5 37 7272’2>C+ 5 37 72’272>C7
11 4 153 1 133
3727177a7 = = 3727777a7 _\/>3727a7 )
22 5177222/, Vs|m P22/,
11 13 3
L1,-,-)=31,522
37 b 7272> ‘3’ 727272>C7
we get
2 _i i 153 8 —ip, it 1 _a 133
1) = 7( FE3 _1/2t _ hEB,l/Qt) 3’2’,,,7, R-3-L1% . 5 E31/2t 3’2’,’,,,
oth =/ 35 (¢ ‘ 2272/ 7\ V5° © V0" 2'2°2/.,

W T, 133
7ﬁE3J/2t (X - 3 1 - Y .
e ‘ 2"’2’2’2>C

The probability of obtaining the value 35h2 /4 when measuring J?2 (corresponding to the quantum
number j = %), is then

2 i 2 Boy |2, ; 2 8 wt
_ ‘e—%Eg,,l/Qt e iBsapt|t 2| R0 piwt/2 _ miwt/2|T O g2 WY

25

25

Two fermions in a magnetic field

Two particles with spins s; = 3/2 and sy = 1/2 are placed in a magnetic field B =
(0,0, B) along the z-axis. The Hamiltonian of the system is given by

H=- (’7151 +’Y2§2) B,

with 77 # 9 the gyromagnetic ratios of the particles. At time ¢ = 0, we measure the
squared magnitude of the total spin |Sy —1—52\2 and its third component S, = S1 .+ 522,
obtaining the values 62 and —h, respectively.

a) Determine the state of the system |, 0) immediately after the measurement.
b) Determine the state of the system |p,¢) at time t.

c) If 75 = 2v; and we measure again the squared magnitude of the total spin at a
time t,, = w/ (B~1), what values can we obtain, and with what probability?

a) The value 642 = h2j(j + 1) implies a quantum number j = 2 for the total spin, while the value
—h = mh implies m = —1 for the quantum number corresponding to the third component of the
total spin. Therefore, in the coupled basis |j, m)¢, we have

|(P7O> = |2771>C .
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b) The Hamiltonian H = — (7151, + 7252,.) B is diagonal in the uncoupled basis |s1,ms 1; S2, M5, ).
Therefore, in order to determine the evolution of the system, we must express the initial state in
this basis. Using the table of Clebsch-Gordan coefficients, we get

lp,0) = \/33/2, —1/2;1/2,-1/2) + \/13/2, —3/2;1/2,1/2).

Taking now into account that the energy of the state |s1,ms,1; S2, Mg 2) is —BR[y1ms1 + Y2ms 2],
we get

3 . 1 .
o, t) = \/;e—’B(%W)t/? 13/2,-1/2;1/2,-1/2) + \/;e—’B“%—W)t/? 13/2,-3/2;1/2,1/2) .

¢) To calculate the possible values of the total spin magnitude, we need to return to the coupled
basis. Using the Clebsch-Gordan coefficients and setting 72 = 27 as indicated, we get

1 _, 1
T Y e B L el [V Ty et
4 4 4
3e —3iBvy1t/2 +e—lB'ylt/2 \f —3iBvy1t/2 __ 7iB~/1t/2

The two possible values for the square of the total spin magnitude are 6h2, corresponding to the
quantum number j = 2, and 2k2, corresponding to j = 1. The corresponding probabilities at time
tm = 7/ (Bv1) are given by

1 , a2 1 1
Pj_y (tm) = T ‘36—3171'/2 n 6—177/2‘ _ E'gi P = 7

30 . o123
‘6737,#/2 _ efm/Z‘ — E‘Z —|—i|2 _

P;_ m) — T4 = -
i=1 (tn) = 75 4

A spin-orbit interaction

The Hamiltonian of a particle of spin 3/2 is given by H = %[_: S , with L is the angular
momentum, S the spin, and w a constant with units of angular frequency.

a) Determine the spectrum of the Hamiltonian.

b) If the initial state of the particle is |¢,0) = |l = 2,m; = 2;s = 3/2,ms = 1/2)
determine the state at time ¢.

c¢) If we measure the third component of the spin at time ¢, = 27 /w, what values can
we obtain, and with what probability?

a) The set of operators {L?, 52, L., S.} do not form CSCO since neither L, nor S, commute with H.
In order to diagonalize the Hamiltonian we consider the set of commuting observables {L?, S2,.J?,J,}

with J = L+ S the total angular momentum and J, its third component. In terms of these quan-
tities, we have

= -2 -57.
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In the coupled basis common to all these operators |j, m)c = |I.s; j, m), the Hamiltonian is diagonal
and the associated energy spectrum can be trivially computed. Taking into account that the
eigenvalues of J? are h%j(j + 1) with j = [l — 3[,..., 1+ 2, we obtain

hw | . 15
By =" [+ -1+ - 2|

with 1 =0,1,...and j =1 — 31— 3,1+ 3,01+ 3if 1 >2 Ifl =0, then j = 3 and if | = 1,
1 3 5
J = 355375

Using the Clebsch-Gordan coefficients, we can write the initial state in the coupled basis |j, m)¢,

| 0>_\/§75 +\/Z55
2V =Nl e/ VT2 e/,

. 7 5\ _ . 5 5\ o __hw
The energy of the state |Z,5), is Fpz = 3hw and that of the state |3,3), is Eps = —%2.
Therefore, we have
3 . |75 4,005 5
1) = 9 —Biwt | Y T iwt/2 |2 Y )
:1) \/;e 2,2>C+ 122/,

At t, = %’“ the exponential in the previous expression equal 1 and —1, such that

PRSIV LA 1 X

sl =\ 722/, V7|22,
In order to determine the values and probabilities of obtaining a given spin projection, we must
return to the uncoupled basis |I, m;; s, ms). Using again the Clebsch-Gordan coeflicients, we have

75 3 4
-, = =1/=-12,2;3/2,1/2 —12,1;3/2,3/2
2.2) = \raamyn+Trazae,
5 5 4 3
-, = =1/=12,2;3/2,12) — 4/ - 12,1;3/2,32
2.2) =\trazzin -y,

1 1 4v/3
|<)07tm> = _? 272;3/2a 2> + 7\/> |27173/2732> .

and therefore

Therefore, when measuring the third component of the spin, we can obtain /2 with probability
1/49 and 3h/2 with probability 48/49.

Three identical spin-1/2 particles in a box with spin-spin interactions 4

Three identical particles of mass m and spin 1/2 are confined to a one-dimensional
infinite square well of width L and subject to a spin-spin interaction

V:—%(§1-§2+§2-§3+§3.§1),

with a > 0 a constant and S’; the spin operator of the i-th particle. Knowing that a
measurement of the total spin along the z-axis yields the value +3/2h, write down the
possible eigenfunctions of the system and their corresponding eigenvalues. Which is
the energy of the ground state in this specific spin configuration?
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The presence of the spin-spin interaction precludes the use of the uncoupled basis since the different
terms S; - S; do not commute with the z components of S;. On the other hand, the set of operators

{SQ,Sf,Sg,Sg} with § = §; 4+ S5 + S5 the total spin of the system, commute with each other,

thus providing an appropriate basis for diagonalizing V. Rewriting the interaction in terms of these
operators,

[0

S-Sy + 8y S3+8;-8 =2 (8*-S87-53-52) — V=—0rs (8- 87 -85 - 53)

DO =

the energy eigenfunctions become the product of the eigenfunctions related to the spatial coordinates
and those of the total spin.

Since, according to the problem, the total spin along the z-axis is s, = +3/2h, we necessarily have
s = 3/2, which is the maximum value s can take. This implies that the spins of the three particles
have equal z-component, making the spin eigenfunction completely symmetric. Requiring the total
wave functions of this fermionic system to be completely antisymmetric, we have

1 ¥Pnq (‘Tl) Py (‘TQ) Py (.1’3)
(RPN S (xl,xz,ws):ﬁdet gnz EE% gnz Eiig inz (g) ®13/2,3/2)c .
ns ns ns

The corresponding eigenvalues are given by

252
Tk 9 9 9 3o
= gz (Mt ng) =
with n1,n9,n3 = 1,2,.... Since these three quantum numbers must be necessarily different for ® to

be antisymmetric, the energy is minimized for n; = 1,ne = 2,n3 = 3,

T2 h? _ 3o

Eground = W Z .
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6.9 Exercises

1. Eigenvalues of orbital angular momentum /

Consider the operators

2 h
& - (xX+%R).  P-d(n-dv),

2 h
@ =% (x-%n),  R=-LE+hY).

with a a parameter with the dimension of length.

a) Show that [Ql,QQ] == O, [Pl,PQ] =0 and [Ql,Pl] = [QQ,PQ} = ih.

b) Express L, in terms of the above operators, showing explicitly that it can be written
as the difference between two independent harmonic oscillator Hamiltonians.

c) By examining the energy eigenvalues of the harmonic oscillator, deduce that the L,
eigenvalues are necessarily integers.
2. Angular momentum measurements for j =1 4

Consider a system of total angular momentum j = 1.

a) Find the matrices representing the operators J;, Jy, J., J+ and J?.

o

Which are the possible values that can be obtained when measuring J, and J,?

[aVNe)

)
)
) Find the joint eigenstates of J 2 and J,. Verify that they form an orthogonal basis.
)

Calculate (J.), (J2) and AJ, if the system is in a state with j, = —h. Repeat the
exercise for (J,), (J7) and AJ,.

e) If the system is initially in the state |¢) = ﬁ(—\/g, 2v/2,4/3)t, which values could
one obtain when measuring J,7 With what probabilities?
3. A hydrogen atom wave function #

In the case of a hydrogen atom, it is known that: a) it is in a [ = 1 state with n = 2; b)
the state contains eigenstates of L, with eigenvalues +1 and —1; ¢) the expectation value
of L, is zero; d) the probability of finding the electron in the first quadrant (0 <P < %)
is 25 %. Write down the corresponding wave function.

4. L, measurements ¢
An electron is described by the wave function

o(r,0,¢) = \/i? (ei¢ sin @ + cos 9) £(r), /OOO f(r)2r2dr =1.

Is ¢ properly normalized? What are the possible outcomes of a measurement of the
z-component of the angular momentum, L,? What are the corresponding probabilities?

5. Angular momentum in arbitrary directions ©

Consider a system in a state with angular momentum ¢ = 1. After measuring the compo-
nent of the angular momentum along a direction 7 that makes an angle 6 with the z-axis
and obtaining the result +h, we measure the component of the angular momentum along
the z-axis. What is the probability of finding the value +A?
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6.

10.

A spin 1 particle in a magnetic field ¢

Consider a particle of spin s = 1 subject to a constant magnetic field along the z-direction.
If the particle is initially in the state |1, 1), which is the probability of finding the particle
in the state |1,—1)? And in |1,0)? Ignore all spatial degrees of freedom.

A rotor with angular momentum j =1 4

The Hamiltonian of a system with angular momentum j = 1 is given by
wo
h

with wp a constant with dimensions of frequency.

H==(J24J)),

a) Determine the matrix representation of H in the basis of eigenvectors of J,. Find the
possible energy eigenvalues and the stationary states of the system. Is the Hamiltonian
a CSCO?

b) Calculate the probabilities of obtaining the different possible values of energy and the
z-component of the angular momentum as a result of a measurement if the system is
initially prepared in a state

[P(0)) = 511+ —10) + 51— 1),

c) Determine the same probabilities as in part b) at any time ¢ > 0.

. A spin s = 3/2 particle ¢

Consider a particle of spin 3/2.

a) Find the matrices representing the operators S, Sy, S, S2 Sg and S? within the basis
of S? and S..

b) Find the energy levels of this particle when is Hamiltonian is given by

€0 , 2 2 €0
with €y a constant with energy dimensions. Are these level degenerate?
c) If the system was initially in an eigenstate |pg) = (1,0,0,0), determine the state of the

system at time t.

. Rotational States of a Symmetric Triatomic System ¢

Three identical spin-0 particles are placed at the vertices of an equilateral triangle in the
x — y plane, with the z-axis passing through the center of the triangle, perpendicular
to its plane. The system is free to rotate about the z-axis. Using the symmetry of the
configuration and the indistinguishability of the particles, determine the allowed values of
the magnetic quantum number J, corresponding to the rotational states of the system.

Clebsch-Gordan coefficients: Spins 1 and 1/2 4

Consider the coupling of two angular momenta j; = 1/2 and j, = 1. Write down all
elements of the uncoupled and coupled bases. Verify that both bases have the same
number of elements. Work out the corresponding Clebsch-Gordan coefficients, checking
explicitly the result against the table of Clebsch-Gordan coefficients.
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11.

12.

13.

14.

15.

16.

Clebsch-Gordan coefficients: Spins 1 and 3/2 ¢

Consider the coupling of two angular momenta j; = 3/2, jo = 1. Write down all elements
of the uncoupled and coupled bases. Verify that both bases have the same number of
elements. Work out the corresponding Clebsch-Gordan coefficients, checking explicitly
the result against the table of Clebsch-Gordan coefficients.

Clebsch-Gordan coefficients: Two spins 1 ¢

Consider the coupling of two angular momenta j; = 1, jo = 1. Write down all elements
of the uncoupled and coupled bases. Verify that both bases have the same number of
elements. Work out the corresponding Clebsch-Gordan coefficients, checking explicitly
the result against the table of Clebsch-Gordan coefficients.

Pauli’s Neutrino Hypothesis ¢

Consider the so-called beta decay, an observed process in which a neutron is transformed
into a proton by emitting an electron or beta particle, n — p+e~, having all these objects
spin 1/2. Prove that this reaction is forbidden by spin conservation, arguing also that
the apparent puzzle cannot be solved by adding some orbital angular momentum to the
final decay products. Demonstrate, however, that the addition of a third invisible spin-1/2
particle 7, to the final state, n — p + e~ + I, solves the problem. This is precisely what
Pauli did, postulating the existence of what we call nowadays the neutrino.. Can you
postulate other properties this particle should have?

Decay modes of the p’-Meson ¢

The neutral p®-meson has spin 1 and a relatively short lifetime. It decays predominantly
into two spinless pions of opposite charge p° — 7+ + 7.

a) Explain why the decay p° — 7% + 70 is forbidden, even though it appears to conserve
energy and charge.

b) The photon has spin 1 and odd parity. Could the decay p°® — 7° + 7% + v be allowed?

¢) Given that the intrinsic parity of the pion is negative, determine the intrinsic parity of
the p%-meson, assuming parity is conserved in its dominant decay.

Decay modes of a particle X ¢

A particle X is observed to decay through the channels X — p™ + 7~ and X — K + K,
where all final-state particles are spin-0 mesons, except the p*, which has spin 1. Assume
that total angular momentum and parity are conserved in both decays.

a) What is the minimum possible spin of the particle X consistent with these decay modes?

b) Given that the intrinsic parity of both 7 and K is negative, determine the intrinsic
parity of X.

Two non-interacting electrons in a Coulomb potential 4

Consider a system of two electrons in the Coulomb potential produced by a charge Ze
located at the origin (neglect the Coulomb repulsion between the electrons). The state of
the system is such that:

i) Its energy is well-defined and equal to £ = FE;/2, with Fj the energy of the ground
state of a hydrogenic atom.


https://ddd.uab.cat/pub/ppascual/ppascualapu/ppascualapu_41-001@benasque.pdf
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6.9 Exercises 204

ii) The squares of the orbital angular momentum of each electron, |L; |2, |L2|?, and the
total |L1 + Lo|? are well-defined, and they all have values of 2h2.

17. Two interacting spin-1/2 particles 7

18.

19.

20.

21.

Consider the following Hamiltonian for a system of two spin-1/2 particles

H =28 %~ h(Si:+ 55| -

a) Determine the values of w and  for which the Hamiltonian describes a system of two
identical particles.

b) Assuming the found values for 5 and w, determine the eigenvalues of H, their degen-
eracy and the eigenstates of the system. Write the eigenstates both in terms of the
uncoupled and the coupled bases.

c¢) If a measurement of the third spin component of each particle at time ¢t = 0 provides
values —h/2 and /2. Which is the state of the system at time ¢?

d) Which values can we obtain if we measure again S, and S, at time ¢, = 7/w? Which
are the associated probabilities?
Two interacting particles of spin 3/2 and 1 ¢
Repeat the previous exercise for two particles of spin 3/2 and 1. Assume that the mea-
surement of the third spin component of each particle at time ¢t = 0 provides values —f/2
and h.
Three distinct spin-1/2 particles with spin-spin interactions 4
Three distinct spin-1/2 particles are subject to an interaction Hamiltonian
€ - - - - - -
HZ%(51'52+52'53+53'51)7
with €y > 0 a constant a constant and ,S_'; the spin operator of the i-th particle. Determine
the eigenvalues of H, their degeneracy, and the corresponding eigenstates.
Symmetric and Antisymmetric Spin States of Two Identical Particles 7

Show that, for a system of two identical particles each with spin ss, the ratio of the number
of spin states that are symmetric under particle exchange to those that are antisymmetric
is (s +1)/s.

Three identical spin-1/2 particles in a box with spin-spin interactions 4

Three identical particles of mass m and spin 1/2 are confined to a one-dimensional infinite
square well of width L and subject to a spin-spin interaction

V:—%(§1'§2+§2'§3+§3'§1),

with @ > 0 a constant and S_"Z the spin operator of the i-th particle. Knowing that a
measurement of the total spin along the z-axis yields the value +3/2h, write down the
possible eigenfunctions of the system and their corresponding eigenvalues. Which is the
energy of the ground state in this specific spin configuration?



CHAPTER [

LAPPROXIMATE METHODS FOR STATIONARY SYSTEMS

Assume the cow is a sphere. ..

A RANDOM THEORIST, UPON FIRST APPROACHING A PROBLEM

So far, we have been dealing with quantum versions of the spherical cow, i.e. dynami-
cal problems such as the harmonic oscillator or the Coulomb potential that can be exactly
solved using their symmetries. However, the Hamiltonians associated with realistic physical
problems are usually too complicated to determine their eigenvalues and eigenstates exactly,
being necessary in many cases the use of approximate methods to solve them. In general,
there is no miraculous recipe or universal solution for all problems of this kind, so in this
chapter, we will be satisfied with building a good collection of tools:

e Variational approach: This non-systematical technique is useful for the study of strongly
correlated systems (such as multielectron atoms, molecules, and crystalline solids) where
perturbative methods do not usually apply. The success of the approach relies on an
initial guess of the ground state eigenstate, which needs itself a certain understanding of
the physical properties of the system. Various seminal theories, such as the Hartree-Fock
and Thomas-Fermi atomic theories, the Hohenberg-Kohn density functional theory, and
the Bardeen-Cooper-Schrieffer superconductivity theory, make use of the variational
method.

e Perturbation theory: This systematical technique is useful when the precise Hamiltonian
of the system can be separated into an unperturbed part with known solution and a
perturbation part whose energy scale is relatively small as compared to the unperturbed
piece. The exact energy eigenvalues and states can then be expressed as formal power
series of the ratio of the perturbation to the exact Hamiltonian energy scales, whose
coefficients can be recursively computed.

o WKB approzimation: This technique, named after the physicists Wentzel, Kramers and
Brillouin, is used to solve the one-dimensional Schrédinger equation in scenarios where
the potential varies gradually in relation to the de Broglie wavelength of the particle.
Most common applications of the WKB approximation are the computation of bound
state energies and tunneling rates.
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7.1 Variational methods

The (Ritz) variation principle provides a simple way to place an upper bound on the ground
state energy of a given quantum system, being particularly useful in proving the existence of
bound states. Moreover, in certain situations, it can also provide estimates for higher energy
levels.

The idea behind the method is quite straightforward. Imagine for simplicity that we are
confronted with an arbitrary quantum system with time-independent Hamiltonian H and
discrete spectrum FE,,, namely

H|n) = Ey,|n) n=0,1,2,... (7.1)

with B, < FE,t1. Guided by the physical properties of the system, we then select a non-
necessarily normalized trial state |p(«)) depending on one or multiple model parameters ;.
This defines a subset of the Hilbert space where the approximate solution is sought. Given
the expansion of this state in the previous basis,

) = anln), (7.2)

we have!
(@) Hlp(a)) = > apan(m|H|n) = |anl* B > By Y lanl” = Eo(e(a)|p(a)) -
n,m=0 n=0 n=0
(7.3)
From this, we conclude that the so-called Rayleigh-Ritz quotient,
H
Ba) = (p()|H|p(a)) (7.4)

(e(@)lp(a))

determining the expectation value of the Hamiltonian for the general family of states |¢p(«))
must necessarily exceed the ground state energy FEy for all «,

_ (p(@)[H|p(a))
A T (7.5)

The most stringent upper bound for a given set of states |p(«)) is obtained by minimizing
the above expression with respect to the model parameters «;, namely

o))

o =0, —  Ey< E(ayx) (Upper bound). (7.6)

Ok

Note that, although the variational method provides a bound on Ey, it does not tell us how
much E (ay) and Ey actually differ. Indeed, unless someone tells us the true answer, we have
no way of telling how good our approximation actually is. Everything will depend on our
ability to choose a physically relevant ansatz. In doing so, it is important to take into account
several considerations, such as:

'For a non-degenerate ground state, the equality in this expression is achieved only for ap = 1, thereby
implying that a,, = 0 for all n # 0.
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e Symmetries: The trial function should respect the symmetries of the problem, such as
parity, rotational, or translational invariance. This symmetry matching can simplify
calculations dramatically, leading also often to more accurate approximations.

e Number of nodes: The trial function should have a number of nodes (points where the
function passes through zero) consistent with the expected behavior of the state being
approximated.

e Smoothness and continuity: The trial function should be smooth and continuous, es-
pecially in regions where abrupt changes would be unphysical.

e Asymptotic behavior: The trial function should approach zero or a sensible limit as
it extends to infinity or separates from the region of interest, reflecting characteristic
boundary conditions or decay properties.

Example 41: Ground state of the Helium atom

The neutral Helium atom is the simplest multielectron atom: a three-body system of
two electrons and a nucleus containing two protons and one or two neutrons. After
factoring out the center of mass motion and neglecting the spin-orbit interaction, the
associated quantum Hamiltonian takes the form (e? = ¢2/(47¢g))
52 2 52 2 2
gl & % <, ¢ (7.7)
2m 2m 7o |71 — 75|

with Z = 2 the nuclear charge number, m the reduced mass of the two electrons and 7
and 7 their coordinates under the provisional assumption that these two spin 1/2 par-
ticles can be actually distinguished. This premise is of course false, but, since electrons
have only two possible substates, the fiction of two (and only two!) indistinguishable
electrons may be maintained while solving (7.7), provided of course that we think of
one electron as having spin up and the other spin down.
Due to the last term in the Hamiltonian (7.7), the associated Schrédinger equation
has no exact solution. The variational method can be used, however, to obtain an
approximate expression for the ground state energy of the system and the associated
eigenfunction. To do this, let us notice that in the absence of the repulsive electrostatic
between electrons, the Hamiltonian (7.7) becomes just the sum of two independent
copies of a hydrogenic atom (i.e. that of a nucleus with nuclear charge Z and a single
electron). In this limit, the Schrédinger equation becomes separable, admitting thus

a solution
Eniny = Eny + En, = —2° <nl% + né) Ry, (7.8)
@(71,72) = Pnytym (T1) Prgloms (72) 5 (7.9)
with 2 o
Ry = 200~ 22 ~ 13.6eV (7.10)

the Rydberg constant, ag = h?/(me?) =~ 0.5A the Bohr radius, n,l and m the usual
quantum numbers of the hydrogenic atom and ¢, (r) the associated energy eigen-
states. ® In the ground state of the system, the two electrons occupy the lowest state
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n=1,101=0,m=0,ie., ny = ny = 1. The associated spatial wave function is then
given by

011(71, 72, S2) = d100 (71) P10 (72) (7.11)
with
1 VA 32 g
$100(7) = Rio(r)Yoo(Q2) = NG <a0> e @ . (7.12)

Equations (7.11) and (7.12) will be the starting point for our variational method. In
particular, let us consider a trial wave function coinciding in form with (7.11), but with
the atomic number Z replaced by a general free parameter « aiming to accommodate
the physical idea that, due to the screening of the other electron, each electron sees in
practice a lower effective charge, namely

a3
p(M,72) = ¢ () 6() ,  @(F5a) = —e /e, (7.13)
0

For this trial wave function, the energy expectation value takes the form
B() = [ @RdT 6" (7) 9" (7)) HO ()0 (72) (714)

To evaluate this expression, let us rewrite Eq. (7.7) as
. . ) 1 1 1
H:Ha<Plarl)+Ha(P2,T2>+e (a=2Z)|—+— )+ =>——= |,
o2 |71 — 7|
with
Ho=————. (7.15)

Taking into account that ¢(7, «) is by construction the ground state of the Hamiltonian
H,, the expectation value (7.14) becomes

— 2 - 2
E(a) = —2a’Ry + ¢* |2(a - 2) / G / B o, B D10 ()]

T |F1 . FQ’
I A
(7.16)
The computation of the first integral in this expression is straightforward,
o’ 9 o
L =dn— [ drre7?er/a0 = —. (7.17)
Tag ao

For computing the second integral we choose a reference system in which the z axis for
the second particle aligns with the direction 7} of the first particle, such that the angle
0 between the two particles coincides with the polar angle #» of the second particle
and

|71 — 75| = \/(}— _’2)2:\/r%+r§—2r1r2cos«92. (7.18)
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Performing the integration over the angular variables for the first particle, we then

have
2 a? ? 2 —2ari/a 2 _—2ars/a i d (COS 92)
IL=8r"— dririe 1740 [ drorye 240 5 5
Tag -1 \/7‘1 + 15 — 21179 COS 02

3\ 2
a _ _ L+ o — |1 — T2
— 871'2 < 3) /drlr%e 2ar1 /ag /dT‘QT‘%@ 2ar2/a0‘ | | |

Tag T179

a3 2 oo 2 —
=2 X 87T2 <3> / dry <> 7«%6—2067“1/@0 / dro T%e—Qarz/ao
Tag ) 1 0

3\ 2 )
= 3272 <a3> /OO dro 7’% (6237’2 + 4&02) e—dara/ag
Tas 0 « «

(7.19)
where in the third step (in blue) we have taken into account that the integral is
symmetric in 71 and ro to focus on the regime ry > ro where

|11+ 72| —|r1 —re| 219 2

==, (7.20)
r1r2 rira 1

while doubling our result. Collecting all terms, we get

5 5
E(a) = |20 + 4(a— Z)a + 404] Ry = [—QaQ +4 (a —Z+ 16> oz} Ry, (7.21)
which becomes minimal for o, = Z — 5/16. This leads to a ground energy estimate

formally equal to twice the energy of an electron orbiting a nucleus of charge (Z —
5/16)e,

5\ 2
E (o) = -2 <Z - 16) Ry ~ —77.45€eV . (7.22)
Note that this estimate is much closer to the experimental value ESXP = —79.003 eV

than the one obtained when neglecting the Coulomb repulsion of electrons, E((]O) =
—108.8 eV. This conclusion can be easily extended to other atoms containing two
electrons (cf. Table 7.1). The agreement with experiments can be further improved by
considering a better trail function accounting, for instance, for the dependence of the
wave function on the distance between electrons or the motion of the nucleus.

“Note, once again, that the same spatial wave function can be shared by the two electrons only if
one of them has spin up and the other has spin down.

7.1.1 Bound states

In spite of their limitations, the variational method is able to provide a conclusive answer
to a specific type of question: the existence of bound states. In particular, if we are able to
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Atom Z E}MTM™ (eV) By (eV) EgP (eV)
He 2 —108.8 —~77.45 —179.00
Li(1) 3 —244.8 ~196.46  —198.08
Be (2) 4 —435.2 —369.86  —371.57
B@B) 5 —680.0 ~597.66  —599.50
C4) 6 —979.2 —879.86  —881.88
N(G5) 7 —1332.8 —1216.46 —1218.74
O (6) 8 —1740.8 —~1607.46  —1610.07

Table 7.1: Comparison between the ground state energy values Egon*int for non-interacting
electrons, the variational result Ej?" and the experimental value ESXP for several atoms with

two electrons. The number of removed electrons is indicated in parenthesis in the first column.

find a trial wave function leading to an energy eigenvalue smaller than zero, the relation (7.6)
guarantees that the actual ground state of the system has also an energy value below zero!
Consider for instance a particle moving in a one-dimensional attractive potential V(x), with
V(xz) <0 for all x and V(x) — 0 as |x| — oo. Given the corresponding Hamiltonian

h2

H=—-—09?

and choosing a normalized Gaussian trial function ¢ = (2a/7)"/4e=2%" | we have

h2 2 > —2ax2 h2
B(@) = (¢lHlg) = 5oty [ deVige et = Tasr.
1

Minimizing this result with respect to a, 0E/0c|q—q, = 0, we obtain an implicit equation

for ay,
h2 I 2@* © 2 2 2
0= — dz V(z) (—2a2) 72052
o 30 T e [ V@ (2 e

where the second term arises from differentiating the normalization prefactor in I with respect
to «, and the third term from differentiating the integrand. Solving for I,

h? [2a, [
I= 2"y + 20,y = / V(z) (+222) e20na”
2m T J_so

and substituting the result into the equation for the expectation value above, we obtain

R? h? /20,
E(ay) = %a* + 1= —%a* + 20, : /da:V(ac) (2302) o~ 20 <0

for V(x) < 0. Since this is an upper bound on the ground state energy, this must be also
negative, proving that exist, at least, one bound state.

7.1.2 Excited states

The variational method can also be applied to estimate the energies of the first few excited
states. To this end, one should consider trial functions that are orthogonal to the previ-
ously computed ones. For instance, having determined the ground state |pg(a)), an energy
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estimate for the first excited state |p;) follows from minimizing the quotient

0 (p1(a)[H]p1(ar))
da (p1(a)]p1(a))

=0, (7.23)

with
(pr(a)lpo(ax)) = 0. (7.24)
While this method could be a priori extended to any excited state, the process becomes

increasingly complex as the number of states increases, being usually necessary to incorporate
the different orthogonality constraints as Lagrange multipliers.

Example 42: The first excited state of the harmonic oscillator

Imagine that you know the ground state of the harmonic oscillator or have estimated
it previously by the variational method,

1/4
wo () = (%) g A (7.25)
wh
To estimate the energy F4 of the first excited state, we can select a normalized odd
trial function

1/4
)

v1(z,a) = Bre " B = (320° /) (7.26)

vanishing as  — 400, containing exactly one node and ensuring automatically the
orthogonality condition

1/4 [+
{polp1) =B (LL;:) / ze % e 2 gy — (7.27)
@ —0o0

Applying the Rayleigh-Ritz quotient (7.23) to this trial wave function,

Ei(a)= B2/

—00

+ —mw“x , (7.28)

" 2mda? ' 2

+00 2 g2 2 2
I [ he d 1, 2} o0 gy 3 3nmw

2m 8ar

and minimizing the result with respect to a, we get a, = mw/2h and therefore

3hw AmBud\ 4 _
Eifas) ===,  oilz,0) = <ﬂ.h3) e (7.29)

These results are indeed in complete agreement with the exact solution, since the chose
family of trails functions (7.26) includes the correct wave function.

7.2 Perturbation theory for non-degenerate states

Let us consider a Hamiltonian H separable into a unperturbed part Hg with a known
independent-of-time solution, and a static perturbation term AH7,

H()\) = Hy + AHy, (7.30)
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with A a small parameter characterizing the relative magnitude of the perturbation against
Hy and associated, for instance, with a coupling constant in the theory. Let’s assume for the
time being that the states of the so-called unperturbed Hamiltonian Hy are non-degenerate
and discrete, meaning that for each normalized state ]n(0)>, there exists a unique eigenvalue

EY,
Ho[ny = EO )y (7.31)

as it happens, for instance, in the one-dimensional harmonic oscillator. Our objective is to
determine the eigenvalues E,(\) and eigenvectors |n(\)) of H (M), specifically

H(A)[n(A)) = En(A)[n(N)) (7.32)
with the adiabatic continuity conditions

lim E,(\) = E© | lim |n(\)) = [n(©) . (7.33)
A—0

A—0 "

To do this, let us assume that E,(\) and |n(\)) admit a perturbative series expansion in A
around the known quantities EY and 1n(0)),

E,(\) =EY + 2BV + 2E® + ..+ B (7.34)
In(A) = [nO) + XMy + A2[n@) + .+ AL by | (7.35)

with the superscripts (1), (2),...(L) indicating the order of the approximation in powers of
A. Of course, this type of approximation is only valid if the states |n) and |n(?)) do not
differ much qualitatively, since we are treating A as a variable parameter that in the limit
A — 0 returns us to the original system. Additionally, it is noteworthy that this procedure
fails miserably if the unperturbed and perturbed energy levels cross or if we deal with bound
states, which cannot be perturbatively obtained from unbound states like those of the free
Schrédinger equation.

Although the perturbation series (7.34) and (7.35) are not necessarily convergent in the
mathematical sense, their first terms can provide a good approximation to the actual result.
Substituting the expressions (7.34) and (7.35) into the equation (7.32),

(Ho + AH1) (Jn(D) + AnMy 4 22[n@) 4 4 AEpB)y) (7.36)
= (B 4+ A5 + B2 4+ AVED) (n0) + An M) + X2n®) + 4 2B nB)),

and identifying terms order by order in A, we obtain

(Hy — EOn®)y =0, (7.37)
(Hy — EONnMWy + H{[n®) — EW Ry =0, (7.38)
(Hy — ENn®) + H |[nM) — EW My — E@)p0)y =0, (7.39)
(Ho — EQ)|n®) + Hi|n®) — EV|n®) — EQ|nM) — EQ|n®) =0,  (7.40)

L
(Ho — E)nP) + HynF=1) = >~ EFnE=R)) = 0. (7.41)
K=1
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Let us now see how we can calculate the quantities EY and [nE=1) in these expressions.
Since the equation (7.32) is homogeneous in |n()\)), determining these solutions requires fixing
the normalization of the states in some way. For reasons that will soon become clear, it is
convenient to adopt a normalization

nOn\)) =1, (7.42)

instead of the standard normalization (n(A)|n(A)) = 1, being of course possible to recover the
standard normalization afterwards. In fact, since the Schrodinger equation is homogeneous,
given a solution |n(\)), it is always possible to construct another solution c¢(\)|n(X)), so that
the normalized state 1/a(\)|n()\)) with a(\) = (n(O|n()\)) satisfies (7.32).

7.2.1 First order solution

Multiplying Eq. (7.38) by (n(%| and taking into account that Hy is a self-adjoint operator,

(n©)| <H0 - E,@) =0, (7.43)
we obtain
(n©)| (HO - E,§0>) nW) +(n©) (H1 - ET(LI)) n©@) =0, (7.44)
=0
or equivalently
EY = (n®|H |n®), (7.45)

where we have taken into account the normalization condition (n(®[n(®)) = 1. This is the
simplest and most important result in perturbation theory: to calculate the energy shift of
a state, we only need to calculate the expectation value of the change in the Hamiltonian
AH = MHy = H — Hy in the unperturbed state. To calculate the associated eigenvector
In(), we expand it in the orthonormal basis {|m(?)} of the Hilbert space of Hy,

Ho|m©®) = EOm©)y . (7.46)
Note that, due to the normalization (7.42),
MOy £ X200y 4 =0, — GOnW) = @Oy = =0. (7.47)
this expansion does not include the term with m = n,
n) = 37 [m@) gnOfnt) = 37 efm®). (7.43)
m#n m#n

=Cm

Multiplying now Eq. (7.38) by (m(%)|, we obtain (m # n)

EO (mO)n Wy 4 (m O H [nOy = EQ) (m @ nMy £ EWD (7O) 0y (7.49)
f — 5

from which we get

m O H: 1n© mOH; 1n©
m = < E(o)| 1EEm) >’ and W)= ‘< E(o)| 1]|3(o) >|m(0)>7 (7.50)

m#n

with ET(LO) # E,E,?) for n # m.
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7.2.2 TIterative solution

The general solution of the system of equations (7.37)-(7.41) can be obtained iteratively. In
particular, given the solution at order L — 1, we can multiply equation (7.41) by (n(9]| to
eliminate the first term in that expression using (7.43) and then use again the normalization
conditions (7.47). This procedure gives us the following correction at order A“,

B = (nO) 7y |nEDY (7.51)

Multiplying (7.41) by (m(9| with m # n and using (m(©|n(®)) = 0, we can also obtain the
approximate solution for the eigenvector |n(L)> in terms of eigenvectors of the unperturbed
Hamiltonian,

— — K _
)0y _ MO S B mO ) 7.52
fm ) = (0) (0) (0) (0) . (7.52)

In this course, we will mainly be interested in calculating first-order corrections in the eigen-
states and second-order corrections in the energies. In this case, the combination of the
expressions (7.34), (7.45), (7.50), and (7.51) gives us

<m(0) \AH\n(0)> 0
n(\)) = [n©) + |m©@y + ... . (7.53)
In(A)) = | mZ#n 5O _ g0

(0) (0)y|2

EQ = EQ + (nO)AHR) + > (mZIAHn ) (7.54)

" " O _ 5O

m#n n m

where we have absorbed A into the definition of the perturbation Hamiltonian, AH = AH;.
Note that:

o At order )\, the state [n())) is automatically normalized, as follows from (7.47),

(nM)n(A) = (1O + 20O () + A®)) + ON) =1 +0(\%). (755

e The energy of the (non-degenerate) ground state at first order in perturbation theory
exceeds generically the true ground energy. This can be easily seen by expressing
E(()O) + )\E(()l) in terms of expectation values over the unperturbed ground state |0(0)),
namely

E? + AESY = (091HO® + XH;[0©) = (0O [H (A)]0©) . (7.56)

Since, according to the variational principle, the expectation value of the Hamiltonian
on any normalized state exceeds the ground state energy Fy(\), this implies

E(()O) + AE(()D _ (0(0)\H()\)\0(0)> > Eo(\) (7.57)

e Since the unperturbed excited states exceed the unperturbed ground state energy,
E,(,g) > Eéo), the second-order correction to the ground state is always negative. This is
especially relevant in situations where the first-order correction vanishes, since in this
case the perturbation inevitably decreases the energy of the ground state.
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o If the matrix elements of AH are of similar magnitude, neighboring energy levels con-
tribute more significantly than distant ones.

e The consistency of the perturbative series in expressions (7.53) and (7.54) requires the
first energy correction to be small as compared to the ground state for m = n,

nOAHNO) « EO (7.58)

and that the matrix elements |(m(®)|H|n(®)| with m # n are smaller than the separa-
tion between the unperturbed levels Eno — En? ,

(0) (0)
'<m [AHn D)) oy (7.59)

EY — B

e If Hy would contain also a continuous spectrum, the formulas (7.53) and (7.54) would
be still valid, at least formally. However, the summatories would contain an integral
part.

7.2.3 Matricial form

It is common to refer to the process in the previous section as the diagonalization of the
Hamiltonian. To understand this name, let’s revisit what we just did, rewriting everything
in matrix notation. In the basis of the Hilbert space generated by the eigenstates {|n(?)},
the unperturbed Hamiltonian is diagonal,

E” o0 0
o EBEY o ..
[Hol;; :<nz('0)|H0\n§-0)> = 5ijE]('O) . = Ho=1| o o E® .| (7.60)

and the eigenvalue problem Ho|n(®)) = Ey(LO)]n(O)> is trivial. In particular, the eigenvectors
are simply
1 0 0
0 1
™) =10 0

, n) = oYy = L (7.61)

and the eigenvalues are the diagonal elements of the matrix (7.60). When we include the
perturbation AH, the total Hamiltonian becomes non-diagonal,

Eﬁo) + AH; AHiz AH3
AHy; Eéo) + AHa AHo3
H=Hy+AH=|  AHy AHs;  EY) 4 AHgz - | (7.62)
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requiring an additional diagonalization to determine the eigenvalues and eigenvectors of the
new perturbed system. At first order in X for the eigenstates and second order in the energies,
we obtain

AH,
In) = [n©) + ™ m @y 4. (7.63)
2550
E,(l ) = E,(I ) + AH,, + Z W (7.64)
m#n m
with
L2E— (0 AN S o E N N e (7.65)

This is simply the result (7.54) in matrix notation. 2 In the new basis (after normalizing the
states (7.63)), we have

E, 0 0
0 Ey 0O ...
H=10 0 Es ...|, or Hpy,=(mlH|n)= Eyomn. (7.66)

Example 43: Charged harmonic oscillator in an electric field

To illustrate the advantages of perturbation theory and verify the perturbative results
in our first encounter with it, we will apply it to a problem that can be solved exactly:
the Hamiltonian of a particle of mass m and charge ¢ subjected to an elastic force and
a constant electric field, namely

P? 1 25

H=—+-mwX

2
—¢EX. 7.67
—+5 q (7.67)

The exact solution involves something as trivial as completing the square to obtain
the Hamiltonian of a harmonic oscillator with equilibrium position shifted to X —
X — ¢€/(mw?) and energies modified by a constant downward shift,

1 q€ 1¢%&2
oM <X - mw2) —5—.  (T68)

Since a translation does not modify the commutation relations on which the spectrum
depends,

X% —¢fX = +

2
om ' 2 2m

[X - % P} = [X,P] =ih (7.69)

2In fact, the formulas we have just found are useful for diagonalizing any matrix of the form M = My + Q
with M;; = m;dij, |Q“| < \ml - mj| and Qi < \m1|'
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the energies of this system can be obtained by a simple rescaling of the energies of the
harmonic oscillator,
q2 52

2mw?

E,=EY — (7.70)

Let’s see if perturbation theory is able to partially or fully capture this exact result.
To do so, we will assume that the last term in (7.67) is energetically subdominant,
identifying

Pr 1
Ho= — + —mw?Xx?, AH = —¢€X . (7.71)
2m = 2
At first order in the expansion parameter A\ = —¢&, we have

n n

n) = qSZ |X|n ! ©)y. (7.73)

m#£n

EYN =EO 4 <n<0>yAHyn<0>> = (n + ;) hw — g€ X0y (7.72)

The perturbative problem is then reduced to the calculation of the matrix element
(m©@] X |n®). (7.74)

for the distinct cases m = n and m # n. To do so, we express the position operator
in terms of creation and annihilation operators.

h
- T
X T (a+a'), (7.75)
with
a'[n¥) = vVn+1|(n+ 1)), aln®) = v/n|(n — 1)), (7.76)
to obtain
O1 X170y = | " (m©®a + afn©@) = /" /a1
(MmO X|n'YY =/ —(mV]a+a'|[n') =\ —— (Vnbnms1 + VN + 16m—1) -
2mw 2mw ' ’
(7.77)
Substituting this result in the expressions (7.72) and (7.73), we obtain
EM =0, VneN, (7.78)

and

[ﬂ(n—l) ), Vot I+ 1)C >]
2mw | hw(n —n+1) Fus(n —n — 1)

= [1O) + g/ 5 [VAT 1l + 1)@) = Vil = 1))

The effect of the first-order perturbation is to mix each stationary state with the
adjacent states.
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Since the corrections to the energy levels are zero at first order, it is appropriate to
calculate the second-order corrections.

O |AH|n®)|” . . -
@ _ 5 [{m?] e B [ @]
" 7; B — my T e | The o (T79)

Surprisingly, this second-order perturbative result coincides with the exact solution
(7.70). Not so bad!

7.3 Perturbation theory for degenerate states

The previous results assume that the states of the unperturbed Hamiltonian are non-degenerate,
a condition that may not occur in highly symmetric scenarios, such as the hydrogen atom.
This limitation is apparent, for example, in the expression (7.63), which diverges if there
exists an energy Eﬁ?’ such that Eéo) = E,SS), which clearly cannot be classified as a small
perturbation. What do we do in this typical case in atomic physics? To answer this question,
let us consider a Hamiltonian

H = Hy+ \H; (7.80)

with a basis of known eigenstates that are partially or fully degenerate. Expanding eigenvalues
and eigenstates in a perturbation series in A around E7(10) and |n(0)),

Eni=EY +AEY) + NEC) + ... In3) = [n®) + Ay + X2y + ..., (7.81)

and substituting into the Schrodinger equation, we obtain a result similar to the non-degenerate
case,

(Ho — EX)[n”) =0, (7.82)
(Ho— EM)n™) + (Hy — ES)n®) =0, (7.83)
(Ho — EO) ) + (Hy — ES)nfY) — EC)1n®) =0, (7.84)

where, for simplicity, we have stopped this time at order A\2. Multiplying Eq. (7.83) by <n2(0)’

and taking into account that Hy is a self-adjoint operator, we find the energy values at first
order,

n\(Ho — EO) Yy +(n)(Hy - ES)In®) =0, — EY) = (05 |n{"),  (7.85)

% 7 ng

-~

(n|(Ho—EL)=0

so that the matrix H; is diagonal in the |n§0)> basis, with eigenvalues Eg)

;- Note, however,
b

that our assumption for \n§1)> is now
1 0 i) (0
) = 5 S eosi® + S, 750
m#n k jF#i

with the first term summing over the elements of the basis corresponding to non-degenerate
energy eigenvalues E,(,ff) #* E,(TO) and the second term summing over the elements of the basis
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orthogonal to ‘n§0)>7 corresponding to the same unperturbed energy eigenvalue E,(LO). The

coefficients ¢, can be found, as before, by multiplying (7.83) by (m,&o)|. We obtain

(m” | Hi|nl”)

If instead we apply (n§-0)| to that equation,

n

EQ (nOnV) — BO 0"y =~ 1510l (i # ), (7.88)

we obtain the following consistency relation

(n”|H:|n{) = 0 for it7. (7.89)

For an arbitrarily chosen base ‘n§0)>’ the fulfillment of (7.89) is not guaranteed a priori. If
this occurs, a new basis must be found that satisfies this condition. Note that, although
in non-trivial problems Hy and H; do not necessarily commute and therefore cannot be
simultaneously diagonalized, it is always possible to diagonalize (7.89) in the subspace of
degenerate states GG, where every state has the same energy eigenvalue and Hy is simply the
identity matrix,

Holg = EV )¢ . (7.90)

More specifically, if we denote the matrix elements in this subspace of dimension g as

()i = (0| Hnd), i <g, (7.91)
the eigenvalue problem
o 1Oy _ 7y (0) Oy _ N~ 1 (0
H1|<,01- > = Eilsoi > ) ’901' > = Zaijmj > ) (7-92)
§=0

provides us with a set of states that give rise to the same g-dimensional Hilbert space as
{|n{”) i < g} but with

(@il Hale!”) =0 for i#j, (7.93)

as long as all the eigenvalues E; are different, which we assume to avoid complicating things
further. Combining (7.85) with the result of this process, we obtain the first-order correction
to the energy in perturbation theory, namely

S|

El‘ , <
(1) _ { para 1= g, (7.94)

mE <n§0)\H1\nl(-0)> para i>g.

Having done that, we still need to determine the coefficients <D For their derivation, one

nj
can consult chapter 5.1 of Sakurai’s book.
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7.4 Application to atoms in electromagnetic fields

7.4.1 The Stark effect

The so-called Stark effect is a spectral line splitting in atomic systems that appears in the
presence of an external electric field. It was discovered in 1913 by Johannes Stark, who got
the Nobel Prize for it in 1922. To analize this effect using the techniques of time-independent
perturbation theory we just learned, let us consider the Hamiltonian of the hydrogen atom
mildly perturbed by the presence of a constant electric field £ in the z-direction,?

R _, &2
H=—-——V"——+e£7, (7.95)
2m T
where we can easily identify the small coupling constant A = —e& and the perturbation

Hamiltonian Hy; = Z. This new electromagnetic interaction breaks explicitly the hidden
SO(4) symmetry responsible for the degeneracy in the angular momentum quantum number
[ and the rotational symmetry responsible for the degeneracy in m. Therefore, we should
expect these degeneracies to disappear, although not necessarily at first order in perturbation
theory.

Since the energy levels of the hydrogen atom at £ = 0 have a degeneracy g = n? (ignoring
spin), we should work a priori with degenerate perturbation theory in order to calculate the
relevant matrix elements

(n, ', m!|Hy|n,l,m) = (n,l',m'|Z|n,l,m) . (7.96)

Fortunately for us, the vast majority of the states |n,l,m) do not receive corrections at first
order in perturbation theory, as can be easily deduced from simple symmetry arguments.*
First, using the fact that the perturbation operator Z commutes with the L, component of
the angular momentum,

mh(n, ', m'|Z|n,l,m) = (n,I',m'|ZL,|n,1, m)

7.97
= (n,I',m|L.Z|n,l,m) = m'h(n,I',m|Z|n,1,m), (7.97)

we conclude that the matrix elements with m # m/ are identically zero. On top of that,

considering the transformation of the hydrogen atom states under the parity operator II,

H|n,l,m> = (_1)l’n7lam> ) (798)
we can write

', m!|Z|n, l,m) = (=) (n, U, m/ NZ1T |n, 1, m) = (=)0, 0w/ | Z)n, 1, m)
(7.99)
from where we also conclude that the considered matrix elements are zero for [ + I’ equal to
zero or even. This is sufficient to determine the corrections to the four degenerate states with
n =2,
[2,0,0), |2,1,0), [2,1,1), [2,1,—1), (7.100)

3We neglect spins and the potential energy of the nucleus in the electric field.
4However, all states receive corrections at second order.



7.4 Application to atoms in electromagnetic fields 221

which span a 4 x 4 subspace in the full Hilbert space of the system. In particular, while
the states |2,1,£1) remain unchanged, the state |2,0,0) mixes with the state |2,1,0). To
calculate the associated matrix element (2,0,0|Z]2,1,0) and its Hermitian conjugate, we
make use of the the associated wave functions

1 (2a0) < r > re”"/a) |3 ze”"/Be0)
= e 1——, =————4/—cosz=—+—, (7.101
P00 = 2a0 PA0T T Joag V dr N (7.101)
to get

(2,0,0|AH|2,1,0) = —3eEag .

The first energy corrections are therefore given by the eigenvalues of the 4 x 4 matrix

0100
_ 1 000
[Hl]ij == 3a0 000 0 5 (7102)
00 00
namely
EW, =0, +3ag, —3aq . (7.103)

The n = 2 level is thus split into three symmetrically-distributed energy levels (not four!)
with spacing 3e£ay,

ESQQ + 3efayg,
EQ, —{EO (7.104)
EY, —3eEay,

not completely eliminating therefore the degeneracy of that level. Taking into account the
Bohr radius ag ~ 0.5 x 1078 c¢m, the consistency of perturbation theory requires

3efap ~ 1.5 x 1078 eV, £ < 10°V/em. (7.105)

In order to calculate the eigenvectors associated with the eigenvalues (7.103), we express
them in terms of the subspace G of degenerate states at zeroth order,

a
b
lp) = aldz00) + b|d210) + c[d211) + d[P20-1) , =1, (7.106)
d
and solve the corresponding eigenvalue problem Hi|p(®) = E|p(©),
0 3ap 0 O a a b a
3ac0 0 0 O bl =|0b al =[P
o o ollal =Bl — 8w, =E], (7.107)
0 0 00 d d 0 d
for the three roots in (7.103),

1
V2
E=0 — a=b=0 — [2,1)=c|2,1,1)+d|2,1,-1), (7.109)

E=43a0 — a=b=0 — [2,4)=-—=(]2,0,0)%]2,1,0)),  (7.108)
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with the numerical prefactors in these expressions related to the normalization conditions
(2,4]2,4) = 2a® = 1 and ¢? + d? = 1. Note that, as a consequence of the parity violation of
the interaction Hamiltonian H;, the states |2, £) have non-zero dipole moment

1
(2% 2|2, %) = £3 (2,0,012[2,1,0) + (2,1,02]2,0,0)) = +3ap. (7.110)

A short digression on parity

Classically, a parity transformation II in three spatial dimensions can be understood
as a kind of mirror symmetry Il : £ — —Z. * At this level, we also have II : P —13,
since P = m7.
In quantum mechanics, the parity operator II is naturally defined by its action on the
position basis,

z) = | - 7),

or equivalently by its action on the wave function in that representation,
IT: p(Z) = p(—7T).
As in this basis the momentum operator is given by P= —iho/ 0X , we have also
II|P) = | — P).

Parity is therefore a discrete transformation, not involving a parameter to be varied
at will, as happens for the continuous symmetries we have encountered till now. The
parity operator is indeed not only unitary but also Hermitian, as follows immediately

from
IMT=1 and I2=1 = TM=I"=1",.

Action of parity on operators

Taking into account the action of parity on the position and momentum opera-
tors
X =-—x, npPnt=-p,

we can deduce its action on the angular momentum operator E, namely
nLm = +L.

Similarly, the spin and total angular momentum operators Sand J =L+ S are taken
to transform as

St =48, nJh =+J.

In general, an object V that transforms under both rotations and parity in the same
way as the position operator )Z, ie. NVIIN = —17, is called a vector. In contrast,
an object like the angular momentum operator which rotates like X but transforms
under parity as NVII = 4V is called a pseudo-vector. Similarly, an object K that
is invariant under both rotations and parity, i.e. IIKTIIT = K, is called a scalar.
However, if it is invariant under rotations but odd under parity transformations, i.e.



7.4 Application to atoms in electromagnetic fields 223

MK IIT = —K, it is called a pseudo-scalar. An example of a pseudo-scalar in quantum
mechanics is P - S.

Parity as a quantum number

Since the parity operator is Hermitian, it is technically an observable. The
corresponding eigenstates and eigenvalues are determined by the characteristic
equation
1) = nele) ,
with 7, the so-called parity of the state |p), which can take only two values,
Ple) =mzle) =lo) = np ==l

States with 1, = +1 are called parity even. States with n, = —1 are called parity
odd. Note that if the parity operator II commutes with the Hamiltonian, the energy
eigenstates can be also assigned definite parity. This follows immediately when the
energy level is non-degenerate. When the energy level is degenerate, it is always
possible to pick up a basis within the eigenspace which has definite parity.

Action on spherical harmonics

To understand how parity acts on the spherical harmonics Yj,,(6,¢), let us
start by considering the case [ = m where these are particularly simple,

Vi1(0,¢) ~ e sin' 6.,
Taking then into account the action of parity on spherical coordinates,
I: (r,0,0) = (r,m—0,¢6+m),
we get
I1: Y0, ¢) = Yiy(r — 0,¢ + 1) = e®e™ sin' (7 — 0) = (=1)'Y1,(0, ¢) .

To obtain the states with lower values of m, we can use the lowering operator L_ =
L, —iLy. In particular, taking into account that [II, L] = 0 and therefore [II, L_] = 0,
we get

I|n,l,1 — 1) =IIL_|n,1,l) = L_M|n,1,1) = (~1D'L_|n,1,1) = (=1)!|n, 1,1 — 1).
Repeating this argument, we can easily conclude that
I|n,l,m) = (=1)!|n,I,m) ,

for all m values.

%This definition is indeed valid for odd dimensions. For even ones, it coincides with a rotation.
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7.4.2 The Paschen-Back and Zeeman effects

The so-called Paschen-Back and Zeeman effects are spectral line splittings in atomic systems
appearing in the presence of external magnetic fields. Pieter Zeeman received a Nobel prize
for their discovery in 1896. As shown in Chapter 3, the interaction of a magnetic field B with
a hydrogen atom is effectively described by the Pauli Hamiltonian

62

(P+ed?+ L 5.5 (7.111)

2m r

H:
2

1

m
with A the vector potential, B =VxAand g = 2. Expanding the first term in this expression
and reordering the different pieces, we get

H=-—-"+2L(5.§+ “(P.A+A4A P)+ L 12 (7.112)

While the commutator of P and A is generically different from zero,

P-A—A.-P=—ihV-A+ihA-V = —ih(V-A) —ihA-V +ihA-V = —ih(V - A), (7.113)
it vanishes in the symmetric or Landau gauge A= %é x X , where
L | 1
V-A=-V- (B X X) = 5 €ijk 8Z(BJX;€) :*eijkBj(Sik =0. (7.114)
2 9 kIR, T

6iBj=0

For the specific case of a magnetic field along the z-direction, we have

— B — — - — B 1
A= (-Y.X,0), P-A=A-P= (XP,=Yp;)=;BL:, (7.115)
and therefore .
He L B a8t LB (24 ) (7.116)
“om 7 2m 2m v '

The terms linear in B in this expression define the Zeeman Hamiltonian

e - = o
Hy;=—B (L+25). 7.117
zZ= 5 (L +25) ( )
The quadratic term in B is the so-called diamagnetic term and can be ignored for sufficiently
small magnetic fields. In terms of dimensionless quantities, this requires that B < h/(ea2) ~
O(10) T', with ag the Bohr radius. When dealing with the remaining Hamiltonian

P2 e2 e

H=Hy+Hy=-— —— + B (L+28 7.118
o+ Hz =5 T+2m(+), ( )

we can distinguish two situations:

e The Paschen-Back effect

For magnetic fields in the range 57 < B < 107, the relativistic fine-structure cor-
rections to the hydrogen atom (cf. Chapter 9), and in particular those associated to



7.4 Application to atoms in electromagnetic fields 225

the spin-orbit interaction already discussed in Chapter 6, are energetically subdominant
as compared to the Zeeman contribution and can be safely ignored. In this situation,
and in spite of the many degeneracies involved, the usual eigenstates of Hy, |n, [, m;, ms)
are also eigenstates of the Zeeman Hamiltonian Hz, making the matrix representation
of (7.118) diagonal in that basis. The associated spectrum of the system at first order

in perturbation theory is then given by E = Ey + AE(Zl), with

h
AE(Zl) = (n,l,my,ms|Hz|n,l,my,ms) = 2€7m (my +2my) B. (7.119)

Note that the two original states with n = 0, l =0, s = £1/2 are no longer degenerate.
The same applies to other excited states such as n = 2,1 =1, s = £1/2, which split
now into five separated states.

e The Zeeman effect

For magnetic fields of strength B < 57T, the fine-structure corrections to the hydrogen
atom, and in particular those associated to the spin-orbit interaction Hgp o L. §,
become larger than the ones induced by the Zeeman Hamiltonian. In this case, the
spin-orbit coupling L - S locks down effectively the orbital angular momentum and
spin, in such a way that only the total angular momentum J = L+ S interacts with
the magnetic field. Mathematically, this requires us to consider an initial Hamiltonian
fIO = Hy + Hgo to be perturbed by the Zeeman Hamiltonian Hz. Since the spin-orbit
coupling precludes the use of the uncoupled basis, the eigenstates of the system are no
longer labeled by |n,l,m;, ms), but rather by |n,j,m;;l), with j = |l £1/2]. In this
coupled basis, the corrections associated to the Zeeman Hamiltonian take the form
A _ B o

VA —%C<na3am]al|Lz+2Sz’n>]7m]7l>0- (7'12())
Note again that, in spite of the many degeneracies involved, we do not need to make
use of degenerate perturbation theory, since both J, and L? commute with H,

[J.,Hz] =0, [L?,Hz] =0, (7.121)

making the more general matrix elements ¢ (n, 7, mg; U'|L.+28S.|n, j, m;;1)c vanish iden-

tically unless I = I’ and m; = m;

To compute (7.120), let us consider the identity

ihSx L=(L-S)S—S(L-8S), (7.122)
following from the commutation relations [S;, S;| = ihe;;1S, and [L;, S;] = 0. Taking
the cross product of this expression with J (remember that [I_: .S , J_] =0),

iW(SxLyxJ=(L-8)SxJ—-8xJ(L-8§), (7.123)

and using standard vector identities,
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Since the spin-orbit interaction L - § = 1/2(J2 — L% — §2) is diagonal in the coupled
basis |n, j,mj; 1), the expectation value of the left-hand side of this expression vanishes
identically for the considered states and so must do the one of the right-hand side. This
gives us a relation

C<naja m]al’§J2|n7j7mj7l>C - C<n7]7m]a”j( _" j)|n)j)m]7l>05 (7126)

which, together with S - J = 1/2(J2 + §2 — L?), allows us to relate the expectation
value of the spin operator S to that of .J,
_JU+D+s(s+1)—Il0+1)

(7.127)

Combining this result with L=J-8 , the first order correction to the energy levels in
(7.120) becomes

B
AED = ;—m (mjh+ (n, j,my;1|S:|n, j,mys; 1)) = %hija (7.128)
with G+ 1 D=1l +1

2j(j +1)
In the presence of the spin-orbit interaction, the magnetic field couples effectively to a
magnetic dipole moment ji; = egy/(2m)J!.

Seeing magnetic fields from the distance

The Zeeman splitting is one of the most direct and reliable methods for measuring
astrophysical magnetic fields, particularly in environments where the fields are ei-
ther intrinsically strong or the sources are sufficiently nearby to provide detectable
signals. It has been most effectively applied to the Sun, where high-resolution obser-
vations reveal intricate magnetic structures from diffuse quiet regions to intense fields
in sunspots. In nearby stars, the Zeeman splitting allows measurements of magnetic
activity across various stellar types, offering insights into stellar dynamos and their
evolution. In molecular clouds, the technique is used to probe the role of magnetic
fields in star formation, revealing how they influence the dynamics of collapsing gas
and the formation of protostars.

7.5 The Wentzel-Kramers-Brillouin (WKB) approximation

Consider the time-independent Schrodinger’s equation for a particle moving in one dimension
under the influence of a potential V(z),

—— 2 4+ V(x)p=Ep, — 7+—(E—V(m))<p:(). (7.130)
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In regions where this potential varies slowly as compared to the de Broglie’s wavelength
A\ = 27h/p,> we can approximate the wave function by that of a free particle with varying

phase, ‘
o(z) = W@/ (7.131)

To determine W (x), we substitute this ansatz into the Schrodinger equation and identify the
local “classical” momentum

p(z) = 2m(E —V(z)), (7.132)

obtaining with it a differential equation

PW  (dW\?
h—— — | —— 2=0. 7.133
i~ (G )+l (7.133)
The nonlinearity of this expression is a natural consequence of the exponential mapping
(7.131). Note also that, due to the presence of the imaginary unit i, the phase W cannot
be real. Among the solutions of (7.133), we will be mainly interested in those involving a
negligible second derivative of W (x), namely

2w 2

BlE
dx?

(7.134)

aw
dx

This adiabaticity requirement is technically equivalent to consider the formal limit A — 0,
suggesting itself the use of h as a perturbative expansion parameter. Expanding W (z) in

powers of h,
W () = Wo(z) + hWi(z) + B Wa(z) + ... , (7.135)

and substituting the result into Eq. (7.133), we get an expression
[—Wi(2)? + p(2)?] + h [iW] (z) — 2Wi(z)W](2)] + O (h?) =0 (7.136)
that can be solved order by order in h. At the leading orders O(h°) and O(h'), we have,
respectively,
Wi(z) = +p(z) — Wo(z) = :I:/ dx'p(z') , (7.137)

Wi(z) = ;IT//IV/((/){((QJ;)) = ;];((;) o Wi(z) = %logp(x) +c, (7.138)

with ¢ an integration constant to be adjusted. Plugging these expressions into Eq. (7.131),
we obtain finally the first-order WKB wave function®

o) = ;‘(x) exp (i% / ' d:c’p(x')) , (7.139)

5Note that this condition is always satisfied for classical particles.
Since the region of validity of this expression is still unclear, we will not attempt to normalize it.
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with the + signs corresponding to waves moving to the right and to the left, respectively.
According to this formula, the probability density |¢(x)|? of finding a particle at the position
x is proportional to 1/p(z) or, equivalently, to the time the particle spends in the vicinity of
x. Note also that the momentum p(z) becomes purely imaginary in regions where E < V().
When that happens, the WKB wave function (7.139) displays either an exponential decay or
an exponential growth,

) %exp (i% / ' dx'\p(x')y) , (7.140)

with the £ signs set typically by normalisability requirements.

7.5.1 Validity of the WKB approximation

To understand the validity of our approximations, let us we reconsider the adiabaticity con-
dition (7.134). At leading order in the WKB approximation, this can be written as

dp(z)
dx

g

dp
<P > AL <, (7.141)

making explicit that the changes in the local momentum over a distance equal to the de Broglie
wavelength A(z) = 27h/p(xz) must be small as compared to the local classical momentum.
This expression can be alternatively written as

dX
‘)\ <A, (7.142)

dzx

showing clearly that the variation of the de Broglie wavelength A over a distance A\ must be
much smaller than A. In terms of the potential, this requires the change over a distance equal
to the de Broglie wavelength to be much smaller than the kinetic energy, namely

2
< (7.143)

om

dv

A(z) T

7.5.2 Matching conditions

The WKB approximation becomes invalid in the vicinity of classical turning points zy where
E =V (x0), p(zo) = 0 and the wave functions (7.139) and (7.140) diverge. To deal with this
situation, let us expand the potential in the vicinity of zg

V(z) = E+V'(x) (x —x0) + . .. (7.144)

This leads to a Schrédinger equation
———— + V'(x) (x —20) =0, (7.145)
T

which can be trivially rewritten as an Airy equation

d
d—uf —up =0, (7.146)
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for the rescaled variable

72
The solution of this seminal differential equation is given by the linear combination of two

independent Airy functions Ai(u) and Bi(u), being the latter divergent as u — oo or equiva-
lently as x — oo. Discarding Bi(u) on physical grounds, we are left then with a solution

"= (WW> P e, (7.147)

™

o(u) = Ai(u) = © /O " dt cos <t§ + ut> . (7.148)

WALAL LA
WV -

-0.4 -

The asymptotic behavior of this expression at positive and negative u values is given by

Ai(u) ~ Ly " exp (—2u/? u>>0 (7.149)
2 ﬂ_\/a p 3 9 9 *

1

™ —Uu

1/2
Ai(u) ~ ( ) cos (guv —u = %) ; u<0, (7.150)

As physically expected, Ai(u) oscillates for u < 0, but decays exponentially for v > 0. In
terms of the original variables, we have

1/2
mV/ (x 1/3 -
(i) s (b 7). B> V),

1/2
m ! X 1 1/3 x
z <m> exp (—% Jzo dm’\p(w’)!) , E<V(z).

Aiz) ~ (7.151)

7.5.3 Spectrum of bound states

To illustrate the process of matching, let us assume V(z) to be a monotonically growing
potential for positive and negative x values, like the one in the figure.
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V(x)
\

y|/e¢ [T

Given the turning points Ty, = a and zyax = b, we can distinguish three regions where the
WKB approximation can be trusted,

Region 1: z < a, Region 2: a < z < b, Region 3: x> b.
Deep into Region 1, the solution dies exponentially as

¢“$>“QixﬂeXp<‘1lfd$' ) (7.152)

However, as we approach the turning point at x = a, the potential becomes approximately lin-

ear, forcing (1 (z) to approach the exponential limit of the Airy function Ai(—u). Continuing
this solution to Region 2, we get

2A 1 [* T
p2(r) % ——— cos </ da' p(a') — > , (7.153)
VIp(@)] hJa 4
with the minus sign in the phase shift —7/4 due to the fact that we are working with Ai(—u)
instead of Ai(u).

The same procedure can be repeated for Regions 2 and 3. As before, deep into Region 3,
the solution dies exponentially,

e (= [Ca@T) (7.154)

Matching this expression to the Airy function across the turning point = = b, we obtain

2A' 1/, N T
po(x) ~ (@] oS <h/b dx'\/p(z) + 4) . (7.155)

We are left therefore with two expressions (7.153) and (7.155), which, being both valid in
Region 2, must necessarily agree. Requiring |A| = |A’| and forcing the two cos functions to

p3(z) ~

agree, up to sign, leads to the condition

71i/ dm'\/p(x)—zzili/ dx'\/p(z:)—i—%—{—mr,
a b

(7.156)
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or more compactly
Tmax 1
/ da'p (') = (n + 5) hr, (7.157)
Zmin

with n an integer. This condition quantizes the energy levels.

Example 44: Harmonic oscillator spectrum

For the harmonic oscillator V (z) = m2w?x?, the quantization condition (7.157) pro-

vides precisely the exact spectrum,

v 2mE 1 1
om (F — m2w2z2) — T _ 2 o 1 .
/:1: dz/2m ( m2w?x?) 5 (n+2>fm — <n+2)hw

(7.158)
Note, however, that this is just a coincidence. In general, we will not get the exact
result.

min

7.5.4 Tunneling probabilities- Gammow’s model for o decay

The WKB approximation allows also to estimate tunneling probabilities. Consider for in-
stance the toy version of the seminal Gammow’s model for « decay,

—V R
Viz) = { o TSy (7.159)
+2 >R,

with R parametrizing the size of the nucleus, Vj encoding the nuclear binding energy and
« = Zqge, with ¢ = 2e the charge of the alpha particle and Ze the charge of the nucleus that
remains after the decay. States of negative energy in this potential are bound forever. On the
other hand, states with 0 < F < a/R can tunnel through the barrier, escaping to infinity.
Matching the solution before the tunneling (x < R),

; h2k?
Soinside(x) =S Aeﬂm > E = % 9 (7160)

to the exponentially decaying WKB solution far away from the turning point =z = z, = «/FE
at which the particle emerges, we obtain

() = e(R)e ", (7.161)

S = /Rz ar'\f2m (5 - B) (7.162)

extending in between the two turning points and capturing information about the height and
the width of the barrier. Evaluating this integral in the long-distance, . > R, or narrow-well

approximation, R — 0, we get
2
S = ,/me. (7.163)

with
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The associated transmission probability is then given by

T — |(P($*)‘2 _ —25/h 7.164
p@IE ¢ (7.164

Since W x a < Zq, the larger the charge of the nucleus, the less likely the decay.
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7.6 Some worked-out exercises

A forced harmonic oscillator

Consider a particle of mass m subjected to a one-dimensional potential

1
V(z) = §mw2x2 + bz,

with b a positive constant.

a) Calculate an upper bound for the ground state energy using the trial function
family ¢(x; ) = Ae_o"”Q, with parameter o > 0.

b) Compare the result with the exact solution. Argue how the trial function family
should be modified for the variational method to yield the exact ground state
energy.

a) We start by determining the normalization constant A,

> 9 o [T _ona? 9 | 20\ '/*
lp(z; ) |*de = A e de =A%— — A=|— .
2

The expectation value of the Hamiltonian for the given ansatz contains a kinetic contribution and
a potential contribution, namely

h2 00 d? A2R2 0 h2
Eyin (o) = “om ) o(x; a)ﬁw(x; a)dr = — om ) [(2az)? — 24] e~207% gy — 277:'
> mw? * i mw? 2 mw?
Epot(a) = / (25 ) 2 (2:172 + b:r) dx = A2/ ( 5 z? + ba:) e 20 dy = Sa
oo oo !

where in the last step we have taken into account that the integral of the odd function x e~202” ig
zero by symmetry considerations. Minimizing the resulting expression for the total energy

Ela) = ——
(@) 2m S8a
with respect to a,
dE () _ﬁ_mwQ_O oW
do 2m 8a2 Yo

=0y

and plugging the optimized value a, into the original expression, we get

ho hw  hw
Emin = E(Oé*) =—+—=

SR
4 "4 9 =70

with Fy the true ground state energy.

b) Completing the square in the potential, we can rewrite it as

mw? b\’ b?
V= — .
2 <x - mwQ) 2mw?
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Since a shift in the position operator z does not modify the commutation relations for z and p,
the energy of the ground state in this quadratlc potential will be that of an harmonic oscillator of

frequency w shifted down by an amount 5>—, i.e.

ho b
Ey= o

2 2mw?’

Note that for b # 0, this is lower than the value F;, found in the previous section. The reason

is that the potential is centered at — iﬂ and, therefore the exact ground state is that of the

harmonic oscillator displaced in = by an amount 27 namely

b \2

)

which does not belong to the chosen trial function family. To obtain the exact result, the family

should contain this function, which occurs if, for example, we take the family of functions depending
on two parameters o and xg,

wo(z) = Ae~e(

o(z;a,z0) = Ae~ @70

Another possibility is to take a family of Gaussian functions with the same symmetry as the

potential V| that is, centered at 7#,

2
o(r;a) = Ae_a(“'#) .

In both cases, the variational method would yield the exact result.

The one-sided harmonic oscillator

2)

Consider a particle of mass m in a one-dimensional half-harmonic oscillator potential

2.2

Viz) = %mwx for x>0,
00 for x<0.

To estimate the ground state energy of the system using the variational method you
are given four different families of trial wave functions at x > 0,

—ax? Bx?

(pl(x7a):€ ) 802(1'”3):3767 5
e3(@,7,8) = sin(yz) ¥, pa(x,¢,n) = cos(Cz) e

with a, 8, 7, 0, ¢ and n real and positive variational parameters. All these functions
are taken to vanish identically for x < 0.

a) Which of the given options are not suitable for the requested task? Justify the
reasoning.

b) Estimate the ground-state energy of the system using the remaining viable trial
function(s).

. . . o o 00 —_ax?
Hint: All needed integrals can be trivially computed by deriving [~ odre " = \/g
with respect to a.

o ¢1(r,a) = e—2=*; This function does not satisfy the boundary condition at z = 0, as in
©1(0,) = 1. Thus, this test function is not suitable for the task.
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o ¢o(x,0) = ze~#*": This function vanishes at z = 0 and behaves well as z — co. It also has
no additional nodes, making it a viable candidate for the ground state.

e p3(x,7,0) = sin(yzx) e9*: Although this function vanishes at z = 0, the sine function in-
troduces additional nodes depending on the value of ~, which is not characteristic of the
2
ground state (node theorem). On top of that, the presence of et%%" leads to a non-physical,
unbounded behavior [a physical wave function must be normalizable]. Therefore, this trial
function is not suitable for estimating the ground-state energy.

e ©4(x,(,n) = cos(Cx) e "": This function does not vanish at z = 0 unless ¢ is chosen in
such a way that cos(¢-0) = 0, which would not generally be the case for a ground-state
approximation. Thus, this test function is not suitable for the task.

b) The remaining trial function ¢q(z, ) = ze=P** vanishes at z = 0, while remaining finite as

T — 400. By trivially computing the needed integrals by parametric differentiation of the given
Gaussian integral,

o 10 2 1 T 1 T
de x2e~28%" — _ d 2B _ - [ % _ [T
/_OO vate 208 ve 4\ 258 ~ 4B\ 25"
o) 2 [e'e]
4,-262% g 137/ o262 _3 i
/_Oox ¢ YT 4p ) 4 2ﬁ 16,62

+o0 e3¢}
_ 2,-262% :1/ d 2—257;2:i m
(p2|p2) /0 ze z=3 - xxe 35\ 25
1 “+o0 1 +oo 2
2 S02> = §mw2/0 1’46_2,@x2d$ = me2 ‘/_Oo $46_25m2d$ = ?gzgg 1}%7
Ry

. h2 /+OO (36 5 2B2 4) *26w2d . T
72 2] 9m ), * ve T T6m\/ 28”

leading to the ground state energies

we have

< 1
P2 |z

2

mw2x

n? d?
2m dz?

(p2(B)[H |p2(5)) ﬁ 3mw?
(p2]p2) 5+ 83

The minimization of Ey(f) with respect to 8 yields 8y = mw/(2h) and hence

Eo(B) =

Eo (Bo) = 5

As compared to the exact ground state energy of a full harmonic oscillator, the presence of the
infinite barrier at x = 0 increases the estimated ground state energy by an additional Aw, which
reflects the fact that the particle is now confined to half the space, effectively increasing the
confinement and thus the energy.

Variational method versus perturbative theory

A given quantum system is described by a Hamiltonian H = H© + pH® with
0 < p < 1. In order to find its ground state energy, two methods are employed:

1. A first-order perturbative calculation yields the result Epery = (94 — 5p) eV.

2. A variational method applied to a family of states depending on a parameter
¢ € R yields the result Ey,,(c) = (02 — 2cu + 100) eV.
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a) Discuss whether the exact ground state energy of the unperturbed Hamiltonian
H© is greater or smaller than 90 eV.

b) Determine which of the two methods provides a closer approximation to the true
ground state energy of the Hamiltonian H in their common range of validity.

c) If one were to perform a second order perturbative computation, would the as-
sociated correction raise or lower the one obtained at first order in perturbation theory?

236

a)

From the perturbative result, when p = 0, the ground state energy is Fy = 94 eV. This is the
energy of the unperturbed Hamiltonian H(?). Therefore, the exact ground state energy of the
unperturbed Hamiltonian H(©) is greater than 90 eV.

To find the best variational approximation, we minimize Ey,,(c) with respect to c,

dE ()

=2c—2u=0 — c= L.
dc

Substituting this result into the variational expression gives
Eyar = (100 — pi?) eV .
To determine which of the two methods provides the closer approximation to the true ground

state energy in their common range of validity, we compare the results Eper, = (94 — bu) eV
(in red) and Ey,y = (100 — p?) eV (in blue) as a function of p.

100} -
8of
60}
40t

20

7]

We observe that for 0 < p < 6, and, in particular, for the common range of validity of the
two methods, i.e. 0 < p < 1, the perturbative result provides a smaller energy than the
variational one, Fpert < Eyar. Combining this result with the fact that the energy of the
(non-degenerate) ground state at first order in perturbation theory exceeds generically the true
ground state energy, we conclude that the perturbative method provides a better approximation
in the common range of validity.

The energies at second order in perturbation theory are given by

(0) AH| (0)>‘2
(2 _ Z [(m'™] n
E’I’L - EPert + (0) — E(O) .
m#n n m

Since the unperturbed excited states exceed by definition the unperturbed ground state energy,

E,SS) > E(()O), the second-order correction to the ground state is always negative. Therefore, the
resulting second-order energy estimate is generically smaller than the one at first order.
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A particle in the earth gravitational field

Consider a quantum particle of mass m in a potential

Vi) = mgz if z >0,
o if 2<0,

with g the gravitational constant. Estimate the ground state energy of the system
using the variational method with a trial function properly matching the boundary
conditions of the problem. Compare the results with the exact solution of the problem.

The ground state wave function of this particle has no nodes and must vanish at z = 0 and be finite
as z — 4oo. A trial function satisfying these conditions is for instance

oz

vo(z,a) = Aze %,

with a a variational parameter and A a normalization constant. A trivial computation fixes the latest
quantity to a value A = 20/? and hence

vo(z, @) =2Vadze 7.

For this antsatz, we have

. +oo h2 d2
Ey(a) = 40[3/0 ze”¥* [2mdz2 ergz} ze” ¥dz
3 h’Q oo 2.2 —2az 3 e 3 _—2az
=4a° — (2az—az)e dz + 4a°mg z’e dz
2m Jo 0
1 1
=20 — [ — — — | +4mga®—
am(Qa 4a>+ mga84
or )
I 3
E = —a’+ =
(@) = 50+ mg.

Minimization wrt to « yields

and hence

3 7\/3 /1 1/3
Eola) =2 (2 Smg?h?) .
o (c) 2(2) (ngh)

To compare this with the exact result,we need now to solve the Schrodinger equation with the boundary
conditions ¢(0) = 0 and ¢(400) = 0, namely
W d®p(z)
2m  dz?

d?p(z 2m
A 2 gz — E)elz) = 0.

+mgzp(z) = Bp(z) —

With the change of variable z = (h?/ (2ng))2/3 (2m/h?) (mgz — E), we can reduce this equation to

d*¢()

dx?

—z¢p(x) =0,

a standard differential equation with well-known solution vanishing at x —= +o0, i.e., ¢(4+00) = 0,

¢(x) = BAi(x) where Ai(z) = 1 /DO cos (;t?’ + :vt) dt,
0

™
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with Ai(z) the Airy function. When z = 0 we have x = — (2/ (mngZQ) ) Y3 B. The boundary condition
©(0) = 0 yields ¢ [f (2/ (ngFLQ))l/S E] = 0 or Ai {f (2/ (m92h2))1/3E = 0. The Airy function

has zeros only at certain values of R, : Ai(R,) = 0 with n = 0,1,2,3,... The roots R,, of the
Airy function can be found in standard tables. For instance, the first few roots are Ry = —2.338,
Ry = —4.088, Ry = —5.521, R3 = —6.787

The boundary condition ¢(0) = 0 therefore gives a discrete set of energy levels which can be ex-
pressed in terms of the roots of the Airy function,

9 1/3 9 1/3
w-(22)" 50— - (2) B

mg2h?
1 1/3
E, =— <2mg2h2> R,, pn(z) = B, Al

hence

29m2 o> 1/3
_(77;129> z— R,

The ground state energy is therefore
1 1/3
Ey =2.338 <2mg2h2> .

For our trial function, the variational method overestimates the energy by a 5.9% only

1/3 act
EeXdC .
Ey = 3 <9> o ~ 1.059 B .

2\2 2.338

A spin-3/2 particle

The Hamiltonian of a single spin-3/2 particle is given by

— 1 1 2
H = _EO (ﬁSZ+ hQSx> )

with Eg > 0. Estimate the ground state energy of the system using the variational
method with a trial family of states

|o(0)) = cosf3/2,3/2) +sinf |3/2,—1/2),

with @ a variational parameter and |s,ms) = [3/2,3/2),(3/2,—1/2) eigentates of 5.

The proposed state is already normalized. To calculate the required matrix elements, we express .S,
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as Sy = £ (54 + S-), so

o[BI\ _ 1o [31\ _ V3,131
122/ 277|122/ 2 |22/
31 1 31 1 31
S 22>—25+ 22>+25-'22>
V3 |33 BR/3 5 1/ 1\]3 1 V3133
_2h‘22>+2 2'2‘2(‘2)‘2‘2>—2’22>+h‘2‘>7
3 1 1 3 1 1 3 1
513 2> 25+2‘2>+25‘2‘2>
31 R /35 1 3 31 V3 3
_h‘22>+2\/2'2_<_2)<_2>_h‘22>+h’2_2>’
and
2
33 33 3 1 33 3 3 9
<22\H22> 0<2 B |5 22> )“EO<2+4> el
3 1.3 1 1 1 3 1\ 1 3 5
<22H’22>E°< 2 T | 22> >E°(2+1+4> gFo
3 1(.133 1/3 1 3 V3
ERE NN . 3\ _ V3
<2 2 22> 0h2<2 3|5+ Sa|m > a9
Il
§§‘H§_1 _ /3 Ly33 :_EOQ.
22 2 2 2 2 22 2

Therefore, we have

33 33 3 1 3 1 3 1 33
Bprna <020 (3322w quro (2 Huf2 1Y 4o IPILE:
sround < COS 9<22 22>—|—sm9 5 5 5 3 + 2sinf cos 5 2’ 55
9 5
=—-F, (4cos29+4sin29+\/§sin90059) .

To find the best lower bound, we maximize the expression in brackets, obtaining

2T

—gCOSHSine—l—gsin9c059+\/§(00529—sin29):0 —  tan(20) =V3 — 9:%0r 5 -

For 6 = &, we have

11
ZcoszﬁJr Zsin20+\/§sinﬁcosez ik

For 0 = 2,?”, we have

%coszﬂJr Zsin20+\/§sin00080 = %,

so the best bound on the ground state energy is

11
Eground < 7ZE0 .
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A perturbed anharmonic oscillator: perturbation vs. variational methods
The Hamiltonian of a one-dimensional quantum system is given by
H = Hy+ AH, Ho = Epatataa, AH:AEO(a+aT>,
with a and a the creation and annihilation operators of a harmonic oscillator of mass
m and frequency w, Ey a constant and A < 1.

a) Show that the usual eigenstates |n) of the harmonic oscillator withn = 0,1, 2, ... are
also eigenstates of Hy, determining the corresponding eigenvalues and degeneracies.

b) Calculate the energy of the lowest energy state of H at first order in perturbation
theory.

¢) Compare the previous result with that resulting from the use of the variational
method with a trial function |p) = cos#|0)+sin #|1), with 6 a variational parameter.

Hy|n) = Eya'a'aa|n) = EgaTa'av/n|n — 1) = Eqata’™v/n - vVn —1|n — 2)

=FEoa'vn-vn—1-vVn—1n—1)=Eyv/n-vVn—1-vVn—1-/nln)
=Fy-n-(n—1)|n).

Therefore, |n) is an energy eigenstate of Hy with eigenvalue Ey - n(n — 1).

Energy Spectrum of Hy

T T T T
2= *—
gg 6 7777777777777777777777 B ——
D e - ————— - ——
Of-——e-—-- > —
0 1 2 3 4
n

b) AH has odd parity and can therefore mix states of different parity. Since the two lowest energy
states of the unperturbed Hamiltonian Hy have both zero energy (n = 0 and n = 1), we make use
of degenerate perturbation theory

AH|0) = AEq (a+a') [0) = ABo[1),  AH|1) = ABo (a+at) [1) = AE(10) + v212)),
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(0|AH|0) (0]AH|1) \ _ 01
< (1|AH|0) (1|AH|1) > AE0< 10 ) :

The corresponding eigvenvalues and eigenstates are +F, and

s0) )
Vo\1/)’ Vo \-1)"
The lowest energy at first order in perturbation theory is therefore —A\FEy.

¢) The energy expectation value for the trial wave function is F(0) = {(p|H|p) = (¢|Ho + AH|p).
However, since Hy gives zero energy for both |0) and |1), (¢|Hp|p) = 0 and the expectation value
reduces to

E0) = (p|AH|p) = cosfsinf ((0|]AH|1) + (1]AH|0)) = 2AEq cos0sinf = \Ejsin(26),

where we have taken into account the previously computed matrix element (1|AH|0) = AEj.
The minimum value of sin(26) is —1, which occurs at 26 = 37”, or § = ?jf. Thus, the minimum
energy estimate obtained through this method is also —AFEj.

A perturbed 2D harmonic oscillator

The Hamiltonian of a particle of mass m oscillating harmonically in two dimensions
is given by . .

HO = % (p?c +p§) + 577%02 (1'2 I y2) .
Which is the energy and degeneracy of the first excited level? Using first-order per-
turbation theory, calculate the energy of this state after introducing a perturbation
AH = axy, with a a constant.

The eigenvalues and eigenstates of Hy are given by

EY = hw(ng +n, +1),  [n) = |n;) @ [n,) = [nany)
with ng, =0,1,2,... and |n,) and |n,) the eigenstates of the one-dimensional harmonic oscillator for

each of the two directions. The first excited level corresponds to n, + n, = 1, which can be obtained
in two possible ways, n, = 1,n, = 0 or n, = 0,n, = 1. The first excited level is therefore 2-fold
degenerate. In an abbreviated notation, we can label the corresponding states as |10) and |01). To
calculate the splitting induced by the perturbation, we evaluate the matrix elements of AH between
the above degenerate states, namely

(10|AH|10) (10]AH|O1) \ _ (10]xy|10)  (10]xy|01)
( (01|AH|10) (01|AH]01) >O‘( {01]zy|1 1)y > :

Expressing x and y in terms of raising and lowering operators
[ h h
— T — T
=V omw (ac +az) , Y=V 2mw (ay +a3) .

Ty =

we get

Y (away + axa;f/ + alay + alal) )

and

h h
(10|zy|01) = m<10| (azay + axaL + alay + alaz) |01) = <10|alay|01> =g
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where in the last step we have used the fact that a,|01) = 0 and invoked the orthogonality properties
of the eigenstates. By similar arguments, it is easy to show that the two diagonal terms in the matrix
are zero, while (01|zy|10) = (10]xy|01). The 2 x 2 submatrix of AH is then given by

(10|AH[10) (10]AH01) \ _ oh (0 1
(01|AH|10) (01|AH|01) ) = 2mu \ 1 0 )

which has eigenvalues

AE — iﬂ
2mw

A peturbed system of two identical particles of mass

A system of two identical particles of mass m and spin 1 is described, in the center of
mass frame, by the Hamiltonian

2
p L 99, W
H==—+-porc+=J

o M R
with g = m/2 the reduced mass of the system, ¥ = 7] — 7 the relative coordinate
between the particles, p the corresponding conjugate momentum and J = L+ S,
where I is the total angular momentum, and S = Sl + Sg is the total spin. Calculate,
at first order in perturbation theory, the energy shift of the ground state due to the

perturbation
AH =2 [(51- 5) -F]2 :

with A a small constant.

The spatial part in H is the Hamiltonian of a 3-dimensional harmonic oscillator. Therefore, one has

3
E=h|ng+ny+n,+ =

o
2+J(]+ )

Since the two particles have spin 1, one can have s = 0, 1, 2. Therefore, the ground state of the system
is (ny =ny =n, =1=0, [ngnyn.)|ss.))

3
E=Zho, lg)=lnenynilss:) =[000)]00).

Defining for compactness §12 = §1 — 52, we have

- = 2
(A [(51 - 52) : f} o) = A <sa ’(512m$ + S1ayy + Suzz)Q\ <p>
= <(,0| (5122301‘2 + S%zyﬁUQ + 5122Z22 + QSlgwslgyiL’y + QSlnglgzxz + QSlgySlgzyz) ‘<p> .

Now, since

h

h h
2 _ 210\ — 2 _ 210\ — 2 _ 210} —
(000[2"|000) = {0[27]0) = 5——,  {000[y~|000) = (0]y~|0) = 5——,  {000[=7|000) = (0]=7|0) = 5——,

(000[41000) = (0]{0) (O}y10) = 0, (000[2]000) = (0[ef0) (01210) = 0, (000]y=]000) = (0]y[0}(0[2]0) = 0.
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the above expectation value becomes

- 2 h M

A (S1—8a) -7 |p)=A (o| 8%y, + S%,, + S% = (p| S :
Yy m

(el K 1 2) } @ B ©| 5124 12y T Si2: [9) 2 w<90| 12 )

mw
Expanding this expression,
S% = (S1—S2)? =S+ 53 —25, - 8o = 87+ 53 — [S* — S — S3] =257 + 253 — S2,
and acting on the spin part of |p)
(2572 4252 — 5?)|ss.) = h?[2s1(s51 + 1) + 259(s0 + 1) — s(s +1)] |s 5.),
(257 + 253 — 5%)[00) = h? (4 +4 —0)[00) = 8A2|00),

we get

A AND
(plAH|p) = 5 —— - 81 = :
mw

mw

A perturbed spin-1 system

A spin-1 system is governed by an effective Hamiltonian

H=Hy+AH, Hoz%(s%sj—hsy), AH = —)\wS,,

with w a positive frequency, 0 < A < 1 a dimensionless parameter and S = (Sz, Sy, S2),
with S; (i = x,y, z) the spin operators along the three Cartesian axes.

a) Find a suitable set of commuting observables leading to the diagonalization of Hy.
Determine the eigenvalues and eigenstates of Hy in the corresponding basis.

b) Compute the first-order corrections to the ground state in terms of A. Interpret
the result.

a) Since the unperturbed Hamiltonian Hy depends only on S? and S, and [S?,S,] = 0, we have

[Ho, S?) = [Ho, Sy] = 0, forming these three operators a CSCO. In the associated basis |s s,),, the
Hamiltonian is diagonal

Hols sy)y = hw (2 — 32 — 5y) |5 5y)y -
b) To determine the correction to the ground state,
AE = ,(1,1|AH|1,1), = —dw,(1,1]S;|1,1),,

we write down the eigenvalue equation Sy|1,1), = k|1,1), in terms of the eigenvectors of S,

1 0 0
|1,1>Z_<o>, 1,o>z_<1>, |1,_1>Z_<o>.
0 0 1

namely
)
_p=
NG a
1 0 — O a a Z( ) 113 i
— A 0 — b = b - ——(—a+c)=b — 1,1 :b(_’ ,—
7
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Normalizing the result,
ALILD), = pA(1/2+ 14 1/2) =22 =1 — b2 =1,

and choosing b = i/+/2 to minimize the number of imaginary units, we have |1, 1)y = (%, -4 —%) ,

and therefore

AE = <\, (1,1]S.11,1) Ahw(l : 1) 50 0 U?ﬁ A n(l 1)
= AW ’1 2171 = - a /=7 4§ —1 2 = — AW - — =
! ! 2'v2" 2)\ 0 0 -1 _{/2 4 4

The result should not be surprising and indeed can be obtained without performing a single computa-
tion. The correction to the ground state energy is zero because the state |1,1), has no net projection
along the z-direction, as evidenced by the vanishing expectation value of S,. This reflects the fact
that the Sy -eigenstates are orthogonal to the S;-measurements.
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7.7 Exercises

1. Feynman-Hellmann theorem /

Consider the eigenvalue equation H(\)|E(\)) = E(A)|E()N)) for an Hermitian operator H
depending continuously on a parameter \, with E(A) and |E())) the associated eigenvalues
and normalized eigenvectors. Show that

CORE

2. Attractive potentials /~

Consider two identical particles moving in two attractive potentials V;(r) and Va(r), with
Vi(r) < Via(r) for all . Use the variational method to show that the corresponding ground
state energies F1 and Fs satisfy E1 < E5. Hint: Consider the wave function of the particle
moving in the potential Va(r) as trial wave function for that in the potential Vi (r).

3. Stuck on a desert island ¢

Imagine you’re stuck on a desert island with just a set of integral tables and no quantum
mechanics books. For some reason you don’t understand getting off the island depends on
figuring out the ground state energies of a) a particle moving in a one-dimensional infinite
potential well with walls at z = &L, b) the one-dimensional harmonic oscillator and c) the
hydrogen atom. Unfortunately, you don’t remember how to solve the Schrodinger equation
for none of these cases (this is probably true, right?). Use the variational method with
trial functions on your own devise to estimate these ground state energies of these systems.
Justify the choice of these functions. If you manage to get off the island, check a book and
compare you estimates with the exact results.
4. A linear potential ¢

Estimate the ground state energy of a particle in a one-dimensional linear potential
V(z) = afz]
using a Gaussian trial wave function family ¢(z;b) = Aexp(—bmz) with free b.

5. A central potential ¥

A particle of mass m is subjected to a central potential
Vr)= —Ar—3/2,
with A a positive constant.

a) Calculate an upper bound for the ground state energy using the normalized trial func-
tion family (7} a) = \/0‘736*0”, with r = |7] and « a positive parameter.

b) Write the wave function for the state that minimizes the energy. Interpret the result.

Hints: [~ a™e " dx = Féﬁill), where I'(z + 1) = 2I'(2) and T'(1/2) = /7, T'(1) = 1.
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6.

10.

The Yukawa potential #

If the photon were to have a nonzero mass, the Coulomb potential would be replaced by
a Yukawa potential of the form
e KT
Vir)=-%

r )
with Vp > 0 and p > 0 constants. Assuming pa < 1 and using a trial wave function of
your devise, estimate the binding energy of a “hydrogen” atom under this potential.

A step perturbation in the infinite potential well ¢

A particle of mass m is restricted to move in a one-dimensional infinite well of width L in
the presence of a small perturbation,

00, if z<0andzx>1L,
AH={-V, if O<z<Z,
0 if Z<a<lL,

with Vp a constant. Calculate the energy eigenvalues at first order in perturbation theory.

Two identical fermions in a perturbed infinite potential well ¢

Two identical spin—% fermions are confined in a one-dimensional infinite potential well of
width L, with

Viz) = oo, z<0orz>1L,
0, 0<x<L.

a) Determine the spatial wavefunction and ground-state energy of the system when the
two fermions are in a symmetric spin configuration.

b) Repeat for the case where the two fermions are in an antisymmetric spin configuration.

¢) Suppose the particles interact via a short-range interaction
AH(z1,x9) = —Ad(z1 — 22)

with A > 0. Assuming first-order perturbation theory is applicable, estimate qualita-
tively how this interaction modifies the energy levels obtained in a) and b). Which
configuration is more affected, and why?

An anharmonic static perturbation in the harmonic oscillator

Consider a perturbation AH = Az? on the Hamiltonian of the harmonic oscillator. Deter-
mine the energies of the system at second-order in perturbation theory and the perturbed
wave function at first order for A > 0 and A < 0. Argue that first-order perturbation theory
breaks down for large enough values of n, independently of the smallness of A. Explain
this physically.

A periodic static perturbation to a particle on a circle ¢

A particle of mass m is restricted to move on a circle under the influence of a periodic
perturbation
AH(0) = Vysinfcosb,

with 6 the angle measured from a fixed reference point on the circle. Find the wave
functions of the unperturbed system that diagonalize V(). Calculate the energy levels at
second order in perturbation theory.
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11.

12.

13.

A perturbed rotor ¢
The Hamiltonian of a certain type of rotor is given by H = Hy + AH, with

c
2

L the orbital angular momentum operator, and a, b, and ¢ constants with energy units.

a = b
Ho=ﬁ!L\2+ﬁL§, AH = L2,

a) Calculate the eigenvalues of Hy.

b) Assuming a > b > ¢, calculate the eigenvalues of H at first order in perturbation theory
for states with [ = 1. Draw an energy level diagram for the [ = 1 case as a function of
the perturbation parameter c.

c¢) For an arbitrary value of [, calculate the exact eigenvalues of H when ¢ = b. Discuss
the validity of the perturbative calculation in part b).
A quadratic perturbation in a two-dimensional square box #

A particle of mass m moving in two dimensions is confined to a square box of side L
centered at the origin. The associated potential energy is given by

oo otherwise.

V(i‘,y) = {

If the corresponding Hamiltonian is modified by adding a perturbation

2
(x;y)] Lcay<

AH:VO[l— : =3

calculate the energy of the ground state and the first excited state at first-order perturba-
tion theory.

Hints: L/ -
—6
dmx2¢i x) = LL2, n=1273,...
/L/2 (z) 12n2n72
L/2 k(—1)n+k—1)/2
/ dx x on(x)pp(z) = Snk(-1) 5 L, n odd and k even.
~L/2 (n? — k?)" w2
with

on(z) = \/Ecos(an), n=1,3,5,..., ¢n(x):\/§sin("z$>, n=24.6,....

A screened Coulomb potential 7

Consider a particle of mass p and charge e in a central potential differing from the Coulomb
potential only in a region r > R where the Coulomb force is screened, namely

2
—< 0<r<R
V(r)= n ’
(r) {—e:e_)‘(T_R), R<r<oo.

Considering this difference as a small perturbation, calculate the first-order correction to
the ground state energy. What happens in the A — 0 and R — oo limits?
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14. A harmonic perturbation to the hydrogen atom ¢

15.

16.

17.

18.

Working at first order in perturbation theory, determine the effect of a harmonic pertur-
bation

AH = A2 +y* + 27%)

on the energy levels n = 1,2 of the hydrogen atom.

Beta decay and energy level shifts in hydrogen-like atoms ¢

When a nucleus undergoes § decay, a neutron is transformed into a proton, increasing
the nuclear charge by one unit. Using first-order time-independent perturbation theory,
estimate the resulting energy shift for the atomic levels. You may find it useful to apply the
virial theorem to simplify the calculation. Compare your result with the exact energy levels
for a hydrogen-like atom with nuclear charge Z + 1, and discuss under what conditions the
perturbative approach provides a good approximation.

A perturbed spin system ¢

Given a Hamiltonian Hy = e, with € > 0, calculate the changes in energy induced by a
term AH = Ao, cosf + o, sinf) at first order in perturbation theory.

A spin 1/2 particle in an infinite potential well and a weak magnetic field ¢

Use perturbation theory to estimate the energy of the n-th state of a spin 1/2 particle of
mass m moving in a one-dimensional infinite potential well with walls at © = £L under
the influence of a weak magnetic field

5 —Bpz if —L<z<0,
—Bopx if 0<z<L.

Two bosons in a one-dimensional infinite well with a contact interaction ¢ /
Two particles of mass m and spin 0 are confined to a segment of length L.

a)

b)

What are the energies, wave functions, and degeneracies of the three lowest energy
states?

Show that the associated Hamiltonian commutes with the exchange operator I, defined
(up to a phase) by the properties

Ho M=y, oIl t=x, IIp O l=py, HpIlt=p,. (7.165)

What are the eigenvalues of 117

Identify the observables that commute with Hy but not with II. Use this to explain the
degeneracies determined in part a).

Will the degeneracies be maintained in the presence of an interaction potential AH (x1, x2) =
A (x1 — x2) with A > 0 a constant with dimensions of energy? Calculate the energy
levels, wave functions, and degeneracies found in part a) to first order in perturbation
theory.
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19.

20.

21.

22.

A perturbed three-level system 4

A system with three unperturbed states can be represented by the perturbed Hamiltonian

matrix
E1 0 a
H=|10 E; b ,
a* b* E2

with Fs < Fj and |a|, |b|] < Ea— E;. Use perturbation theory to calculate the second-order
corrections to Fy and F». Compare your findings with the exact result expanded at second
order in A.

A perturbed 5 dimensional Hilbert space

The Hilbert space describing a quantum system is % = C® with {|ei>}?:1 an orthonormal
basis of H. The system’s Hamiltonian is H = Hy + AH, with

Hy = —e[6]e1) (e1] + 5le2) (ea| + 2[es) (es]]
AH = aler) (e2] + le2) (enl] ,

and € and « real, positive constants satisfying o < e.

a) Calculate the spectrum (possible energies and degeneracy of each) and the eigenstates
of H, 0-

b) Show that the first-order perturbative correction to the eigenenergies of Hy due to W
is zero for all levels of Hy.

c¢) Calculate the first non-zero correction to the energy and eigenstate of the ground level
of H, 0-

d) Show that the eigenstate of H calculated in the previous part does not coincide with
the exact solution.

An interacting two-particle system 7

A particle of mass m in a one-dimensional harmonic oscillator of frequancy w interacts
with another nearby spin-1/2 particle whose location is fixed. The system is described by

a Hamiltonian )
P 1 w €
H= %+§mw2$2_ 3% 715 (aTS* +a5+> ’

with 0 < € € w a small parameter and St = S; 1Sy, with S; and S, the spin operators.

a) Determine the energy spectrum for ¢ = 0. Identify the second excited state.

b) Working at first order in perturbation theory, find the shift in the obtained state induced
by considering € # 0. What is the energy of this state?

¢) Assuming the system to be in the shifted second-excited state, which is the probability
of measuring S, = h/27

Scattering in an inverse parabolic potential #
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Consider the scattering of a particle of mass m in a potential

0, for T < —a
Ulx)=1{ Up—azx?, for —a<z<a
0, for a<zx

where Uy a constant, o = 2mUZ/h? and a = 1/Up/a. Calculate the transmission coefficient
T = T(F) in the WKB approximation as a function of the energy E of the incoming
particle.

23. Energy levels of half-monomial potentials ¢

Use the WKB approximation to determine the energy levels of a particle in the one di-
mensional potential

oo, x<0
(0%

sign(a) -z, x> 0.

Vi) - {
For what values of « is there a normalisable ground state? Discuss in detail the cases with
a =2 and —1.
Hint: Define the integral C(a) = fol VS(1 —t)dt with S = sign(a) and study its con-
vergence.
24. A particle in a one-dimensional crystal ¢
A particle of mass m in a one-dimensional crystal is free to move in the region —a < x < a

but it is subject in harmonic forces beyond this range

tmw?(z —a)?,  z>a,
V(iz)=4¢ 0, —a<z<a,
tmw?(z +a)?, < -—a

Find the energy spectrum in the WKB approximation. How does the result behave in the
limits @ > L and a < L, with L = y/h/(mw) the characteristic oscillator length?

25. An electron in an electric field ¢
An electron moves under the influence of an electric field
EX x>a, Yy z

E(x)=4¢ 0 —a<z<a, Vyz
£ x<—a, Yy,z

In the WKB approximation the x-dependent part of its energy eigenfunctions in the x > 0
region is of the form
C k™12 exp 1/hfxbdx/<c(x)} x> b,

ie) = C'k=1/2 cos 1/ﬁf; dz k(z) — 7T/4} r <D,

where k? = 2m[E — V(z)], k*(z) = 2m[V(z) — E] and b in the turning point defined by
E =V(b). Find the energy eigenvalues in this approximation.



CHAPTER 8

LAPPROXIMATE METHODS FOR TIME-DEPENDENT SYSTEMS

Time, he said, is what keeps everything from happening at once.

RAy CuMMINGS, THE GIRL IN THE GOLDEN ATOM, 1922

Up to know, we have restricted ourselves to time-independent Hamiltonians. But nothing
in this world is completely time independent! In this chapter we will extend our general
considerations on perturbation theory to the case of a time-dependent perturbation over a
time-independent Hamiltonian. These techniques are especially useful in scattering theory,
problems involving the emission and absorption of radiation and in field theoretical problems
of various kinds. The standard application is to calculate the transition probabilities between
given energy levels per unit interval of time.

8.1 Time-dependent Hamiltonians

Consider a Hamiltonian

H = H() + V(t) (8.1)
containing a time-independent part Hy whose solution is assumed to be known,

Hy|m) = Ep,|m), (8.2)

and a time-dependent piece V (t) effectively turned on at a time ¢t = to,

0 for t<ty,
(8.3)
V(t) for t>ty,

and whose analytical solution is typically unavailable. Given a state |p(tp)) =Y, cm(to)|m)
at time t = tg, the dynamics of the system at ¢ > ¢ty is specified by a time-dependent wave
function |p(t))s satisfying

i o(t))s = (Ho + V(O)le(d)s (8.4

Since the complete set of unperturbed eigenvectors |n) span the Hilbert space at any time ¢,
we can always expand this wave function in terms of them, namely

e(0)s = S ety exp (=0 ) . (5.5)
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Note that in writing this expression, we have explicitly separated the usual exponential factor
appearing when V = 0, relegating therefore any perturbation effect to the time-dependent
coefficients ¢y, (t).

8.2 The interaction picture

In order to obtain the coefficients ¢, (t), it is convenient to introduce the so-called Dirac
or interaction picture, which is an intermediate representation between the Schrédinger and
Heisenberg ones that we introduced in Chapter 2.

A given state vector in the interaction picture is defined by a unitary transformation
stripping off only the evolution due to Hp and bringing the Schrodinger ket |p(t))s back to
the initial time t = {p, namely

et = exp (000 o), (5.

which, taking into account Eq. (8.5), can be alternatively written as
)= calt)n) . (8.7)
n

The corresponding unitary transformation relating a given operator in the two representations

is given by
i Ho(t — t0 Hy(t —t0
Or = exp <ZO()> Og exp (—ZO()> , (8.8)
h h
which applies, in particular, to the time-dependent perturbation V,

Vi = exp (W) V exp (-W) . (8.9)

The equations of motion in the interaction picture are obtained by multiplying Eq. (8.6) by
th and differentiating the result with respect to time, namely

ih 2 IO = ~Hoexp (H““h‘t“)) PO + e (HO(’;L‘“)) i lo(0)s
= —texp () (o) + oxp (RO (o104 Vlotos
— e (FREE) v jotos (8.10)
o (=0 (=0 o (=)

where we have used the Sherédinger equation (8.4) and inserted the identity in the last step.
Taking into account the definitions (8.6) and (8.9), we obtain an expression closely resembling
the Schrédinger equation (8.4) but with the total Hamiltonian H replaced by V1,

i o(t))r = Vle(E)r, (8.11)
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Defining a time-evolution operator Ui (¢, ty) relating the state |p(t))1 to the inital state |p(0))1
in this picture,

le(t))1 = Ut(t, to)|e(to))1 (8.12)
we can rewrite Eq. (8.11) as .
in ;t(t) — V()Th(t, o), (8.13)

with the boundary condition Ur(tp,tg) = I. The solution of this equation is given by that of
Eq. (3.194), with the formal replacement H(t) — Vi(t), namely

. t . v
Ur(t,to) =1 — ;/ Vi(t') |1 - % Vl(t”)UI(t”,to)dt//] dar
to to
. y
=1 ;/ VI( )dt + <_> / dt/ dt”VI )VI( //)
to

_l’_

t t(n—1)
() / dt’ / dat" .. / AtV Vi ™). (8.14)
to to

Given a sufficiently small perturbation V', this expression allows to calculate the evolution
operator Ui(t,tg) to arbitrary order in perturbation theory.

8.3 Time-dependent perturbation theory

Let us assume for simplicity that the system is initially in an eigenstate of the time-independent
Hamiltonian Hy, say |¢(t9)) = |m). Then, according to the definition (8.12), we have

lo(t))r = Ur(t, to)|m) = Z [n)(n|Ur(t, to)|m), —  cu(t) = (n|Ur(t,to)|m), (8.15)

with the complete set of Hy eigenstates {|n)} spanning the Hilbert space of the system. This
matrix element is called the transition amplitude between the states m and n and coincides,
up to a phase, with that computed using the evolution operator U(t,tp) in the Schodinger
picture. Thus, the probability for a transition from |m) to |n) can be computed by using
either Up or U, i.e.

P = lea()* = [0l Ut(t, to)[m) > = [(n|U (¢, to) [m) . (8.16)

Expanding
en(t) = @) + V() + 2 () + ... (8.17)

with ¢! (t) of i-th order in V; and using the series (8.14) together with the relation (8.9), we
obtain

ngo) (t) = dnm (8.18)
. t
() = —% / detenn! ,,%W( )im). .19
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with

E,—-FE
Wnn, = % (8.21)

frequencies of potential quantum transitions between the m-th and n-th energy levels of the
unperturbed system. Note that in Eq. (8.20) we have inserted a resolution of the identity
> i) (i| =1 between the two V factors. The associated states |i) are known as intermediate
states and encode the existence of a temporal sequence as we move from the right to the left
in the product of matrix elements, starting with the initial state |m), moving through the
intermediate state |i) and ending with the final state |n).

For the purposes of this course, we will restrict ourselves to applications in which the
series can be truncated at first order. Assuming that the final state we are interested in is
not the initial state, the associated transition probability takes the form

t 2

Prnsm = [0 (1)[2 = '—% gt =) v (E)m)| . (n+#m) (8.22)
to
Note that the the detailed balance property Py, = Py follows from switching n with m

and complexly conjugating this expression.

Example 45: A step-function perturbation

As an application of the previous result, let us calculate the transition probability
among states for the simplest choice of V(t), namely a perturbation that is switched
on at a time ty = 0 and remains unchanged afterwards,

0 fort<oO
V(t) = o= (8.23)
V' constant for ¢ > 0.

In this case, the matrix elements in (8.22) are independent of time and can be taken

out of the integral,
2

; t
Prsn = ‘—;(n|V\m> / dt’ enm? (8.24)
to
Taking into account that
. t 4

t ) , iWnmt 1 giwnmt _ 1

/ dt' giwnmt’ — [6. ] _ 71677 (8.25)
to Wnm i Wnm

‘1 _ e’iwnmt‘2 — (1 _ eiwnmt) (1 _ e*iwnmt) (826)

)

_ <e—z‘wnmt/2 _ eiwnmt/Z) <6iwnmt/2 _ e—iwnmt/Q) — Asin? wn2mt
this results in

sin? W
Pocsn = 5 2 ml D )2 m) (8.27)

2
Wom,
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Example 46: A periodic perturbation

Another important case in practice is when V has a periodic time dependence of the

form
0 for t<0

V) = { Ve iwot 1 1/t giwot for t>0 "’ (8.28)

with wp the frequency of the perturbation and V and VT (generally not Hermitian)
time-independent operators. This case applies, for instance, to the interaction of atoms
with classical electromagnetic waves.

By working at first-order in time-dependent perturbation theory, we obtain

. t 2

Prnosn| = H / at'et I (v |m)e 0 + <n\vwm>e“°t’)'
0

2

1— e—i(wnm—wo)t 1— e—i(wnm-‘rwo)t
|4
(n|V]m) + (o T o0)

(VT |m)

(8.29)

h(wnm - WO)

Note that, given a final state n, this expression contains a priori cross or interference
terms between the two contributions to the amplitude. In practical cases, however, will
be mostly interested in final states for which one or the other of the two denominators
in Eq. (8.29) is small,

Wmn Fwo =0 — E,=FE,* hw() o (830)

The first of these two cases maximizes the first term amplitude in (8.29) and correspond
to the absortion of a quantum of energy hAwg from the perturbation,

4 sin®((Wnm — wo)t/2)

P nlabs = 7 (O — 002 |(n|V|m)|?,  (Absortion,n # m). (8.31)

The second case is resonant when the system emits a quantum of energy hwy,

4 sin?((wpm t/2
Pr—snlemis = ﬁsm Ec(:zm _:_:;[)g / )|<n|V|m)|2, (Emission, n # m) . (8.32)

Ey E;
hw hw
E, Ef

Figure 8.1: (Left) Absorption. (Right) Stimulated emission (if initial state is excited).
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8.4 Temporal and energy dependence of the probability

Eqgs. (8.27), (8.31) and (8.32) share a similar temporal and energy dependence. This is
effectively controlled by a function

_ sin®(wt/2)
==,

f(w) (8.33)

W

with w = wy,; for the step-function case and w = w,; + wy for the oscillatory one.

e Temporal dependence: As a function of time, (8.33) oscillates with frequency w between
0 and a maximum amplitude proportional to 1/w?. The frequency w measures the “off-
resonance” of the system, i.e. how much the final and initial energies differ. Given a
time ¢, the most favored transitions are those satisfying the uncertainty relation

2t 2wh

At —=—, — AFEAt<h, 8.34
2= < (3:34)
with At the time over which the potential has been turned on, AE = |E, — E,|
and h = 27h the unreduced Planck constant. If w is large, the transition probability
oscillates rapidly between zero and a small maximum, but as the energies of the final
and initial states approach each other, the period of oscillations becomes longer and the
amplitude grows. In particular, if the final and initial state are degenerate in energy
(w = 0), ! the probability P, ., grows without bound,

2

lim f(w)=—

t—o00 4 ’

(8.35)

signalling the eventual breaking of first order perturbation theory. Note, however, that
this situation is unlikely to happens in systems with a discrete spectrum. In that
case, first-order theory predicts that the transition probability to all final states just
oscillates in time. On the other hand, if the final states exist within a continuum,
numerous final states with energies infinitesimally close to that of the initial state could
become available, making necessary to study the relation between transition probability
and energy.

e Frequency dependence: As a function of frequency, (8.33) has a typical diffraction
pattern. As illustrated in Fig. 8.2, it has a central peak at w = 0 with amplitude ¢2/4
and width oc 1/t and displays a series of periodic minima,

wt

f@=0 — S=kr (k#£0), (8.36)

and maxima,
1 wt
w)=— — —=—+kr. 8.37
At time increases the central maximum grows in amplitude while becoming also nar-
rower, a behavior reminiscent of functions approaching a delta function, although in
this scenario, the result is not properly a delta function due to the non-conservation of

area.

'Note, however, that the states cannot be the same, since we are assuming i # j
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Figure 8.2: (Left) f(w) as a function of w. The dotted lines corresponds to the envelope
1/w?. (Right) Same function for a larger value of t. The area of the curve is dominated by

the central lobe and grows linearly with t.

Lasers

In a system at thermal equilibrium, there is an equal likelihood of absorption and
spontaneous emission. This results into a population of atoms or molecules distributed
among different energy levels, with more of them in lower energy states. To achieve
population inversion, with more particles in higher than lower energy states, it is
necessary to supply energy to the system. This can be done through optical pumping,
where photons are used to raise electrons to higher energy states. Population inversion
sets the stage for stimulated emission. In this process, an already excited atom or
molecule is stimulated by an incoming photon to release a second identical photon.
The crucial point is that stimulated emission is proportional to the number of particles
in the excited state. A laser cavity, typically consisting of mirrors at each end, helps
trapping and amplifying the light produced through stimulated emission. The feedback
provided by the mirrors allows for the amplification of specific wavelengths, resulting
in coherent and directional laser light.

8.5 Transitions to the continuum: The Fermi’s Golden Rule

Building on the previous examples, let us consider a transition from a discrete initial energy
level E,, into a group of eigenstates with a very dense (essentially continuous) spectrum of
final energy levels. This situation appears, for instance, in scattering problems, a-decays or
optical emissions, where the momenta of the final particle state varies continuously. In these
settings, the total transition probability at first in perturbation theory is given by the sum

of the transition probabilities to all the final states with F,, ~ E,,, namely

Pacn= S0 1DOF > P = [ B p(B) DO,
E.~FE,,

(8.38)
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where in the last step we have introduced an energy density of final states p(E,,) and replaced
the sum by an integral over a group of states in an energy interval dFE,,.

Applying (8.38) to the constant V' scenario considered in the previous section we get

n m 2
P [ B o) ). (8.39)

For t — oo, we can make use of the fact that f(w) is indeed related to a representation of
the Dirac delta function,

tliglo 4f(w) = 27td(w) = 2nt hd(Ey, — Ep,) . (8.40)

where in the last step we have employed the property 6(z/a) = |a|d(z) to rewrite the result
in terms on energies.

Validity of the approximation

In order for the function f(w) to be substituted by a delta function, the width of the
energy distribution of the final states AF must significantly exceed h/At. On top of
that, the number of states within the resulting delta function must be large enough
as to allow their characterization by a density of states. Denoting the energy level
separation by de, we must therefore have

h h h
AE> = »de — o <t< (8.41)

Combining (8.39) and (8.40),

2mt
lim P = == [ dBy p(Ea)|(n|VIm) P (B, — En) (8.42)

t—o00

and assuming approximately equal matriz elements for all the final states,> we have
) 2m o e N
lim P,y ~t- —p(E,)|(n|V|m)|?, (8.43)
t—r00 h

with |[(n|V]m)|? the average value of the matrix element for all final states with E,, ~ E,,.
Since the expression is linear in ¢, we can immediately identify a transition rate or transition
probability per unit of time,

T = 2 p(E) VI (8.44)

2If this would not be the case, one should rather consider differential transition rates to states with similar
matrix elements. A typical example appears when considering elastic scattering, where the matrix elements
depend strongly on the direction and magnitude of the momentum of the scattered particle.
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The last two expressions were derived by Pauli in 1927 [P. A. M. Dirac, The quantum theory
of emission and absorption of radiation. Proc. Roy. Soc. (London) A 114, 243265 (1927)],
being coined much later as the Golden Rule by Fermi due to their multiple applications [(E.
Fermi, Nuclear Physics, University of Chicago Press, 1950)]. According to these formulas, a
given transition is only possible if (n|V|m) # 0 (selection rules).

Example 47: The photoelectric effect

The photoelectric effect is a phenomenon where electrons are ejected from the surface
of a material when it absorbs light or other electromagnetic radiation. It was first
observed by Heinrich Hertz in 1887 and later explained by Albert Einstein in 1905,
for which he won the Nobel Prize in Physics in 1921. To study this effect using time-
dependent perturbation theory, let us consider the Hamiltonian of an electron in a
Coulomb potential interacting with a weak external electromagnetic field,

with A a vector potential of the form

A = Ay cos (wot —k- F) . (8.46)

Working in the Coulomb gauge V - A = 0 where
(P-A+A-P)p=(—ihV-A+2A-P)p=(24-P)p, (8.47)

and neglecting the quadratic term proportional to A? at first order in time-dependent

perturbation theory, the above Hamiltonian becomes H = Hy + H; with

e

Hy = ~° cos (th —k- F) Ay-P=— (ei(wot—BF) + e_i(wot_ﬁ'm> Ay - P. (8.48)
m

2m

The first term gives a transition rate proportional to § (F, — E,, + hwy), while the
second term gives a transition rate proportional to d (E, — E,, — fwg). Assuming
the atom to be initially is in its ground state, only the second term can contribute.
According to the computations in the previous section, we have

=25 Gl £y - B0 5 (B — B -
Ton = 5 2 | (Rl Ao - Pe ®T0)[ 6 (B — By —hu) ,  (8.49)
kn

with |0) the ground state of the hydrogen atom, with associated wave function

¢o(Z) = (Z]0) = (3)1/26—74% ’ (8.50)

and |En> a plane wave state with wave vector K, describing the electron kicked out of
the atom by the time-dependent perturbation. The matrix element in (8.49) can be
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more easily computed by temporally putting the system in a box of side L. Using this
trick, we get

. ik —r/ag . d3 o —r/ag
L x. 3. _ € _© r. L —ikn T €
2on / d°x 732 (—thV) (71'&%)1/2 2mA0 /L3/2 (Zhv <e )) (77@8)1/2
eh Ay kn 3, —iknF —r/ag _ N Ao - kn 8
/dxe ¢ O_% 3/2 (. 3)\1/2 2 2\2”
L3/ (ﬂ'ao) ao (kn + 1/a0)
(8.51)

where we have intentionally ignored the factor e’ in (8.49) since for the typical wave-
lengths involved in photo-ionization, |k| < |k,|. Making now the formal replacement

ik

4’k
L3 N 52
Z - / ok (8.52)
kn
we get
- = \2
o0 I3 [ A3k, [ eh > ( 0 kn) (8)2
o 2L [ (1) 55— e
- h L3 ) (27)3 \2m ra ag (k2 + 1/a(2))4 7
L2
2 2 Ay kn) (8m)? 27.2
_ €2ﬁ5/ LA (Ao - 2 s (h B m) (8.53)
2m2a; (2m) (k2 +1/a2) 2m

S 5 \2 9
- 62]{?n d0 (A() . kn) (87T)
N 2m2a8ﬁ/ @m)* (k2 +1/a2)*

with k,, determined by energy conservation and the only angular dependence hidden

in /YO . En Using
4
/dQ cos?f = =~ ,
3
we obtain
16e2k3 A2 1

. 8.54
e (13 + 1/a3)’ o

1—‘0—>n =

8.5.1 Fermi’s golden rule at second order in perturbation theory

While the first-order matrix element becomes zero due to symmetry considerations or selec-
tion rules, it becomes necessary to rely on second-order perturbation theory. Focusing once
again in the constant V scenario and particularizing the first and second-order expressions
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(8.19), and (8.20),

. t ) ,
A0(t) = 1 (nlVim) /t gt cionm (U —10) (8.55)
0
i\’ i R
D(t) = (> > (n|V i) (i V|m) / dt'etoni(t'=to) / dt" et wim(t—to)
h ; to to
i (n|V]3) (i[V|m) /t 1 i (' —to) i Wi (8 —to)
— AN I D e e D dt 1 Wnm 0) __ ptWni 0 .
P B En ), (e e ). (8.56)

we get (n # 1)
en(t) = e () + eV (1) + P (1)

_ (n|V]i) (i[V]m) /t 1 i wnm (' —to)

=~ | (lVim) —; A ) dt'e (8.57)
i ~— (n|V[i){i|V|m) /t e

_ A AN R A dt T wn(t to)'
hzi: Ei—En  J, O

When computing the associated transition probability at second order,
Posn == |en(t)* = [0 (1) + e (8) + ¢, () (8.58)

one should a priori take into account interference terms between the amplitudes at differ-
ent orders. Note, however, that the first term in the above expression has the same time-
dependence than that at first order and gives therefore to a transition probability piece that
grows linearly with time. On the contrary, the last term leads only to rapid oscillations in
time and can be ignored in the t — oo limit. Redoing the computation we performed for the
first order term, we get finally

Coveon = = p(E)|(nlV ) = 37

(2

V) iV Im) |
E,— FE,,

8.5.2 Electric dipole selection rules

Having established the basics of time-dependent perturbation theory and derived the Fermi
Golden Rule, we now have a framework to understand the probabilities of transitions between
states under a time-dependent perturbing interaction, such as an oscillating electric field. In
the context of atomic and molecular transitions, this oscillating field typically couples to the
electric dipole moment D of the system of charges, defined as

D=—eX, (8.59)

with e the elementary charge and X = (X,Y, Z) the position operator relative to a chosen
origin, typically identified with the nucleus in atomic systems. The associated matrix elements
between initial and final states determine the likelihood of a transition. To further refine our
understanding of which transitions are possible or “allowed” in this framework, we consider
the so-called electric dipole selection rules for the matrix elements

(' I',m!| X |n,1,m), ', m'|Y|n,1,m), (' U',m!|Z|n,l,m) . (8.60)
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Selection rules for m

The electric dipole matrix elements (n’,l’,m/|Z|n,l,m) in (8.60) were already considered in
our treatment of the Stark effect, with the commutation relation [L,, Z] = 0 enforcing that
m’ = m or equivalently

Am=m'—m=0. (8.61)

The other two matrix elements in (8.60) can be computed by taking into account the expec-
tation value of the commutation relations between L, and X, Y,

[L.,X]=[XP,—YP,,X]=0—[YP,,X] =ihY,

8.62
[L.,Y]=[XP,—YP, Y] =[XP, Y] —0=—ihX, (8.62)

namely
ih (n'JU',m'|Y|n,l,m) =h(m' —m)n,U',m'| X|n,l,m),

—ih <n’7 l/jm/| )(‘n7 l,m) = h(m/ —m) <n/7 U, m/| Yin,l,m). (8.63)

Note that the solution m’ —m = 0 found for (n',l’,m'|Z|n,l, m) would lead to the trivial
output (n', ", m'| X|n,l,m) = (n/,I',;m'|Y|n,l,m) = 0. Solving the above system of equations
in the alternative case m’ # m, we find

R (n/,l, m'|Yn,l,m) = R (m' — m)2 (0, U',m| Y|n,1,m), (8.64)
which is true if and only if (m’ — m)2 =1 or, equivalently,
Am=m'—m = +£1. (8.65)

Collecting the results (8.61) and (8.65), the conditions to have a non-zero expectation value
for the dipole moment (n’,l’, m/| D |n,l, m) are

Am=m'—m=0,%1. (8.66)

Selection rules for [

In our analysis of the Stark effect, we demonstrated explicitly that, due to the parity-odd
nature of the Z operator, expectation values of the form (n', ', m’|Z|n, [, m) vanish identically
for same parity states. An additional and more stringent selection rule for first-order electric
dipole transitions can be obtained by considering the identity

[L2,[L?, X]] = 2r*(X L? + LX), (8.67)

whose proof is lengthy but completely straightforward.

Proof of the identity [L?,[L2, X]] = 2h2(X L2 + L2X)
Taking into account that

[Li7 X]] = €inm [Xan7 X]] = €inmXn [Pmu X]] = _iheinan(Smj = iheiijk s
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we can write

[LQ, X'n,] =0 [LZ, Xn] + [LZ, X’rz] L;, = ’ihEmj (Lsz + X]L»L) = ihé»mj (Gijk:Xk + 2X]LZ) =
= 2if (e X:L; — ihiXn) |

or equivalently
[L?,X] = 2ih(YL, — ZL, — ihX),

[L?,Y] = 2ih(ZL, — XL, —ihY),
[L?,Z] = 2ih(X Ly — YL, —ihZ).

Using the last of these expressions and the standard relation [L2, Li] = 0, the com-
mutator [LQ, [LQ, ZH can be written as

[L?,[L?, Z]] = [L?,2iM(X Ly — Y Ly — ihZ)]) = 2ih([L*, X|L, — [L?, YL, — ih[L?, Z]) .
Expanding the first two terms in this expression

[L?,X| Ly = 2ih (YL, — ZL, — ihX) Ly = 2ih (Y L, — ihX) L, — 2ihZL},
=2ik (L,Y Ly — ZL2) ,
— [L%Y] Ly = —2ih(ZL. — XL. — ihY) L, = 2ih (—ZL2 + XL.L, + ihY L)
=2ih (L. XL, — ZLY) ,

and summing them, we obtain
[L?, X)Ly — [L*,Y] Ly = 2ih (L, (X Lo + YLy) — Z (L2 + L))
— 2in (LZX L— ZL2) — _%hZI?,

where in the last step we have taken into account that
X -L=XiL = ejuXiX;P, = 0.

Combining this result with —ih [L?, Z] = —ih (L*Z — ZL?), we get
[L2,[L3,Z]] = 2h* (ZL% + L%Z) .

Since there is nothing specific here to Z, we conclude that

(L%, [L?, X)) = 2n*(X L% + L*X).

Assuming the matrix elements (n/, ', m’| X |n,,m) to be non-trivially vanishing and tak-
ing into account the action of L? on its eigenstates |n,l,m), L%|n,l,m) = Al(l + 1)|n,1,m),
we get

(', U,m/| LPL2X — 2L*X L% + XL?L? |n,l,m) = 212 (n/,',m/| XL? + L*X |n,l,m) , (8.68)

B2+ 1)? =2 () 10+ )+ PO 12 -2 (1) =20+ )] =0, (869)
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or, equivalently,
G+)A+T+2)('=D*—-1)=0. (8.70)

Given that the angular momentum quantum numbers are positive [,I’ > 0, we must have
Al=1—1=41, (8.71)

which, in the context of time-dependent electric fields, can be interpreted at the the absorption
or emission of a spin-1 photon when transitioning between states.

The Wigner-Eckart theorem

A more systematic way of determining non-zero matrix elements in systems involving
angular momentum states is to make use the representation theory of the rotation
group. This approach leads to the so-called Wigner-Eckart theorem, which states
that the matrix elements of spherical tensor operators® Tq(k) can be factorized into the
product of a dynamical factor or reduced matrix element (j'||[7*)|j), which depends
only on the total angular momenta j and j' and some geometrical or non-dynamical
Clebsch-Gordan coefficients (j, k; m, q|j’, m'), which depend on the magnetic quantum
numbers m and m’ and the rank k of the operator, namely

(G, |TP|j,m) = (j, kym, qlf’, m/) (5| T®|5) . (8.72)

?An irreducible spherical tensor operator of rank k (with k an integer) consists of a set of 2k + 1
operators Tq(k), with ¢ = —k, ..., k, that transform as the angular momentum under a rotation of the
coordinate axes. For instance, the case k = 1 corresponds to a vector operator.

8.6 The adiabatic approximation

The so-called adiabatic approximation involves a slow temporal change in the Hamiltonian,
typically associated with environmental effects such as the motion of the center of mass of a
complex system through a media or gradually changing external fields.

Let us consider a Hamiltonian H()\) depending on some number of parameters A\’ assumed
to vary adiabatically and displaying, for simplicity, a discrete spectrum

Hln(X)) = En(A)n(N)) - (8.73)
Expanding the wave function in a basis of instantaneous energy eigenstates,

() =D am(B)e " Dm(A®)) (8.74)

with unknown coefficients a,,(t) and energy-dependent phase factor

1

Emlt) = —+ /0 dt'Ey, (') , (8.75)
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and substituting the result in the Schrédinger equation

ma“gf» = H|p(t)), (8.76)
we obtain
. iém itm 0 Vil
> [ame Im(\)) + ame Wym(xm] =0, (8.77)

m

where we have cancelled out the two terms depending on F,,. Multiplying this expression by
(n(\)| we have

ap = — Z et Em—én) <n()\)‘

m(A)>}\i,

(8.78)
where in the second line we have explicitly singled out the m = n term and defined the
so-called Berry connection

0
ON!

ai@. m(A)>Ai = ia, (WA — 3 amei(sm_§”)<n(/\)‘
m#n

Ai(\) = —'<n()\)‘%

n()\)> . (8.79)

By differentiating now Eq. (8.73) with respect to A,
OH 0 _ 0E, 0

SO+ H o m(0) = S ) + B () (5.50)
and multiplying the result by (n| (n # m), we get
0 0H
(B — Bn) (n(0)] 55 Im() = (n(0)] 52 m() (3.81)
This means that the second term in (2.34) is proportional to
0 0 oOH A
allowing us to rewrite (8.78) as
y . N OH
Noo— g . t_ i(€m—En)
an = ian A; (M)A Z ame E L. <n()\) N m(/\)> , (8.83)

m#n

When the change of parameters is much smaller than the splitting of energy levels (h)\z <
AFE), we are left with

t
an = ianAiX, — a,=Chexp (z / dt' A; (A (t/))x) : (8.84)
0

with C,, some integration constants. This means, that if we start in a specific energy eigenstate
|n) with a,, = dmp, the system will remain in the state |n(A)) for slowly varying A, provided
of course that we avoid level crossings leading to E,, = E,.
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Level crossings

Level crossings are relatively uncommon in quantum mechanics and typically require
some level of finetuning. For instance, a two-level system characterized by a general
Hermitian 2 x 2 matrix depends a priori on four parameters, but its eigenvalues only
coincide if the matrix is proportional to the identity. Consequently, three of those
parameters must be set to zero for the energies to become degenerate.

As explicit in Eq. (8.84), the variation of the \! parameters translates into the appear-
ance of an additional phase beyond that in Eqgs. (8.74) and (8.75). The true significance of
this additional piece was first recognized by Michael Berry in 1984 and plays nowadays an
important role in the description of various topological phenomena, like the quantum Hall
effect or topological insulators. Unlike the usual phases associated to energy eigenstates, the
Berry phase is intrinsically geometrical, meaning that, when considering a closed path C' in
parameter space,

e = exp (2 jéc d)\iAi()\)> , (8.85)

the result does not depend on the time taken to make the journey, but only on the followed
trajectory. Note also the information contained in the Berry connection (8.79) is somehow
redundant, since we could have alternatively chosen another set of states differing by a phase

for each choice of A\, ,
}n/()\)> _ ezw(/\)’n()\» , (886)

A = —i <n’

This gauge-like transformation does not affect, however, the Berry phase (8.85) since ¢ Oswd\t =
0.

In analogy with electromagnetism, the physical information of the Berry connection is
encoded in a gauge invariant field strength or curvature of the connection,

QA 04
TON o

In fact, using the higher-dimensional version of Stokes’ theorem, we can write

e = exp <_Zj{ .Ai()\)CD\i> — exp (—Z/ ]—"Z-deij> , (8.89)
C S

with S a two-dimensional surface in the parameter space bounded by the path C.

such that

n’> a4 e (8.87)

ON! %

Fij(A)

(8.88)

Example 48: Berry’s phase for an electron in a precessing magnetic field

A common and straightforward illustration of the Berry phase involves a spin sys-
tem with a Hilbert space comprising only two states, such as an electron in a slowly
precessing magnetic field, whose components we will identify with the parameters \*,
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namely \' = B?. The associated Hamiltonian takes the form
H=-—S-B+E, (8.90)

with § = h/2&, & the set of three Pauli matrices and E = +vhB /2 a constant offset
included to ensure a zero-energy ground state, i.e. to eliminate de facto the usual
ground state phase factor e~ Eot/h which is irrelevant for our discussion. Writing the
magnetic field B in spherical coordinates,

B sin 0 cos wt
B = | Bsinfsinwt | , (8.91)
Bcos0

with w the precession frequency, we can rewrite Eq. (8.90) as

= <cos€— 1 ei“tsinﬁ)

H=—E{ titgng _cosh—1 (522

For non-vanishing magnetic field, the diagonalization of this Hamiltonian provides two
non-degenerate eigenvalues 0 and +2B,

H|-)=0 and H|+)=2E+), (8.93)

with normalized eigenvectors

- (Taam) . W= (Taew?). e

The Berry connections (8.79) arising from these states take the form

)=0, A¢:—i<—|aa¢ —>:—sin2€, (8.95)

, 0
Ao = =i~ | 31 - ;

The resulting Berry curvature in polar and Cartesian coordinates is then given by

Bk

Ay A
"B

Jop = - — - = —sinf, — fz‘j(é):_ei]’

% o9 (8.96)

This is a magnetic monopole in the space of magnetic fields, sitting at the singular
point B = 0.

8.7 The sudden approximation

The sudden approximation involves a fast jump between two time-independent Hamiltonians,
with fast understood as a timescale much shorter than any natural period in the system. In
this approximation, perturbation theory is completely irrelevant: if the system is initially
in an eigenstate |n) of the initial Hamiltonian Hy, the time evolution following the switch
will be given by the final Hamiltonian H{, meaning that the wave function must be simply
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reexpressed in terms of the new eigenstates of the final Hamiltonian, which then determines
the time evolution of the system,

Hyln) =Y |n') (n/|n) . (8.97)

The only challenging task is estimating the actual time taken for the Hamiltonian to change
and the periods of motion associated with the state |n) and with its transitions to neighboring
states.

|l L0 i el ol o oL

Consider a rapid transition (At < hi/wg) in the frequency of a harmonic oscillator,
wp — w, at time t = 0. The corresponding Hamiltonian

% ]02 1 9 t 1
0=5- + 2m wox = hwy (aoao + 5) , (8.98)
with !
ag = T (mwozx +ip) , (8.99)
evolves then to )
el 2p—m+2w2:c2:hw(Ta—|— >

with

Expanded it in terms of the eigenstates [n),n = 0,1, ... of H|, the ground state |0) of
H07
ald) =0, — (w4 wp)ald) = (w—wo)alld), (8.100)

becomes a collection of parity-even excited states

@_Oo o’ ith 2 +1 fw—wo il
|)—nZ:Ooz2n/|n) wit Qoo = 232 \ o o Qo - (8.101)

In the Heisenberg picture, the position operator now evolves as dictated by the new
Hamiltonian H,
p(0)

z(t) = x(0) cos(wt) + o sin(wt) , (8.102)
and
(0[22(0)| 0) = 2r:w0 and (0 [p>(0)]0) = hm‘” (8.103)

For to > t1, this implies
(0 ]z (2) z(t1)] 0)

pmiwlta—tn) | (w? — wd) cos (w (ta + t1)) + (w — wo)? cos (w (t2 — 1))
w 2wwg

2

(8.104)
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The first term in this expression accounts for the usual evolution of an energy eigen-
state, i.e. the expected outcome in the absence of any quench. The absence of time
translational invariance in the second term reflects the fact that the system retains a
memory of the quench!
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8.8 Some worked-out exercises

A particle in a evolving infinite square well

A particle of mass m is initially in the ground state of an infinite square well potential
with width L. At time ¢ = 0, the potential in the left half of the well begins to increase
linearly from O to V over a time 7. After reaching the value V', the potential starts
decreasing back to zero at the same constant rate over the next 7' seconds. Assuming
V to be small, determine the probability that, at time 27T, the particle is found in the
first excited state of the well.

The time dependent perturbation has the form

1% L
m(t) {O elsewhere ,

with f(¢) displaying a triangular shape. The requested transition probability is given by
2

P1%2:

)

1 2T )
ﬁ / dt AHgl(t)e“”Ot
0

with
_ E2 - Ei _ 37T2h

Yo T T oL

The matrix element AH (t) is given by

L

p3(x)p1(x)de =V f(t) /E %sin (LLx) sin (T) dx

JO

NSl

AH(H) = (2AH (D]1) = V() /

0

= %f(t)/o 2sin? (%) oS (%) dx = %f(t)%sin?’ (%) . %

Then, we have

1612
Pio=——

2T ) 2
dtf(t)e™t| =
e /O f(t)e

256V2 ., (wT
Im2h2wAT? S\ )

where we have used

2T T 2T T
4 ¢ QT —1) | b o
d et — dt — et / iwt / dit— ( iwt w(2T t))
/O Fit)e /0 ¢ T), T ° o Yr\e e

T T 2 et . (wT\)®
:_W (1_6 ) :_WQTQ <2ZS1H <Z>) .

A 2D harmonic oscillator under a time-dependent angular perturbation

A two-dimensional harmonic oscillator with Hamiltonian

1 1 1
Hy = %(pi —i—pZ) + imwga:Q + imwg y?
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is subject at ¢ — —oo to a time-dependent perturbation
AH(t) = AL, e

with A a small parameter. Assuming the oscillator to be initially in its ground state
and working at first order in perturbation theory, determine the probability for it to
transition to another energy level as ¢ — +o00. Discuss the special case where w, = wy,.

The angular momentum operator
L,= TPy — YPx

can be written in terms of creation (a) and annihilation (a) operators through the relations

h . [hmw h hmuw,
2mwx(a¢—|—al), pxzzw/Tx(al—aw), y:1/2mwy(ay+az), Dy = W/Ty(aT—aJ).

Substituting these expressions into the equation for L, we get:

h Wq h Wy
L = oy o e ) g = ) = o[22 (o ) (e =)

Applying this expression to the ground state |00), we get

o3 - ]

The only non-vanishing matrix elements are therefore

(11|AH|00) = {\/g \/7} oIl

All other matrix elements are zero. The transition probability from the ground state to the state |11)
is given by

A w [w
Poos11 = ’2 |: s 2 o :| et giwatwy)t gy
Y

If w, = wy, this transition is also not allowed, since in this case, the ground state is invariant under

Tr =

2 B A2 (W —wy)2

2
{1 + (we + wy)Q} Waldy

rotation around the z-axis and is therefore an eigenstate of L, (and of the entire Hamiltonian).

A hydrogen in a time-dependent Gaussian electric field

A hydrogen atom, initially in its ground state (¢ < 0), is placed at time ¢ = 0 in a time-
dependent electric field | (t) = Eoe~t/ Tz(é’y + ¢€,), with & > 0 and 7 > 0 constants.
Assuming & to be small, determine whether it is possible for the atom to transition
to a state with n =2 at ¢ > 0, and if so, identify the possible final states.

The hydrogen atom interacts with the electric field via the electric dipole interaction

Hine(t) = —¢€(t) - 7
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The total Hamiltonian of the system is then given by

R _, 2
H=Hy+ V()= —5 V= —+et)(y+2),

with Hy the Hamiltonian of the hydrogen atom, V' (t) = e £(t) (y+2) and y and =z the position operators
in the y and z directions. At first order in perturbation theory, the transition probability from an
initial state |¢) = |n,l,m) at time ¢ = 0 to a final state |f) = |n/,{’,m’) at time ¢ is given by

2

[ it Ef — E;
PHf:'Z/ dt'e =t (FIV ()i with wp= L2
0

h h

To have a nonzero transition probability one must necessarily have (f|V(¢')]i) o (0,1, m'|y +
z|n,I,m) # 0 Considering the transformation of y and z and the states under the parity operator

Hyll' = —y I = —z, Ojn,1,m) = (=1)!|n,1,m),
we can write (ITTTI = 1)
(Vo |(y + 2)[n, Lm) = (0,1, m/ | TUTL (y + 2) TTE |, 1) = (= 1) 00w | (y + 2)|m, 1m)

concluding that the matrix elements are also zero for [ + 1’ equal to zero or even. In our case (n = 2,
1=0,1,m=-1,...1),

Z%e?
|i) =11,0,0), E;, =FE; [y =12,¢,m), Ey = Ey; En:—m.
the only possible final states leading to (2,4, m|(y + 2)|1,0,0) # 0 are of the form |2,1,m). Since

z=rcosf y =rsinfsin¢

are proportional to the spherical harmonics

Yio(8,9) =4/ % cos b, Yi+1(0,0) = T4/ % sen fet? sinfsing o< Y'Y, cosf oc VY.

and have therefore quantum numbers ¢ = 1,my = 0 and ¢» = 1, my = +1, respectively. The com-
position of these values with those of the ket |1,0,0), (¢/; =0, m; = 0), provides a state Iy + Iy = 1,
mi1 + me = 0,£1. Therefore, the only non-vanishing overlaps with n = 2 are those associated to
2,1,0) and |2,1,£1).

Of course, the same conclusion can be achieved by a brout-force computations.

A hydrogen atom in a time-dependent exponential electric field

An hydrogen atom initially (¢ < 0) in the state |n,l,m) = |3,0,0) is subject at time
t = 0 to an electric field E(t) = Ege~'/7 along the z-axis, with constants Ey and 7.

a) Determine which of the following transitions are allowed.
13,0,0) = |2,1,1), 13,0,0) = ]2,1,-1), |300) — |210) .

b) Working at first order in perturbation theory, determine the transition probability
to the allowed final state(s) at time t5 > 7, approximating the result of the radial
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integration of the hydrogen atom wave functions @y (r,00) = Ryi(r)Y,(0¢) as
fooo RsoRo1r3dr ~ ag, with ag the Bohr radius.

a) The total Hamiltonian of the system is given by

W _, e
H=Hy+V(t)= —%V —7+6E(t)2:,

with Hy the Hamiltonian of the hydrogen atom, V (t) = e E(t) z and z the position operator in the
z direction. At first order in perturbation theory, the transition probability from an initial state
|i) = |n,l,m) at time ¢ = 0 to a final state |f) = |n/,I’,m’) at time ¢ is given by

. t 2 _ .
P p(t) =~ ‘—;/0 dt'e st (FIV ()i with W = %

To have a nonzero transition probability one must necessarily have (f|V (¢')]i) o< (n/, 1", m/|z|n,l,m) #
0. To determine the non-vanishing matrix elements one can proceed in 3 different ways:

e Way 1: Commutation relations. Using the fact that z commutes with the L, component of
the angular momentum,

mh(n/, ', m/|z|n,l,m) = (0, I',m/|zL.|n,l,m) = (0, I',m/|L,zIn,l,m) = m'h{n,I",m’|z|n,l,m),

we can easily conclude that matrix elements with m # m' are zero. On the other hand,
considering the transformation of z (II 2 II' = —z) and the states (IT|n, 1, m) = (—1)|n,1,m))
under the parity operator II, we can write (IT'II = 1)

U, |zn, L,m) = 0/, U, m/ | T 2 T |, 1, m) = (=) 50/ 0 md |2|n, 1m)
concluding that matrix elements are also zero unless [+1" is odd. The only given non-vanishing
transition is therefore the |3,0,0) — |2,1,0) one, since the transitions |3,0,0) — [2,1,+1)
violate the above m’ = m rule.

e Way 2: Addition of angular momenta. In spherical coordinates the z operator, z = r cos#, is
proportional to the spherical harmonic Y10(6, ¢) = (6, ¢|1,0) (see e.g. the Table of Clebsch-
Gordan coefficients) and has therefore quantum numbers ¢ = 1, my = 0. The composition of
these values with those of the bra (3,0,0| (/1 = 0,m; = 0) provides a state with I; + 2 = 1,
mq+ms = 0. Therefore, the only non-vanishing overlap is again the one associated to |2,1,0).

e Way 3: Brout-force computation. The angular part of the integrals involving the orbitals
Y141 in |2,1,£1) is identically cero by symmetry considerations

™ 27
/ cos 0 sin? 0d9/ e dp =0.
0 0

Therefore, the only non-vanishing overlap is again the one associated to |2, 1,0).
b) The first-order transition probability for the process |3,0,0) — |2,1,0) is then given by

2

2 ts
12, 1,0|z|23,0,0>| / dteiBa=Et/h g o=t/
I3 0
E3e* |(2,1,002]3,0,0)”

2

ts
/ dte!li(B2—Bs) [i=1/7]
0

(li(B>—Bs)h-1/7] [P [

i(Ey— Es) /h—1/7

1
/7 —i(Ey— E3) /h

E2¢2(2,1,0|2]3,0,0)?
h2

0
2

E2¢2(2,1,0|2]3,0,0)?
h2

)
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where in the last step we have used the condition t5 > 7. Using now that the modulus of the
inverse of a complex number equals the inverse of its modulus, we have

E2¢2(2,1,0|2]3,0,0)|? 1
h 1/72 + (By — E3)* /h2|

The non-vanishing matrix element (210|2|300) in this expression takes the form

Pisg(ts) =

(210|2]300) = /Rlew(TCOSG)RgoYOOT sin Odrdfd¢ = /R21R30T dr/YmYoor cos 0 sin 0dfd¢ =~ ﬁ,

where we have taken into account that

2m 3 ™
/YwYOO cos 0 sin 0dfdg = \/:\/7/ cos 981n9d9/ do = j[( cos 9>
™

0

1
(27T) = ﬁa

and
o
/ R21R30 r3dr ~ agp .
0

A charged particle in a time-dependent damped oscillating electric field

A particle of charge ¢ and mass m, initially in the ground state of a one-dimensional
harmonic oscillator in the z direction and with angular frequency wg is placed, at
time ¢ = 0, in a weak time-dependent and spatially-uniform electric field E(t) =
Ep cos(wt) exp (—t/7) along the z axis, with Ey > 0 and 7 > 0 constants. Working at
first order in perturbation theory, determine the probability of finding the system in
an excited state n at time ¢ > 7.

The total Hamiltonian of the system is given by
H=Hy+V(t),

with Hy the harmonic oscillator Hamiltonian, V(t) = —q E(t) z and x the position operator in the
x direction. At first order in perturbation theory, the transition probability from the initial state

|i) = |0) at time ¢t = 0 to a final state |f) = |n) at time ¢ is given by Py_,,, ~ |c£ll)(t)|2 with

. t . t
(1) = %/ <0|V(t’)|n>ei“”0tldt’ ( qEO)/ (0|z|n) coswt'e™t /T einwot’ gyt
0 0

I~ \

and

E, — F 1 h
Wno = TO = nwo , En = th <TL+ 2> 5 <0|£L’|TL> = mé,m .

Expressing the cosine in the above expression for ¢;(t) in terms of exponentials, coswt’ = (e“"t/ +
e*“"t')/Q and integrating, we obtain

. t

(1) igky 1 / i(wwo)t' —t' /T i(—wwo )t —t' /T /

1 (t):_\/j* (6 +e )dt
2mhwg 2

iqEy 1 |:1 — eilwtwo)t—t/T 1— ei(—w+wo)t—t/7—:|

~ \/2mhwg 2 (w+w0)—1/7+ (—w+w)—1/7
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For t > 7, this becomes

c(l)(t) . igky 1 1 n 1 gk T(iweT — 1)
VAT amihg 2 Li(w+wo) — 1)1 i(—w4wo) —1/7]  2mhwg (w? — w?) 72 4+ 1 — 2iweT

The corresponding probability is then

(quT)2 (w07)2 +1
2mhwo [(w

1
P=|c"]? = 5 . :
—wo)’ 72+ 1]+ dur?
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8.9 Exercises

. A charged particle in harmonic oscillator and time-dependent Gaussian electric

field ¢
A charged particle, initially in the ground state of a one-dimensional harmonic oscillator
with angular frequency w, is placed at time ¢ = 0 in a time-dependent electric field

E(t) = Eye ©/™,

with Ey and 7 constants. Assuming Ejy to be small and working at first order in perturbation
theory, determine the probability of finding the particle in a given excited state at ¢t = 4o0.
Analyze explicitly the limiting cases wr < 1 and w7 > 1.

. A spatial and time-dependent perturbation to the harmonic oscillator 7

A particle, initially (¢ < 0) in the ground state of a one-dimensional harmonic oscillator, is
subject at time ¢t = 0 to a perturbation

Viz,t)=Voale /7,

with Ey and 7 constants. Assuming Vj to be small and working at first order in perturbation
theory, determine the probability of finding the particle in a given excited state at t = +oc.
. A harmonic oscillator with moving center ¢

The center of a one-dimensional harmonic oscillator, initially (¢ < 0) in its ground state,
starts moving with constant velocity vg at ¢ = 0 and do so until time 7', where it stops
completely. Assuming vy small and working at first order in perturbation theory, determine
the probability of finding the particle in its first excited state at ¢ = +o0.

. A rotor under a time-dependent exponential perturbation 7

A certain type of rotor with orbital angular momentum ¢ = 2 is governed by a Hamiltonian

3a a
H= 2L — o5 (L + L)

with @ > 0 a constant and L; the i-th component of the angular momentum operator.

a) Determine the energy spectrum of the system.

b) Determine the average energy obtained in measurements if the system is in a state with
wave function

w(0,0) =A (sin 6 cos 0 cos ¢ + sin? 0 sin ¢ cos d)) ,
with 6 the polar angle, ¢ the azimuthal angle, and A a normalization constant,

c) Assume the particle to be initially in the lowest energy state with ¢ = 2 for ¢t < 0. At
t = 0, a time-dependent perturbation

A
Vi) =+ Lye 7

is applied, with 7 > 0 and A > 0 constants. Using first-order time-dependent perturbation
theory, calculate the transition probabilities to possible excited states at t — oo.
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. A hydrogen atom in an exponential electric field ¢

A hydrogen atom initially in its ground state (¢ < 0) is subject at time ¢ = 0 to an electric
field
E(t) = Ege /7

along the z-axis, with Ep and 7 constants. Working at first order in perturbation theory,
calculate the probability that the atom transitions to the state |n = 2,1 =1,m;) at time
ts > 7. The energy of the state |n,l,m;) is given by E,, = —Egr/n?, with Er the Rydberg
energy. The matrix element of the position operator in the z-direction is given by

(n=1,l=0,m; =0|z|n =2,l = 1,my) ~ 0.745a00m, 0 ,
with a¢ the Bohr radius of the atom.

. A hydrogen atom in a time-dependent Cauchy-like electric field ¢

A hydrogen atom, initially in its ground state (t < 0), is placed at time ¢ = 0 in a time-

dependent electric field
-

e

along the z axis, with Fy and 7 constants. Assuming Ey small and working at first order
in perturbation theory, determine the probability of finding the particle in the first excited
state at ¢ = +o0.

Hint: You may want to use the results of Problem 2 in the Math basics exercise sheet.

E(t) =

. A spin-1/2 particle in time-varying magnetic field ¢

A spin-1/2 particle is in the presence of a time-varying magnetic field B= (0,0, B(t)), with
B(t) = By + By cos(wt), and By < By. The associated interaction Hamiltonian is given by

H(t) = —S.B(t).

Working at first-order perturbation theory, determine the possible transitions between the
stationary states of the unperturbed Hamiltonian, Hy = —v.S,By. Can we conclude anything
about the exact transition probabilities between these eigenstates?

. A time-dependent perturbation on a composite system ¢

Consider a composite quantum system of two spin-1/2 particles. For ¢ < 0, the Hamiltonian
is spin-independent and can be taken to be zero. At t = 0, an interaction is suddenly
turned on, and for ¢t > 0, the Hamiltonian becomes H = (4A/h2) Sy - S5, with A/R? < 1.
Assuming the system is in the state |[+—) at ¢ = 0, determine the probability of finding the
system in each of the basis states [++) ,|[+—) ,|—+) ,|——) as a function of time in 2 ways:
a) by solving the time-dependent Schrodinger equation exactly, b) using first-order time-
dependent perturbation theory. Under what condition does this approximation reproduce
the exact result?

. A time-dependent perturbation to a two-level system ¢

Consider a perturbation to a two-level system with matrix elements

H7/Tm = H;Lm = %6_“/7—)2 ) Hr,nm = H’:m = Oa

with 7 and « positive constants with appropriate units.
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a) According to first-order perturbation theory, if the system starts off in the state |m) at
t = —o0, what is the probability that it will be found in the state |n) at t = oo 7

b) Taking into account that in the limit 7 — 0, H],,, = ad(t), compute the 7 — 0 limit of
your expression from part a) and compare it to the exact result P, ,, = sin? (%)

Selection rules at work ©

An electron in the n = 3,1 = 0,m = 0 quantum state of a hydrogen atom undergoes a
sequence of electric dipole transitions to eventually reach the ground state.

a) Identify the available decay pathways. Represent the possible transitions as [300) —
|nlm) — |n'I'm’y — ... — |100).

b) Given an ensemble of atoms in this state, determine the proportion of them that decay
via each possible route.

Hint: Once the electron makes the first transition, it is no longer in the |300) state, so only
the initial transition step in each pathway affects the lifetime calculation. Useful integrals:
1 F1

Y10Yoo cos 0 sin 0dfdp = — , Yi41)* Yoo sin® 6 cos ¢pdfdgp = = |
/ 10Y00 ¢ 7 /( 1+1)" Yoo Ppdfde NG

and
Ta4

e 2
K= / R21R30T3d7’ = 572\@@
0

Old Problem, New Tool: Fermi’s Take on Scattering ¢

A particle of momentum p = Ak > 0 in one spatial dimension approaches a steep-sided
potential well

V() —Vo, for|z|<a, V>0
€Tr) =
0, otherwise,

from x = —o0. Assuming periodic boundary conditions to ensure normalizable incoming and
outgoing wavefunctions, and applying the Fermi golden rule, show that the probability for
the particle to be reflected by the well is approximately

P ZmVO2
~ s

.2
sin“(2ka) .
) (2ka)

Compare this result with the limit p?/(2m) > Vj of the exact reflection probability for this
potential well.
An infinite square well with slowly expanding walls ¢

Consider a particle confined in a one-dimensional infinite potential well, with the right bound-
ary moving at constant velocity v. The width of the well at time ¢ is given by L(t) = Lo+ vt,
where Lg is the initial width of the well at ¢t = 0.

a) Show that this system admits an exact solution, with time-dependent wave functions

2 . (nrmz { 9 0
t)=4|—= — — —2E Lot
on(z,t) 10 sin (L(t)) exp [QEL(t) (mvx Lo ) ,
: 0 _ n’m3h? —
with E), = the energy levels at ¢t = 0.

2mL3
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b) Assuming the particle starts in the ground state of the well at ¢ = 0, express the initial
wavefunction ¢(z,0) as a linear combination of the exact time-dependent states ¢, (z,1),
©(z,0) = > 07 cnpn(z,0), determining the coefficients c¢,.

c) Analyze the behavior of the system in the limit v — 0. Show that in this limit, the
system remains in the instantaneous ground state as expected from the adiabatic theorem.
Discuss the relevant time scales and the condition for adiabaticity.

d) Compare the exact solution with the adiabatic approximation. Examine both the am-
plitude and phase of the wavefunction. Identify whether a geometric (Berry) phase is
present, and comment on its physical meaning in this setting.

A driven harmonic oscillator ¢

Consider a one-dimensional quantum harmonic oscillator with mass m and angular frequency
w, subjected to a time-dependent external force. The Hamiltonian of the system is

9% 1
—%@ + §mw2zx2 - mwaf(t) y

with f(¢) a real-valued function of time with dimensions of length, and f(0) = 0.

H(t) =

a) Determine the instantaneous eigenvalues E,(t) and eigenfunctions ¢, (z,t) of the Hamil-
tonian H(t). Express the eigenfunctions in terms of the known eigenfunctions of the
unforced harmonic oscillator.

b) State the condition under which the time evolution of the system can be treated adiabat-
ically. Express this condition using f(t) and/or its time derivative f(t).

Show that, under this approximation, the function

ra(l) = /0 F(E)wsinfuw(t — )] dt’

approximately equals f(t).
Show furthermore that z.(t) satisfies the classical equation of motion for a driven har-
monic oscillator, assuming appropriate initial conditions at ¢ = 0.

c) Assume that the state of the system at time ¢ can be expressed as ¢(z,t) = Y cn(t)on(x, ).
Derive the equations governing the time evolution of the coefficients ¢, (t). Simplify the
expression using the properties of the annihilation and creation operators.

Tritium decay in the sudden approximation ¢

A tritium atom 3H can decay into a helium ion *He™ via a rapid transition in which a
neutron converts into a proton that remains in the nucleus, while an electron is ejected from
the atom at high speed. Using the sudden approximation, determine the probability for an
electron initially in the ground state of H to be found in the ground state of the 3He™after
the decay.

Sudden quench in a two-body harmonic system ¢

Two particles of mass m move along the z-axis and interact via an ideal spring with force
constant k. Assume the system is initially in its ground state with energy Ej, and the spring
constant is suddenly halved. What is the probability that a subsequent measurement of the
energy finds the system still in the ground state of the new potential?



CHAPTER 9

LRELATIVISTIC CORRECTIONS TO THE HYDROGEN ATOM

A great deal of my work is just playing with equations and seeing what they give.
I don’t suppose that applies so much to other physicists; I think it’s a peculiarity
of myself that I like to play about with equations, just looking for beautiful
mathematical relations which maybe don’t have any physical meaning at all.
Sometimes they do...

PauL Dirac, AHPQ INTERVIEW, 1902.

Almost all rules of spectroscopy follow from the symmetry of the problem.

EUGENE WIGNER IN HIS BOOK “GROUP THEORY AND APPLICATION”, 1931.
b

While the physics encoded in the Pauli Hamiltonian (3.208) has played a crucial role
in many of the examples considered in this course, the associated Schrodinger equation is
unable to account for special relativity effects, expected to become increasingly important as
particles approach the speed of light.

9.1 The Klein-Gordon equation

In order to incorporate relativistic effects, let us start by considering the relativistic dispersion
relation
E% =52 + m?ct, (9.1)

and make use of the correspondence principle £ — ihd; and p — %V_é to postulate a rela-
tivistic Schrodinger-like equation for the electron,

(ihi0y)” (&, t) = (mPc" — ER2A) (@, 1), (9.2)
or more compactly
2.2
(D + mh—;) o(Z,t) =0, (9.3)

with O = C%g—:z — A the so-called d’Alembertian or “box” operator. This wave equation, first
discovered by Schrodinger itself, is called the Klein-Gordon equation, honoring the authors
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first publishing it. As compared to its non-relativistic counterpart, it allows for the existence
of negative energy solutions

o(Z,t) = e_%EH%ﬁ, E=—\/me +pct < —mc?. (9.4)

9.2 The Dirac equation

To circumvent the existence of negative energy solutions in the Klein-Gordon, Dirac tried to
rewrite the relativistic dispersion relation as the square of a linear function of the momentum,

APt +miet = (ca-p+ ﬁmc2)2 = (caip1 + caops + casps + Bmcz)2 ) (9.5)

Expanding the right-hand side of this equation and equating coefficients in both sides, pro-
vides the constraint relations,

BQ = 1, {Oél', Oéj} = 25@' y {Oéi, B} =0. (9.6)

A simple inspection of these expressions reveals that the quantities «; and 8 cannot be just
numbers, since in that case they should be identically zero. Note also that, albeit the relations
for «; are satisfied by the Pauli matrices already familiar to us, the last anticommutation
relation with 3 spoils any choice of a 2 x 2 matrix with 52 = 1. The above relations can be
satisfied, however, by four-by-four hermitian matrices,

-(30) (i n)

with & the Pauli matrices. Roughly speaking, flipping signs requires increasing the square
roots of unity by doubling the dimension. Note also that the cyclicity of the trace operator,
tr(ABC) = tr(CAB), requires «; and 3 to be traceless,

tra; =tra;B82 =tr(qB) B =trf(af) = —tr B (Boy) = —tray,  —  tra; = 0,(9.8)
trf=tr(for)a; =trag (fay) = —trag (af) =—trf — trpf=0,

which, combined with the conditions 0%2 = (3% = 1, implies that half of the eigenvalues of «;
and 3 are +1 and the other half are —1. This is only possible for even-dimensional matrices.

Accepting the above paradigm shift, we obtain the so-called Dirac equation for a free-
particle

== = Bl rzel® Hpirac = ca - p+ 6m02 ) (9'9>

where we have introduced a four-component column vector ¢ or Dirac spinor composed by
two two-component Pauli spinors u and v,

¢:<Z>, u:<Z;> v:(ié) (9.10)
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In order to deal with Lorentz invariance, it is convenient to define the so-called v matrices
in the Dirac representation,'

dmon(5%) weee(12) e

In terms of these, the Dirac equation (9.9) and the consistency relations (9.6), written in
implicit Einstein summation convention, become explicitly covariant,

(ihy* 0 —me) p =0, YA+ = 20 laxa (9.13)

with the Greek indexes taking values 0,1,2,3 and n*¥ the components of the Minkowski
tensor.

The interpretation of Dirac equation

From a quantum mechanical perspective, the physical meaning of the two additional
dimensions introduced by the 4 x 4 + matrices remains unclear. Indeed, when con-
structing the Dirac equation, the original wave function becomes a vector or 2-spinor
, encoding much more information than the initial spin values. As a matter of fact,
this equation describes two particles, or, more precisely, a particle and an antiparticle,
linked together into a unique and indivisible structure: a field. In spite of this, the
procedure does not introduce new degrees of freedom. In particular, the two compo-
nents in u are related by a symmetry to those in v, as becomes explicit when writing
the Dirac equation in the Weyl representation (9.11).

9.2.1 Spin operator from consistency

Unlike the Schrodinger equation, the Dirac equation predicts the existence of the spin. The
need for this operator arises from the lack of conservation of the orbital angular momentum
L = X x P in relativistic systems,

, h
[H,L;] = |caP + gme?, eiijij} = Zeeira; P # 0, (9.14)

where we have taken into account that [P}, X;] = %51]-. A conserved operator J = L + S can
be, however, constructed by observing that the quantity

h h g; 0
Si = Eeijkajak = 5 ( 0 o ) (915)

Tt can be shown that, up to unitary transformations o; — UoyU ™', 8 — UBU ™! with UUT =1, (9.12) is
the unique irreducible unitary representation of the Dirac algebra (9.6). In some contexts, it is convenient to
define the v matrices in the related Weyl representation

(85) e-(10)



9.2 The Dirac equation 283

satisfies
h i h
[H, S;] = YRl [caP, ajak] = cimell ({ar, o} o — o {ay, o })
h h h
= Zieijkcpl (2010 — 201,005) = ;ceijkakPk = —;ceijkPjozk,
(9.16)

where we have made use of the property [A, BC] = ABC+BAC—-BAC—-BCA={A,B}C—
B{A,C} and the antisymmetry of ;.

9.2.2 Interactions and Lorentz covariant form

To introduce interactions with the electromagnetic field, we make use of the minimal coupling
prescription

| St

p— -V —-A, E —iho, -V, (9.17)

~
oI ®

in Eq. (9.9), obtaining
<z’ha — e¢> » = cqy <h81 - eAi> © 4 Bmcip. (9.18)
ot i c

Multiplying this expression by 3/(hc) and collecting coordinates, energy-momenta, and gauge
potentials into 4-vectors

1, = 1 S
= (et, T), o, = <C(9t,V) , pt = <CE,]5'> , A = (¢, A), (9.19)
we obtain
(7“ (z'a ~ ‘4 ) . fm) =0 (9.20)
Boohe ™ h ’
with
= (B, Bd), {77} =2¢"1, (9.21)
and
10 0 0
0 -1 0 0
py
n 0 0 -1 0 (9.22)
0 0 0 -1
the Minkowski metric. Note that since (ﬁai)T = ;3 = —fq;, the gamma matrices v* in this
expression are unitary, but not Hermitian for p # 0,
(v =7 (9.23)

This non-Hermiticity is related to the fact that Lorentz-boosts are given by non-unitary
transformations, as required by consistency of probability density interpretations with Lorentz
contractions.
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9.2.3 The non-relativistic limit of the Dirac equation

Particularizing the above results for hydrogenic atoms and assuming the potentials V = e¢
and A to be time-independent, we make the following stationary ansatz for energy eigenfunc-
tions

waiw::C%?>e—#”. (9.24)

X

Introducing the gauge-invariant physical momentum

. B .
A= -4, (9.25)

(3 &

=P

Q1o

and taking into account the representation (9.7), the stationary Dirac equation becomes a
coupled system of differential equations,

E -V 0 U 0 call\ (u
( 0 E' +mc? — V) (v) - (ca—’ﬁ 0 ) (v) ’ (9.26)

with E' = E —mc? > 0. While this system can be solved exactly for electrons in hydrogenic
atoms, we will concentrate in what follows in the non-relativistic weak-field limit

V, A, 5 E < mc. (9.27)
Solving for v in the second equation in (9.26), we obtain

J; 7(;2 Fiiu, (9.28)

v =

with ) B V(@)
— €T
L+ 2mc?

f(@)

Inserting this result into the first equation yields

1, .- .
(E' —V)u = —(1Lf(Z¥)dU)u, (9.30)
2m
which can be interpreted as a non-relativistic Schrédinger equation for an effective Hamilto-
nian

1, = -
Hyonrel = %(cﬂlf(f)ﬁﬂ) +V (9.31)

and non-relativistic energy E’. For a centrally symmetric potential like the one under con-
sideration,
af(r)

8%-

and taking into account that o;0; = d;; + i€;j,0%, we obtain

V(@) =V(r), ==, (9.32)

hof

f 1
Hnon—rel = %Hiﬂjazﬂj +V = % sz'Hj aF Za_dh

Hj) (51']' aF ieijkak) +V, (9.33)
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The decomposition of the first term in the right-hand side of the last expression according to
the (anti)symmetry in ij yields four terms,

h ., x;
%Hiﬂjamj ! H 11, 5@] + 2f ElijZH 11, — 7f H 5” -+ mf’fﬂjeijkak, (934)
which we now discuss in detail:
o Angular momentum term
e o2
%Hiﬂj&'j 2f <p — *(pA + Aﬁ) + ) . (9.35)

For a constant magnetic field B=Vx /T, we choose a vector potential

1
Ai = _§€ijkijk (936)

satisfying the Coulomb gauge condition

V-A=08;4;,=0, (9.37)
and neglect the last term in Eq. (9.35), since this is quadratic in B. In this gauge, we
have

&Azzﬂ = ((%AZ) 1/) + Azaﬂ,/) = Alaﬂb (9.38)
and )
e - e _eze

Taking also into account that E' —V = p?/2m+... and therefore f ~ 1 —p*/(4m?c?) +
., the leading contribution in (9.35) yields the usual kinetic term, a p* contribution
and an angular momentum coupling,

Sy PO < R Y & O(B?). 9.40
2m 2m  8m3c2  2me +0O(B) ( )

e Gyromagnetic ratio term

if if e ife
%fijkgiﬂjnk =~ CiikTh (pidj + Aipj) = ~ o ik (piAj — Ajpi) . (9.41)

Since (p;A; — A;jpi) ¥ = (piA;) 1 this expression, at leading order f ~ 1, becomes

ife eh - . eh = ge ==
——€; i A ~—— A =—-———Bd=—-——"—BSYS, 42
2mc€”kh (9:4;) o 2me (nabla x A)xo 2mec 7 2me 5 (942)

where we have defined a g-factor g = 2.

o Darwin term

1 n 1 Li h %4 L, €e_= h2
s TR iy (5 ()~ = s ov o (9.43)
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where we used %V’ = 0;V and dropped the vector potential contribution, as this is
quadratic in the electromagnetic fields. Since, for real eigenfunctions u, the expectation
values of the Hamiltonians agree by partial integration,

/ ud;Voiu = % / Vo, (u?) = —% / (AV)u?, (9.44)

the expression (9.43) is equivalent to the Darwin term

h2
Hparwin = —8m2c2 AV . (9.45)
e Spin-orbit coupling
hf I av 1 -2
;7261']']{1'1'])]'0]@ = ?thJk ~ %mCQTLS . (9.46)
Collecting all relevant contributions, we recover the Pauli equation
» =
D e = = = dV Lg
Hpypy = —+V —-——B(L+25)+ ——- 9.47
Pauli m + 2Yme ( + )+ dr 2m2c2r’ ( )

which contains the spin-orbit coupling and explains the observed gyromagnetic ratio. In
addition, we find the relativistic energy correction and the Darwin term, which together with
the above expression explain the complete fine structure of the energy levels of the hydrogen
atom.

9.3 Fine structure of hydrogen

In situations in which the above relativistic corrections are small, it is safe to use perturbation
theory. For the particular case of the hydrogen atom, we have for instance

p*
AHR = — m ~ —O[4mC2 5 (948)
~——
p~ame
1 e 1 - e? h? 4 9
Allso = 5 ma sl 5 ~ hag g ~ame, (9:49)
——
L-S~h2, rwaozﬁ
272 2 p2
T e ht _ e h 49
AHparwin = 5@&” ~ W;% ~ame, (9.50)

where in the last expression we have taken into account that the §-function will introduce a
factor [p(0)|? ~ ay® when computing expectation values, with ag = h/(amc) the Bohr radius.
The above energy corrections are therefore suppressed by a factor a? ~ 1/1372 ~ 5 x 107° as
compared the zeroth-order energies Hy ~ a?mc?. This suggests to consider the fine structure
constant o as the expansion parameter in perturbation theory. In what follows we study
each of these terms separately, combining them at the end in order to obtain the fine structure
of the hydrogen atom.
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9.3.1 Relativistic corrections

The relativistic contribution

_4
AHR = ———— 9.51
R 8m3c? (9:51)
is insensitive to both angular momentum and spin,
[AHR,L? =0, [AHR,L.] =0, [AHR,S.] =0, (9.52)

The first condition ensures that the perturbation matrix is diagonal in ¢, the second guaran-
tees that is diagonal in my, and the third that it is diagonal in m,

(ndmymgs| AHg |[nl'mym) = 01t Ormaymi Oy, - (9.53)

allowing us to make use of the non-degenerate perturbation theory developed in the previous
chapter. Also due to rotational symmetry, we can anticipate that the remaining non-vanishing
relativistic corrections,

)

AB| = (AHR)n = (nfmem,|AHg|ntmm,) (9.54)

will not depend on the quantum number m. To calculate the right-hand side of this expression,
it is convenient to rewrite the relativistic perturbation AHg in terms of the unperturbed
Hamiltonian and the Coulomb potential V (r) = Ze?/r,

1 2
AHg = =5 5 Ho = V(r)l™. (9.55)
This way, we obtain
1
AED] — 1 [(B0)2 _9p©) ) |
mhR 2mc? () w V()ng + (V) ng| (9.56)

and we reduce the problem to the computation of the quantities (1/7),,; and (1/r?),,; within
the terms (V(r)),, and (V(r)?),;. The first of these expressions follows directly from the
virial theorem, 2(T") = —(V'), which gives (E) = (T') + (V) = (V)/2 and

1 1 1 Z 1
Yy = nl=— 2B0) = 2 .
<T>n7l Zahc<v> o Zahe " agp n? (9:57)

To calculate <1/r2>n,l, there’s a trick. In particular, this perturbation can always be
absorbed into the angular momentum term of Hy,

RIl+1) A RU+1)
om  r? + 2" 2m 2 ' (9-58)

This property allows us to reuse the exact result obtained in Quantum Physics I with the
simple formal replacement | — I'(\),

mc*(Za)?
E(I'(N) = _2(k+(l’+)1)2' (9.59)
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Expanding this result around A = 0, we obtain

E('(N) = EY + (Za)*me® [ ! dl’}

Z2  2)\
S At...=E9 4 +...
(k+1'+1)%dX )

T a2 n3(2+1

A=0
(9.60)

from which we can directly read the correction

1 72 1
= == - 9.61
<r2>n,l a(% n3(l+1/2) ( )

Finally, by combining equations (9.56), (9.57), and (9.61), we arrive at the desired result

7 2 2
‘ __Zo)yme [ n 3 (9.62)
g ot \I+1/2 4

whose dependence on [ removes the degeneracy of Hy in this quantum number. 2 As could be
anticipated from our estimates, the result is proportional to the square of the fine-structure
constant.

Note that in each degenerate subspace of fixed n and ¢, AH,¢ is a multiple of the identity,
since the matrix elements are independent of the eigenvalues m and mg of L, and S,. This
allows to extend the computation in the uncoupled base (9.62) to the coupled basis {|nfjm;)}.
Indeed, taking into account any state in the coupled basis is a superposition of orthonormal
uncoupled basis states,

Inljm;) = Zci }nfm@m@ , (9.63)
(]

with constant coefficients ¢; satisfying . lei]? = 1, we have

(nljm;|AHR|nljm;) = chck(nﬁmémi\AHR]nﬁm]Zmls“) = Z les]? (ntmym! |AHg|ntmjm.)

=1
(nljm; |AHg| nljm;) = (nfmjm |AHg|nlmjm) . (9.64)
9.3.2 Spin-Orbit Coupling
The spin-orbit contribution to the Hamiltonian is
AHso=—5 17 (9.65)
507 9m2e2 3 ' '

commutes with L? since this operator commutes with any L; and S; components. On top
of that, as we showed explicitly in an example in Section 6.5, the interaction L - S com-
mutes also with the total angular momentum J? and its thrid component J,. It follows

2That degeneracy is due to the existence of a conserved Runge-Lenz vector, a symmetry that is broken in
the presence of relativistic corrections.
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then (cf. Egs. (6.97) and (6.98)) that the spin-orbit contribution is diagonal in the level n
degenerate subspace in the coupled basis |nfjm;)

_h?{—<z+1>\n,j,mj;w, j=l=y (#0) (9.66)

E-gn, ,masl) =

and therefore
2

(1) _ Ze -
B0 = g (ntims

—_ —

1
—L-S
3

, ze*n?* [ —(1+1 ,
nﬁjmj> :_4m202{ ( I ) }<n€]mj

where, as in the previous expression, the upper and lower entries in {-} correspond respectively
toj=1— % with [ #0and j =1+ % Note that when [ = 0, we have AFEs = 0 because there
is no angular momentum for the spin to couple to.

nﬁjmj> ,

r3

To compute the remaining expectation value, we make use again of a nice trick. Intro-
ducing a new "radial momentum”

o 1
p=—ih <8r + T) : (9.68)

the radial part of the hydrogen atom Hamiltonian can be written us

R (10 ,0 RPU(L+1)  Zze*  p*  RAI+1)  Ze?
g (1050 (I+1) Zeo_p°  PUI+T)  Zew (9.69)
2m \r29r Or 2mr? r 2m 2mr? r
Taking now into account that the resulting non-vanishing commutator among these two
observables,

(9.70)

mr3 r2

5, H] = —ih (_hzl(l+ 1) N Z€2> 7

must vanish when evaluated on an energy eigenstate, ([p, H]), ji1 = 0, we obtain

<n€jmj nfjmj> _ aZol(l—li—l) <:2>w‘;l _ (i)g z(z+5(z+1)nl?> (1£0). (9.71)

Putting everything together and rewriting it in terms of j, we get

1 (Za)*mc? 4 3\ 1
A= (VT ) (9.72)

which as anticipated is also proportional to the square of the fine-structure constant.

r3

w.\»—%»‘»—t

9.3.3 Darwin term

Finally, we determine the contribution of the Darwin term

wZe*h?

AHDaI‘WiH = 2771202

o(r), (9.73)

which as anticipated affects only to £ = 0 states, since all wave functions with [ > 0 are
vanishing at the origin. Note also, that, although for a given n there are two degenerate
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orthogonal ¢ = 0 states (one with electron spin up and one with electron spin down), there
is no need to use degenerate perturbation theory since the Darwin term commutes with spin
and is therefore diagonal in the two-dimensional subspace. Therefore, we have

7w Ze2h?

2
AEr(z(])() Darwin <§0n00 ’AHDaer |90n00> 2 5 9 2 ‘gOnoo(O)’ .

The normalised wave function ¢,00(0) is of the form ¢,00(7) = Rno(r) Yoo (0, ¢) = Ruo(r) /4w

with

with L, denoting the Laguerre polynomials, satisfying L. (x) = dL,(z)/dx and L,(x) ~
n! — nlnz 4+ O (2%), so that L} (0) = nln. The wave function at the origin then becomes

Z3
—0(0)]* = —= 9.75
’@n,l_o( )‘ 7rn3a8 ( )
From this we get finally
272 4 4,2
(1) ech® Z*  (Za)*me
AEnOO Darwin — 2m202 agnz)’ - o3 5l0 . (976)

9.3.4 Total effect

Collecting all the results in the previous section we have

W) _ A ) ) (1) _ (Za)'me® (3 2\ 1
AEn’j N AE” ‘ +AEnJl‘S +AE ! Darwin 2 an 25 +1 n3’ (977)

which can be more briefly written as

1 —§] : (9.78)

At this point several comments are in order:

e The absence of a [- dependence in Eq. (9.78) reflects the fact that only the total angular
momentum J = L + S commutes with the Dirac Hamiltonian, i.e. neither L nor S are
separately conserved. With J a symmetry of the theory, the energy shifts are also m;
independent.

e Coincidentally, the final expression is also valid for £ = 0 states since the contribution
of the Darwin term present only when | = 0 coincides with formally with result of the
spin-orbit coupling when [ =0,j = 1/2.

e For fixed n, multiplets with the same value of j remain degenerate, regardless of /.
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e Since
n n n n n 3 1
1 = 7= —1=-=1 - —F--2>25 = 5,;>0,
J+35  Jmax T3 emax‘f’g‘f‘j n J+3 44
(9.79)

all the energy shifts are down, being more sizable for lower values of j. As n increases
splittings fall off like n=3.

The levels of the hydrogen states resulting from the sum of the zeroth contribution and the
fine structure contribution,

e? 1 a? n 3
Enpim, = ———= |14 — | —— — = 9.80
nljm; 2&0 n2 + n2 ]‘i‘% 4 ) ( )

are customarily denoted as
nLj

with specific capital letters L = S, P, D, F, ... associated to the various values of the orbital
angular momentum [ = 0,1,2,3,.... For instance, the fundamental state is labeled as 15 /o,
the doublet P states corresponding to [ = 1 are 2P, /2 and 2p;, /2 states, and the doublet D
states corresponding to [ = 2 are 2D3/2 and 2D5/2.

S5 P D
=0 £=1 E=32
451
n =4 A so—
n=3| % 3Py 3Ds
(2) (6) 3P (10) 3D;
n=2| % 2P,
I — 2
(2) (6) QP%
181
(2)

The associated number of states is indicated in parenthesis.
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9.4 Hyperfine structure and the 21 cm line

The spin of the electron interacts with the nuclear magnetic field through the hyperfine
Hamiltonian
S-B, (9.81)

where 9
B= %Tﬁ]\r(sg(@)—l—ﬂ (3 (Th’Nﬁ’) TA_"—TﬁN) (9.82)
r

is the magnetic field generated by a magnetic moment

my =gn——1. 9.83
N = gN oM ( )
at the origin, M stand for the mass of the nucleus and gy is the nucleus gyromagnetic factor.
Taking into account that for an s-wave the contribution of the second term in (9.82) vanishes,
we get

2pogN Ze? oo 4
AH = (g o (0)f I+ § = S (Za) ' me* = Llrs, (9.84)

6Mm 3 K2
where we have taken into account Eq. (9.75) together with the usual definitions a¢ and
«. While displaying the same parametric than the spin-orbit term in Section 9.3.2, this
interaction is further suppressed by at least three orders of magnitudes due the ratio of
masses m/M ~ m/(Zmp) ~ 1/(1836Z) Taking into the results in that section with the
formal replacement J— Fand L — I and concentrating in the hydrogen case Z = 1 where
both the electron and proton have spin 1/2; we have

lrg_ 1 (m g 1 3 1[ -2 F=0
= F2-§_P)=Z(FF+1)-2)=={ 2 L .
il 5= 2h2< S ) 2( (F+1) 2> 2{ i F=1. (9.85)

This gives rise to the splitting between the spin up and spin down elecotrnic states or,
equivalently, between the total spin ' = 0 and F' = 1 of the atom.

The most important application of hyperfine structure is the splitting of the 1s /5 ground
state of hydrogen. When an electron drops from the F' = 1 state to the F' = 0 state, it emits

a photon of energy

4atm?2c?

3M
corresponding to a frequency ~ 1400 MHz and wavelength ~ 21 cm. Contrary to visible
light, the above wavelength exceeds significantly the size of that dust particles blocking our
view in space. This makes the 21 cm emission line of hydrogen invaluable in astronomy and
cosmology, as it could allow us to test the reionization epoch. This emission is extremely
weak due to the long lifetime of the triplet state F' = 1, which is approximately 7 ~ 3.5 x 1014
s (~ 107 years). However, the vast abundance of hydrogen in the interstellar medium ensures
that the signals detected on Earth remain significant. The emission across the sky is displayed
in the following figure, which appears naturally brighter along the Milky Way’s plane due to
the higher concentration and density of matter (Photo credit: J.Dickey/NASA SkyView).

AEys,, = ~9.39 x 1072°J (9.86)
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APPENDIX A

LALGEBRAIC SOLUTION OF THE HARMONIC OSCILLATOR

The career of a young theoretical physicist consists of treating the harmonic
oscillator in ever-increasing levels of abstraction.

SIDNEY COLEMAN.

The Hamiltonian for a one-dimensional quantum harmonic oscillator is given by

P? 1
H = % + §mw2X2, (A].)

with the first term accounting for the kinetic energy associated with the momentum operator
P and the second one describing the potential energy of the particle in a harmonic potential
with angular frequency w. As shown in Chapter 1, the corresponding time-independent
Schrodinger equation in the position representation,

n? d?p(x mw?
) M () = Bl (A2)

can be solved using standard methods, such as the Frobenius series approach. Alternatively,
one can consider a more elegant procedure based on operator methods. More precisely, we

define the so-called annihilation operator a and its Hermitian conjugate, the creation operator
t
a', as

mw 1 mw 7
a=4/—X+—P, al ==X —__P. A3
V' 2R 2mwh 2h 2mwh (8-3)

These new operators satisfy the commutation relation

i i
—_— —_— = T ==

2h[X,P]—|—2h[P,X] 1 — Ja,a']=1, (A4)
following directly from the commutation relations for X and P. In terms of them, the

Hamiltonian (A.1) becomes

[CL, aT] =

H:hw(N+%>, (A5)

with
N =d'a (A.6)
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a number operator counting the number of quanta or excitations in the system and satisfying
the commutation relations

[a,N] =a, [af, N] = —a. (A7)

Note that, given an energy eigenstate |E) of the Hamiltonian, H|E) = E|E), both af|E) and
alE) are also eigenstates of H with eigenvalues E + w,

Hdl|E) = ([H, a'] + aTH) |E) = (hwa! + o'E)|E) = (E + hw)a'|B) (A.8)

Ha|E) = ([H,d) + aH) |E) = (~hwa + aE)|E) = (E — hw)a|E) . (A.9)

In other words, the creation and annihilation operators increase and decrease the energy of
the system by a quantum Aw. Obviously, the energy of the system cannot decrease indefinitely
since E 1 b
t _

O§<E|aa|E>—%—§ — E27. (A.10)
The existence of a lower non-vanishing value is a direct consequence of the Heisenberg uncer-
tainty principle. While in classical mechanics the ground state corresponds to a configuration
with zero potential energy (i.e. localized exactly at x = 0) and zero kinetic energy (i.e. having
no momentum), these two conditions cannot be simultaneously satisfied in quantum mechan-
ics, preventing the particle from having zero total energy. For the ground state |0), we have
al0) = 0 and

hw
Ho) = =20

). (A.11)

Higher energy eigenstates can be constructed by repeatedly applying the creation operator
al. In particular, for a general n-th excited state we have

In) = %(cﬁ)”m By =hw (n 4 %) . (A.12)
The action of the annihilation operator on these excited states,
aln) = ayln — 1), (A.13)
follows directly from the commutation relation
[a,a"™] = aa'™ — a'"a = [a,a"]a™" " 4+ al[a,aa"™ 2 + a"?[a,aNa" 3 + ... = naf"!,
with «,, determined by the normalization condition
(nlataln) = |an|* = (n|Nn) = n. (A.14)

Choosing this constant to be real, we have

aln) = v/nln —1). (A.15)

The analogous expression for the creation operator,

a'ln) = vVn+1jn + 1), (A.16)



296

follows from noting that
aT\n) = Buln+1), <n\aaT]n> |Bn ]2 (n|N + [a,a ]\n> =n-+1, (A.17)

and applying repeatedly af

a’™0) = vnl|n) . (A.18)

To determine the wave functions associated with the previous states in Hilbert space, we
project the relation

al0) = [ m“"X

on the position eigenstates |x),

oo =5 = o e .

and evaluate the expectation values of the position X and momentum P operators,

ﬁ ] 0) =0 (A.19)

20)

(@|X|2) = 20(z — '),  (@|Pla) = —ih%é(m _ ). (A.21)
obtaining
mw h d
= — _ . A.22
0= | Gre+ ] 0 (A.22)

The normalized solution of this first-order differential equation for the ground state wave
function pg(z) = (x|0) is a Gaussian centered at x = 0,

1 2 h
o) = i (A2)

The remaining wave functions for excited states can be obtained from this expression by an
iterative procedure,

a0 = (al) = =l — 1) = = [ 2 = 02 @aln - 1), (428
Pn—1(z)
obtaining
onl@) = = |~ 1] ole) = = ldinle). (4.25)
with f,(z) a polynomial satisfying the recurrence relation
Fulw) = Ghaaa () =L 1 (@), folw) = 1. (4.26)

Comparing this expression with the recurrence relation for the Hermite polynomials Hy,(z),

H,(z) =2zH,_1(z) — H,_1(2), Hy(z) =1, (A.27)
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we conclude that

fo(z) = 271/2Hn (\/%) : (A.28)

Thus, the wave functions of the excited states are finally given by

1 T
on(z) = \/2n—mHn (ﬁg) wo(x). (A.29)

Note that:

o o (7) are even functions, i.e. pa,(—2) = Yo (z),

e o, t1(x) are odd functions, i.e. po,41(—2) = —pant1(x),

e ,(x) has n nodes (zeros).

A list of the first few Hermite polynomials can be found in Appendix C.



APPENDIX B
ALGEBRAIC SOLUTION OF THE HYDROCEN ATOM

Beauty in bound up with symmetry

HERMANN WEYL, SYMMETRY, 1952

Let us consider the reduced Hamiltonian describing the motion of the electron in the

(B.1)

static electric potential of the proton,
2

P2 e
7777

H =
2m r

with m ~ m, the reduced mass of the system, e the magnitude of the electric charge and
22 + y? + 22 the magnitude of the position vector 7 of the electron relative to the

.
nucleus. Performing a rescaling
P —s, P—me’P,  H-—me'H, (B.2)
me
consistent with the usual commutation relations for the position and momentum operators,
(B.3)

we obtain a dimensionless Hamiltonian
P2 1

H=——-.
2 r
Building on the classical description of the system, we can identify two conserved quantities:
the usual angular momentum operator L and the so-called Runge-Lenz operator
— 1 — f=d = — 7? 1 ra
A:§(PXL_LXP)_;:iﬁabc(prc_prc)_7> (B.4)

generalizing the classical Runge-Lenz vector A=PxL-F /1 responsible for the conservation
of the eccentricity and the position of the periapsis in the Kepler problem. These operators
satisfy the commutation relations

(B.5)

[H,L,) =0, [H,As] =0

[Laa Ab] = ieabcACa [Aaa Ab} = —2iegpe L (B-G)

[Lm Lb] = ieabch 5
(B.7)

and the operator equalities

A-L=L-A=0, 2H(L*+1)— A +1=0.
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Note that the algebra in (B.5) and (B.6) is generically not closed since the commutator A, A]
leads to new operators like LH which cannot be written as linear combinations of L and A.
This is not the case, however, if we restrict ourselves to subspaces spanned by eigenvectors
of H with the same eigenvalue, since the Hamiltonian there is proportional to the identity.
Working in these subspaces (H — FE) and assuming the existence of a bound states with
E <0, we have

[Ta7 Tb] = Z.60,1)6116 ) [Ka7 Kb] = ieachC ) [T(la Kb] =0 ) (BS)
and
T? = K?, 2E (4T7° +1)+1=0, (B.9)
with .
7-Yi4m B=Xi-m N=_4 (B.10)
- 2 ) - 2 3 = —2E . .

According to these expressions, T and K are essentially two angular-momentum-like operators
with an additional constraint 72 = K2. The resulting algebra is indeed the algebra of the
special orthogonal group SO(4) = SO(3) @ SO(3), i.e. the group of all 4 x 4 orthogonal
matrices with determinant one. ! A complete basis of generators of this group is, for instance,

—1

0 0 0 00 —i 0 0 —i 0 0
110 0 7 0 1100 0 —i 114 0 0 0
T:— - T:*—* Tzf .
910 70 0o | i 00 o | 73 00 0 4|’
i 0 0 0 0i 0 0 0 0 —i 0
00 0 —i 0 —i 0 0 0 0 —i 0
1100 =i 0 117 0 0 0 1{o 0o o i
K| == . Ky = - . Ke=-] =
Y9107 0o o |’ 27910 0 0 —i |’ 3 i 0 0 0
i 0 0 0 0 0 7 0 0 -7 0 0
(B.11)

Since the operators T and K commute, we can construct a common basis of eigenstates,
labeled by the associated quantum numbers ¢, m; and my,, namely?

T2 |t, me, mi) = K2 |t,mg, my) = t(t + 1) [t, mg, my,)
T |t, me, my) = my [t, my, my) (B.12)
K3 [t,mg, my) = my [t, my, my)

with t = 0,1/2,1,3/2,2,..., —t < my,mp < t and degeneation (2t + 1)? for each t. Acting
with the second equation in (B.9) on the subspace of eigenstates of energy E, we get
L +1)=tt+1) (B.13)
4 \2E - ’ '
which has a solution
1 1 1
= _ - _ e — (B.14)

2(4t(t+1)+ 1) 2(2t +1)2 2n2’

"More precisely, T and K generate two independent SU(2) groups that combine into the SO(4) group.
2Note that due to the constraint 72 = K?, the label s is redundant and can be omitted.



300

with
n=2t+1=1,2,3,..., (B.15)

the so-called principal quantum number. Restoring the energy units, the energy levels and
eigenstates of the hydrogen atom are given by

2

En=—%2"

|t my, M) (B.16)

with level degeneracy (2t + 1)2 = n?.

The energy in (B.16) is minimized for n = 1 (or equivalently t = m; = ms = 0). This
defines the ground state of the system, |0, 0,0). The associated wave function can be obtained
by solving the the differential equation T2pggo(r) = 0, or equivalently

P2 ¢? me?
Hpooo(r) = Erpooo(r)  — (2m - r) ®o00(r) = —T%OO(T)- (B.17)
Considering a Gaussian ansatz
w000 () ox e/, (B.18)

we get ame? — 1 = 0 or ap = 1/(me?), i.e. the Bohr radius. The normalized wave function
for the ground state reads therefore

2
®o00(7) = T/Qe—r/ao . (B.19)

Qg



APPENDIX C

Physical Constants

PHYSICAL CONSTANTS AND USEFUL FORMULAS

Electron rest mass

me
Proton rest mass M,
Electronic charge e
Speed of light in free space
Permeability of free space 1o
Permittivity of free space €0
Planck’s constant h
Reduced Planck’s constant h=h/2n
he
Boltzmann’s constant kp
Gas constant R =kp/mu

Molar gas constant R

Avogadro’s number Ny
Standard molar volume

Unified atomic mass unit ( '2C scale) u

Mass of hydrogen atom my
Bohr magneton 1)
Nuclear magneton N
Proton magnetic moment Hyp
Neutron magnetic moment L
Bohr radius ag

Fine structure constant a = e*/ (4meghe)

Compton wavelength of electron Ao = h/ (mec)
Rydberg’s constant Ry
R, he
Stefan-Boltzmann constant o
Radiation density constant a=4o/c
Gravitational constant G

9.109 x 1073! kg
1.6726 x 10?7 kg
1.6022 x 10~19C
2.9979 x 10% m s~ !
47 x 107"Hm™!
8.854 x 10712 F m™1
6.626 x 1073* J s
1.0546 x 10734 J s
197.33 MeV fm
1.3807 x 10" BJK!
8.250 x 10° J kg ! K™t
8.315 J mol ' K!
6.022 x 1023 mol !
22.414 x 107® m® mol !
931.5MeV/c? = 1.660538 x 10727 kg
1.0078u = 1.6735 x 10~%" kg
90.274 x 10724 A m2 or JT!
5.051 x 10727 A m? or JT !
2.7928 1y
—1.9130,LLN
5.292 x 107" m
(137.04)71
2.4263 x 10712 m
1.0974 x 10" m™!
13.606 eV
5671 x 1008 W m 2 K4
7.561 x 10716 J m—3 K4
6.673 x 107" N m? kg2
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Useful Gaussian and exponential integrals

e’ dy = L (5)1/2 [ ze’de = L

Jo e dy = 1 (_)1/2 o Jo e~ dr = o
fooo xQneiade-T _ 135 -(2n—1) (g) / 00 r2ntl, axzdx —

2n+1an
X0 _n_—ax _ n!
fo r'e”"dr = 4

0

Useful trigonometric integrals

[ sin(az)dz = —lCOS(aa:)

fSlIl am)dx _ 2 . Smfax)

[ sin®(az)dz = —1 cos(az) + 5- cos®(ax)
fSlIl ax)dx — Z%x . 381r11éiax) . sm ( ) sgax)

[ sin(ax) sin(bx)dx = Sin[(s:b)x} _ sl where a? # b?

.2& b) _ %a+b)
[ cos(ax) cos(bx)dx = = (a=b)a] | sinl(a+b)]

n!

2an+1

x sin[(a+b)x]

2(a—0b) 2(a+b)

[sinaz) cos(ba)dr = =5 50— e
f xsinQ(ax)d;p = %2 — xSillazaiﬂ) _ Cos8(22ax
f$2 Sin2(ax)dx — %3 — % _ # Sin(an) xco:agax

1 : cos|(a—b)x CcoS zsin|(a—b
fa:sm(ax) sm(bx?dx — 2([5171))% ] _ 2([( )Z 7 | (g( b)) 0
f a:sin(ax)dg; — Slﬂég%) . xcoz(a:c)
f iUCOS(CLSC)dJZ _ :z:su;(a:c) + COSCESI)

[ cos*(az)dx = Smg 2)
fcos2(ax)dq; — % + ( x)
f 5132 COSQ(&Q?>d;E = = _|_ < - 8a3> SlIl(Qaaj) + zco:o(bzax)

[ cos®(bx)e " dx = wrmylacos(br) + bsin(bx)]

2(a+b)?
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First few radial functions of the hydrogen atom
Rig = 24" exp(—r/a)

Ry = La_?’/2 (1 17’) exp(—r/2a)

\/i 2a

L g

- ——ua ex r/2a

21 \/ﬂ P( / )

2 3 2r 2 <T)2

- = 124 = (= —

R0 \/2_7a < 37 + 57 exp(—r/3a)

8

R31 = 27\/60,3/2 <1 é;) ( >exp( r/3a)
Rs3o = La_?’/2 (g)zexp(—r/Sa)

81+/30
Py 3r 1(r>2 1 <r)3
R4o—4a (1 PR 192 \& exp(—r/4a)

V5 ~3/2 Ir 1 /r\2\r
Ry = ma (1 ————|— 80< ) )gexp(—r/éla)

b e (AT (Y e
R42—64\/3a <1 12a)< ) exp(—r/4a)

Ry3 = 7681/£a_3/2 (a>3exp(—r/4a)
Laplacian and momentum operators in spherical coordinates
2 2 2
V=gtttV )
2 2
L* = —h? (% +cot«9869 81529(%2)
L, = ;%, L, = ket <:|:§9 + 2 cot 9(%))
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First few spherical harmonics Y;,,(6,¢) = (6,¢ | {,m)
/

Yoo = (&) Yoo = (2)"% sin? 20
}/’10:(%) /2 cos b 5@,0—(16%)1/2(50083(9—30059)
Yis1 =F (%) / sin feti? Y341 =F ﬁ)l/ sin 0 (5 cos?f — 1) etio
Yoo = (16%)1 2 (3cos?d — 1) V310 = ?1)2—5; Y2 Gin2 0 cos fet2i¢
Youi=7F (1—75r) 2 i1 0 cos fetio Ys13=7F %)1/2 sin® fe*3®
2L+ 1) (I = |m]|)!
Ym 9; - Zm¢P m 0
(0, 9) 6\/ T (xmp© Pmleost)
First few Legendre functions P, ,,(cos6)
P =sinf P33 =15sin6 (1 — cos®6)
Py =cosf Psy =15 sin® 6 cos
Py =3 sin® @ Py = %sine (5 cos?f — 1)
Py =3sinfcost Pso =1 (5cos®d — 3cosh)

Py =13 (3cos? —1)

First few spherical Bessel and Neumann functions j;(z) and

()
- sinx _ cosT
Jo= " no=-——-
. sinx cos T cos T sinx
n=r o m=—tE o
= (3 L) g _ 3 —_ (3 _1 — 3 g
Jo = (sc3 l :E) S111 T 22 COS T no = ((2%3 o x) COS T 22 S111 U
. x - ..
Ji— i+ ny — — for r < 1.

First few Laguerre polynomials L,(z)

Ly =—234 922 — 182 + 6

Ly = a* — 1623 + 722% — 962 + 24

Ly = —2° + 252% — 2002° + 6002% — 600z + 120

Lg = 2% — 362° + 4502* — 24002 + 540022 — 43202 + 720
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First few Hermite polynomials, H,(z)

Hy=1
Hy =2x,

Hy =422 — 2
Hy =823 — 12z

H, = 162" — 482% + 12
Hs = 322° — 1602° + 120z.

Commutator identities
A, BC| = [A, B]C + B[A, (]
e*Be™ = B+ [A, B] + %[A [A, B)] + ; [A,[A,[A, B]]] +
e’Bed =B +[A B], if [[AB],A=0
(B.e'] =B, Ale?, if [[A B],Al=0

ATB _ A B - 2[AB]_eBeA 11A,B]
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