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Abstract

Iz \his paper we survey on aggregalion operators aud in particnlar hierarchies of them. As
a case study, we will analysc the problems of the appregation of trath values of Tuzey prodicates
and the aggregation of individual opinions inte a single group apinion, based upon hierarchica
intensity aggregation rules. We will zee that hicrarchical amalgamations are supported from an
ethical and rational poiat of view. Two different hicrarchical procedures will be recalled: cover-
based hierarchical aggrepations and ordered hierarchical apgregations.

Finally we will see thal when we deal with ordered hierarchical aggregations of (3WA operators.
S0M0e interesting compulational problems appear quite gaturally, Swch problem admit polynomial
time salwtions.
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1 Introduction and preliminaries

The topic of our discussion is intuitively very situple yet at the basis of many applications. Controllers,
expert and decision making systems, theoremn provers, learning algorithms, to mention a fow, are all
{rompoter aided] applications in which it is of primary impeortance to have mechanisms able Lo analyze
the gathered information and praduce from it some aggregated value(s) to be (possibly) used in some
next svalnation steps.

Camrnon hypothesis to several applications of such kind is that information is passed Lo an aggrega:
tion operator as an ordered sequence of real numbers, which without Inss of generality can be supposed
e belong to the umt interval. Formally, an aggregation rule of ditnension n, will be a boLa s pliLg

[0, 1" = o, 1.

To capture the essential meaning of agerezation, $'") must satisfy at least the following two condilions
{mee [15]):

o 4700, 00=0, NI L. 1) =1 andl

» monotonicity, Le. ¢"Nay,aq, . L a, b < SN by, b ) if ap < & for all &



Ifwe think af ¢{"! as an algorithm that takes as tnputs 7 numbers and then it outpuels the aggregated
value of the n wumbers, we can oblain aggregation rules that are independent rom the number of
aggregands Ly generalizing the above definition as follows. Tt

T=| Ho.i]

For every L € I there exists one and anly one ¥ > 2 such that L e [0.1}%; such an index & is obviously
the "dunension” of L, which we wiil denoie by |L
Then ¢ no ¥ can be defined as

A I,I,J?IIL-IJ,[ L

Fur simplicity, we will not spocify the dimension of the operator whenever il will be clear from the
eombexi,
In what follows we will concentrate on two particular applications

L. the aggregation of truth values of Msey predicates in o most general and comprehensive way.

2. the aggreyation of preference intensitics expressed by individual /groups over finite set of alterna-
tives, so Lo obtain 4 refrena and drinectic social opinion.

Noticr that when we zay thal we want Lo aggregate gronp opinions Lo obtain a social opinion we
are basically saying thal we want to ageregate values which are themseives an ageregation of values.
Therefore, a further generalizatiou of Lhe above defiuition of aggregation rules is oblained by introducing
the natinn of hierarchical aggregations, thal s to say aggregations of chenks of information which o
turn represent aggregated information.

Lo general, hierarchical aggrogation pracedures for individual preferences are defined by means of a
basie ¢lassification of the individuale. The set of individual is divided into groups, in such a way that
each individual is present in at teast one of these groups. An immediate cxample iz provided by national
Parlisments. Fach of the representative of the Parlimment has been elected by & particular group of
peaple and therefore he/she represents the aggrepated opinion of such pecpie. When the Parliament
eXpress s opinion then what we have is an hietarchical agpregation of the peaple opimicns. Since
volers are gencrally divided into electoral districts, we have a fived "cover” of Lthe set of incividials,
and the social opinion is oltained by nsing such cover. Hicracchical aggregations of this kind will be
called " cover-haged™.

Alternatively, basie classilication can be made on the basis of a natural ordering oo all possible
tntensity values, and then we can talk about "ordered” hiecarchical ageregaltion rules. This second
type of hierarchical aggregations are obviously miore natural when dealing with fuzzy predicates trnth
AFETeratlons.

2 Truth values aggregation

One of the main issues in Fuzzy Logic is the choice of aperators Lo generalize the classical logic operators
and, or. Many proposal have been made and the most general formalizations are represented by T
norms, T-ronorms aed OWA operators (see [23,24]).

A T-nornm iz a map T [001] x [0.1] — [0, 1] such that

{T1) T(a, ) =1k a)
(T2} T{a, T(h,c}) = T{I{a,b}.0)



(T3) T{a, B} > Tled]ifa>cand b>d
(T4) Tia. )= a
A T-conorm is a map 5[0, 1]« [0, 1] — [0, 1] such that
(S1) S(u,b) = S(b, a)
(82} Sfe, S(b,e)) = S(S(a,0).¢)
{S3) S(n,8) = Ste,dh il a > cand b= o
{S4) S(a,0) =«

T-norms and T-cunorms represent aggregation uperators that generalize the notion of conjunclion
and disjunclion of classical logic. The inin operator is the maximal T-norm and the max aperator is the
wunimal T-canarm, i the sensa that for all a, b we have thal 70,6} < min{s, 8} and 5{a, b} > maxda, b}
hold for any T-noom T and any T conorm 5 {=ce [15]).

(rdered Wetghted Avcruging (O W4} operators fill the gap between min and max, mn such a way that
by means of these OWA operators we can go from coajunciion (inlersection) to disjinnetion {(unioen) in
a continusus way. DWA operators were initlally intraduced by Yager in [24], and they have been used
and applied to many lelds, such as Neuwral Networks, Database systems, Learning systrms and Pugey
Logic {fontrallers {sce [25] for a comprehensive review on the subject). In order o got the agerepated
values, WA operators makie use of the relative order within itonsily values.

Formally, an OWA operator of dimension n s an aggregation operator o that las ap associated Lt
of werglits W = [y, .., tee] such that

Lwy e[, 1]forall 1 < i< n

& =L e
2. LL:] W= I

A forany L =fuy,a,. . a0, €| 1]7

r
$(L) =Y b,
iz=l|
where by = - = by, is the sequence nbtained when we sort in non decreasing order the inputs
T R S

Theretore, OWA operators are cornmmtative, monotone and idempatcat, bul in general nob assaciative.
As a consequence, the serantic problems of using the same OWA operator on impuis of different
dimensions, i.e. the problem of defining the OWA uperator ¢ 0 T — [0, |] given the QWA aperatars
#@1is quite challenging. An answer to such a problem has heen given in [10] where it is introduced
the notion of reenrsive families of QWA operators. For Lhe time being, we will ignore such a problem
and we will vnly deal with a particular type of hierarchical aggregation which we will call ordered
hierarchival aggregation and that will allow us to deal in a very natural way wilh (WA operatars.

3 Aggregation of preference intensities

The ¢lassical Arrow’s paradox in group decision making (ofr. [}]) when iranslated into a fuzsy concext,
(see [2,13,141720]}, can be avoided in several ways, according to axiomatics which are similar to
those proposed in the crisp cantext. As we mentioned above it is very common to obtain aggregated



preferences of large gronps of peupls by means of rules which allow the spccessive aggregation of degrees
of preferences. The sct of individuals is divided into smaller subsets of individuals -not necessarely
digjoint- and the global aggregation will be the aggregation of alt partial aggregations within each one
of Lhese subsets of individuals. We foliow the model proposed in [18.19] and subsequentely characterized
in [3], and the formalization given in |7].

At the basis of such a model are non alisolutely irrational {in the sense of (1319} cowrmplets [uzzy
preference relations. In particular. it is assumed that each individual is able to express herfhis opinion
about any possible set of alternatives through some comeplete fuzzy binary preference relation, as
lormalized below.

Led g0 X o® X — [0.1] be a {uzzy preference relation over an arbitcary fioite set of alternatives
X plz.y) represents the degree to which the relation 2 nef woerse than y holds. The earnplotenoss
hypothesys iz expressod by

wle ) Fplw, e) > | Ye,pe X {3.1)

Following [4], curnpleteness is required in order to assure that all individuals consider the sel of alter-
natives on which they ane cxpressing their opinions, feasible and comprehensive.
The values

grlzy) = pleoy) 4 ply o) -1 (3.2}
sz y) = plry)— priz. y)
pwlewy = gy z)—play)

call be understood. respectively, as the degree to which the two aliernatives are indifferent (zfy), the
degree of strict prelersnce of £ over y, (= By, & 15 bedier than ) and the dogree ol stoict preference ol
guver ¢ {cHWy, ¢ is worse than y), We clearly have that

Arle ) bagle o) pwizoy) =t Ve (5.8

We want Lo detine ratiomality as a fuzzy property. We then consider cvcles of preferances aver hatns
(F =[xy - Fyq— --— rgp — x1] of & distinct. allecnatives, defined as

Ty fyeeHy o re P
where # e {W I By forallh — L2 .k A evele & Pyoef - 2o Poxy s armedional if either
s Fped{B ffurallh=12_ _ tand Be{P :h=12_ kb
e Foe{Witforall i=102, .  Fand W e [P k=12 k]

We say that a cycle 15 rational if it is naot irrational. Then, given any fuzzy proference g over a fixed
sed of alternatives and a chain of allsrnatives, we can laok for all possible rational cyeles of preforences,
weigh Lhem in some way and assign 1o the chain a degree of rationality (see [5,08]). Specifically, this
15 dome as follows, Civen a acyele O = I oo Pez) where Py c{B I Wlhforalhi= 1,2 . &, &
guite natural weight associated lo 7 and denoted by A(C) s

'&{C] = H::1FP1,|:I.':.$&+|]I

where x4, = x| for convenience.
Therefore, given a chain G = (z; — 22 — -+ 24 — ;) 3 degree of rationality assoctated to (¢ and
dennted by A, {€) can be defined as

A0 = Z AL,

i'e rab.cycles



As proven in [5 18], AL () verifies
L= Aufiy = I don. Tagr )+ e plzngr, zad — 205 ey (mp, wagn ). (3.4)

In view of (34), once a finite set of alternatives X has been fixed, rationality can be defined as a fuzzy
property 4 0 PLY) — [0, 1] with
Alp) = ||(|jiu.4.},|:('r‘]l {4.5]

aitd where T{X} i the set of all complete fuzzy preferences. Needless to say, the abowve is just a
particnlar rationatity measuce, which may or may not seem “rational” . A formal characterization of
rationality measures, was given in [8], following the approach deseribed in [6]. The above described
rationality measure as well as the most commaonly found in litoraturs, are particular lnstance of such
general definetann. U would twn be desirable to extend the results that we will describe helow to
Ygeneric” fuzey rationality measures.

Cinee o group of 1 = 2 ndividuals is fixed, we should be alle o aggregale their opinions abaut
any sel of alternatives in a coherent way., Therefore, in [5] were delined aggregation operations that
can take intu account any extra alternative £ so to properly extend any previous aggregaled opinion
telativee b a collection of alteruatives ot containing =, The key properiies are the standard conditions

{IIA} iadependence of frrelevant Alternafices; each aggregated preference relation piz. i) drepends
salely on the values p*(x ¥), Lo, oo the individoal prefercnee intensitios of z over y

{(UD} Uwrestricied Domain: the aggregation rule is defincd over all pussible profiles of fuzzy prefer-
PrLCes,

(iiven an aggregation rale 6V 4 we also assume

(N} WNeufrality: given any permutation of the set of alternatives 7. if (&, ¥} = w*{m{z), 7(y)) for all
t= 1.2, and any pair of alternatives #, ¥, then

SN ()M ) = T8 () ™ )

It is clear then that the same aggregation ¢! will Le associated to any pair of altematives and
therefore cach possible aggregation procedure is characterized by one of Lhese aggregation rules.

For the tine being. we will suppose that conditions [TA, UD, K hold.

Given n ineddividuals expressing their opinion on the set of alternatives X and M7 the aggregated
prefercnce podefined on X x X associated to ¢ is defined as

plz ) = 6 e y), - e w)) Yev e X
Standard efhical conditions may also be imposed on the intewsity aggregation rubes, among them:

(PR) Positive Responstveness:
ey g, an) = VG By, by
a, = b forall: = 1,2, n and there exists ¥ < j < nosuch that a; > b;.
{A) Anonmaily given any permutalion x: {1, .., n} — {l.....n}. we have

‘ﬁ'[“]['ﬂh Oy, Gp) = "Jﬁf“}tﬂwﬂjr o -“"’{"J:I-



() Unanamtdy: fog = o forall i = 1.2 o« then

q!r':“]{m, Ay, ... Gl =u

{(C8) Cilrizen Sovereign: for any given a € [(1, [] thers exists a profile [t 02,0t ] € [0, 1]™ such thart
al™ ) ay as, by ] = a.
{ND} Nen Diolelorskrp: thete is no individual ¢ such that
:.!;':“](m T TR TI R 7
for any (ay, ... ooy gy, ..., a0) E [0, 1700

We will say that an intensity ageregation rule 1z romplete if and anly if the associated aggregated
fuzzy prefercace s complete for any profile of complets individual preferences.
A characterization of complote aggregalions rules is given by the following lermuna proven in [3].

LEMMA 1 An inteasity aggregation rule 61 2 [0,1]7 — [0, 1] 45 complete of and onfy of

S Mar g + NG, ) 2 L

whenever a, + b, = | foradl i = 1,2, . 1 Moersover, sinee $07) 45 moneione non decreasing fhen §8 1x
complede if and valy of

S TR L R T Ry
for att (.. . un) € [01] n

Tl aliwve grven fuzzy property of tationality is extended to aggregation rmies o the following way.

DEFINITION 1 Gisen nomadroiduals, an aggregation rafe @it [0,1]* — [0, 1] 45 non absoluesly
irrational {NAL), or simply non irrational, if for any ardedrary finide sef of alternatives X, the wssocraled
aggregated proference o0 X 2 X — [0, 1] 15 complete and nen absofutely irrufronal ve. Afp) = 0,
whenever afl individucls are complete and non absolutely irruttonal themsefves, ie. A{p') = U fur all
i= 12 m, owithopt o X w X — [0 1] for allz O

It is clear that in this way both individua and social opinions are required to Lelong 1o the set
of Non-Absolutely Ireational (NALD complete fuzzy preforeoce relations.  Therefore, we are in fact
ol ify g the Unrestricted Thmain candition.

The main resutt proven i [5] is the following.

THEOREM 1 fef g [0 1" — [0, 1] be 2 complete indensity aggregation rule veryfying condition A.
Then ¢ v NAL of and ondy if the following conditions fofd:

() s+ =t foralli=1 2w then dlan, .. end 4+ @00y, . b)) > |,

(i gla .. .,eq) = Lunphesa, = foralfi=1,2 . . n [ |

Mereover, [rom the proof of theorem | 1t can be coneluded that in order for a camplete intensity
aggregation rule to be NAT, conditions {i) and (i} are sufficicot.
Twic immediate corollaries of thearem | arc



COROLLARY 1 A remplele wtensity aggregation rufe ¢ o [0, 1* — |0, 1] verifying condifions €05
wnd A 15 NAL if and ondy if condifivns {1}-(i) of thearew | hold. .

CORQLLARY 2 Lei ¢ 0 [0,1]™ =~ {0, 1] be a rompiete intensily aggregation rule vertfying conduion
PR Then @ 1z NAS u

Exzample 1 By dpplvlng Corallary 2 we can easily prove that the following intensity aggregation rule
fvee [EA]. pE. G0 s NAL

o Weighied Gemeralized Mean: glven wy, ..., pusitive real numbers and » = || then

Wlf-r'."vf{m,...,u,,]l - (Z Ewa{n - )
=1

where the assurnption + = | has been made In order to assure completeness.

4 Cover-based hierarchical aggregation rules

Cover-based hierarchical agpregation rules appear i practice when the whole set of tndividuals is
previously divided inla groups (not necessarely disjaint), in such a way that the sl garmation G
nhtained by means of those subsets of individuals. Sometimes the socicty under study is naturally
rlassified into those sinaller gronps, and someties sneh o classification iz just claimed hecawse of the
large dimension of the group. Hence, final aggregation will be oblained as an amalgamation of all these
partial agprepations.

Let us now intriduce some notations which will he wsrful Tor our luture discussions.

By {f1.41.. .- .in) we will denote the ardered list whose fiest element is i, second element 15 £ and
so on. (] will denote the empty hist and given a list L. |L] will denote the length of the st Maoreowver,
let. - b the classical list composition operator. Finally, given a list L we define the operator + that
produces the set of dements of the st L je, sl — {5 : f acenrs i L}, Thus. given a list £ the notation
J € L has the meaning of j € L. |« L] will denote the cardinality of the set «L and since sets have no
repslion of eletnents 11 is clear that |« £] < |L] for any list L.

Soif

Ly ={1.23] fL.=1[324.13)
We have,
=L ={1,2,3} . +L:=13,2.4}.

Cilven & list ! and  lists £, .., &, we say that Lhe list T = [Fi,.... fa] i3 & cover of T if the
following conditions are venlied:

s e F[forall k=12, . .m

o forall £ =12, m, we have | x f| = |{] i.e. all Lhe elements in J, are different
« xf = U:l:t s i
Coven & list of indices f = [1),. .., 4,,] and a0 aggregation rule ¢, we introducs the lullewing notation

Mag|h € F) = dla,, .. ).

Then we can define the concept of eover-based hierarchical aggregation.

=-I



DEFINITLION 2 Let ! obe o finefe fist of tadices and et [fr, .. 1. ] be a fized cover of . Let ve = | J|

and op — |f]| for all £ = 1.2 g A cover based hierarchical aggregalion ¢ s cliaracierized by o
codleetion oo,y e, ... 9., of aggregation rules with eq = 2 and with me > | for somre | £ & = o,
sweht dhal gy o (R E]™ - [00] ferall b =012, ro, thosuch g way thaf the compostion

@ T gl gy, e ) o [0, 1] — [0, 1)
t5 defined ws
m[ﬂkl": C "H-l = ﬁ'lﬂ{ﬁ‘:';l:ﬂ-,l’;lh = -'rl}1 i 1"‘:':}'Tn|:a-il:“I E Jr'-‘u:l]
O

To clariy definition 2 consder the following example. Let f = {1,2.3,4] and for cp = 3 consider
the cover [£). fa. 82] with f| = [, f—[2.3.1]), 4s=J4, L. 3] . 8o given any inpul (i, a6z, )
we have

dlay, 2y aq.ag] = dolebylery, s ), dulas, qy. 07), @l g, 0y, 83}

Assuming an a priost fixed cover [, ... £, ] of f. cach hierarchical aggregation is therefore charac-
teriged by the composition @ale). da. .., de, )

DEFINITION 3 If 4 properdy P that kelds for do, . die o e, Rolds for ol o ., ) as wrell,

witk respect fo any fred cover, we will say Mot P propagates under cover-based hisrarchical aggrega-
ticns. )

Chae important properly that propagales under cover-based hierarchical aggregation is sfabulily as
defined and analyzed in [7].

DEFINITION 4 An tenstdy aggregation vufe o is stable of there exisfs a constand A fonllod stability
constant) such thed for all o > 0 and for afl s = 1. . m.

B s T v
Jovr ol o em and for o) —a,| < e r

As a simple eemseguence of lunctional camposition many other propeeties peopagate inder cover-
based hierarchical aggregations. among them completeness, positive responsiveness (PR, unanimity
(U] and conditions (1] and (i) of theorem 1. Being NAD also propagates, as shown in the following
thearent.

THEQREM 2 if dn.dhy.@a. ... e, are NAT aggregoiion rules then ¢ = ol @ e, ... Be,) 25 also

NAT e radzonalidy propagates wnder cover-besed Joeryrchronl aggregaiions,

Proof. Let X e a set of alternatives and let j:t, coea gt e o NAL individuaals, Let us denote Ly
v the aggrepation function associated to @ and by v Lhe aggregation function associated to ¢ for all
k=012 e Sioce all the individuals p', .. g™ are NAI so are vy, ... b, . On the other hand,
since o s MAl and o view of definition 1, we haws that i agrregation funclion vy defined as

volr, w) = dolin(z, y). .. vz, 1))
is NAL Therefore, sinee
vle y) = mo(z.y)
we have that ¢ 1= NAL [ |
[t 1s easy lo observe that anomimity (A} and citizen sovereign (U5) do not in gencral propagate

under cover-based hierarchical aggregations. Hawever, it ¢an be proved they propagate in specific but
unporbant cases (see [7] for details).



5 OWA Operators and Ordered Hierarchies

We will now intrduce ordered hierarchical aggregations, Such hierarchical aggrepations are related
very naturally to the Ordered Werghted Averaging (WA ) operators.
As previnusly eotumented, for any OWA operator ¢ we have

iy, ) = By, an) S man{ay, .. i) [9.6)

Twno significative mreasures are associated with QWA operatars (eee Yager [24]) (diven ¢ of dimen-
sion m with assoviatod weights wy, oLty these measares are the followimg.

fwal} degree of orness i hlow close an OWA operator is to the max operator. It is defined as

pritesa{d] = g3 J_ 1 Z{“ — T}
i=l

Pual to the measure of erness 15 the measure of anduess defineed as
reerdness(d} = L — orness(g)
which therelure tneasures how close an OWA operator s to the min operalor.

(a2} The secind ineasure called disperstos gives us the degres wo which all aggrepates are used equally,
Le. the degree to which an OWA operator is close to the simiple average operator. The dispersion

fieasure 15 defined as
L]

apld) = — z ey Loy
i=1
As shown in [2]. arness{e) < orness{é’) when therr associated weights (wy, ... 1) and fud. o nd )

verify that

Yow S W Wil n (5.7)
=1

i=1
This property gives in Fact the inkwitive idea of when an QWA operator must be more an "or” than

other OWA aperator An imporlanl class of DWA operator is the class of deoyancy measures defined
as foltews [see [24])

DEFINITION 5 Ar (WA eperator ¢ {5 o huoyancy rieasure if the associated weights i, s, ..., iy,
verefy the condifron wy = iy for all i < g u

HBuoyancy measures verily the property of being orlike measures, ie. if ¢ iz a buoyancy measure
then orness{d) = 21 Bucyancy measures verily as well an important prapecty for our futare discussions
{see [11]}

THEQREM 3 Lot & de an WA operater of deviension it widh assoctated weights vy, ... tie. Then
d is rompleie of and only of for all integer £ < 8 we have

k

k
Ztu, = Ztun_§+1. {E'H]
=1

=1



Therefore. since buoyancy measurcs verily condition (5.8 thay are complete.
A characterization of OWA opgralors in termns of “fuzgzy rationality™ is given by the following
thsarern.

THEQREM 4 Lel ¢ be o complete OWA opereior wilh assoctaled werghtls wy, . wy. Then @ da NA[
of and oaly of w, = 0.

Froof. We remark that WA operators verify the pre-canditions of theorem 1. We witl now show
that any completr OWA operator venlies condition (3} of theorem 1.
Suppeose then Lhal a, + 8, > L forait t = 1,2, .., n Therelore apny > 0 and by > O frotn which we

also have that there exists « = Qsocl that forall i = 1,2, .. .50
a,+b4 —¢ = ]
b — ¢ = 0

We then have

TL

@y, Lagd+db b = Z gt A Z by =

i=| = |
3 g+ 3 wilbg =€)~ @lrn. o an}+ dlb =6, by —€)
E—1 =1

sud the latter is not sadler thaa | lor the completeness hy pothesys.

lo order to prove our theoremr it is enough to prove that w, = 0 il and only of condivon (1)
of theoram L holds, ve if aod ooly if g9la. . ,end = Dimplies a1 = ... = up = 1. Suppose that
By 2ty 2o 2 ar s YR have

alery. ... .1, = Zwmi =l = wy =0 Yu < 1.
iz|
It tagrn we have-
s l@lay... . a,) = 1 and e, < 1 then w, =1
o il wy, = 0then @l ., lLead = I for all ey £ [0 1]
and the theuremn 15 proven. &
As a simple consequence wr have

COROLLARY 3 A bnoyancy tacasure s NAL if and ondy if alf is associnled weights are non null
|

3.1 Ordered hierarchies of OWA operators

Et can easily be observed tht sover-lased Lierarchical aggregations of QWA operators do not in general
produre OWA nperators since cover-based hierarchical aggregations are characterized by a flixed cover
of inclividusls, independently of their opinions. We will now give a characterization of hierarchical
aggregations of QWA operators that produce OWA operators.

bet dhg, ¢y, .o, be o 4+ 1 WA operators such that

10



w ¢y has dimension

# o, has dimension & forany i = 1,2, .., ¢
-
- Zi:[ fiu=mn
Led way g, . ...t be the weights associated to &g, and for all 4 = 1,0 .0 let oy ... w, ), be the

weights associated to §;.

DEFINITION & The ordered hierachical composition of g, dy, . - - 5 defined by

Jor afl v-wples {0y, .., a,]. o

DEFIMNITION T If ¢ properiy P thal Rolds for do gy, $2, .. d. holds for the ordered hecramhical ag-
gregation doldn. ... da) as well, we wall say dhat P propagates under ardered hicrarehical aggregations.
a

The result we were looking tor follows.

THEOREM 5 The properiy of deing an O WA eperator propagafes wnder ordered brergrchicel agpre-
gations.

Proof. Criven any n-uple a,. ..., 06 sech that ap > ax 2 .. > a,, because of property 3.6 lor Lhe
OWA operalors, we have

{f"il:.ﬂlll""'ﬂhl.:l ‘:_" :: ¢-’!{aﬂ-—ﬂ.-_+1= "l(’l:"'l:I

Let o = EL] f;fuorany p = 1,2, ... e

We have
LR 1
‘ﬁu{fﬁh ces 1‘:1517:'{“'] ----- ﬂn.:' = "hﬂ{Z “-']_.1:‘11'1 Cee L u:l',l:—'r,-_-.a1j -
i=| f—re_q+1L
r w3 fy n
zwu,j 2_, Wyt—n; 1 = Zwﬂ.lwl,iﬂ'i T E Z e R R
i=1 i=or, oy +1 1=l F=are— +1

Finaily, since
N n
E wp i+ ...+ E Mgt e, = ]
=1 [T S N |
we: can elair thal the ardered hierachical aggregation produces an OWA oporator |

Thus, the above defined ordered hierarchical aggregations arc such that the property of being an
(VWA operator propagates. Howover, as it s casy to see, completeness does not prapagate in general for
ordered hierarchical aggregations. Moreover -in view of theorein 5 Monotonicity, ldempotency, Com-
mutativity, Stability and Non Alsalute Irationality (whenever completeness propagates) propagate
under ordered hierarchical aggregations of OWA aperators,

L1



5.2 Orness and Dispersion

Catven a fixed ordered hisrarchical aggregation & = dele,, .. ) based npen 2 1 1 OWA operators,
the degree of nrness is given by
L= =2 1
orness(dh = of \ LT Dy =dpglzg, o, oo 200
n—Ltn-1 n—1
where
4 {u - :;;1 by + 1] " - Z}zi fi, } b n {21:11 by + m})
SE TPy PR = o =
* n—1 n—1 ml_'_ n—1 e
T 23:1 fi, i E:’;:l{h' — b, B E}:_l hj s ljarnﬁsk{(ﬁi]
n—1 n—1 B n—1 (hs n—1
foralli = 1., . ¢, with k; the dimenzian of each ¢ and {an ..o oLty g, } s associated weights, Hence,
(R — Vorness(d,) +n — Z_'r:l h,
ornessih] = i
=2 v g,
-1
Obviously, changes in @;5 weights fur 3 o= 1o ¢ 1nosuch a way that eriess(dy) dues oot decrease
for any 3 = 1. o will never make orness{d] decrease. Howover, increasing orness(dn] does oot

necessarely increase orness(d) as shown by the lollowing exariple.

Fxample 2 Lot gy, ¢4 be two OWA operators of dimenston o such that their assoriated weights are,
respectively, woz = Lo = 0 for all # # 2 and i, — wyy — /2w, = 0forall i £ 1.3 Then,

araeas(idn) = srmess{@,). Lel now ¢; be the minimum rule (ie, ormess(d,) — Oforall i =1, . o)
Then the difference between ornessidald . .. .. dad) and orress(adia L. b)) will stibl depend on the
relative sizes fip and fig of OWA oporators de, &y, o

‘The dispersion of the hierarchical agpregation can be computed as follows.

e hy
Crap{d} = _ZL“"UJ“’J'.E Inficq,,wy ]

1=11=1
c B,
= Z Z(‘”ﬂ.j ty At g 4 g tes ey )
F="11="1
= i3 Z g I — z g g LM sy )
i=l =1
= Disp{dn)+ ¥ wo, Psp(d;)

=1
Tlerefure, the dispersion of the hierarchical aggregations depends directly upon the dispersions of
Lhe given QWA operators.
Lo bath cases il s however clear that once the operators o and ¢, .., ¢, are fixed then the orness
and hispersicn values of the hierarchical aggregation depend wpon the particular oodering of the ¢ QWA

operators &, . g
I 15 then natural to ask the foliowing questions:

12



{13 How can oue quickly find an ordering of those ¢ WA aggregated operators which inaximizes
[resp. mininizes] the dispersion vatue of the hierarchical aggregation 7

{2) How can one grickly find an ordering of those ¢ OWA aggregated aperators which maximizes
[res73. tuinimizes] the orness value of the hisrarchical aggregation ?

Tn the next section we will provide complete solutions for them following the results in [9,12].

6 Maximizing and minimizing dispersion and orness

Let dg be an OWA operator of dimension ¢ and let & = {g; 0 | = 0 < ¢} be a given set of (VA
aperators and el fiy, oo & their pespective ditmensions,
6.1 Diispersion

We start by providing polynonial algorithms to maximize [resp. minimize] the dispersion of the hier-
archical aggregation.
Let = be a peemmtation of the indices {1.2.. .., ¢} such that

i< jafand only if ty ey 2 g 0,y

Dibuitively, for @ - 1.2, et gpqp 05 the -th weight in non-increasing order.
bet gy, ..., i, Lie o given ordering of the WA operators in d
We will now prove that the following lemunss bold,

LEMMA 2 The walfue Displa) = Displgg) + Z;:1 tig P ap(en, ) I meriman i and ondy of the
orderittg ¢y, ..., b PevIfics

t 5 f and ondy of Disp{gna) = Disp{deg)-
|
LEMMA 3 The valne IMap(d) = Desplan) + E;:] g, Ltapled, ) ds mininenny if and only of the or-

deving oy, ., & verytes
= of and vy of Disp{g, ) < Pispldag)
-]
In order to prove the two lemmas above, we make nse of e clementary cesalt that il e = 62> 0

and ¢ = of > U then ae + bd = ad + b

(L1} Let s then prove Lemma 2.

Soppase firsl Chal (Hspld) 12 maximum and soppase by conlradiction thal there exist & j with
i< j such that fsp(de) < Displéen) Then since

wD.rf:]Displ:d"w[:jj} + wl‘llt(jjﬂisp{*ﬁr[i]} = Ul x4 Dtsp[‘i‘w[:]:l + u'ﬂ,w{jjﬂiﬁp{";}’wfjj]
by switchimg &; and §; we would ohtain an ordering which would cause the dispersion of the

hierarchical aggregation Lo ncreass, contradicting the initial hypothesys.

13



Conversely, suppose thal the ordering ¢, ..., 4. werifies the condition of the Lemntna.  Lel
3y, ... . @, be an ordering which maximizes Lisp(). From what has been proven aliowe, Lhis
ordering verifies the candition of the Lemima as well.

Let us prove that

-

Z“—'M frispldy ) = Z""ﬁ.i Disp{{é;].

1=1 =1

If de1y 7 @, in view of the condilion of the Lemma it must be

Displgpary) = Displal )

Thus. we are left to prove that

Z tun j Dasple; | = Z i Disp( ) }.

JETL) FATit;
which can be shown easily to hold, by applying a recursive argument.

(L2 Temma 3 can be praven analogously.

In view of the above Lemmas and feom the well-known result (see, ¢.g., {3]) that any given n onunbers
ran be sorted 1n nlognd tune, we can claim that the following theorem is true.

THEOREM 6 {riven an OWA operator ¢y of ditnension » and a sed of ¢ QWA operniors & and given
thear dispersions, there wosts o Neloge) alyordtfim which prvfuces an ordering of & mannazieg (or
mantunizing ) e dispersion of the Aeerarchical aggregafion. a

ti.2 Orness

The: problem of maximizing or minirmdzing the orwess of the hierarchical apgregalion at a frsl sight
appears Lo be guite more diffieult from a computational point of view and its (podyoamiall solution
definitely mare aubtle. However we can see that we can casily reduce such a problem o the classical
combinatorial asstgnimend probfem lor which there exists a ¢Ne®) algorithm.

Let us go back to the algebraic exprossion for computing the orness of the hierarchical aggregalion
aee an ordering ¢y, e of the OWA operators in & has been lixed:

orness(p) = i s I}U”w”l::h:ll—i_ o W i
—

i=1

Thus

. (hi — Norness(¢hug, +on— 301 wo b

oricss(g) = Z 4

=1l

n—1

We ran therefore conclude that the eontribution to the oroess of 6 of an OWA operatar ¢ € ¢ with



dimension f will be

ﬁ(‘i’. 1y = [h_ljﬁnc:‘iﬁjmn‘”""h il ¢ is the firsi,
5{&!,2} e [h-—'I)wnass(¢}:_q‘1;+n—[!—1.r.-g‘-|:||’1 Irlﬁl s licsiennd

[h— IJornf.ss[q?rjul.;I,-rn—Z:_l wp ph

B} = ] = il ¢ is the i-th

Bld,e— 11 = i-‘-'--_i;'im“”[";'”"”-‘-"‘:'“_{”'“"‘*"'w“"'h) if 4 is the next Lo the last

l.,il:l';',(-‘j — th—Llermaas( @y 4n-my b

il @ iz the last

Suwmming up we ran say that:
w denoted with @), $2, ... 0, the WA operators in &, and

w dennted for simplicity with &; the contribution to the orness of ¢ of the operator & anee it is
chosen as the j-1h i the hierarchical aggregation, then

w the problem of maximizing [resp. minimizing] the orpess of the hierarchical aggregation is equiv
alent to the prolilem of loding a permuotation 7 of the rows of the matrix

du bl Ay

da1 B oL boe
A = : : : :

ﬁ(l ‘Sc‘l ey ‘Src

such that the sum of the odements of the wain diagonal of

Iﬁ:||'n|'I:|I ﬁ:r{l]Z éw[1]c
I,-"'rl'njl E’:ll'[r.:]? ce ‘ﬁw[:r._]-r

is maxiroun [resp. minioam], e, swch that

Zér[i]i
=l

is maximum {resp. minimum].

The above is the classical gssignment problem (also known as the hiparisie werghled matching prob-
tem} {see: [21], chaptor 113 and can be solved by the so-called hungarian method (see [16]) in time Q7).
bMore recently in [22] it has been proven thatl by using spedial data strucbures (it is possible to improve
the above bound to £ e? loge).

6.3 Some particular cases

e loge) algorithms can lostead Le given for the most significative cases in practice. Since each one
of the given ¢ QWA operators represents partial information to be aggregated into only one wdex, it
i5 common to define Lhem in such a way thal either



o they conlain the same amount of infannation. Lo this case, all OWA operators in & will have the
same dimension f such that n = he; ar

w they treat their inputs with the same degree of optimism [pessimism). In this case, all OWA
operators will have the same degree of orness.

Let ts consider the above two cases in more details.

{case 1} In case all OWA operators in & have the same dimension £ = /e, we have to find an ordering
iy, such that

M R | cos{dst 4 m— 5 h_ h
-:)I‘Hﬂﬁﬁl[q‘i:l o Z ': :lti'i"u { :J’ ZJ_”l'_u’Ll,i

n—1

i—1

i e, Thoerelore,

z fi— 1) e ik
nrseess(d] = Q Z orivess(d; by ; + E*':'L'{—'—J LI
: n—1 | ! | ;
I=
It follows that Lthe sought ordering can be obtaimned as in Lemima 2, 000 by producing any ordering
which verifies
t = 4 1f and only if orness{d e} < orness{dq ;)
Analogously 1l we want Lo minimize the orness of the hierarchical aggregation we act a= in Lemma
1.
{case 2) in rase afl WA aperators in % have the same orness 7, we have

.

. | : -
mrnesald] = ] Zl:r'h,- + Z Bidwn, — n: @

=1 F=i+1

As A ennsequenes, any ordering which sorts the elements of @ in inereasing [resp.  decreasing]
order wilh respect ta therr dimensions maximizes [resp. minimizes] the srness.

7 Final Comments

[t this paper, we surveyed on some research work that has been dooe to oltain a full charaterizakion
af rational aggregation operatars and hicrarchies of them. In particular we focused on the propagalion
af key etlucal condilions, rationality and stability praperties of cover-based hierarchies and ordercd
hierarchies. In this last case, we hiave analyzed Yager’s OWA operators and seen that the property
of belng an OWA operator propagates under ardered hicrarchical aggregations, As by product, we
vhserved interesting theoretical and camputatational resulls on the propagation of WA operalors
stgnificant measures such a5 oruess and dispersion,

We conclude Ly again pointing out the practical limportaoce of such hierarchical aggregalion rules.
Preference intensity of targe groups of people are in common life usually aggregated by means of
hierarchical procedutes. The Fact that standard ethical conditions as well as non absolute irrationality,
together with stability, propagate under general eonditions legitimize hicrarchical aggregations from
Lboth theoretical and applicative point of view.

Acknowledgment: This research has been partially supported by Lireceion (General de Lnvesti-
gacidn Crentifica y Tecnica [Spain).
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