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Resumen

The existence of a class Jof local in time solution of the Einstein—Euler system is proven,
which include static solutions. This result is the relativistic counterpart of a similar result
for the Euler—Poisson system obtained by Gamblin [6]. As in his case the initial data of the
density do not have compact support but fall off at infinity in an appropriate manner. An
essential tool of the proof is the construction and use of weighted Sobolevspace of fractional
order. Moreover this tools allow to improve the regularity conditions for the solutions of the
constraint and evolution equation.

1. Introduction

Some progress has been made in the mathematical theory of selfgravitation perfect fluids descri-
bing compact bodies, such as stars. We will briefly resume the situation: For the Euler-Poisson
system Makino [10] proved a local in time existence theorem for solutions with compact support
of the density and for which the density at the boundary vanishes. Since the Euler equation are
singular forp = 0 Makino had to regularize the system by introducing a new matter variable
(w = M(p)). His solution however, suffered some inconveniences such as they do not contain
static solutions and moreover the connection between the physical density and the new matter
density remained obscure.

Makino’s work has been generalised by Rendall [13] to the relativistic case of the Einstein—
Euler equations. His result however suffers from the same inconveniences as Makino’s result.
Moreover it is restricted to initial data with moment of time symmetry and whicldareegular.

This regularity condition implies a severe restriction on the equation of gtate<¢”, namely
ve€N.
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On the other hand Gamblin [6] proved a local in time existence theorem in which the initial
density does not have compact support but falls of at infinity in an appropriate way. Even though
a Makino variable had to be used but his solution includes a one parameter class of spherically
symmetric static solutions with = g

Our aim is to generalise Gamblin’s result to the relativistic case, and furthermore we want to get
rid of Rendall’s restriction of the moment of time symmetry anddhe regularity.

Moreover our approach is motivated by the following observation. As it turns out, the system of
evolution equation have the following form.

AQU 4+ A0 U = Q(e,..) U= (w,...) (1)

Where the unknowi/ consists besides the gravitational field and the velocity of the fluid of the
Makino variablew, while the lower order tern consists of the energy densitySo we have to
estimate, in the corresponding norm of our function spadegv, which is a algebraic function

of ¢ of the formw = K¢z and this results in an algebraic relation between the order of the
functional spacé and the coefficient of the equation of state

I<y< —— (2)

This relation can be easily derived by consideriiig*w||.,, |«| < k. Moreover it can be inter-
preted either as a restriction gror onk. Contrary to earlier works we want to interpret it as an
restriction onk and even further allow the differentiability of fractional order.

So in our theorems considering the evolution equations we will be faced with differentiability
conditions of the sort < s < % or in other words the differentiability is bounded from above
and below.

Moreover numerically investigations performed by Uggla and Nilson [11] suggest that static
spherically solutions of the Einstein—Euler system correspond to valuebeiiveenl 2 < v <
1,29949. Recently these results have been confirmed analytically by Uggla and Heinzle [17] who
also derived the fall of conditions of the density for—~ oc. We come back to their results in
section 7.

Now in order to sharpen existing regularity conditions for solutions and not to impose conditions
on the equation of state we are lead to the conclusion of considering function spaces of fractional
order. One the other hand the Einstein equations consist of quasi linear hyperbolic and elliptic
equations. So far the only function spaces which are known to be useful for existence theorem
in the asymptotically flat case, are weighted Sobolevspatgs £ € N, § € R, introduced

by Cantor [2] and others. So we are forced to consider new function sphges € R which
generalised, .

We proceed as follows. In the next section we discuss the introduction of these spaces and their
main properties, such as Banach algebra, isomorphism for elliptic operators, estimates for non-
linear function which confirm the intuitive argument presented above, and moreover results con-

cerning quasi linear symmetric hyperbolic systems. We then give the initial value formulation of
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the Einstein—Euler system, where the treatment of the Euler equation is a different from the one
of Rendall. This is followed by our main theorem the local existence theorem together with an

outline of the proof. In the last section we discuss the fact that our class of solutions contains
static solution.

Finally in the appendix we present details of the proof of the main theorem together with some
properties of our new function spaces.

2. Preliminaries

2.1. Function spaces

We just remind the definition of weighted Soblevspaces of integer order:

Definition 1 (Weighted Sobolevspaces)For —oco < § < oo andk a nonnegative integer, the
Sobolev weighted spadé; ; is defined as the completion 6f°(R™) under the norm

1
2

fles = [ / (@)oo | 3)

la|<k
where(z) =1+ |z|.

Remark 1 In the definition above the weight varies which each derivative. This property is used
in order to show isomorphism of certain elliptic operators. We emphasis this, since in the li-
terature, the term weighted Sobolevspaces usually is used for spaces in which every derivative
obtains the same weight.

While it is straightforward to define Sobolev spaces of fractional order without weights by using
the Fourier transformation, the case of weights complicates the situation. However the following
definition which goes back to Triebel [16] is a starting point:

Definition 2 (Weighted fractional Sobolevspace: double integralfFor —oco < 6 < co andk
a nonnegative integel € R, 0 < A < 1, s = k + X the Sobolev weighted spatg ; is defined
as the completion af{°(R™) under the norm

lllins® = Y [ 1) o upds

|a| <K

k+>\+5+ o _ k+A+6 Ho 2
oy [ [l ()mf& P @

|laf=Fk

Remark 2



1. These spaces have been introduced by Triebel [16], although not much properties have
been specified or proven.

2. If A = 0,thens = k € N and this definition concides with the definition of weighted
Sobolev spaceH, s which have been introduced by Cantor [2] and others.

3. It turns out that the definition above 2 is not useful for proving the tools we need such as
the Banach algebra property, the Moser inequalities, the Energy estimates etc. We found
however a more suitable norm which is equivalent to 2 and which we present in the follo-
wing.

First we introduce the following notations:

Definition 3 K; = {z : 27 < [z| < 277}, (j = 1,2,...) and Ky = {z : |z| < 4}. Let
{¥;}52, be asequence af°(R") such that);(z) = 1 on K, supfy;) C U{jj’_lel, forj > 1,
supf) C Ko U K; and ‘

|0°¢5(2)] < Ca27 V. (5)

Remark 3 (on Definition 3) The above mollifiers have the following properties: for any R™
belongs at most to fiv&; and there are at most sevgrsuch that);(x) # 0. In addition, there
are two constants, independentjosuch that

w2 < (x)<e?, for @€ Supduy). (6)

The second norm is then defined in the following way.

Definition 4 (Weighted fractional Sobolevspaces (using infinite norms)for —oo < § < oo
ands € R, the Sobolev weighted spafk ; is defined as the completion 6f°(R") under the
norm

o0

(lullss)® =D 2™ lgully + Y2002 3 9% (wsu)]3. (")

j=0 7=0 |a|=m

The desired equivalence we state in the following proposition, whose proof we have placed in
the appendix.

Proposition 1 (Equivalence of the norms 2 and 4 ) For v € C§°(R") there holds
Cillullss < lJullss < Collullss (8)

Whel‘eC’1 = 02 = C(S, (S)

The proof of this proposition as well as certain properties of these functions spaces will be pre-
sented in a forthcoming articles by the authors [1]. This article will include also the proof of
existence theorem for the elliptical constraints.



Definition 5 The spacéf; ; as defined above has the following equivalent norm

3 .
Hey ~ 20T (Wu) )| s ©)
j

lul

We have used the notatidi® to denote the Bessel potential space which is defined whose norm
is defined via the Fourier transformation

Definition 6 (Bessel potential spaces)The norm of the the Bessel potential space is given as

2, = /a2(1+§2)5dg (10)

[l

2.2. Properties of the function spaces

Theorem 1 (Banach Algebra of the fractional spaces)Letu € Hy, 5,, v € Hy, 5, then

(11)

lwollm, ; < Cllull,, 5, [[0]]a,, 5,

Provided thats + 2 < s; + 55, 5 < s; andd < &; + s

Of central importance is the following estimates for powers of function in the sgaAcg®?)

Theorem 2 (Nonlinear estimate for power of functions) Letu € H, s N L™, F : R' — R be
a C™ map, withF'(0) = 0 of the formF'(u) = u* (1 < u), then there exists a constafitsuch
that

[[u”|

H,s < C(Julpe) [lul H,s (12)

In order to prove the lemma above, we will use the following estimate in the case of non weighted
Bessel potential spaces, which was proven by Runst and Sickel (prop 1, p 363 ff)[14]

2.3.  Symmetric hyperbolic systems and local existence theorems

We start with a general definition of symmetric hyperbolic systems.

Definition 7 (Uniform symmetric—hyperbolic systems)A quasilinear, symmetric—hyperbolic
system is a system of differential equations of the form

L[U] zn: AY(NOLU + B(U; z,t) =0 (13)
a=0

where the matricesl® are symmetric and for every arbitrady € G there exists a covectar
different from zero
A% (U)&a (14)

is positive definite. The covectggsare spacelike with respect to the equation (13). Both matrices
A®, B satisfy certain regularity conditions, which are going to be formulated later.
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Usually ¢ is chosen to be the vectot, 0,0,0) which implies that, via the condition (14), the
matrix A° has to be is positive definite.

A principal tool is the following existence theorem.

Theorem 3 (Local existence for quasilinear symmetric—hyperbolic systems)et A%, A* ¢
CN(V x G; M), B € CN(V x G;R!) be coefficients which define the quasilinear symmetric—
hyperbolic system

B
A% Uxt —|—ZA UxtaU + Bop(Usz,t) =0 (15)

LetU(z,0) € H,5(R) (3 < s)and let the initial conditions be chosen such that the condition
CoagUUP < AQUUP < C715,5U°U"  C eRT (16)

is satisfied. Then there existsla> 0 which depends on th&, s norm of the initial data and
there exists a unique solutidi(z, t) € C%* ([0, T), Hys) NC*71 ([0, T), Hy_1,541) Of equation
(15).

3. The initial value problem for the Euler-Einstein system

We consider the Einstein-Euler system describing a relativistic self-gravitating perfect fluid. The
unknowns in the equations are functionst @ndz* wherez® (o = 1,2, 3) are Cartesian coor-
dinates onR3. The alternative notation® = ¢ will also be used and Greek indices will take
the valued), 1, 2, 3 in the following. The evolution of the gravitational field is described by the
Einstein equations

Gaﬁ = 87TTa5 (17)

whereG,,; is the Einstein tensor of the spacetime meitig and7,; is the energy-momentum
tensor of the matter. In the case of a perfect fluid the latter takes the form

T = (e + p)uu” + pg™” (18)

wheree is the energy density; is the pressure and” is the four-velocity. The quantity® is
required to satisfy the normalisation condition

gaﬁuo‘uﬁ =—1. (19)
The Euler equations describing the evolution of the fluid take the form
VT =0 (20)

whereV denotes the covariant derivative associated to the meiicTo get a determined system
of equations it is necessary to specify a relation betwesmdp (equation of state). The choice
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we make here is one which has been used for astrophysical problems. It is an analogue of the
well known polytropic equation of state of the non-relativistic theory given by:

p=f(e) = K€ K,y eR" 1 <7y (22)
The sound velocity is denoted by
dp
— 22
o =5 (22)

The new matter variable = M (¢) which regularise the Euler equations evender 0 is given
by the expression.

w= M(e) = €1 (23)

For this setting Rendall [12] proved a local in time existence theorem for initial data with compact
support for the density generalising a result obtained by Makino [10] for the non relativistic Euler
Poisson system.

3.1. The Euler equations written as a symmetric hyperbolic system

It is not obvious that the Euler equations written in the conservative g’ = 0 are sym-

metric hyperbolic. In fact these equations have to be transformed in order to be expressed in a
symmetric hyperbolic form. Rendall presented such a transformation of the equations, however
it's geometrical meaning is not entirely clear and it might be difficult to generalise is to the non
time symmetric case. Hence we will present a different decomposition of the Euler equations
in discuss it in some details, for we have not seen in anywhere in the literature. The basic idea
is to perform the standariiliid decompositionand then modify the equation by adding, in an
appropriate manner, the normalisation condition (19), which will be considered as a constraint
equation.

1. the equatiorV, 7% = 0 will once be projected orthogonal t&* which leads to

ugVo T = 0. (24)

2. Furthermore the equatiovi, 7% = 0 will be projected into the rest pa¢2 orthogonal to
u® of a fluid particle gives us.

PagvyTl’ﬁ =0 with Pag = Jap + U Ug, Pagu’g = 0. (25)

The resulting system is of the form:

uVae + uVaou® = 0 (26a)
(e +p)uVaug + P°,Vsp = 0 (26b)



Note that we have besides the evolution equations (26a) and (26b) the following constraint equa-
tion: g,puu® = —1. We will show later, in subsection 3.1.1 that this constraint equation is
conserved by the evolution equation, that is if it holds initially at ¢, it will hold for ¢ > t,.

However in order to obtain a symmetric hyperbolic system it turns out that we have to modify
the system in the following way. We add V su® = 0 to equation (26a) anusu,Vzu®* = 010
(26b) and, which results in.

u’'Vye+ (e+p) P, V,u* = 0 (27a)

2
Tosu’Vou? + 2 PP Ve = 27b
sgu’Vyu” + s Ve 0 (27b)

With T'w3 = gas + 2uqug, note thatl' 4 is positive definite. As mentioned above we will in-
troduce a new nonlinear matter variable which is given by (23). The idea which is behind this
is the following: system (27a) and (27b) is almost of symmetric hyperbolic form, we just have
to multiply the equations by appropriate factoregf-, however when doing so we will be faced
which a system in which the coefficients in the tedhwill either tend to zero or to infinity, as

e — 0. The central point is now to introduce a new variable= M (¢) by multiplying equation
(27a) with2“ resulting in the system

0
w0 + a—w (e +p) P'uVyu® = 0 (28a)
€
1 af
Lopu’'V,u” —P°, = 28b
agt’ Vo u +e—i—p8w Ve 0 (28b)

Where we have used the fact = g—{ and we have considered ngfas a function ofv instead
of e. The system above is symetric if we demand that
ow 1 ﬁ

de  e+pow

(29)

Moreover we can in equation (29) solve tor obtaining

(71 (or
w—/o ee—i—p(ae) (30)

This integral however symmetrisises system (28a)—(28b) and gives us a functional equation for
the variablew. However it turns out that it is more convenient (see [13] ) to multiply equation
(27a) withg2%—f, whereg? is a appropriately chosen function. So we obtain instead of (30)

w= / o (5 &)

Choosingg = @ leads us to the expression (21).

The Euler equation in the new variable take the final form:
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u*Vow +0oP:V,u® = 0 (32a)
Lo’ V,u’ +oPP Vaw = 0. (32b)
Here we still have used the symba} which denotes the covariant derivate. This derivative takes

in local coordinates the foriws = 903 + G(¢"*, d¢,) Which expresses the fact that the fluid is
coupled to the gravitational fielg,s.

Now we want to show that our system (26a) is indeed symmetric hyperbolic. We do this in several
steps. Recall the definition of a symmetric hyperbolic system:

We now proceed in the following way:
1. We first show that,, is a space like covector with respect to the equations.

2. Then we show that even the covectgr= (1,0,0,0) ie. ¢, is a space like covector with
respect to the equation, which according to the above definition impliesithatpositive
definite. For this last step we have to know the characteristics explicitly.

So let us start with:

u? ‘ (e+p) P"s .
(et:__2mpl/a Togu” Vy N 0, (33)
) pe
The principal part becomes:
wé, | (e+p)PsE,
Ae=| 2 pre | me (34)

It is a significant simplification to introduce a three dimensional basis suchythat /., and
u*§®; holds. The then characteristic polynom is given by

Q(€) = det(A”E,) = (&u”)* {(&u”)? — 0* P58} (35)
The characteristic covectors are on the one hand given by equation

&u' =0 and on the other hand by equation (36)
(&u")? = a? P2 pat” = 0 (37)



Remark 4 (The structure of the conormal cone) The conormal cone is therefore a union of
two hypersurfaces ifi’*1”. One of these hypersurfaces is given by the condition (36). It is a three
dimensional hyperplang with the normak.*. The other hypersurface is given by the conditions
(37) and forms a three dimensional cone the so called sound cone.

Remark 5 Equation (37) plays an essential role in determining whether the equations form a
symmetric hyperbolic system.

Let us now consider timelike vectar, the linear combination-u, A, with A” from equation
(34) we then get.

(38)

is positive definite. Hence u,, is for the hydrodynamical equations a spacelike covector in the
sense of partial differential equations. Herewith one has show relatively elegant and elementary
that the relativistic hydrodynamical equations are symmetric—hyperbolic.

Now we want however to show that system (32) is also symmetric—hyperbolic with respect to
the vectort,,. The equation for the sound cone (37) states that as long as the condition

is satisfied the sound cone is inside the light cone. This is implies that the exprassipms
positive for all vectors which are timelike with respect to the metric. Since the timelike vgctor
can be obtained by a continues deformation of the vectot”t, is also positive definite.

3.1.1. Conservation of the constraint equationy,,suu’ = —1

Now it will be shown that the condition,su“u” = —1, which acts as a constraint equation for
the evolution equation, is conserved along stream lirfedBecause, if fot = ¢, the condition
Japu®u® = —1 holds and if it is conserved a long stream lines thgn:*u® = —1 holds also
fort > ty. In order to see that one considers
UV o (ugu’) = 0, (39)
which leads to
Ugu”vyu’g =0. (40)

Now the modified Euler equation (32b) will be multiplied with where one gets:
u*(gap + 2uau5)uyvuuﬁ + auaPﬁaV[;w = uu"V,u®* + ouaPﬂanw = 0. (41)

Therefore it holds:

Quau’V,u® = gQUuO‘Pﬁanw. (42)
Because of equation (40) and becau$€’,, = 0 holds, the conditio,su*u”’ = —1 is conser-
ved along the stream lines. [
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3.1.2. The Einstein evolution equations

The initial value problem for the Einstein-Euler system will be treated by writing the equations
as a symmetric hyperbolic system in harmonic coordinates. The harmonic condition is that

1
9067 (0,955 — 5059) = 0 (43)

When this condition is imposed the Einstein equations imply a system of quasilinear wave equa-
tions. To get a symmetric hyperbolic system these are reduced to first order by introducing auxi-
liary variables

haﬁ'y = O~Gap (44)
They can then be written in the following form

atgaﬁ - ha,@(]
gabat hw&a gabaa hw&O
_gooath'yé(] = QQOaaahv(SO + gabaah'yﬁb

eCnr\ a o o
+Cvgz/wl;6aﬂpahﬁénhmug 977 — 16775 + 8797 Tho gy

(45)

The objectC' is a combination of Kronecker deltas with integer coefficients. The quantities
andu® will be used to describe the fluid. This results in the following first order system:

A0,V + A*0,V = F(V, p, p) (46)

WhereV = (gag, hysa, hyso, w, u®), parts of the equation are given by (45), parts by (32) and
(32b). We see here the problem described in the introduction, the matter variable in the prin-

cipal part of the equations is the new variablebut the lower order term contaips= w>-1

andp = w31 which are algebraic functions of the variahle For the existence theorem, we
need to estimate these termsdpyTheorem 2 takes care of this and gives relation between the
differentiability s and the powen = % similar to the intuitive argument presented in the
introduction.

4. The elliptic constraints

The solution of the Einstein equations coupled to matter fields is usually done in two steps. Initial
data for the Einstein equations cannot be given freely; there are constraint equations intrinsic to
the initial hypersurface which must be satisfied. So the first step is to construct solutions of
these constraints. The second step is then to solve the evolution equations (in the present case
the symmetric hyperbolic system just described) with these initial data. To define the harmonic
coordinates uniquely it is necessary to supplement the condition (43) with some conditions on
the initial hypersurface defined by the equatioa 0. The standard choice is that on the initial
hypersurface,, = —1 andg,, = 0. To write down the constraint equations it is convenient to
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introduce the second fundamental form of the initial surface. When the conditions just introduced
hold this object is given by

Ko = _%atgab 47

Let n® denote the unit normal to the hypersurface and define
z = Tonn’ (48)
5 = T (9™ +n 0’ (49)

The vector;® is tangent to the initial surface and so can be identified with a vegétmtrinsic
to this surface. More explicit expressions foand j* can be given using the projectigh; —
n“ng)u® of the velocity onto this surface. It can be identified with a veatbintrinsic to the
surface. Then
z = p(l+ gupt®@’) + pgapu®a’ (50)
i = (p+p)a*(l+ gpu’a)"? (51)
If R, denotes the Ricci tensor of the induced metric on the initial hypersurfaee g*°R,; is
its scalar curvature arldV its associated covariant derivative then the constraints are
R— KuK® + (g"Ky)? = 167z (52)
OV, K® - V(" K,.) = —8mj° (53)
Now the solution of the constraints by the conformal method can be discussed. This method has

been discussed in detail in the literature see for example Cantor [3] and Christodoulou [4] and
reference therein. So we will just briefly outline the procedure.

The initial data are split into the free initial data and those which are to be determined by the
transformed constraints. The free initial data are:

(Baba A:bu z, ib) : (54)

The transformed constraints are to be solved for the scalar fungton the vector fieldi®

_ 1. 1, -
Ap — §R¢ +3 (ApA®) o7 = —2¢7%z (55)
(AW = 5 (56)
Where
b b 1 b (7 a Db1r7a
(ALW)” = (AW)” + §D (DaW ) +RW (57)
Once the solutior(gzﬁ, W") of is found the rest of the initial data are constructed as follows:
hab = ¢4I_1ab (58)
_ _ _ 2
Ky = ¢2 (A*a,, + D*W?P + DPWe* — gh“kaWk) (59)
2z = ¢ °% (60)
3= 97 (61)
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Where we have performed a conformal transformation of the metric:

hab - ¢4]_Zab7 (62)
As for K, a decomposition into a trace free and into a trace part
1
Aab — Kab _ ghab(K> (63)
And
Aab — ¢—10Aab (64)
moreover 5
AT = AT 4 D"W' + D'W* — Sh* Dy (65)
Furthermore )
=071 2=¢70z (66)
5. The principal result
Theorem 4 (Main result)

1. Solution of the constrains (30) and (31)etd,s € R, =3 < § < —fandi < s.
Given free initial datah,, — 0. € Hs5(R3), A% € H, 15:1(R3), Z(p) € Hy_1542(R?),

7% (u®) € H, 1s(R3), there exists an unique solutioh K, of the constraint such that
(b —1ec HS,J(R?))) Kab S Hsfl,éJrl(R?))-

2. Solution of the evolution equations (46)3iven the solutions of the constraints (30) and
(31), let2 < s < % —2 < § < —3, then there exists @ > 0 and a unique solutiof/”
of the Einstein—Euler system, with

Jap — Nap € CO([O’ T)> H8+175(R3)) N Cl([ov T)a HS75(R3))
w,u® € C°([0,T), Hy5(R*) N CY[0,T), Hy_1,5(R?))

6. Proof sketch

The proof consists of three parts:

1. First we solve the elliptic constraints using the established methods introduced by [3], and
Christodoulou and O’Murchadha [4] in our spaces. That will be done in a forthcoming
paper, we present the result here in form of theorem 5 and 6.

2. Construction of the initial data for the fluid equations, starting with the initial data for the
constrains (theorem 2).

3. Local existence of the evolution equation given by theorem 4.
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6.1. Solution of the elliptic constraints
The well known strategy for the constrains goes as follows

1. First the vectorial constrains is solved (31) fo% with given ;. See theorem 5.
2. Secondly usingV® and and the free initial data?®, A%® is constructed using (65).

3. Finally with z and A* given the Lichnerowicz equation is solved ftpsee theorem. 6.

The results we present in the following are straitforward generalisations of results obtained by
Christodoulou and O’Murchadha [4]

Theorem 5 (Existence and uniguness of solutions for the York equation)_etg < s, —% <
0 < —% andj® € H, 5, then there exists a unique solutitii® € H,,, s of equation (56) with

(Apw)’ = (AW)" + 1D* (D,W?) + REW*

Theorem 6 (Existence and uniqueness for the solutions of the Lichnerowicz equatiorb)et
T < s, —2% < < —1 andg a Riemann metric, and a tensorfield inR? such thath,, — d,; €
H, ;(R®). Letz € H,_; 5.9 then there exists a unique solution of the equation (30).

6.2. The compatibility problem of the initial data for the fluid and the gra-
vitational field

In the case of a fluid there is a problem with this because the quantities which can be rescaled in
a way which is consistent with the general schemezaaedj* and not the quantitie® andu”
which occur in the initial data for the evolution equations.

The matter initial data for the Einstein—Euler system are on the onedhamdlu* for the Euler
equations (28a) and (28b). One the other hand F(w,u®) andj* = H(w,u®) appear as
sources in the constaint equations, namely: K,,K® + (¢°*K,)? = 167z And ®)V, K —
V(g Ky,) = —8mj°

We have the possibility of either

1. Considerw andu® as the fundamental quantites and construct thend ;.

2. Vice versa: consider and;® as the fundamental quantites and construct themdu.

The first possibility does not work, because the geometric quantities which occur on the left hand
side of the constraint equations are supposed to scale with some pow&uaof and ¢, which

are the sources in the constraint equations, must also scale with some definite pgwér «of
scaled with some power af then so would-. But in the expression for a sum of different
powers ofr occurs. Thus the power with whiehscaled would have to be zero an@ould be

left unchanged by the rescaling. Similarly it can be seenidhavould remain unchanged. So
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in fact z would be unchanged and this is inconsistent with the scalings used in the conformal
method.

Because of this problem we proceed as follows:

1. First geometrical and matter quantities are constructed which satisfy the constraints, whe-
reby the matter quantities age= P (the powerVT’1 comes from the use of the Makino
variable) andj®.

2. Thenw andu® are reconstructed from these. The reconstruction is based on the following
lemmas:

Lemma 1 (Hadamard’'s Lemma) Let X andY be manifolds withX connected and” simply
connected. Lef : X — Y be a mapping which is continuous, proper and open. Théna
bijection.

Lemma 2 (Reconstruction lemma for the initial data) Let ® be the mapping frork* to R*
defined by

O(w,u") = (w[(l + Knw?)(1 + gabﬂ“ﬂb) + Kgabuaub}l/%, (67)

(1+ K(n+ Dw?)(1 + gpti®ac)u® )

68
(14 Knw?)(1 + gpeti®uc) + Kw?gpuu® (68)

Thend is an analytic diffeomorphism frof* onto the regiorG' = {(y, 2%) : a2’ < 1}.

Proof (of Lemma 2) It is obvious that the mapping is analytic. It is also a straightforward
calculation to show that the derivatived is invertible whenw = 0. The invertibility of D®
away fromw = 0 is equivalent to that of the derivative of the mappibigvhere

' (e,0%) = (e(1 + gup®@®) + f(€)gupt®@®, (e + f(€))T%(1 + geti’a®)'/?) (69)

and f is the function introduced in section 3 in connection with the equation of state. To cal-
culate the determinant dP®’ it is convenient to note that the mappifg is equivariant with
respect to the action of the orthogonal grougigfand so when doing the calculation it can be
assumed without loss of generality that the only non-vanishing componefiofil. When this
simplification has been made it is easy to see that this determinant is always positive. It can now
be concluded from the inverse function theorem thas an analytic local diffeomorphism. In
particular it is continuous and open. Defing = / gapz?2. Using the elementary inequality

1
e [ D R —3 (70)

it is possible to derive the estimate
= 1 e
0P < 5= 13/2D)" (71)

Let H be a compact subset 6f. Theny and(1 — |z/y|)~* are bounded o It follows from
the second of these facts that| is bounded or®~!(H). On the other hand < y and sow is
bounded onb~!(H). It follows that®~!( H) is compact and hence thétis a proper mapping.
It can now be concluded from 1 thétis a bijection and this completes the proof. [ |
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7. Static solutions

As mentioned in the introduction one of the motivation is to have static solutions included in the
class of solutions provided by theorem 4. The fall off conditions of these solutions is given by

[7]

p = constr*ﬁ(lJrO(r*f)) for r — o0 (72)
_ @=3)
R Oy (73)

Which in the static case results in the following relations

p(r) ~ r7° (1 + T’_2) vy=12 (74)
p(r) ~ r=339 (14 7039 v = 1,293003 (75)

According to the existence theoremude H, ; (—% <0< —%. As we have already discussed
in section 3.1.2, we can estimaidy w in H ; using theorem 2. This implies that alse H; ;.
Now a spherical symmetric functionr) ~ P which satisfies these regularity conditions has
fall off condition of the form

3
p < —2,25 ~3 <0 (76)
1
p < —175 )< —3 (77)

And therefore fulfils the requirement of (74) and (75)

Acknowledgment: We would like to thank Alan Rendall for discussion the reconstruction pro-
blem of the initial data.

A. Nonlinear estimates

Theorem 7 (Nonlinear estimate for power of functions) Letu € H, s N L™, F : R' — R be
a C™ map, withF'(0) = 0 of the formF'(u) = u* (1 < u), then there exists a constafitsuch
that

[

w,; < O (lulpe) [ul

Hes (78)

In order to prove the lemma above, we will use the following estimate in the case of non weighted
Bessel potential spaces, which was proven by Runst and Sickel (prop 1, p 363 ff)[14]

16



Lemma 3 (Non linear estimate in Bessel potential space)

Letu € H,N L*®, F : R — R be aC™ map, withF(0) = 0 of the formF (u) = u* (1 < p),
then there exists a constafitsuch that

(79)

< C(lulp)
Proof (of theorem 7) PROOF SKETCH: WE FOLLOW OUR ESSENTIAL IDEA OF USING THE
NORM BASED ON THE INFINITE SUM So we start with.

~ 1

() STIE ()

Then the(s, 0) norm reads

| s (81)

=D 2(5+0)2) (V2F(w)),, F|
J

V2F(u) = U2 (F (Z xpk> ) (82)

Since supf¥; Nsupply, # 0. Only fork = j —3,...,5 + 4 we have

) l(E) -

Using now estimate (79) from lemma 3 we obtain:

Now fix j such that

j+4 ~ j+4 ~
H(\IﬁF(u))2J Hs s ¢ Z (lpku>2j Z (lpku>2j (84)
k=j—3 100 1k=5—3 s
4
< () Y || ()| (85)
m=—3
The last term will be estimated as follows:
H(ﬁjju>>2 e - H ]+mu 27 (86)
< CH J+mu 2 CH( J+m“>2fm) (87)
< ( jml), (88)

Fixing j gives us now

17



4 2
sl < (et 35 |5,
m=—3
< gczz VI (W (), Il (%0)
< 2C (||uf ;) Z 22 BH)im) H(ilmﬂu>21+m s (91)
m=—3 j
< (lull o) lull (92)
[ |

The space we use is characterised by a norm, which makes uses of a infinite sum and has the
following form (we assume hepe= 2)

22 2 | (5u) © 75| 0 (93)

Furthermore we use

Lemma 4 (Animproved estimate of Gagliardo Nierenberg type for the weighted spaces)

s/ s/

(94)

Proof (of lemma 4) Starting with the definition given by (93) we obtain:
Z 203527 | (4,0) 0 75 | (95)
< D ewentiy EPE wwoniiT w9

/ ’

(zz SET n)

(Z o(3+5)2j (1) o ¢2j||iQ) (97)
25 2(s'—1

= (lullnn) ™ (lulss) 7 (98)

s

IN

B. The density of theCj° functions

For the local existence theorem we will need thgt functions are dense in thié, ; spaces.

18



Theorem 8 (Density of Ci° functions in H, ;) The set ofC§° functions is dense i/, s and
furthermore givers < s’ ande, there is a constant’(s’, ¢) such that

e x unllm, ; < O €)llull a5 (99)
N

Whereuy = > YpuandJ. € C3°,0 < J(e) < land [ J(z)dx =1
k=0

The proof of this theorem is not complicated however for the sake of brevity we decided to
include it in a forthcoming article [1].

C. The Energy estimates

The aim of this section is to derive the essential energy estimates for quasi linear symmetric
hyperbolic system in our spaces.

D. Energy estimates in the fractional weighted spaces

We start with some preliminaries:

W) =(1+Ie?)>F (100)
H? = {||A°u|| 2} < o0 ue L™ (101)
(u,v), = (A*u, A°v) (102)
Where(u,v),. = [ fgdx
OiN°u, = N°Ou, u e H (103)

Which follows by taking the Fourier transform let us just mention

Proposition 2 (Interpolation property of H*) Letsy = 0sg + (1 — 6)s;,0 < 6 < 1 then we
have
H®¢ = [H* H* (104)

This is a well known property for a proof see for example [15]

Proposition 3 letu € H*, ¢y € C*(R™), then

[[ul

ae < [l e (105)

WhereC depends o ands.
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Fors = k, k € N, thenH* is the standard Sobolev space and the estimate (105) can be easily
seen, ifs € R then interpolation has to be used.

Let {+;} be a sequence in the definition of the naky;. That isy; € C3°(R"),

Proposition 4 (A useful estimate) We have

|05 ()] < C27F (106)
Useful is the following weighted space
Definition 8 (WeightedL> space)
lullze = sup (L4 [a])’ ju()]) = 1} 1+ Ja])” [u()] 2~ (107)
Proposition 5 For ¢y27 < |z| < ¢9

> 527 sup |u(x)| = [lul| g (108)
j

The following theorem will be used

Theorem 9 (Kato and Ponce) Fors > 0, f € H*NCY, g € H~' N L* we have

[1A°(fg) = fA°gllr2 < OV fllz=llg] 9llLo] (109)

R A

Let us just recall thé?, s spaces which cary the following norm and scalar product:

lullm,, = 3265205 (i), |3 (110)
j=0

(u, vy = Z2<%+6)zf<(¢;u)y,(¢§U)2j>s (111)
j=0

= 2l (e (), A (v20),,) (112)

<
Il
o

Hereu.(x) = u(ex)

Remark 6 (About the H, s norm and scalar product) (-,-) is the inner product over the
complex. Hencev, u), = (v, u), (v,u), s = (v,u),;

Proposition 6 For any positivey we have

s (113)

o0
lull3, , ~ > 26| (yu), |
=0

20



Now we come to a central lemma

Lemma 5 (Useful energy estimate for the linear symmetric hyperbolic systenhetv € Cg°
andu be aC§® solution of

(0) ) Aj(0)05u + Ay (v)B(v)u (114)
Then the following estimates holds
d
—lul,, < ¢ (Il +1) (115)

WhereC depends on thé™, n € N norm of A, ', A, and B, ||v|

Hg 51 HUHLoo, ||U||Loo andn > s.

Proof (of lemma 5) In order to simply the proof we do not treat the terms involviBgsince
the estimation is very similar to the other terms, moreover wei8et Id. The cased’ # Id
requires the use of the uniform estimaté, ;U°U” < A% ,UUP < C~'6,4UU"  C e R*
and we skip the details. We start in traditional way, deriving the norm and insert the

d

E(u,wsﬁ = 2(u,u), (116)

= Y s(Aou,u) (117)

=1
= QZ Z 2(%4—6)2]' (As(¢?AjajU)2j,AS(Qﬁ?u)Qj)LZ
i=1 j=0

In the following we will just estimate the first term on equation (118) since the other term can be
dealt in the same manner.

Now fix 7 andi we obtain:

(A* (] A 0u)27 A (V2u)y) (118)
= (A*(A20u)20, A* (Y2u)) (119)
= (AS(Z(‘I’k(iﬂ))2w4j¢]2-3ju)2j>ASW?“)W) (120)
0 L2
j+4
> (AS((\iJk(x))Qj APRD5u)2, As(%zu)?j)p (121)
k=j—3
j+4
= (AS<(‘i’k(x))2jAj)zj(¢?3jU>2j - ((‘i’k(x))ajAsAj)m<¢?3jU)2j,As(¢?U>2j>L2
k=j—3
j+4
+ 30 (@) A (30,0027, A* () ) (122)
k=j5-3
=T+ 1II (123)
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Note that in the step from equation (120) to (121) we have used the fa@}i@t: 1.
0

So we will estimate the terms separately and start with the first one. We fix the iraleck use
the Cauchy Schwarz inequality and the theorem of Kato and Ponce.

(A (B2 A7) (93050027 — (Bl A° A ), (200)20, A (Y2 0) )
A2 A7)0, (020,)27 — (B1(2))218° A7), (2050)2

< [\IV(‘ifk(x))szj)\|LooH‘ifk(x))zjHLooH(\i’k(x)aj)ml

L2
NISTo e

e+ [(Wi(@) A7) e[| (95 () D) | o=

IN

The estimation of the ter (¥, (z)A"),, we start with

) (\ifk(x)Ai) :2j+<0l\i/k(x)> (272) Ay( ) + 27 (xizk(x)(zjm)) A (Pz)  (124)

27

So we have using 4

i (alnifk(x)) (ij)) < i~k (125)
Hence|2’ (éhilk(x)) (2%)’ <Cfork=3j—-3,j—2,...,7+4.
Also
SUPP{(@ZJ‘—:),)’ %—27 e @Ej+4)} (126)
Hence we have
- . 1 ,
lé?l(\lfk(as)A’) <C2-  sup  |A4j(z)|+  sup  |9A (127)
do27 <|z|<d127 do27 <|x|<d129

For the next estimation we need the following fact aboutAlienorm
Proposition 7 Let f.(z) = f(ex), e > 0 then the following estimate holds:

C(e)

n
€2

1/ (ex)]

s <

/]

Hs (128)

Where

Estimation of]| (%Az) \
We start with

Hs

~ 1

Yr(x) = Y f(x where f(z)= —— (129)
(z) (z) (z) S
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It is quite straightforward to sg@“ f| < C,, for anye. Therefore by proposition 3 we obtain

| (fordi)ill s < Ol (Vrds)ail s (130)

Where the constardf depends orf ands.
Now chosek = j +m, m = —3,-2,...,4, then

(wfrm l) ((wjﬂn ) )2j+m (131)
Now by proposition 7 we obtain
| (©5mAi) oy 1o | (Vg 4mA) gm) gy 15 (132)
c@2m
< (; ))n (UssmA) s st (133)
And
j+3 C(2-m)
Y WAy s < C Z I (@54m A g 11— (134)
k=j—3 m——3 (27m)>

Now we will sum over all the j’'s using the equation (134) and (127), which we will treat separa-
tely:

22 ( sup IAj(l“)|> 21| (50u) g sl (W510)g5 |l 125 (135)

2j do2J <|x\<d12J

= 2(1 sup |Aj<a:>|> (202 (wy0m) s ) (20 (g0, L)

2 do27 <|x‘<d12J

We use now the Bllder inequality in order to obtain

. 2\ 3
< (5 ,00m,,000) ) o
(2 2JH (V;0;u) o5 || prs- 1)2> (Z (2(%%)2]’” (Vju),, ||H5>2> (137)
1 2
< (27 sup j(l‘)|> ) (138)
do29 <|@|<d127
> (255 (wi0m),, e )2) (Z (26420 (g),, ||Hs)2> (139)
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Using proposition 3 the last inequality leads to

< CllAillze ~1llOulla, -y s llull 1, 5 (140)
< COlAllz ~1llull,, (141)
The other term goes as follows
3 ; .
S oG qup (VA @) (8500), e || (3), (142)
d021§|1‘|§d12]

< VAl Y 265 (0, s 2G| (g20),, [l (143)
3 ; : 3 NE . 2

< |IVA| 1< (Z 2<2+6+1)2J” (wjaiu)y |]§{51> (Z 2(2+5+1)2]2(2+5)23H (wjzu)y Hils)
= CVA e 110,y 50 lulla, 5 (144)
< OVAillr|lullf,, (145)

Now fix m € {—3,-2,...,4}

> 2E DY (G A) e (5050030 e | (820) (146)

C(27™) (315-1)2i1 [~ 2
< O g2 (B ) el (@00 ) o =l (G50, i 047

IN

c@2™m) (2+0-1)2;
C g 212
ot &

(éjerAi) 27 || Frs 2’ H ((¢jaju)21)2i+mHLoo 2(%+6)2j (wju)za

HS

Applying Holder we obtain

c@e2™m) (3+5-1)2j 2 \*\*
C(z—mﬁ (Z (2 H) > (148)

(Z (QjH(wjaju)zj)wmllm)j2 (Z <2<3+é>2f | (w2u),, H)2> (149)
CC(Z*";) (23+571>_m (Z (2(§+6—1)j+m2j 2>2> i 150

@)}

(Z <2j H (wﬂ'aju)Qj)szLoc)Q) HUHHs (151)

cE™)

3
2

1=

IN

(@Hmz‘li)

27

IN

(50,

IN

C

[Aill 1z, 5 05wl oo, 1 [lul a5 (152)

IN

C (Al 10l o + il ) (153)
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From which we conclude that
11 < C IV Al e + [ Aille ) Ml , + € (1Al N0l 4 ull, ) (154)

Estimation of the second term/I:

Fix, 7, j andk
0 = / 0 ((Dedi) A (u),, A" (V) ) da (155)
= 2 (@ (&kAi)Qj A (Y2u),, A (¢§u)2j>L2 (156)

- ((JJ,CAi)Qj OA® (V2u),, | A° (wf.u)w)p + ((%&)m A (Y2u),, , BN (¢§u)2j)L2

By symmetry ofA; the last term is equal to

(A (dn), (w2u),, 000 (430),,) (157)

2
In addition we have
O; \? (¢]2u) i = A? (&-@bf.u) o (158)
= 27A° (2 (0i1h),5 (%‘U)?f) 27A° <(77DJ2)21 (aiu)2j> (159)

Summing those terms we have

((eai) | (Au30),, A" (u3u),,) (160)
_ (ai (q;kAi)Zj (A*g2u),; , A° (wfu)w)m (161)
4 ((BA), (0, (B A (30),,) (162
= IL +1II, (163)
Now . . .
0 (i) = OnAi + i, (164)
By proposition 4 we have then
OithiAy| < C27Fsup {|Ai], 2 € suppiy } (165)
<C279  sup |A“ (166)
dp27 <|z|<dy27
So
11| < <02_j sup !Al‘ +  sup ‘&AZ‘) | (@b?u)zj || 15 (167)
do2i <|z|<d;27 dp27 <|z|<d127

|11, < sup |AZ‘

d02j§|x\§d12ﬂ

((995)ys (U5u),, (168)

(%2 u) 2

Hs H Hs
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By algebra we obtain

(@ (w2u), | < (@500,

o @,

Using interpolation one obtains

1(055)05 | gy < C

Now we have just to pick up our intermediate results and sum the j’s.

So S sup (a4l (v,

IN

IN

Furthermore

Moreover

do27 <|z|<d1279

(Z 2(%+5)2j (d 2j<slu\p<d 27 Vﬂ) ) (Z (2(%+6>2j” (1/’?“)% HHS)2>
<22(g+6)2jd 2j<S|u|p<d 9i ) <Z2 ZJH () QJ || 21 )

[Al Lo, —1 + [l ;

<

<Z2<%+6>2j sw \@-Ai\) I ()

dp27<|z|<d129

< oAl llull, ,

L2

|Z 2500 (0 (2)os A" (D)o (65002, A° () )

S 2B up A0 ()2, () e

do2i <|z|<d127

1 3.\ Y
G e (DR PRl (GO
0 J x 1 J

Again using Hblder we obtain

Thus

<

M=

2
1.
(Z (23 sup ’Ai|> )
d027<|.’£‘<d127

(Z (2<3+5>ﬂ‘||<¢ju>2j||%p)2>

1Al 2o, <1 lullZ,

NI
=

(Z( 257 (7 >2J||Hs)2>4

1111 < C (|Allze -1 + VAl ) llullF,
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E. Local existence for hyperbolic equations

This section is devoted to present a local in time existence for quasi linear symmetric hyperbolic
system in thef, ; spaces. Our approach is very close to the classical one as can be found in
Majda [9], for a slightly different approach see for example, Taylor [15].

We consider the quasi linear (uniform) symmetric hyperbolic system of the form
A%t z,u) O + Z A'(t,z,u)0u + B(t,x,u) = 0 (184)
=1
whereA° satisfies the condition

CoagUUP < AQUUP < C710,5U°U"  C eRT (185)

For which we want to prove a local in time existence theorem.

E.1. Strategy

We will proceed with the following strategy.

1. A proof of existence and unigueness of the corresponding linear system. The linear system
is achieved byreezingthe coefficients, see below.

2. Cutoff: At first place the data and the coefficient are cutoff in the sense that they will be
approximated by §° functions, which are dense in the function spatles, see theorem
8.

3. Starting from the solution of the linear equation, a suitable iteration is constructed. This
iteration has the well known particularity that the boundness of the iteration is shown in
the norm of ordes say, while the convergence of the iteration is shown inthakers — 1
norm.

E.2. Construction of the iteration

The initial datau, will be approximated by a sequenge: ™'} of smooth functions with compact
support, which converge iff, ;(R™) to u. The iteration is then defined as followsuif is given
thenu**! is solution of the equation

At z, uF)OuF T + Z Al(t, z, uF) o + B(t, 2, ") =0 (186)
i=1
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Now to the formal details of the iteration. Let be a function with values iiR*, belonging to
the Sobolev spacé,, ;(R"). Therefore there exists a sequenge’ in C5°(R”) with ||uf™ —

uol|m, ; — 0 for k — oo. Letu? be a function orR x R" defined byu’(t, z) = uj(z). Define
recursively a sequeneé™!: the range of definition ofi**! is [0, T} ), where

Ty = sup{0 < t < T, : uF([0,1) x R") C G} (187)

The functionu*+! is the unique solution of (186) with initial datg**, which exist according to
theorem 10. Every function®! is smooth and has support on every closed subinterjal @f)
which is included in a region of the forfa| < C'. This allows us to consider integration by parts
and the interchange of integration and differentiation.

Essential is therefore the following existence theorem for linear systems:
Theorem 10 (Existence of classical solutions of a linear symmetric—hyperbolic systerhgt

uo be a smooth initial datum with compact support for the linear symmetric—hyperbolic system
of the form

A°(t, z,v)0u + Z A'(t,z,v)0u + B(t,z,v)u =0 (188)
=1
Let A° —Id, A?, B, and B, smooth with compact support on every finite time interval, then there
exists a unique smooth solution with given initial data on the intefvak, o).

For the proof we refer to John [8] and Evans [5].
An important tool is the energy estimate as given by lemma 5
For givenu, € H, s, we takeu) € C5°(R?) to obtain

lugllzryns < OO+ lluollm, ;) (189)
Hu(O) - U0| Hgy1,0 S 1 (190)

And by (189){u§} C C5°(R?) furthermore
lug = ol 15 <27 (191)

Where we set” = ] and as stated* is a solution of (186). Furthermore we frequently write
R = [Juo|

Hs,é'

E.3. Boundness in thef{, ; norm

The main result of this subsection is

Lemma 6 (Boundness in thefZ, ; norm) There exists & such that

lug — wollrns < Allwolln,,  0<t<T" (192)
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Proof (of lemma 6) The proof is based on finite induction. We denbte™! = v 1 — 9. In-
serting it in the equation (186) we obtain.

A(t, z, uF)Ouf T + z": Al(t, z, uF) o™ + B(t, 2, u”) = (193)
i=1

A(t, 2, uM) o,V 4 i Al(t, 2, uM) ot + B(t, x,uf) = (194)
i=1

AC(t, x, uM) 0,V 4 2”: Al(t, 2, ™) VET + B(t, m,ub) + (195)
i=1

i Al(t, z, uF) o) + B(t, z, uF)uf) (196)
i=1

By assumption we have

¥, 5 < M[0* = ugllm, 5 + Nuglla, ; < Hlwollm, ; + lluollm, s + 1 (197)
Using the embedding property fér< s — 1 and—32 < 4, namely
IVetllze < CIVErlla, 5 < Cllutlla,, (198)

In order to obtain the energy estimates of equation (193), we have besides using lemma 5 is to
multiply equation 193 byl ! and estimates the following terms

-1
I (A%(®)) ™ A*(u*)Diug|m, 5 (199)
< [(A°%WM) s A (W) a5 10 (200)
< O (la®llmee) s C (N moe) N, s el s (201)
< C (It lle=) et W, gl o s (202)
< Clluoll,.s) (203)
Furthermore we have to consider
—1
1 (A°(")) " B(u*)ug|lm, (204)
-1
< (A%WM) N s I B@) |z g, (205)
< Cllluoln.,s) (206)
Applying lemma 5 we obtain
d
ZIVEE, < Clluolla,) (IVE15,, ) (207)
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Applying Gronwall’s inequality results in

VR, < el (\IVk+1<0)\I?15,5+1) (208)
< Ol (2797 4 1) < (djulm, )’ (209)
(210)
The last inequality holds if,
108;(4HU0HH$,5)2 e (211)
— C([luollm,,)
|

Lemma 7 (A bound for [|uf|[,—15) There exists a constai(||uol 4, ,), depending on the
initial data such that

i1, 5 < Lluollm, ;)  0<t<T* (212)

For all k.

Proof (of lemma 7) We start with the equation

O+t 4 (A°(uh) Y ANt + (A°(uh) T B(ut) = 0 (213)
i=1
By algebra and estimate (197) we obtain
=1 i =1 4
I (A°@®)) " A u)a T, < H(A®) A, 10, (214)
-1
< I (A) AN O)E, e (215)
< O (lulle=) NI, a1, (216)
< L(R) (217)
In a similar way we estimate the other terms
In order to proceed we define
Nulllsor = sup lulla,, (218)
0<t<T

There might be missing something:
We have shown that

{u"} c L= ([0,T"; H,]) where g +1l<s —=-<9§ (219)
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E.4. Contraction in the lower norm

We show here thafu*} has a contraction property |- ||, 5.7+ for a positiveT™*. Since

2
ol ~ sz = ( [ o*luac) (220)
It will be convenient to work irj|u[ .2 and in the following we introduce
lullsr = sup [lul L (221)
0<t<T

The following lemma establish the existencelsf

Lemma 8 (Existence of a contraction) There is a positivd™, 0 < A < 1 and a positive
sequencd [, } with > 5 < oo such that

[t — w5 e < Aflu® = 0|5 e + By (222)
Proof (of lemma 8) Let0 < ¢, using the definition of, sthen we consider

d d

oz, = 5 [ o i) (229)
= 2/025 (ug(t)u(t)) de (224)

d g k 2 d 25 (, k+1 (o)) 2
D)~ @)1, = & [ o2 (1) — () da (225)

Since{u*} is a solution of (213) we have
A% (u®) (WMt (t) — uk(t))t = A°(uF) (Wt )t — A% (uk(t))t (226)
— (A() — A )

= Zn:Ai(uk)@uk“ — A' (M) ou” (227)

+B(uk)uk+1 _ B(uk+1>uk _ (AO(uk> _ Ao(ukfl)) uf

= z”: Al(u®) (0t — 9u®) + B(uP) (uf Tt — b)) (228)
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Multiplying now by (4°)~" gives

(W (1) —ub(t), = (A% Z Al () (0 = ) + (A°) 7' B(uF) (w1 — uF) (229)

n

(AN 7S (AT(Wh) = AT Y) Bt + (A°) T (B(uF) — B(ubTh) W

— (A% (A () — A%t
= E\+...+ E;

Which we will estimate by each term separately:
Let us start with;: Using again the definition af, s we consider:

/ (a% (ﬁ@)@-u) u) dz

for the symmetric matrixzf(v), integration by parts gives:

) / o (o) u) dr = / 0, (o (Aw)oru) u) de

—/& (o) (g(v)31u> udx
—/025@ (<ﬁ(v)u> u) dx

||ai0_26| S J26—1

We use the fact that

Proceeding
‘/81- (o) (E(v)@m) udx| < /025_1 (g(v)&u> udx
< (/ o1 <Z(v)@u> udx) 2 (/ JQé\uP) 2
A
< =] Nullz,,
LOO
Now

\ / awai((g@u))' | |
/ o2 <<8i/~l(v)u>‘2>2 ( / 025|u|2dx)2

10:A(0) | [ullZ,,

VAN

IA
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Now by Lemma 6 we have
lu* ([, s < Nl =gl , = lluglla,, < 4R+ R+1 (239)

And by the embedding we obtain

3 3
lulo < Cllulsrs  5<s  —5<6 (240)
And so
[0iullee < |lodiullo < CllOsullm, ;541 (241)
3 3
< Cullus <s—1 —5<d+1 (242)

By applying the above to the term§*! — «* we obtain
‘ / (A%(u Az( )) (aiuk+1 _ &uk) (uk+1 _ uk)
< ( (A (u )) (Al( )_) ) (A0<uk))—1 (Ai(uk)_) HLOO> I H(uk-H _ uk) Hiw

o
< GR) || =)}

(243)

Lo

WhereC, (R) depends also osup |A;(v)] , sup ‘(AO)_l‘. Now to the next ternE, we have

‘/025 (A0<uk)>—1 (B(uk)) (uk+1 . uk) (uk+1 . uk) (244)

2>; (/ o2 | (uh*! —uk)f); (245)

< ([ (B (e - )
< H(AO W) B ((u Hm (=) |3, (246)
< G-, 247)

WhereC,(R) depends on the sup norm (Jfﬁo(u"f))*1 andB.
The termEs: Let F € C*°, then

N|=

| F(u) — F(v)||,s = o (/ VF (su+ (1—s)v)(u— v)ds) dx (248)
0
IVE|| el — v, 5 (249)

IA
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So

/ et (AO(M))*1 (Al-(uk) CAEY) () (- ) da (250)
< 0@ ™ (At - At ) W) HLM @ =), (251)
< @) llo u’“IILw () = A=) |, @ =), (252)
< (A° ah))” Hau’“llm (VA pee [ (" = )], (" =), (253)
< G(R) (| (u’“ D, 16 =), (254)
Note that we need in this steép< s — 1
The termE,
/ o2 (A“(u’“))*l (B(u*) — B(*™)) (u) (" — u*) da (255)
< )™ (B = B ) @], 116 =], (256)
< (@)™ HU’“HLOO 1B = B )|, N @ =ub)],,,  @57)
< (A0 uh)” H Hu’“HLw [V B) e [ (u* = ) [, 1 =), (258)
< GR) ([l =5, 1 = )7, ) (259)
And now to the final tern®;. By Lemma 7 we have
0t o < N0l _,, < L(R) (260)
Therefore
02 (A%(uf)) ™ (Ag(u?) — Ag(ufh)) (") (W — uP) da (261)
< ) (Aot — Aot ) @at)]| 6 =], (262)
< [ a@ )| ot e [l (Aolw®) = Ao D), (@ =), (263)
< Cs(®) (||t = a5, 1 =), (264)
Putf = || (u* — ub1) |7, andg, = || (u*! — u*) |}, ~we showed that
fi < Ki(R) fi + K2(R)gk (265)
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Where the constanfs; and K, contains sums of the maximus of the relevant constants. Multiply
the last equation by %1% we obtain

(7B ) < e KR (R) gy (266)
Integration leads to
t
e K (0) < / e~KIRS [y (R) gyl (267)
0
< tK3(R) sup g(s) (268)
0<s<t
Or
fo < SL(0) + MG (R) sup g(s) (269)

0<s<t

TakeT** such that? = T** Ky (R)e 51T < 1, then we have

T f(0) = e ug T — gy, <26 (lug = ol s + llug — wollm, )
S 26K1RT** (272(]64*1) 4 272’6)
= 2eKlRT**Z22’€ = 0 (270)
Which completes the proof of this lemma [ |
Lemma 9 (Convergence) We have in addition
Dt =t flosre < 00 (271)
Proof (of lemma 9) We start with
[ =Ml < Alfla® — o]+ By (272)
< Al =PI+ ABe- + By (273)
(274)

Now
A8+ A28y + o+ ABy + Br = ag

Is a therm which appear in the multiplication of tow terms, nan)el\* and>" 3;. Since both
series converges sp, ¢ converges too. So indeed this gives

Dl = losre <0 AUt — wlg s + cx < 00
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This lemma implies that, — v € L™ ([0,T*; Hy 5]) andu is unique.
By the inequality

N 1 S/

ully, (276)

s

H.s,6

[l 5 < llu

for 0 < s’ < s (See ?? for a proof) and lemma 6 we conclude that— v € Hy ;. take
1+ 2 < ¢ <, theny, — u € C'. It remains to be shown thate L> ([0, 7*; H,])

Remark 7 (of lemma 9) We might obtain

we L™ ([0,T"; Hs ) (277)

By using the Banach Alaglou Theorem, and wea&nvergence. However this is not effective for
the continuity in thel, ; norm, since the spaces used in this argument are no Hilbert spaces

Remark 8 (on the remark) It is not stated that it is not possible to use Banach Alaglou in
order to obtain equation (277).?

Proposition 8 (some estimates for the contiuity of the norm) Lets < =22, 4 € H*,
v € H*2. Then we have
| (u, v}, < [|ul

ull g2 (278)

H*1

Proof (of proposition 8) The basic idea is to use the Fourier integral

), = [ (L4 IeP) @) (279)
< [@rien) ™ aoned (280)

= [+t ae a+1e)? o (281)

< o favigymor)e([arer ror) e

— [l e [l (283)

.

As a straightforward generalization we present

Proposition 9 (some estimates for the contiuity of the norm) Lets < =32, u € H, ,,
v € H,, 5. Then we have

< Jlul

(0] < Nl el (284)
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Proof (of proposition 9) We now use

‘<u’ %5’ < = 3265 [(Wyu),,, (Wy0),,,) (285)
< 32602 | (W) |y, [[(V0)00] 4 (286)
< (320w, fq) (32649 || (w0, Z) (287)
= ulla,, sllulla, 5 (288)
|

Lemma 10 (Limes for a test function) For any¢ € H, ; we have
li}zn <“k’ ¢>5,5 = <“k7 ¢>5,5 (289)

Uniformly for0 < ¢ < T** and consequently

(), , < liminf [[u*(®)]a, , (290)

Proof (of lemma 10) Let s’ < s < " s < % Let ¢ € H,s. For a givene > 0 there is a
¢ € Hy 5 such that

ol < C(".0) (e + Il ) (291)
and 6= élln, < ;o= (292)
Now we consider
<Uk W ¢>575 - <Uk — % Qz>s,5 + <Uk W ((Zb - gz;) >5,5 (293)
= T+1I (294)
The first term will be estimated like
Il < b —ullg, 16lln. (295)
<t —ullm, ,C(s" €) (e + l1¢ll.,) (296)
While the second one is
11 < =l 6 = dll, (297)
< (It =l o= el ) 16Ol < o5 =5 (299

Sinces’ < s both estimates fof and// are uniformly int € [0, 7**]. On the other hand since
IT < § and¢ does not depend ai there is &, such that

" -1 €
lo* —ull,, < C"e) (e + 18llms) "~ 5 (299)
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With this last lemma we can present

Theorem 11 (Solution in L)  Let A°, A*, B be the coefficients which define the quasili-
near symmetric—hyperbolic system (184) . Lét:,0) € H,s(R?) (2 < s) and let the ini-
tial conditions be chosen such that th® condition (185) is satisfied. Then there exists a
T > 0 which depends on th&, ; norm of the initial data and there exists a unique solution
uwe L™ ([0,T* Hy5]) Nu € Ly, ([0,T*; H, 5]) which is a classical solution of equation (184)

Finally the regularity conditions of theorem 11 can be improved, resulting in.

Theorem 12 (ClassicalC? solutions of system (184)) Let A°, A* B be the coefficients which
define the quasilinear symmetric—hyperbolic system (184)ULet0) € H, s(R?) (g < s) and

let the initial conditions be chosen such that thtcondition (185) is satisfied. Then there exists
aT > 0 which depends on thH, ; norm of the initial data and there exists a unique solution
U(z,t) € C°([0,T% Hs5]) NC* ([0, T*; Hs_1 5:1]) of equation (184).

Proof (of theorem 12) It is sufficient to show that

Tim Ju(®)lm,5 = [12(0) .5 = ol (300)
Put fi,(t) = ||u*(t)||n, ;- Now u* satisfies
uft = (Ao)f1 (uk Z A (uM) ottt 4 B(uk)> (301)
So by the Energy estimates we have
frt) < C(R) (fu(t) +1) (302)
And thus
fi(t) < C(R)e“P (£,(0) + C(R)E) (303)
Givene > 0, there is &, such that
lue(®)lla,s < €= ((luoll + ) + Ct) (304)
Or
[ur ()| 1,5 < lluoll + er(t) (305)

Fork > k, and where-(¢) does not depend dnandlim;_, (¢) = 0. By weak convergence for
a fixedt € [0, 7**] we consider

[u(®)]l s, , < Mmin [ju(2)]
Take{t,,} such that,, > 0, then (306) implies

Hes < luoll + € +7(t) (306)

limsup (Ju(tm)lm, ;) < lluol + €+ Hmr(ty) < |luol| + € (307)

Sincee is arbitrary we obtain
lm sup [[u(tm)|m, 5 < [|uoll (308)
Which implies (300). |
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