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Abstract

We construct new solvable rational and trigonometric spin models with near-neighbors interactions by an extension of the
Dunkl operator formalism. In the trigonometric case we obtain a finite number of energy levels in the center of mass frame,
while the rational models are shown to possess an equally spaced infinite algebraic spectrum. For the trigonometric and one
of the rational models, the correspondieigenfunctions are explicitly computed.eVdlso study the scalar reductions of the
models, some of which had already appeared in the literature, and compute their algebraic eigenfunctions in closed form. In
the rational cases, for which only partial results were available, we give concise expressions of the eigenfunctions in terms of
generalized Laguerre and Jacobi polynomials.
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Calogero—Sutherland (CS) models are one of the most extensively studied types of exactly solvable and in-
tegrable quantum Hamiltonians describing a systenv giarticles in one dimension with long-range two-body
interactiong1-5]. Apart from their intrinsic mathematical relevanée-8], these models arise naturally in many
different fields, such as Yang—Mills theorifg®10], quantum Hall liquidg11], random matrix theory12—-15]
propagation of solitonfl6], fractional statistics and anyofis/—21] etc. Several generalizations of CS models to
particles with internal degrees of freedom (“spin”) hdeen developed over the last decade using two main ap-
proaches, namely the supersymmetric formali22+24]and the Dunkl operator meth¢25—30] Spin CS models
are intimately connected with integrable spin chains with long-range position-dependent interactions, like the cele-
brated Haldane—Shastry spin chig,32] Indeed, when the coupling constant of a spin CS model tends to infinity
the particles “freeze” in the classical equilibrium positions of the scalar part of the potential, thus giving rise to
a spin chain of Haldane—Shastry (HS) type. This meidmnusually called the “freezing trick”, was first used

E-mail address: artemio@fis.ucm.efA. Gonzalez-L6pez).

0370-2693/$ — see front mattét 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2004.11.031


http://www.elsevier.com/locate/physletb
mailto:artemio@fis.ucm.es

A. Enciso et al. / Physics Letters B 605 (2005) 214-222 215

by Polychronako$33] to construct the first integrals of the original HS spin chain by taking the large coupling
constant limit of the corresponding integrals of the Sutvet spin model. These ideas have also been successfully
applied to construct integrable and exactly solvable spin chains of HS type from other spin CS[i3bd&T§

In a recent papef38], Jain and Khare proposed new solvable versions of the original Calogero and
Sutherland scalar models featuring near-neighbors interactions. These new models are closely related to the
so-called short-range Dyson modg¢89,40] in random matrix theory, in that the square of the ground-state
wavefunction of the many-body system coincides witie joint probability distribution function for eigen-
values of the corresponding short-range Dyson model. Several generalizations of the Jain and Khare mod-
els appeared in a subsequent papE], including their extension to théCy root system and to higher
dimensions. The previous publications open a numbeinteresting questions, such as the existence of
other solvable scalar models with near-neighbors interactions, or the construction of spin models with near-
neighbors interactions and their corresponding spinrzhaif Haldane—Shastry type. These short-range spin
chains with position-dependent interactions are of particular significance, since they occupy an intermediate
position between the well-known Heisenberg chain (short-range, position-independent interactions) and the
usual HS-type spin chains (long-range, position-dependgeractions). A first step in this direction is the
recent work by Deguchi and Gho$#42], in which several spin /2 models related to the scalar models of
Jain and Khare were introduced and partially solved using the supersymmetric formalism. These authors also
pointed out how to obtain the spin chaicorresponding to these models Ipplying Polychronakos’s freezing
trick.

In this Letter we present three new families of solvable scalar and/¢giody models with near-neighbors
interactions. By contrast with Re#42], our approach is based on a modification of the Dunkl operator formalism
and provides a wide range of totally explicit solutions for all values of the spin. The potentials of these spin models
are given by

(i — xi—1)(x; — Xit1) (xi — xit+1)

V) = 24° Z cot(x; — xj_1) COt(x; — xj41) + 2a Z Sin2(x; — xi41) (@ — Sii+1), (1a)
i i
b(b—1) 8a?x? xf + 7
V2 = w2r2 + Z > —+ Z > 2 l2 2 + 4(1 ;7;12 (a - Si,i+1)v (1b)
; X; T =X ) =) i (f—xty)
242 2a
Va=wo?r? + Z + Z 5@ —Siit1), (1c)
i

i

wherer? = > xl? anda, b > 1/2. Here and in what follows the sums run from 1XQ and we are identifying
xn+1 With x1. The operators;; permute the spin coordinates of the parti¢lasd;. In other words, ifs1, ..., sy)
(with —M <s; < M, M being a half-integer) is an element of the basis of the spin sSatteen

Sij|...,si,...,Sj,...)=|...,s]-,...,s,-,...).

Note thatS;; can be expressed in terms of the fundamental3+ 1) generators?,a = 1,...,4M (M + 1), as
Sij=1/CM+1+Y, 5459,

The spin potentialél) reduce to solvable scalar potentials by settihg.1 to 1. In particular, the scalar reduc-
tions of the potential§la)and(1c)are the models introduced by Jain and Khare. The poteiitia)and(1c)with
M = 1/2 are similar to the spin/R potentials introduced in Ref42], but differ from them by a spin-dependent
term. The spin mode(lb), as well as its scalar reduction, are both completely new. There is also a hyperbolic
version of the trigonometric potentiéla), obtained by replacing, by ix; andVy by —Vj.

The starting point in the solution of the modél3is the introduction of the following second-order differential-
difference operators, which play the same role as the gtiadrombinations of Dunkl operators in the construction
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of CS models with spi|[129,30]:

22 2 ZlZl+l
Tl - ZZ 8 +2a Z i — Zl+l i Zi+18i+1 2 Z (Zz - Zl+l)2 (1 Kl H—l) (Za)
1 zZi +zit+1
;= ZZiaiz +2a Z — (20 — zi+10i4+1) —a Z —(le_ z,l+1)2 A= Kiit1), (2b)
1 1
1
T3= 3%+ 2a ——(0; — 0j11) — 2a —— (1—-K;i11). 2c
3 Xl: i Xl: - Zi+1( i 1+1) Xl: (Zi — Zi+1)2 ( 1,1+1) ( )

Hered; = 9;;, the operatoK;; permutes the variableg andz;, and we are again identifyingy,1 with z1. We
shall also need in what follows the first-order operators

:ZZ),‘, J():ZZ,'Z),‘. (3

If & =3 ¢ fs(2)|), wherez = (z1,...,zn) ands= (s1, ..., sy), is a state totally symmetric under permutations
of both the spatial and spin coordinates of each particle, e = S;;@. Hencel.® = TP, € =1, 2, 3, where

T} =TelK;;11—5:41- The HamiltonianHe = — 3, 8§i + Ve of each of the modeld) can be obtained by applying
a suitable gauge transformation and change of variables to a linear combination

He=cT} +c_J_+colo+ Eo. (4)

More precisely, we can write

Hé =K I:IG ’Zi=((xi) : /'L_lv (5)

where the constants c_, co, Eo, the gauge facton, and the functiorg are given in each case by

() c=4, ¢ =0, co=41-2a), Eg=2Na®, pu=[[sirf(xi—xi11). ¢((x)=e"", (6a)

ay c=-4, c_.=-22b+1), co=4w, Eog=Nw(da+ 2b+1), (6b)
M:ef%rzn(xiz—xial)axib, {(x):xz,

i

() e=-1 ¢-=0, co=20, Eo=Nw@a+1). p=e2"[Jei—x40" ¢@)=x.
i (6¢)

The key idea in our approach to the solution of the modg)sis to find an increasing sequence of finite-
dimensional linear spacé#’ c X c - - - invariant under the gauge Hamiltoniah. Indeed, by Eq(5) this implies
that the corresponding Hamiltonigf. can be diagonalized in each of its invariant subspéates- m%’g ’z,:{(xi)’
n=0,1,.... The operator§2) and(3) preserve the space” of polynomials inz of total degree at most, for
all non-negative integer values of In our recent work on spin CS modgR9,30], the operatordcs analogous
to T¢ also leaveP" invariant, and in addition comute with the total symmetrizer under particle permutatians
This guarantees that the corresponding operatgggpreserve the space of completely symmetric spin functions
A(P"®S). Inthe present case, however, the operg@ydo not commute witm, and hence it is not clear a priori
whether the operatorE* leave invariant any finite-dimensional space of spin functions. In fact, sincend Jo
obviously commute with4, the results of Jain and Khaf&8] for the scalar case indicate that the operafgfs
and7; possess at least “trivial” invariant spaces of the fan® (AS), whereQ is a finite-dimensional subspace
of the space of totally symmetric polynomialsanAs it turns out, each of the operatdf$ preserves a nontrivial
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subspacd" C A(P" ® S) for all n, namely

T =(f(t1, -1, ™n) Als), g(tv—1, T~ ) A(zls)), g (t1, Tn) A(z1 - - Zv—1ls))

| fit=fv-1n-1=gNn-1.N-1=q11=0), (7a)
=(f(r1, 12, TN) Als), g(r1, TN Azals)) | fo2= fwn = gnn =0), (7b)

= (f (1. 72, T3) Als), g(11, 72, 3) A(21ls)), h(t1, 12) A(22]s)). h(t1. ©2) A(z1221s")) | faz= gaz=0).
(7c)

An outline of the proof of this statement, which is crucial for what follows, is presentAgpendix A In Eq.(7),

AR ®)

i1<---<ig

is the kth elementary symmetric polynomiaf,, g, h, andg are polynomials of total degree inless than or
equal ton, n —1,n — 2, andn — N + 1, respectively, and (for instancg) = df/dtx. The spin stateg) € S
are arbitrary, whilds’) denotes a state such that the sEms ) is totally symmetric, wher&/ ) is defined by
A(z1z2]s")) = Z,<, %iZj |le> Note that the spac€g) are also preserved by the operal@r8|mllarly, the operator
J_ leaves the spacg;' invariant, while it preserve$;' and7Z;' provided thatfy_1 = fv =gnv-1=8gnv=¢q¢ =0
and fy = gy = 0, respectively. From Eq¢4) and (6) it easily follows that the gauge Hamiltoniahg preserve
the space${! given by

=7, 2=T; |fN:gN:O’ =73 ©)
By diagonalizing the Hamiltonia#l, in its corresponding invariant spack$, » =0, 1, ..., one can in principle

construct an infinite sequence of exact eigenvalues aygh@inctions, which shall be referred to as “algebraic” in
what follows. We have found in this way all the algebraic eigenvalues of the spin m@jlese also present ex-
plicit expressions for the corresponding algebraic eigenfunctions, with the only exception of the spin eigenfunctions
of the model(1c) not factorizing aswf (t1, 72, 73) Als). In particular, we obtain all the algebraic eigenfunctions of
the scalar reductions of the spin potenti@d} thus considerably extending the results of RE§8,41]. It should
be noted, however, that the point spectrum could possibly include additional eigenvalues and eigenfunctions which
are not algebraic. We shall now diss in more detail each of the modél3.

Case 1. The HamiltonianH; commutes with the total linear momentubh= —i ), d,, so that it admits a
basis of eigenfunctions with well-defined total momentum. In fact, since in thisniaseexp(ﬂ:Zil > kXk), mul-
tiplying an eigenfunction o1 with energyE and total momenturp by Tzlv simply “boosts” its energy and total
momentum. We shall take advantage of this fact to “normalize” the algebraic eigenfunctions to zero total momen-
tum. It easily follows from Eq(7a)that when this normalization is performed one obtains only a finite number of
eigenfunctions ofH;. In the scalar case, there are exactly four eigenfunctions with zero momentum, namely

Na
Yo=, le—MZ{:)ns} (ei-X),  Ya=u [2 -

+ Z coqx; — xj)] (10)

l<]

where X = % > x; is the center of mass coordinate. Their respective energieE@fground state) £1 > =
Eo+4(2a —1+1/N),andE3 = Eg+ 8(2a + 1). These are essentially the solutions foung4igy.
In the spin case, to each scalar eigenfunc{itd) there corresponﬁgMJrN) factorized solutions of the form

11/(0) Y Als), wherels) € S is arbitrary. There are three additional families of algebraic spin eigenfunctions
with zero total momentum, given by

‘1’1(12)—#2{(;?:}(Z(Xi—X))|Si), vl = [2 +1Z|s,+Zcos(x,—x,)|s >}

i<j
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where the spin statés;) are defined byd(z1|s)) =), zilsi), and|s) € S is any non-symmetric state. It should be
noted that each of the spin staes andw, Y has the same energy as the scalar eigenfungtion

Case 2. In this case the algebraic energies are givenFhy= Eg + nco = Eg + 4nw, where the quantum
numbern = 0, 1, ... is the degree iz of the corresponding eigenfuiien of the gauged Hamiltoniaf. This
follows easily from the fact that bothi;” andJ_ lower the degree, whiléy preserves it. As for Calogero’s original
model, the algebraic spectrum is eltiyapaced, but the spacing is twice the value suggested by the harmonic
term. Unlike the usual CS models, the algebraic levels of this model have a well-defined thermodynamic limit, i.e.,
E,/N — w(4a+2b+1) asN — oco. This property, which was already noted in R88] for the scalar reductions
of the potentialgla)and(1c), is in fact shared by all the modg($). In the scalar case, for eaah> 2 there are
two algebraic eigenfunctions with energy;, namely

vO = uL Y wr?), n=01,...,

1//,51) = ;L|:w2 (N(oz +1) fo - ozr4> Lng’(a)rZ) +nn — 1)aLgl(wr2):|, n=223 ...,

wherea = N(2a + b + 1/2) and L’ is a generalized Laguerre polynomial of degredote, in particular, that

1//(0) = u has no nodes in the configuration space 8; < --- < xy, and is thus the ground state wavefunction.

In the spin case, for each energy levg] we have first of all the factorized eigenfunctions of the fol‘»l;ﬁ‘) =
,(Lk)A|s>, k=0, 1. In addition, for each > 1 there is a family of genuine spin eigenfunctions

2 = [ L3 (0r)) A(19) = Ly (0r) Als)],

wherels) € S is non-symmetric. Note that, as in the previous case, the spin eigenfunctions with lowest algebraic
energyEo are all factorized states.

Case 3. This is probably the most interesting case, since the algebraic eigenfunctions depend essentially on the
three symmetric variables, 2, 73. As in the previous case, the algebraic energies are givef), by Eg + nco =
Eo + 2nw, wheren is again the degree inof the corresponding eigenfunctions 8. We shall begin, as usual,
with the scalar case, for which we haveen able to compute all the algebraic eigenfunctions in closed form. For
each energy levek, with n > 3 there are two infinite families of algebraic eigenfunctiaﬁfg), k=0,1, with
n = 2 +m. The first family is given by

vy =nef L ()P 0, Lm=0.1,..., (11)

wheret = 2Nr?/t2 — 1,0 = N(a +1/2) —3/2, = p(m) =1—m — N(a + 1/2), P{*P) is a Jacobi polynomial
of degreev, and[x] denotes the integer part of The second family reads

(€ 3P (@+3,8)
Vi =ne’ L (or [P[:;‘3 <z>2x+2N2<pzm(z>} lLm=3=01,.... (12)

wheregy,, is a polynomial of degrepn /2] given by

2 2 Qo +7
m+ 2o + P(a+2 p— 2)(1) P(a+3ﬁ 1)( ) — +
-1 m— m—1

for evenm, wh|Ie for oddm we have

i = Py Dy + 2 S P, (13)

2,51 3,51 3,
oim = 2P 200 = PV 0 + 310(0‘+ 0!
2 2

m4+20+4+2 (g1, m—+20+2 2,
71’,&7 Py - —=5 ,5; D). (14)
m(m — 2) 2 m—2 2
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Note that, as in the previous cas$é9) = u is the ground state. The above results show that fay aH 3 the scalar

reduction of the Hamiltoniai/z possesses two different families of eigenfunctions of the fﬂrlnﬁﬁ(a)rz)pu (X),
with p,, a homogeneous polynomial of degreg 3, cf. Eqs(11) and (12)—(14)This was verified only up to = 6
andN > v in Ref.[41].

In the spin case, the algebraic energies are of cahessame as in the scalar case. As in the previous cases,
each scalar algebraic eigenfunction gives risézfé{,“\') factorized spin eigenfunctions. The computation of the
remaining algebraic spin eigenfunctions, which is considerably more involved than in Cases 1 and 2, is still in
progress. Even without an explicit knowledgetbé eigenfunctions, for each algebraic lev| one can easily
compute the number of independent states of the {Gigjof degree:. If all the eigenfunctions of this model (and
of its scalar reduction) were algebraic, the previous remark would imply that the degeneracy of the levels can be
explicitly found. The method of Ref37] could then be used to compute the partition function of the associated
spin chain

Ha=) (& — &+ 2Siit1,
i
where(&1, ..., £y) is an equilibrium of the scalar potential

=37+ % DN
i

(x;i — xi+l)2 ’
This remark obviously applies to the rational mo¢Hb) as well. Note, however, that for this model one can in
addition construct states of the associated spin chaimpplyig the freezing trick to the genuine spin eigenfunc-
tions %(2) presented above.

(xj — xi— 1)(xl — Xi+1)
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Appendix A. Invariance of the spaces 7.* under the operators T.*

The proof of the invariance of the spacg$ in Eq. (7) under the corresponding operatdis is a lengthy but
essentially straightforward calculation. For the reader’s convenience, we shall outline in this appendix the proof for
the spac€?, the other cases being fairly similar.

Note, first of all, thatT1® = 7@ for all ® € 7", since all the states in this space are completely symmetric
under permutations. Let us begin by considering the actidh @i factorized states of the forghA|s), where f
belongs to the finite-dimensional space of symmetric polynomials

b =(f(r1. tv-1, V) | fi1= fn-1.n—1=0, degf <n), (A1)

the symmetric variableg are defined in EQ8), fjk..; = 9,9 -+ 97 f, and dedf is the degree of in z. Since
T1(f Als)) = (T1f) Als), we must show that the scalar spagg s invariant undefly. If f € 97, thenk;; f = f
and thus

T.f = (Zzzaz + ZaX;L)f
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where

1
X1= Z ———— (70 — 2210 41).
i

Zi —Zi+1

From the identities

%2
X111 = 4TS =27, (A.2a)
Z Zi —Zitl
Zi+1
X]_TN—'L'NZ( ):N'L’N, (A.2b)
Zi —Zi+1l Zi —Zi+1

Xitn— 1—ZX1( ) NZ——I ——N ™N— 1+Z( _ ll_z_)=NTN—1,
. l

—Zi+1l Zl*
" (A.2c)
it follows that
X1f=2t1fi+ Nty-1fn-1+ Nt~ fn- (A.3)
On the other hand, the elementary identity

3 f(r, tv—1, tn) = fi+ (2 eve1 — 2 2w ) -1+ 2 ten v (A.4)
implies that

242
Zzi of f(T1, TN-1, TN)
i

= (112 —212) fir+ 2(t1tN—1 — NTn) fin—1 + 2T1TN fin
+ [V - D2 4 — 2tN_2tN | fN—1N-1+ 2(N — DTy_1ty fy—1n + N2 fun- (A.5)

By Egs.(A.3) and (A.5) the conditionsfi1 = fy-1,~v-1 = 0 guarantee thafy / belongs toQ]. Therefore, the
subspac&] ® (AS) of factorized states iff" is invariant under the action df.

Let us turn next to the states of the fogtry_1, Tv) A(z1]s)) = g@, whereg is a polynomial of degree inat
mostn — 1 satisfyinggy—1,y—1 = 0. Writing @ = Y, z;|s;), we have

Ti(g®) =Y Tu(gz)lsi).
i
On the other hand,
Z7 ZiZi+1 ZiZi—

2 2
% 1
Ti(gzi) = (Tag)zi + 2208 + 2ag< Pos - )
Zi—Zi+l  Zi —Zi-1  Zi —Zi+l  Zi —Zi-1

and therefore, by Eq$A.3)—(A.5),

T1(g®) = [2(N — DTy_1TngN-1N + Nt2gnn
+2(aN + 1) (tn-18nv—1+ TngN) + dag|® — 2tngn—1Als).

HenceTy(g®) belongs taZ”, as claimed.
Consider, finally, states of the forg(r1, ty)A(z1---zn—1ls)) = g®, whereq is a polynomial of degree at
mostn — N + 1 in z satisfyingg11 = 0. Since

® = rNA(zl_lls)) =1y Zzi_lm),

i



A. Enciso et al. / Physics Letters B 605 (2005) 214-222 221

callingg = tyq we have

l

Tiq®)=) Tl(zi) Isi) = Y_[(T)z;* = 20,4 + 24z lsi) = Ty (T@)P — 2 didlsi) +2q .
i i i

Using Eqgs(A.3) and (A.5)we easily obtain

T3 114 = 211418 + Ntvgny + 2a(2r1g1 + Ngn).
and therefore (cf. EqA.4))

Ti(q®) = [2t191n + Ntngnn + 2(aN — Dy + datigr + 29| — 241 Als)

clearly belongs t@;".
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