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Abstract

We construct several new families of exactly and quasi-exactly so\@blg-type Calogero—
Sutherland models with internal degrees of freedom. Our approach is based on the introduction
of a new family of Dunkl operators aBy type which, together with the origina -type Dunkl
operators, are shown to preserve certain polynomial subspaces of finite dimension. We prove that a
wide class of quadratic combinations involving these three sets of Dunkl operators always yields a
spin Calogero—Sutherland model, which is (quasi-)exactly solvable by construction. We show that all
the spin Calogero—Sutherland models obtainable within this framework can be expressed in a unified
way in terms of a Weierstrags function with suitable half-periods. This provides a natural spin
counterpart of the well-known general formula for a scalar completely integrable potendal pf
type due to Olshanetsky and Perelomov. As an illustration of our method, we exactly compute several
energy levels and their corresponding wavefunctions of an elliptic quasi-exactly solvable potential
for two and three particles of spiy2. 0 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The completely integrable and exactly solvable models of Calogero [1] and Suther-
land [2] describe a system &f quantum particles in one dimension with long-range pair-
wise interaction. These models and their subsequent generalizations (see [3] and references
therein for a comprehensive review) have been extensively applied in many different fields
of physical interest, such as fractional statistics and anyons [4—6], quantum Hall liquids [7],
Yang-Mills theories [8,9], and propagation of soliton waves [10]. A significant effort has
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been devoted over the last decade to the extension of scalar Calogero—Sutherland models
to systems of particles with internal degrees of freedom or “spin” [11-20]. These models
have attracted considerable interest due to their connection with integrable spin chains of
Haldane—Shastry type [21,22] through the “freezing trick” of Polychronakos [23].

The exactly solvable and integrable spin models introduced in [11,14] generalize the
original rational (Calogero) and trigopnometric (Sutherland) scalar models, and are invariant
with respect to the Weyl group of typéy. The exact solvability of both models can be
established by relating the Hamiltonian to a quadratic combination of either the Dunkl [24]
or the Dunkl-Cherednik [25] operators afy type, whose relevance in this context was
first pointed out by Polychronakos [26]. We shall use the term “Dunkl operators” to
collectively refer to this type of operators. Up to the best of our knowledge, only two
By -invariant spin Calogero—Sutherland models have been proposed so far in the literature,
namely the rational and the trigonometric spin models constructed by Yamamoto in [16].
The exact solvability of the rational Yamamoto model was later proved in Ref. [19] using
the Dunkl operator formalism. The exact solvability of the trigonometric Yamamoto model
will be proved in this paper.

In a recent paper [20] the authors proposed a new systematic method for constructing
spin Calogero—Sutherland models of typg. One of the key ingredients of the method
was the introduction of a new family of Dunkl-type operators which, together with
the Dunkl operators defined in [24,25], preserve a certain polynomial module of finite
dimension. It was shown that a wide class of quadratic combinations of all three types
of Dunkl operators always yields a spin Calogero—Sutherland model. In this way all
the previously known exactly solvable spin Calogero—Sutherland modelg dfpe are
recovered and, what is more important, several new exactlyaemit-exactly solvable spin
models are obtained. By quasi-exactly solvable (QES) we mean here that the Hamiltonian
preserves a known finite-dimensional subspace of smooth functions, so that a finite
subset of the spectrum can be computed algebraically; see [27-29] for further details.
If the Hamiltonian leaves invariant an infinite increasing sequence of finite-dimensional
subspaces, we shall say that the model is exactly solvable (ES).

In this paper we extend the method of Ref. [20] to construct new families of (Q)ES spin
Calogero—Sutherland models BICy type. To this end, we define in Section 2 a new set
of Dunkl operators ofBy type leaving invariant a certain polynomial subspace of finite
dimension, which is also preserved by the original Dunkl operatofs,ofiype introduced
in [19]. In Section 3, we show that a suitable quadratic combination of all three types
of Dunkl operators discussed in Section 2 can be mapped into a multi-parameter (Q)ES
physical Hamiltonian with spin. This approach is a generalization of the construction used
to prove the integrability of thel ;5 spin Calogero—Sutherland models, in which only a
single set of Dunkl operators is involved. Our method is also related to the so-bidiéeh
symmetry algebra approach to scalay -body QES models [30-32], where the Hamiltonian
is expressed as a quadratic combination of the generators of a realizadioN ef 1). We
then show that the sets of Dunkl operators used in our construction are invariant under
inversions and scale transformations. This property is exploited in Section 4 to perform
a complete classification of thRCy-type (Q)ES spin Calogero—Sutherland models that
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can be constructed with the method described in this paper. The resulting potentials can be
divided into nine inequivalent classes, out of which only two (the rational and trigonometric
Yamamoto models) were previously known. In particular, we obtain four new families of
elliptic QES spin Calogero—Sutherland modelsBafy type. Section 5 is devoted to the
discussion of the general structure of the potentials listed in Section 4. We prove that all
the potentials in the classification are expressible in a unified way in terms of a Weierstrass
g function with suitable (sometimes infinite) half-periods. This provides a natural spin
counterpart of Olshanetsky and Perelomov’s formula for a general scalar potential related
to the BCy root system. Finally, in Section 6 we illustrate the method by exactly computing
several energy levels and their corresponding eigenstates for an elliptic/@potential

in the two- and three-particle cases.

2. By-typeDunkl operators

In this section we introduce a new family B, -type Dunkl operators which will play a
central role in our construction of new (Q)ES spin Calogero—Sutherland models.

Let f(2) be an arbitrary function of = (z1, ..., zy) € RY. Consider the permutation
operatorsK;; = K ;; and the sign reversing operatdts, whose action on the functiofi
is given by

(Kij )2y -3 Ziv ooy Zjson s ZN) = [ (225 oo o3 Zjis oo o Zis - -+ N,

(Kif)(zl’"~,Zl"'-"ZN)Zf(Zl’""_Ziv"'va)’ (1)
wherei, j =1,..., N. It follows thatK;; andK; verify the relations

szj =1, KijKjr = KikKij = Kjk Kig, KijKi = K Kij,

KZ=1, KiKj=K;K;, KijKi = KiKij, KijKj=KiKij, 2)

where the indices j, k, I take distinct values in the range.1., N. The operator&;;, K;
span the Weyl group of typ8y, also called the hyperoctahedral group. We shall also
employ the customary notatidﬁ-j = K,;K;K;;. Letus consider the following set of Dunkl
operators:

-(1- Kl,)+2

(1 Kl])) _'(1_Ki)’ (3)

j#i j#
PR N DR TC P S Ak NER @)
P 22 Zi —2j Y Zi+2zj Y
J#i j#©
d ZiZj ZiZj
Ji+=z,~28——mzi+a(24(l—1{ij)—z (1 Kz;))
Zj — 2 —Zj — i T2
J# J#i
—b'zi(1— (-D"K;), (%)

wherea, b, b’ are nonzero real parametersis a nonnegative integer, ane= 1, ..., N. In
Egs. (3)—(5), the symbdl_ ;_; denotes summationipwith j=1,...,i—1,i+1,...,N.
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In general, any summation or product index without an explicit range will be understood
in this paper to run from 1 t@/, unless otherwise constrained. It shall also be clear in each
case whether a sum symbol with more than one index present denotes single or multiple
summation.

The operatorg,;” in Eq. (3) have been used by Dunkl [19] to construct a complete set
of eigenvectors for YamamotoBy rational spin model [16]. The operatolﬁ were also
introduced by Dunkl in Ref. [19]. To the best of our knowledge, the operattbnsave not
been considered previously in the literature.

The operators (3)—(5) obey the commutation relations

2
[/E, J]i] =0, [72, J](-)] = az Z (Kij + Ki))(Kjx + K jx — Kix — Kix), (6)
ki, j
[Kij. JE] =0, KijJf = J5Kij, [Ki, J§] =0, KiJf = (-1 K

(7)
wheree = +, 0, and the indices, j, k take distinct values in the range.1., N. The
operators/;” (respectively,/*) i=1,..., N, together withk;; andK;, i, j =1,.
span a degenerate affine Hecke algebra see [25] The ope)‘,atdcsnot commute but
smceJ0 +5 Z]q(l(l, + KU) 5 Z]N(KU + KU) do, it can be shown that the latter
operators, together witk;; andK;, also define a degenerate affine Hecke algebra.

Itis well-known [19] that the operatorg™ andJ,.0 preserve the spade, of polynomials
in z1, ..., zy of degree at most, for all » € N. Moreover, forany nonnegative integer,
the spaceéR,, spanned by the monomid[s; zg" with 0 < [; < n is also invariant under the
action of bothJ;” and J,.O. Let us prove this assertion in the caseJﬁf Since(zi% -
Z)Rn C Ry, it suffices to show that

Zi —i—z] ZJ
1-K; CcR,, and 1-K; C R, 8
o, ,)IZ[z P ,)Hz (8)

for any pair of indices K i # j < N. For the first inclusion we note that

+
R N

Z _Zj k
Z!li*lﬂ _ Z|.li*lj|
=< I1 sz)(a +2) iz )™M signil; — 1) ————
ki, i —Zj
[li—11-1
li—l|—1—k
(]‘[ zk)m + 2@z sign — 1) S0 A TTTRA L (9)
k#i, j k=0
where
-1, p<0O
sign(p)=10, p=0,
1, p>0.

The resulting polynomial thus belongs ®,. Indeed, it is a linear combination of
monomlalsl‘[k z with Iy =1 fork #1, j, andll,l max(l;, ;). Likewise, the second
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inclusion in (8) follows from the identity

i — 2 ~
l' {(1—Kij)1_[22k

Zi + 2 X
[li—1;] Ll M=l
. Z; — (=D iz,
:( l_[ zi")(z,' —Zj)(ZiZj)mm(l”lf)S(lhlj) ! Tz l
Kati, Zi Zj
|li—=1j]-1
=< I1 z,f><z,~—z,-)(az,-)m'””“lﬂs(zi,l,,~> Yo (=l (10)
ki, j k=0
where
1 P <4q,
S(ps CI) = 07 p :q,

—(=DP*, p>gq.

We omit the analogous proof for the operatdfs. Unlike the previous types of Dunkl
operators, the operat017$r in Eq. (5) do not preserve the polynomial spaggsand Ry
with k # m. However, the spac®,, is invariantunder the action d‘[+ In fact, the operator

l

9
Z2— —mzi —b'zi(1— (—=D)"K;),
0z

preserveR,,, and, just as we did in the caseJﬁ, one can show that both

ZiZj ZiZj ~
4(1_ K;j) and 4(1_ Kij)
i —Zj Zi +2zj

preserveR,, for any nonnegative integer.

3. BCy-type spin many-body Hamiltonians

In Section 2 we have shown that all three setsBaf-type Dunkl operators (3)—(5)
preserve the finite-dimensional polynomial spdeg. In this section we shall use this
fundamental property to construct several families of (Q)ES many-body Hamiltonians with
internal degrees of freedom.

Let& =spat|s1,...,sy) |si=—M,—-M+1,....,M; M e %N} be the Hilbert space
of the particles’ internal degrees of freedom or “spin”. We shall denot® bgnds;, i, j =
1,..., N, the spin permutation and spin reversing operators, respectively, whose action on
a spin statéss, ..., sy) is defined by

Sl‘j|S1,...,Si,...,Sj,...,SN)=|S1,...,Sj,...,si,...,SN>,
S,’|S1,...,S,’,...,SN)=|S]_,...,—S,',...,SN). (11)

The operatorsS;; and S; are represented i by (2M + 1)V -dimensional Hermitian
matrices, and obey identities analogous to (2). The notafipa= S; S; S;; shall also be
used in what follows.
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We shall deal in this paper with a systemfidentical fermions, so that the physical
states are completely antisymmetric under permutations of the particles. A physical state
Y must therefore satisfyloyr = ¢, whereAg is the antisymmetrisation operator defined
by the relationsA2 = Ag andIT;; Ag= — Ao, j > i =1,..., N, with IT;; = K;;S;;. Since
K,Z, =1, the above relations are equivalen&ig Ag = —S;; Ao, j >i=1,..., N. Forthe
lowest values ofV, the antisymmetriseng is given by

1
N=2:. Ag= E(l_ I11)),

1
N=3. Ao= 6(1_ Iy — I3 — T3+ IT12[T13 + [T120123).

Our aim is to construct new (Q)ES Hamiltonians symmetric under the Weyl group of
type By generated by the permutation operatidys and the sign reversing operat@ss; .
The corresponding algebraic eigenfunctions will be antisymmetric under a change of sign
of both the spatial and spin variables of any particle, and therefore satigfy v, where
A is the projection on states antisymmetric under permutations and sign reversals. The
total antisymmetrisent is determined by the relations® = A and

KijA=-S§;;A, Kin=-8A, j>i=1...,N. (12)

It may be easily shown that

1
A= o <H(l— KiSi)> Ao.

Following closely the procedure outlined in [20], we shall consider a quadratic
combination of the Dunkl operators (3)—(5) of the form

—H" =" (e (5 + eoo(40)? + e (7)) + cod?), (13)
1
where ¢, coo, c——, co are arbitrary real constants such thdt, + c3,+ c2_ # 0.
The second-order differential-difference operator (13) possesses the following remarkable
properties. First, it is a quasi-exactly solvable operator, since it leaves invariant the
polynomial spacéR,,. In particular, ifc;++ = O the operato* preservesk, (and?P,)
for any nonnegative integer, and is therefore exactly solvable. Secondfy, commutes
with K;;, K;, S;j, and §; for all i, j = 1,..., N. This follows immediately from the
commutation relations (7). Note that none of the terms
R/ N S Ve N B/
1 1 1
commute withK;, and for that reason they have not been included in the definitiéfiof
We have also discarded the te@{]ﬁ, J”} because it differs from Zi[(Jio)2 + b -
b)J,.O] by a constant operator.
SinceH™* preserves the polynomial modukg,,, commutes withl, and acts trivially on
&, the module

Rn=ARpy ®S) (14)
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is also invariant undel *. It follows from Eqgs. (12) that the action of the operat&fs and

K; on the modulér,, coincides with that of the spin operaters;; and—S;, respectively.
Therefore, the differential operaté obtained fromi * by the formal substitution&’;; —

—S;j, Ki — =S;,i,j=1,..., N, also preserves the modukg,,. For the same reason, if

the coefficient,, in Eq. (13) vanishes, the operatérleaves the moduleR, andP, =

A(P, ® &) invariant for any nonnegative integer Using the formulae (3)—(5) in the
appendix for the squares of the Dunkl operators, we get the following explicit expression
for the gauge spin Hamiltonian H:

—H = ZP(z,)82+Q<z,>an+R<zl +4aZZ’P(Z’ 3y

—Z( Z

l;ﬁ] J
1+S; 1+8S; )
—a P . + s
Z (Zl)<(Zi_Zj)2 (zi +2;)?

)+ b ey 22 (14 (=™, ))
i#]

ac4+
+

D (@i +2)%A+ Si) + @ — 22 A+ 8ip) + C, (15)
i#]
where

P(z) = C++Z4 + cooz? + e,

Q@) =24 (1—m—b'+2a(1-N))z®

2bc__
+(co+coo(1—m+2a(1—N))>z+ 2 ,

R() =ciym(m — 1+ 2b")z%,

— Nm? a
C=Coo|: 2 <Z [4— (Sij + 5i))(Sik + Si)1 +6Y (1= 5;S; ))
k i#]
a ~ Nmco
+§Z(2+S,~,-+S,~j) -— (16)
i#]
Hereafter, the symbozgﬁj,k denotes summation i) j, k with i £ j £k #1.

One of the main ingredients of our method is the fact that the gauge spin Hamiltonian
H can be reduced toghysical spin Hamiltonian

H=-Y 92+V(X), a7

whereV (x) is a Hermitian matrix-valued function, by a suitable change of variabtes
£(X), X=(x1,...,xy) and a gauge transformation with a scalar funcfigr), namely

M- ﬁ|z:;(x) : M_l =H. (18)

We emphasize that in general there is no (matrix or scalar) gauge factor and change of
coordinates reducing a given matrix second-order differential operaféniariables to a
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physical Hamiltonian of the form (17); see [33,34] and references therein for more details.
The quadratic combinatio®/* has precisely been chosen so that such a gauge factor
and change of variables can be easily found forFor instance, we have omitted the
otherwise valid termZ,.[Jl*, J;~] because it involves first-order derivatives with matrix-
valued coefficients, which are usually very difficult to gauge away. The gauge factiod
change of variablez= ¢ (x) in Eq. (18) are, respectively, given by

1= exp<Z ZQ},((yyii)) d)’i> l_[(ziz —2%)° l_[ P(z)~ 4, (19)

i i<j

and
T [ ay P 20
xXi=¢ (Zl)— —(y), i=1...,N. ( )

The physical spin potentidl reads
a+Sjj a+S;; )
V=a P(z; +
;[ ( )<(zi—z,-)2 (zi +2;)?
C ~
_ %((z,' + 2?14 Sij) + (zi — )L+ Si,-))}

+ Z[b/c++ (14 Dms) + b;* 1+ S)+ W(zl-)] +C, (21)
where |
W(z)=%<Q’—%ﬁ>+$<Q—%’><Q—3§/>+cz2, (22)
and

C=aN(N—1)[co— %(a(zzv— 1) + 3(m —1))] -G,

¢ =—c44(2a*(N = D(2N — 1) +da(N = )b’ +m — 1) + m(2b' +m — 1)).

(23)
Note that the change of variables (20), and hence the poténitial, are defined up
to an arbitrary translation imach coordinatex;, i = 1,..., N. The hermiticity of the

potential (21) is a consequence of the Hermitian character of the spin opefatans!s; .
The invariance of the modul®,, under the gauge spin Hamiltonidi and Eq. (18)
imply that the finite-dimensional module

Mo =pnOO[A(Rn ® 8)],_, o

is invariant under the physical spin Hamiltoniah Therefore, any quadratic combination
H* of the form (13) leads to a (quasi-)exactly solvable spin many-body potential (21)—(23)
(provided of course that the moduld,,, is not trivial). In particular, if the coefficient,
vanishes, the spin Hamiltoniafi with potential (21) is exactly solvable, since it leaves

(24)
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invariant the infinite chains of finite-dimensional modules, and N, = u(X)[A(P, ®
G)]z:{(x), neN.

Our goal is to obtain a complete classification of the (Q)ES spin potentials of the
form (21)-(23). The key observation used to perform this classification is the fact that
different gauge spin Hamiltoniarf$ may yield the same physical potential. This follows
from the form invariance of the linear spaces gpanz), J,.O(z), J,.+(z)}, i=1,...,N,
under projective (gauge) and scale transformations, given respectively by

1 ~
g wj=—, JiE(Z)HJiG(W)Z(Hzfm>Ji6(Z)<HZT>7
j J

J
j=1,...,N, e=+,0, (25)
and
g wi=hizj,  J@eTW=J52, j=1,...,N,e=+0 (26)
wherei # 0 is real or purely imaginary. Indeed, we get

I (W) = —Jw) Bwy=—10mw), W) =—J7 W),

b—b
for the projective transformations (25), aﬁlé(w) =A"J (W) ~for the scale transforma-
tions (26). This implies that the resulting quadratic combina#idris still of the form (13),
with (in general) different coefficients, +, ¢oo, ¢——, andco. Using these transformations,
we can reduce the polynomigl(z) in (15) to one of the following seven canonical forms:

1. 1,

2. ivzz,

3. :I:U(l + zz),

4, iv(l - 12)2,

5. v(eH —z2)(e7%0 — 2?),
6. +v(1-z%)(1—k?%z?),

7. v(1-2?)(1— K2+ K%Z2), (27)
wherev > 0,0<k <1,and 0< 0 < /4.

4. Classification of QES spin Caloger o—Sutherland models

We present in this section the complete classification of all the (Q)ES spin Calogero—
Sutherland models that can be constructed applying the procedure described in the previous
sections. To further simplify the classification, we note that the scaling co) —

(Acee, Acp) induces the mapping

V(X; cee, €0) = V (X; A Cee, A Q) = )\V(\/XX; Cee, €CO) (28)

of the corresponding potentials. For this reason, in Cases 2—7 we shall only list the potential
for a suitably chosen value of the parameteNote furthermore that in Cases 2—4 and 6
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once the potential has been computed for a positive vajuef the parameten, its
counterpart for the opposite value= —vg can be immediately obtained using (28), namely

V(X; —vo, co) = =V (iX; vo, —co).

For the models constructed to be symmetric under the Weyl group ofRypgpanned
by the operatork;; S;; andk;S;, 1<i < j < N, the change of variables= ¢ (x) should
be an odd function ok, since only in this cas& — —x corresponds ta — —z. In all
cases except the second one, this has essentially the effect of fixing the arbitrary constants
on which the change of variables (20) depends. For example, in Case 7 with the
change of variables is of the forgy = cn(2x; + & | k) = £cn2x; + &), 1 <i < N.
Imposing that;; be an odd function af; for all i and using the identity

2Cﬂ§i cn(2x;)
1—k2sr? & Sre(2x;)’

cN(2x; + &) +cn(—2x; + &) =
we obtain the condition
&=@; —DK, Li€Z 1<i<N,

whereK = K (k) is the complete elliptic integral of the first kind

/2
K(k)—/L
) V1= k2sirte

Since cii2x; — K + 2 K) = (—1)! en(2x; — K ), symmetry under exchange of the particles
requires thaf; be independent af so that;; = +cn(2x; — K) foralli =1, ..., N. Taking
into account that both the potenti&l and the gauge function are even functions aof
by Egs. (19)-(22), we see that the change of variables in this case can be takea as
cn(2xy; — K), 1<i < N.

In the classification that follows, we have routinely discarded constant operators of the
form

Vo=yo+ VlZSi + VZZSiSj + V3Z(Sij +38i/)
i i<j i<j
/ ~ ~
+ray | (Sij+8i)Sik +Siw).  vieR. (29)
i,j.k
This is justified, since the operat®h commutes withA (it actually commutes witlX;;,
Sij, Ki,andS; for1<i < j < N) and therefore preserves the spasés and\, for all n.

All the potentials in the classification presented below are singular on the hyperplanes
x; =xj, 1<i < j <N, where they diverge a&; — xj)*z. In some cases there may be
other singular hyperplanes, near which the potential behaves as the inverse squared distance
to the hyperplane. We shall accordingly choose as domain of the functions in the Hilbert
space of the system a maximal open subsef the open set

XN <XN_1 <+ <X2<X] (30)
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containing no singularities of the potential. In all cases except Case 2b, we shall take as
boundary conditions defining the eigenfunctionsiftheir square integrability on the
region X and their vanishing on the boundary of X faster than the square root of the
distance to the boundary. Since the algebraic eigenfunctions that we shall construct are in
all cases regular insidg, when this set is bounded the square integrability of the algebraic
eigenfunctions orX is an automatic consequence of their vanishing@n In Case 2b,

the potential is regular and periodic in each coordinate in an unbounded domain. Therefore
the square integrability of the eigenfunctions should be replaced by a Bloch-type boundary
condition in this case.

For each of the potentials in the classification, we shall list the domain chosen for its
eigenfunctions and the restrictions imposed by the boundary conditions discussed above on
the parameters on which the potential depends. In particular, the singularity of the potential
atx; =xj, 1<i < j < N, forces the parameterto be greater than/2. Similarly, in all
cases except for the second one the potential is also singular on the hyperplaried <
i < N, and the vanishing of the algebraic eigenfunctions on these hyperplah@is%été

with § > 0 requires thab > 1/2. The conditions
1 1
a > > b > >
shall therefore be understood to hold in all cases. For similar reasons, in Cases 4b, 5, and 6b
we must also have
, 1
b > —.

2
The potential in each case will be expressed as

V(X) = VspinX) + Y _ U (xi),

]

where the last term, which does not contain the spin operatpends;, can be viewed as
the contribution of a scalar external field.
We shall use in the rest of this section the convenient abbreviations

1
xf;:xiix,, a:a(N—1)+§(b+b/+m).

Casel P(z) =1.Change of variableg:= x. Gauge factor:
w0 = [ (ait) [k e 2o (31)
Scalar externalj potential:
U(x) = 0°x°. (32)
Spin potential:
Vepin) = 2a Y [(x7) 2@+ Sip) + () 2@+ 5]+ 6> x72b+ S). (33)
i<j i

Parametersy = — 3co > 0. Domain: O< xy < -+ < x1.
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Case2a P(z) = 4z2. Change of variables: = ¢2*. The most general change of variables
in this case ig; = Ae*2%, 1< i < N, but the following formulas are independent of the
choice of sign in the exponent and the value of the congta@Gauge factor:

o) = [[sinh(2x;;)]". (34)

i<j
Scalar external potential! (x) = 0. Spin potential:

Vepin(X) = 2a Y _[sinh?x- (a + Sij) — cosh ® x; (a + 5;))]. (35)
i<j

Parametersig = 4m. Domainixy < --- < x1.

Case2b P(z) = —4z2 Change of variables: = €?*. Again, the most general change of
variables is;; = Ae*?%i, 1 <i < N, but the following formulas do not change when this
is taken into account. Gauge factor:

0o = [[sin(2x;;)]". (36)

i<j
Scalar external potential! (x) = 0. Spin potential:

Vepin(X) = 2a Y _[sin~?x;(a + S;j) +cos > x;; (a + Si))]. (37)
i<j
Parameters:g = —4m. Domainixy < --- <x1 <xy + /2.

Both potentials in this case are invariant under a simultaneous translation of all the
particles’ coordinates. The choice= +4m, which simplifies the form of the gauge factor,
amounts to fixing the center of mass energy of the system. Note also that the potentials in
this case dmot posses8By symmetry, due to the fact that the change of variables cannot
be made an odd function af for any choice of the arbitrary constants. In fact, the sign
changey, — —z; corresponds to the translatiop— x; + i /2 orxx — xx + /2, which
(as any overall translation) leaves the potential invariant. The potentials in this case are
therefore best interpreted asy-type potentials depending both on spin permutation and
sign reversing operators.

For the hyperbolic potential 2a, none of the algebraic formal eigenfunctions are true
eigenfunctions, since they are not square integrable on their domain. On the other hand, the
algebraic eigenfunctions of the periodic potential 2b are clearly periodic in each coordinate
and regular on their domain, and thus qualify as true eigenfunctions.

Case3a P(z) = 4(1+ z%). Change of variables:= sinh(2x). Gauge factor:
u() = [ [[sinh(2x;;) sinh(2x})]* [ Jisinh2x;)1”[cost2x:)1P. (38)

i<j

Scalar external potential:

U(x) = —4B8(B — 1) cosh 2(2x). (39)
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Spin potential:

VepinX) = 2a Y _[(sinh 2 x; — coshx*) (a + Si))
i<j

+ (sinh‘ —cosh? X; )(a—l—Sl])]
+ 4b Zsmh 202x)(b+ S)).

i

Parameters:
ﬂ:c—g— (a(N—l)+b+%> <—(2a(N=1)+b+m).

Domain: O< xy < --- < x1.

Case3b P(z) = —4(1+ z%). Change of variables:= i sin(2x). Gauge factor:

nx) = [][sin(2x;) sin(2x})] H[sm(Zx )1 [eos2x))’.

i<j
Scalar external potential:
U(x) =4B(B — 1) cos *(2x).
Spin potential:

Vepin) = 2a Y _[(sin"?x;; +cos %x;;) (a + Sij)

i<j
+ (sin"?x;t +cos?x; ) (a + 5;))]
+ 4b Zsm—z(zx,-)(b +5;).
i
Parameters:

co m 1
ﬂ_—<§+a(N—l)+b+E>>§ or g=0.

Domain: O< xy < ---<x1 <m/4,if B >1/2 andB # 1,
O<xy<--<x1<%—x2if =01

Caseda P(z) = (1—z%)2. Change of variables; = tanhx. Gauge factor:
() = [ ] (sinhx;; sinhx;)* [ ] (sinhx;)” (coshr,)? .
i<j i
Scalar external potential:
U (x) = 282 cosh4x) + 4B8(1+ 2«) cosh2x).
Spin potential:

Vepin(¥) = 2a Y _[sinh2x;; (a + S;j) + sinh 2 x7 (a + §;)]

i<j

(40)

(41)

(42)

(43)

(44)

(45)
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+b) sinix;(b+8) —b' Y _cosh?x;(b'+ (=1)™"S:). (46)
i i

Parameters = §(co+2(b — b)) <0, or f=0andx <O0.
Domain: O< xy < --- < x1.

Alternatively, we could have taken the change of variablesasanh(x — %) = cothx.
The gauge factor, external potential and spin potential become, respectively,

) =] [(sinhx;; sinhx ) [Te™” cosh24i) (coshw; )? (sinhu;)? +", (47)
i<j i
U (x) = 282 cosh4x) — 48(1+ 2a) cosh(2x), (48)

and
Vepin(X) =2a Y [sinh 2 x- (a + i) + sinh 2 x ' (a + §;))]
i<j

—bY cost®xi(b+S)+b Y sinh?x;(b'+ (—1)"S;). (49)

Case4db P(z) = —(1—z%)2. Change of variables:= itanx. Gauge factor:

LX) = H(sinx,} sinx;)* HeﬂCoiz"i)(sinxi)”(cosm)”’*m. (50)

i<j i

Scalar external potential:

U(x) = —2B%cog4x) — 4B(1 + 2a) cog2x). (51)
Spin potential:

Vepin0) = 2a Y [Sin"?x/-(a + S;j) +sin~?x; (a + §;)]

i<j

+b) sin2xi(b+S)+b' Y cos (b + (—D"S;). (52)
i i

Parameters = —%(co + 2(b' — b)). Domain: O< xy < --- <x1 <7m/2.

The change of variable can also be takep asitan(x — 7/2) = icotx. Since this is the
result of applying an overatkal translation to the particles’ coordinates, we shall not list
the corresponding formulas for the potential and gauge factor.

Case 5 P(z) = (€#% — z?)(e7%° — z?). Change of variabless = S™d0x where the
modulus of the elliptic functions i€ = cosd. We shall also use in what follows the
customary notatiok’ for the complementary modulugl — k2. Gauge factor:

- - + +
snx;; dnxij snx;; dnx.m\¢

_ ij k enor
M(X)—H( - st st ) l:[exp{ﬂarctar[k/cn(zx,)“

i<j

x [SN(2x) 121 + en(2x;)12¢ 5+ [dn(2x;)] 2. (53)
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Scalar external potential:

U(x) = 4k'2dn—2(2x) [ﬂz —a(@+1)— ’;—’?(1 + 20) cn(Zx)]. (54)
Spin potential:
dnzxf. srext
o ij 2,2 ij Ny
Vspln(x)—251;<j|:<snzx; k°k dnzx;>(a+Sl'/)
dré x; sréx;,
0o 22 ij ) . }
+<Snzx:; dnle.; @+ 5i)

2 2
cnx; , snx; dnx; , "
b — ) b+ S)+b — ) (b -1"S;).
+ Xi:<snxidnxi>( 50+ ZI:< cnx; >( +(-1"S)
(55)
Parameters$ = —g&; (co + 2(k% — k'2)(b — b)). Domain: O< xy < -+ <x1 < K.

An alternative form for the change of variables in this case is

_Sn(x—K)dn(x—K) . conx
B cn(x — K) ~ snxdnx’

The resulting potential is obtained from the previous one by applying the overall real
translationy; — x; — K, i =1,..., N. Note also that, although is singular at the zeros

of cnx;, the algebraic eigenfunctions satisfy the appropriate boundary condition on these
hyperplanes on account of the inequality- 1/2 and the identity

2créx

LY = ey

Case 6a P(z) = 4(1 — z2)(1 — k?z?). Change of variables = sn(2x). Here, as in the
remaining cases, the Jacobian elliptic functions have modul@Gsuge factor:

- - - + + +ya
(snxl.j cnx;; dnxl.j Snx;; cnx;; dnxl.j)

no = E 1—k2 snle.; sn?xij)Z“
x [ Jrsn@x1Pren2xi) 1P rdn2x)1” . (56)

Scalar external potential:
U(x) =4k?[B(B — Den?(2x) — p/(B' — Ddn?(2x)]. (57)
Spin potential:
créx’ dréx’; sréxt
. . ij ij 14 ij g
Vspln(X)—ZaZ[< e +k Crlzx;;dnzx;>(a+Sl'/)

i<j ij
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Cn2x+dn2xl] A Sl”l2 S
+< srext + anx dn2x )(a+ ”)i|

1

+4by s A2u) b+ 5) + 4k2b Z s(2x) (' + (=D"s;).  (58)

i i

Parameters:

B=- 1 (Co+4(1+k )(b—b/))—a>% or B=0,

8k/2
B = k/z (co+41+k%) (b b)) —

Domain: O< xy < ---<x1 < K/2,if 8 >1/2andg #1;
O<xy<--<x1<K—x,if =0,1.

Case6b P(z) = —4(1—z%)(1— k'%z%). Change of variables:
_ sn(2x)
cn(2x)’
Gauge factor:

- - - + + +ya
(snxl.j cnx;; dnxl.j Snx;; Cnx;; dnxl.j)

wx) = E 1—k2 snle.; sn?x;j“.)Z“
x [ Jrsn@xi1Pren2x) 1" [dn(2x;)17. (59)

Scalar external potential:
U(x) =4[B(B — Dk?srP(2x) — B'(B' — DK 2dn~2(2x)]. (60)
Spin potential:

dréx’ sn2 e xt
Vspin(x)=202|:< ,xu — 4+ k* i lilall )(a+Sl/)

4 SIEx;. Créx; dn2 *
i<j L i lj
dnlej k4sr12xi70n2xi; S
+ : + Sij
(Sr‘?x Cn2x dnle.; )(a '/)]

+4bYy " sn‘2(2x,')(b +8) +4K2D Y " en(2x) (b + (—D™S;). (61)

i i

ParameterS'
B = (co +A4(L+KZ) D — b)) -
g = 1 (co+4(L+ K3 b)) —

- 8k?
Domain: O< xy < --- <x1 < K/2.

In spite of the singularity of; at the zeros of of2x;), the vanishing of the gauge factor
on these hyperplanes clearly implies that the algebraic eigenfunctions fulfill the appropriate
boundary condition.
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Case7 P(z) =4(1—z%)(k'? + k?z%). Change of variables:
,SN(2x)

z=cn(2x — K) =k a2

Gauge factor:
- - - + + +ya
(snx,.j cnx;; dnx,.j snx;; cnux;; dnx,.j)

noo =[] (1— kZsrPx; s

i<j

x [ Jrsn2xn1Pren(2x) 1P rdne2xq) 1o . (62)

Scalar external potential:
U(x) =4[p'(B' — DI siP(2x) + B(B — DK >cn?(2x)]. (63)
Spin potential:

créx; s xtdréxt
VSpin(X):zaZ[(Sr‘?degZxT + Clrizx*. lj>(a+sij)
ij

i<j ij ij

anxij snle.; dnle.; g
- + +5;j
(sn?x;;dnzx; créx;; )(a l])i|

+4b Y s 2(2x) (b + Si) — 42"y " dn A (2x) (b + (-1 S;).

l l

(64)
Parameters:
B=— C—O+}(k2—k/2)(b/—b)+a .- or =0
8 2 2 ’
;_ Co }2_ I2\ (1! By
ﬂ_8+2(k k') —b) —a.

Domain: O<xy <---<x1 < K/2,if 8 >1/2 andg # 1,
O<xy<--<x1<K—xif =0,1.

5. Discussion

The BCy-type potentials constructed in the previous section can be expressed in a
unified way that we shall now describe. In the first place, apart from irrelevant constant
operators of the form (29), the spin potential can be written as

Vepin00) =20 Y[ (u(x) + v(x5} + P1)) (@ + Sip)
i<j
+ (o)) + v(x + P)) @+ i)
+b Y (vlx) + vl + P)) B+ S)

1
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+ b’Z(v(x,- + Po) +v(x; + PL+ P2)) (b + (=D)"S;), (65)
1

wherev is a (possibly degenerate) elliptic function, aRd and P, are suitably chosen
primitive half-periods ofv (see Table 1). In particular, when one of the perigidf v
goes to infinity, expressions likgx + P;) with x € R finite are defined as zero. In Case 1,
both periods are infinite and(x + P1 + P») is also defined as zero. Furthermore, the
constantk’ = K’(k) in the elliptic Cases 5-7 is the complete elliptic integral of the first
kind defined byK’(k) = K (k’). Using this notation, it is easy to verify that in the non-
degenerate elliptic Cases 5-7 the scalar external poténtial can be written as

1 1
U(x):)»()»—l)[v(x + EPl) +v<x — EP:L)]
+)J()J_1)|:v<x+%P1+P2>+v<x—%P1+P2>], (66)

whereir = 8 and)’ = g’ in Cases 6—7, while = —« + i andA’ = —a — i in Case 5.
Formula (66) holds also in Case 3, with= 8 and1’ = 0. In Cases 1 and 4 Eq. (66) cannot

be directly applied, since in these cases all the terms in (66) are either indeterminate or
zero. However, the potentials in Cases 4a and 4b can be obtained from that of Case 5 in
the limits6 — 0 andé — 7/2, respectively. Likewise, applying the rescaling— vx;
(i=1,...,N,v>0) to the potential of type 3a or 3b one obtains the potential of type 1
by taking = —w/(4v?) and lettingyv — O.

Table 1
Functionv(x) and its primitive half-period®; (see Eq. (65)) for
each of theBC -type potentials in Section 4

Case v(x) Py P
1 x 2 00 00
3a sinir2 x % 0
3b sim2x T %0
2
4a sinir2 x 0 %
4b sim2x 00 %
dr? x
5 K +iK’' K
srPx
6a créx dré x K iK'
srPx 2
e K
6b _dmx ik’ £
srPx créx 2
Créx 1
7 _— K —(K +iK’
srx dré x 2( )
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The functionv(x) that determines the potentiglx) in the elliptic Cases 5-7 according
to Egs. (65) and (66) can be expressed in a systematic way in terms of the Weierstrass
functiong (x; w1, w3) with primitive half-periodsy; = K andws =iK’. Indeed, dropping
inessential constant operators we have

v(x) = €[ (x; 1, w3) + P (x + 2P2; w1, w3)], (67)

where P, is the primitive half-period ofv listed in Table 1, and = 1 for Cases 6—7
while e = 1/2 for Case 5 (the only case in whichP2= 2K is a period ofp). Since

in Cases 6-7P1 and 2P, are primitive half-periods of», the well-known second-order
modular transformation of the Weierstrass function [35] applied to Eq. (67) leads to the
equality

v(x) = (x; P1, Po), (68)

where the primitive half-period®8; and P, are listed in Table 1, and we have dropped an
irrelevant additive constant. Substituting Eq. (68) into Egs. (65) and (66) and applying once
again a modular transformation to the one-particle terms we readily obtain the following
remarkable expression for the potentiglx) in Cases 5-7:

V(X)=2a Z[(p(xl;, Py, Pz) + 50()61-]F + P1; Py, Pz))(a +Sij)

i<j
+ (p(x}s P P2) + 9 (xj; + Pr; Pr, P2))(a + Sij)]

+4bY "9 (2xi; PL,2P2) (b + ;)

1

+4b' Y 9 (2x; + 2Py; P, 2P2) (b + (-1)"S))
i

+4) [A0 = Dp 2x; + Py; P1, 2Py)

1

+ 3 (0 = D (2x; + PL+ 2Py; P1, 2Py)]. (69)

One of the main results in this paper is thus the fact that the potential (69) is QES provided
that theordered pair (P1, P2) is chosen from Cases 5-7 in Table 1. In fact, the remaining
BCn-type (Q)ES spin potentials listed in Section 4 can be obtained from the potentials in
Egs. (69) by sending one or both of the half-periods of the Weierstrass function to infinity.
This is of course reminiscent of the analogous property of the integrable scalar Calogero—
Sutherland models associated to root systems [3].

The potentials in Cases 1, 2, and 3 are ES for all values of the parameters. (In Case 3, the
dependence of the paramegeon m througha can be absorbed in the coefficiegt) The
potentials of type 4 are also ES f8r= 0. The elliptic potentials in Cases 5-7 are always
QES.

All the potentials presented in Section 4 are new, except for Cases 1 and 4. Case 1 is the
rational By -type model introduced by Yamamoto [16] and studied by Dunkl [19]. Case 4b
for B = 0 is Yamamoto'sBy -type trigonometric potential withy = —b (in the notation of
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Ref. [16]), and eithek) = —b" < —1/2 form even o} =b' > 1/2 form odd. Our results
thus establish the exact solvability of the trigonometric Yamamoto model whes 1/2.

It should be noted that the method developed in this paper admits a number of
straightforward generalizations. In the first place, the algebraic states could be chosen
symmetric under sign reversals. The resulting Hamiltonians would coincide with the ones
presented in Section 4 with) replaced by-S;. In particular, ifb = b’ = 0 one can obtain
algebraic eigenfunctions dbth types (symmetric and antisymmetric under sign reversals)
for the same Hamiltonian. The construction can also be applied to a systemidéntical
bosons, just by replacing the antisymmetriggy by the projector on states symmetric
under permutations of the particles. Choosing a system of fermions is motivated by the
fact that the internal degrees of freedom can be naturally interpreted as the physical spin of
the particles whet/ = 1/2.

The procedure described in Section 3 relies on the algebraic identities analogous to (2)
satisfied by the spin operatofg andS;, and not on the particular realization (11). For
instance, replacing the operatdfs by new operatorsA,'j spanning one of the anyon-like
realizations introduced by Basu-Mallick [17] would yield further families of (Q)ES spin
Calogero—Sutherland models.

6. Exact solutionsfor an elliptic QES model

As an illustration of the procedure described in the previous sections, we shall now
compute the algebraic sector of the spectrum for the elliptic QES potential of type 6a in
Egs. (57)—(58) in the case of two and three particles of spih(¥ = 2, 3 andM = 1/2),
for m =1, 2, 3. Note that in the spin /2 case, the spin permutation and sign reversing
operatorssS;; and S; can be expressed in terms of the usual one-particl€256pin
operators; = (o, 62, ¢%) in the more familiar way

1271

1 1
S,’j=205~0./’+§, S,':Z(Tl-.
The operatoi* corresponding to the potential (57), (58) reads

N
e == (WP = 1+ OO 40 b old) + C 4B (0
i=1

whereC* is the constant operator obtained by repladpdoy —K;; ands; by —K; in the
expression (16) fo€, and the scalar constah is given by

1
EOZCON<CZ(N—1)+b/+m+§>
—2Na+k5<mUV—n@y+m)+ﬂmy+m+4)

+m+éN—DQN—Df)
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Let us first consider the two-particle cage £ 2), for which the spin spad® is spanned
by the four spin statelse+) = |+5+3). Form = 1 the polynomial modul&® is the one-
dimensional space sp@n }, with

1= (z1 —22)(|++) — |-—) + (z1 + 22)(|—+) — [+—)). (71)
Therefore, the spin state
w(x) _
Y1(X) = P [snxp,enxdnx o (++) — |——))
+snxyenx L dnx (| —+) — [+-))] (72)

is an eigenfunction of the Hamiltonian of type 6a, where the gauge fagtoris given in
Eq. (56). The corresponding eigenvalu&is= Eg — cp.

If m = 2, the antisymmetrised polynomial moduRy is the three-dimensional space
spare1, ¢2, 93}, whereg is given by Eq. (71) and

02 = (3 — 2B)(1H+) + |——) — [+—=) — =),

@3 = 7122(21 — 22)(|[++) — |—=)) + 2222(z1 + 22) (| +—) — |—+)). (73)
The matrix of the gauge spin Hamiltoniah (or H*) in the basige1, ¢2, 3} is given by
Eo—co—4(1+k?) 0 8(2b + 1)
0 Eo— 2c9 0 ,
8(2b" + 1)k? 0 Eo— 3co— 4(1+k?)

whose eigenvalues are
E1,3=E0—260—4(1+k2)2FA, Eo = Eq — 2co,

where A = [¢Z + 64k%(2b + 1)(2b’ + 1)]¥/2. The corresponding physical wavefunctions
are

(X

1- kzsn?xl’zsn?xfz
x (co F A+ 8kA(2b' + 1) sn(2x1) SN(2x2)) (I++) — |——))
+ snxj,cnx,dnxp,
X (coF A — B2 + 1 sn2x) sn2x)) (| —+) — [+-) |.
snxp,cnxp,dnxp,snx;,cnx,dnxf,

(1—k2srtx,srtx},)2
X (|+4) + =) = [+=) = [=+)). (74)

Y1,3(X) =

= enxhdnxt
[snxlzcnxlzdnx12

Y2(X) = n(X)

Form = 3 the antisymmetrised polynomial mod(e is spanned by the spin functions
1, ..., ps, Where
pa= (S - B)(++) = =N+ B+ D)1=+ — [+-),
95 = 2122(2f — 25) (4+) + |==) + [+=) +1-+)),
06 = 2525(21 — 22) (I++) — |—=)) + 2225(z1 + 22) (I=+) — |+=)). (75)
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The matrix representing — Eg in the basig¢s, ..., g6} iS

—co— B(1+4k?) 0 82b +1) —8(4a +2b+3) 0 0
0 —2c0 — 8(1+k?) 0 0 0 0
8(2b' + 3)k? 0 —3cg—16(1+4%)  —16a(1+k?) 0 8(2b +3)
—8(2' + 1)k? 0 0 —3c + 16a(1 + k?) 0 —8(2b+1)
0 0 0 0 —4cg — 8(1+k2) 0
0 0 a2b’ + k2 —8(4a + 2b' + 3)k? 0 —5¢p — 8(1+£2)

Clearly, Eg — 2co — 8(1+ k?) and Eg — 4co — 8(1 + k2) belong to the spectrum &f and

hence ofH, with corresponding eigenfunctions given, respectivelyybyx) in Eq. (74)

and

snxp,cnxp,dnx,snx;,cnx,
(1 — k2srPxp,SrPx; )2

X (++) + =)+ [+=) +—+). (76)

dnxir2
PY5(X) = w(X) SN(2x1) SN(2x2)

The remaining algebraic levels are the roots of a fourth degree polynomial, whose
expression is too long to display here. For instance #fh = b’ = 1, k% = 1/2, andco =
—14 (so thats = 0), the algebraic levels are approximatély = —327.4, E, = —288,
E3=—2814,E4=—-2622, E5 = —260, andEg = —2010.

In the three-particle case, the spin sp&teés spanned by the eight states++). If
m = 1, the antisymmetrised spaf is trivial. Form = 2, the antisymmetrised spa@&
is spanned by the single state

91 = 255218293(IH++) + |——=)) — 2,21 3205(I++—) + |——+))
— 2,2 atoa(lH—=) + |—++) + 2z azda (I —+) + [—+—)), (77)

where ziﬂ; = z; £ z;. Consequentlyy1(X) = u(X)91(2), with z; = sn(2x;), is an
eigenfunction off with eigenvalueEg — 3co — 4(1+ k2).
Whenm = 3, a basis fofR3 is given by the functiorp; in Eq. (77) and
$2 = 21521322321 + 22+ 23) (I +++) — |———))
+ 25,21 2a3(21 + 22 — 23) (|——+) — |[++-))
+ 219215225(—21 + 22+ 23) |+ ——) — [—++))
+ 25521522321 — 22+ 23) ([ —+) — |—+—)),
$3 = 21521373(2122 + 2123 + 2223) (|+++) + |[——=))
+ 235215255(— 2122 + 2123 + 2223) (|——+) + [++—))
+ 2152152252122 + 2123 — 2223) (|+——) + |—++))

— 235213795(z122 — 2123 + 2223) (|+—+) + |—+—)),

04 = 212223[ 2152192231 ++) — |———=)) + 225225 H+—) — |——+)
+ 252zl —++) — [+—=) + 22225 (1—+—) — [+—+))]. (78)

The matrix ofH in the basig gz, . . ., ¢4} reads
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Eg—3cg— 16(1+£?) 0 8(4a +2b +3) 0
0 Eq —4cg + 8(1+k2)(2a — 1) 0 8(2h +1)
8(2 + k2 0 Eg —5c0 +8(1+k?)(2a — 1) 0
0 8(4a + 21 + 3)k? 0 Eg — 6cg — 16(1 + k2)

The eigenvalues of this matrix are
E13=Eo—4co+4(1+k?)(2a—3) F A_,
Eza=Eo—5co+4(1+k%)(2a —3) F A4,

where

Ay =[(co+4(1+K?)(2a + 1))° + 64k2(2b + 1)(4a + 2’ + 3]"?,

A =[(co—4(1+K?)(2a+ 1))* + 64320 + 1)(4a + 2b + 3] 7%,

The corresponding eigenfunctions are
Y1300 = u(¥)[(co — 4(1+k?)(2a + 1) F A_)p1(2) + 8K*(2D' + Dg3(2)].
Y2.4(%) = ([ (co+ 41+ k%) (2a + 1) F A1) p2(2) + 8k2(4a + 20" + I)¢a(2)],

with z; = sn(2x;).
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Appendix A

In this appendix we present a list of identities satisfied by the Dunkl operators (3)—(5)
used to compute the gauge spin Hamiltonian (15).

D/ Zaz+4a2 2 2 50, +2b2

i i#j ©

Kij—1 Ki—1
+a — by -,
Z:(zz—z)z ;(Zi"i‘Zj)z Xl: 2

Zj
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Zikj
+aa) Z-2 8”“Z(,—znz -

a / ~ -
+ 1_2<Z [4— (Kij + Kij)(Kix + Kik)] + 62(1_ Kin)>,

i,j.k i#j

S = D (92 — 26"+ m — 1+ 2a(N — 1))230.,)

+4“22 81'”2(@ K=Y

i#j i Z i#]
7272

4
ta Z:(zl+z,)2( -b

+b ) (D" K — 1) +mm —1+20) ) 2F,
i i

Yo=Y o, - NTm
i i

The symbolzgyj,k means summation i) j, k withi # j £k #1i.
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