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Primordial magnetic fields from metric perturbations
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We study the amplification of electromagnetic vacuum fluctuations induced by the evolution of scalar metric
perturbations at the end of inflation. Such perturbations break the conformal invariance of Maxwell equations
in Friedmann-Robertson-Walker backgrounds and allow the growth of magnetic fields on super-Hubble scales.
We relate the strength of the fields generated by this mechanism with the power spectrum of scalar perturba-
tions and estimate the amplification on galactic scales for different values of the spectral index. Finally we
discuss the possible effects of finite conductivity during reheating.
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[. INTRODUCTION include non-minimal gravitational-electromagnetic coupling
[8], inflaton coupling to EM Lagrangiaf9], spontaneous
The existence of cosmic magnetic fields with large coherbreaking of Lorentz invariandéd 0] or back reaction of mini-
ence lengthg>10 kpg and a typical strength of 16 G mally coupled charged scalaf$1-13. Some of them are
still remains an open problem in astrophysjids$. A partial  able to generate fields of the required strength to seed the
explanation, widely considered in the literature, is based omalactic dynamo or even to account for the observations
the amplification of seed fields by means of the so calledvithout further amplification.
galactic dynamo mechanism. In this mechanism, the differ- In this paper we explore the alternative possibility, i.e. we
ential rotation of the galaxy is able to transfer energy into theavoid conformal triviality by considering deviations from the
magnetic field, but nevertheless it still requires a preexisitingFRW metric (see[14] for a suggestion along these lines
field to be amplified. The present bounds on the necessaiyhis approach is rather natural since we know that galaxies
seed fields to comply with observations are in the rangdormed from small metric inhomogeneities present at large
Bsee=10 1'—10"22 G (h=0.65-0.5) at decoupling time, scales and, in addition, it does not require any modification
coherent on a comoving scale g~ 10 kpc, for a flat uni-  of Maxwell electromagnetism. In the inflationary cosmology,
verse without a cosmological constant. For a flat universenetric perturbations are generated when quantum fluctua-
with a nonvanishing cosmological constant, the limits can baions become super-Hubble sized and thereafter evolve as
relaxed up tBgee=10 2°—10"%° G (h=0.65-0.5) at de-  classical fluctuations, reentering the horizon during radiation
coupling forQ ,=0.7 andQ),,=0.3[2]. The observations of or matter dominated erd45]. The same mechanism would
micro-Gauss magnetic fields in two high-redshift objdsee  operate on large-scale EM fluctuations. However, if confor-
[1,2] and references thersiicould, if correct, impose more mal invariance is not broken, each positive or negative fre-
stringent conditions on the seeds fields or even on the dyguency EM mode will evolve independently, without mixing.
namo mechanism itself. This implies that photons cannot be created and therefore
The cosmological origin of the seed fields is one of themagnetic fields are not amplified. However, in the presence
most interesting possibilities, although some other mechaef an inhomogeneous background, we will show that the
nisms at the astrophysical level, such as the Biermann batnode-mode coupling between EM and metric perturbations
tery process, have also been considd@d]. In the cosmo- generates the mixing. This in turn will allow us to relate the
logical case, in which we will be mainly interested in this strength of the magnetic field created by this mechanism and
work, it is natural to expedis] that the same mechanism that the particular form of the metric perturbations described by
gave rise to the large-scale galactic structure, i.e. amplificathe corresponding power spectrum. Those photons produced
tion of quantum fluctuations during inflation, was also re-in the inflation-radiation transition with very long wave-
sponsible for the generation of the primordial magneticlengths can be seen as static electric or magnetic fields. Be-
fields. However, it was soon noticgf] that the gravitational cause of the high conductivity of the Universe in the radia-
amplification does not operate in the case of electromagnetiton era, the electric components are rapidly damped
(EM) fields. This is because of the conformal triviality of whereas, thanks to magnetic flux conservation, the magnetic
Maxwell equations in Friedmann-Robertson-WalkKERW)  fields will remain frozen in the plasma and their subsequent
backgrounds, i.e. conformally invariant equations in a conevolution will be trivial, Ba?= const[5,9]. The paper is or-
formally flat space-time. In order to avoid this difficulty, sev- ganized as follows. In Sec. Il we obtain the Maxwell equa-
eral production mechanisms have been proposed in whictions in the presence of an inhomogeneous background and
Maxwell equations are modified in different ways. Thus for calculate the occupation number of the photons produced. In
example, the addition of mass terms to the photon or higherSec. 11l we apply these results to calculate the corresponding
curvature terms in the Lagrangian was studied5h The  magnetic field generated at galactic scales. Section IV is de-
contribution of the conformal anomaly was included[@.  voted to the analysis of the effects of finite conductivity in
In the context of string cosmology, the effects of a dynamicalthose results and finally, Sec. V includes the main conclu-
dilaton field were taken into account fid]. Other examples sions of the paper.
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Il. MAXWELL EQUATIONS AND PHOTON PRODUCTION that metric perturbations vanish before inflation starts, so that
we can define an appropriate initial conformal vacuum state.
Because of the presence of the inhomogeneous background,
in the asymptotic future, this solution will behave as a linear
esuperposmon of positive and negative frequency modes with
different momenta and different polarizations, i.e.,

Although there are previous works on the production of
scalar and fermionic particles in inhomogeneous back-
grounds[16,17], in this paper we will need to extend the
analysis to the case of gauge fields. Let us then consid
Maxwell equations

. : . 0 q
in a background metric that can be split a3,=9,,
+h,,, where €, IN) -
o +qu“\,—e—l(qx—qn)> : (8
g, dxtdx’=a?(7)(d7’— &;dx dx)) 2 V2qV
is the flat ERW metric in conformal time and It is possible to obtain an expression for the Bogolyubov
o coefficients gy and Byqyy+ to first order in the metric
hwdx/‘dx”:2a2( 7)®(d7n*+ dijdx'dx)) (3)  perturbations. With that purpose, we look for solutions of the

equations of motion in the form:
is the most general form of the linearized scalar metric per-

turbation in the longitudinal gauge and where it has been A“(x):A(O)k*”(x)+A(1)‘2*”(x)+--- (9)

assumed that the spatial part of the energy-momentum tensor

is diagonal, as indeed happens in the |nflat|onary or perfeq}vhereA(o)k \(x) is the solution in the absence of perturba-
o

fluid cosmologies[15]. In this expression®(7,x) is the  tions given by Eq(7). Introducing this expansion in E¢5)
gauge invariant gravitational potential. Equatidn can be  and Fourier transforming, we obtain for the temporal com-

written as: ponent of the EM field to first order in the perturbations:
f . M[J_g"“ YB(3,Ag—pAL)]=0, 4 ALK (G, )= — ﬁ%@(mq m)e ik
. o o (10
which leads in this background to the following linearized -
equations where, as usual®(q, )= (2m) ¥/ d*x&¥P(x, 7). The
zeroth order equation impliea{®**(q,)=0. The spatial

%[(1_2q))(aiA0_‘90Ai)]:O. (5)  equations(6) can be written to first order as:

X

f 0 and 20'AQ" + 5 AL — AL 1+ 2V . VAQ -2V D . 9, A©)
or v=0 an
5 +V2AW +40V2A =0, (11)
—[(1=2P)(dAg— doAi) ]

an Inserting again expansid®), these equations can be rewrit-
ten in Fourier space as:
+ij[(1+2<b)(&in—aiAj)]=0, (6) 2 . . .
x —— ARG, )+ ARG, )~ KNG, ) =0 (12)
for v=i. In addition, we will use the Coulomb gauge condi-
tion V-A=0. where:

In order to study the amplification of vacuum fluctuations,
let us consider a particular solution of the above equations 2k [. o -
. particts eaua 3N, n)——\/—(l¢(k+q,n)
that we will denote byA ;*(x) such that asymptotically in \
the past it behaves as a positive frequency plane wave with
momentumk and polarization\, i.e.

k?—Kk-q

+ k4G,

ei(lz,)\)efik”

S n— =0 s = (kx
AN = AP0 = —— e, (KN Ek, - (7)

- - L.k
+[e(k\)-qle(k+g,7) e 7

where k?=Kk2. For the two physical polarization states we c(KN)-q o _
have,e(k,\)-k=0 andey(k,\)=0. We will work in a finite i E[CD(kJrq, n)e'k”]qil :
box with comoving volumeV and we will take the con- q

tinuum limit at the end of the calculation. We are assuming (13
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Solving these equations we find, up to first order in theminimum size of the horizok,=a;H,, where thel sub-

perturbations: script denotes the end of inflation.
. We can obtain an explicit expression for the total number
A!Z,x( 3, 7)= &(k\) S(q—Kye k7 of photons(16) in terms of the power spectrum. Taking the
S 2KV g continuum limits,— (27) ~ ¥/ [d3k, we get:
1J7I - > d3k
+=| INaq,n")sinq(n—75"))d7’, _ 2
al (9,7")sin(q(»—7n"))dn Nke_gf, vV (27T)3/2|/3KKGM,|
(14
2
where 7, denotes the starting time of inflation. Comparing _ f dk |C\k+kc\|
this expression with Eq), it is straightforward to obtain Y (2m)%2 2kgV?

the Bogolyubov coefficient8,, -, which are given by:

k-k
i]-"’+—G}">

> - -

E(GA)-ING pe7dy (15 K

fof

X[e(k,\) - €(kg A" )]+ €(k,\)-Kg]

—i 7
Bran! ——quLO

where n; denotes the present time. The total number of pho- 2
tons created with comoving wave numbey=2m/\g, cor- X[E(IZG A’)~l€]f
responding to the relevant coherence length, is therefore ’ k

given by[18]:

19

ei(kG+k)n}

Notice that the last term in Eq13) does not contribute to
N — 2 E 8 2 (16 {qu%”’ because of thg transyersality _conditi_on of the polar-
ks 5% kkghA 'l - ization vectors. The integration i’k is dominated by the
' upper limit, i.e.k>kg and accordingly we can ignore the

We will concentrate only in the effect of super-Hubble scalareffect of the terms proportional fqs . In addition, for those

perturbations whose evolution is relatively simplé]: modesk which are outside the Hubble radius at the end of
inflation, we havekn<1. With these simplifications we ob-
O(K,p)=Cpr 2 1f 2|+ D, 2 1y = @n
( y 1) = ka d7] a a 7 ka31

where the second term decreases during inflation and canNks=
soon be neglected. Thus, it will be useful to rewrite the per-

turbation as.fD(IZ, 1) =CyF(n). During inflation or preheat-
ing, these perturbations evolve in time, whereas they are
practically constant during radiation or matter eras. We will
neglect the effects of the perturbations once they reenter the

honzon. Thisis a gopd approxlmatlon for modgs reenterlnqberforming the integration in the angular variables and using
right after the end of inflation since they are rapidly dampedthe definition of the power spectrum in E@8), we obtain:
In addition, we will show that those modes are the more ' '

relevant ones in the calculation.

J dk dQ) |Ck|2k2
Y (277)3/2 2kgV

2
X .

[ antiakiaF +kprakn)-eke NI
20

Th di Em?) . . 4(277)3/2 k n—1 2
e power spectrum corresponding to is given o —f 2 _) f ¥ )
by: Nig 3kg dkAS( ke dn(iF +KkF)
(21
k3| Cy|? L n-1 _ . . L :
Po(k)= W:AS P , (18 Finally, we will estimate the time integral. The behavior of
w C

scales that reenter the horizon during the radiation dominated

o _era is oscillatory with a decaying amplitufi&5], therefore,
where for simplicity we have taken a power-law behaviorihere js no long-time contribution to the integral that could

with spectral indexn and we have set the normalization at gl the perturbative method. Thus, for simplicity we will
the Cosmic Background Explorel(COBE) scale A\c  assume that the functiaf vanishes forp=1/k, and accord-
=3000 _Mpc w_|t_hAS_25>< 107>. In the case of a blue spec- ingly we estimated7(i 7 +kF)|2~O(1). Our final ex-
trum, with positive tilt (@>1), perturbations will grow at pression for the occupation number is:

small scales and it is necessary to introduce a clgff in
order to avoid excessive primordial black hole production

31252 32p2 |0
[19]. Accordingly, only below the cutoff the perturbative ZMkaaxdkwlz H2m)TAS Kmax .
method will be reliable. For negative tilt or scale-invariant © 3kg(ke)" ke 3n kg kg‘l
spectrum there will be also a small scale cutoff related to the (22

083006-3



ANTONIO L. MAROTO

IIl. MAGNETIC FIELD GENERATION

The energy density stored in a magnetic field m&je
with wave numbek is given by:

dpg |Bk|2

do 2 ° 23

pe(®)=w

with w=Kk/a the physical wave number. In terms of the oc-
cupation number it reads
pe(@)=w*Ny. (24)

From Eg.(22), we can obtain the strength of the field at
decoupling on a coherence scale correspondingk#o
~10 % GeV as:

232(277)3% Ag Ko k&
V3nag,, kIvE

B I=2(0g )Ny~ (25)

In Fig. 1 we have plotted the strength of the magnetic
field generated as a function of the comoving cutoff fre-

quencyk,,.x for different values of the spectral index No-
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log(Bge/1 G)

IOg(kmaz/ kC)

FIG. 1. IogBﬂGecll G) as a function of lod(,../kc). The con-
tinuous line corresponds to the scale-invariant Harrison-Zeldovich
spectrum witlm =1, the dashed line to= 0.8 and the dotted line to
n=1.25. The dashed horizontal line represents the weakest galactic
dynamo seed field limit corresponding to a flat universe with cos-
mological constant and=0.5.

that the inflation-radiation transition takes place in a few
inflaton oscillations[20] (see also[21]). Comparing with
Fig. 1 we see that with these simple estimations for the

¢4 model, the amplification could be above the require-

tice that the results are in general too weak to explain thé‘
¢ b 10° GeV for n

observed fields without any amplification. However, for cer-ments of the galactic dynamo gy=
tain values of the cosmological parameters, the produced 1.25.
fields could act as seeds for a galactic dynamo.

We see that the spectrum of magnetic fields produced by
this mechanism is therm#@,~k®?, in the low-momentum
region. We can then compare this spectrum with that corre- . . . .
sponding to the thermal background radiation with a tem- In the previous discussion we have assumed that electric

peratureT4,.~0.26 eV present at decoupling time. The en_conductivity of thg universe played no rgle in the ge.nlera}tion
ergy density in photons with comoving wave numisgr at of the magnetic fields. Although neglecting conductivity is a
decoupling is given bpr(wG)zk%Td /ag Thus we good approximation during inflation, it is not during the re-
ec ec
growing of the conductivity which becomes very high during
radiation[5]. This implies that the magnetic fields produced
in the inflation-radiation transition will evolve conserving
derz]nsny W'I: domn}ate:g/ glquthe bfackgroundl thfrmfllr?g.'at'onaﬁect the evolution of the EM modes. The effects of conduc-
m;ineivfr Og(i“giekcéév » 1.€. Tor example, fon= IS tivity can be taken into account in a phenomenological way
max— .
eneral, since it depends on the specific mechanism that gen: : .
grates the perturba?ions and also Fc))n the evolution of the Sngeneral the rigorous treatment WOUI.d require to solv_e the set
of coupled EM-matter fields equationf¥lasov equations
in which metric perturbations are generated by inflation, it is'S @ time and space dependent function, and it has been
natural to expectk,..<a/H,, as commented before. Thus, shown_that it growg_exponennally _durlng parametric reso-
let us take the simplest chaotic inflation model with potentiai"@nce in a non-equilibrium plasma in QER2]. The calcu-

IV. CONDUCTIVITY EFFECTS

pr(®g) _ Agecldec
pe(wg) Ny ke

~1.4% 1036( (26)

find: heating or radiation periods. As commented before, the co-
ke N) n
kma .
magnetic fluxog~a~*. However, it has been recently shown
The cutoff frequenc¥,,.x cannot be easily determined in by introducing a current sourck=oca/; in Eq. (11). This
verse during reheating and thermalization. However we can
V(¢)=\¢*4 [20], with x=10"1? fixed by COBE. In this

pious production of particles during reheating produces the
From this expression we see that the magnetic field energM?)] that the growth of conductivity during reheating could

approach is only valid at sufficiently large scalé8] and in
estimate typical values in some particular regime. In the cas@hich is beyond the scope of this paper. In genera(, 7)
model the Hubble parameter during

inflation

i,

lation of the actual functiorarc(i, 7) in our case would be
rather involved and model dependent, since it would require

=10" GeV. Owing to the uncertainties commented before information about the reheating and thermalization pro-
we will let the reheating temperatufigs; be a free param- cesses. For that reason we will not take any particular model,
eter. After reheating the universe evolution is adiabatid®ut we will do a general discussion of the possible effects in
a,/agec~Tqec/ TRy, and we can calculate the cutoff fre- different cases. We will also assume for simplicity that all the
quency aKax/ke~aH, /ke~agecTdgedH: /(TriKe), which  Fourier modes of the conductivity have the same time evo-

yields Knax/Ke~10%2 GeV/Tgy. Here we have assumed lution, i.e.o(K,7)=3 (7)o during reheating.
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In previous workg[12,13, the conductivity was consid- we expect its contribution to the EM field evolution to be
ered as a homogeneous fielt)( 7) and because of the form negligible. In the opposite case, the analysis would become
of the current source term, its effect was the damping of eacmuch more involved, since the above magnetohydrodynami-
EM mode. In our production mechanism, the inhomogene<€al approximation would break down and the full set of mi-
ities are able to mix different EM modes and for this reasoncroscopic equations would be needed. In any case, this
we need to have information about the complete spectrym simple analysis shows that the possible damping effects
and not only about the large-scale components. In additiomainly affect those modes witk~kg and that, depending
our analysis is perturbative and therefore we can only deen the actual conductivity spectrum, the rest of the modes
scribe the initial stages in which the conductivity is still could be less severely affected than in other models.
small. Let us then consider the modified spatial equation to
first order in the metric perturbations and the conductivity: V. CONCLUSIONS

In this work we have studied the production of photons in
the presence of an inhomogeneous gravitational background.
_ZV*(I,_&iA*(0)+V*zAi(1)+4q)V*2Ai(0):O. (27) We have shown how the breaking _of conformgl invz_iriance

induced by the evolution of metric perturbations in the

Following a similar analysis we find the same E#j2), but inflation-radiation transition is able to produce particles, and
with the new current: we have related the occupation number with the scalar metric

perturbations power spectrum.
i, 2k| [ .. i .. We have considered the possibility that this mechanism
It ==\ |1 (k+qn)—5a0(k+a,7) could have had some relevance in the problem of galactic
magnetic fields and we have concluded that the total ampli-
k2—I2-c] fication is several orders of magnitude below the observed
+———D(k+ 5,77)) €i(k,\)e k7 strengths. However, for certain values of the cosmological
K parameters and with the assistance of the dynamo mecha-

(20" —ao ) Al + A8 — A"+ 2V D . VA

k. nism, the amplification could be compatible with the current
+[e(k,\)-q]®(k+q,7) E'e*““7 (low-redshify galactic observations. We have also considered
the effect of conductivity in a phenomenological way and we

e(k )\).a d showed that although it could affect the evolution of EM
7 _[q)(|2+ a,n)eikn]qil ) modes, in some cases and depending on the particular form
> d7 of the spectrum, the effects could be small.
(29) The mechanism studied in this work only relies on the

existence of a primordial spectrum of metric perturbations,
In [13] the following lower limit on the(homogeneoyscon-  described by the scalar spectral indeand a possible cutoff
ductivity is obtaineda, o.~a, H,/a, with « the fine struc- frequencyk,,.x, which are the only free parameters in the
ture constant, i.ea; o.~Kmnax/@ and this implies that the model. Therefor.e, asa by—product we get that magnet_ic fields
conductivity term will dominate inJ!(’K(Ee,n) for k could .also provide usefullmform_anon about t_he metric per-

turbations spectrum and in particular about its small-scales

<kmnax- However, as commented before, the dominant Conregion

tribution to the EM amplification comes from the high-
frequency modes, i.&k~Kkqax- In such a case, the impor-

tance of the conductivity term is determined by the ratio
o /C when k—Kk,.«. Thus, if the conductivity is almost This work has been partially supported by the Ministerio
homogeneous, its spectrum will decline at short scales ande Educacio y Ciencia(Spain (CICYT AEN 97-1693.
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