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1. Introduction

The scales of Besov spaces B, ,(R™) and Triebel-Lizorkin spaces Fj (R™) include
many important spaces of functions and distributions as (fractional) Sobolev spaces,
classical Besov spaces, Holder-Zygmund spaces or Lebesgue spaces. These scales are the
spinal column of the theory of function spaces (see, for example, the books by Triebel
[39-41,46]).

Spaces A, ,(R"), A € {B, F'}, have many useful properties but they do not contain
the spaces that arise by real interpolation of the couple (4,  (R"), A7 (R™)) with
p1 # pa (see [30, Theorem 6, p. 106] or [38, Section 2.4, p. 181]). To include them one
needs to generalize the scales. This leads to function spaces AL, .(R"), A € {B, F'},
with Lorentz smoothness. They are defined by changing in the Fourier-analytical defini-
tion of Aj (R™) the space L,(R™) by the more general Lorentz space L (R™). These
spaces with Lorentz smoothness have been used during the last 50 years by a number of
authors in different contexts and recently they are receiving increasing interest. See, for
example, the contributions by Peetre [29,30], Fefferman, Riviere and Sagher [17], Stein
[37], Caetano [10], Cianchi and Pick [11], Xiang and Yan [47,48], Almeida and Caetano
[2,3] and the very recent papers by Grafakos and Slavikové [23], Seeger and Trebels [36],
Hobus and Saal [26], by Triebel and the present authors [7] and by Haroske, Triebel and
one of the present authors [8].

The characterization of I L, .(R™) in terms of wavelets was done by Yang, Cheng
and Peng [49, Theorems 3 and 4]. The case of Besov-Lorentz spaces was considered
by Almeida [1, Corollary 3.2] but only for spaces BjL, (R™). The restriction ¢ = r is
due to the techniques used in [1] which are based on interpolation properties of Besov
spaces B, (R™). The first goal of the present paper is to eliminate this restriction, giving
the wavelet characterization of B;LP,T(R") for ¢ # r. For this we follow an approach
recently developed by Haroske, Skandera and Triebel [25], calling first for establishing
atomic decompositions of spaces B L, (R™). This is done in Sections 3 and 4 where we
also use this approach to derive the wavelet description for spaces F} Ly, , (R™) which is
of some interest because the paper of Yang, Cheng and Peng [49] being in Chinese is not
very accessible.

Then, in Section 5, with the help of the wavelets, we establish new interpolation formu-
lae between Lorentz-Sobolev spaces. Among other results, we eliminate the restrictions
on the parameters in a result by Peetre [30, Theorem 6/(ii), p. 106] on optimal em-
beddings of Besov spaces. Furthermore, we derive results on spaces B;L,,W(R") which
complement those of Triebel and the present authors in [7], where this limit case was
left over due to the techniques used there. We show the invariance of By L, o (R™) with
respect to diffeomorphisms of R™ onto itself, and we give results on extension opera-
tors and multipliers for B L, o (R™). We also describe B; L, .(R™) as an approximation
space in the sense of [33] (see also [15,32]).

Finally, in Section 6, we give another description of B; L, ,.(R™) as an approximation
space. This time we base the arguments on the characterization of By Ly, , (R™) by means



B.F. Besoy, F. Cobos / Journal of Functional Analysis 282 (2022) 109452 3

of best approximation by entire analytic functions of exponential type. As a first conse-
quence of this description we generalize Holder inequality to Besov-Lorentz spaces. Then
we study the question whether the product of two elements of ByL, .(R") is again in
BjL,(R™). That is to say, whether ByL, (R") is multiplication algebra. This prop-
erty is of some use in connection with Cauchy problems for non-linear PDEs; including
non-linear heat equations and Navier-Stokes equations among others (see [35,43,45] and
[46, Remark 2.38]). We complement [7, Theorem 7.2] eliminating the restrictions on ¢
and r in order to Bj L, -(R") is a multiplication algebra for s > n/p. A result for spaces
Fj Ly, »(R™) is also established.

2. Preliminaries

Let (A, - ]A4|) be a quasi-Banach space with constant C4 > 1 in the quasi-triangle
inequality. By the Aoki-Rolewicz theorem (see [4], [34]), if 0 < p < 1 satisfies that
21/P=1 = (4, then there is another quasi-norm ||| - ||| on A, equivalent to || - |A]|, such
that ||| - |||P satisfies the triangle inequality. We say that ||| - ||| is a p-norm and that A is
a p-Banach space. Note that if A is a p-Banach space, then it is also r-Banach for any
O0<r<p<l.

In what follows, if X and Y are quantities depending on certain parameters some of
them being the significant ones in our reasoning, we write X <Y if X < CY where C is a
constant independent of theses significant parameters (but which might depend on other
quantities indicated between brackets when we want them to be explicit). We put X ~ Y
if X <Y and Y < X. Moreover, given any real number a, we put ay = max{a,0}.

If (A, -]A|) and (B, | - |B]||) are two quasi-Banach spaces, we put A < B if A is
included in B as a subset and there is M > 0 such that ||a|B|| < M|a]A| for every
a € A.

Let (A1, A3) be a quasi-Banach couple, that is to say, two quasi-Banach spaces Ay, Ay
continuously embedded in the same Hausdorff topological vector space. For 0 < 6§ < 1
and 0 < 7 < oo the real interpolation space (A1, A2)g, is the set of all a € A1 + A
having a finite quasi-norm

1/r
CtOK(ta Tﬂ) if 0 <r < oo,
llal(A1, Az)a,r|| = (fo [ (t,a)]"
Sup0<t<oo{t_9K(t, a)} if r = o0.
Here K (t,a) is the Peetre’s K -functional defined by

K(t,a) = K(f,a;Al,Ag)
= inf{|Ja1|A1|| + t|laz]|Az2]| : @ = a1 + ag, ar, € Ak, k = 1,2},
for any a € Ay + As.

One of the main properties of these spaces is that if (A, As) and (By, By) are two
quasi-Banach couples and T is a linear operator which is bounded from A, into By,



4 B.F. Besoy, F. Cobos / Journal of Functional Analysis 282 (2022) 109452

k = 1,2, with norm ||T : Ay — Byl|, then T is also bounded from (A;,As)g, into
(B17B2)97T and

T : (A1, A2)gr — (By, Ba)or|| < ||T: Ay — By||* 79T : Ay — By|’. (2.1)

This results still holds for sublinear operators if the couples are formed by quasi-Banach
spaces of measurable functions with the lattice property (that is, if |f| is smaller that
lg| almost everywhere, then the quasi-norm of f is smaller than the quasi-norm of g).
For further details about the real interpolation method see, for example, the books by
Bergh and Lofstrém [6], Triebel [38] and Bennett and Sharpley [5].

We are going to need also the complex interpolation method that we recall next.
Let A = (A;, As) be a Banach couple. By §(A) we designate the space of all functions
f from the closed strip D = {z € C : 0 < Rez < 1} into Ay + Ay such that f is
bounded and continuous on D and analytic on the interior of D, and the functions
t— f(j —1+it),j = 1,2 are continuous from R into A; and tend to zero as |t| — oo.
We write

1A = max{sup [|f(j — 1 +it)| 4] : j = 1,2}

For 0 < 0 < 1, the complex interpolation space [A1, As]g is formed by all a € A; + Ag
such that a = f(6) for some f € F(A). We endow [A;, As]y with the norm

lal[Az1, Azoll = mf{|| /IF(A)I  £(6) = a, f € F(A)}.

This construction also has the interpolation property for bounded linear operators. For
bilinear operators the following holds (see [6, Theorem 4.4.1]).

Theorem 2.1. Let (A1, As),(B1, B2), (E1, E3) be Banach couples and let 0 < 6 < 1.
Assume that T is a bilinear operator defined on (A1 N Ag) x (By N Bg) with values in
FE1 N Esy such that

||T(a,b)|EjH < MJ||G|AJ||||b|B]||, ac€ AN AQ, b € By N By, 7=12.

Then T may be uniquely extended to a bounded bilinear operator from [A1, As]gx[B1, Ba]g
to [El, Eg]g,

The following reiteration result between real and complex interpolation methods will
be useful for our computations: If (A;, As) is a Banach couple, 0 < 61 # 65 < 1,0 <
n<1,0=(1—-n)0; +n02,1 < q1,92 < o0 and 1/q = (1 —0)/q1 + 0/q2, we have with
equivalent norms

(A1, A2)0, 41> (A1, A2)0,,0]n = (A1, A2)e4 (2.2)
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(see [6, Theorem 4.7.2]).

Let (€2, 1) be a o-finite measure space, 0 < p < oo and 0 < r < co. The Lorentz space
L, (9) is defined as the space of all (equivalence classes of) y-measurable functions from
Q into C such that

oo
19120l = ( [16775°(0 <o
0

(the integral should be replaced by the supremum if r = oo). Here f* denotes the
decreasing rearrangement of f defined by

F) =inf{s > 0: p({w € Q: |[fw)| > s}) < t}, t>0.

Lorentz spaces are quasi-Banach spaces and if 0 < b < p and b < min{1,r}, then L, ,(Q)
admits an equivalent b-norm (see [27, Section 2|). If p = r the space L, ,(€) coincides
with the Lebesgue space L,(f2) and

2@ = ( [15Pan) " = 111, @)
Q

Lorentz spaces arise by applying the real interpolation method to a couple of Lebesgue

spaces: If 0 < p; <p < ps < oo and 0 = ﬁg:gig,then

(Lpl (Q>7Lp2 (Q)>9,T = LP,T(Q) (23)

(see, for example, [6, Theorem 5.2.1] or [38, (16), p. 134 and Remark 5, p. 135]). Com-
bining this formula with (2.2) we obtain the following equality with equivalent norms

[Lp17q1 (Q), Lpz,qz(Q)]n = L;o,q(Q) (2.4)

provided that 1 < p1,ps < 00,1 < q1,q2 < 00,1/p = (1 —n)/p1 +n/p2 and 1/q =

(I=n)/q1 + /g
Fix n € N. In what follows two measure spaces will be of special interest for us: the

Fuclidean n-space R™ endowed with the Lebesgue measure and Z" with the counting
measure. Lorentz spaces Ly, .(R™) and L, ,(Z") will appear repeatedly. From now on,
we put €, (Z") := Ly »(Z"™) and £,(Z") := L,(Z™). It can be easily shown that ¢, ,.(Z")
admits the following equivalent quasi-norm

- * |7 r/p— r
[@m)meze 6 (Z0)) ~ (3 il e+ 1)7/71)

k=0

where (z}) is the decreasing rearrangement of () mezn -
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Let S(R™) be the Schwartz space of all complex-valued rapidly decreasing infinitely
differentiable functions on R™. We write S'(R™) for the space of all tempered distribu-
tions. For f € &'(R™), we put f for its Fourier transform and f for its inverse Fourier
transform.

Take po € S(R™) such that

supp o C {x € R" : x| < 3/2} and o(z)=1 if|z] <1.
For k € N, put ¢n(x) = po(27F2) — (27" 12). (2.5)

Write Ng = N U {0}. Since }; .y, ¢r(z) = 1 for every x € R, the sequence (¢k)reN,
is a smooth dyadic resolution of unity.

Definition 2.2. Let 0 < ¢,7 < 00, 0 < p < 00, s € R and (¢)ren, be a smooth dyadic
resolution of unity.

1. The Besov-Lorentz space Bj L, .(R") is defined as the space of all distributions f €
S'(R™) such that

1/q

1A1B3 Lo (RO = (D2 2l f)” L (R )
k=0

is finite.
2. The Triebel-Lizorkin-Lorentz space F,; Ly, .(R™) is defined as the space of all distri-
butions f € §'(R™) such that

> A 1/q
11Fy Lo R = | (D201 F)17) L (R)
k=0
is finite.

Observe that for p = r, the space B;L, ,(R") (respectively, F,L, ,(R")) coincides
with the classical Besov (respectively, Triebel-Lizorkin) space B,  (R™) (respectively,
s (R™)).

Proposition 2.3. Let 0 < ¢,7 <00, 0 < p < oo and s € R, then

S(R") < B; Ly (R") = S'"(R")  and
S(R") < F5L,,(R™) < S'(R™).

Proof. For p = r, the result corresponds to [39, Theorem 2.3.3]. This together with [36,
Theorem 1.5] implies that

S(R™) < BS (R") < BL,,(R") < B3 (R") < S'(R"),



B.F. Besoy, F. Cobos / Journal of Functional Analysis 282 (2022) 109452 7

ifr<p, s >s+n(l/r—1/p) and
S(R™) < B ,(R") — B:L,,(R") < B (R") — S'(R"),

ifp<r s <s—n(l/p—1/r). As for Triebel-Lizorkin-Lorentz spaces, let s < s < s,
then it follows from [36, Theorem 1.1 and 1.2] that

B Ly (R") = F:L, (R") < B L, (R,
and the proof is reduced to the first case. O

3. Atomic decomposition of Lorentz smoothness function spaces

Let j € Ng = NU{0} and m = (mq,...,m,,) € Z™. Consider the dyadic cubes

n
Qim = [ (@ 7me — 27971, 279 my + 27971,
r=1
with center in j,,, = (277my,...,277m,,) and sides of length 277. Let x;,, be the char-
acteristic function of Q.
For L € N, we designate by CL(R",C) the space of functions from R™ to C with
continuous derivatives up to order L (included).

Definition 3.1. Let L € Nand d > 1. If j € N and m € Z" the function a;,, € C*(R",C)
is said to be an (L, d)-atom (or simply L-atom) if

L. Supp ajm C dQjm == [[,_1(279me — d27971,27Im, + d27971).
2. [0%jm(z)] < 27101 for x € R™ and |a| < L.
3. fRn xﬁaﬁn(x)da: =0for |8] < L-1.

When j = 0 we simply ask that ag,, verifies (1) and (2), no moment conditions are
required.

Classical Besov and Triebel-Lizorkin spaces admit atomic representations (see, for
example, [42, Theorem 1.7]). In this section we study the case of spaces By L, (R") and
F;Lp-(R™). We start with some auxiliary results.

Lemma 3.2. Let (pr)ren, be a smooth dyadic resolution of unity (2.5), let (ajm) jen,, be
mez"

a sequence of (L,d)-atoms on R™ and A\ > L. Then

27L\k7j|2n min{k—3,0}
(L + 20mE g — )N

|(§0k&jm)v(x)| <C

for every x € R™ with a constant C independent of j, k and m.
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Proof. Let N > 0, then for any multi-index « with || < L we have

sup |[0%ajm(y)|(1+ 2j|y - xjm|)N < C(d,n, N)leo“. (3.1)
yeRn

Indeed, from properties (1) and (2) in Definition 3.1, we obtain

(1 + 2y —zjm )V
- Xdem(y)
(1+2j‘y_xjm|)N '

|0%ajm(y)] < 271!

< 2ilel (1 + g\/ﬁ)N(l + 2y — ajm|) V.
Besides, by construction of the partition of unity, if k£ € N, we have
i (@) = 9027V (2) = o (2771) Y () = 2 (2%a) — 27D (2K M)
Hence,
m%g(x) — 2]“(”+|’Y|)3”/<P8/(2kx) _ Q(kfl)(nﬂv\)m@g(gkflm) )
Let M > 0, for any multi-index ~ with |y| < M we have

sup 87y (z — y)|(1 +2°[z — y )M

yeR"
= 2k(n+h) sup {107y (2" (x — y)) — 27TV ey (28 (2 — )|
yeRn™
x (1+ 2k|x - y|)M}
< 2k (M, n, o). (3.2)

Assume first that & < j and (j,k) # (0,0), then a;,, has vanishing moments up to
order L — 1 (included). Put « =0, N =L+ A+ n+1, M = X and |y| < L. Then (3.1)
and (3.2) allow us to use the results of [22, Appendix B.2, p. 596] based on Taylor’s
theorem, obtaining that for every z € R™

(outsm) @) = | [ o= pasmlu)dy
Rn
9-LG—k)g—n(i—k)

(1422 — zjm )Y

S C(L7 d7 n, )\, @0)

Let now j < k and (4, k) # (0,0). We claim that for any z € R™ the Schwartz function
y — ¢ (x —y) has vanishing moment conditions of any order. Indeed, let 3 € N§ be any
multi-index, for any k € N, we get 0% (0) = 2718198, (0) — 2(=k+DIBIG8 p4(0) = 0
because ¢ = 1 in a neighborhood of 0. This implies that [, y°¢) (y)dy = 0 for any
B € N and so
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/y%Z(w—y)dy= /(y—x+x)ﬁs0%(y)dy

R~ R~
- () a:nR[ (-2 -y =0.  (33)

For || < L, N=A M =L+ XA+n+1and v =0, using the results in [22, Appendix
B.2] we get that for every z € R

(outsm) @] =| [ @ = v)agml)dy
R~

9—L(k—j)

(0 + 2o = 2™

< C(L7 d7 n, Aa ()00)

Finally we deal with the case k = j = 0. From (3.1) with &« = 0, N = X and (3.2)
with vy =0and M = L+ A+ n + 1 we derive that

laom ()| < Cd,n, (1 + |y — wom|) ™", y R,
g (@ =)l < C(Lym, A o) (L + o —y[)TF7A" 7L 2y € R™

Thus,

(podiom)" (2)] < / oY (& = )l aom (v)|dy
R»

< C(L,dn, A, po) /(1 +lz—y) T L [y — mom|) My
Rn
< C(L,d,n, X\, 0)(1 + |z — zom|) /(1 +lz—y)) Ly
R~

:C(Lad7n7)‘?¢0)(1+ ‘x_xOmD_)\' o

Let f: R™ — C be a Lebesgue measurable function. Then

1
M) =sw o [ If)ldy. e R
@32 Q)
Q

is the Hardy-Littlewood mazimal operator. Here @ is a cube containing x and |Q| stands

for its Lebesgue measure.
According to the Fefferman-Stein maximal inequality for vector valued Lebesgue
spaces (see [18]) and interpolation properties of vector-valued Lebesgue spaces (see
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[38, Theorem 1.18.6.1]), for any sequence of Lebesgue measurable functions (f;);jen,,
l<p<oo,1<g<ooand0<r<oo, we have that

= 1/q = 1/q
| (X @es)r) i@ < | (X 1517) T Lne R (3.4
§=0 3=0
Lemma 3.3. Let (njm) jen, CC,0<b<1 and A > 3. Then
mez™
|77 | — 2 min{k—j 1/b
Z a1 A <027 t ],0}{M( Z |77jm|ij,m)($)} )

(T4 27 o = 2]

mezZ™ mezL™

for every x € R™ with a constant C' independent of j, k € Ny and m € Z"™.

Proof. For any j, k € Ny and x € R", set

Fo={meZ":|xjm— x|2min{k’j} <1},

Fy={meZ": 2" <|xj, — 227k} <2u} 4 eN.

We have

m%,n (1 + 200k |z — 2] ) 1;) %; (1 + 20 GR |z — 2>

< i 2—)\(u—1) Z |77jm|
u=0 F,

< Z 9—A(u—1) ( Z |77jm|b)1/b.
u=0 F

1/b

, 1/b
Note that (Y5 [nml”) " = 27/ ( Jr 2, [Mim " XGm (y)dy) . Furthermore,

n
UQjm c Q — H[xf _ 2u—min{k,j}+l’xé + 2u—min{k,j}+1].
F, =1

Indeed, if y € Qj, and m € F, then for every £ € {1,...,n}
lye — el < [ye — (@jm)el + [(@jm)e — @] < 27771 4 ummintk) < gummin{gki+,

Collecting the previous estimates we have that
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Z ‘773m|
o (T 2mmH e — )

. 2jn/b22,)\(u71)(/z|njm|ij,m(y)dy>1/b
u=0

Rn Fu

u=0 Q Fy

1/b

1/b

< O(n)2in/b-min{ikn/b f: 9= A(u—1) Qun/b{M(Z njm|°X;, m) )}
u=0

< CO(n)2in/b-min{ik}n/b M( Z m] ij> } 22 Au—1)gun/b

{ mezn
(( S Il )@}

mezZm

< C’(n, )\)27% min{k—3,0}

where we have used that A > n/b in the last inequality. O

Definition 3.4. Let a > 0 and (fx)32, be a sequence of Lebesgue measurable functions
from R™ to C. We define the Peetre’s mazimal function by

P 1 C ) |fx(v)]
Ui)a = S0 (T3 9y e ~ S (05 2o — )

We recall here an important property of Peetre’s maximal function whose proof can
be found in [49, Lemma 6] or [22, Lemma 2.2.3].

Proposition 3.5. Let (¢)ren, be a smooth dyadic resolution of unity, f € S'(R™), 0 <
r <1 and a=n/r. Then

A

(prf))i(@) < Clnyp0,m) (M (01 f)Y )" (@), = €R™
Now we introduce some sequence spaces.
Definition 3.6. Let 0 < ¢,7 < 00, 0 < p < o0 and s € R.

1. The space bgLyp » is the collection of all sequences (jm) jen, C C having a finite
mez"
quasi-norm

Q)l/q-

I (tjm) I Lip e | = (sz

Z |Hjm |Xg,m () Lp,r (R™)

mezn




12 B.F. Besoy, F. Cobos / Journal of Functional Analysis 282 (2022) 109452

2. The space fgLyp r is formed by all sequences (tjm) jen, C C having a finite quasi-

mez"
norm

10t el = [ (30 2l x5 ()) 1L (B

j=0megZn

Spaces b3 Ly » can be also defined by using the Lorentz sequence spaces:

Lemma 3.7. For any 0 < g,7 < 00,0 <p < o0 and s € R, let bylp r be the collection of
all sequences (ftjm) jen, C C having a finite quasi-norm
mezZ"

= _n " 1/q
I tim) B5 puell = (D2 27Dty )mezn . (Z)117)
§=0

Then we have with equivalent quasi-norms

bgLpr =bglpr-

Proof. Take any sequence (Mgm)yeNo C C. For any j € Ny put fj(z) =

meZ

> mezn MimlXgm (@), © € R™ If 17 := (fjm)mezn, since |Qjm| = 277", we have that
= (W) iX-rmk2-m k1)) (£) -
k=0

Therefore

Z [tim X j,m (2)| Ly, (R™) [t1/pf o dty\ /T
H :

meZ™

279 (k41)

=(§imﬂmT /’ fM?f“

k=0 2-ink

( 92— jnr/pz k‘—‘r 1)T‘/p k‘T/p)>1/T
~ Q_M/pH(Mjm)meZ” [ bpr(Z7)]]. (3.5)
This yields the result. O

Next we establish the atomic decomposition for function spaces with Lorentz smooth-
ness.
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Theorem 3.8. Let 0 < q,7r <00, 0 <p< oo, s € R, n,L €N.

1. Let L > max{n(m — 1)y — s,s}. A distribution f € S'(R™) belongs to
BiLy (R™) if, and only if, there exists a sequence of L-atoms (ajm)jel\%, and a
me n

sequence (fjm)jenN,, in bgLpr such that
mez"

x) = Z Z Wimaim(x) (convergence in S'(R™)).
J=0mezZn
Moreover, | f1B3 Ly (R ~ inf{]| (170 )|D3L
2. Let L > max{n(m — 1)y — s,s}. A distribution f € S'(R™) belongs to
F7L, »(R™) if, and only if, there erists a sequence of L-atoms (ajm)jeNZm and a
mez"

sequence (fhjm)jeN,, n f5Llpr, such that
mezZ"

T) = Z Z Wim@im(x) (convergence in S'(R™)).

j=0meZn

Moreover, || f1Fg Ly, (R™)[| ~ inf{|[ (1jm ) fgLp x|l }-

Proof. Assume that f(z) = Y723, czn Hjm@jm(z) (convergence in S'(R™)) with

(@jm)jeN,, and (tjm) jeN,, satisfying the assumptions of (1). Let 0 < b < min{p,r,1}
mezZ" mezZ"

such that L > n(3 — 1) — s > n(m —1); — s. Take A > max{L,n/b}. It follows

from Lemmas 3.2 and 3.3 that for any k € Ny,

I( @kf z)| < Z Z gl |(Prtjm)” |(2)

7=0 meZn

2—L|k:—j|2n min{k—35,0}

<
NZ Z |u]m‘(1+2m1n{kj}|x_xjm|)

j=0meZn

(o9}

5 {M( Z 2—L|’f—j|b2—”min{k—j,o}(l_b)|Mjm|bxj’m)(x)}l/b- (3:6)

0 mezZ™

.
I

Set gj(z) = Y., cgn 27 HIFilbp—nmin{k=3.03(1=b) ;. 1by . (2), j € No. Using (3.4) and
the fact that L, ,.(R™) is b-Banach, we derive that

(o f)Y (@) |Lp,r R™)|| < H(i b)b|Lp/b,r/b(Rn)H1/b

Jj=0

5H(Z|g|1/)w/b @) —HZ|g|1/b|L (R")

7=0
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’b)l/b

o0
< (3 [lgs1 1y (R
§=0

> . . . by 1/b
= (Do by G057 i Ol s R[) 31
j=0 mezr
Consequently, if ¢* = min{q/b, 1} we obtain that
s n = ksq M\ V n\||q /a
1B Ly R = (32259 or)” L (R)11)
k=0
(Z <Z2 (k—j)sby—L|k—j|bg—n min{k—j5,0}(1—b) 5jsb
k=0 j5=0
by q/b\1/q
| S i Ol @)
mezZ™
<( Z 2jsbq*2fL|j\bq*2fnmin{j,O}(lfb)q*)1/bq*
Jj=—00
7sq n 1/a
(22 S i bom Ol ®D)]|) (3.8)

mezZ™

where we have used Young’s inequality for convolution in the last inequality. Taking into
consideration that L > s and L > n(% — 1) — s, it follows that

q) 1/q

1A1B; Ly RS (30270 D2 it () Ly (R?)

3=0 mezn
= [[(1tjm) by Lip,

Assume now that f € BjL,(R"). According to [20, Lemma 5.12], [19, p. 783] and
[24, Lemma 3.11], there exist ©g, O, &y, & € S(R™) with the following properties:

o supp 09,0 C {x € R : |z| < 1} and [, 2°O(x)dx = 0, for every |8| < L — 1.
o supp Do C{z € R": |z|] <2} and supp ® C {zx e R" : 1/2 < |z| < 2}.
o Oo(2)0(z) + 352, O(2792)®(2Vx) =1, for all z € R™.

Then, it follows from [22, Proposition 1.1.6/(b)] that
f(z) = (B0®of)(x) + Y (6277 )8(277)f)"(x)

=09 * (B0 f)” ZQM@ (2) % (®(277) f)" (=),
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being the convergence in S'(R™). For every j € Ny and m € Z", set
pim =C sup |(2(277)f)"(y)|  with
yEanL
C= max{ sup sup |07©(z)|, sup sup |87@0(x)|} (3.9)
[v|I<L|z|<1 [vI<SL|z|<1
and
L Oo(z — y)(Po f)Y (y)d if j =0,
Qjm () = { B Qo ole = u) (o)) )y ! (3.10)
i Jo,, 0@ (x —y) (@277 ) ) (y)dy ifjeEN.

Notice that

> % mimtim@) = 3 [ ol —n)(@af) iy

J=0mezn meanOm

£33 2 [ 0@l -y h Wiy

j=1mezZm Qjm
— 0y # (@0f)" +22ﬂ"e (27 + (@27) /)" (@) = f(a),

with convergence in S’(R™). Moreover, (a;m)jeN,,mezn 1 a sequence of L-atoms. Indeed,
for every j € Ny and m € Z", the support of a;,, satisfies

SUpPP ajm C Qjm + supp @(2j~) =Qjm +{reR":|z| < Z_j} C 3Qjm.-

Furthermore, if j € N we have that for any multi-index o with |a| < L

9in . | o
0% am(@)| < —— [ 21|00 (z — y)I(@(277) )" (y)ldy
jm
9i(n+lal) N o
< ——— sup [(B(277)f) " (y)| sup |9O(2)|Qjm| < 271
Mjm yerm, z€R™

Analogously for j

= 0. Finally, for any multi-index 8 with |5| < L—1 and j € N it holds
that

R~

[ Famtarte =2 [ o5 [ 0 @eaf) way)is —o

R~

due to the moment conditions on ©.
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Let now ((p]) icN, be the dyadic resolution of unity in (2.5). For any z,y € R", j € Ny

and a > we have that

W
(@279 (v)]

| Z (052B(2. Z gw/\@v 2y = )l(pssef)” (2)ldz
<M1+ 2y —a))°

% Z / 1+ 2y — 2)) "Y1+ 272 — 2)) " (pjef) Y (2)|dz

=1,

1

<27 ( / (L+ 2y =)™ dz) (1 + 2y — o) Y ((pie)))i(@)

R =—1

SA+2ly—a)* Y ((jeef)V)a(2)-
l=—1

Whence, for b = n/a < min{1, p}, using Proposition 3.5 we obtain

1

Y gmbGm(@) S Y0 sup (L +2y —aD)® Y ((05eef)V)a@)xgm(@)

mezn mezn YEQim =1
1 1
SO ((ieHNa@) S (M(pjef)V [0 ()" (3.11)
=1 =1

Thus, from (3.11) and (3.4)

lJ)l/q

1(t1jm) DG Lp el < (Z 2501~ (M|(pje )V P (@) Ly, (R)

§=0 =—1

1

o0 ) . /
S Z (Z2]sq||(¢j+ff)v|Lp,r(R")Hq)1 q

t=—1 j=0

S 1B Ly (R

The proof of (2) follows the same pattern. Assume that

= Z Z Wim@jim(z), (convergence in &' (R")),

j=0meZn
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with (ajm)jen,, and (tjm)jen,, satisfying the assumptions in (2). Let 0 < b <
’rnEZ‘ mEZL

min{1,p, ¢} such that L > n(1/b—1) — s > n(m —1); — s. Following the same
ideas as in (3.6), (3.7) and (3.8), now with ¢* = min{1, ¢}, we derive that for any z € R

ok p 1/q
(3211 )
k=0
o o
5 <Z |:ZQ(k_j)SQ_L\k—j\2—nmin{]¢_j70}(1/b_1)
k=0 j=0
] /
X {M( Z 2J8b|,ujm‘ij7m)(:L')}l/b:|q)1 q
mezZn
5 ( io: [2j527L|j\27nmin{j,o}(l/bfl)]q*>l/q*
j=—o00
- jsb b q/b\1/q
X (Z{M< Z 275 | hjm | Xj7m)(z)} ) )
j=0 mezZn

The first sum in the last inequality is finite since L > s and L > n(1/b — 1) —
Consequently using (3.4), we finally get that

1E Lo @S| ({0 ( S 2 ismlm) @) @)

Jj=0 mezn

, y
s H(Z > 2|y () L (R)

j=0meZn

= [1Crm) [EGLep e[|

Conversely, assume that f € Fy Ly -(R™). Take (tjm) jen, and (ajm) jen, asin (3.9)
7 S

me
and (3.10), then (aj,,) is a sequence of L-atoms and f(x) = Z;io Y mezn Mimjm ()
(convergence in S’(R™)). Take any 0 < b < min{1, p, ¢}. Proceeding as in (3.11), we have
that

ST lbiml m (@) £ D (M(j4f)V[P(2) 7,z € R™

mezm l=—1

Consequently,

G5 L] S Z I(
<3

=—1 i

. o q/b\b/q 1/b
(2 MI@s4e )P @) ) s (R

Mg

Il
=]

J

VeseDI) ") Ly (R

Mg

Il
=]
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S FIEG L (R™)]].
This completes the proof. 0O

We close this section by showing that in the statement of Theorem 3.8 we may change
convergence in S’'(R™) by unconditional convergence in S’'(R™). As usual, for any 1 <
r<oo,weput 1/r'=1-1/r.

Proposition 3.9. Let 0 < ¢, 7 < o0, 0<p< oo, s € R, n,L € N.

1. Let L > max{n( —1)4 — 5,8}, let (jm) jen, € bgLpr and assume that
mez"

D S

min{p,r}

(@jm) j<Ny is a sequence of L-atoms. Put
meZ

(z) = Z Z Wim@im(x)  (convergence in S'(R™)).

7=0meZn

Then the convergence of the series is unconditional on S'(R™).
2. Let L > max{n(m — 1)y — 5,8}, let (jm) jen, € fglpr and assume that
Jemn

(@jm) jeNZO is a sequence of L-atoms. Put
mezZ"

- Z Z Wim@im(z)  (convergence in S'(R™)).

j=0meZn

Then the convergence of the series is unconditional on S'(R™).

Proof. It suffices to show that the series Z;io > mezn (Mjmajm, @) converges absolutely
for every ¢ € S(R™). Assume first that 1 < p < occand let 1 < p; < p < py < 0,
M >n/py, N> L+nand ¢ € S(R"). Then

sup sup |07 (2)[(1 + [2)™ < oo,
|B|=L z€R"

and according to (3.1) sup,cgn |ajm(z)|(1 + 27|z — 2, |)Y is uniformly bounded on j

and m. Since a;,, has vanishing moments up to order L — 1, using Taylor’s theorem (see
[22, Appendix B.2, p. 596]), we derive that

Z |lu’]majm7<)0 | = Z |,U3m|‘/ajm d(g

mezm mezZn R~

9—3(L+n)

N /‘l‘m M’ 3.12

mezZ™
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where the constant in the last inequality is independent of j € Ng.

Let Tj((ujm)mGZ") = (zij(LJrn)(l-i-rLZjW)mEz”' Then Tj . Epk (Zn) — él(Zn) is

bounded for k = 1, 2, because

—J |Mjm|
T ()2 (Z7) || = 279 (EFm) gl
. m%z:n (1 + |zjm )M
' 1/pk 1/
SQ*a(un)( Z |ujm|pk) ( Z (1+|xjm|)*Mpk>
mezn meZn
S 273'(L+n/17k)< Z I,Ujm|pk)l/pk ( /(1 N ‘g;|)7Mp;cd$)1/pk.
meznr o

The last expression is finite since M > n/p5 > n/p}. By the interpolation property (2.1)
and (2.3) we obtain that 7T} is bounded from ¢, .(Z™) to ¢;(Z™) and

9—J(L+n) »
> sl S 2P mez @) (313

mezZ™

where the constant in the last inequality is independent of j € Ny. Now (3.12), (3.13)
together with (3.5) imply that

Do D> magm @ S D 277 (g ) mezn €, (Z27)]

j=0meZn

7=0
IS

S D27 (1) D Lip,el| < o0,
7=0

since (11jm) € b§Lpr and L > max{n(m —1); —s,8} > —s.
Ifo<p<l,as L >n(l/p—1)—s, there exists P > 1 such that L > n(1/p—1/P)—
Proceeding as before and noting that ¢, ,.(Z") < £p,(Z™) we have that

Z > 1jmajm, 9)| ZQ TEEE)| (tjm)mezn |pr (27|

Jj=0 meZn

S D277 P (g ) mezn o, (27)]

'Mg H

<
I
=)

2~/ PP (1) DG Lip e | < 00,

A
Mg

<.
Il
=)

since (ttjm) € bgLpr and L > n(}—lj — &) — 5. This establishes (1).
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In order to prove (2) first observe that

(3.14)

1/
| 'S tsmbomlZos @) = [|( 32 1iml®xm) 1L ®T)
mezn mezn

since for any fixed j € Ny the dyadic cubes (Qjm)mezn» are pairwise disjoints. If 1 < p <
00, proceeding as for the part (1) we obtain

Z Z |(u'jmajm7§0)| S Z27]‘(L+n/p)H(Ujm)meZ"wp,T(Zn)H
j=0

j=0mezZn

~ 23 i) I (RY)
=0

mezn
e . . 1/q
~ 23 2 i) 1L (R
Jj=0 mezm
oo
<D 27| () £ L, | < 00,
7=0
because now (fjm) € fgLlpr and L > max{n(m — 1)y —s,s} > —s. For the case

0 < p < 1, taking into consideration (3.14), we can proceed again as in (1). O
4. Wavelet characterization of Lorentz smoothness function spaces

For L € N, let ¥,y € CL(R) be real-valued compactly supported Daubechies
wavelets with

/zpF(t)Zdt: 1, /wM(t)th =1 and /¢M(t)tldt: 0, ¢<L.
R R

R

Let G = (Gy,...,Gy) € G° = {F, M}" which means that each Gy is either F' or M. For
j €N, we define G7 = {F, M}"* as the collection of all G = (G4, ..., G;,) such that each
Gy is either F' or M but at least one of the components of G must be M. Put

JG,m(z) = 2]n/2 Hsz(ijf - m@)a Ge Gj, m e Zn, ] € No. (41)
=1

Then {@Z’é,m G €GI,meZm" e Ny} is called a wavelet system.

It is well-known that classical Besov and Triebel-Lizorkin spaces can be represented
via wavelets (see, for example, [42, Theorem 1.20]). For Triebel-Lizorkin-Lorentz spaces
the characterization was established by Yang, Cheng and Peng [49, Theorems 3 and
4] and for Besov-Lorentz spaces by Almeida [1, Corollary 3.2] but only when ¢ = r,
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that is, for the spaces B;Lp,q(R"). Restriction ¢ = r is motivated by the interpolation
techniques used in [1]. Next we are going to eliminate this restriction by using the atomic
decomposition of Lorentz smoothness spaces (Theorem 3.8) and the approach developed
by Haroske, Skandera and Triebel [25]. The same technique also applies for Triebel-
Lizorkin-Lorentz spaces giving an alternative proof for their characterization in terms of
wavelets.

We start by introducing the relevant sequence spaces.

Definition 4.1. Let 0 < ¢, < 00, 0 < p < 00 and s € R.

1. The space by Ly, is the collection of all sequences (u):¢) C C having a finite quasi-
norm

q>1/q.

2. The space fjLp,, is formed by all sequences (uZ,LLG) C C having a finite quasi-norm

N Ll = (3220 57 | 32 1IN () L (RY)

j=0 GeGI meZn

1N Ll = (5 32 2510 () VL )|

j=0 GEGI meZn

Space by Ly, - can be also defined by using Lorentz sequence space £, .: Consider the
space b3l formed by all sequences (p4;,7) C C having a finite quasi-norm

, e , 1/q
1) B3| = (D2 27005 57 456y, (27)]1)
Jj=0 GeGI

where p?¢ = (ui; G)mezn With the same argument as in Lemma 3.7 but putting now
fic@) =3, cz IN:CIxjm(x), we derive that

boLpr = bylp (equivalent quasi-norms). (4.2)

Remark 4.2. There is a useful connection between these sequence spaces and those of
Definition 3.6. To describe it, let G* = {F, M}"* and Go = {F}". If (u};,¥) € bi Ly we
have

() 1b3 Lo
- (H D I xo,m () Ly (R™)

‘q
mezZ™

IDNCDY |32 1IN L (RY)

7=0 GeG* meZn

Q)l/q
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~ | 32 1 o L (RT)

mezZ™

+ Z ( 219(1
0

GeG* =

)1/q

= I 32 168 om O L B+ 32 16593 L

mezn GeG*

| 1 G Ly (R)

mezZ™

Analogously, if (u7,%) € fiLp then

13 Epall ~ || 32 11850 Xom O s R+ 3 155

meZL™ GeG*

Note that the above computations give equivalent quasi-norms in bL,, and fiLpr,
respectively.

Let me Z", j,J € Ny, d > 1 and C; > 0. From now on put

Fy(m) ={M € Z" : dQspr N C1Qjm # 0}.

The following result shows that spaces bgLp , and fgLp , are x-sequence spaces in
the sense of [25, Definition 4.1].

Lemma 4.3. Let 0 < p<o0,0<¢q,r<oo,s€eR,d>1and C; > 0.

1. If k > max{s, n(m —1)4 —s, 2 - s}, then byLyp » has the following properties.
a) If (f1jm) € bgLp r and for every j € Nog and m € Z", (A\jm) C C satisfy

Ajm| < C1 Y- 277N 9 gy, (4.3)

JeNy Melﬂ(m)

then (A\jm) € bZprr and H()‘jm)‘bZLp,r” S ||(,Ujm)|b<squ,r .
b) For any cube Q there exists a constant Cq > 0 such that for any (ujm) €
b3 Lp r(R™), we have that

lnr] < CQ27 (| (1jm) IDE Lip,e
for every J € Ny and M € Z™ such that Qs nm C Q.
2. If k > max{s, n(m — 1)y —s, % — s}, then fgLy » has the following properties.

a) If (pjm) € f§Lpr and (Njm) C C satisfy (4.3), then (Ajm) € f5Lp r and

A jm) gL el < [ (g ) | £§Lp ]
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b) For any cube Q there exists a constant Cq > 0 such that for any (pjm) € faLlp.rs
we have that

lteanr] < CQ27"[|(ttjm) 1§ Lip e

for every J € Ng and M € Z" such that Qs m C Q.

Proof. Let (i) € bgLpr and ()\j,) C C satisfying (4.3). Then for any z € R™

Z - Z 22 KT —jlg=n(J 1)+ Z st | X jom ()

mezZ™ meZm™ J=0 Me[j (m)

_Zg wlJ=jlg=—n(J=j)+ Z Z [t |X,m ()

mezn MEI’ (m)

o0

:ZTK‘FHTR(J*JM Z vy Z Xj,m ().

J=0 MeZn mezZ"™
dQsmNC1Q jm #D
It is straightforward that if dQja N C1Qjm # 0, then Qjn C Q; 5,0, Where

Qi = [[[277 My — D2~ ™11 93 pf, - po=min{ins}-1)
(=1

and D =1+ d+ C;. We have

1 Qv NQ;
Mxsm(x) > o / xa.m(y)dy = 1973 0 Q]
1@y, |Qj,,0]
Qj.0,M
_ Qo 1 gy
|Qj. | D™ ’
for any x € Q;, j,p. This implies that
> Xim () < XQypn () S 2 M Xy (2), x€R™

meL"
dQsmNC1Q jm #D

Let now 0 < b < min{1,p,r} such that k > n(1/b—1) — s > n( —1); —s. Then

1
min{p,r}

> Nmlxgm(@ 22 I N aX@y g ()

mezZ™ J=0 MeZn

> , , 1/b
S5 (oD
J=0 MeZn
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_ , 1/b
_Z Z { |/1'JM|b K,\J—]|b2—n(J—j)+(b—l)XJ’]V[)(x)} )

J=0MeZn

Using now (3.4), as we did in (3.7), we derive that

| > Dimbtim@)IL.

meZn
o]
5H(Z2_H|J_j|2_n(J_j)+(l_1/b) Z lwanrlxa)(@)| Ly (R™)
J=0 MeZ"
by 1/b
(ZZ sl —jlbg—n(J—5) 4 (b— I)H Z s ne| X0 ()| Ly (R™) ) :
MeZn

where in the last inequality we have used that L, , is b-Banach. Now proceeding as in
(3.8) we have that for ¢* = min{q/b,1}

[ bELipell = (32251 32 ymbml Lo ()

j=0 mezZ™

)1/q
< (Z ( Z 9(i—J)sbg—rlj—J|bg—nmin{j—J,0}(1=b)yJsb

j=0 " J=0
b)q/b) 1/q

(> z[a‘s*nmfnmin{m}(l/bfl)]bq*)1/ (a0

j=—o00

(ZQqu

% H Z |NJM|XJ,M(')|Lp,r(Rn)

MeZn

)"

Since kK > n(l/b — 1) — s and & > s, the first series is finite and we get that

[(Ajm)bgLip el < [1(£45m ) DG Lp,e -
On the other hand, we have

> Apomlxsa ()| Ly (R™)
MeZn

Q)l/q

i) el = (32275037 it gn ()| Ly r (R)
j=0 mezL™

> 278 ugar|27 7P,

for every J € Ng and M € Z". As k > n/p — s, we have that for every J € Ny and
MezZ"

el < 27| (pgm) DG Lip e .
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For the sequence space fgLp r, the second property can be proven in the same way.

> , /
1) el = [ (2 32 2l trgm) 1 (B)

J=0meZn

> 2JS|MJM|2—Jn/p — 2J(s—n/p)"u/J]\/I|,

for every J € Ng and M € Z™. As k > n/p — s, we get that for every J € Ny and
MezZ"

|| < QKJH (,ujm)|fclep,r||~

The first property for f§Lp ,» can be also derived with similar arguments to those
we have used for by Ly r, but we prefer to check it with the help of interpolation. Let

0 < p1 < p < pg such that £ > max{s,n( 1)4 — s}. Proceeding as in [7,

1
min{p1,q} -
Theorem 3.5, we have that (f§Lp, p,,f§Lp,.ps)o.r = f5lpr for 6 = %. Consider
the operator

T(jm) = ( RS 2_n(J_j)+|MJM|>jeNO,'

JENg Mer (m) mez"

T is sublinear and T": f§Lp, p,, — f5Lp, p, is bounded for k = 1,2 (see [25, Proposition
6.5]). Then T': f§Lp » — f5Ly » is bounded, which means that if (115,,,) € f§Lp » and
(Ajm) C C satisfy (4.3), then

[(Ajm) [EqLip e | S T (t1jm ) [ £q Lep

| S 1(gm)[fqLp el O

Now we are ready to establish the characterization by means of wavelets for spaces
with Lorentz smoothness.

Theorem 4.4. Let 0 <p < 00,0 < ¢, 7 < 00, s € R and let wé,m be the wavelets in (4.1).

1. Assume that

1

L> maX{s,n(m -

n
1)y —s,— —s}.
)+ =8 sk

Then f € S'(R™) belongs to Bj Ly, -(R™) if, and only if, it can be represented as

Fla)y=>" 3" > NC2mL (2), (M) € biLy, (4.4)

j=0 GEGI meZ"

unconditional convergence being in S'(R™). The representation (/.4) is unique,
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NG = NE(f) = 22 (f )

and

I:f— (2jn/2(f» ¢é,m>)jeNo,Gecf,meZ"

is an isomorphism from BgLy -(R™) onto by Ly .
2. Assume that

1

L> max{&n(m —

n
1), —s,— —s}.
)+ ’ }

Then f € S'(R™) belongs to Fj L, .(R™) if, and only if, it can be represented as
Fay=3_ > D Mg (2), (\E) € fiLps (4.5)
J=0 GeGI meZ™

unconditional convergence being in S'(R™). The representation (4.5) is unique,

NG = NE(f) = 272 (f )

and

I:f— (2jn/2(f» wé,m))jeNo,Ger,mEZ"
is an isomorphism from FjL, .(R™) onto f;Ly .

Proof. Since we have Proposition 2.3, Theorem 3.8, Proposition 3.9 and Lemma 4.3, we
can apply [25, Theorem 5.1] to get the wanted characterizations. O

5. Interpolation. Besov-Lorentz spaces as approximation spaces

Besides the classical results of Peetre [30, Chapter 5] and Triebel [38, Theorem 2.4.2/1,
p. 185], other interpolation properties of Besov-Lorentz spaces have been established in
[7, Section 6]. Next, with the help of the characterization by wavelets, we are going to
extend and complement these results. First we show that [7, Theorem 6.5] holds if replace
the couple of Besov spaces by a couple of Besov-Lorentz spaces.

Let s € R,0 < ¢ < oo and let X be a quasi-Banach space. We write £;(X) = £,(2% X)
for the collection of all sequences (z)ren € X having a finite quasi-norm

1) 1650 | = [l (i)l (2 X) | = (D 255 | X)) /7
k=1
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(the sum should be replaced by the supremum if ¢ = c0). When A = C we simply write
ly.

For 0 < p < oo and 0 < r < oo, it is useful to write (£, ,)° for the direct sum of 2"
copies of ¢, ,.(Z™) and (¢,,) = (€, ,)! for the direct sum of 2" — 1 copies of ¢, ,. The
number of copies for (¢, )7 corresponds to the number of elements of G7. According
to Theorem 4.4, if —0o < s < oo and 0 < ¢ < oo, then BjL, (R") is isomorphic to
bilpr = (pr)° @ 827%(<€p7r>) where the last equality holds with equivalence of quasi-
norms.

Note also that if (A, As), (B, B2) are quasi-Banach couples, 0 < ¢ < oo and 0 <
0 < 1 then we have with equivalent quasi-norms

(A1 ® B, A2 ® Ba)g,q = (A1, 42)0,¢ © (B1, B2)o,q
because
K(t, (a,b);A1 @Bl,AQ EBBQ) = K(t,a;Al,AQ) +K(t,b; Bl,Bg).

Theorem 5.1. Let 0 < 6 < 1, —00 < 81,82 < 00, s = (1 — 0)s1 + 0sa, 0 < p1 # pa < 00,

1_1-6, 6 1_1-0 , 0 .
=0t 0<q1,q2 < o0, 1T o ta and 0 < ry,ry < 0o. Then we have with

P
equivalent quasi-norms

(Bgi Lpyri (R™), Bg2 L, ry (R"))0,q = BgLyp o(R™).

Proof. Using Theorem 4.4 with L sufficiently large and (4.2), we have that If =
(2kn/2(f, Y& ) s an isomorphism from B! Ly, . (R™) onto bgily,, . = (fp, )" @
qu(2k(sj_plf)<€pj_yrj>), j =1,2. According to [38, Theorem 1.18.1 and Remark 1.18.1/4,
pp. 120-123], we have

(b;1£ b82£p2,rz>‘9,q

17P1,71 Vg2
= ({€py )0 @ Loy (2570 (0 1)), (para)® ® £, (2527220 (0 1,0) )01

n

= <€p,q>0 S Eq(Qk(s_;)wzf,q» = bzgzuq-
Consequently, interpolating the operator I and using Theorem 4.4, we derive that
(B;;l Ly, vy (Rn)v B;QQ Ly, r, (Rn))G,q = B;Lp,q(Rn)~ a

Next we extend [30, Theorem 6/(ii), p. 106] to the whole range of parameters. As
usual we put [ - ] for the greatest integer function.

Theorem 5.2. Let 0 < p1,p2,q1,q2 < 00, 0 < p < 00, —00 < 81,82 < 00, 0 < 6 < 1,

%: lp;f—i—}%, % = 1;—16—&—(%, s=(1—=6)sy +0s2 and 0 < r < co. Then the following

continuous embeddings hold
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Brilin{q,r}LP”"(Rn) (Bél (Rn) Bp: (Rn))G,T — Bi}ax{q,r}LP’T(Rn)' (51)

P1,91 P2,q2

Furthermore, the exponents min{q,r} and max{q,r} in (5.1) are the best possible, at
least if

p=1%2 (5.2)

n _ n
P1 P2

Proof. We know that for L sufficiently large If = (2¥/2(f, wgm)) is an isomorphism
from By! 4, (R™) onto bgi 4, = (£y,)° @ﬁs’_n/pj ({€p,))- Applying the interpolation formula
for vector valued sequence spaces established by Peetre in [30, Theorem 4, p. 98] and
Theorem 4.4, we obtain

Bﬁnin{q,r}LPyT(R ) (B;S;i q1 (Rn) B;S;; q2 (Rn))eﬂ‘ — Brsnax{q,r}LPﬂ"(]Rn)'
In view of isomorphism I, in order to show that the exponent max{gq,r} is the best
possible, it suffices to check that if for some 0 < v < oo we have

51— 2 §o— b s—n

Ca " () lar ™ (D)o = Lo * (b)) (5.3)

then max{q,r} < wv.

For k € N, we designate by € the sequence (e%k>1<’3§§f ) with

-, {1 ifd=1and m = (k,... k),

0 otherwise.

So, |lex|(€p.r)|| ~ 1. Let 7 : KZ;_pj — Lg; " ({£p,)) be the linear operator defined by
m(Ak) = (Ag€x). We have

k5~——) N\ Ya
[rwiee ™ e, H—(Z2“ ekl (5,12 )

n

Si— ) g, 1/q; Sj— 55
= (2B ) " < ol P
k=1

Moreover, since s; — 7% 7 sp — -, according to [30, Theorem 4/(ii), pp. 98-99], we have

§1— n

that (¢g, ™ &;75)9# = Ei_%. Hence, it follows from the interpolation property and
(5. 3) that = k € [ Ei_;(<€p7r>) boundedly. This yields the continuous embedding

o » — f , which implies that r < v. To prove that ¢ < v, pick a sequence (Ji)reN
of subsets of Z", pairwise disjoints and such that [2"(}=#)*] is the number of elements

of Jy. Let uy = (u&¥) ,,ezr with
1<d<2"—1
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Uy,

dk 9~k ifd=1and m € Jy,
0 otherwise.
Here £ and p < 1 are real numbers that will be fixed later. We have

2n(17u)k

r 1/T n n
L G B R e
0
_ (e )k,

where the constants in the equivalence are independent of £ and u. We want that

f—i—,uﬁzsj for j =1,2.
Dj

For this we need that ,u(pﬁl — p%) = s1 — s9. Therefore we choose
S1 — S2
p=n=5—7
Pp1 P2

which is less than 1 according to (5.2). Then take & = s1 — e = s2 — po-. With
these values for p and £, we have that w(\y) = (Axux) is a linear operator from £, to

la " ({£,)) with

1/q;

el Gl = (2@ Al ()1 )

k=1
> /45

~ () = Wl
k=1

The choice we have done for £ and p also gives that
n n n
—s+p—=1-0)(—s1+pu—)+0(—s2+pu—
o = (A= 0=t )+ 0(=s2 )
=1 =0)(=8 +0(=¢) = ¢

Then w : £, — EZ_% ((€p.r)) is bounded with

w7 (Loa)) | ~ 1O Lo]l-

Using the interpolation property and (5.3) we get

n n
w S1— = S2— = s—o

Eq,r = (zqung)@,r — (&h " (<€p1>)a€qz " (<£P2>))9,7‘ =Ly F (<£;D,r>)~
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Whence, the estimates for the operator w yield the continuous embedding ¢, , — £y,
which implies that ¢ < v. Consequently, max{q,r} < v.

Now we show that the exponent min{g,r} is the best possible. Suppose that 0 < u <
oo satisfies

bu ¥ ((lpr) = (g " ()5 lar ™ ({€ps)))o,r- (5.4)
Given any A = (ALF) ez, let Ay = Aé;f___,k), k € N and put v(\) = (Ax). Then the

operator v : f;j_p ((lp;)) — E;j_pj is bounded because
© 1/,
Z(Qk( 3 pj)|>\k|)%') 9

k=

o= k(55— ) 11y~ N Y
PO CANRR PYEATMIEY
k=

1/

> k:Sj*LL_ . q; 5.17;;'7;-
< (D T NE ) T = A ()]

Therefore,

n . n n . n

S1= 50 S2— 5o 2= 5y -

vi(lg ™ (<€p1>)v€qz " (<€p2>))9,r — (gqi_ﬁvng o =4r "

is also bounded. Using the diagram

s_n 51— Sg— s—1n

O T 07 () = (O () o ™ (p))or —S 27

and the fact that v(m(A;)) = (Ag), we conclude that Zi_% — Ei_%. Therefore, u < r.
To establish the relationship between u and ¢, let v = min{1, p;,po} and put o(A%F) =

1

n(l—p) ~
(251“ e (ZmeJk |)\},’lk|7) W). We have
1

( Z |)\}ﬁk|7)1/7 < ( Z |/\#L’c pj)l/Pj( Z 1)(1—%);

meJy meJy meJy

S2n(1—u)(%—1%7.)k( Z ‘)\#ﬁ'PJ’)l/pj.

meJy

Hence,

_n(l-pk 1/~ gk_n(lf.u)k
o5 (30 k) | < 2T 016,

meJy

n

(sj—2)k
=277 A ) -
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This implies that [o(\)[fy, ]| < ||)\|€Zj_”lj(<€pj>)|\. Let |A\| = (]A%F|). The operator o is
not linear, but if A = p; + pa, we have |o(\)| = a(N) < C(o(p1) + o(p2)). Using the
lattice property of £,,, we get that

K (t,0(N)i by, L) = Kt |0V oy L) < CK(E,0(1p1]) + 0 (1pa]); gy o)
< C(llo(Ip))a,ll + tlo(lo2)a, )
< Cllloll " (o)) + tpalla ™ ({Epu))-

Taking the infimum over all possible decompositions of A we obtain that

n Sp— -

K(t,o(N); Ly, lay) S KN Ly 7 (o)) lan 7 ({p,))).

~

Consequently,

S2

o) g ll ~ 0 Ea s oo | S TNt ™ () o™ ((pa))or -

The diagram

n s1— Sg— T

o =200 " () = Uy " (i) lan 7 ((Epa))or —— Layr
and the fact that (o o w)(Ag) = (Bk) with |Bg| ~ |Ax|, imply that

) gl ~ llo(w(Xe) lq.rll < 1l (Aw)[€o]]-
Therefore, ¢, — ¢, , which yields that v < ¢. The proof is completed. O

Recall that the Hardy-Lorentz space hy . is defined by
o = A7 & S @ : Mol = 2o, 141 (R7)] < o0},

where ¢ € S(R™) is compactly supported and ¢ (z) = 1 if |z] < 1 (see [3]). For p = r,
hyp.p coincides with the usual local Hardy space h, (see [21,39]).

It was shown in [3, Theorems 4.3 and 4.7] that we have with equivalence of quasi-
norms (hyp,, hp,)e,r = hpr provided that 0 < p; # p2 < 00,0 < r < 00,0 < § <1 and
1/p = (1 — 0)/p1 + 0/ps. This formula was use in [7] in the proofs of several results
and for this reason the restriction » < oo appears in them. Next we show that the
characterization in terms of wavelets of BjL, - allows to establish the corresponding
results for this limit case.

Theorem 5.3. Let —00 < 81 # $2 < 400,00 < p<ooand0 < q1,q2,9g < 00. Let 0 < 0 < 1
and s = (1 — 0)sg + 0s1. Then we have with equivalent quasi-norms

(Bgi Lp,oo (R™), By Lp,oo(R™))g,g = By Lp,oo(R").
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Proof. We proceed as in the proof of Theorem 5.1. For L sufficiently large, it follows
from Theorem 4.4 that If = (2¥%/2(f, w’&m)) is an isomorphism from By’ L, o (R™) onto

by lp.co = (€poo)® @32_%(@;7,00)) for j = 1,2. By [30, Theorem 4/(ii), p. 98] we have
with equivalence of quasi-norms

S1 So
(bqlgp,oo’ qufp,w%,q
Sl—ﬂ 52—2

= <€p700>0 @ (qu ’ (<£p700>)7 bgy ¥ (<€p’00>))9,q

= {lpoo)’ ® Ly " ((po)) = Vil
Therefore,

||f|(B<§1l LP,OO(R"), B;jLP,OO(Rn))O,q” ~ H1f|(b$€p,007 b;ggp,oo)&q”
~ L6l oo || ~ 1 fI1BgLpocR™)]. O

This result covers the case r = co that was left over in [7, Theorem 6.6].
Now we can establish the corresponding result to [7, Theorem 6.7] for the case r = oco.

Theorem 5.4. Let —00 < 51 # 59 < 00, 0 <p< oo and 0 < qr,q2,9g < 00. Let 0 <0 <1
and s = (1 — 0)s1 + 0so. Then we have with equivalent quasi-norms

(Fgi Lp,oo (R™), FZ Lp oo (R™))g,q = By Lp,oo(R™).

q1

Proof. For j = 1,2 pick 0 < 7; < oo such that

7; <min{p,q;} for p # gj,
Ti <P for p = gq;.

According to [36, Theorems 1.1 and 1.2] we have
Bﬁjpr,oo(]R") — F;]?LP,OO(R") — BYL,(R"), j=1,2.
Whence, applying Theorem 5.3, we have

B;LIIHOO(Rn) = (Bille,oo(R”), Bf-ng,OO(Rn))G,q
= (F! Lp,oo(R™), 2 Lp, oo (R™) )94
= (B Lp,oo(R"), B2 Ly oo(R"))o,g = BiLpoo(R"). O
Now we can proceed as in [7, Theorem 7.1] but using Theorem 5.4 instead of |7,

Theorem 6.7] with the effect that we can incorporate the case r = oo to [7, Theorem
7.1]. We obtain the following result.
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Theorem 5.5. Let s€e R, 0 < p < o0 and 0 < g < 0.
(i) If ¢ is a diffeomorphism in R™ then
Dy : BiLy (R") — BjLpoo(R™), Dy f = fo,

is an isomorphic map in ByLp oo (R™).
(ii) Let p > max (s, n(max (%, 1) —1) — s). Then

19./1B3Lp,00 (R™)[| < cllg|CP(R™)][ - | f|BgLp,00 (R")|

for all g € CP(R™) and all f € B Ly, o (R™).
(iii) There is a bounded linear extension operator ext,

ext: ByLy oo(RY) — ByLy oo (R™).
Furthermore,
reo ext = id, identity in By Ly, «(R'})

(iv) If Q is a bounded Lipschitz domain in R"™, there is a bounded linear extension
operator

ext : ByLp oo (2) — ByLy oo(R™).
Furthermore,
reo ext = id, identity in By Ly «(S2).

Next we characterize Besov-Lorentz spaces as approximation spaces using wavelets.
This result is of independent interest but, in addition, it will allow us to derive another
interpolation formula. We start by recalling the definition of abstract approximation
spaces (see [9,13,15,32,33] and the references given there).

Let (X, | - |X]|) be a quasi-Banach space and let (Aj)ren, be a sequence of subsets
of X satisfying the following conditions:

Ag={0} C A C---CA C---CX,
Ay C Ag for any A € C and any k € Ny,
Ax + Apy € Agqyy for any k,m € Ng.

For f € X, we put Eo(f) = || f|X| and

Ex(f) = B2 (f)x = inf{||f — g|X|| : g € A}, k € N.
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Let @ > 0 and 0 < ¢ < oo. The approzimation space X7 = (X;Ak)g‘ is formed by all
those f € X having a finite quasi-norm

o'} 1/q .
(Zkzl[kaEk—l(f)]qkfl) if 0 < ¢ < oo,

IF1XG N = I(ER(f)e1/a,qll =
supy > {1k Er—1(f)} if ¢ = 0.

According to [33, Proposition 2], an equivalent quasi-norm in X is
> 1/q
171X = (IA1X19 + Y 250 By (1)) (5.5)

k=1

(with the usual modification if ¢ = c0).
Let s > 0,0 <p < ooand 0 < r,qg < oco. We know by [36, Theorem 1.1] that

BiLy (R™) < FJL, . (R"). (5.6)

For 1 < p < oo, the space FYL, .(R™) coincides with the Lorentz space L, .(R"™) with
equivalence of quasi-norms (see [44, Theorem 3.15]). To describe B} L, .(R") as an ap-
proximation space, we choose X = FY L, .(R™) and as sequence of subsets (A, ), following
an idea of [14, Lemma 5.4] for the case of logarithmic Besov spaces, we take Ag = {0}
and for u = 1,2,... with 28 <wu < 251 k € Ny, choose

k
A= {ge FL B g=3 3 Y ol el ecy
v=0 GEGY meZn
Consider also the operators Pyx : FS Ly, .(R™) — FY L, .(R™) defined by

k
P2kf:Z Z Z )‘Z%G(f)Ziyn/zwl(l},m'

v=0 GEGY meZn

Clearly
Ay = Py (FIL, . (R™), 2F <u<2F1) keN,. (5.7)

By the characterization in terms of wavelets for FS L, .(R™) (see [49] or Theorem 4.4/2)
and the Banach-Steinhaus theorem [28, p. 169], we get that

Sup{HPQk||FQOLp,T(R"),FQOLp,r(R") 1k S N} < Q. (58)

From (5.7) and (5.8), it is not hard to check that

Eo(f) = Esi(f)rgL, @) ~ If = Pax fIF5 Ly (R™)], k € No. (5.9)
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Theorem 5.6. Let s > 0,0 < p < 00 and 0 < q,r < oo. Then we have with equivalence of
quasi-norms

ByLyy(R") = (Fy Ly, (R"); Ar)g -

Proof. Using (5.9), the quasi-norm (5.5) and the description of FYL, .(R™) in terms of
wavelets we obtain

£ 15 Ly r (RPN ~ || F1F L (R[4 2459 B (f)°
k=1
~ | FIES Ly, (R
+ Z2ksq
k=1
~ | FIES Ly (R
+ Z 2k8q (
k=1
= | fIF5 Ly (R™)||?

+22ksq (Z E Z ‘)\Z;'_V’G(f)XkJru,m(')F)1/2‘LP,T(Rn)
k=1

v=1GEGY meZ"

SN MR | B LR

v=k+1GEGY mecZn

q

> Y Y DO L @)

v=k+1 GEGY mecZn

" (5.10)

Take 0 < p < min{l1, ¢, p,r}. Since ¢1 < €2 and L, , is p-Banach, we derive

(§2ksqu(§: DS |A§1+"7G<f>xk+,,,m<~>|2)”2|LW<R">H(I)W
k=1

v=1GEeG¥ meZn
p)tl/ﬂ)ﬂ/q}l/p

(L] X X MO Ol )

k=1 v=1 GEGY meZn
= S P\ a/p\play1/p
{22 (] X O nm Oz @n| 1))
v=1GeG¥ k=1 mezZn
{2y (22““*” o S P Ol L R 1)
v=1 GeGv mezn
o~ 1/p
{2} B L, R,
v=1

where the last inequality follows from Theorem 4.4/1. Having in mind (5.6), we conclude
that B;LP,T(R") — (FQOLp’T(R"))Z.
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In order to establish the converse embedding we start from

1B Lo R ~ (3 3 21| 32 A | (RY)

k=0 GeGk mezn

q)l/q (5.11)

(first part of Theorem 4.4). In this sum, the part with £k = 0 and k = 1 can be bounded
by

L@~ (5 5 M EwnOR) L @)

k=0 GeGk meZ™

because

(323 25| 30 A5G xml L (RY)

q> 1/q
k=0 GeG*k mezZm™

335> | > ARC0kml Ly (RY)

k=0GeGk meZn"

S T (S M OP) R

k=0 GeGFk mezZn

(EE T MO OnmOF) )

k=0 GeGk meZ™

S IIF Ly (R

For the remaining part of (5.11) we have

>3 2| 3 ARk Ly (R

k=2 GeGF mezL™

<Z2(k+1)sq Z Z AV ()Xo m| L, (R™) '

GeGk meZn
oo
ksq
Sy
k=1

(2 3 W nmmOP) Lo @)
< IFICFS L, R

q

v=1GeGY meZ"

where we have used (5.10) for the last inequality. Consequently,

1£1B5 Lp.r RS 1 £1(FS Ly, (R™))3I-

This completes the proof. O
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As it is pointed out in [7, (3.1) and (6.3)] (see also [44, Theorem 3.15] for the case
1 < p < 00), we have with equivalence of quasi-norms

L,,(R") ifl<p<oo,0<r<oo,

FYL, . (R™) = { (5.12)

hp r if0<p<oo,0<r<oo.

Hence, By L, (R™) can be realized as an approximation space taking as X any of these
two spaces in the suitable range of parameters.

For couples of approximation spaces, the following interpolation formula was estab-
lished by Peetre and Sparr [31] (see also [9]): Let 0 < ag # a1 < 00, 0 < pg, p1,q < 00,
0<6<1land a=(1-0)ay+0a;, then we have

(X, Xph e = Xg' (5.13)

Po ? q

Furthermore, see for example [12, Proposition 2.7],
(X, X7 o.q = Xq™ . (5.14)

Combining Theorem 5.6 with (5.13) and using the lift operator Isf = ((1 +
|x|2)_6/2f)v, d € R, we recover [7, Theorem 6.6]. We close this section with the fol-
lowing formula.

Theorem 5.7. Let 0 < 6 < 1,0 < s,p < o0 and 0 < q,r,u < co. Then we have with
equivalence of quasi-norms

(FQOLP’T(R"), B;LP,T(R”»@,U = stLp’r(Rn) .
Proof. Theorem 5.6 and (5.14) yield

(FQOLp,r(R")’ B;LP,T(Rn»G,u = (FQOLP,T(Rn)a (FZQLP,TGRH))Z)GJL
= (F20Lp,r (Rn))es

u

= B%L,,.(R"). O

6. Another description of Besov-Lorentz spaces as approximation spaces.
Multiplications

The following realization of spaces B;Lp,q(]R”) as approximation spaces is based on
entire functions of exponential type (see [38, Section 2.5.4]). The arguments relay on
definition of BJL, ,(R™) by means of the smooth resolution of unity (yx) of (2.5).

By the construction of (@), for N € N, there exists M < oo independent of k, such
that
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sup sup (1+ |z>)!V2|0% (2)] < M, ke Ny.
la|<N zeR"™

It follows from [39, Theorem 2.3.7] that for any 0 < p < oo and 0 < r < oo there is ¢ > 0
such that

(o f) 1 g R < el f1Fp, (RM, f € Fp(R"), k€ No.

Whence, applying [7, Theorem 3.6], we derive that for any 0 < p < co and 0 < r < ©
there exists C' > 0 such that

1(or /) 1S Ly R < CFIFS Ly R, f € F{Lp(R"), keNo.  (6.1)

This estimate will be useful later.
Let Dy = {0} and for k£ € N put

Dy ={g€ F)L, (R™) :supp § C {z: |z| < k}}.
In what follows we work with approximation spaces (X; Dk); generated by the sequence
of subset (D) with X being F3 L, (R") and B Ly, .(R™). For simplicity, we designate
them by [X]?.

Theorem 6.1. Let 0 < ¢ <00, s>0,0<p< oo and 0 < r < oo, allowing also r = oo if
1 < p < oo. Then we have with equivalence of quasi-norms

[F5 Ly, (R™)]; = By Ly, (R").
Proof. Take any f € B; L, (R"). Using (5.6), we get

Ey(f) < Er(f) < Eo(f) = | fIF3 Ly, (R™)| < el fIB5 Ly, (R™)]- (6.2)
Moreover, since
k

swpp (30 enf) € o el <2, k=012,

m=0

we obtain for & > 2 that

=] > enh)IFLy (Y

m=k—1

By (f) < |7 - Zsomf L, (R")

Using the quasi-norm (5.5), we have
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> 1/q
VA Ly (R = (IF1FS Ly (R[4 279 B (£)7)

m=1
> ay\ 1/q
< (MBI + 30 27| 3 (ol F8,m0|)
m=2 k=m—1

By the Aoki-Rolewicz theorem (see [4,34]), we can take 0 < p < min{l,q} such that
F9L, .(R™) is p-Banach. For the second term in the last expression, we get

(mi.::z (27”3’3 k—iT:: X (erf) VWIFY Ly - (R™) P)q/p)l/q
= [( i (2m5P i(<p7n—l+kf)\/|F20Lp77‘(Rn) P)Q/P)p/q} 1/p

m=2 k=0

[221 ksp(Z%m R ka)V\FSLMR”HV)’W}W

N [Z 20=RV/P| fI B Ly, (R™)|
k=0

where in the last inequality we have used (5.12) and the fact that BjL,,.(R™) =
Bihy - (R™) (see [7, Theorem 6.4]). This together with (6.2) yield that BjL, (R") —
[FOLy.0 (R™)]:.

In order to establish the converse embedding, first note that given any f € FYL, .(R™),
k € N and g € Dy, since supp § Nsupp k1 = 0, it follows from (6.1) that

(1) 1S Ly R = | (@11 (f = 8))V1F5 Ly, (R
< CIf = glF3 L (R

This yields that
1(rir )V IFS Ly r (R S Ee(f)  k=1,2,...
Moreover, using again (6.1), we get
1(m )Y 1FS Ly, (R™)I| < ell fIF3 Ly (R for m =0,1.
Consequently,
1B Lo R ~ (20018 L 1)

k=0

< (IR (™) + 30 259 By (1)1)

k=1
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~ | FIIEE Ly (R O

Next we study multiplication properties of Besov-Lorentz spaces. Assume 0 < p <
00,5 >n/pand 0 < g, < co. Since the Besov space B, ,(R") is continuously embedded
in Loo(R™) (see, for example, [46, Theorem 2.3]), using Theorem 5.1 it is not hard to
derive that BL,,(R") < Lo (R™). Hence, if f; € Byl Ly, r,(R") with s; > n/p;,
7 =1,2, then the product f;fo makes sense pointwise almost everywhere.

For m,k € N, f € D, and g € Dy, since fg = (f*g)v, we have that supp E C{x:
|x] <m+k}. Let T(f,g) = fg. According to the previous observation, we get

T(DQm,DQk) g D2m+2k 5 m, k= ].7 2, e (63)

Lemma 6.2. Let XY, Z be quasi-Banach function spaces on R™ containing the subsets
(Dg). We assume that X andY are formed by regular distributions and we put T(f, g) =
fg. If the bilinear operator T : X XY — Z is bounded then there is a constant ¢ > 0
such that for any k € N and any f € X and g € Y we have

Eyei(f9)z < o( Exe(H)xlgl¥ ||+ I1f1X | Exe () ) -

Proof. Let M be the norm of T: X XY — Z. Given any f € X, g€ Y, k € N and
€ > 0, there are fy, gy € Dqr such that

1f = folX|| < Ear(f)x + &, lg = golY | < Eax(g)y + €.

Having in mind (6.3) and writing Cz for the constant in the quasi-triangle inequality in
Z, we obtain

Eger1(f9)z < Ifg — fogolZ|
< Cz(Ifg = foglZIl + 11 fog — fogol Z|)
< CzM(|If = fol XY Il + Il fo — £+ FIXIllg — g0l Y]])
< CzM[(Eyr(f)x +€)llglY]|
+ Cx ((Eax (f)x + e+ [[FIX])(Ear(9)y +¢))]
< CzM[(Bar(f)x +e)lglY | + Ox I FIX]| + ) (Ear(9)y +€)] -

Passing to the limit when € — 0 the wanted result follows with ¢ = 2CxCzM. 0O

Generalized Holder inequalities for Besov and Triebel-Lizorkin spaces are important
in the spectral theory of degenerate elliptic operators (see [16, Chapters 2 and 5] and
[35, §4.8]). As a first consequence of Theorem 6.1 and Lemma 6.2 we extend Holder
inequality to Besov-Lorentz spaces.
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Theorem 6.3. Let s > 0, 1 < p1,p2,p < o0 with % = pil—i-p%, 0 <qg<ooand0 <
1,72, < 00 with % = %Jr% Then we have

B;Lplﬂ‘l (Rn) ’ B;L;DQ,Tz (Rn) — B;LP,T(RH) .

Proof. Since 1 < p; < o0, as we pointed out in (5.12), we have that FYL, , (R") =
Ly, »;(R™), j = 1,2. So, Holder inequality for Lorentz spaces yields that

Fngla""l (Rn) ! FQOLP277"2 (Rn) — FQOL;D,T(Rn) )
(see, for example, [7, (2.7)]). Let again T(f,g) = fg and write for simplicity X =

FLy . (R"),Y = FYL,, r,(R") and Z = FYL, .(R™). So, T : X xY — Z is bounded.
Using Lemma 6.2 we derive

e 1/q
IT(,0)1 73 ~ [IT(F,9)12]1 + 3 21 By (T, 9))%
k=2
< [IAX 1Y 17+ 37 2500 (B () x 1Y Il + 11X B (9)v) ]
k=1
1/q

oo / o0
< [+ 30 20 me (1] gl 17 + 3 20 B ()3
k=1 k=1

S Xl -
This yields the result having in mind that, by Theorem 6.1, we have
(B9 Ly (RM]; = BiLy,(R") and [F9L,, ., (R"); = BiLy, ., (R").j = 1,2. O

In what follows we are interested in multiplication algebras. That is to say, Besov-
Lorentz spaces such that

B;LPW(RH) ' B;LET(R”) — BZLPW(RTL) :

In [7, Theorem 7.2] it is shown that By L, .(R™) is a multiplication algebra provided that
0<p<oo,s>n/p,0<qg<r<1andr < p. Subsequently, we continue this research
with the help of Theorem 6.1. Our first aim is to eliminate the restrictions on q.

Theorem 6.4. Let 0 < p < 00, s > n/p and 0 < r < oo, allowing also r = oo if
1 < p < oo. If there are 0 < q1 < o0 and n/p < s; < s such that Bjl L, (R") is an
algebra for multiplication, then for any 0 < q < oo the space BgLW,(]R”) is an algebra
for multiplication.
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Proof. Let X = B;!L,.(R"), T(f,g) = fgand 7 = s —s;. Then T': X x X — X
is bounded. Moreover, by Theorem 6.1 and the reiteration formula for approximation
spaces [33, p. 123], we obtain

Xz; = [[onLp,r(Rn)]Zﬂ; = [FQOLP,T(Rn)]Z = Bng,v"(Rn) .

To complete the proof, it suffices to show that 7": X7 x X7 — X7 is bounded and this
follows by using Lemma 6.2 and proceeding as in the proof of Theorem 6.3. O

Now we are ready to get rid of the restrictions on ¢ in [7, Theorem 7.2].

Theorem 6.5. Let 0 < p < 00, s > n/p, 0 < ¢ < 00,0 <r <1 andr < p. Then
B Ly, »(R™) is a multiplication algebra.

Proof. Take n/p < s1 < sand 0 < ¢; <r. By [7, Theorem 7.2], the space B! L, (R")
is a multiplication algebra. Then, Theorem 6.4 yields that B;prr(]R”) is also a multi-
plication algebra. O

Next we consider the case 1 < r < p < co. Besides the previous results, this time our
arguments rely on complex interpolation.

Theorem 6.6. Let 1 < 7 < p <00, s > n/p and 0 < q < oo. Then BjL, . (R") is a
multiplication algebra.

Proof. Assume first 1 < ¢ < oo. We start by describing B; L, ,.(R™) by complex inter-
polation from a suitable couple. We take 0 < § < 1 with

1-(1/r—1/p)<é (6.4)

and such that ¢ is so close to 1 that u = dp satisfies that 1 < u, s > n/u and

1/u<1/r (6.5)
Put

o 1=1/r

C1—1/u’

Then we have 0 < 6 < 1, where the second inequality follows from (6.5). Moreover, we
have

1/r=(1-0)+6/u. (6.6)

Write
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pr=(0-0)""(1/p—0/u).

By (6.4), it follows that 0 < 1/p; < 1/p. Hence s > n/p;. Furthermore,
1p=(1-0)/p1 +0/u. (6.7)
Now using (2.4), (6.6) and (6.7) we obtain that
(Lpy 1 (R™), Lu(R™)]g = Lp r(R™).
Hence, applying [38, Theorem 1.18.1], we derive that
[€4(2%° Ly, 1 (R™)), £4(2"° Lu(R™))]o = £4(2 Ly - (R™)). (6.8)

Next consider the operators Jf = ((gokf)v) and R(fy) = Yo o(@rfr)Y where @), =
Yr—1 + Yk + Pra+1 and ¢_1 = 0. Since restrictions

J : BiLp, 1(R") — £4(2"° Ly, 1(R™)),
J i B} (R™") — £4(2" L, (R™)),
R: (2" Ly, 1(R™)) — BiLy, 1(R™),
R:(,(2*L,(R™) — B ,(R")

are bounded and R(Jf) = f, applying [38, Theorem 1.2.4] and using (6.8), we get
[BgLp, 1(R™), By ((R™")]g = By Ly, (R™). (6.9)

By Theorem 6.5, the space Bj Lp, 1(R™) is a multiplication algebra and, according to
[46, Theorem 2.41] or [35, Theorem 4.6.4/1], B; (R™) is also a multiplication algebra.
Hence, applying the bilinear interpolation theorem for the complex method (Theo-
rem 2.1) to the operator T'(f,g) = fg and using (6.9) we conclude that BjL, .(R")
is a multiplication algebra.

Finally, to cover the whole range for ¢ it suffices to apply Theorem 6.4. O

In [7, Conjecture 7.3] it is conjectured that spaces BjL, .(R") are multiplication
algebras for 0 < p < 00, s > n/p and 0 < ¢, < co. Theorems 6.5 and 6.6 give support
to this conjecture. It remains open the case p < r.

We end the paper with the counterpart of Theorem 6.6 for Triebel-Lizorkin-Lorentz
spaces with 1 < ¢ < co. In what follows, we consider the sequence space 7 with indices
on Ny = N U{0}.

Theorem 6.7. Let 1 < r < p < 00, s > n/p and 1 < g < co. Then F;LW.(]R{”) is a
multiplication algebra.
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Proof. Choose §,u, 6 and p; as in the proof of Theorem 6.6. So

1 0 1 1-6 6
1<p1,u<oo,s>max{n/p1,n/u},;z(l—@)—i—aandz—): o —|—a.

Consider again the operators Jf = ((gokf)v) and R(fy) = 350 (@rfr)Y. This time the
restrictions

J i F3Ly, 1(R™) — Ly, 1(£3),
J Fy  (R™) — Ly(£3),
R: Ly 1(63) — FiLp, 1(R™),
R:L,(6) — F} (R")

are bounded. Moreover, by (2.2) and [38, Theorem 1.18.6/2], we have
[Lpy 1(£3), Lu(€g)]le = Ly (£;) (equivalent norms).
Since R(Jf) = f, it follows from [38, Theorem 1.2.4] that
[Fy Lp, 1 (R™), Fy [(R™)]g = F] Ly »(R™) (equivalent norms). (6.10)

The spaces F; Ly, 1(R") and F;; (R™) are multiplication algebras by [7, Theorem 5.5]
and [46, Theorem 2.41] or [35, Theorem 4.6.4/1]. Therefore, applying Theorem 2.1 to
the bilinear operator T'(f,g) = fg and using (6.10) we obtain that F;L,.(R") is a
multiplication algebra. O
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