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Abstract

A general scheme for analyzing reductions of Whitham hierarchies
is presented. It is based on a method for determining the S-function
by means of a system of first order partial differential equations. Com-
patibility systems of differential equations characterizing both reduc-
tions and hodograph solutions of Whitham hierarchies are obtained.
The method is illustrated by exhibiting solutions of integrable models
such as the dispersionless Toda equation (heavenly equation) and the
generalized Benney system.
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1 Introduction

The study of dispersionless (or quasiclasssical) limits of integrable systems
of KdV-type and their applications has been an active subject of research for
more than twenty years (see for example [[]-[[4]). However, despite of the fact
that many important developments on the algebraic and geometric aspects of
these systems have been made, the theory of their solution methods seems far
from being completed. Indeed, only for a few cases [L]-[L7] the dispersionless
limit of the inverse scattering method is available and dispersionless versions
of ordinary direct methods like the d-method are not yet fully developed [[§).

In [B]-[f] Kodama and Gibbons provided a direct method for finding so-
lutions of the dispersionless KP (dKP) equation

3
(uy + 3uug), = 1 o (1)

and its associated dKP hierarchy of nonlinear systems. The main ingredient
of their method is the use of reductions of the dKP hierarchy formulated
in terms of hydrodynamic-type equations. As a consequence it follows that
solutions of the dKP hierarchy turn out to be determined through hodo-
graph equations. Recently, we proposed [[J] an alternative direct method
for solving the dKP hierarchy from its reductions. It is based on the char-
acterization of reductions and hodograph solutions of the dKP hierarchy by
means of certain systems of first-order partial differential equations.

The aim of this paper is to present a generalization of the method of [I9]
which applies to the Whitham hierachies of dispersionless integrable systems.
These hierarchies were introduced by Krichever in [[]] and contain many in-
teresting dispersionless models as, for example, the (2 + 1)-dimensional inte-
grable systems

¢,y + (e‘b)tt =0, (2)

known as the dispersionless Toda (dT) equation (heavenly equation or Boyer-
Finley equation [RJ-[R1]), and the generalized Benney system [[L0

ay + (Cﬂ))t = 0,
v + U, + w, =0, (3)

wy + a, =0,

In the next section we review briefly the definition of the Whitham hi-
erarchies (zero genus case) and introduce our main notation conventions.

2



Section 3 concerns with the method for characterizing reductions and hodo-
graph solutions of the Whitham hierarchies. To this end we take advantage
of the same scheme as in [[[9] to introduce reductions through systems of
first-order partial differential equations. The main difference with respect
to the procedure used in [[d] lies in the more involved construction of the
S-function. Like in the study of the dKP hierarchy, we find that the com-
patibility equations for characterizing diagonal reductions of the Whitham
hierarchies are deeply connected with the theory of Combescure transforma-
tions of conjugate nets. Finally, Section 4 is devoted to illustrate the method
with examples of hodograph solutions of (f]) and ([).

2 The Whitham hierarchy

The M-th Whitham hierarchy is related to a family of evolution equations
for a set of M functions z, = z,(p,t), 1 < a < M depending on a complex
variable p and an infinite set of complex time parameters

t:={ts: A= (a,n) € A},

where

A={(x,0)}, 2U{O‘n}a1,,

.00

It is assumed that a neighborhood D of oo in the extended complex plane
of the p variable exists on which each z, has a simple pole at an associated
point g, = ¢.(t) . In particular, we set ¢ = co and assume that z; posses
the normalized Laurent expansion

> a n(t
:p+z 1’p£), p — 00. (4)
n=1

The corresponding expansions for the remaining functions z, at ¢, will be
written as

Zi(p,t)ZPZ_; +Zam —qt)", p—at), 2<i<M. (5)

In order to define the Whitham equations we introduce the system of evolu-
tion equations

0

afa—{QA,za} 1<a<M. (6)
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Here {-,-} is the Poisson bracket

_0F, 0F, OF, 0F, .
{h, )= op Ox ox Op’ T=t

and the functions Q4 = Qa(p, t) are defined by
—In(p — ¢i(t)) for A= (i,0), 2<i< M,

Qa = (7)
((za)")+ for A= (a,n), 1<a< M, n>1,

where

((z)") ;. = Pla,n)(20),
with P ;) being the following projectors acting on Laurent series around
P =d4a (t>

Pasy( D anp™) =3 _ant”,
n=-—oo n=0
o) . e’ b_n
P, ba(p— a:(®)") =~ 2<i< M.
(2 bl =a®)) = 2 = Gy
The Whitham hierarchy is the set of equations
0Ny 00p
—_— Q4,051 =0, A BecA, 8
= G {2 ) 8

which describe the compatibility conditions for the system (f). For M =1
the Whitham hierarchy becomes the dispersionless Kadomtsev—Petviasvhili
(dKP) hierarchy. Some interesting nonlinear models included in the case
M = 2 are, for example,

1. The dispersionless Toda (dT) equation (heavenly equation or Boyer—
Finley equation)

Dy + (exp(P))u =0, (9)
which is obtained from (B) by setting A = (2,0), B = (2,1) and
Yy :=1e), t = —t@2,0),
®:=1In az 1,
a27_1(t)

Q(2,0) = - 111(]9 - CI2)7 Q(2,1) = b qg(t)'



2. The generalized Benney system (generalized gas equation) [[I7]

at + (av), =0,
v + VU, + wy = 0, (11)
wy + a, =0,
can be regarded as a two-dimensional generalization of the equations

for one-dimensional gas dynamics. It takes the form (§) by setting
A=(2,1), B=(1,2) and

1
Y = t(g’l), t .= _§t(1,2)7
a:=az-1, V:i=(¢2, Wi=0a (12)
as,—1(t) 2
Qo = ~2 Oy = 1P+ 201
I

3 Reductions of the Whitham hierarchy

3.1 The S function

In this paper se shall study algebraic orbits of the zero genus Whitham hier-
archy defined by [{]

ZZ:fZ(Z)a Z = 2, QSZSMa (13)

which are easily checked to be compatible with (B).
Furthermore, it follows from (f) and (§) that

0 0

g, Pz 8).8) = 52 Qs (p(2,1), 1),

and therefore there exists a potential function S = S(z,t) satistying

%ﬁ;t) = Qu(p(z,t),t), AcA. (14)

Reciprocally, we can state the following proposition on which our solution
method for the Whitham hierarchy will be based



Proposition 1. Let {z,(p, t)}*, be a set of functions satisfying a system of
time-independent relations (1) as well as (@) and (). If a function S(z,t)
verifying ([4) exists, then the functions z,(p,t) provide a solution of the
Whitham hierarchy.

Proof. First we notice that by setting A = (1, 1) in ([4) it follows

~ 08(z,t)
- Oz

p(z,t)

so that

dp 0 90S(xt) 0
o or ot or A=)t
00y

T op 0x Oz

Hence, the function z = z(p, t) satisfies

0z 0z Op 8z<8QA@+8QA)

dta  Opdta  Op\op 0x = oz

-~ Op Oz Oxr Op
Therefore, by using ([[3)) we deduce ([j). O

3.2 N-reductions of the Whitham hierarchy

We are going to describe a method for finding solutions of the Whitham
hierarchy from functions z = z(p, u) depending on p and a finite set of vari-

ables uw := (uq,...,uy), such that the inverse function p = p(z, u) satisfies a
system of equations of the form
Ip
:Rz ,u), 1<Z<N, 15
L Ripu), 1<is (15)

or, equivalently, in terms of z = z(p, u)

% RpwZ o0, 1<i<N (16)
ou; op

The following conditions for the functions R; will be assumed
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i) The functions R; are rational functions of p which have singularities
only at N simple poles p; = p;(u), i =1,..., N, and vanish at p = oc.
Therefore, they can be expanded as

Rilpu) = 3 o) (17)

N
= p—p(u)

ii) The functions 7;;(u), p;(u) satisfy the compatibility conditions for

([9)-([@3)

%_ Opr erlrz’k_rilrjk
P — Di ’

orir. 8T‘jk 9 Z Tk — TikT 51
Ik (pk - pz)2

where i # j.

The starting point of the method is a solution z = z(p,u) of ([[5) with a
Laurent expansion

= a,(u
pu)=p+) p(n), p — oo, (19)
n=1

which is assumed to define a univalent analytic function z : D — D’ between
two neighborhoods D and D’ of oo in the extended complex planes of the
variables p and z respectively. The next step is to take (M — 1) different
points zp; € D', 2 < i < M and define the functions

z1(p,u) == z(p,u),
1 (20)

(pu) = ——"—— 2<i< M.
w0 ) z(p,u) — 204 ==

Obviously, they satisfy the system of equations

024 0z4
o, + Ri(p,u) o 0, 1<a<M, (21)




and admit expansions of the form

8

, p— OQ.

azl
p—qi(u

+Zam (p—a(w)", p— au),

n=

Zi(pv u)

for 2 <i < M, here
gi(u) := p(20,4,u).
Observe that introducing the expansions at p = 00, ¢q;, © = 2

(B2) in (BI) we get

(

N
0&171 Z
auz - 17

4.

%_Rj(qa)u
810gaa7—i _dR]( ) fOI'OfZQ,...,M
\ Ou, ~dp o

PARIEER

(22)

(24)

(25)

while the other coefficients a, , in the expansion of z, are determined by:

i
(e}

8al,n

8uj

=—R;,+ (n — k)Rj ki n,
1

bvﬁ

& = (z) Ain—k+1, fori:2,,,_,M,

8Uj ]{Z' d k
with
N
Rjr = eripf_l'
i=1



Finally, we introduce the function

S(p,'u,,t) = S+(p,u,t) + S—(pv ’U,),
8+ = Z T,AQA(]D, u), (26>

AcA

where Q4(p,u) are defined by ([) and (P2), and S_(p,u) is an analytic
function on D such that

lim S_(p,u) = 0. (27)

P—00
We can now enounce the following statement

Proposition 2. If S_(p,u) satisfies a system of equations

oS- oS- Z ikl

+ Ri—— = :
A D — Pk

, 1<i<N, 28
ou; op ! (28)

for a given set of functions {F; = Fy(u)}X, verifying the compatibility con-
ditions for (B§)

OFy, OFy, o Z TiTik — Taljk

kY~ ik — F_F7 ) .7 2
Tkﬁuj Tjkaui (o — m1)? (i ). 7 (29)

14k

and the functions {u; = u;(t)}Y, are implicitly determined by means of the
hodograph relations

04 .
ta—pi(u),u) + Fi(u) =0, 1<1<N, 30
AGAAgp(p()) (u) (30)
then
S(z.8) 1= S(p(z,ult)). ult). ). (31)

1s an S-function for the Whitham hierarchy.

Proof. The proof is based on the following consequence of (£) and (B])

0 5(2.8) = 2z +Za“l(

Ot 9L, p(z U),u,t))‘ , (32)

u=u(t)

8u2



and our aim is to prove that under the hypothesis of the proposition the

functions 9 9S s
S t)= —R, + —. 33
- Slpl ) t) = SR+ o (33)
vanish identically, so that S(z,t) satisfies ([4)) and, consequently, the state-
ment will follow at once.
By construction the functions (B3) are analytic on D up to a set of possible
isolated singularities at {p;(w), ¢o(w)}. On the other hand we observe that

(BY) implies

oS-
so that (B() is equivalent to
oS
—(p; = < < N.
S nlwu) =0, 1SN (39

As a consequence we deduce that the functions (BJ) are analytic at p;(u).
Hence, their possible singularities reduce to the points g, (u). However, we

have 5 5 oS
Sp(z,u),u,t) = tas—Qa(p(u),u) + ——, (36)
AcA
and we may rewrite
1 1 _
Q(i,o) =1In - P(Z -) (Q(Z 0) — ), 2< <M
Z — zO,z Z — zO,z
(37)
Q(a n) = Zq — P(a =) (Q(a,n) ZZ)) n > ]-7
where P, ) := 1 — P, 4) are the projectors which annihilate the singular

terms of Laurent expansions at p = g,(w). Thus, by noticing that the first
terms in the right-hand sides of (B7) are w-independent while the second
terms are analytic at g,(u), we conclude that the functions (BJ) are also
analytic at the points ¢,(w). Hence, these functions are analytic on the
whole domain D. Moreover, by taking (P7) into account, it follows that
there is an expansion of the form

aiiS(p(z, w),ut) =y 75’%";':’ 2 (38)

n=1
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so that

0 0
0u28(p(z’ 'LL), u, t) = P(l,—) (3u,8(p<z’ 'LL), u, t))
oS oS-
= P(L_)(a—pRi) + o, .

Let us now denote by £ = E(p,u) any entire function of p such that
E(pi(u),u) = F;(u), i=1,...,N.

Then, by taking into account that (B0) implies

Pa ((% +E)R;) =0,

it follows that

0 0S_ 0S_
8ui8<p(z’ u),u,t) = Pu,- <8—pRZ - ERi) + o,
0S_ 0S_ Tik El,
= —R, +— —
op Ou, ; D — Pk
=0.
Hence, the statement follows. O

3.3 Diagonal reductions, symmetric conjugate nets and
potentials

In the case of diagonal reductions r;; = d;;7;,

0 i
o _ _ﬂ’ (39)
Ou;  p—pi(u)
with ¢ = 1,..., N, the compatibility conditions (I§) and (B9) reduce to

Ori —9 Tir;
Ou;  (pj —pi)*
Op; ;

5 (40)
uj  p; —pi
OF, F, - F,

=T s

du T(pj = pi)?
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where i # j. We may extend our observations of [[9] by showing that
the diagonal reductions of the Whitham hierarchy determine a particular
symmetric conjugate net as well as a set of (M +1) Comberscure transformed
symmetric conjugate nets. In particular we are going to prove that the
coefficients a; 1, a12,0a13,aq.,-1 and ¢, are geometrical potentials associated
with these Comberscure transformed nets.

A conjugate net with curvilinear coordinates u can be described in terms

of a set of rotation coefficients {3;;(w)}i j=1,..~ which satisfy the Darboux
i#]
equations [PJ]

0Bi;
/6 _/Gikﬂkg’

8uk n
for any triple of different labels i,j,k. The associated Lamé coefficients
{H;(u)};=1,. n are defined by the solutions of the linear system

0H;

— — B.H..

8Uj 6) J

Under a Comberscure transformation a conjugate net transforms into a
parallel conjugate net. The rotation coefficients are left invariant but the
Lamé coefficients change. The new Lamé coefficients are given by

Hi = UiHi

with 9 H
ag; i
Ju; 5]‘@'32(% —0y).
A conjugate net is said symmetric iff 3;; = (;;. Given any pair of parallel
symmetric conjugate nets characterized by {3;;, H;} and {0;;, H;}, respec-

tively; then, it follows that locally there exists a potential function p so that

0
o H? = 8p ; to see this just observe that
U;
OH; H; - -
5y = Du(Hillj + H;H;),
J
which is a symmetric expression provided f;; = 3;;.
. A/ TiTj . .
Taking H; := \/r; and f3;; := ﬁ’ as the first equation on (f0) is
Di —Dpj
OH, N ) .
S Bi;Hj, we can identify H; and 3;; as the Lamé and rotation coeffi-
uj

cients, respectively, of a conjugate net.
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2,M

The functions determining the hodograph relations are poly-

p P=q«
nomials in
Di, for ] = 1a
- 1
Pia , fora=2,...M;
Pi — 4a
T
observing that §;;H;/H; = ﬁ it is easy to see that these coefficients
bi — P

determine a set of M Comberscure transformations. Then, together with
the set of Lamé coefficients { H; = \/r;}1y., we have the M families of Lamé
coefficients

{H;, = pi7a\/ﬁ}f\i1, fora=1,..., M.

It also follows that there is another Comberscure transformed net with Lamé
coefficients given by
{hi = VrE}L.
From (P4) and (R5)we easily find the potentials for H;H; ; and H};:

8@171

H? = 41
P, (1
(0
— 51’2 fora=1
HiHi,a = aquz (42)
- fora=2,...,M,
\ 8u,
( 8(@1,3 + CL% 1/2)
— : for a =1,
HE»@ - 0log aam (43)
— Lol fora=2,..., M.
\ 8u,
In this way a1 1,a12,a13,0q,-1 and ¢,, a = 2,..., M acquire a direct geo-
metrical meaning.
Observing that
A /’f’,”f’j 9 9
Bij = ——————Pikalia, fora=2 ... M,
! (pi,a - pj,a)z ks,
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we write our original compatibility conditions as follows

or; T
=2 J 2 2
T YN EL
OPia T 2 2
L 2 )2 44
Ou; Do — b’ )
OF; . F; - F; 2 2
Ouj 7 (Pja—pia)?
for a« = 2,..., M. This system determines a particular symmetric conjugate

net and two Comberscure transformations of it. Moreover, if we want to
recover the original formulation from these p; , we just need the potential g,

of p;ar; and then vy, p; = p; ) + o, &« = 2,..., M, will fulfill (E0).

From (1)), () and () we easily get

82a171

Ju;0u, A/ =0,

8&172

_8ui8uj + ﬂjlﬁm(pl +pj) =0
P qa

(P13 +ai,/2)

Ou;Ou,; 2Tk =0
0*log a1
\ 0u28u]

\ anauj + 6ji\/r_i\/r_j(pi’a _'_pj’a) =0, fora=2,...,M,

+ 2Bji\/Ti\/TiPi.alja = 0 fora=2,...,M.

Observe that (f0) or (f4]) can be written in terms of two potentials only.
For example we can choose these potentials to be g, and loga,,_; and use

<8Qa)2 810g aa,—l
reo— — 8u2 S 8u2
i 810g Qo1 9 Dia = aqa
together with
T
BijVriN/Tj = = ; )gpiapia
7,0 7,0

1

_ 0 lOg Aa,—1 0 log Ga,—1 (aQOc aQQ ) 2
Oy Ou, Ou; Ou,

14

VVZ; (aa,—la QOz)2



where

af dg Oa 0dg
+ o AT -
W (f7 g> o 8u2 8Uj + 8Uj 8uj

ij

fora=2,..., M.

_ 0%q, 010g ag —1 0108 G —1 Oqs Oqq
Wij (aa,—17Qa)2 = =

‘/I/Z’—]"—(aoh—l? qa) = 07

8ui8uj 8u2 8uj 8ul 8Uj
0?log ag. 1 dloga, 1 0loga, _1\20q, 0q
_ 2 «, «, «, «a a
Wijlaa-1:42)" =5, 5, +2< au; du; ) ous oy

Fori,j=1,...N and i # j.

4 Examples

4.1 Dispersionless Toda equation

In order to find solutions of the dT equation
Dy + (exp(P))u =0,

we set all 4 equal to zero with the exception of £ 1) and (2 ), so that from
(I0) and by denoting

q(t) == q(t), v(t):=as_1(t), (45)

we have that
¢ =Inv(t). (46)

N = 1 reduction Let us first consider reductions z = z(p,u) depending
on a single variable u defined by u = —a; _;. Then ([[J) becomes the Abel’s
equation
op 1
9 _ 47
Ou  p—pi(u) )
and (B() reads

t yv(u) B
m(w) —q(u)  (pi(u) — q(u))? +a+ F(u) =0, (48)

15



where q(u), pi(u) and F(u) are arbitrary functions of u. On the other hand,

Iq(u) _ 1
du  q(u) —pi(u)’
dlnv 1

du (q(u) = pr(u))*

In this way, we may rewrite ([I8) as

V/
thW—— —y/ —x+ F(u) =0,
v

where ' := dv/du. Therefore, as p;(u) is an arbitrary function of u we
have

tT(u) + yY (u) + X (u) + F(u) = 0,
(49)
XY
bon(-)
where T'(u), X (u), Y(u) and F(u) are arbitrary functions of u. For exam-
ple when T, X,Y and F' are polynomials of 4th degree we can get explicit
examples of solutions. For example, assuming 2nd order polynomials we get

e b J 5 e Yt Yy Tht +  Xoz + Yoy + Tot + F
=7 K ’ v 2X2l’+}/2y+T2t+F27 ) X21’—|—}/2y_|_T2t+F27

and a solution of dT is
¢ =In <(X1 —Xo)(—y £ V2= 6) + Xo — 5X1)
10 (Y1 = 9%2) (=7 % /47 = 0) + Yo — V1)
—2n (= (T = ¥B)(—7 % V72 = 3) = Ty + 0Ty

Another example is to take T' = u3, Y = u?, X = u, F = 1 to get the
following hodograph relation

tud +yu® +au+1=0

16



and the corresponding solution of the dispersionless Toda equation:

6t f )
120t — 4y? + 8y f — f?

<I>:310g<

where

f(z,y,t) = \/ 36ayt — 108t2 — 8y + 12v/3t/ 43t — 12y? — 18xyt + 2712 + 43

N > 2 diagonal reductions Let us consider now reductions z = z(p, u)
involving N > 1 variables w := (u1,...,uy) associated with a system of
equations (@) ( or ([F)). Consequently, the functions r;;(w), p;(u) are
assumed to satisfy the compatibility conditions (R9). In this case we get the
following system of equations for determining ¢(u) and v(u)

19)
83 = Rz(qa ’U,),
dlnv  OR; (50)

o0~ o (q(u),u),

where i = 1,..., N. Thus, given a set of functions {F;(u)}¥, satisfying (R9),
the hodograph relatlons (BQ) read

u 0 j
; vew ("ELRG@wdy)
- +x+ i — U,
pi(u) — q(u) (pi(u) — q(u))?
fort=1,..., N, where now ¢ solves
Jq o
ou;  pi—q’
If we define ]
P
bi —4q

the above equation reads

tP, — szexp /ZTJP2duj)+x+F—O.

17



For N = 2 a simple solution we can take

1 1 1
rL=-—r2= g(% —Up),p1 = 1(3711 +uy), p2 = Z(ul + 3uy),
(51)

FlI_F2: ¢

)
Ug — U1

where c is an arbitrary complex constant. In this case we can get the explicit
solution z(p,u) of ([[G) satisfying ([9). It is given by

(ur — up)®
= . 52
: p+16p—8(u1+u2) (52)
Thus, from (P3) we can set
1 1
q(u) = —5\/@1 + 20)(u2 + 20) + Z(ul + up — 22), (53)
so that by denoting
Ui = \/Ui+20, i:1,2,
the hodograph relations become
4y c
T+ - =0,
(Ui0z)? (Ur = Us)?
(54)
c
4t (2 —7>U Uy)? —c=0,
+ (22 (Ul—U2)2(1+ 2)° —c
and we have U U2
d—1In M (55)

UrUs
The system (p7) reduces to a quartic equation as we shall show. We first
write the system (B4) in terms of
U4 1= (Ul :l: U2)2,

as follows 64
Y c
A S
v (uy —u_)?  u_ ’

4t + (Qx—i>u+—c:
U_

18



By eliminating u, = (¢ — 4¢t)(2zu_ — ¢)'u_ we get

wiut 4 (=3¢ + 4t)x?u® (4t — Sct + 3% + 64xy)zu’
+ (—4t% + det — 642y — )eu_ + 16¢%y = 0,

and the associated solution (B5) of the dT equation equation is then given
by

8t — 2¢
d =log (——). 56
Og(2t—c+:vu_) ( )
4.2 Generalized gas equation
We consider now solutions of the generalized gas equation
a; + (av), =0,
vy + v, +w, =0, (57)

wy + a; = 0.

We set all time variables ¢4 equal to zero except for #(5;) and #(; o) and use
the notation conventions (). Then, from ([J) it follows that the dependent
variables are given by

a=v(t), v=yq(t), w=a,(t).

N = 1reductions Reductions z = z(p, u) depending on a single variable u,
defined by © = —a; 1, lead to the Abel’s equation ([[7]) and to a hodograph
relation (B() of the form

L yv(v) . u) —
tpl (pl(u) — q(u>>2 +x+ F( ) 0, (58)

where ¢(u), pi1(u) and F(u) are arbitrary functions of u. We may rewrite

(B3) as

t(P(1u>—/uP(u)du>—yP%xp(—/uPzdu)+:E+F(u):O, (59)

where P := 0,q(u) is an arbitrary function of u and

azexp(—/ Pzdu), v:/ Pdu, w=—u. (60)
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An equivalent form of (p7) is

a; + (av), = 0,

61
(v + vUg)y — Qg = 0. (61)

To prove this fact just consider a solution (a,v) of (E]), then integrating
the second equation with respect to the y variable we conclude the existence
of a function f(z,t) such that

y
v + VU, —/ Ay dy + fo(x,t) = 0.

Yo

Then, a solution of (F7) is given by (a, v, w) with

w(z,y,t) == fla,t) - / " a1 dy.

Yo

Now we will show two reformulations of the previous N = 1 technique
providing us with explicit solutions to (@)

1. If we parametrize in terms of a(u) = exp(— [* P?(u) d u) assuming that
a is a solution of the following ODE
da 1
du  af'(a)?

for a given function f = f(a) (f'(a) = 3£) from loga = — [* P*(u)du
we have 1/P := —af'(a) and we get the following hodograph relation
(af'(a) + f(a))af'(a)’t +y — (v + F(a))af'(a)* = 0.  (62)

Then, given two arbitrary functions f and F', and a(z,y,t) a solution
with of (F9) then a,v = f(a) is a solution of (1))

For example, if f = Aa+ B and F = —(Ca® + Da? + FEa + G), with
A, B,C, D, E and G arbitrary constants we get the hodograph relation

A?Ca* + A’Da® + A*(2At + E)a* + A*(Bt — Ar + AG)a+y =0
and the solution of (B1l) is a,v with vo given by

v = Aa+ B.
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If we take f = a+ 1 and F' = a® we get the following solution
3(t—x) — 4t 2t
9 3’

v=a-+1
with

32

o= (12t(t—a¢)—18y—§t3+2(12t3—36:)3t2—12t4+36t:£2+249:t3—12x3
1/3
— 1222 — 108t% + 108tay + 81y? + 96yt%) "/ 2) .

Another simple example appears when we take f(a) = loga, the solu-
tion to the hodograph equation (for F' = 0) is

a(w,y,t) = éw(% exp(e/t ~ 1))

and .
v(x,y,t) = W(% exp(z/t — 1)) -1+ n
where W is the Lambert function defined by
W(z)exp(W(z)) = z.

. Alternatively, we can parametrize in terms of v = [ “ Pdu where v is

d
subject to the ODE d_v = —¢'(v)/g(v). Then, we get from (9) the
u
following hodograph relation

—t(g(v) + vg'(1))g(v) = yg' ()" + g(v)g'(v) + F(v) + g(v)g'(v) = 0.
This equation is gotten by takin into account that g(v) = f~1(v), is the
inverse function of f. Thus, given two arbitrary functions g, F' and a
solution v(z, y,t) to this hodograph relation we get a solution a, v with
a given by

a=g(v),
of (B1)). In particular if g := Au® + Bu+ C and F = Dy + E we get
the following hodograph relation
— 3A%tu* + (2A%x — 8A%y — 5ABt + AD)u?
+ (3ABx — 12A4°By — 2(2AC + B*)t + AE + BD)i?
+ ((2AC + B*)x — 6AB*y — 3BCt + BE + CD)u
+BCx— By —C*+EC=0
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N > 2 diagonal reductions Reductions z = z(p,u) involving N > 1
variables w := (u,...,uy) can be analyzed by the same scheme as in the
case of the dT equation. They are associated with a system of equations ([[@)
(or ([3)), where the functions r;;(u), p;(u) are assumed to verify the com-
patibility conditions (R9). The functions ¢(u) and v(u) are determined by
solving the system (50). Thus, given a set of functions {F(u)}, satisfying
(29), the hodograph relations (B(J) read

yep ([N G la(w), w)du;)
~talw) - () — g(w))?

where 1 < i < N. The dependent variables of the Generalized Benney system
are then given by

azexp(/ Zagii (q(u),u)duj), v=q(u),

Jj=1

tr+F =0, (63)

(64)
w= [ ) Res(Ri(p,u),p;(u))du,.

In the particular case of the N = 2 reduction of diagonal type defined by

1
rn = -T2 = g(ul — ug),
(65)
1 1
p1= Z(3U1 + uz), p2 = Z(ul + 3ug),
the function ¢(u) is given by (B3), so that by denoting
Ui = \/Ui+20, i:1,2,
we have
1 1, 5 9
q(u) = —§U1U2 + Z(Ul + U2 — 4Z0),
(66)

1
—(U? +3U2 — 4z).

1
pi(u) = Z(3U12 + U3 — 429), p2(u) = 1
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The hodograph relations (pJ) reduce to

4y 1
_Uﬂg—zﬁﬂﬁ4@—4%ﬂ+x+ﬁaza
(67)
W Lauz v~z Fy=0
_U23U1_Z( 2+ 1 — Z(]) +x+ 2 — U,
and (4) implies
(Uy + Up)? 1 1
a:—%ﬁfﬁvziwrw@%wmwzﬁuﬁ—@ﬁ. (68)
In particular, for F; = F5 = 0 one finds the following explicit solution
o 2x+ Zot
"= S
_E_Qyﬂﬁ 69
Y (t 37 (69)
(z + 2ot)? <y>2/3
w=-——>"——(= .
9¢2 t
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