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ABSTRACT

Using the contraction of the centrally extended Schrödinger algebra Ŝ(N) onto the Lie algebra S(N)⊕R in combination with the Newton
identities associated with the characteristic polynomial of a matrix, we derive explicit expressions for the Casimir operators of the unextended
Schrödinger algebra S(N) in terms of trace operators. It is shown that these operators can be defined independently of the contraction from
which a direct method for the computation of the S(N)-invariants is deduced.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5141091

I. INTRODUCTION
The maximal kinematical invariance algebra of the free Schrödinger equation ( h̵

2mΔ + i∂t)ψ(t, x) = 0, commonly known as the
Schrödinger algebra S(N), and its central extension Ŝ(N) arising naturally in the context of projective representations of S(N) are certainly
among the most studied physically relevant algebras that contain the Galilean algebra.1–4 Although Ŝ(N) and S(N) are not the result of a
contraction of the conformal Lie algebra so(2, 4), a significant connection between these algebras has been established, relating the notions of
free relativistic particles in spaces of constant curvature to nonrelativistic particles in external fields.5–9 In a more ample context, the extended
Schrödinger algebra appears for the value ℓ = 1

2 as a particular case within the hierarchy of the so-called generalized conformal Galilean
algebras Galℓ(N).10–15 Considered from a structural point of view, the extended Schrödinger algebra Ŝ(N) is the semidirect product of the
semisimple Lie algebra sl(2,R)⊕ so(N) and the Heisenberg algebra hN , thus belonging to a large class of Lie algebras whose fundamental
properties have been analyzed in some detail.16 In particular, the Casimir operators of such Lie algebras can be determined explicitly using
either analytical or purely algebraic procedures (see, e.g., Refs. 17–19 and references therein). As the contraction of Ŝ(N) onto the decompos-
able Lie algebra S(N)⊕R preserves the number of Casimir operators, it is reasonable to derive the invariants of the unextended Schrödinger
algebra S(N) as a limit of the invariants of Ŝ(N). This procedure, albeit valid, is not entirely satisfactory as it requires the explicit consideration
of the Lie algebra contraction and a suitable choice of invariants in Ŝ(N) in order to ensure that the corresponding limits provide independent
invariants of the contraction.

The objective of this work is to propose a constructive method for the invariants of the Lie algebra S(N) based uniquely on the traces
of suitably chosen matrices, so that a complete set of invariants can be computed directly, without using first the central extension Ŝ(N).
In order to derive such a method, we first reformulate the well-known construction of the Casimir operators of Ŝ(N) in terms of the so-
called Newton identities.20 Combining appropriately the resulting expressions with the Inönü–Wigner contraction of Ŝ(N) onto S(N)⊕R,
we can write the invariants of Ŝ(N) as trace polynomials dependent on the contraction parameter. Using the contraction of invariants,21 we
obtain the Casimir operators of the unextended Schrödinger algebra S(N) as the sum of trace operators. As these traces are obtained from
matrices that solely depend upon the commutators of S(N), it follows that the invariants can be constructed directly and independently of the
contraction.

Unless otherwise stated, any Lie algebra considered in this work is finite-dimensional and defined over the field of real numbers.
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Given a basis {X1, . . . , Xn} and the structure tensor {Ck
ij} of the Lie algebra g, its elements can be realized as differential operators in the

space C∞(g∗),

X̂i = −Ck
ijxk

∂

∂xj
, (1)

where [Xi, Xj] = Ck
ijXk (1 ≤ i < j ≤ n) and {x1, . . . , xn} are the coordinates in a dual basis of {X1, . . . , Xn}. A smooth function F ∈ C∞(g∗) is

called an invariant of g if and only if it is a solution of the system of partial differential equations (PDEs),

X̂iF = 0, 1 ≤ i ≤ n. (2)

The number N (g) of functionally independent solutions of such a system is an invariant of the algebra and is well-known to be given by

N (g) ∶= dim g − rank(Ck
ijxk)

1≤i<j≤dimg
, (3)

where A(g) ∶= (Ck
ijxk) is the matrix that represents the commutator table of g over the given basis. For polynomials F in the commuting vari-

ables {x1, . . . , xn}, the operator X̂iF represents the action of the generator Xi of g on F. If the polynomial is invariant by this action, i.e., satisfies
X̂iF = 0, then it corresponds to an element in the center Z(U(g)) of the enveloping algebra of g.22 The explicit correspondence between the
set of polynomial solutions of (2) and Z(U(g)) is established using the following symmetrization map, defined on monomials xα1 xα2 . . . xαp as

Symp(xα1 xα2 ⋅ ⋅ ⋅ xαp ) ∶=
1
p! ∑σ∈Σp

Xασ(1) Xασ(2) ⋅ ⋅ ⋅Xασ(p) , (4)

where Σp is the symmetric group in p letters. The image of a polynomial F(x1, . . . , xn) is easily obtained by linear extension of (4).
We briefly recall the elementary notions about contractions of Lie algebras that will be used in the following.23 Consider a Lie algebra g

and a family of automorphisms Ψε with ε ∈ (0, 1] such that Ψ1 = Idg. For arbitrary elements X, Y ∈ g, we define

[X, Y]ε ∶= Φ
−1
ε [Φε(X),Φε(Y)] (5)

that obviously corresponds to the Lie bracket over the transformed basis. If the limit

[X, Y]0 ∶= lim
ε→0

Φ−1
ε [Φε(X),Φε(Y)] (6)

exists for all X, Y ∈ g, Eq. (6) defines a Lie algebra g′ that we call the contraction of g (by Φε). If g is not isomorphic to g′, then the contraction
is said to be non-trivial. For physical applications, the most relevant type of contraction is given by the generalized Inönü–Wigner contrac-
tions,24,25 corresponding to the case where the contraction matrix AΦ is diagonal on some basis {X1, . . . , Xn} of g. In this situation, the matrix
elements and the automorphisms are given, respectively, by

(AΦ)ij = δj
iε

nj ; Φε(Xj) = εnj Xj, nj ∈ Z, 1 ≤ j ≤ n. (7)

The limiting process can also be extended to invariant functions of Lie algebras.21 Given a non-trivial contraction g↝ g′, the inequality
N (g) ≤ N(g′) is always satisfied. In particular, for a given contraction of the type (7) and a Casimir operator F(X1, . . . , Xn) = αi1...ip Xi1 . . .Xip

of g having degree p, it is straightforward to verify that the transformed invariant is given by

F(Φ−1
ε (X1), . . . ,Φ−1

ε (Xn)) = ε−ni1−⋅⋅⋅−nip αi1...ip Xi1 . . .Xip . (8)

Defining

Ω = max{ni1 + ⋅ ⋅ ⋅ + nip ∣ αi1...ip ≠ 0}, (9)

it follows at once that the limit

F′(X1, . . . , Xn) = lim
ε→0

εΩF(Φ−1
ε (X1), . . . ,Φ−1

ε (Xn)) = ∑
ni1 +⋅ ⋅ ⋅+nip=Ω

αi1...ip Xi1 . . .Xip (10)

is a Casimir operator of the contraction g′. Starting from a suitable fundamental system of invariants {C1, . . . , Cr} of g, we can always obtain
r independent invariants of g′, although the primitiveness of the contracted operators cannot be ensured (see, e.g., Refs. 21 and 26).

J. Math. Phys. 61, 043508 (2020); doi: 10.1063/1.5141091 61, 043508-2

Published under license by AIP Publishing

https://scitation.org/journal/jmp


Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

II. THE CONTRACTION Ŝ(N)↝ S(N)⊕ ⟨M⟩

The centrally extended Schrödinger algebra Ŝ(N) structurally corresponds to the semidirect product of the (2N + 1)-dimensional Heisen-
berg algebra with the semisimple Lie algebra sl(2,R)⊕ so(N), where the action of the latter on the former algebra is given by the representation
(D 1

2
⊗Λ)⊕D0, with D 1

2
⊗Λ being the tensor product of the fundamental representations D 1

2
of sl(2,R) and Λ of so(N) and D0 being the

trivial multiplet.2,9,12,27 It is convenient to consider the ordered basis {D, K, Pt , Jij, Pk, Gk, M}, where D is the generator of scale transformations,
K is the generator of conformal Galilean transformations, and Pt is the time translation, while Pμ and Gμ are the infinitesimal generators of
the spatial translation and special Galilei transformations, respectively. The skew-symmetric operators Jμν + Jνμ = 0 are rotations, while M is a
central mass generator.2,5 Over this basis, the non-trivial commutators are

[Jμν, Jλσ] = δμλJνσ + δνσJμλ − δμσJνλ − δνλJμσ ,
[Jμν, Pλ] = δμλPν − δνλPμ, [Jμν, Gλ] = δμλGν − δνλGμ,
[Pt , Gμ] = Pμ, [K, Pμ] = −Gμ,
[D, Gμ] = Gμ, [D, Pμ] = −Pμ,
[D, K] = 2K, [D, Pt] = −2Pt ,
[K, Pt] = −D, [Pμ, Gν] = δμνM.

(11)

We observe that the unextended Schrödinger algebra S(N) corresponds to the factor of Ŝ(N) by its center, generated by M, although it is more
convenient to describe S(N) by means of a contraction procedure.21 For ε ∈ (0, 1], define the automorphism Ψε of Ŝ(N) given by

Ψε(D) = D, Ψε(K) = K, Ψε(Pt) = Pt , Ψε(Jμν) = Jμν,
Ψε(Gμ) = εGμ, Ψε(Pμ) = εPμ, Ψε(M) =M. (12)

Over the transformed basis, it can be easily seen that the brackets are given by

[Jμν, Jλσ]ε = [Jμν, Jλσ], [Jμν, Pλ]ε = [Jμν, Pλ], [Jμν, Gλ]ε = [Jμν, Gλ],
[Pt , Gμ]ε = [Pt , Gμ], [D, Gμ]ε = [D, Gμ], [D, Pμ]ε = [D, Pμ],
[D, K]ε = [D, K], [D, Pt]ε = [D, Pt], [K, Pt]ε = [K, Pt],
[Pμ, Gν]ε = ε

2
[Pμ, Gν].

(13)

For any ε ≠ 0, these brackets are clearly those of Ŝ(N), while in the limit ε→ 0, we obtain the commutators of the decomposable Lie algebra
S(N)⊕ ⟨M⟩. The Levi decomposition of the latter is given by

S(N) ≃ (so(N)⊕ sl(2,R))⊕⃗D 1
2
⊗ΛR2N , (14)

and hence, dimS(N) = 1
2(N

2 + 3N + 6). The contraction (12) preserves the number of invariants so that the identity

N (S(N)) = N(Ŝ(N)) − 1 (15)

holds, suggesting the construction of the Casimir operators of S(N) using the limit formula (10).

III. CASIMIR OPERATORS OF Ŝ(N) AND THE NEWTON IDENTITIES
As any semidirect product g⊕⃗Rh of a semisimple Lie algebra g and the Heisenberg algebra hN satisfies the identity N(g⊕⃗Rh)

= rank(g) + 1, it follows, in particular, that N(Ŝ(N)) = 2 + [N
2 ]. The invariants of Ŝ(N) can further be constructed explicitly using the

following prescription (see, e.g., Refs. 26 and 27):

1. Define
j̃μν = mjμν + gμpν − gνpμ, 1 ≤ μ < ν ≤ N, (16)

and let Â be the skew-symmetric polynomial matrix with entries Âμν = j̃μν for μ < ν. Compute the characteristic polynomial of Â,

χ(T) = ∣Â − TIdN ∣ = T
1−(−1)N

2

⎛
⎜
⎝

T2[ N
2 ] +

[ N
2 ]

∑
s=1

Ĉ2sT2([ N
2 ]−s)⎞⎟
⎠

, (17)

and determine the [N
2 ] coefficient functions Ĉ2s.
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2. Define C′4 = d̃2
− 4̃kp̃t , where

d̃ = md −
N

∑
μ=1

gμpμ, k̃ = mk −
1
2

N

∑
μ=1

g2
μ , p̃t = mpt −

1
2

N

∑
μ=1

p2
μ. (18)

Through the symmetrization map (4), the Casimir operators of the Lie algebra Ŝ(N) are obtained as the symmetric representatives
Sym(C̃′4) and Sym(C̃2s) for 1 ≤ s ≤ [N

2 ] to which the central charge M must be added.

A. Invariants of Ŝ(N) in terms of traces
The functions Ĉ2s in (17) can alternatively be described in terms of the traces Tr(Âk

) using the so-called Newton identities,28 a procedure
that will enable us to give also a description of the invariants of the unextended Schrödinger algebra in terms of traces. The characteristic
polynomial of Â can formally be written as

χ(T) = (−1)N
[TN + λ1TN−1 + λ2TN−2 + ⋅ ⋅ ⋅ + λN−1T + λN], (19)

where λ1 = −Tr(Â) and λN = (−1)N det(Â). For any k ≥ 1, we define the trace of the kth-power of Â as σk = Tr(Âk
). Then, the following

relations, known as the Newton identities, are satisfied:28

λ1 + σ1 = 0, σk +
k−1

∑
ℓ=1

λℓσk−ℓ + kλk = 0, k = 2, . . . , N. (20)

The explicit expressions for the coefficients λk are obtained solving recursively the preceding system, leading to trace polynomials of the type
(see, e.g., Refs. 20 and 28)

λk = −
1
k
σk +

1
2! ∑i1+i2=k

σi1σi2

i1i2
−

1
3! ∑

i1+i2+i3=k

σi1σi2σi3

i1i2i3
+ ⋅ ⋅ ⋅ +

(−1)k

k!
σk

1 . (21)

IV. CASIMIR OPERATORS OF Ŝ(N) AND S(N) AS TRACE OPERATORS
In this section, we reformulate the invariants of the extended Schrödinger algebra using the Newton identities (20), a procedure that, in

particular, enables us to obtain an explicit construction of the invariants of S(N) that turns out to be independent of the contraction.
We first consider the case of invariants of Ŝ(N) that do not depend on the variables of the sl(2,R)-generators. If we evaluate Eq. (17) over

the basis (12) transformed by the automorphismΨε, the coefficient functions Ĉ2s can be rewritten as a function with respect to the contraction
parameter ε. Expanding the characteristic polynomial χ(T) in terms of the variables (16), it is straightforward to verify that for any s ≥ 1, the
Casimir invariant Ĉ2s is given by the following sum (see, e.g., Refs. 15 and 18):

Ĉ2s = m2sΦ2s,1 + 2ε−2m2s−1Φ2s+1,2 + ε−4m2s−2Φ2s+2,3, (22)

where the coefficient functions Φ2s,1, Φ2s+1,2, and Φ2s+2,3 can be expressed as a sum of terms of the generic form

2s

∏
α=1

jμανα ,
2s−1

∏
β=1

jμβνβpk1 gk2 ,
2s−2

∏
γ=1

jμγνγpk1 pk2 gk3 gk4 , (23)

respectively. The first subindex in Φ describes the degree of the polynomial in the variables distinct from the central charge m. From the
decomposition (22) and formula (10), we immediately obtain that the functions C2s = limε→0ε4 Ĉ2s = m2s−2Φ2s+2,3 are invariants of the con-
traction S(N)⊕ ⟨M⟩. Without loss of generality we can set m = 1, as the generator M is central, so that we conclude that the functions Φ2s+2,3
are invariants of the unextended Schrödinger algebra S(N). This approach is however inconvenient to some extent, as it first requires to com-
pute the Casimir operators of Ŝ(N) and then to contract them using (10). Our purpose is thus to describe each of the functions Φ2s,1, Φ2s+1,2,
Φ2s+2,3 in terms of matrix traces in analogy to the formulas in (21), but using a sum of matrices instead of the matrix Â.

First of all, the structure of the products in (23) suggests us to separate the matrix Â into two submatrices, one corresponding to
the generators of the orthogonal subalgebra so(N) and the other comprising the generators in the representation space. Specifically, let
Â = mA + B, with A and B being the skew-symmetric matrices having the following entries:

(A)μν = jμν, (B)μν = gμpν − pμgν, 1 ≤ μ < ν ≤ N. (24)

As both A and B are skew-symmetric, the trace of their odd powers is zero, implying that

Tr(A2p) Tr(B2r+1) = Tr(A2r+1) Tr(B2p) = 0 (25)
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for any positive integers p, r ≥ 1. Using the similarity properties of matrices (see, e.g., Ref. 29), it can be routinely verified that for arbitrary
indices p, q ≥ 0, the following relations hold:

Tr(ApB) = Tr(Ap−1BA) = ⋅ ⋅ ⋅ = Tr(Ap−qBAq
) = ⋅ ⋅ ⋅ = Tr(BAp

),

Tr(ApBAqB) = Tr(BApBAq
) = ⋅ ⋅ ⋅ = Tr(AqBApB) = ⋅ ⋅ ⋅ = Tr(BAqBAp

). (26)

Now, as a consequence of Eq. (23), we have that for any indices μ1,μ2,μ3, ν1, ν2, the identities

∂5Ĉ2s

∂pμ1∂pμ2∂pμ3∂gν1∂gν2

=
∂5Ĉ2s

∂gμ1∂gμ2∂gμ3∂pν1∂pν2

= 0 (27)

are satisfied. This means that for any positive integers p, r ≥ 1,

Tr(A2pB2r+1) = Tr(A2r+1B2p) = 0, (28)

and hence, we do not need to consider the powers Bk for k ≥ 3. We further observe that the matrix elements (B)μν = gμpν − gνpμ, besides the
obvious skew-symmetry, possess an additional property that will be useful in the following. Specifically, for any indices 1 ≤ α < μ ≤ N, 1 ≤ γ
< β ≤ N, the identity

(B)αμ(B)γβ + (B)αβ(B)μγ + (B)αγ(B)βμ = 0 (29)

is satisfied, as can be immediately verified. This actually shows that the matrix elements of B can be seen as the components of a bivector.

Lemma 1. For any N > 1, the matrices A and B satisfy the relation

Tr(ABAB) −
1
2

(Tr(AB))2
= 0. (30)

We prove the assertion by direct verification. Denote (B)μν by Rμν, and consider the matrix product M = AB. The matrix elements of M
are given by Mμν = jμαRαν, while those of M2 have the form

(M2
)
μν = jμαRαβjβγRγν. (31)

Therefore, the trace is given by Tr(M2
) = jμαRαβjβγRγμ. If we now take the square of the trace Tr(M) = jμαRαμ and use the relation (29), we

obtain

(Tr(M))2
= (jμαRαμ)(jβγRγβ) = jμαjβγRαμRγβ = −jμαjβγ(RαβRμγ + RαγRβμ)

= jμαjβγRαβRγμ + jμαjγβRαγRβμ = 2 Tr(M2
). (32)

Let us now inspect the degrees of the functionsΦ2s,1,Φ2s+1,2, andΦ2s+2,3 in each of the variables jμν, pρ, and gσ . In view of the previous relations,
it is not difficult to see that in terms of traces, these functions can be described as follows:

(i) As Φ2s,1 is homogeneous of degree 2s in the variables jμν, it is obtained from the trace Tr(A2s). It corresponds naturally to an invariant
of the orthogonal subalgebra so(N).

(ii) The function Φ2s+1,2 is homogeneous of degree 2s − 1 in the variables jμν and linear in both the variables pρ and gσ . Such terms can be
described as sums of traces of the type Tr(A2p−1B)∏r

ℓ=1 Tr(A2qℓ) with p + q1 + ⋅ ⋅ ⋅ + qr = s.
(iii) Finally, the function Φ2s+2,3 is homogeneous of degree 2s − 2 in the variables jμν and of degree two in the variables pρ and gσ , respec-

tively. Taking into account the identity (30), we see that the terms of Φ2s+2,3 can be obtained combining the following three different
types of products:

(a) Traces of the type Tr(ApBAqB) with p + q = 2s − 2.
(b) Products of the type Tr(A2p−rBArB)∏r

ℓ=1 Tr(A2qℓ) with p > 0, r ≥ 0, qℓ ≥ 0 and p + q1 + ⋅ ⋅ ⋅ + qr = s − 1.
(c) Products of the form Tr(B2

)∏
r
ℓ=1 Tr(A2qℓ) with qℓ ≥ 0 and q1 + ⋅ ⋅ ⋅ + qr = s − 1.

In particular, if s = 1, the function Φ2s+2,3 reduces to a multiple of Tr(B2
).

With the preceding types of traces in A and B, we can completely decompose the characteristic polynomial χ(T) of (17). We compare
with Eq. (21), where the invariants Ĉ2s are given in terms of the traces σk. As for each index k, the function σk can be decomposed in terms of
Φ2s,1, Φ2s+1,2, and Φ2s+2,3, it merely remains to determine the expressions of these functions as a linear combination of the different trace types
enumerated above. In this context, it is worth observing that, as the powers of the matrix B are either one or two, the coefficients of such linear
combinations will depend on the indices p, q1, . . . , qr of powers in A appearing in the different trace types in (ii) and (iii) and the constraints
to which they are subjected. This naturally suggests to consider partitions of integers.30
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Let r be a positive integer and let [λ] = [λ1, . . . , λr] be a partition of r. Then, the conditions λ1 + ⋅ ⋅ ⋅ + λr = r and λ1 ≥ λ2 ≥ ⋅ ⋅ ⋅ ≥ λr ≥ 0 are
satisfied. In order to take into account, the multiplicities of integers within a partition, let σ([λ]) denote the number of different integers λk
intervening in the partition and let νk ≥ 1 be its multiplicity. Reordering the indices if necessary, we can write

r = ν1λ1 + ⋅ ⋅ ⋅ + νσ([λ])λσ([λ]); λ1 > λ2 > . . . > λσ([λ]) > 0 (33)

so that the partition can be described as [λ] = [(λ1)ν1 , . . . , (λσ([λ]))
νσ([λ])
]. For each entry in such a partition, we define the scalar function

φ(λj, νj) =
(−1)νj

(2λj)
νjΓ(νj + 1)

. (34)

To the partition [λ], we associate a trace function as follows:

[λ] = [(λ1)ν1 , . . . , (λσ([λ]))
νσ([λ])
] → Ψ([λ]) =

σ([λ])
∏
j=1

φ(λj, νj)(Tr(A2λj))
νj

. (35)

It is clear that Ψ([λ]) is a homogeneous polynomial of degree 2r in the variables jμν of A. If we now consider the set Mr of all partitions of the
integer r, we define the function

Q2r = ∑
[λ]∈Mr

Ψ([λ]), r ≥ 1, (36)

where for notational convenience, we also set Q0 = 1. The number of terms of the homogeneous polynomial Q2r (i.e., the cardinal of the set
Mr) is given by the total number %(r) of partitions of r that is determined by the generating function,

∞

∑
m=0

%(m)zn
=
∞

∏
m=1

1
(1 − zm)

, ∣z∣ < 1. (37)

To describe efficiently the traces of mixed products of A and B, we further define the trace function

R0 =
1
2

Tr(B2
),

R2q =

q−1

∑
ℓ=0

(−1)ℓ Tr(A2q−ℓBAℓB) +
(−1)q

2
Tr(AqBAqB), q ≥ 1. (38)

We observe that, as a function of the variables jμν, pρ, gσ , the operator R2q has order 2q + 4 for any q ≥ 0.
From a routine but long and cumbersome comparison of the traces σk in (21) with Eq. (22), we conclude that the suitable combinations

of traces providing Φ2s,1, Φ2s+1,2, and Φ2s+2,3 are given by

Φ2s,1 = Tr(A2s
),

Φ2s+1,2 =
s−1

∑
ℓ=0

Tr(A2s−1−2ℓB)Q2ℓ,

Φ2s+2,3 =
s−1

∑
ℓ=0

R2s−2ℓ−2Q2ℓ.

(39)

In summary, the Casimir invariants of the Lie algebra Ŝ(N) can be written in terms of traces as

Ĉ2s = Tr(A2s
)m2s + ε−2

s−1

∑
ℓ=0

Tr(A2s−1−2ℓB)Q2ℓm2s−1 + ε−4
s−1

∑
ℓ=0

R2s−2ℓ−2Q2ℓm2s−2. (40)

Comparing with the expansion (22), we see that the last term in (40), setting m = 1, corresponds to a S(N)-Casimir invariant of degree 2s + 2.
The key observation is that both the matrices A and B in (24) are defined in terms of the generators of S(N) only so that the operators

C2s = Φ2s+2,3 =
s−1

∑
ℓ=0

R2s−2ℓ−2Q2ℓ, 1 ≤ s ≤ [
N
2
] (41)

can always be determined using Eqs. (36) and (38), independently of the central extension Ŝ(N). This provides a direct construction method
of the Casimir operators of S(N) that does no more rely on the contraction (12). We must however warn that the trace operators (41) are not
themselves obtainable as the coefficients of a characteristic polynomial, as follows at once from the decomposition (22).
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In order to illustrate the specific form of the trace operators (41), we enumerate C2s for the first values 1 ≤ s ≤ 4,

C2 =
1
2

Tr(B2
),

C4 = Tr(A2B2
) −

1
2

Tr(ABAB) −
1
4

Tr(A2
)Tr(B2

),

C6 = Tr(A4B2
) − Tr(A3BAB) +

1
2

Tr(A2BA2B) −
1
2

Tr(A2B2
)Tr(A2

)

+
1
4

Tr(ABAB) Tr(A2
) −

1
8

Tr(A4
)Tr(B2

) +
1

16
Tr (A2

)
2

Tr(B2
),

C8 = Tr(A6B2
) − Tr(A5BAB) + Tr(A4BA2B) −

1
2

Tr(A3BA3B) −
1
2

Tr(A2
)Tr(A4B2

)

+
1
2

Tr(A2
)(Tr(A3BAB) −

1
2

Tr(A2BA2B)) +
1

16
(Tr (A2

)
2
− 2 Tr(A4

))×

(2 Tr(A2B2
) − Tr(ABAB)) − Tr(B2

)(
1

12
Tr(A6

) −
1

16
Tr(A4

)Tr(A2
) +

1
96

Tr (A2
)

3
).

In general, for each fixed value of s, the length of C2s, i.e., the number of terms as a sum of traces, is given by the combinatorial formula

l(C2s) =
s−1

∑
ℓ=0

(ℓ + 1)%(s − ℓ). (42)

In particular, for even values of N, the invariant ĈN is a perfect square31 so that there is an invariant C′N
2

of degree N+2
2 such that CN = (C′N

2
)

2
.

This function can be described adequately using those permutations of the symmetric group ΣN that are products of N
2 disjoint transpositions,

i.e., permutations associated with the partition [(N
2 )

2
]. If T N denotes the set of such permutations, it can be verified easily that the following

relation holds:
C′N

2
= ∑
σ∈T N

jσ(1)σ(2) . . . jσ(N−3)σ(N−2)Rσ(N−1)σ(N). (43)

From this expression, we further see that the degree of C′N
2

in the so(N)-variables is given by N−2
2 , while the terms Rμν = gμpν − gνpμ appear

only linearly. As a consequence of the identities (26), the function C′N
2

itself cannot be written in terms of traces of products of the matrices
A and B. This however has no effect on the general description, as the invariant is generally obtained factorizing the trace operator CN .
To complete the description of the S(N)-invariants that do not depend on the sl(2,R)-subalgebra, we still have to prove that the Casimir
invariants determined by (41) are independent.

Proposition 1. For any N > 1 and s = 1, . . . , [N
2 ], the trace operators

C2s =
s−1

∑
ℓ=0

R2s−2ℓ−2Q2ℓ (44)

are functionally independent Casimir invariants of the unextended Schrödinger algebra S(N).

Without loss of generality, for even N, we can consider the square CN instead of C′N
2

and proceed directly computing an appropriate

Jacobian. Let q = [N
2 ] and consider the set of variables A = {j34, . . . , j2q−1,2q, g1}. Computing the Jacobian with respect to these variables and

isolating the terms that depend solely on these variables and p2, we can write the Jacobian as

∂{C2, C4, . . . , C2q}

∂{j34, . . . , j2q−1,2q, g1}
= (−1)N 2qg

2N−3+(−1)N

2
1 p

2N+1+(−1)N

2
2 ×

[ N−2
2 ]

∏
a=1

j2a+1,2a+2 ∏
1≤a<b≤q−1

(j2
2a+1,2a+2 − j2

2b+1,2b+2) + V(jμν, Rστ), (45)

where the terms in V(jμν, Rστ) depend on at least one variable that is not contained in A ∪ {p2}. If we now evaluate the Jacobian on the slice
defined by the conditions

j12 = 0, gμ = 0, pν = 0, 2 ≤ μ ≤ N, 1 ≤ ν ≠ 2 ≤ N, (46)

then only the leading term survives, showing that the Jacobian does not vanish.
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A. The cubic invariant of S(N)
Besides the invariants obtained from the contraction of the functions Ĉ2s, we have an additional invariant of S(N) that arises from the

contraction of the function C′4 associated with sl(2,R)-variables. Using (18), on the transformed basis, this invariant adopts the form

C′4 = (md −∑
N
μ=1 ε

−2gμpμ)
2
− 4
⎛

⎝
mk −

1
2

N

∑
μ=1

ε−2g2
μ
⎞

⎠

⎛

⎝
mpt −

1
2

N

∑
μ=1

ε−2p2
μ
⎞

⎠
. (47)

According to (10), the term giving rise to an invariant of S(N) is

(∑
N
μ=1 gμpμ)

2
−
⎛

⎝

N

∑
μ=1

g2
μ
⎞

⎠

⎛

⎝

N

∑
μ=1

p2
μ
⎞

⎠
= −∑

μ<ν
(gμpν − gνpμ)2

=
1
2

Tr(B2
). (48)

However, from Eq. (22), we have that

Ĉ2 = −m2
∑
μ<ν

j2
μν + 2ε−2m∑

μ<ν
jμν(gμpν − gνpμ) − ε−4

∑
μ<ν
(gμpν − gνpμ)2, (49)

and, hence,

lim
ε→0

ε4C′4 = lim
ε→0

ε4C4 =
1
2

Tr(B2
), (50)

showing that the contracted quartic invariants are functionally dependent. To obtain a new Casimir operator of S(N) that also depends on the
variables of the simple subalgebra sl(2,R), we consider the linear combination C′4 − C4 so that the transformed invariant by the automorphism
Ψε equals

C′4 − C4 = m2⎛

⎝
d2
− 4kpt +∑

μ<ν
j2
μν
⎞

⎠
+ 2mε−2

N

∑
1=μ<ν

(Rμνjμν + g2
μpt + p2

μk − dgμpμ). (51)

Applying (10) to this expression and setting m = 1, we get the following cubic polynomial:

C3 =
N

∑
μ=1
(g2

μpt + p2
μk − dgμpμ) +∑

μ<ν
jμν(gμpν − gνpμ). (52)

As ∂C3
∂z ≠ 0 for any z ∈ sl(2,R), it follows at once that C3 is functionally independent of the invariants C2s (1 ≤ s ≤ [N

2 ]) computed previously

from which we deduce that F = {C3} ∪ {C2, C4, . . . , C2[ N
2 ]
} is a complete set of invariants for the unextended Schrödinger algebra S(N).

We finally remark that, albeit the function C3 cannot be expressed as a trace function of the matrices A and B, we can also write it as the
trace of an appropriate matrix. If we define the matrix F of order (N + 3) having the entries

Fμν = jμν, Fνμ = Rμν, 1 ≤ μ < ν ≤ N,
FN+1,N+2 = pt , FN+1,N+3 = k, FN+2,N+3 = −d,

FN+2,N+1 =
N

∑
μ=1

g2
μ , FN+3,N+1 =

N

∑
μ=1

p2
μ, FN+3,N+2 =

N

∑
μ<ν

Rμν,
(53)

a quick computation shows that C3 = Tr(F2
). It should however taken into account that the traces of higher powers of F are no more invariants

of the Lie algebra S(N).

V. CONCLUSIONS
Decomposing the polynomial matrix Â whose characteristic polynomial provides the Casimir operators of the centrally extended

Schrödinger algebra Ŝ(N) as the sum of two matrices A, B and applying the Newton identities in combination with the natural contrac-
tion Ŝ(N)↝ S(N)⊕ ⟨M⟩, the Casimir invariants of the unextended Schrödinger algebra S(N) have been obtained as trace operators. As
both the matrices A and B depend only on the commutators of the latter Lie algebra, the procedure can be seen as a direct method for the
computation of the S(N)-invariants that does no longer requires the explicit use of the contraction.

It should be observed that the result can be easily extended to the semidirect products S(N − p, p) = (so(N − p, p) ⊕ sl(2,R))⊕⃗D 1
2
⊗ΛR2N

by merely replacing the matrix elements jμν of A in Eq. (24) by γννjμν, where γμν is the diagonal metric tensor whose eigenvalues consist of +1
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with multiplicity N − p and −1 with multiplicity p. Indeed, if we extend the base field from the real to the complex numbers, then formula (44)
provides the Casimir invariants of the complex Lie algebra S(N)⊗RC on a new basis where the so(N,C)-generators satisfy the commutators

[Jμν, Jλσ] = γμλJνσ + γνσJμλ − γμσJνλ − γνλJμσ ,
[Jμν, Pλ] = γμλPν − γνλPμ, [Jμν, Gλ] = γμλGν − γνλGμ.

The validity of formula (44) follows from the observation that for any p ≥ 0, the Lie algebras so(N − p, p)⊗RC are isomorphic. As the coef-
ficients of the trace operators are rationals, the restriction of scalars shows that the trace operators correspond to the Casimir operators of
S(N − p, p) as a real Lie algebra (see also Refs. 15 and 26).

The ansatz can even be extrapolated to other types of semidirect sums of semisimple algebras s and hN . As a matter of fact, whenever
we have a semidirect product g = s⊕⃗Λ⊕Γ0hN such that the contraction g↝ g′ ⊕ Z(g) with g′ = s⊕⃗ΛR2N preserves the number of invariants,
that is, satisfying the equality N(g′) = rank(s), a complete set of Casimir invariants for the contraction can be obtained using formula (10).
As the invariants of Lie algebras of type g can always be determined by means of the characteristic polynomial of a functional matrix A (see,
e.g., Ref. 16), the trace method presented in this work is potentially adaptable to such cases, decomposing adequately A into a sum of matrices
whose entries depend solely on generators of g′. For the case of contractions such that the inequality N(g′) > rank(s) holds, the procedure
is, in general, of very limited or no practical use, as it happens, for example, for the class of generalized conformal Galilean algebras Galℓ(N)
for any value ℓ > 1

2 . Whether for such types of Lie algebras an alternative trace method for the computation of the Casimir operators exists is
currently an open question deeply related to the representation theory of such algebras that deserves further analysis.
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