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1 Introduction

The rising importance of computational methods in economics is fairly evident from simple
visual inspection of any research review. As pointed out in recent methodological papers
by Judd (1997) and Bona and Santos {(1997), the interaction between economic theory and
computational research i, and it will increasingly be, a central pattern in modern economica.
This interaction is particularly important in the research agenda outlined in Lucas (1980).
The construction of fully articulaled artificial economies has led rational-expectations dy-
namic stochastic modelization to almost all fields of economies (see Marcet (1993), Kydland
and Prescott (1994) or Cooley and Prescott (1995) for illustrative reviews).

In this respect, the essentisl non-linear and stochastic structure embedded in these kind
of models has motivated a pararell explosion in numerical solution methods. Although there
is a wide variety of numerical approaches at kandl, there is not many evidence concerning
the consequences of using one solution meihod instead of other to deal with a particular
econoinic problem.

The most complete paper concerning numerical methods comparison is Taylor and Uh-
tig (1990). In this work they compared fourteen solution methods in the context of the Brock
and Mirman (1972} model. The comparison they made was vey tich in terms of discussion
of results and comparison measures, and the general conclusion was that differences among
methods turned out to be quite substantial for certain aspects of the model. Nonetheless,
it suffered certain lack of homogeneity and statistical robusiness given the way it was con-
ducted: each researcher sent but one solution time series path and the decision rules, and
there was not the same distribution for the technology shock in all the implemented methods.

Another set of papers, in the context of the same model are Christiano (1990} that
compared two linear quadratic methods using as comparison criteria a discretization of the
state—space solution method, and Christiano and Fisher {1997) that compared a set of finite
element methods, using the same comparison criteria and including a bixding constraint.
Imrohoroiilu (1994} propose a forward solution method and compares it with backsolving
and a linear quadratic solution method in the same context, wing the Den Haan and
Marcet (1994) test as measure of comparison., In that paper Den Haan and Marcet, as
illustrations of the ability of the {est, compared the Parameterized Expectations Approach
with linear quadratic methods by solving the one sector neoclassical growth model and in
non-optimal settings using the cash-in—advance model of Cooley and Hansen {1989), Also in
a non-optimal environment, Dotsey and Mao (1992) compared d.lﬂ'erent linear and log-linear
'apprommal;mns in'a mod.iﬁed verslon of the growth miodel: wﬂ;h taxed on production; usmg

Finite element methods seem to behave very similar, although Parameterized Expectations
dominates on the basis of speed, accuracy and convenience of implementation®,

We think there are several intéresting questions that arise from this literature and have
not been sufficiently considered, or only pointed at:

1. Do differences between different methods increase/appear when increasing complexity
in the growth model? In what sense?

2. How many non-linear structure of the original problem is useful to maintain, given the
computational costs of more complex methods?

3. Depending on the aim of a research, it is always important if certain solution s rejected
by the Den Haan and Marcet (1994) test? That is, how to compare?

4. It is irrrelevant for a business cycle paper to consider a small sample size (say 150
cbgervations) when calculating, for instance, descriptive statistics, or it is necessary to
consider larger sample sizes (say 3000 observations) for the sake of reliability on the
results?

In this paper we have tried to answer these questions in an unified and complete frame-
work.

Concerning question one, given the importance of the neoclassical growth model for busi-
ness cycle research, we proceed as usual by computing different methods in the context of the
Brock and Mirman (1972) model. Then we increase the complexity of the model considering
the real business cycle benchmark model of Hansen {1985) that includes indivisible labor.
In a final step we compared in the context of the previous model but including money via a
cash-in—-advance constraint on conswmption, then considering the Cooley and Hansen (1989)
model, and so including a non—Pareto—optimal setting,

The answer to the second question is related to the four solution methods we chose to
compare. The first is Parameterized Expeciations that, in theory at least, can provide us
with an approximation as close to the true solition as desired, then maintaining all the
non-tinear structure of the original problem, bat it is very costly in certain respects. On the
other extreme we used & standard linear-quadratic method, that directly solves the linear-
quadratic version of the original problem as a way to approximate it, Midway we considered
the log-linear approximation proposed by Uhlig (1997) and the forward soluiion proposed
by Sims {1989, 1990).

As for the third question, we performed Monte Carlo simulation for a battery of tests to
check, on the one hand, the Euler equation residual propertles (Den Haan and Mareet test,
ARCH test, autocotrelations) and, on the other hand, & set of statistics and its empirical dis-
tribution (mean, relative standard deviation, impulse response functions, cross correlations,
analysis of the decision rules). Do discrepancies in the first set implies discrepancies in the
second one?

We do not pretended to use as a comparison criteria & discretized version of the dynamic
programming algorithm for, even if one could obtain arbitrarily accurate approximations, it

ZIn preliminary work Barafio, Iza and Vazquez (1997) find significant. differences in an endogenous growth model
between Parameterized Expectations and a Jog-linearization (the same we use in this paper, as we will see).




is very costly and in some cases becomes infeasible. So we prefered to check accuracy in the
Euler Equation Residuals (see Santos (1097)).

The fourth question is adressed considering two sample sizes: 150 and 3000. We believe
this distinction is relevant because papers on business cycles that use lnear—quadratic so-
lution methods often use short sample sizes, and methods like Parameterized Expectations
often need large samples to be well defined. Moreover, taking into acoount that actual dats
sets are 'small’, when one is interested on the estimation of the structural parameters of the
model it is not possible to use large samples.

The results point to: (i.) Differences between methods do not necessarily increase with
the complexity of the solved model. (ii.) For all the exampie model econotnies we considered,
the log-linear approximation behaves as well as Parameterized Expectations. (iii.) Rejection
of a particular solution attending to the fulfiiment of the rational expectation hypothesis
is compatible with almost no differences between methods attending to other comparison
- criteria;"(iv.} - It is proper to consider Jlarge’ sample sizes to check the properties of a
' particular: solution,; : a .
 The rest. of the paper is organized #is follows. Section 2 presents the versions of the nieo-

. while Section 4.
O e

t the base for the comparison; In Section

1 we tised for compaigon.’ Section 3 briefly describes the four fethods

discount factor, n > 0 is the coefficient of relative risk aversion, o the capital share in
production, § < § < 1 the depreciation rate and 0 < p < 1 contrals the persistence of
the shock. The ss subscript affecting & given variable denotes its deterministic steady
state value.

The only expectational first order condition of this problem is
& = BB, [y (emiki ™l +1 - 6)] @

As remarked in the introduction Christiano (1990), Christisno and Fisher (1997},
Imrohorojlu (1994), Taylor and Uhlig {1990) and the first part of Den Haan and
Marcet (1994) were made in the context of this model, In any cases the technol-
ogy shock is considered to follow a discrete Markow chain with two or three states:
Christiano (1990), Christiano and Fisher (1997) (due to the fact that they used as
comparison criteria s discretization of the state space solution, and the previous as-
sumption simpliffes the procedure) and five of the methods in Teylor and Uhlig (1990).

. Hansen(1985). This model is an extension of the previous one that includes indivisible

labor to capture better labor market features of the business cycle. See also Hansen
(1997). Here the representative household faces the problem,
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Where IV; is labor and Ay a parameter that measures the weight of labor in the utility
function. Other variables and parameters as in the Brock—Mirman model. In this case
there is also obe expectational first order condition,

& " = BE [e5 (ozes 1k NS +1- 6)] @

. Cooley and Hansen(1989). This economy is a version of the model of Hansen (1985)

with money introduced via a cash-in-advance constraint applied to consumption. Then
the competitive equilibrium is non-pareto—-optimal snd the results of the second welfare
theorem camnot be used. The firms solve a standard maximization of profits problem,
while the households seek to maximize their preferences subject to a certain holdings
of nominal money balances and constraints. There are two sources of uncertainty in
this economy: a shock to technology and a random money growth rate. The stochastic
Buler equations in this case are

A= BF [/\t+1 (C!z:+1k?_!N,1;1“ +1- 6)] (5)
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and

Aece = BE, [i (6)

Gt ]
where A; denotes the Lagrange multiplier associated with the households budget con-
straint and g¢ is the money growth rate. Den Haan and Marcet (1994) compared the
Parameterized Expectation solution to this model with the linear—quadratic used in
the Cooley and Hansen paper: the accuracy test suggested important differences be-
tween the solutions, although some characteristics of the linear—quadratic solution were
very similar to those of the Parameterized Fixpectations solution, such as descriptive
statistics. We confirm and extend these conclusions. For details of the model see the
appendix.

3 Methods Used

We have chosen 1o compare four numerical solution methods. Here we will only give a brief
description. We chose these particular methods for their widely use among researchers, and
because they present a good framework for comparing how much non-linear structure of the
original problem it is important to preserve in the approximation.

1. Linear Quadretic Approzimation (1.QA): The point here is to approximate a non-linear
problem by one linear-quadratic for which the solution it is known. For a description
see McGrattan (1990), Christisno (1990), Diaz—Giménez (1995) and speciaily Hansen
and Prescott (1995) and Kydiand and Prescott (1982). The method has been sucesfully
applied to solve representative agent economies and overlapping-generation economies
and slso to economies that are subject to distorsions where the competitive equilibrium
is not a Pareto optimum {see Cooley and Hansen {1989) and Kydland (1989)). Solving
the social-planning problem involves solving a dynamic programming problem of the
form:

Vi (z,8) = mazg{r{z, 5, di) + BE V{2041, s41|2)]}
at
ay1 = Alz)+em

- B(ztl 8t dt)

(s} Find the steady state.

{(b) Substitute the non-linear constraints in the return function.

(c) Let Wi = [z, 3y, &4}T and form a second order Taylor expansion of the resulting
return function about the steady state. So r{zs, s, dy) == [1, WFIQ[L, WTTT, where
Q is a symmetric matrix.

(d) Then, the appraximate problem becomes, using also the certainty equivalence prin-
ciple,

H

Vﬂ+l(z(_, 33)

{{1 W; ]Q[ } +ﬂV"(Ze+1,8¢+1|Za)}

st
zeq = Alz)
Stp)] = B(Zt;-?:’dt)

Under suitable conditions, the optimal value function exist, solve this functional
equation, and is quadratic. Given thia, the associated policy functions are linear.

() Guess an initial conjecture to V9, say V%(zy, s;) = FT PO, where F{ = [1, 2, 3]
and PO is a symmetric and negative semi-definite matrix.

(f}) Substituting the laws of motion Fiy 1 = BW; and V{z443,5:41) into the problem
we get a quadratic expression on {z, sy, d¢). Then the first order conditions of this
approximate problem will give us an expression for d; as a linear fanction of 2 and
8¢ (the policy function or decision rule).

(g) Substituting this into the approximate problem gives us the next approximation,
which is & quadratic function on (2, s;).

{(h) Repeat until V™*! is very similar (aceording to any convergence criteria) to V*.
This was the procedure followed to solve the first and the second models with this
method. With respect to the third, in which there is s distortion due to the cash-in—
advance constraint, important variations are needed. See Cooley and Hansen (1989)
for the details.

2. Forward solution (SIM}: This method was proposed in Sims (1989) and (1990). Blan-
chard and Khan (1980), Iinrohoroflu (1994) and different versions of backsolving ( such
as that presented in Valiés (1997) or Novales (1990) ) are also related. The idea is to
substitute each conditional expectation that might appear in the first order conditions
by its realized value plus an expectational error, linearize the resulting problem and
add the stability conditions associated with this problem® to the original problem. The
steps to follow are:

(a) Obtain the first order conditions of the problem. Find the steady state.

(b) Substitute the conditional expectation by its realized value plus an expectational
eTToE,

Related to the LQA method, SIM tries to make a selective linear approximation in erder to preserve the more
structure of the original non-linear problem as possible.




(c) Linesrize the system of resulting Fuler-equations and constraints about the deter

ministic steady state: R .

ToYipr = DiYe + G-
Where the vector { contains the expectational ervor and the structural perturba-
tions, and ¥ contains the state and decision variables in deviations to the steady
state.

{d) Locate the unstable oot of I'y Iy and then find the corresponding eigenvector
(say ).

(e) Then add the stability condition p¥; = 0 to the system of first order conditions
and constraints. This guarantees a stationary equilibrium of the model. Given
an initial condition, the solution starts and remains on the stable subspace of the
system, provided we are near the steady state.

In the three models analyzed and with the parameterizations considered, one stability
condition was found in each case.

. Log-linearization (UHL): This method consists of a log-linearization of the first order
conditions about the steady state. We have used the simplification proposed by Uh-
lig (1997). The idea is to log-linearize the first oxder conditions and then solve for the
recursive equilibrium law of motion with the methed of undetermined coefficients. See
also King, Plosser and Rebelo (1957), Campbell (1894) and Binder and Pesaran (1996).
For the method of undetermined coefficients see, for example, Chow {1997). The steps
to follow are:

(a) Find the first order conditions. Find the steady state.

(b) Log-linearize the necessary equations characterizing the equilibrium to make the
system approximately linear in log-deviations from the steady stated.

{c} Let the recursive equilibrium law of motion be those matrices P, @, R and § that
make stable the system

Ty P+ Q=n
¥y = Rre1 + 5

where T, is an m X 1 endogenous state vector, z & vector of exogenous state
variables, size & x 1, and y; a list of other endogenous variables of the system, with
size i x 1. The log-Tinearized system can be written, maintaining the notation of

= log X_) = X, = X,,BE‘

Ll

"E‘H} #: By [a%y3] up to a constant.

0 = E[Foes + G+ Hoey + Jypgn + Ky + Lzgy + Mz
ztp1 = Nzy+eqy; Efe] =0,

where matrix € is assumed to be of size | x n,! > n and of rank n, F is of size
{m+mn~1)xn, and N has only stable eigenvalues. Equating coefficients according
to the well-known method of undetermined coefficients between the previous two
systems let us find P,@, R and 5. See section 6 in Uhlig (1997) for technical
details®,

4. Parameterized ezpectations (PEA ): For a detailed explanation see Den Haan and Marcet
(1990), Marcet (1993) and Marcet and Marshall (1994) for example. The idea is to
parameterize the expectations part of the stochastic Euler equation. The conditional
expectation is specified as a function of the state of the system, and the parameters of
that function are estimated to solve the model.

The steps to follow are:

{a) Find the first order conditions of the problem. Find the steady state.

(b) Substitute the conditional expectation, say Ey(#:+1), in each case by a parame-
terized function ¥{g; kt—1,2:), a polynomial function, where z denotes a vector
containing the structural perturbations of the model and ¢ i3 a vector of parame-
ters. Define the stochastic Euler equation residual as Ey(¢iy1) — 1:. In principle
1 can approximate the expectation arbitrarily well by increasing the order of the
polynomial.

{c) Choose a value for q. For the searching of the fixed point a drawn of 25000
observations was used in each case. We found useful here to begin with a realization
for the variables using another (quicker) method, for the estimation of nseful initial
conditions of the parameters of .

{d) Use the first order conditions of the problem (with the conditional expectation
substituted by ¥(q; ks—1, 2)) and constraints to generate time series paths for the
variables of the economy.

(e} Define S : %" — R, where m is the dimension of g. Choose that g that verifies
5(q) = argming B lgei1 — (ke 1{gh zs:9)"-

(f) Iterate until g = S(g). This guarantees that if agents use 3 as their expectation
function, then g is the best parameter they could use in the sense that it minimize
the mean squared error. To find each ¢*+! starting from a previous ¢f, run & non-
Iinear regression of ¢(g') on ¥(q*), as an approximation to S(g"*1}, and actualize
¢ according to the rule

qi+1 = qi + /\S(q‘).

In the literature nobody has compared this set of methods. For the aim of our comparison,
in relation to other papers, Christiano {1990) compared LQA with LQA in logs, Christiano

SIn Appendix A we show the appropriate matrices A, B, C.. for each solved model,
MATLAB programs for the implemenfation of this method are available at Ublig's home page:
htip:/ fowis kub.nl/ few5/center [STAFF /ublig/toolkit.dir ftooilit. htm.
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and Fisher (1097} evaluates PEA, while in Taylor snd Uhlig (1990) LQA, PEA and a different
version of SIM is used. In Imrohoroglu (1994) a very close version of SIM and LQA are
compared, All these papers in the context of the Brock and Mirman model.

In different model economies, Den Haan and Marcet (1994) compared LQA and PEA
in the first model we present and in the third ore, while Dotsey and Mao (1992) evaluated
LQA, LQA in logs plus the method proposed in King, Plosser and Rebelo (1987) in logs and
in levels of the variables. This last method in logs is very similar to UHL; in this respect
our results differ from that of this paper: we fied UHL very suitable for the models we have
considered, and they found that none of the methods they looked at dominated the others
and could have problems for high values of the variance of the shock. Of course this may
be context specific: they used a version of the neoclassical growth model in which the only
source of perturbation was a process for taxes on production, following a five state Markow
chain, and did not try much parametric variation. It could be interesting to exiend the
comparison we make to s context as theirs and see if our results still hold.

in any case, it is not onty that we used a kind of different methods but the framework
where we compared and how we compared what we think could be more relevant.

As we can see, we have chosen one dynamic programing based method (LQA) and three
Euler equation based methods; this last methods have the adventage that they can be used
in Pareto optimal and non—optimal environments without modifications. On the contrary,
LQA npeeds important modifications.

Concerning LQA, SIM and UHL, they have the disadvantage reletive to PEA that they
cannoi be refined depending on the realization of the structural shocks. Nevertheless, the
previous adventage cannot be exploited in a comparison of the kind presented here, given
that, as remarked in Den Haan and Marcet (1994), for the calculation of the test they
proposed, one should use a realization of the stochastic exogenous shocks that is different
from the one used in calculating the fixed point.

Ancther point is that to obtain the decision rules LQA, SIM and UHL are quite fast in
relation to PEA.

An adventage of PEA is that it preserves all the non-linear structure of the models
at hand, given: that the parameterized function selected be near the true expectation. Note
that LQA, SIM and UHL preserves different degrees of non—linearity; the first two add policy
functions (or stability conditions) o the original system of nonlinear first order conditions
and constraints, while UHL method gives log—linear decision rules for all variables, In the
most simple model LQA and SIM are identical, but in the other two models SIM adds one
decision rule while LQA ‘adds two: SIM preserves one of the non-linear dectsion rules of the
~ original system, and so mc_un-es in the cost of using a non-linear equation solver. For this
o we used the solver cso 1ve m, available nt C A S:ms home page inthe webb.

4 Base for the 'omparlson:

mg parametnc cases, changmg only the relative
rsnou yaramete_r aud the vanance ‘of the technology shock, suggested in the literature
o mﬂuentxal parameters For sensitivity analysis, we consider three values of o,

from 0.01, close the most usual in the literature (0.00721), to another ohe six times greater.
Concerning risk aversion, we proceed from a low value of 0.5 to a high one of 3.0. The
remaining parameier values are standard: 8 = 0.99, p = 0.95, &« = 0.36, and § = 0,025.

CASE | 1 2 3 4 5 6 7 8 9
ol 60110011001 | 6.02)0.02)0.02 ) 0.06) 0.06 ) 0.06
7 065 |15 (3005 ;1L5][30]05¢f15()30

In the Cooley and Hansen model we focus on the variance of the perturbation, and in the
money growth parameter, analysing the cases of the original paper considered by Den Haan
and Marcet {1994). Parameter values are 3 == 0.99, a = 0.36, 6 = 0.025, Ay = 2.86, and for
the two sources of uncertainty the persistence of the postulated autorregressive processes for
technology and money growth are p, = 0.95 and p, = (.48. We change the money growth
rate and the variances of the shocks, according to,

CASE 1 2 3 4 ] 6
Ges 10151115 ; 1.015 ) 1.156) 1.015 | 1.15
Tez 001 |0.01]| 002 | 0.02} 0.06 { 0.06
Teg 0.09 | 0.069 | 0.00 {0.09 | 009 | 0.09

For the comparison we caleulated the mean and standard deviations over 250 simulations
of lenght 15¢ and 3000 of the following set of measures:
» Related to the stochastic Euler equation residual, £ (to check for the accuracy of the
solution}:

— To check for possible correlation with the information set: Den Haan and Marcet
(1994) accuracy test. The ides of the test is to check whether there exist any
function of variables dated ¢ — 1 or earlier that should help predict £. The steps
to follow are:

* PFirst obtain a large number of observations by simultating the model for a
realization of the exogenous processes.

* Run a regression of & over x;, matrix of instriuments selected from the infor-
mation set. Then take & = (V27 ) (a7 &),

* To check the null hypothesis that & is & martingale, form the statistic:

= 8" 2z (3wl wtd) Qo 2l w)a ~ Xy

where m is the munber of instruments chosen and g is the number of Euler
equation errors. It is worth noting that the alternative hypothesis is that the
erTor is not a martingale; so if the value of the statistic belongs to the upper
critical region of the 2 distribution, there is evidence against the accuracy
of the solution.




The number of observations can be interpreted as a measure of how stringent
the criterion is: if the solution passes the test even for a very large number,
this is evidence that the solution is very accurate. We choose the set of in-
struments used by Den Hasn and Marcet (1994) for the simple growth model:
constant, k-1, kr 2, k-3, log(z-1), log(z:- 2}, 1og(2e—a).

— To check also for remaining sutocorrelation in mean: an AR{1) process with mean
is estimated to £. Also the autocorrelation funciion (ACF) of £ is calcuiated to
check for remaining dynamic autocorrelation.

— To check for remaining structure in varience we performed a Lagrange Muitiplier
test for ARCH structure in . The null hypothesis is constant variance. This test
is only indicative because if the acceptance is not very clear, as the sample size
increases the statistic goes to the rejection region. Nevertheless, given our aim is
to focus on differenciated behaviowr of the different, methods, the test is useful.

» To check how different are the methods on other dimensions rather than that of the
rational expectations fulfilment:

— Impulse response functions generated using the first order conditions and the de-
cision rules. In the first two models that is to say: generate a unit impulse in the
perturbation: g = 1, = 0, Vi > 0 and compute the response of the approximated
systems. In the Cooley and Hansen model we have two sources of perturbation,
and so can compute the same exercise for the technology and the monetary shocks.

— Tabulate the values of the approximate decision rules at alternative points in the
state space: give a grid of values for the state variables and then obtain the induced
values for the endogenous state (capital) and for the other endogenous variables,

—~ Mean, retetive—to-output standard deviation, skewness and kurtosis for all vari-
ables: point and interval estimation. For the relative volatility also the empirical
distribution.

— Chross correlation functions of output with every other variable: point and interval
estimation. For the contemporaneous correlation also the empirical distribution.

— Estimate autorregressive processes of order one to four for the variables, to ap-
proximate the univariate models that the different variables follow. In the case of
the UHL method we can derive the exasct models, but not for the other methods.

For the Hansen model, in cases 7,8 and ¢ with T" = 3000, it was almost impossible to
found a solution with the LQA method, die to negative valies of K for certain draws of the
technology shock. F‘Dr the Cooley a.nd__Hansen model t.he sama oocumd ‘with SIM method in

5 Results

We present here selected results, according to their relevance for the aim of the paper. The
whole set of results is presented in an Appendix available on request.

5.1 Euler Equation Error properties
5.1.1 Den Haan and Marcet Test

Tables 1 to 3 shows the results for the Den Haan and Marcet test for the three models at
hand. Concerning the Brock and Mirman model, UHL and PEA pass the test for both sample
sizes, and give very similar results, while LQA and SIM {that, remember, are identical for
this model) are rejected clearly with T = 3000 and in some cases as 2 snd 3 may have passed
with T = 150.

Insert tables 1 to 3

In table 2 it is remarkable the gain in accuracy of SIM relstive to LQA when we move
from the most simple model to the Hansen model. SIM passes cases 1,2, 3,4, 5,6 and 9
for T = 150, but only 2 and 3 for T = 3000; LQA js always rejected. As o, incresses, the
accuracy diminishes for SIM and LQA. As 5 increases, meanwhile, accuracy increases. UHL
and PEA again pass for all the cases and both sample sizes, with similar results,

Table 3 presents the results for the Cooley and Hansen model. The first four columns
refer to the Euler Equation residual showed in equation (5). The picture is the same as
before: UHL and PEA pass all the cases, while LQA and SIM, with simitar behaviour, are
rejected clearly for T=-=3000 and for almost all cases even with T=150. The fifth column
is refered to the “money” Euler Equation residual of the model, given by equation (6).
Note that it is only necessary to check the properties of this error when using the dynamic
programming linear—quadratic method, because for the Euler Equation based methods it is,
by construction, equal to zero (see appendix for details). The results are very bad for all the
parametric cases, :

5.1.2  Autocorrelation and ARCH structure in the residuals

The resulis in the next three tables, 4 to 6, reinforce the former results. UHL and PEA
always move in the same direction. In the first model for cases 3 and 8 when T = 3800,
LQA and SIM are better than UHL and PEA, but in the other cases the % of rejections
for the constant variance hypothesis is lower for UHL and PEA relative to LQA and SIM.
Concerning Hansen’s model, from cases 1 to 4 UHL and PEA, and less SIM, give signs of
accuracy. But for cases 5 to 9 and T' = 3000 the test do not let us differenciate between
methods. In relation io the Cooley and Hansen model, all the methods give a similer result.
In the low variance case exhibit a good behaviour that make worse as ., increases.

Insert tables 4 to 6
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In tables 7, 8 and 9 we show direct testing of remaining sutocorrelation in the residuals,
For the Brock and Mirman model, when we estimate with T=150, nothing is detected. But
when we make it with the larger sample size, we cannot reject the existence of a mean different
from zero for LQA and SIM in seven cases, so violating the hypothesis of an unbiased error.
For UHL we do not detect any case, and for PEA only case 1 for T=3000. In cases 8 and 9,
for T=3000 also there is weak evidence of an AR(1) structure in the residusls generated by
LQA and SIM.

Insert tables 7 to 9

Table 8 soften this result, and for the Hansen model only in four cases of LQA we find
evidence for a mean different from zero. In relation to the Cocley and Hansen model, table
9, for T=3000 present evidence against LQA and SIM; in relation to PEA, if we except case
2, as noted before, there is only weak evidence for a mean different from zero in case 6 for
T=30600.

The last piece of evidence in this section is given in table 10, that evaluates a property -

of the equilibrium of the model that must hold, as shown in the appendix. The correlation
mentioned must be almost equal to the unity. Again, the Euler Equation based methods
fulfils the property by construction, and LQA fails increasingly with Te,

As & summary, LQA and SIM solutions are not very accurate for these models and
parameter cases on the basis of the tests of the previous two subsections, while UHL and
PEA are very, and likewise, accurate,

5.2 Other statistical measures

Now we take a look at any other statistics usually reported by business cycle researchers.
We selected any cases for each mode] a3 benchmark cases,

5.2.1 Impulse Response Functions

Figures 1 to 4 plot this statistic for the three models at hand. For the Brock and Mirman
nodel the responses of the system to an unit impulse in techuology do not seem to be very
different qualitatively speaking: output, capital and the interest rate responses haw.a the saine
shape and approximate duration. Nevertheless, things change a bit in quantitative term?.,
with greater capital responses for PEA and UHL, Concerning interest rate, UHL ra;ponse is
lower in the first period relative to LQA, SIM and PEA. These characteristics are maintained
across the plotied cases (4, 5 and 6) safe the increase in the response of capital as 5 increases
is proportionaily greater for UHL and PEA.

Insert figures 1 to 4

Relative to the Hansen model again there are no significant gualitative differences i'n the
responses, if we except the responses of capital in cases 5 and 6 for SIM, that are a bit out
of phase with PEA. SIM tends to present the greater responges for all the variables. L(_QA
reacts little in the cases of outijlit'.'au_ci-'(':hpita];'_bﬁt"in the same way as PEA when dealing
with interest rates, i T T IR

Things seem to change for the Cooley and Hansen model. In this preliminary version
we think it is very surprising to see the LQA. responses we report in figures 3 and 4, and
may be due to the fact that the steady state values for investment and the inverse of real
money balances induced by the LQA linear rules are not equal to the values induced by
the actual steady state of the nonlinear system, generating somethig like a shift in the first
period response. The responses of SIM, UHL and PEA are coherent with the intuition of
the model and the other results we Teport.

5.2.2 Grids for the decision rules

In figures 5 to 7 we tabulate the values of the appraximate decision rules at alternative points
in the state space. All the grids are formed by 21 values for each state variable.

Insert figures 5to 7

The grid for case 6 in the Brock and Mirman model takes the values 25 to 45 for capital,
with &y, = 37.99, and 0.7 to 1.3 for 2, with 2,5 = 1. It is remarkable that the evolution of
consumption as techuology increases is nor~rmonotonic for LQA and SIM, a characteristic
already reported by Taylor and Uhlig (1990) and Christiano (1990) for the LQA method.
The grid for capital is very similar across methods, and that for the interest rate present a
more concave grid for UHL as technology increases, while that for 5IM, LQA and PEA are
identical.

For the Hansen's case 6, capital goes from 11 to 14 (ky, = 12.68} and technology from
0.7 t0 1.3. LQA maintains the non-monotonic behaviour in consumption and UHL the more
concave response in interst rates. Differences are slight in the grids for the Cooley and Hansen
model.

5.2.3 Descriptive statistics, cross correlation SJunctions and autorregres-
sive siructure

In tables 11 to 14 we present descriptive statistics for selected cases of the three models, We
do not appreciate any significant differences in sample ineans or standard deviations for the
mean, relative standard deviation, kurtosis and skweness for the three models. Only in Brock
and Mirman the distribution of investment for UHL, shows a higher skweness and kurtosis.
And, of course, some differences when considering the sample size T=156: greater amplitude
of the sample standard deviations when comparing with the same case for T=3000, and little
differences on relative standard deviations, as one can see looking at the real wage in table
13.

Figure 8 plots the empirical distribution for the relative standard deviation statistics for
case 6, T==3000, of the Hansen model. “There are certain differences in the shapes of the his-
tograms: for instance, std(R}/std(y) is more symmetrie for PEA, while for std(log(=)) /std{y)
UHL posted a greater number of values an the left tail. But differences are not really im-
portant. Concerning histograms of these kind, in the highest variance cages it is possible to
find important differences for certain ratios.




The draw for the cross correlation functions (see tables 15 to 17 and figure 9) is the same
as that of the two previous paragraphs: we found no differences between methods. Only in
the Cooley and Hansen model the correlation of output with interest rates tend io be lower
and with a greater standard deviation in the SIM case relative to the other methods. And for
the empirical distribution of the contemporaneous correlation of all the variables with output
for case 6, T=:3000, for the Hansen model we can detect some differences: for example, for
the LQA method the correlation of output with consumption is slightly to the right, and for
that of output with technology there are more values to the left for SIM. But differences are
not very important.

Table 18 presents the last piece of evidence: the AR representation is the same for all the
methods,

To surn up:

« We appreciate important differences between methods when checking the rational ex-
pectations hypothesis. The Den Haan and Marcet statistic, and other complementary
tests, let us differenciate, in the three models considered, the four methods: PEA and
UHL: passed the tests for all the parametric cases while TQA and SIM presented & bad
behaviour.

¢ Concerning itapulse response functions, we only appreciate differences in the Cooley
and Hansen model, although qualitatively not very important between SIM, UHL and
PEA methods.

s There are almost no differences in the descriptive statistics. Given that the linear
approximations are done about the steady state one may expect no differences in the
means, but we neither found differences in the relative standard deviations, skweness
or kurtosis. And, surprisingly, we neither found differences in the sample standard
deviations associated with these statistics,

& The same comment applies to the cross correlation functions and the sutocorrelation
structare in the series. The time series for the variables inherit the patterns of auto-
correlation of the shocks to the system.

6 Concluding remarks

If we consider again the questions possed in the introduction we can answer in the following
way:

1. Do differences between different methods incresse/appear when increasing complexity
in the growth model? The answer is mixed and depends on the adaptability of the
methed to any proposed model. We have seen how the LQA approximation deteriorates
when dealing with the more complex model, but also how SIM improves when passing
from the Brock and Mirman model to the Hansen model, and how UHL and PEA, with
little exceptions, behave very similar in the three models cosidered. Of course, if one
consider more complex extensions of the basic neoclassical growth model things may
change,
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2. How many non-linear structure of the original problem is useful to maintain, given the

computational costs of more complex methods? Our evidence suggest that the log—
linearization is good enough for the neoclassical growth model extensions considered.
Also, if we had done LQA and SIM approximations considering the logarithms of the
series instead of the levels of the series we think the performance of these methods,
especially SIM, had improved.

The complexity of implementing PEA is related with good initial conditions for the
parameters of the polynomial function: as already pointed out, we found very useful
to generate time series with a linear method (we selected UHL), then estimate initial
values for the parameters and iterate until convergence to the fixed point. For the
models considered PEA does not, present adventages related to UHL.

. Depending on the aim of a research, it is always impertant if certain solution is rejected

by the Den Haan and Marcet (1994) statistic? We have shown how LQA and SIM
solutions are rejected in almost all cases according to this criteria, but we found no
important differences in the other set of statistics, if we except LQA in the Cooley
and Hansen model. Of course, taking into account these evidence, the answer to this
question depends on the loss function of each researcher.

. It is irrrelevant for a business cycle paper to consider a small sample size when calculat-

ing, for instance, descriptive atatistics, or it is necessary to consider large sample sizes
for the sake of reliability on the results? The answer to this question has two slopes.
One is statistical, and tell us how both interval and point estimation of the statistics
is more reliable with large samples. And also, to achieve convergence with PEA-like
methods, for instance, one need large samples. The other slope is related to actuat data
sets, that use to be smail. In this respect we think UHL ia preferable.
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Table 4: LM tfest for ARCH structure in the residuals.Brock and Mirman(1972) medel. % of
acceptance of the constant variance hypothesis.

LQA | SIM | UHL | FEA
Cnose I | T=150 | 63.2 | 53.2 ] 772 ] 8

T=3000 ] 0.0 | 00 | 788 | 784

Case 3 | T—160 | 788 1 788 | 80 | 78.4

T=3000 | 50.8 | o8 | 81.2 | 812

Case 3 | T=160 | 9.2 | 79.2 | 8.4 | 78.4

T=3000 | 73.2 | 73.2 | 502 | 59,6

Coge 4 | T-=i50 | 39.6 | 9.6 [ 70.2 | 784

T=3000 ] 00 | 00 | 84 | 832

Cosa b [ T~160 | 68.6 | 688 | 81.6 | 80

T=3000 | 04 | 04 | 568 | 688

“Case § | T=160 | 752 | 16.2 | 80 | 16.2

T=3000 1 128 | 128 2 g

Canse T | T=150 | 33.6 | 336 | 81.2 | B16

T=3000 [ 00 | 00 | 46 26

Case 8 | T=160 | 52 BT | 77.6 | 76.2

T=3000 | 00 | 00 | 00 | no

Case 0 | T=160 | 64.2 | 530 | 544 | 48.8

T=3000 | 0.0 | 00 | 60 | 00

Table 6: LM test for ARCH structure in the residuals. Hansen(1985) model. % of acceptance of

the constant variance hypothesis.

i LQA | SIM ] UHL | PEA
Casal | T=150 | 396 | 784 | 844 84
T=3000 249 18.8 | 39.2 90
Caze 2 | T=i50 7.2 | 844 | 864 | 852
T==3000 | 0.0 724 | 8L2 | BO.B
Case 3 [ T=150 | 71.6 | 792 | 78.8 | 78.8
‘T=3000 { 0.0 784 | 816 76
Case 4 | T=I50 | 368 | 636 | B0 | 804
T==3000 | 0.0 00 § T84 | Th2
Case b | =150 | 57.2 ™% k) 9.2
T=3000 | 0.9 84 | 584 | 444
Case 6 | T=150 50.4 7% 79.2 784
T=3000 | 00 23.2 | 52.8 | 444
Come T | T=150 | 356 | 204 | B2.E | 564
T=3000 - 0.0 0.0 0.0
Case 8§ | T=Isl 44 52 TL6 | 671.6
T=3000 - 0.0 0.0 0.0
Cage 8§ | T=150 48 57.2 | 65.2 | 628
T=3000 - 0.0 0.0 0.0
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Table 7: AR(1) residual estimation & = p + pf;_1 +¢. Brock and Mirmsn{1972) model. An *
denotes non-rejection of the nuil hypothesis Hy : p= 0 or Hp : p = 0 at the 95 % level, and ** at the

85% level.

LQA | SIM | UHL | PEA
Casel T=150 - - - »
sl - - - .
T=3000 | * ¥ . g
2 - - -
Case 2 T=58 p - - - -
B 2l B - _
T=300 | - . . =
Fd - - - -
Table 6: LM test for ARCH structure in the residuals. Cooley and Hansen(1989) model. % of Case 8 T=150 g ] - = ~ =
acceptance of the constant variance hypothesis. o0 gl - - - -
—______ﬂ SIM | UHL | PEA f; - - - -
Case 1 | T—150 | &2 | 828 | 808 | 616 — = - - -
T-3000 | 8L2 | 816 | 804 | 812 Casa 4 T=150 :: - - - -
Case 2 | T=150 | 8% | 848 | 63.2 | W2 - -
T=3000 * * - z
T=3000 { 83.2 | 83.2 | 82.2 B4 :: ) N B

Case 8 | T=150 | 8 § 796 | 184 | 168 =
T=3600 | 516 | 448 | 408 [ 34 Casa 5 T=150 :; - < - B
Casa 4 | T=13 9.2 | 4| 772 | 784 — "‘ b ha -
T=3000 | 464 | 404 | 42 | 404 T=3000 4 w - B
Case b | T—150 | 528 | 624 | 418 | 44 ] - - - -
T=3000 | 50 - 00 | 0D Case 8 T=160 | - i = =
Case 6 | T=150 | 52 | 544 | 46 | 432 sl - - - .
T=3000 | 3.0 - 0.0 0.0 T=3000 u W Fi3 C Z
o] - - - -
Case T T=150 1] - T - .
rid - - - -
T=3000 x| = w » =
p| - - - .
Case 8 T=150 4 - - - -
p - - - -
T=3000 g | ¥ = = =
‘ s - - _ =
; Case 8 T=150 p | - B = .
| - . . .
T=3000 pu - - - -
P - - N _
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Table 8: AR{1) residual estimation & = u + p&—3 + . Hansen(1985) model. An * denotes non-
rejection of the null hypothesis Hp : p = 0 or Hp : p = 0 at the 95 % level, and ** at the 85% level.

L.QA | SIM | UHL | PEA
Case 1l T=150 p - - - -
P - - - -
T-3000 p| * - - =
2 - - . -
Capa 2 T=150 - - - =
] B - - -
T=3000 p - - - -
P - - - -
Case3 T=i50 pu - - B .
P - - - -
T=3000 £ - z 5 -
) - - - -
Ceased T=1I50 p - - - -
P - - - -
T=3600 & * - - -
] - - . -
Case b T=150 u - - - -
I - - - -
T=3000 u§ ** - - -
I - - - -
Cose 6 T=150 pu -~ - = -
p - - - -
T=3000 u had - - z
] - - - -
Case 7T T=150 u - - - -
P - - - -
T=3000 p - - -
P - - -
Case 8 T=180 pu| - - - Z
P - - - -
T=3000 u M - -
y.] - - -
Case # T=I50 4 - - - -
P - - - -
T=3000 u - - —
£ - b A
26

Table : AR(1) residual estimation & = u + pf_; + €. Cooley and Hznsen{1989) model. An *
denotes non—rejection of the null hypothesis Hp : p = 0 or Hy : p = 0 at the 95 % level, and ** at the

85% level.

IQA | SIM | UHL | PEA
Casel T=150 g - - - -
P - - - -
T=3000 | ¥ | * = =
) - - - -
Case2 T=I150 p - - - *
P - - - -
T=3000 p * b B ¥
P - - - .
Case 3 T=150 4 = - - .
P - . - -
T=3K0 4 * * . -
P - - - -
Casa4 T=I50 - = - =
I - - - -
T=3600 p * * - -
P - - - -
Cage 5 T=150 p] - = = z
2 - - - -
T=3000 | - " .
I ‘s - -
Case 8 T=1%0 p| - Z = =
P - - - -
T=3000 p | - = =
P -

7




Table 12: Descriptive Statistics. Hansen model. Caset, T=3000. Numbers are means and standard
deviations (in brackets) across simulations.

Table 13: Descriptive Statistics. Hansen model. Casef, T=150. Numbers are means and standard

deviations (in brackets) across simulations.

LQA mean  rel. Std  skewness kartosis SIM mean rel Std  skewness kurtosis LQA mean  rel. Std  akewnens  kurtosis 3IM mean rel Std skewnes Iwrtosis

V-yea 0.001 1.000 0.108 3.023 yyse 0002 1.000 0.250 3.059 Y-yes 0.001 1000 0.162 9872 y-ym 0001 100D ©.200 2602
(0000) {0000)  (0.141)  {0.287) (0.000)  (0000)  (0.142)  (0.308) (0.039) _(0.000)  (0:393)  (0.519) {0.030)  (0.000) (0.393) (0543

k-kss 0005 12.319 0.012 2.806 k-kss 0.036 12372 0,083 2,934 k-ksa -0.039 9413 0.021 2.265 k-ken -0.002 9.422 0.086 2.272
(0.187)  (0592)  (0.236)  (0.422) (0.188) (0599}  (0.242)  (0.458) 0.675) (L871)  (0.537)  (0.669) 0677 (1862)  (0.539)  (0.693)

X-XB8 0.000 0.753 0.003 2.562 R-ism 0.001 0.757 0.313 3.128 X-May AL0GT 0.799 8.012 2.69% X-X8a 0,000 0.800 0.243 2,779
_{0.005) {0033} (0118}  (0.200) (0.005)  (0.012)  (0.124)  (0.288) (0.022) (0.042)  (0.368)  (0.487) (0022)  (0.034)  {0375)  (0.577)

o-cas 0.001 0328 0087 3.339 -39 0.001 0.321 0.082 2925 o8 0.000 0.269 0.251 2.664 ©-can 0.000 0.261 0.054 2.353
(0.005)  (0613)  (0.260)  (0.563) (0.005)  (0013)  (0.219)  (0.410) (0.017) (0.042)  (0570)  {D.824) (0.017)  (0.039)  (0.481)  (0.585)

R-Hss 0000 0.0z [(5X1] 3708 e 0000 0029 0269 3.185 FHs 0000  0.028 0.167 2.769 RTis 0000 0.028 0.180 EXiLd
{0.000)  (0001)  (0.147)  (0.335) (0.000)  {(0.001)  (0.161)  (0.409) (0.001) {(0.003)  (0.406)  (0.508) (0.001)  (0.004 0.409)  (0524)

N-Nas 0.000  0.198 06.016 2.950 N-Tes 0000 0.197 0.014 2.9%0 N-Nm 0.000  0.170 0008 2601 N-Nss 0.000  0.170 0.003 2598
(0.003) {0.008)  (0381)  (0:326) (0,003)  {(0005)  (01v8)  (0.315) (0.009) (0020)  (0.452)  (0.555) (0.009) (0.020) (0.448)  (0.551)

y-3, oml 2501 0237 3014 Tz, om px 0.277 3.047 z-¥ 0.001 2020 0114 2.362 7 f__ 0.004 2,020 0.145 2371
(0.036) {0.012)  (0.228)  (B.50%) {0.87) (0108}  (0.230)  (0.541) " {0134)  (0306)  {0492)  (0.604) (0.124)  {0307)  (0.492)  (0.619)
UHL mearn rel, Std  skewness kurtoshs PEA mean rel. Std  askewnem kurtosn THL mean  rel. Std  skewness  kurtosis PEA menn  rel Std  skewness  huriosis

y-yss 0.004 1.000 0.241 3.062 y-ysa ©.006 1.000 0.244 3.055 y-yea 0.001 1.000 0.168 2877 V-yes 0.004 1.000 0.161 2.668
(©.009)  (0000) (0143}  (0:317) {0.010) (6000) {0.145) (0324) (0.038)  (0.000)  (0.393)  (0.522) (0.089) (0.000) (0.395)  (0.517)

kkas D065  12.406 0280 3.032 i 0179 12602 6211 2578 Tkaa 0.011 9.402 0.115 7278 kkse 0111 0.476 0.000 9368
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Table 15: Cross Correlation Functions of output with the other variables. Brock and Mirman model.

Table 14: Descriptive Statistics. Cooley and Hensen model. Casel, T=3000. Numbers are means and Case6, T=3000, Numbers are means and standard deviations (in brackets) across simulations.
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Table 16: Cross Correlation Functions of output with the other variables. Hansen model. CaseS,

T=3000. Numbers are means and standard deviations (in brackets) across simulations,
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Table 17: Cross Correlation Fanctions of output with the other variables. Cooley and Hansen model.
Casel, T=3000. Numbers are means and standard deviations {in brackets) across simulations.
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Table 18; Estimated autocorrelations for selected variables. Hansen model. Case 6, T=3000. AR(1),
AR(2) and AR(3) processes. Means and standard deviations (in brackets) across simulations
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(0.0177) | {0.0261) | (0.0177) j| (0.0178) | (00189} | (0.0177)
UHL ¥ c A | ¢ | EHE TPEA
I 0.0003 0.00040 .0000 0,0004 0.0060 0.0000 In
{0.0006) | (0.000%) | (0.0000) i| (0:0006) | (9.0001) | (0.0000)
m 0.9333 0.9890 0.9280 0.9347 0.9887 0.9306 11
(0.0064) | (0.0017) | (0.0066) || (0.0063) | (0.0018) | (0.0065)
M 000063 | 0.0000 | 06.0000 00004 | 0.6000 | 0.0000 I
(0.0006) | (0.0001) | {0.0000) || (0.0006) | {0.0001) { (0.0000)
M 0.9351 1.0769 0.9317 00366 L0700 $.9328 ”
(0.0186) | (0.0210) | {0.0185) § (0.0186) | (0.0208) | (0.0186)
p2 | -opo1e | .oceso | 00030 §| -00020 | -0.0823 | 00024 | 2
(0.0186) | {0.0209) | (0.0184) || (0.0186) | (0.0207) | (0.0185)
DANKE [ 0.0000 | 0.0000 00001 | 0.0000 | 0.0000 n
(0.0006) | {0.0001) | (0.0000) || (0.0006) | {0.0001) i (0.0000)
m 0.9351 Lovea | 0.9318 00366 | 1.0643 | 0.9328 I
(0.0185) | (0.0192) | (D.0184) || (0.0186) | (0.0192) | (0.0185)
0.0007 -5.0006 0.0004 0.0006 -0.0086 0.0007 2 .
(0.0248) | (0.0256) | {0.0246) || (D.0249) | (0.0255) | (0.0247)
Pa -0.0028 | -0.0737 § 00037 || -0.0028 | -0.0689 | -0.0034 | pa
(0.0177) | (0.0088) k (0.0177) [} (0.0177) | (0.0187) | (0.0177)
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Figure 7: Grid for the decision rules. g = gy Cooley and Hansen Model. Case 4.

43

| mmmmmmmw

|

J 10 20 0 10 20 0 10 20 10 20 10 20
10 20 10 20 0 10 20 10 20 O 10 20
10 20 10 20 10 20 10 20 10 20

; 0 10 20 0 10 20 0 10 20 0 20 10 20

i std(k)/std{y) std(x)/std{y) std{log(z))/std(y) sid(c)lstd(y) std(R)Istd{y)

Figure 8: Empirical distribution of the relative standard deviation statistica, Hansen Model, Case

6, T=3000.




Appendix
A  Description of the models and keys to solution

A.1 Brock and Mirman (1972)
A.1.1 Description of the model
¢ The Problem: The model is that presented in (1).

o Lagrangean:
1-n

Llkyen M) =By f [q —nl ~ Ao+ ke — kg, — (1 — 5)’&-1)]
=1

1-—

¢ First Order Conditions: We need the Euler conditions in order to obtain the deter
ministic steady state and because the methods SIM, UHL and PE are Buler-equations
based methods. The system of optimality conditions that emerge from problem (1) is
obtained by deriving the Lagrangean with respect to the endogenous state and deci-
sions,

)\t,: 0= C¢+kg——2;k§_1—(1—§)kg_1
c: 0= g —Xh
ke: 0= X +BE [,\pr1 (azmkg"lﬂ-a)]

then, eliminating )¢, we have,

e = Zkli+o (1
B = ank®} +1-6 8
" = BB [ Ren) ®
and
kb = z+{1-0k (10)
log{ze} = (1—p}log{zs) +plog(ze 1)+ & (11
€ N(O,Uf)

s Stochastic Euler equation residual: in this model is defined as
bp1 =" — fe; Reys

Deterministic Steady State: We have for interest tate Ry, = 1, for technology,
output and comsumption: zey = 1, Ysr = 28T And Cop = Yoz — Okas, Where kyy =

1
Gz \To5
(n..—1+s) :

¢ Parameter Values: See table in the main text.
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A.1.2 Linear—quadratic approximation: value function iteration

» Return Fuoction: Substitute the nonlinear constraing e = 2k ; —z, into the utilisy
function, {0 obtain
log(zkd , —z) if =1
Ulze ki1 308(2)} = 4 (aebpy=me)' "1
1= if n#l
We will consider one exogenous state variable, log{z), one endogenous state variable,
k.1, and one decision variable z;. Now we will perform a second order Taylor ap-
proximation of the return fumction about the deterministic steady state at the point
(log(zu)l Kasy -'Eua)-
— First order derivatives

_ arr a8 8y _ -9 a ~5 a1 __-n
DUee = {alog(n)’ kg’ 3_2—‘51] las = {C‘ awkios, o "oz 6, ] s

— Second order derivatives: The hessian

Fiiii)
Bibgiz;iﬂ
2 — ay ol
DUy == Blog(z )0k -1 ka_, j“

Fildig fiai?s pikled
Bbgiz;iam Ihi-180T a:r:f

where,

8
C fmmmL2, —n e
Olog{z)2 [ we T e he ztk“ll

2
T‘-’:Egm = ¢y
% = ["ﬂazc;wlﬁf_l +¢ % (a - 1)%]
%;—g = —ne 7}
aU ot

e
oY aPt
Oxiky_q % ke1

— We can write now the return function, Using the obtained gradient and hessian,
and given that W, = [log(#:), ke—1, z,]" the return function

r{log(ze): k-1, 70) = Qu +2- Qua- We + WF - Q- W = L W] Q- [ w, ]
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where Ql] = Uaa _DU.!‘J W+ %u/‘;l's 'DzUas ‘Wi, Ql? = % (DUss - W}; ) DzUsa)
and Q22 = %DzU‘”.
~ Initial value function conjecture. We have, V%log(z), ke-1,2:) = FT - P . R,

=[1 W BTP°B [ w } In this case Fy = [1, log(zt), k1|7 and

10 0 o0 100
B={0pg 0 0Of, PP=—01-J01 0
00 1-61 001

— Rearrange the problem such that
V™ log(ze, ke1, 7)) = MAX, {FTMF + 2F Mazy + o Ma}

T

with My, Ms and Mj appropriate matrices. Then, the first order condition ; =
—Myg My F ia the policy function once convergence is achieve<. The actualization
in iteration n is P* = M,y —MQM;IJ‘{;

» Policy function: The output of the algorithm described is, in this case, T, = 8.0 +

8oz log(z) + bzxks—1, that together with , = k; — (1 — 8)k,—3, produces the following
decision rule for capital,

k; = 6@0 + 622 log(zg) + (65]; + I— J)kt,_l

Estimaies of these parameters for the nine parametric cases are shown in the next table.
Note that cases with all the same parameter values but standard deviation of the shock
have, obviously, the same values.

CASE | o | Oas Bk
1,4,7 || 1.9190 | 3.2243 [ -0.0255
2,58 | 1.0512 | 2.7668 | -0.0027
3,6,9 § 0.7015 | 2.7244 | 0.0065

+ Time series generation: Once the policy function is ealeulated, time series are gen-
erated using: {z;}, ko = kg, investment from the decision rule, capital from its law
of motion, output from the production function and the interest rate from (8). Using
output and investment, consumption arises from the resource constraint.

A.1.3 Forward solution

¢ System to be linearized: From (9), substibuting the conditional expectation by its
realized value plus an expectational error, we have

0=—¢"+pe] (GH’H-ll‘CﬁH +1- 5) +&ev1, Bilbeq1) =0 (12)

48

» Then, the system to be linearized is formed by equation (12), (10) and (11). The states
of the problem are ;-3 and log(z); the contral (decision variable) is ;. Then, we form
the system [o¥ipq o= D11, + @Gy where Yop = [k — ks, 10g{2t41)s @131 — Tae]” 8Dd
Cer1 = rp1s et

¢ Linearization about the Steady State

— Equation (12): Derivatives with respect to Yy, and ¥; elements,
Ohilss == [~Pre,]) M WtlaRen + Bola - e 1] jos
8(12 _ R 7 sl
ﬁﬁ&ﬁ)ﬂjlss [ ﬂTJCz+1 Y1l + Boe [y ] fas

302 155 = {Bncs Ruva | os

a0, -
ﬁt—)dss [nq aEz"—J |ss

aathsiss = [nc; ™ ys| las, i2as = [-ne; ] jss

— Equation {10): Derivatives with respect to 4 and to 4
%i—?l;ss =1, B—L%%}?;;Iss =0 %g)dss =9,
%}—2—%55 =-{1-46), %‘}%ﬂss =0, Qg—?)-;as =-1.

— Equation (11): Derivatives with respect to y;43, and to ff.
%}_.—P]ss =0, m—a%—l‘);ﬂas = -1, %E}Iss =0
%%}—);lsszﬂ,a—L(}‘ﬂss—p, |ss =0

e Thus, wehaveF0=(Jg)l~ gﬁ—ﬂ- %&l) I —(—Qa %%%l Q%l) Now, we

can calculate the stability condition of the lirearized system.

o Policy function: from the stability condition ey (k1 —FKss)+pa log{z:) +pa{ze—T4s) =
0, and the law of motion for capital in deviations with respect to the steady state, the
decision rule for capital becomes,

ke = (Ta0 + #3 sa) + ( )lﬂg(zt) +(1-6~ ;)kt-l

The values of the stability condition wexghts are shown in the next table. In this simple
problem the policy rules obtained from SIM are exactly equal to those induced by LQA.

CASE 115] 2 13

1,4,7 || 0.2240 | -28.3064 | 8.7791
2,5,8 || 0.0402 | -41.6783 | 15.0639
3,6,9 || -01375 | -57.3516 | 21.0614
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s Time series generation: Use the linear stability condition to obtain investroent,
capital from its law of motion, output from the production function and the interest
rate from (8). Using output and investment, consumption arises from the resource
constraint, In this case, the decision rule is exactly the same than that cbtained by
LQA.

A.1.4 Log-linearization

The system to be log-linearized is formed by the first order conditions (7) to (9) and the
constraints of problem (1). Let ~ denote log-deviations from the steady state. The log—
linearization produces the following system of equations,

s Log-linearization
0 = —(1-B0 -1 —afks+{1-B{L~ 85— R,

0 = Shufoy jak, ) +2es -
0 = —ie+ 7 +ake

0 = E [—r,|5¢+1 + Reyr + ’?Ec]

1 CASE Vik Viz Ve Ve VRE VhRx Yk Pyy
1,4,7 || 0.9495 | 0.0849 | 0.8361 | 0.1742 | -0.0222 | 0.0348 | 0.3600 | 1.000
2,5,8 | 0.9723 | 0.0728 | 0.5210 | 0.3403 [ -0.0222 | 0.0348 | 0.3600 | 1.000
3,6,9 | 0.9815 ; 0.0717 ; 0.3940 | 0.3557 | -0.0222 | 0.0348 | 0.3600 | 1.000

A.1.5 Parameterized Expectations

® Order of the approximation. For the PEA method & second order polynomial
approximation proved to be useful. (Tolerance=0.0001)

Plke—1, 22) = o eBioob-1)tastog(ze)+alonlke-1))* +asiog(kea MoglzeHas(ion(z1)*

The gradient takes the form,

B = phten

o /9 ¥/a

N (B Plog(ke1)
Vi = oY fogn | Plog(z)

p f9qs W(log(ke-1))?

o /g5 Ylog(ke_ ) log(z)

ap [Bgs P(log(a))?

e General form
In this particular example, in terms of the general notation we are using, we have: z
is capital, y is formed by consumption, output, labor, the interest rate and investment,
and z is technology. The matrices for the log-linear approximation are:

s Policy function: The decision rule for capital becomes,
b = —(Bblgi ko1, 2)) 7 4 2k 4+ (1 ket

The fixed point for g was caleulated using a sample size of 25000 observations.

0 ~(1-8(1-8))1-a)
A = —kyafces | + B = Kas/(Bess)

0 o

0 -1 0 1-5(1-8)
¢ = -1 0 0 , D o= yss/csa

0 0 -1 1
F o= {0, G = [0]1 " = [0]!
J = [-p1,0], K = [50,0], L = [0,
M o= 0], N = [, Sigma = {o7]

» Policy Function and time series generation: The output of the algorithm are

CASE | & a2 a3 q ) %
1 1.8017 | -0.2042 | -0.2680 | -0.0296 | 0.6500 | -0.0454
2 1.8629 | -0.3874 | -1.0443 | -0.0545 | 0.1466 | -0.3106
3 0.8467 | -0,3988 | -2.0886 | -0.1060 | 0.2981 | -0.5457
4 1.8843 7] 20.2037 | -0.2536 | -0.0294 | 0.0462 | -0.0348
5 1.5138 | -0.2806 | —0.4006 | -0.0684 | 0.0015 | -0.0492
8 1.6741 | -0.7658 | -3.5681 | -0.0567 | 0.6828 | -0.1533
7 24171 {-0.3407 { -0.2021 | -0.0106 | 0.0315 | -0.8207
8 2.6408 | -0.5750 | -1,0805 | -0.0280 [ 0.161% | -0.1231
9 2.8286 | -1.0233 | -2.3828 | -0.0218 | 6.3569 | -0.2553

the parameters of the state space form relating endogenous variables to state variables,

This form is used to generate the time series, That is,

7 Vik Vkz
ks -
a _ | Yk Ve ke
t el -~
= VRE VRz z
B v b,
yk Yz

with kg == kg and x; = 3y, — ;. For the analyzed cases, the parameter values are:
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» Thme series generation: obtain consumption from condition (%) in which the con-
ditional expectation is substituted by the polynomial function ¥. Then capital from
ky = —cp + @k ) + (1 — 6)ksy, investment from the law of motion of capital and the

interest rate from (8). Output may then be obtained from the resource constraint (7).
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A.2 Hansen (1985)
A.2.1 Description of the model

¢ The Problem: see (3}
s Lagrangean

R |
1-7n

o 1
Like,ce, Ny M) = Fo y_ B [c' — AN = e (o0 + kg~ 2k NP — (1~ 5)1%_,)]
t=1

First Order Conditions: to obtain the deterministic steady state and for SIM, UHL
and PEA methods.

Mt 0= cpdke— 2h® NI — (1— 8}k
o —x

L'
ke: 0= X+ BE; [/\Hq (ﬂza+1k?-lN£‘.aa +1- 5)]
Ne: 0= —An+ Ak (1 - )N

then, eliminating A¢, we have,

6 = zhE NIkt (1= )y (13)
Ry = anki N} O41-6 (14)
" = BE [C;TIRHI] (15)
An = 6"k (1~ eINTT =6~ o) (16)
an
and
log(ze) = (1— p)log(zas) + plog(ze-1) + & (18)

& ~ N(0,62)
¢ Stochastic Euler equation residual: in this case it is defined as
S =6 " = e Ren
¢ Deterministic Steady State: From (14}, R., = of2t--1-6, and from (15), R,, = %,
then the ratio of cutput to capital at the steady state becomes,

Yao 1(1 )
== -148
kyy o \p

For employment, the steady state value is fixed to 4. Now, from the production function,
Yo = kSN = %::- = kf;IN};“, 50 we have for capital, given that z,, =1,

e
33
ksa - k_”) N ar

52

From the law of motion of capital, z,, = 8k,,, and from the resource constraint, ¢y =
Yos — Gkgs. Finally, from (18), Ay = 7M1 — a)}(—,';—.
» Parameter Values: See table in the main text.

A.2.2 Linear—quadratic approximation: value function iteration

e Return Function: Substitute the nonlinear constraint ¢ = zk® ;NI ™% — 2 into the
utility function, to obtain
log(zkE NP2 —z) — AnN, if n=1

U s N i, JoB(2)) = {1 2oe) -
(t & =1y g(zi)) { z‘k'_IN‘lqu' I—ANNt 1f n#l

In this problem we consider one exogencus state variable, log(z;), one endogenous state
variable, k;_;, and two decision variables, z; and N;. Now we will perform a second
order Taylor appraximation of the return function about the deterministic steady state
at the point (10g(2e), Kss, Tasy Naa).

— First order derivatives

- [ au au  au BU]

Blog(zg)' Bkt_l’ 3:1:,’ N
- . i - - 1
= [Cf, ", ¢ "y:ak—, -7, (q Ty(1 _a)}V - AN)}
t—3 s

— Second order derivatives: The hessian,

Fiid 1
[ Fil zt))
P a2y
Flog(z ok 1 Bk?fl
Dy = s 8y 82y fes
Flog(z:)0z; Bky—1 03 —3_::?-
2U s U 8
TGO P ON;  OBndNi  GNT
where
U
Y (gt L2 e
Biogle? = (")
8 n-1 (Gyc )‘2 —n e
—_— = |- — ] +o o~ 1)—5—
., { " Agn,) Te eV,
i)
2X o _pem?
8z% %
& 2
LA JE S0 § e L) ol — 12
a7 [ A [( a NJ +¢ ol )N?
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S SN - W Besides, the decision rule for labor,
S = | Rt %
1A 32 t—1 L 41 -1 Ne=bno + log(z.:) + Enike_1.
a*u _ -1 A
Pog(zyor, . Tt ® For the nine parameter values cases, we have
2 r 2
51—% = |- Ni- a)%r"'— + Ml -e) %] CASE || 6.0 2z Bxic dno bz [
og(z)0Ne | : ¢ 1,d,7 | 0.7368 [ 2.6120 | -0.0332 || 0.5801 | 0.7383 | -0.0037
U o el B 2,56,8 || 0.7365 | 1,7499 | -0.0332 || 0.5459 ; 0.3718 | -0.0168
Ok;_18z; K ke 3,6,9 [| 0.7368 | 1.5342 | -0.0332 §§ 0.6127 | 0.2242 | -0.0221
2 ] 2
_?__,U_ = —nc{""la(l - a) ¥ +c; "a(l — a) Ye } i s Time series generatiom: Once the policy functions are calculated, the time series
k18N, | Neky1 Nikyy ; for investment and labor arise from these policy rules, capital from its law of motion,
8 —r-1 Yt 5! output from the production function, interest rate from equation (14}, and consumption
B2 dN: R Gl O‘)E ! from the resource constraint. Note that it i3 necessary to add two linear equations to

the original systemn of equations, in order to generate time series.

* We can write now the return function. Using the obtained gradient and the hessian,
and given that W; = [log(#), ke-1, Te, Ne]T the return fimction _ A.2.3 Sims (1989, 1950)
1 ] : + System to be linearized: From (15}, substituting the conditional expectation by

{log(ze)y ke, Te, Np) = Quz + 2+ Qua - Wi + W Qp - Wy = [1 WtT] -Q- [ w, its realized value plus an expectational error, we have

= — a1 arl—-a _ e
where Qll = Usg — DUy - Wy + %W;E ) DQUH - Was, Q12 = % (DUs.g - W.gi.: : D2U85) 0="4 +ﬁf-';+1 (C!Z:+1k¢ NH]' +1 6) +§H’l' Et(fH-l) 0 (19)

w 112 i
and @y = 3 DU, ; Then, the system to be linearized is formed by equation {19) and the first order con-
o Initial value function conjecture. We have, V%(log(z), ke—1,7) = Ff - P° R = ; ditions (13}, (16) and (18). We have as states k1 and log(z), and as controls (de-
1 . cision varjables) ¢, and N;. We form the system: [‘al?t 1 == Y + ®{4a, where
T - T i + :
[H‘Vg‘} B POB [ VV; } In this case I = [1’ Iog(z:)’ kt_l] and Yt-+l = [kt - kas}l‘)g(zt-l—l)lcl-l-l — Cazm NH} - Naa]T and Ct+l = {‘ft-)—hefr{—l] .

¢ Lincarization about the Steady State: make a second order Taylor expansion to

104 0 0 100 h - )
B=|0p 0 of, P=-01-]01 0 © previous system.
00 1-6 1 6 01 — Equation (13),
%,g%[ssm[ml,ﬂ,o,ﬁ]

= Rearrange the problem such that

280~ [l +1 -6y, -1, (1~ )] oo

V™ (log(z), ke, w0, No) = M AXay e (F" MLF +2F My [ N, ] +lz: N My [ N ]}

203) _ 0,0)
with My, M, and Mj appropriate matrices. Then, the solution to this problem is ey )
[ ;"; = —M;IMF, that is the set of two policy functions once convergence is ~ Equation (19), _ -
t o . ; Begfioze(a— l)k?_chl;f
achieved. The actuslization in iteration i is P! = M; — MyM;1MT. The stopping . o Be oz kg NI
citeria was 0.0000L | B | e (ki NG +1-0) | 1
s Policy function: using the decision rule for investment , £ = 6z0-+6z; log(2:)+dzrke 1, Bey oz k1 — ) NIS

and the law of motion of capital, the decision rule for capital becomes,

5(19) — —n—1
e = 80+ 822 log(z1) + (Bar + 1 — Bk, Si2blss = [0,0,7¢ ", 0] Jos
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g{tlf) =[1,0] A.2.4 Uhlig's log-linearization
~ Equation (16), ; The sysftem to be log-linearized i.s formed by the ﬁrst. order conditions (13) to (18) and the
i zpieke (1 — NS T ;: conislzramt.ls of: problem (3}, Let ch.enote log—devmt.aon? from the steady state. Then, the
0 . o : Jog-linearization produces the following system of equations,
a6)y Gz k(L - o) NG jss :
e, —nc;;';l 2 k(1 — NS e Log-linearization
Ct_-lt‘12¢+1kg(1 et a)(“a)Nt:i—lwl 0 = =z Cpaly + Yoslit
a(16) 93 =10.0.0.0 0 = mi’si‘t — ket + (1 il 6)kaakt—l
B]’;I [» 1y Uy ] g = akt~1_§t+~(1_a)Nt+2t
i =00 0 = —na+i-MN .
0 = _ai__':kt—l + ﬂﬁ‘_.:ﬁt — Ry R
- Bquation (18), 0 = Bi|-nfe+Ren +5]
gl"ﬁ}l‘gs =[0,-1,0,0] _.: 1 = phtean
%?}lss =[0,p,0,0] . » General form: In this particular example, i termns of the general notation we are
a8 : using, we have: z is capital, y is formed by consumption, output, labor, the interest
5&1% = [0,1] : rate and investment, and z is technology. The matrices for the log-linear approximation
are:
_ [203), 809 s1e). 80817 . . [813), 8(19). agmz, aua) T
® Then we have T'p = [aﬁc-ﬂ' Fere’ Sier? aﬁHJ s Tye [ o ! %l’ % ' O ] - Lo : 0 0
¢cate now the unstable root of [ 1T, : —lis (1 — 8)kss
¢ Policy Function: add the stability condition p1(Re—1 — kas) +p2 bog(2ze) + 3(ce —cas) + A = 0 B o= a
pa(Ne— Nyp) = 0 to the system of first order conditions. For the nine parameter values p 0 0
cases, we have : 0 ]
CASE | m B2 M3 M —Css  Yaa 0 0~y o
1,4,7 | 0.9421 | 4.2045 | -15.6898 | 2.2111 0 0 [t 0 Tya ¢
2,6,8 [ 0.9421 | 10.8106 | -31.7603 | 2.2111 ; ¢ = 0 -1 1-a 0 0 D o= I
3,69 || 0.9421 | 12.4622 | -55.8660 | 2.2111 : - 1 -1 0 0 0
) : 3] ajll‘"—‘-i ] —~Hyq 4] 0
From the stability condition, (13} and (16) the decision rule for capital becomes, _ =
1o (1-a/a ; F =10 G =0 =10, J = [-70010]
ke = {1 — 8) kg + 2kE. {—c,"(l—a)ztkg] —c : = ) = ) = s = i o Ly
1Ay ! ; K = {50000, L = 0,M =10}, N = [d,Sigma = [0}
where ¢ arises from solving the non-linear equation E . .
L ) (1-a)fa » Policy Function and time series generation: The output of the algorithm are
= s+ — | p1lke_s — ks -+ iz lo + [_ SN — )k ] - . the parameters of the state space form relating endogenous variables to state variables.
* #3 ke = Koo} + plog(ze) + bal Ay ( Yok ) i This form s used to generate the time series. That is,
» Time series generation: once the stability condition of the linear system Is calcu- : i Pk Vi
lated, it is added to the system of first order conditions and constraints. In this case R = Vek Ve ~
we only add ozie linear equation. Then solve for labor and comsumption using simulte- _ geo| _ | b My L]
neously (16) and the stability condition. Obtsin cutput from the production function, : Ne | | vwe e 5
investment from the resource constraint, capital from its law of motion and interest | R, YRk VRz
rate from equation (14}. Ty Yok Yz
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For the anslyzed cases, the parameter values are:

CASE ]| 14,7 | 2,58 | 3,6,9
Vg 0.9418 | 0.9418 | 0.9418
Viz 0.2063 | 0.1382 | 0.1212
ver || 08210 | 0.3030 | 0.2206
Ve 0.4052 | 0.3989 | 0.2526
v Il 0.2702 | -0.0481 | -0.1763
v | 24176 | 17130 | 14304
VNR -0.1403 | -0.6376 | -0.8380
vn, || 2.2150 | 11155 | 06125
vry || 0.0254 | -0.0364 | -0.0409
g, || 0.0840 | 0.0596 | 0.0407
ver || -1.3273 | -1.3273 | -1.3273
Ves || 82537 | 5.5276 | 4.8461

A.2.5 Parameterized Expectations

* Order of the approximation. For the PEA method we tried a third order polynomial
approximation.

Wlkey, 2) = @1 Bloglks 1) +qatog(za)+aallog (ke —1))* Hgslog{he—i Nog(ze ) +oa(loglz:))?

The gradient takes the form,

& foq v/

a [Ogs Plog(ke-1)
vy | /0B | _ wlog(zr)

3y /8q W{log(ke—1))?

& /By ylog(ke_1 log(z)

81 /Bge W(log(z})®

¢ Policy function: The decision rule for capital from (13}, {14) and (16) becomes,

{1-a)/a
ky = (18 k1 —[B{q; k-1, z:)]_l‘r"'*“z:k:aﬁl [::;.31!'(95 ki1, 2¢) kg 1(1 — ¢} :

The fixed point for g was calculated using a sample size of 25000 observations.
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CASE | ¢ 92 g2 9 g5 %
1 2.0009 | -0.3860 [ -0.3265 [ -0.0047 | 0.04% | -0.0611
2.1570 | 0.0846 | -0.7523 | -0.1316 | 0.6612 | -0.1009
1.9385 1 0.3762 | -1.1251 | -0.2005 | 0.1471 | 0.2196
2.8956 | -0.3866 | -0.3604 | -0.0046 | 0.0620 | -0.0978
39471 | -0.3810 ] -1.1585 | -0.0415 | 0.2274 | -0.1638
3.0666 | -0.2217 t -1.1962 | -0.0848 | 0.1683 | -0.0769
27680 | -0.3500 [ -0.3978 | -0.0118 | 0.0765 | -0.1213
3.8085 | -0.3776 | -L.0778 | -0.0405 | 0.1882 | -0.1368
3.5446 | -0.1183 | -1.2966 | -0.1065 | 0.2031 | -0.0884

S GO ~¥ O | ] 2| 0

¢ Time series generation: obtain consumption from condition (15} in which the condi-
tional expectation is substituted by the polynomial function 4. Then labor from (16),
output, from the production function, investment from the resource constraint, capital
from its Jaw of motion and the interest rate from (14).

A.3 Cooley and Hansen (1989)
A.3.1 Description of the model

¢ The Problem: The economy is a version of the indivisible labor model of Hansen
(1985) with money introduced via a cash—in—advance constraint applied to consamption.
Consumption is a ’cash good’ while lejsure and investment are 'credit goods’. Capital
letters denote per capita variables that a competitive househoid takes as parametric;
small letters denote specific variables that are chosen by the household. In equilibrium
these will be the same.
Each household secks o maximize her preferences subject to a certain holdings of
nominal money balances and constraints,

max Ep Y A fleg(er) — Anmul
=1

T, e, g, My
5.t
M= g
log(ge42) = (1 —pg)log(gas) + polog(g) + <o
gy~ N(D, &
Py = my-y+ (g — 1) My,
(w/EedzEs) < )
cto+ 5= wpng k1 + Mmoot Moy }.:1 M-
b= (L= 8)k1+a
givenky, 21

.

{20)
‘Where ¢, is consumption at time £, k3 the capital stock at the beggining of period
i, x; investment, n; labor, M, denotes beginning-of-period per capita money balances,
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my beginning of period money holdings of a particular household, and g; the gross
rate of morey, known by all agents at the beginning of period #, with unconditional
mean gs,. Moreover, F; is the price level, w; the wage rate and ry the rental rate
of capital. Relative to the parameters, 0 < 3 < 1 is the subjective discount factor,
0 < & < 1 the depreciation rate and 0 < g, < 1 controls the persistence in the law
of motion of money growth. Ay weights labor in utility. The ss subscript affecting a
variable denotes its deterministic steady state value. See Cooley and Hansen (1989) for
a detailed description of the model.

The Lagrangean for this problem,
o~ m

L{ng, e, k) = Fy Zﬁt [10g(ct) —Anm — Aefee + ke + B gty — reke—y—
=

-y + (Q}'cs‘* My (1 = 8)kso1} — mles + M1+ (?“ I)Mt—l}
? t

And the first order conditions,

n: 0= Fe—my
gy + (gt ~ 1) My

A 0= 6:+x:+ﬂ—mn:ﬁ&kz-1—
De B

1
o 0= a—)\c—m
gl 0= —AN-l“/\;w,:
ke: 0= M+ 0FPoalrea +1 -84

. ] )\s+t+’?z+1]

Multiplying equation for m; with Mg, imposing the equilibrium condition and using the
equation for 7 and that for ¢;, we obtain,

AcM: My + o4 M,
—— =T == ) = B
Py PE: P =g "Psen
then unsing the equation for c; and the definition of g¢, we have
M; 1
Moy = BE, = Mo =pPE—
e =f *Mi1 e =# ‘gn
¥ we eliminate Aece using equation for ¢, then we get:
1
l—mq=ﬂ&[——] {21)
Gi+1

that shows that 7; as a fraction of marginal utility is a function of only g;. An exercise
useful for the methods comparison suggested by Den Haan and Marcet (1994) related
to this fact is whether each particular solution method verify this fact.
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For the firm, the problem is to maximize profits subject to technological and productive
constraints,

MAX Hg = Y; et ‘th; - T;K;_.].

Ne, Ky .
8.t
Yi= 2K2,N'® 0<a<1 (22)
log(zt41) = log(zas)(l ~ g2} + p2 log(ze) + €201
€zpqq ™ N(O,a?x)
The Lagrangean,

E(Ng, Ky 1) = 2KE (NP2 — welVy — oK1
and the corresponding first order conditions of the problem

Ny w(z, K1, Ne) = (1 — o)z K2 NP
Kev: o Koy, Ny = anKZ N/~

Then, imposing equilibrium conditions, the complete system of first order conditions
and constraints becomes,

log(z41) = log{zsa)(1 — pz) + pa log{ %) + &0, {23)
log(ga41) = log(gss)(2 — pg) + py log(ge) + gy (24)
A = BE; [/\t-H (ezprhf NG +1— '5)} (25)
i
Moy = fBR— (26)
i+

= _a)
Axv = M1 a)M (27)
etk = mkd (NI 41— 8k (28)

1
Fo = Mi=p= @ (29)
My = gy, {30)

Which is a system with eight equations and eight unknowns: Apy1, ke, Ny, ee1, Bopr,
J’l/Ig.H,‘ 2p41 and geqq, with My, ko and z; given and defining $; = F’}{'

Stochastic Euler equation residual: in this case it is defined as
Luy=-M+8 [At+l(zt+1k?—1N¢]_;]a +1- 6)]

Explicit expression for E; [1/g:41]: We have, from the law of motion of money
growth {24),
= sgglgt""!e‘ewﬂ
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then
By [—1—] =g, g5y By [e‘éml] =g " gl B[]

i1 ——
X
2

Given that log(X} = —eg,y, ~ N (0,02 }, then X is log-normal, with E(X) = e So,
we have, .
o2 o

E, [‘L] = o3 (omioelonlg o — o gy~lg 00 (31)

Ge41

o Deterministic Steady State: By sssurnption z,, = 1. g,y is given exogenocusly. From
(25) we can obtain the ratio
Yas ml{l-«-1+6]

kw alB
From {28),
Coa Yo ¢
kaa kJJ
snd from (26) and (27),
N, = Bl — o) ysa/kes
i ANgaa caa/ kgs
Now, using the production function,

1

Yss —1p1-a K )a—l Kss _ (yua)“__i
= =k0 = = — = | =
el O O Now ™ ki,

Moreover ks = ﬁkf":'Nu; Tas = Gkzsy Yoo = Eﬂ'kau Can = Yos = Lasy Prs = cf_. and
Ass = Crvlre .

¢ Parameter Values: See table in the main text.

A.3.2 Linear-quadratic approximation: value function iteration

e Policy function: As noted before, it is not possible in this problem to compute an
equilibrium indirectly by solving for the Pareto Optimal allocation and invoking the
second welfare theorem. This is due to the inefficiency introduced by the cash-in-
advance, The LQA method for this problem considers the price level as an exogenous
process to the agent. The way to do this is by assuming a linear law of motion for
the price level, and then interating on this law of motion wntil it is consistent with
the consumption allocations. The method is explained in detail in Cooley and Haunsen
(1989} and Hansen and Prescott {1995), based on Kydland (1987). The lineor rules
take the form,

B = o+ Spelog(z) + 83g log(ge) + Spnke—1
&0+ 6zzlog(zt) + 6::3 lOg(gt) + k1

It

o2}

We simply took those parameters reported by Cooley and Hansen (1989):
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E CASE 5,30 Jﬁz 5,39 515 820 b2z ‘szg Bk

1,3,5 | 1.88633 | -0.58175 | 0.556474 | -0.05898 || 0.64419 ; 1.73073 | 0.30219 | -0.03318

2,46 | 2.07319 | -0.66585 | 0.63537 | -0.07726 || 0.52716 | 1.51216 | 0.26423 | -0.03318

» Time series generation: From the {wo linear decision rules solve for p; and invest-
ment. Then consumption from the cash-in-advance constraint, capitael from iis law
of motion and ocutput from the income identity. Now labor is generated through the
production function. Nominal money stock from its law of motion and nominal prices
multiplying fi: by nominal money.

As a byproduct we can recover A from the fivat order condition (27). From (26) we can
recover also the other Euler Equation error,

i 2 g -
Lo = ACG”E - 60‘9953 19’& i

given that the approximation does not guarantee that this relation be exact, as oposed
to the other methods.

A.3.3 Sims (1989, 1990)

s System to be linearized: Is formed by five equations. The first three are (23), {24)
and (27). Now, eliminating consumption from (26) with (29) and using (31},

3 1 L

Sy =0 || = po= | zem FgloPo | Al 32
B 2 ﬂ t[g‘+1] Pe [ﬁe Has } tgf ( )
and that used with (29} in (28) produces

B

0=—'/\—t

R Bl e 2k NS (1 By

that we will call (28") . Also, introducing a forecast error in {25) we can obtain
A=4 [f\t+1(aze+1k?ﬁthlJ:f +1- 5)] + Byt

that we will call (25"). The vector of variables for the approximation,

Vi1 = [ke — koo, log(ze41), 10g(ge41) — 108(gnn)s Act1 — Aosy Neg1 — Noo) .

and
Ct+1 = [‘:-Z:-H 169419 'EHI]

* Linearization about the Steady State: make a second order Taylor expansion to
the previous system.
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— Equation {23),

#2855 = [0,~1,0,0,0]

B)|ss = [0,0,,0,0,0] |ss
#2 = 1,0,0]

- Equatwn (24),

81':4.1 ]ss = 10,6, -1,0,0

%le‘” = luiolpyl 0, 01 E"s
34 - jo,1,0]

— Equation (25"),
Brenaze{a— DR INI
BAprazg kS INGE
0 Jas
B ez ke N +1 - 5)
BMpiozaky™ (1 -~ a}N

T

3Y=+a l

ay, lss-—[O 0,0,—1,0]|ss

2 =10,0.4
— Equation {27),

Aprzepiaki (1~ e} Ng
A1 — o) AL
o7 +l
%,;)‘-!33 = 0 239
Zakf (1 — )N ,
A1z by ( — o)) NgT™

)35 = 10,0,0,0,0]

a2
381 - 10,0,0]

— Equation (287,
8155 = [-1,0,0,0,0]
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zakd T NY- ° 14 T

Ztk.: th
1 -
hlss = ’-”-wg”” %" s
jﬂﬂggg -1 "ﬂg
aeh (1 —“)Ne_a
BCAH =[0,0,0]

» Then we have [ = [m —-(~—)- , 20, 20w), ] yaed 'y = [%Yz%l;ﬂ%‘;l- amYy.

B¥epy ! e’ 3Yt+1' 841’ B! R

T
Qg-;? ﬂa-‘-,:l, ] . Locate now the unstable root of I3 1T,

= Policy Function :add the stability condition pi{k; 1 — k) + pig Yog(ze) + pa(log(ge) —

10g(gsa)) + 2a(Ae — Ass) + pt5{IVe — Ny} = D to the system of first order conditions. The
calculated weights,

CASE #1 7] Ha JIn 15
1,3,5 {| 0.9421 | 8.0651 | 0.6552 | 15.8088 | 2.2111
2,4,6 i 00421 | 7.1183 | 0.5783 | 14.0325 | 2.2111

From the stability condition, (26}, (27) and (29), the decision rule for capital is

Ztkg&_ —ﬁe "g"'“l —Pe

(1-a)/a
|

= (1= 8)ke—1 + 2k [

where ¢; arises from solving the non-linear equation

1k — kas) + polog(ze) + pa(log(ge) -~ log(gss)) + 4 [«*—ﬁe wgfylg P — Aas] +

1 1_—» a
o || s ety ] = Maf =0

Time series generation :once the stability condition of the linear system is calculated,
it is added to the system of first order conditions and constraints. Note that we only
add one linear equation. Then solve for A and labor using simultanecusly (27} and
the stability condition. Obtain g, from (32), then consumption from (29}, capital from
(28) and investment from the law of motion of capital. Now, obtain output from the
production function, nominal money stock from its law of motion and nominal prices
multiplying f; by nominal money.

A.3.4 VUhlig's log-linearization

The system to be log-linearized is formed by equations (23) to (27), (29), (30), the law
of motion of capital, the income identity {y: == ¢ + =), the production function and the
expression for the interest rate.
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& Log-linearization; Let ~ dencte log—deviations from the steady state. Then, the : s Policy Function and time series generation: for the log-lincarized variables, we
system so linearized becomes, use the state space form,
0 = —zpd C.u_sat + Yot 5 ) lf" Ve Vkz Vg
0 = myFy — kgohky + (1 — O)kaskes ft Vek Vez  Veg
0 = ake-1—GH+ (1 —ajNet+ 3 # Y Upk  Yyz  Uyg Foos
¢ = N+i—-N ; jyf, | YNk ¥n: UNg %
0 = 5: +& %‘ Vgk Vzz Vgg h
T = - 3 E i Vit Vg Vg &
0 = M+&+nde . A he Ve Yhg
g = —RuRg + a%‘lﬁg - a%"-k;_l ¥ ol Ak Az Ag
o R T ; Ry YRk VRz VRg
0 = E [—Ju + Aetr + g : -
- - B 4 where all variables are log—deviations with respect to the steady state. We recover
1 = peBteng : L . . . .
P = bt e the series in levels (no logs) by undcing the original transformation. So, the resulting
L ’ st : decision rules for all variables are nonlinear in the levels. For capital, for example, we
; have,

s General form In this pariicular example, in terms of the general notation we are
using, we have: x is capital, ¥ is formed by consumption, output, labor, investment,
B, A and the interest rate; z is technology and money growth. The matrices for the
log-linear approximation are:

oy Yk Yrex Phg
R (52)7 ()T G)
2¥] Zas oo
ke . Vek Voy Yag
w=e(32) () (2)
ksa Zas fisa

for consumption,

0 0
—k (1 — 8)k,, and henceforth. The parameter values are the same for all the cases, given that no
0" o matrix A, B... depends on gy, or afy.
a=1opP= 0 CASE] Al | [CASG] AT
0 o E Vik 0.9418 yr -1.3273
o ol Ve | 0.1552 vwe || 62001
= . vk 0.0271 Vg || 10850
—Cas  Yss 0 —Tqe 0 0 0 0 0 & Veg $.5316 Vot ~0,6316
0 0 0 =z, 00 O 00 | Ve || 04708 | | w5 | 04703
0 -1 1-a 0 00 0O 1 0 Vg || 04488 | | g || 04458
C=1{0 1 -1 o0 01 0 |,p=1]0020 || 0.0650 uxe || 0.5316
1 0 0 0o 10 0 6 0 Vi 1.9417 vy | -0.4703
1 0 0 0 01 0 0 p, Veg || 00555 Vag 4 00312
0 a%f:- 0 0 0 0 -R, g 0 vne || -0.4766 vre |l -0.0328
.:; UNz 1.4715 YRz 0.0675
F o= ], ¢ = [0, H = [0} ’ J = [0,0,0,0,0,1,1], Ng -0.0867 LRy -0.0019
0 :
K = [0,0,0,0,0,~1,0, £ = [,0], ¥ = [0,0}, N = %z o | - A.3.5 Parameterized Expectations
¢
i _[e2 o ] ® Order of the approximation: For the PEA method we tried a third order polyno-
igma = | & o J : mial approximation as suggested in Den Haan and Marcet (1994).

Wikt 1, 20,0e) = gy eRlostee1)taleglz)+odealge+allogh-))
x  eletoa(ki—1)log(ze}+ar(log(2)))+aa(ton(ie))?
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that we denote by PEA. The gradient takes the form,

[ apfom | B/m
Y [0 Plog(k:_y)
By [Bgy ¥ log(z)

Yy = oy [Oqy = Plog({g:)

8y [0gs W{log (k1))
& [3gs Ylog(ke—1)log{z}
8 /B ¥{log{z))?

| &% /8gs | L Y(log(#)P

s Policy function: The decision rale for capital becomes,
N 1 N (~afa 7 1 -m
by =(1—8)kp 1+ zhfy [E(l — a)zekf 3 B(g; b1, 22, ge) - aﬁ gl o

The fixed point for g was calculated in each case using a sample size of 25000 observa-
tiona.

CASE| a @ g5 q % g a7 g8
1 3.0710 | -0.2498 | -0.8460 | -0.0362 | -0.0560 [ 0.1543 | -0.1351 | 0.2371L
3.0447 ] -0.2753 | <1.0456 | -0.0300 | -0.0550 | 0.2536 | -0.0640D | -0.1645
3.5572 | -0.3600 | -0.7221 | -0.0250 [ -0.0365 | 0.1127 | -0.1057 | -0.4178
3.0250 [ -0.2686 | -0.8818 | -0.0223 | -D.0576 | 0.1831 | -0.1849 | -0.6025
37449 | -0.4073 | -0.7162 | -0.0295 | -0.0261 | 0.1032 | -0.0930 | 0.0467
35750 | -0.4082 | -0.7515 | -0.0306 | -0.0281 | 0.1247 | -0.1235 | 0.0849

==

» Time series generation: Parameterize the expectation in (25} and obtain A. Then
consumption from equation (26) and labor from (27}. From the budget constraint
capital, and using (29) and (30) the price level. Interest rate arises frora its equation
and output from the production function.




