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Abstract
We consider a scalar parabolic partial differential equation on the interval with nonlinear
boundary conditions that are asymptotically sublinear. As the parameter crosses critical val-
ues (e.g. the Steklov eigenvalues), it is known that there are large equilibria that arise through
a bifurcation from infinity (i.e., such equilibria converge, after rescaling, to the Steklov
eigenfunctions). We provide a compactification approach to the study of such unbounded
bifurcation curves of equilibria, their stability, and heteroclinic orbits. In particular, we con-
struct an induced semiflow at infinity such that the Steklov eigenfunctions are equilibria.
Moreover, we prove the existence of infinite-time blow-up solutions that converge, after
rescaling, to certain eigenfunctions that are equilibria of the induced semiflow at infinity.

Mathematics Subject Classification 35B40 · 35B44 · 35K55 · 37B35 · 37G35

1 Introduction

Nonlinear boundary conditions play an important role in modelling real life phenomena and
can be used as control terms to acquire certain (in)stability properties of solutions. Hence,
the interplay between the dynamics induced by the boundary conditions and by the interior
kinetics is of fundamental importance. The goal of this paper is to provide a comparison of
the effects of boundary nonlinearities.
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We consider the semilinear parabolic equations

ut = uxx − u, x ∈ (0, 1), t > 0, (1.1a)

−ux (t, 0) = λu(t, 0) + g(u(t, 0)), t > 0, (1.1b)

ux (t, 1) = λu(t, 1) + g(u(t, 1)), t > 0, (1.1c)

with initial data u(0, x) = u0(x) in a suitable phase-space X . We assume g(u) is Lipschitz,
odd, monotone, bounded, g(0) = 0 and g′(0) = 1; an example is g(u) = arctan(u).

Under these hypotheses, for any initial data u0(x) ∈ X := L2([0, 1]), there is a unique
solution u(t, ·) ∈ C0([0,∞), X) of Eq. (1.1), which is global and depends continuously on
the initial data and on the parameter λ ∈ R; see [1–3] and [4, Sect. 7]. Indeed, Eq. (1.1) can
be rewritten in the following abstract formulation:

ut = uxx − u + G(u), x ∈ (0, 1), t > 0, (1.2a)

− ux (t, 0) = λu(t, 0), t > 0, (1.2b)

ux (t, 1) = λu(t, 1), t > 0, (1.2c)

with initial condition u(0, x) = u0(x) ∈ X , for an appropriate G(u) that is also bounded,
see [1–3]. Considering the operator A = ∂2x − I d with linear Robin conditions (1.2b) and
(1.2c), this amounts to that solutions of (1.2) satisfy the variation of constants formula:

u(t, x) = eAtu0(x) +
∫ t

0
eA(t−s)G(u(s, x))ds. (1.3)

In fact, wewill show that the global semiflow generated by Eq. (1.1) possess a global attractor
Aλ with different features depending on λ ∈ R; see Lemma 2.2. On one hand, the semiflow
may be dissipative and possess a compact attractor; on the other hand, the semiflow may be
non-dissipative with an unbounded attractor. Either way, the attractor is the union of unstable
manifolds of all equilibria (i.e. time-independent solutions):

Aλ =
⋃

u∗∈Eb

Wu(u∗), (1.4)

where Eb is the set of all bounded equilibria of (1.1). Such characterization of the global
attractor through the unstable manifold of the equilibria can be seen in [18] for the dissipative
case and in [8] for the non-dissipative case. This follows from the gradient structure of the
semiflow, due to the Lyapunov function

E(u) = 1

2

∫ 1

0
|ux |2 + |u|2 − λ

(
u2(t, x)

2
+

∫ u(t,x)

0
g(s)ds

) ∣∣∣∣
x=1

x=0
, (1.5)

and thus the α- and ω-limit sets of bounded solution of (1.1) consist of equilibria, see [22].
Our goal is to describe Aλ explicitly. It is known that there are suitably large equilibria

of (1.1), which are generated by a resonant mechanism at the boundary, see [4, 5]. Indeed,
there are bifurcation curves from infinity, see [15, 26, 28, 30, 31] for pioneeringwork on these
matters. We will provide a compactification approach to analyze such unbounded behavior
of the semiflow (1.3), akin to [7, 17, 21, 24]. In particular, we will show that the unbounded
bifurcation curves arise from equilibria at infinity, since the semiflow (1.3) induces a projected
dynamics at infinity consisting of equilibria and heteroclinics. Moreover, we also obtain the
existence of infinite-time blow-up solutions,which can be regarded as heteroclinics to infinity.

The remaining of the paper is organized as follows. In Sect. 2.1, we explicitly construct
the unbounded bifurcation curves of equilibria and analyze their properties. In Sect. 2.2,
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Fig. 1 The two Steklov eigenfunctions �1, �2, which possess the symmetries �1(x) = �1(1 − x) and
�2(x) = −�2(1 − x). In particular, the minimum of �1(x) and the zero of �2(x) occur at x = 1/2

we describe bounded and unbounded (infinite-time blow-up) solutions of (1.1), and thereby
whenever there is a compact or unbounded attractor. In Sect. 2.3, we provide the Poincaré
projection for Eq. (1.1). In particular, we show that the unbounded bifurcating branches of
equilibria converge to an equilibria of the projected semiflow at infinity; we also discuss the
existence of heteroclinics at infinity. In Sect. 2.4, we sum up our main results. In Sect. 3, we
discuss our approach and propose open problems.

2 Main results

2.1 Unbounded curves of equilibria

There are bounded equilibria of (1.1), if λ is not a solution of the problem:

0 = �xx − �, x ∈ (0, 1), (2.1a)

−�x (0) = σ�(0), (2.1b)

�x (1) = σ�(1), (2.1c)

which is called the Steklov eigenvalue problem, see [27]. To find the Steklov eigenvalues
and eigenfunctions, note that general solutions of (2.1a) are given by �(x) = Aex + Ãe−x ,
where we can find A, Ã ∈ R through the boundary conditions (2.1b) and (2.1c):

−A + Ã = σ(A + Ã), (2.2a)

Ae − Ãe−1 = σ(Ae + Ãe−1). (2.2b)

The first equation implies that Ã = A(1 + σ)/(1 − σ), and plugging this into the second
equation amounts to (σ + 1)2 − e2(σ − 1)2 = 0.

Therefore, there are only two Steklov eigenvalues, which solve the linear problem (2.1),
given by

σ1 := e − 1

e + 1
≈ 0.462 . . . and σ2 := 1

σ1
= e + 1

e − 1
≈ 2.163 . . . . (2.3)

Hence, each Steklov eigenvalue possess an associated Steklov eigenfunction such that Ã1 =
A1(1 + σ1)/(1 − σ1) = A1e and Ã2 = A2(1 + σ2)/(1 − σ2) = −A2e, i.e.

�1(x) := A1[ex + e1−x ], �2(x) := A2[ex − e1−x ], (2.4)

where A1, A2 can be chosen in order to normalize the eigenfunctions in any desirable norm.
For example, A1 := 1/(1 + e), A2 := 1/(1 − e) normalize �1(x),�2(x) in L∞.
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g(u) := arctan(u) g(u) := − arctan(u) g(u) = |u| sin(u) g(u) = u2 sin(1/u)

Fig. 2 The bifurcation at infinity for a few examples. Left: There are two (subcritical) bifurcation curves from
infinity, each possessing a positive and a negative branch, ±c1(λ) and ±c2(λ), which respectively meet the
origin at σ∗

1 := σ1−1 = −2/(1+e) ≈ −0.537 . . . and σ∗
2 := σ2 −1 = 2/(e−1) ≈ 1.163 . . ..Middle Left:

The (supercritical) bifurcation curves from infinity meet 0 at σ∗
1 := σ1 + 1, σ∗

2 := σ2 + 1. Middle Right:
There are infinitely many turning points accumulating at infinity, see for example [6, 11]. Right: Infinitely
many turning points nearby the origin, see [10]

Each Steklov eigenvalue amounts to a bifurcation curve from infinity, possessing a positive
and a negative branch, which can be computed explicitly. For the existence of branches see [4,
Theorem 3.4 and 4.5], where the subcritical or supercritical character is discussed in [5,
Theorem 3.4 and 3.5], their stability in [5, Proposition 7.1 and 7.3], and their continuation in
[4, Theorem 3.3]. See also [12, 29].

We expect that solutions in each bifurcation branch has the same symmetry as the respec-
tive Steklov eigenfunction, see Fig. 1. The branch of solutions that emanates from �1(x),
denoted by u1(x), should be invariant under u1(x) �→ u1(1− x); and the branch of solutions
that emanates from �2(x), denoted by u2(x), should satisfy u2(x) �→ −u2(1 − x).

On one hand, we look for equilibria of (1.1) given by u1(x) = c1[ex + e1−x ], where
c1 ∈ R can be found by plugging such solution to the boundary conditions, yielding

− (1 − e)c1 = λ(1 + e)c1 + g((1 + e)c1). (2.5)

Hence, we can solve this explicitly

λ(c1) = σ1 − g((1 + e)c1)

(1 + e)c1
. (2.6)

On another hand, we look for equilibria of (1.1) given by u2(x) = c2[ex − e1−x ], where
c2 ∈ R can be found through the boundary conditions, which for g odd yields:

(e + 1)c2 = λ(e − 1)c2 + g((e − 1)c2). (2.7)

Again, this can be solved explicitly

λ(c2) = σ2 − g((e − 1)c2)

(e − 1)c2
. (2.8)

Thus, by construction, we obtain that each of the branches converge to the corresponding
normalized Steklov eigenfunction, i.e., for each i = 1, 2, we have that

ui (x)

||ui (x)||L∞(∂(0,1))

λ→σi−−−→ ±�i (x), in Cβ([0, 1]), β ∈ (0, 1). (2.9)

This was known in [4, 5], which is in contrast with the approximation scheme in [9].
For a plot of the bifurcation curves for some g(u), see Fig. 2. The main example is

g(u) = arctan(u), which is Lipschitz, odd, monotone, bounded and g(0) = 0, g′(0) = 1. For
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other g(u) satisfying such properties, the bifurcation diagrams will be qualitatively similar.
However, if these properties are violated, one would obtain different diagrams.

Next, we will discuss the hyperbolicity and stability issues of each solution, u∗(x) ∈
{0,±u1(x),±u2(x)}, for fixed λ, which is described according to the eigenvalue problem:

ϕxx − ϕ = μ(λ)ϕ, x ∈ (0, 1), (2.10a)

−ϕx (0) = [
λ + g′(u∗(0))

]
ϕ(0), (2.10b)

ϕx (1) = [
λ + g′(u∗(1))

]
ϕ(1). (2.10c)

For each fixed λ ∈ R, we will findμ = μ(λ); we omit the λ-dependency for simplicity. First,
we discuss the stability of u∗ ≡ 0, in which g′(0) = 1.

For μ = −1, solutions of (2.10a) are given by ϕ(x) = ax + ã, whereas the boundary
conditions (2.10b)-(2.10c) imply that −a = (λ + 1)ã and a = (λ + 1)(a + ã). Either
λ = −1, yields a = 0 and consequently ϕ(x) = ã; or λ 
= −1, and plugging the first
boundary condition into the second implies thatλ = 1, and consequentlyϕ(x) = (−2x+1)ã.
Therefore,μ(λ) = −1 is only an eigenvalue for λ = ±1 with a corresponding eigenfunction.

For μ 
= −1, general solutions of (2.10a) are given by ϕ(x) = ae
√
1+μ x + ãe−√

1+μ x

and the boundary conditions (2.10b)-(2.10c) imply that

ã = a

√
1 + μ + λ + 1√
1 + μ − λ − 1

(2.11a)

ae
√
1+μ

(√
1 + μ − λ − 1

)
= ãe−√

1+μ
(√

1 + μ + λ + 1
)

. (2.11b)

The first equation can be plugged into the second equation, yielding

e2
√
1+μ =

(√
1 + μ + λ + 1√
1 + μ − λ − 1

)2

, (2.12)

where the right-hand side has an asymptote at |1 + μ| = (λ + 1)2. Thus, to solve (2.12)
for μ = μ(λ), we compare the graphs of both the left- and right-hand side, where each
intersection of both graphs yields an eigenvalue μ = μ(λ). We emphasize that both sides
are equal to 1, when μ = −1. There are two cases: either 1 + μ > 0 and thereby the square
root in (2.12) is well-defined, or 1 + μ < 0 and the square root is ill-defined.

On one hand, if 1 + μ < 0, then the square-root is ill-defined and thus we want to solve

e2i
√|1+μ| =

(
i
√|1 + μ| + λ + 1

i
√|1 + μ| − λ − 1

)2

. (2.13)

Comparing the real and imaginary terms of both sides of Eq. (2.13), we obtain

tan(
√|1 + μ|) = 2(λ + 1)

√|1 + μ|
(λ + 1)2 − |1 + μ| . (2.14)

We compare the graphs of the left- and right-hand side of the equation above, where each
intersection of the graphs yields an eigenvalue μ = μ(λ) < −1. For all λ ∈ R, there
are infinitely many such intersections, see Fig. 3, and thus infinitely many strictly negative
eigenvalues of the trivial solution u ≡ 0, which we denote by {μn}∞n=1, with corresponding
(stable) eigendirections, which we denote by {ϕn(x)}∞n=1. We emphasize that both sides of
Eq. (2.14) equal to zero, when μ = −1. In particular, at λ = 1, the derivative of the left- and
right-hand side of (2.14) coincide at μ = −1.
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Fig. 3 Plot of the two graphs in (2.13) for μ < −1: the (black) left-hand side is given by tan(
√|1 + μ|)

with asymptotes whenever μ = −((2k + 1)π/2)2 − 1, k ∈ N0, and the (gray) right-hand side is given by
2(λ + 1)

√|1 + μ|/((λ + 1)2 − |1 + μ|) with a (dashed) asymptote at μ = −(λ + 1)2 − 1. The intersection
(black dots) of both graphs yields eigenvalues μ = μ(λ) < −1. Note that there are resonances, which
occurs whenever both the black and gray curves have asymptote at the same value, which occurs at λ±

k :=
±(2k + 1)π/2 − 1, k ∈ N0. We emphasize that only two eigenvalues, μ1 and μ2, cross the value μ = −1
whenever λ = ±1

On the other hand, if 1 + μ > 0, we consider several different subcases, see Fig. 4. Note
that the character of the graphs in (2.12) change for λ = ±1, as those are the values that yield
an eigenvalue μ = −1. Indeed, if λ < −1, then the quotient in the right-hand side of (2.12)
is less or equal than 1, whereas the left-hand side is bigger or equal than 1, hence the two
graphs do not intersect. Monotonicity of the left-hand side of (2.12) and anti-monotonicity
of one of the branches (when μ > (λ + 1)2 − 1) of the right-hand side imply that they
always intersect, for λ > −1. Moreover, at λ = 1, the derivative of the left- and right-hand
side coincide at μ = −1, which occurs when the other branch (when μ < (λ + 1)2 − 1)
of the right-hand side crosses the left-hand side, for λ > 1, and therefore a new eigenvalue
appears. This amounts to (at most) two eigenvalues and two corresponding eigenfunctions.
Lastly, the trivial solution bifurcates whenever an eigenvalue cross μ = 0. Plugging μ = 0
in (2.12) yields e2 = (−(λ + 2)/λ)2, which has two solutions, λ = σ ∗

1 , σ ∗
2 , agreeing with

the branches we have found in Fig. 2.
Thereforewehave found all eigenvaluesμ = μ(λ) and their corresponding eigenfunctions

of the linearized operator at the trivial equilibrium, u∗ ≡ 0. We have shown that there are
infinitely many eigenvalues {μn}∞n=1 satisfying

. . . < μn+1 < μn < μn−1 < . . . < μ3 < μ2 < μ1, (2.15)
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Fig. 4 Plot of the two graphs in (2.12) for μ > −1: the (black) left-hand side, e2
√
1+μ, and the (gray) right-

hand side, (
√
1 + μ + λ + 1)2/(

√
1 + μ − λ − 1)2, with a (dashed) asymptote at μ = (λ + 1)2 − 1. Each

intersection (black dots) of both graphs amounts to an eigenvalue μ = μ(λ) > −1. We emphasize that there
are at most two eigenvalues that cross μ = 0, which occur exactly at the values λ = σ∗

1 , σ∗
2 , and thereby yield

the bifurcation of the trivial equilibrium

with respective eigenfunctions {ϕn(x)}∞n=1. On one hand, μn < 0 for all n ≤ 3, which
correspond to stable eigendirections. On the other hand, the two eigenvalues μ1(λ), μ2(λ)

cross the value μ = 0 whenever λ = σ ∗
1 , σ ∗

2 , and correspond to unstable eigendirections,
see Fig. 4.

Similarly,we can prove the hyperbolicity and stability of the non-trivial equilibria, u∗(x) ∈
{±u1(x),±u2(x)}. Indeed, the equilibria±u1(x) are stable forλ ∈ (σ ∗

1 , σ1),whereas±u2(x)
are saddles for λ ∈ (σ ∗

2 , σ2). See Fig. 5.
Hence, the above discussion can be summarized as follows.

Lemma 2.1 Under the above conditions on g(u), all equilibria u∗ ≡ 0,±u1(x),±u2(x) of
(1.1) are hyperbolic for λ 
= σ ∗

1 , σ1, σ
∗
2 , σ2. Moreover, the following holds:

(i) If λ ∈ (−∞, σ ∗
1 ), there is a unique equilibrium, u∗ ≡ 0, which is asymptotically stable.

At λ = σ ∗
1 , the solution u∗ ≡ 0 undergoes a supercritical pitchfork bifurcation.

(ii) If λ ∈ (σ ∗
1 , σ1), then there are three equilibria: u∗ ≡ 0 is one-dimensional unstable and

±u1(x) are asymptotically stable. As λ → σ1, then ±u1(x) escape to infinity towards
±�1(x) as in (2.9).

(iii) If λ ∈ (σ1, σ
∗
2 ), then u∗ ≡ 0 is the only bounded equilibrium, which is one-dimensional

unstable. At λ = σ ∗
2 , there is another supercritical pitchfork bifurcation of u∗ ≡ 0.

(iv) If λ ∈ (σ ∗
2 , σ2), then there are three equilibria: u∗ ≡ 0 is two-dimensional unstable and

±u2(x) are saddles with one-dimensional unstable direction. As λ → σ2, then ±u2(x)
escape to infinity towards ±�2(x) as in (2.9).

(v) If λ ∈ (σ2,∞), the only equilibrium is u∗ ≡ 0, which is two-dimensional unstable.
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μ
−1

μ1

μ
−1 μ = (λ + 1)2 − 1

μ2

μ1

λ ∈ (σ∗
1 , σ1) λ ∈ (σ∗

2 , σ2)

Fig. 5 The graphs in (2.12) for μ > −1: e2
√
1+μ in black and (

√
1 + μ + λ + g′(u∗(0)))2/(

√
1 + μ − λ −

g′(u∗(0)))2 in gray,where u∗ ∈ {±u1, ±u2}.Left:For u∗ = ±u1 withλ ∈ (σ∗
1 , σ1), there is one intersections

of both graphs yielding an eigenvalue μ1 = μ1(λ) ∈ (−1, 0), and hence ±u1 are stable hyperbolic equilibra,
since all other eigenvalues satisfy μk < −1, k = 2, 3, . . .. Moreover, μ1 → 0 if either λ → σ∗

1 or σ1.

Right: For u∗ = ±u2 with λ ∈ (σ∗
2 , σ2), there are two intersections of both graphs yielding the eigenvalues

μ1 = μ1(λ) ∈ (0, ∞) and μ2 = μ2(λ) ∈ [−1, 0), and thus ±u1 are hyperbolic saddles, since all other
eigenvalues satisfy μk < −1, k = 3, 4, . . .. Moreover, μ2 → 0 if either λ → σ∗

2 or σ2

There is another linear eigenvalue problem which plays a role in the global dynamics. It
corresponds to a linearization of (1.1) “at infinity”, in which lim||u||→∞ g′(u) → 0:

ϕxx − ϕ = μ∞(λ)ϕ, x ∈ (0, 1), (2.16a)

−ϕx (0) = λϕ(0), (2.16b)

ϕx (1) = λϕ(1). (2.16c)

Note that the eigenvalues areμ∞
n (λ) = μn(λ−1), n ∈ N, whereμn(λ−1) are the eigenvalues

of the linearization at u∗ ≡ 0 in (2.10), whenever g′(0) = 1. Therefore, the eigenvalues “at
infinity” correspond to a translation of the eigenvalues at u∗ ≡ 0 by a factor g′(0) = 1,
however, the eigenfunctions ϕn(x) are the same.

Next,we discuss the growth of general time-dependent solutions in each projected eigendi-
rection ϕn(x). This will also enable us to discuss dynamical issues, such as the existence of
blow-up solutions and their corresponding rescaled asymptotics. In particular, we will obtain
the existence of bounded and unbounded global attractors.

2.2 Asymptotic behavior

To describe the global dynamics of solutions of the parabolic problem (1.1), we will project
the evolution of solutions of (1.1), given by the variation of constants formula in (1.3), into
each eigendirection of the orthonormal basis {ϕn(x)}∞n=1 of L

2. This amounts to:

u(t, x) =
∞∑
n=1

un(t)ϕn(x), (2.17)

where we define un(t) := 〈u(t, x), ϕn(x)〉L2 .
We will show that un(t), n ≥ 3, are bounded as t → ∞, whereas u1(t), u2(t) may blow

up in infinite time, respectively, when λ > σ1, σ2, with an accurate asymptotic description.

Lemma 2.2 Under the above conditions on g(u), the following holds:

(i) If λ < σ1, then there is a compact global attractor, Aλ. If λ > σ1, then there is an
unbounded attractor, Aλ, containing some infinite-time blow-up solutions.
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(ii) If λ ∈ (σ1, σ2), then any blow-up solution satisfies

lim
t→∞

u(t, x)

||u(t, x)||L2
→ ιϕ1, for some ι = −1,+1. (2.18)

In particular, there are initial data in Wu(u∗ ≡ 0) that blow-up. Moreover, for λ ∈
(σ ∗

2 , σ2), there are also initial data in Wu(±u2(x)) that blow-up.
(iii) if λ > σ2, then any blow-up solution satisfies

lim
t→∞

u(t, x)

||u(t, x)||L2
→ ιϕN , for some ι = −1,+1 and some N = 1, 2. (2.19)

In particular, there are initial data in Wu(u∗ ≡ 0) that blow-up as in (2.19) for each
ι = +1,−1 and N = 1, 2.

Proof The result for λ < σ1 has been achieved in [4, Sect. 7]. Next, for λ > σ1, we prove
which eigenmodes un(t) remain bounded andwhich will possibly grow – recall that solutions
are global in time. From (1.2), each un(t) satisfy the projected equation

d

dt
un(t) = 〈ut (t, x), ϕn(x)〉L2 = 〈uxx − u, ϕn(x)〉L2 + 〈G(u(t, x)), ϕn(x)〉L2 , (2.20)

which, by selfadjointness of A := ∂2x − I d and Gn(t) := 〈G(u(t, x)), ϕn(x)〉L2 , implies

d

dt
un(t) = μ∞

n (λ)un(t) + Gn(t). (2.21)

A general solution of (2.21) is given by the variation of constants formula:

un(t) = un(0)e
μ∞
n (λ)t +

∫ t

0
eμ∞

n (λ)(t−s)Gn(s)ds (2.22)

where un(0) = 〈u0(x), ϕn(x)〉L2 . Thus, if μ∞
n (λ) < 0, we obtain |un(t)| ≤ |un(0)|+ C

μ∞
n (λ)

,
where C > 0 is an uniform bound for G(u). Indeed, note that the boundedness of g(u)

implies that G(u) is bounded and thereby Gn(t) is uniformly bounded for all n ∈ N.
Note that if λ < σ1, then μ∞

n (λ) < 0 for all n ∈ N, and hence all un(t) remain bounded
in time. If λ ∈ (σ1, σ2), then μ∞

n (λ) < 0 for all n > 1 and μ∞
1 (λ) > 0; and hence all un(t)

remain bounded for n > 1, but we can not conclude that u1(t) is bounded. If λ > σ2, then
μ∞
n (λ) < 0 for all n > 2 and μ∞

1 (λ), μ∞
2 (λ) > 0; and hence all un(t) remain bounded for

n > 2, but we can not conclude that u1(t), u2(t) are bounded.
Next, we analyze the eigenmodes un(t) corresponding to μ∞

n (λ) > 0 and show that
they amount to growing solutions. Note that the integral in the right hand side of (2.22) is
unbounded as t → ∞, since μ∞

n (λ)(t − s) > 0, and thus we rewrite (2.22) as

un(t) = uhn(0)e
μ∞
n (λ)t +

∫ t

∞
eμ∞

n (λ)(t−s)Gn(s)ds , (2.23)

where uhn(0) := un(0)−
∫ 0
∞ eμn(λ)sGn(s)ds.1 In this case, sinceGn(t) is uniformly bounded

for all n ∈ N and μ∞
n (λ)(t − s) < 0, the integral of the right hand side of (2.23) remains

bounded. Therefore the growth of un(t) is dictated by uhn(0)e
μ∞
n (λ)t . Hence, there is some

uhn(0) 
= 0, which in turn implies that uhn(t) = uhn(0)e
μn(λ)t grows exponentially as t → ∞

1 Note that a general solution can be regarded in the form un(t) = uhn(t)+u pn (t), where uhn(t) is a solution of
the corresponding homogeneous equation and u pn (t) is a particular solution of (2.21). We take the particular
solution u pn (t) = ∫ t

∞ eμn (λ)(t−s)Gn(s)ds.
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and thus there is a solution that blows up in infinite time. This finishes the proof of the second
part of (i), which claims that there are infinite-time blow-up solutions and thereby the system
is non-dissipative. To obtain the unbounded attractor, we apply [8].

To prove (i i), we use the L2-inner product and orthonormality of {ϕn(x)}n∈N to obtain:

lim
t→∞

∣∣∣∣
∣∣∣∣ u(t, ·)
‖u(t, ·)‖L2

− ιϕN (·)
∣∣∣∣
∣∣∣∣
2

L2
= 2 − 2 lim

t→∞
〈u(t, ·), ιϕN (·)〉L2

‖u(t, ·)‖L2
(2.24)

= 2 − lim
t→∞ 2ι

uN (t)

(
∑∞

n=1 u
2
n(t))

1
2

= 0 (2.25)

if, and only if,

lim
t→∞

uN (t)

(
∑∞

n=1 u
2
n(t))

1
2

= ι . (2.26)

If λ ∈ (σ1, σ2), note that the only growing mode is u1(t), whereas all other un(t) with n > 1
are bounded. Therefore,

lim
t→∞

u1(t)

(
∑∞

n=1 u
2
n(t))

1
2

= ι and lim
t→∞

um(t)

(
∑∞

n=1 u
2
n(t))

1
2

= 0, (2.27)

for all m > 1.
For λ ∈ (σ1, σ

∗
2 ), we know that u∗ ≡ 0 has a one-dimensional unstable manifold, due to

Lemma 2.1. An initial data in this unstable manifold satisfying uh1(0) 
= 0 gives the desired
blow-up solution. Similarly, we choose an appropriate initial data in the unstable manifold
of ±u2(x), in case that λ ∈ (σ ∗

2 , σ2). That concludes the proof of (i i).
If λ > σ2, the only possible growing modes are u1(t), u2(t), whereas all other un(t) with

n > 2 are necessarily bounded. There are two cases. First, if u0(x) is such that uh1(0) = 0,
then u1(t) remains bounded and u2(t) is the unique growing mode, and we have that

lim
t→∞

u2(t)(∑∞
n=1 u

2
n(t)

) 1
2

= ι and lim
t→∞

um(t)(∑∞
n=1 u

2
n(t)

) 1
2

= 0, (2.28)

for all m 
= 2. Second, if uh1(0) 
= 0, then

lim
t→∞

u1(t)(∑∞
n=1 u

2
n(t)

) 1
2

= ι and lim
t→∞

um(t)(∑∞
n=1 u

2
n(t)

) 1
2

= 0 (2.29)

for allm > 1. Note that the growth to infinity of u1(t) is determined by the term uh1(0)e
μ1(λ)t ,

whereas the growth of u2(t) is determined by uh2(0)e
μ2(λ)t , if uh2(0) 
= 0. Thus, u1(t) grows

faster than u2(t), since μ1(λ) > μ2(λ).
For any u0(x) that yields a solution which blows up in infinite time, we conclude that

the rescaled solution u(t,x)
‖u(t,x)‖L2 converges to either ϕN or −ϕN , with N = 1, 2. From a zero

number stabilization argument and the sign condition ι on u(t, 0), for all sufficiently large
t ∈ (T ,∞), we get the limit to ιϕN .

For λ > σ2, we know that u∗ ≡ 0 has a two-dimensional unstable manifold, due to
Lemma 2.1. As before, an initial data in this unstable manifold satisfying uh1(0) 
= 0 or
uh2(0) 
= 0, provides the desired blow-up solutions. That concludes the proof of (i i i). ��

We analyze the structure of the attractor in (1.4),Aλ, under the above hypothesis on g(u).
If λ < σ ∗

1 , the attractor consists of the equilibrium u∗ ≡ 0. At λ = σ ∗
1 , such solution
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U ∈ L2

z ∈ R

L2 × {1}
(u, 1)

(0, 0)

P(u, 1)
S+

S∞

Fig. 6 Poincaré projection P from phase-space X ↪→ L2 × {1} into the hemisphere S+ through collinearity
with (0, 0). As solutions of Eq. (1.1) blow-up in infinite time, ||u(t)||L2 → ∞, the projection P(u, 1)
converges to the equator S∞ := S+|z=0

undergoes a supercritical pitchfork bifurcation and emanates two equilibria ±u1(x) that
become arbitrarily large as λ ↗ σ1. However,Aλ remains bounded for fixed λ ∈ (σ ∗

1 , σ1) and
consists of the equilibria u∗ ≡ 0,±u1(x) and their heteroclinics. Note that their heteroclinics
persist for all such parameters, due to hyperbolicity and transversality of the stable and
unstable manifolds; see [16, Sect. 4] for a proof that can be adapted to this case. If λ > σ1,
the attractorAλ is unbounded and contains the blow-up solutionswithin the unstablemanifold
of bounded equilibria in Lemma 2.2, due to (1.4).

Next, we provide a ‘compactified’ perspective of such unbounded behavior. We will
describe the limiting objects of such heteroclinics to infinity using a Poincaré projection,
which will be equilibria of the projected semiflow at infinity. This justifies such nomencla-
ture of heteroclinics to infinity. In particular, the Steklov eigenfunctions, ±�1(x),±�2(x),
are equilibria at infinity for λ = σ1, σ2, as they are the respective limit of the unbounded
bifurcation curves of equilibria ±u1(x),±u2(x) as λ → σ1, σ2, in Sect. 2.1.

2.3 Poincaré projection

The infinite-time blow-up solutions were interpreted as heteroclinics to infinity in [17]. In
order to describe the dynamics of unbounded solutions, an infinite dimensional sphere S∞
was added at infinity with an induced semiflow, by means of a Poincaré projection. Previous
investigations to understand such structure at infinity for semilinear equations were done for
f (u) in [7, 17], for f (x, u, ux ) in [25], and periodic boundary condition in [23]. We now
describe this process in detail.

The Poincaré projection maps the phase-space X of (1.1) to a subset of the unit sphere in
L2 × R. Indeed, identify X with X × {1} ⊆ L2 × {1}. The set L2 × {1} is the tangent space
(at the north pole) of the northern hemisphere, S+ ⊆ L2×R, called the Poincaré hemisphere
and given by

S+ := {
(U , z) ∈ L2 × [0, 1] : ||U ||2L2 + z2 = 1

}
. (2.30)

Then for each point in phase-space, u ∈ X ⊆ L2, consider the line that passes through
(u, 1) ∈ L2 × [0, 1] and the origin (0, 0) ∈ L2 × [0, 1]. This line intersects the upper
hemisphere S+ at a point, which defines the projection P : X × {1} → S+, called the
Poincaré projection. See Fig. 6.

The coordinates of the projectionP(u, 1) are denoted by (U , z) and can be computed from
the colinearity of the points (0, 0), (u, 1), and the intersection at (U , z) with the hemisphere
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S+, yielding

(U , z) := P(u, 1) =
⎛
⎝ u√

1 + ||u||2
L2

,
1√

1 + ||u||2
L2

⎞
⎠ . (2.31)

Therefore, Hell’s perspective that infinite-time blow-up solutions in X are heteroclinics to
infinity can be interpreted (in terms of the Poincaré projection P) as heteroclinics in the
hemisphere S+ that converge to the equator S∞, which is characterized by z = 0 and
||U ||2

L2 = 1. Indeed, note that z = 1 if, and only if, u ≡ 0; hence the origin of X is mapped
to the north pole of S+. Similarly, z decreases to 0 if, and only if, ||u||L2 increases to ∞;
Thus the asymptotic dynamics of the projected unbounded semiflow is contained in the unit
sphere of L2, consisting of bounded trajectories with coordinates (U , 0). For this reason, the
equator of S+ is called the sphere at infinity, and it is denoted by S∞ := S+|z=0.

The projection P induces a semiflow on S+|z>0, which is obtained by a homothety (with
scale factor z) of the original vector field in (1.1). Indeed, differentiating (2.31) with respect
to time, the new variables (U , z) satisfy

Ut = Uxx −U − 〈Uxx −U ,U 〉L2 ·U , (2.32a)

−Ux (0) = λU (0) + gz(U (0)), (2.32b)

Ux (1) = λU (1) + gz(U (1)), (2.32c)

zt = −〈Uxx −U ,U 〉L2 · z, (2.32d)

where gz(U ) := zg(z−1U ) is a homothety of the nonlinearity in the boundary conditions
with the scale factor z > 0. The projection (2.31) thereby induces a semiflow within S+|z>0

described by Eqs. (2.32), which consists of an ODE for z coupled to a nonlocal semilinear
parabolic PDE for U , since the inner product can be rewritten as:

− 〈Uxx −U ,U 〉L2 = − (UxU ) |x=1
x=0 + ||U ||H1 . (2.33)

Moreover, the induced (nonlinear and nonlocal) semiflow at S∞, i.e. for z = 0, is given by
the limit as z → 0, which may produce, in a number of settings, a degenerate or singular
semiflow at the sphere at infinity S∞; see [7, 17] for further details and examples. Note that
in the present case, such limit is well-defined, since the inner product in (2.33) is bounded
and therefore we can compute the limit in Eq. (2.32d) as z → 0, which implies that S∞ is
invariant. The semiflow at S∞, as z → 0, is given by

Ut = Uxx −U − 〈Uxx −U ,U 〉L2 ·U , (2.34a)

−Ux (0) = λU (0), (2.34b)

Ux (1) = λU (1), (2.34c)

since g is bounded and hence gz(U ) → 0 as z → 0. Note that in the limit, the inner product
becomes −〈Uxx −U ,U 〉L2 = −λ

(
U 2(1) +U 2(0)

) + ||U ||H1 .

Therefore, the Steklov eigenfunctions �1(x),�2(x), which satisfy 0 = Uxx − U and
the boundary conditions (2.34b)-(2.34c), are equilibria at infinity when λ = σ1, σ2. There-
fore, through the compactification in (2.31), not only we obtain a limiting object at infinity
(corresponding to a Steklov eigenfunction), recovering the known results of [4, 5] for uni-
dimensional spatial domain, but more importantly, that such limiting object are equilibria of
the induced semiflow at infinity.

More generally, all the eigenfunctions {ϕn}n∈N of the linearization at infinity, given by
Eq. (2.16), are solutions of (2.34) and thereby equilibria at infinity for all λ ∈ R, given in
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coordinates as

ϕ∞
n := (ϕn, 0) ∈ S∞ for all n ∈ N. (2.35)

In the particular case that λ = σ1, σ2, we have ϕ1(x) = �1(x), ϕ2(x) = �2(x). However,
due to Lemma 2.2, only the eigenfunctions ±ϕ1(x),±ϕ2(x) can be reached by infinite-time
blow-up solutions. Next, we seek to describe the full dynamics of the induced compactified
semiflow at the sphere at infinity.

Lemma 2.3 There are four solutions of (2.34) which are heteroclinics orbits at the sphere at
infinity from ±ϕ∞

2 (x) to ±ϕ∞
1 (x) as t increases.

Proof To account for the growth in each eigendirection, we consider two further projections,
PN , for each fixed N = 1, 2, from X × {1} into hyperplanes CN , which are tangent to the
equilibria at infinity, (ϕN , 0) ∈ S∞, and given by

CN := {(U , z) ∈ L2 × [0, 1] | UN = +1,Un ∈ R for all n ∈ N\{N }}, (2.36)

where Un := 〈U , ϕn〉 for all n ∈ N.
Consider any point u ∈ X ⊆ L2 and a line that passes through the points (u, 1), (0, 0) ∈

L2 × [0, 1]. The intersection of such line with the plane CN defines the projection PN , see
Fig. 7, with coordinates given by (ξ, ζ ):

(ξ, ζ ) := PN (u, 1) =
(

u

〈u, ϕN 〉L2
,

1

〈u, ϕN 〉L2

)
. (2.37)

We emphasize that we abuse the notation and we use the same symbol (ξ, ζ ) given by (2.37)
to denote different variables for each of the planes CN , N = 1, 2. Note the plane CN can be
rewritten in the coordinates (ξ, ζ ) as

CN := {(ξ, ζ ) ∈ L2 × R | ξN = +1, ξn ∈ R for all n ∈ N\{N }}, (2.38)

where ξn := 〈ξ, ϕn〉L2 for all n ∈ N.
The projectionPN induces a semiflowonCN through differentiation of (2.37)with respect

to time, yielding

ξt = ξxx − ξ − 〈ξxx − ξ, ϕN 〉L2 · ξ (2.39a)

−ξx (0) = λξ(0) + gζ (ξ(0)), (2.39b)

ξx (1) = λξ(1) + gζ (ξ(1)), (2.39c)

ζt = −〈ξxx − ξ, ϕN 〉L2 · ζ. (2.39d)

where the projected vector field is a homothety of the original vector field (1.1) with scale
factor ζ := 〈u, ϕN 〉−1

L2 , i.e. g
ζ (ξ) := ζ g(ζ−1ξ), as in (2.32). Note that the inner product

〈ξxx − ξ, ϕN 〉L2 is bounded, since 〈ξ, ϕN 〉L2 = 1 in CN , and thus the Eq. (2.39d) is well-
defined and we can compute the limit as ζ → 0, since gζ (ξ) → 0:

ξt = ξxx − ξ − 〈ξxx − ξ, ϕN 〉L2 · ξ (2.40a)

−ξx (0) = λξ(0), (2.40b)

ξx (1) = λξ(1), (2.40c)

ζt = 0. (2.40d)

Note that the coordinates (U , z) and (ξ, ζ ) are related by means of colinearity,

(ξ, ζ ) = 1

〈U , ϕN 〉L2
(U , z), (2.41)
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ξ ∈ L2

ζ ∈ [0, 1]

L2 × {1}
C1

S+

(u, 1)

P1(u, 1)

(ϕ1, 0)
ξ ∈ L2

ζ ∈ [0, 1]

L2 × {1}
C2

S+

(u, 1)
P2(u, 1)

(ϕ2, 0)

Fig. 7 Projections PN for each N = 1, 2 from phase-space X ↪→ L2 × {1} into the hyperplanes CN , which
are respectively tangent (at the point (ϕN , 0)) to the sphere at infinity S∞

and thereby the semiflow described by both variables are locally topologically conjugate. In
other words, the planesCN provide suitable coordinates to describe the evolution of solutions
in the hemisphere S+.

In order to dissect the induced semiflow of Eq. (2.39a) in CN |ζ=0, we write each ϕn-
eigendirectional semiflow as ξn := 〈ξ, ϕn〉L2 , in the limit ζ → 0, which satisfies

(ξn)t = 〈ξxx − ξ, ϕn〉L2 − 〈ξxx − ξ, ϕN 〉L2 · ξn

= (μn − μN )ξn, (2.42)

since A = ∂xx − I d is self-adjoint and ξN = +1 at the hyperplane CN . Note that since
each ϕn is an eigenfunction of the eigenvalue problem, it satisfies the linear Robin boundary
conditions, and thereby so does ξ(t, x) = ∑

n ξn(t)ϕn(x).
Therefore, infinite-time blow-up behavior of the solutions u(t) induces the linear flow

(2.42) in the projected coordinates (ξ, 0) ∈ CN |ζ=0. In particular, equilibria of (2.42) occur
when ξn = 0 for all n ∈ N, except ξN 
= 0. The only of these equilibria that lie on the
sphere at infinity S∞ is when ξN = ±1. Thus, the equilibria at infinity are given by the
eigenfunctions, ±ϕ∞

N := (±ϕN , 0) ∈ S∞, and can be characterized as

±ϕ∞
N := {(ξ, 0) ∈ S∞ : ξN = ±1, and ξn = 0 ∀n 
= N }, (2.43)

= {(U , 0) ∈ S∞ : UN = ±1, and Un = 0 ∀n 
= N } . (2.44)

Let us now construct the heteroclinic network at infinity, H∞ ⊆ S∞. Note that, due to
Lemma 2.2, only the equilibria ϕ∞

N with N = 1, 2 are attainable from infinite-time blow-up
solutions. To compactify the unbounded attractor, we will show that there is a heteroclinic
connection from ±ϕ∞

2 to ±ϕ∞
1 whenever λ > σ2.

Consider the hyperplane C2, where ζ = 0, which contains the equilibrium ±ϕ∞
2 . Then,

each coordinate ξn(t) belongs to a linear subspace where its evolution is given by (2.42).
When λ > σ2, we have that the eigenvalues satisfy μn < . . . < μ3 < 0 < μ2 < μ1. Thus,
we have the following:
n = 1 ξ ′

1 = (μ1 − μ2)ξ1, where μ1 − μ2 > 0 and thus ξ1(t) increases.

n = 2 ξ ′
2 = 0 and thus ξ2 ≡ +1.

n ≥ 3 ξ ′
n = (μn − μ2)ξn , where μn − μ2 < 0 and thus ξn(t) decreases.

Considering the change of coordinates in (2.41) in the plane C2, note that

(ξ1(t), 1, ξ3(t), . . .) = ξ = 1

〈U , ϕ2〉L2
U =

(
U1(t)

U2(t)
, 1,

U3(t)

U2(t)
, . . .

)
, (2.45)

According to the projection P2, the coordinate ξ1(t) → ∞ as t → ∞, which implies that
U1(t)
U2(t)

→ ∞ as t → ∞, i.e., U1(t) grows faster than U2(t). On the other hand, ξn(t) → 0 as
t → ∞ for n ≥ 3.
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Consider now the hyperplane C1, where ζ = 0, which contains the equilibrium ±ϕ∞
1 .

Then, each coordinate ξn(t) belongs to a linear subspace where its evolution is given by
(2.42), and for λ > σ2 we obtain
n = 1 ξ ′

1 = 0 and thus ξ1 ≡ +1.

n ≥ 2 ξ ′
n = (μn − μ1)ξ1, where μn − μ1 < 0 and thus ξn(t) decreases.

Considering the change of coordinates in (2.41) in the plane C1, note that

(ξ1(t), 1, ξ3(t), . . .) = ξ = 1

〈U , ϕ1〉L2
U =

(
1,

U2(t)

U1(t)
,
U3(t)

U1(t)
, . . .

)
, (2.46)

Since Un(t) are the coordinates of the solution in the hemisphere at infinity that leaves from
ϕ2, according to (2.45), we know that U1(t)

U2(t)
→ ∞ as t → ∞, we have that U2(t)

U1(t)
→ 0

and thereby ξ2(t) → 0. Similarly for the others ξn(t) → 0, n ≥ 3. Thus, we obtain the
heteroclinic network in the sphere at infinity, S∞. ��

2.4 Main theorem

Theorem 2.4 Under the above hypothesis on g(u), there are five distinct dynamical regimes
for the global attractor of Eq. (1.1) as λ crosses each of the bifurcating eigenvalues
σ ∗
1 , σ2, σ

∗
2 , σ2, as follows; see Fig. 8.

(i) For λ ∈ (0, σ ∗
1 ), all solutions remain bounded and u∗ ≡ 0 is the global attractor.

(ii) For λ ∈ (σ ∗
1 , σ1), solutions are bounded and the global attractor consists of the three

equilibria, 0 and ±u1(x), and two heteroclinics from 0 to ±u1(x) as t increases. More-
over, as λ → σ1, then ±u1(x) escape to infinity towards ±�1(x), as in (2.9).

(iii) For λ ∈ (σ1, σ
∗
2 ), the compactified unbounded global attractor consists of u∗ ≡ 0,

two equilibria at infinity, ±ϕ∞
1 (x), and two unbounded heteroclinics (i.e. infinite-time

blow-up solutions) from 0 to ±ϕ∞
1 (x) as t increases, as in (2.18).

(iv) For λ ∈ (σ ∗
2 , σ2), the compactified unbounded attractor consists of three bounded equi-

libria, 0 and ±u2(x), two equilibria at infinity, ±ϕ∞
1 (x), and their heteroclinics. There

are bounded heteroclinics from 0 to ±u2(x) and unbounded heteroclinics from both 0
and ±u2(x) to ±ϕ∞

1 (x), as t increases, as in (2.18). Moreover, as λ → σ2, then ±u2(x)
escape to infinity towards ±�2(x), as in (2.9).

(v) For λ ∈ (σ2,∞), the compactified unbounded global attractor consists of u∗ ≡ 0, four
equilibria at infinity, ±ϕ∞

1 (x),±ϕ∞
2 (x), and their heteroclinics. There are unbounded

heteroclinics from u∗ ≡ 0 to both ±ϕ∞
1 (x) and ±ϕ∞

2 (x), as t increases, as in (2.19). At
infinity, there are heteroclinics from ±ϕ∞

2 (x) to ±ϕ∞
1 (x), as t increases.

3 Discussion

We discuss on our approach of bifurcation from infinity and provide open problems.
Previously, in [4, 5, 26], it was known that there are unbounded bifurcation curves of equib-

ria from infinity that converges, after rescaling, to the Steklov eigenfunctions as the parameter
approaches a Steklov eigenvalue, as in (2.9). In our compactification approach, we show that
such Steklov eigenfunctions are equilibria of the induced semiflow at infinity. We have also
discussed the asymptotic behavior of solutions in Lemma 2.2, which proves that there are
infinite-timeblow-up solutions that converge, after rescaling, to certain eigenfunctions (which
are equilibria at infinity). Therefore, the Poincaré projection justifies the interpretation of such
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−ϕ∞
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U
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U

z
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1 , σ1) λ ∈ (σ1, σ
∗
2)

λ ∈ (σ∗
2 , σ2) λ > σ2

Fig. 8 The global dynamics of the compactified semiflow as the parameter λ increases and passes through
the values σ∗

1 , σ1, σ
∗
2 , σ2. As λ crosses σ∗

1 , the trivial equilibrium u∗ ≡ 0 undergoes a pitchfork bifurcation,

yielding the bounded and stable equilibria ±u1(x), and their respective heteroclinics. As λ → σ1, such
equilibria ±u1(x) become arbitrarily large and its compactification, ±P(u1(x)), converge to the Steklov
eigenfunctions ±�1. For λ > σ1, there are stable equilibria at infinity, given by ±ϕ∞

1 (x), that attract infinite-
time blow-up solutions. Note that ±ϕ∞

1 (x) = ±�1(x) when λ = σ1. Similarly as λ crosses σ∗
2 and σ2. The

compactification of the attractor is depicted in blue

infinite-time blow-up solutions as heteroclinics to infinity. The projection also allows us to
identify the induced behavior at infinity and compute the compactification of the unbounded
attractor.

In particular, for λ > σ2, note that there are sufficiently small initial data that shadow the
heteroclinic from0 towardsϕ∞

2 for some time, but eventually converge toϕ∞
1 , see Fig. 8. Such

heteroclinicsmay cause a numerical approximation to break down for sufficiently large times,
leading to the false conclusion that any sufficiently small solution may approximate ϕ∞

2 ,
after rescaling. However, this is only a transient behavior, as rescaled solutions generically
converge to ϕ1. Therefore, our compactification approach may provide a more accurate and
reliable approximation scheme for large solutions.

For simplicity, we have considered a scalar PDE in one spatial dimension with boundary
nonlinearities g(u) which are Lipschitz, odd, monotone, bounded, g(0) = 0 and g′(0) = 1;
for example g(u) = arctan(u). However, if any of these properties is violated, different
phenomena may occur. In some cases, our result can still be replicated, but with a slightly
different outcome. For example, g(0) = 0 guarantees that u∗ ≡ 0 is an equilibrium of (1.1),
but one can consider a different bounded equilibrium that undergoes pitchfork bifurcations
and construct the resulting attractor. Alternatively, if g′(0) = −1, such as in the example
g(u) = − arctan(u), the subcritical/supercritical character of the bifurcations at u∗ ≡ 0 and
from infinity change roles, see Fig. 2; with a different dynamical structure of the attractor
for each parameter value. In general, for non-odd or non-monotone nonlinearities, additional
bounded equilibria may arise, and thus one has to construct all the bounded heteroclinic
connections, akin to [20] and references therein, and discuss the connection problem for the
infinite-time blow-up solutions, as in [7].

For example, we mention a few possible future explorations in this direction:
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1. Nonlinearities g(λ, u) which are not necessarily monotone in λ, may not possess mono-
tone bifurcating curves from infinity, see [5, Theorem 4.1 and 4.2].

2. If g(u) 
= 0 for any u ∈ R, such as sigmoid function g(u) = 1/(1 + e−u), then the
bifurcating branch from infinity may have to meet another bifurcation from infinity.

3. The case of separated nonlinear boundary conditions, such that each boundary condition
has a nonlinearity given by g0(u), g1(u) at x = 0, 1.

4. In case that g(x, u) has different linearizations at u∗ ≡ 0 and ‘at infinity’, in constrast
to (2.10) and (2.16).

5. Parabolic PDEs with nonlinear boundary conditions in higher spatial dimensions, which
amounts to a nonlinear Steklov problem on the unit circle; see [13, 14].

Next, one may consider the interaction of the current nonlinear Robin boundary conditions
with extra nonlinear terms in the interior of the domain. The role of different reaction terms,
and an appropriate compactification, is provided in [21]; specially in the role of a bifurcation
at infinity, see [19]. A natural next step is to analyze the interplay between the dynamics
induced by the interior reaction and the boundary nonlinearities.
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