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ABSTRACT. This paper introduces modern geometric combinatorial technology from
the theory of triangulations in order to derive results in toric symplectic geometry.
In the main part of the paper we prove a number of properties of the space D(n)
of n-dimensional Delzant polytopes. Two highlights are the construction of examples
showing that, in contrast with the classical work of Oda in dimension 2, no classification
of combinatorially minimal Delzant polytopes can be expected in dimension 3 or higher,
and a proof that the space of n-dimensional Delzant polytopes is path-connected. Our
proof of the latter is based on the fact that every rational fan can be refined to a
unimodular fan, which is a standard technique used for resolution of singularities of
toric varieties. In the last part of the paper, using the Delzant correspondence, these
results allow us to answer several open questions concerning the moduli space M(n) of
symplectic toric manifolds of dimension 2n, since this space is isometric to the space
of Delzant polytopes. Our results imply that no classification of minimal models of
symplectic toric manifolds is plausible in dimension 6 or higher, which answers in the
negative a long-standing folklore question originating in Oda’s work (1978).
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1. INTRODUCTION

1.1. Novelty and achievements. The novelty in this paper is the introduction of mod-
ern geometric combinatorial and convex geometric ideas into the study of Delzant poly-
topes and the moduli spaces they form, which we then incorporate into the framework
of symplectic geometry. These techniques include using Hausdorff distance and its close
relation to Minkowski sums, focusing on the normal fans of Delzant polytopes rather than
on the polytopes themselves, and applying to the normal fans ideas coming from the the-
ory of triangulations of polytopes and vector configurations developed in the past thirty
years (see for example the book [12]) but which had not made their way into mainstream
symplectic geometry yet.

A Delzant polytope in R™ is a simple full-dimensional polytope with rational edge
directions and such that the primitive edge-direction vectors at each vertex form a basis
of the lattice Z". Equivalently, it is a polytope with a simplicial and unimodular normal
fan (Definition 2.10). We refer to Figure 1 for some examples.

FIGURE 1. Two Delzant polytopes in dimension three. Under the Delzant

correspondence, the first one (tetrahedron) corresponds to the toric varitety
CP3.

Our two main achievements are:

e We exploit the interplay between fans and polytopes (Figure 2), and use trian-
gulation theory and resolution of singularities of toric varieties in order to con-
struct examples which show that the famous classification of Delzant polygons by
Oda [45, Theorem 8.2] cannot have an analogue in dimension three or higher.

e We bring techniques from convex geometry to gain a rather complete understand-
ing of the geometry and topology of the moduli space of n-dimensional Delzant
polytopes, extending to arbitrary dimension the results obtained for n = 2 by
Pelayo, Pires, Ratiu and Sabatini [50, Theorem 2|.

While the core ideas of the paper come from geometric combinatorics and convex ge-
ometry, they are strongly related to and motivated by developments in symplectic geom-
etry, which build on seminal work of Atiyah, Delzant, Guillemin, Duistermaat, Heckman,
Kostant, Sternberg, Weinstein, and others; see [49] for a survey of results in this direction.
In the last section of this paper we discuss this connection and the strong implications of
the achievements mentioned above in toric symplectic geometry.

1.2. From discrete to symplectic geometry and back. Our combinatorial results
have a direct translation into the world of symplectic toric manifolds. As detailed in Def-

inition 4.3 these are quadruples of the form (M,w,T", u) where T" is an n-dimensional
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FIGURE 2. The Hirzebruch trapezoid Hys 10 with vertices (0, —1), (0, 3),

(g, —%), (%, %) and its corresponding normal fan, with generators (—1,0),
(0,1), (0,—1), and (1,2). See Corollary 2.23 for the meaning of its param-
eters

torus acting effectively and Hamiltonianly on a 2n-dimensional compact connected sym-
plectic manifold (M, w) with momentum map

M:(Mla"'7un>:M_>t*an7

where t* is the dual Lie algebra of T" and there is a choice of isomorphism t* = R" (see
Section 4.1.1 for details and Figure 3 for the simplest example).

1

FIGURE 3. The only 2-dimensional symplectic toric manifold, up to scaling,
(CP' >~ S* w=dl Adh,T! = S*, u(6,h) = h). The momentum polytope
P =[-1,1] C t* &R classifies its S'-equivariant symplectomorphism class.
The Delzant correspondence sends the class of (S w,S!, i) to P.

Often, symplectic toric manifolds are referred to as toric integrable systems, since p is
in fact a very special type of finite dimensional integrable Hamiltonian system: one for
which all components u;: M — R generate periodic flows of the same period.

The translation of results from the theory of Delzant polytopes to toric symplectic
geometry is made via the Delzant correspondence (Theorem 4.6), which is a seminal
result of Delzant |[14] saying that the map

M(2n) — D(n)
(M, w, T, p)] — p(M)

is a bijection from the set of isomorphism classes of compact connected symplectic toric
manifolds of dimension 2n, which we denote by M (2n), to the set of Delzant polytopes
of dimension n, which we denote by D(n). Here, two such manifolds are isomorphic if
there is a toric equivariant symplectomorphism between them preserving the momentum

map (Section 4.1.2). The Delzant correspondence establishes a powerful bridge between
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the “world of polytopes” and the “world of manifolds”, which is a very rare occurrence in
differential geometry. It builds on seminal work of Atiyah [5], Guillemin-Sternberg [27],
Horn [32], Kostant [37], and Schur [57].

The use of the Delzant correspondence to work with polytopes instead of manifolds
appeared in symplectic geometry around 20 years ago in the papers [47, 48, 42] in a
more elementary, from the combinatorial point of view, form. (See also the recent paper
[3] for a different approach using convex geometry techniques in symplectic geometry).
The definition and moduli space structure on M(2n) was introduced in [50], and has
since then been considered by other authors [22, 21|. It is constructed by pulling back
to M(2n) the symmetric difference distance on D(n). The metric on M(2n) is closely
related to the famous Duistermaat-Heckman measure [15].

The metrics on M(2n) and D(n) obtained in this way have the following nice properties:

e The symmetric difference distance and the Hausdorff distance induce the same
topology on D(n). This allows us to use the latter, which is better-understood in
convex geometry, to deduce results about the former, hence about the Duistermaat-
Heckman measure.

e The diffeomorphism strata in M(2n) correspond to the normal equivalence strata
in D(n). Within such strata, continuity with respect to the distance of polytopes
is the same as continuity regarding parallel translation of their facets.

e The closures of the strata of M(2n) correspond to the symplectic toric varieties
obtained by exploding lower dimensional invariant submanifolds, which includes
blow-ups, but also more complicated explosions.

Having these moduli space structures is useful to study the variation of properties
such as continuity of functions defined on these moduli spaces, see Figalli-Pelayo [18] and
Figalli-Palmer-Pelayo [19]. We note that other moduli spaces of polygons have been stud-
ied by a number of authors, for example see Hausmann-Knutson |29, 30] and Kapovich-
Millson [35].

1.3. Main results. Next we describe the main contributions of the paper to geomet-
ric combinatorics, convex geometry and symplectic geometry. Sections 2 and 3 do not
require any knowledge of symplectic geometry and the results therein are of interest inde-
pendently of their connection to symplectic geometry, which is worked out in Section 4.

1.3.1. Minimal models of Delzant polytopes and symplectic toric manifolds. In dimen-
sion 2 there is a well-known classification of the minimal unimodular complete fans —
equivalently, of Delzant polygons— going back to Oda (1978) [45, Theorem 8.2|, which
we state as Lemma 2.22. This is the main tool used in [50] to study the space D(2).
We show that the failure of such a classification in dimension three and higher is drastic:
there are Delzant polytopes with arbitrarily many vertices and facets and which do not
admit any blow-down (Theorem 2.26) or, more strongly, which are not refinements of
other unimodular fans (Theorem 2.27).

Oda’s Classification implies a classification of 4-dimensioanl symplectic toric manifolds
in terms of finite sequences of blow-ups of three basic minimal models: CP?, CP! x CP!,
and the Hirzebruch surfaces. We state the symplectic versions of Theorems 2.26 and
Theorem 2.27 as Theorems 4.8 and Theorem 4.10. This answers in the negative the long-
standing folklore question in toric geometry of whether an analogue of Oda’s classification
of symplectic toric manifolds exists in dimension higher than 4.

1.3.2. Local topology, compactness, and path-connectedness of D(n) and M(2n). Indeed,

Theorem 3.18 shows that the moduli space D(n) of n-dimensional Delzant polytopes
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is path-connected but not locally compact, and describes its completion under the two
natural metrics on it. Theorem 3.19 states the same for the quotient of D(n) under

—_~—

unimodular equivalence, which we denote by D(n), solving in particular a problem posed
by Fujita and Ohashi |22, Problem 5.2| in 2018.

Our proof of path-connectedness is algorithmic. It is based on the fact that every pair
of unimodular fans admit a common unimodular refinement (Corollary 2.16), which can
be computed via the standard resolution of singularities in toric varieties. Yet, contrary
to the 2-dimensional case, in dimension three and higher there is no a priori bound on
the complexity of the resulting path (Section 3.2.1).

As said above, the Delzant correspondence sends D(n) bijectively to the space M(2n) of

—_~—

2n-dimensional symplectic toric manifolds modulo isomorphisms. The quotient D(n) by
unimodular equivalence then corresponds to quotienting M (2n) by weak isomorphsims;

we denote this quotient space by M(2n). With this in mind, Theorems 3.18 and 3.19
translate to the symplectic statement Theorem 4.11, which essentially solves [54, Problem
2.42|, also posed as [50, Problem 3|. In fact, the path-connectedness part extends the
main theorem of [50] from n = 2 to arbitrary n > 2.

1.3.3. Simple connectedness of D(2) and M(4). We give partial results on the structure
of the fundamental group of D(n), showing that loops with a certain finiteness condition
are null-homotopic (Corollary 3.37 and Theorem 3.39). For n = 2 all loops have the
required property, so D(2) is simply connected (Corollary 3.45). For n > 3 loops without
the required property exist (Example 3.41), and whether the fundamental group of D(n)
is trivial or not remains an open question (Question 3.46).

The symplectic version of Corollary 3.45 (M (4) is simply-connected) is Proposition 4.12.

1.3.4. Stratification of D(n) and M(2n). We study the stratification of D(n) by normal
fans. Let A be a unimodular fan of dimension n with m rays. We show that the set
of Delzant polytopes with normal fan equal to N form a subspace of D(n) isometric to
a polyhedral relatively open cone of dimension m with a lineality space of dimension n.
The faces of the cone correspond to the fans that are refined by A/ (Corollary 3.32).

This in particular allows us to give the exact value of the Hausdorff dimension of the
space of Delzant n-polytopes with a fixed number of vertices or of facets (Theorem 3.33),
thus solving two problems of Fujita and Ohashi [22, Problems 5.3 and 5.5].

1.3.5. CW topology on D(n) and M(2n). The stratification of the previous paragraph
suggests that one can consider D(n), hence also M(2n), as embedded into a CW com-
plex. The CW topology obtained in this way is strictly finer than the metric topology
(Propositions 3.47 and 3.49) and turns out to be more manageable from a homotopical
point of view: with this topology D(n) and M(2n) are weakly contractible (Corollary
3.51).

1.4. Structure of the paper. In order to make the paper accesible for both the combi-
natorics and symplectic communities we have reviewed the basic concepts of both areas
that are needed for the paper. An introduction to polytope theory in general and Delzant
polytopes in particular is contained in Sections 2.1 and 2.2 and an introduction to toric
symplectic geometry and momentum maps is given in Section 4.1. The rest of Section 2
contains the constructions of 3-dimensional Delzant polytopes that lead to the results
related to the impossibility of an Oda type classification, as mentioned in Section 1.3.1

above.
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Section 3 deals with the geometry and topology of the space of Delzant polytopes. Af-
ter introducing some technical tools such as the Hausdorff metric and Minkowski paths
in Section 3.1, in Section 3.2 we show that the space of Delzant n-polytopes is path-
connected. Section 3.3 studies the stratification of D(n) by normal fans, and Section 3.4
shows that D(2) is simply connected. In Section 3.5 we use the aforementioned stratifi-
cation to endow D(n) with a CW topology, and show that this new topology is weakly
contractible.

After reviewing the basics of toric symplectic geometry in Section 4.1, in Section 4.2
we interpret our combinatorial results in this world.
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2. DELZANT POLYTOPES: BASIC THEORY AND IMPOSSIBILITY OF AN ODA TYPE
CLASSIFICATION

In this section we review some modern tools of geometric combinatorics and convex
geometry which we need to prove our main results. We also include several new exam-
ples and counterexamples with interesting properties (notably, Theorem 2.26 and Theo-
rem 2.27) which illustrate striking differences between the geometry/topology of the space
of Delzant polygons and its higher dimensional analogue. In particular, these examples
tell us that no Oda type classification of Delzant n-polytopes is possible in n > 3.

Throughout the section we emphasize the interplay between fans (more commonly used
in algebraic geometry) and polytopes (more commonly used in symplectic geometry),
using one or the other depending on how convenient it is for the proofs.

2.1. Polytopes and their normal fans. Because of the close relation which exists
between Delzant polytopes and smooth toric varieties, we mainly use the books [8, 17, 23|
for background in polytope theory. Occasionally we use [12, 60] for combinatorial aspects,
and [24] for convex geometric ones.

2.1.1. Polytopes. Let V be a real vector space of any finite dimension. Let V* be its dual
vector space and let

(,):V'xV >R
be the standard pairing.



Definition 2.1. A polytope P in V is the closed convex hull of a finite subset {p1,...,pn} C
V', i.e., the smallest convex set containing it or, equivalently,

Conv{pi,...,pm} = {Z/\ipi A € 10,1, Z/\i = 1}.
i—1 i=1

Many authors call “convex polytope” what we call a polytope. Since we are not con-
cerned with non-convex polytopes we omit the word “convex”, as done for instance in
[12, 60].

The dimension of a convex set S C V is the dimension of its affine span. The set is
full dimensional if it affinely spans V. (For example, Figure 1 shows two full-dimensional
polytopes in V = R3.)

By definition, a polytope is a compact subset of V. An extreme point of a convex
subset C' C V is a point of C' which is not in any open line segment contained in C'. A
polytope is equal to the closed convex hull of its extreme points (Krein-Milman Theorem
[38]), and this is the unique minimal description of a polytope as a convex hull of points.’
Polytopes have also a dual description via inequalities, that is, as finite intersections of
half-spaces.

Definition 2.2. A half-space in V is any subset which has the form
{p € V’ (a,p) < b},

where v € V*\ {0} and b € R. We call a polyhedron any finite intersection of half-spaces.

By the Minkowski-Weyl Theorem [24, Theorem 14.2| every polytope is a polyhedron
and every bounded polyhedron is a polytope.

The language of inequalities allows us to define faces of a polytope, understanding the
vector « in each inequality as a normal vector to the corresponding face:

Definition 2.3. Let P be a polytope, or a polyhedron. For each linear functional a € V*
the face of P in the direction of « is

F.(P) := {pEP‘ (a,p —x) ZOfoerP}.

Every face of a polyhedron (respectively, of a polytope) is itself polyhedron (respec-
tively, a polytope), of a certain dimension. The set of all faces is a partially ordered set
(poset) ranked by dimension. It has a unique maximal element, namely P itself which
equals Fo(P). Faces of dimension 0 are called vertices of P. Faces of dimension one are
called edges if they are bounded, which is always the case if P itself is bounded. Faces
of dimension dim(P) — 1 are called facets.”

A cone in V is any subset that is closed under addition and multiplication by nonneg-
ative scalars. A polyhedral cone is a cone that is also a polyhedron. Equivalently, it is
a finitely generated cone, according to the following formula for the cone generated by a
finite set vq,...,v,, €V of vectors:

m
Cone {vl, . ,Um} = { Zaivi
i=1

A polyhedral cone is simplicial if it is generated by linearly independent vectors.

a; € [O,oo)}.

IFor a polytope, extreme points are the same as vertices (that is, O-dimensional faces as defined
below). For general convex sets, every vertex is an extreme point but the converse is not always true.
2Some authors consider the empty set as a face of P too (of dimension —1), but we do not need that.
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The dual or normal cone of a cone C' C V is defined as

CY = {aEV* (a,x)<0forx€C}CV*.

It is easy to show that (CV)Y = C for every closed cone, and that the dual of a polyhedral
cone is a polyhedral cone.

To every face F' of a polytope (or polyhedron) P one naturally associates two closed
polyhedral cones, living respectively in V' and V*, and dual to one another: the tangent
cone and the normal cone of a face F' of P are the polyhedral cones

T(P, F) ::R>0(P—F):{)\(q—p)‘qEP,peF,A}O} cv,

N(P, F) ::{a 2%

FC FQ(P)} — {a 2%

(a,p—q) =0 forpEF,qGP}CV*.

See Figure 4 for an example.

T(P,F)

FIGURE 4. Left: a polytope P (a quadrilateral) and a face F' of it (a
vertex). Right: the tangent and normal cones of F'in P.

Definition 2.4. A fan in V is a complex of polyhedral cones. That is, a collection N of
polyhedral cones in V' that is closed under taking faces and such that if C; and C5 are in
N then C; N Cy is a common face of both. A fan is called simplicial if all its cones are
simplicial.

The normal fan N'(P) of a polytope P, is the fan consisting of the normal cones of all
faces of P. See Figure 2 for an Example.

The cones of N(P) form again a poset, ranked by dimension, and this poset is an-
tiisomorphic (that is, isomorphic with the order reversed) to the face poset of P. For
example, N (P) has a unique minimal cone, the normal cone of P itself, which equals
{0} if and only if P is full-dimensional. When this happens 1-dimensional cones of P
are rays, that is, vector half-lines, and they are in bijection to facets of P: each ray in
N (P) is generated by a normal vector to the corresponding facet. In this case P has a
unique minimal expression as an intersection of half-spaces, namely the one that uses the
half-spaces containing facets of P in their boundary.

The following are some properties that a polyhedron P may or may not have, and the
corresponding properties for its normal fan A(P). We assume P to be full-dimensional
and call n the dimension of P and V:

e P is bounded, i.e., a polytope, if and only if its normal fan is complete; that is, if
every a € V* lies in the normal cone of some face.

e P is full-dimensional if and only if its normal fan is pointed, that is, if the lineality
space of N(P) is the cone {0}. Here, the lineality space of a cone C' is

lin(C) := {:UGC” —xeC}.
8



It equals the unique maximal linear space contained in C, as well as the unique
minimal face of C'. In a fan, all cones have the same lineality space. For example,
for a polytope (or polyhedron) P the lineality space of N(P) equals the normal
cone of P considered as a face of itself, that is, the space of linear functionals that
are constant on P. It is also the linear space orthogonal to the affine span of P.

e A full-dimensional polytope (or polyhedron) P is called simple if every vertex lies
in exactly n facets. This happens if and only if N'(P) is simplicial.

In dimension two every complete fan is the normal fan of some polygon. In dimension
three or higher the same is not true. We say that a complete fan is polytopal if it equals
the normal fan of some polytope. Otherwise it is non-polytopal.

Example 2.5 (A non-polytopal icosahedral fan). Consider the cubeoctahedron, that is,
the convex hull of the mid-points of the twelve edges of the cube [—1,1]> C R?. (See,
e.g., Example 3.6.17 and Figure 3.47 in [12]). It has six square facets and eight triangular
ones. If each square facet is triangulated by inserting one of its two diagonals, we get a
triangulated sphere with 20 triangles. A particularly symmetric way of doing this is by
choosing the six diagonals to use each of the twelve vertices once, producing a complex
isomorphic to the icosahedron. It turns out that the simplicial fan obtained by coning
from the origin to each of the 20 triangles is not polytopal, as shown, in a different
language, in [12, Example 3.6.17|.

Example 2.6 (The smallest non-polytopal fan). Consider the negative standard basis
vectors —e; and the vectors

ai:(el+62+e3)_ei7 2217273

Observe that their convex hull is a triangular prism. Triangulate the boundary of the
prism inserting diagonals in the quadrilateral faces in a cyclic way: ejas, esas and eza;.
Consider the fan obtained coning from the origin to this triangulation, which has eight
cones and six rays. Combinatorially, but not metrically, this fan coincides with the
normal fan of the standard 3-cube, that is, the central fan of the regular octahedron. But
geometrically this fan is not polytopal; it is closely related to the so-called “mother of all
examples” featured prominently in [12]. Every complete fan of dimension n with less than
n — 3 rays is polytopal (|12, Section 5.5]), so this is the smallest possible non-polytopal
fan.

There even exist complete simplicial fans that are not combinatorially equivalent to
the normal fan of any polytope.® The smallest one has dimension four, eight rays and
19 maximal cones, and can be derived by coning over Barnette’s sphere |12, Example
9.5.23].

2.1.2. Unimodular fans and Delzant polytopes. From now on we assume that V' =R". A
fan in R"™ is called rational if the linear span of every face is a rational subspace. When the
fan is pointed (e.g., when it is the normal fan of a full-dimensional polytope) a necessary
and sufficient condition for rationality is that every ray contains a non-zero lattice point.
For example, the normal fan of a full-dimensional polytope P is rational if, and only if,
all facet normals of P have rational directions.

Lemma 2.7. Let P be a full-dimensional polytope. Then, all edge directions of P are
rational if and only if all facet-normal directions of P are rational.

3In fact, these fans are the ones usually called non-polytopal in geometric combinatorics. See, e.g.,
[12, Section 9.5]. What we call polytopal fans are called coherent, regular, or projective fans, depending
on the author.
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Proof. The direction of an edge e is the unique orthogonal line to all the normals of facets
containing e. The direction normal to a facet F' is the unique orthogonal line to all the
edges contained in F'. U

Observe that every rational ray R has a unique primitive generator, the unique nonzero
integer vector in R with relatively prime entries. The same happens in a rational line,
except that the primitive generator is now unique only up to sign. We will often abuse
language and say that a certain vector v # 0 “is” a ray in a fan, meaning that it spans a
ray. When the ray is rational we will typically assume v to be primitive. The multiplicity
of a rational simplicial cone C' with primitive rays vy, ..., v,, is the index of the sublattice
generated by {vq,...,v,} as a subgroup of the ambient lattice RC' N Z". If C is full-
dimensional, and hence m = n, then the multiplicity of C equals the absolute value of
the determinant det(vy,...,v,).

Definition 2.8. A unimodular fan in R™ is a rational simplicial full-dimensional fan in
which every cone has multiplicity one.

If the cone (5 is a face of a cone C; then the multiplicity of Cy divides that of Cf.
Hence, in the definition of unimodular only the maximal cones need to be considered.

Proposition 2.9. For each vertex of a full-dimensional simple polytope (or polyhedron)
P, the tangent cone is unimodular if and only if the normal cone is unimodular.

Proof. Let n be the dimension. Since the tangent cone and the normal cone at a vertex are
orthogonal to one another, we can consider the lattice A, generated by the primitive edge
vectors at a vertex p. This is a sublattice of Z", of a certain index K, and its dual lattice
A} is generated by the facet-normals at v, suitably normalized. Hence, A} is a superlattice
of Z™ with the same index K. We then have A, = Z" if and only if A} = Z". That is,
the primitive facet normals are a basis of Z" if and only if the primitive edge-direction
vectors are. U

The following class of polytopes owe their name to Delzant’s paper [14] (see [25, p. §)]),
in which he uncovers a deep and far-reaching relation between symplectic geometry and
geometric combinatorics, which we will exploit in the last section of this paper.

Definition 2.10. A Delzant polytope of dimension n is a full-dimensional polytope
P C R™ whose normal fan is unimodular. Equivalently, it is a full-dimensional poly-
tope satisfying:
e Its normal fan is rational. Equivalently, its edge directions are rational;
e [t is sumple: each vertex is contained in exactly n edges or, equivalently, in exactly
n edges;
e [t is smooth: all its cones have multiplicity one. Equivalently, for every vertex v,
the primitive vectors along the n edges containing v form a basis of the lattice Z".

Unimodular fans may be non-polytopal, and hence not be the normal fans of any
Delzant polytope. In fact, slight modifications of examples 2.5 and 2.6 show this:

e In Example 2.5 all the full-dimensional cones have determinant equal to 42, but
their generators lie in the sublattice

{(:r;,y,z) €Z’|v+y+z=2 (mod 2)},

of index two. Thus, a linear transformation sending this sublattice to Z? pro-
duces a unimodular fan that is still not polytopal. In fact, if this unimodular fan

was polytopal it would be the normal fan of a Delzant polytope combinatorially
10



isomorphic to the dodecahedron, which does not exist: by [13, Theorem 3.1 and
Lemma 3.3] every Delzant 3-polytope has at least one triangular or quadrilateral
face.

e The fan in Example 2.6 is almost unimodular: it has a unique non-unimodular
full-dimensional cone, namely the cone of (a1, as, az) which has determinant two.
But this cone can be easily divided into three unimodular cones by a stellar
subdivision (see definition below) inserting the vector e; + ey + e3 = %(al, as, az).
This gives a unimodular but not polytopal fan, with seven rays and 10 cones.

However, by definition the normal fans of Delzant polytopes are exactly the complete
unimodular and polytopal fans. For this reason most combinatorial properties of Delzant
polytopes can be stated, and are often easier to deal with, via their normal fans.

Remark 2.11. Unimodular fans modulo GL(n, Z) equivalence are in bijection to smooth
toric varieties modulo isomorphism. More generally, rational full-dimensional fans biject
to normal toric varieties. In this bijection simplicial fans correspond to varieties that
have only finite quotient singularities, complete fans correspond to complete varieties,
and polytopal fans to projective ones. Faces of a fan are in bijection with (algebraic)
torus orbits, and the multiplicity of each quotient singularity (or orbit of them) equals
the multiplicity of the corresponding simplicial cone.

2.2. Stellar subdivisions, desingularization and 2-dimensional classification.

2.2.1. Stellar subdivision and desingularization. Let ¥ and ¥’ be two complete fans in
R™. We say that >’ refines ¥ if every cone C’ € ¥/ is contained in some cone C € ¥..
The fact that cones in a fan intersect properly then implies that every cone of ¥ equals
a union of cones of Y.

A particularly simple and useful method to refine fans is by introducing a single new
ray, as follows.

Definition 2.12 (Stellar subdivision, [8, Section 11.1|, [17, Definition 2.1]). Let ¥ be a
fan in R™ and let v € V' be a vector contained in some cone of >. The stellar subdivision

of X by v is the fan consisting of the cones of 3 not containing v together with the cones
of the form Cone{y U C'} such that v ¢ C' € ¥ and there is a " € ¥ with CU {r} C C".

Differently put, if we call star of v in 3 the subfan of ¥ consisting of cones containing
v, what the stellar subdivision does is to introduce in ¥ (the ray generated by) ~ by
centrally subdividing all cones in the star of ~.

In the case of a simplicial fan, which is our main interest, a more explicit definition of
stellar subdivision is possible. Let C' = Cone{ay, ..., o} be the unique minimal cone of
> containing v, with a4, ..., a, being ray generators. That is, C' is the cone containing
v in its relative interior. Then, every cone containing = is of the form

D:COl'le{Oll,-..,Olk”Bl,---,ﬁl};

for some, perhaps none, generators (31, ..., ;. The stellar subdivision by + removes each
such cone D and inserts instead the k cones

Di = COH@{{’Y,OQ, SR 705k7ﬁ17 s 7ﬁl} \ {Oél}} .
The following properties of stellar subdivisions are easy to prove and left to the reader.
Proposition 2.13. Let X be a complete fan in R™ and let X' be obtained from X by
performing a stellar subdivision at .

(1) If X is polytopal, then X' is polytopal.
11



) If ¥ is simplicial, then 3 is simplicial.

) If X is complete, then 3 is complete.

) If ¥ is rational and 7y is rational, then ¥’ is rational.

) If X is unimodular and (with the notation above) the a; are primitive and v =

(2
(3
(4
(5
Zle a;, then Y is unimodular.

The unimodular case is particularly important, so we give it a name:

Definition 2.14. Let ¥ be a fan in R™ and let C' € ¥ be a unimodular simplicial cone of
Y} with primitive generators oy, ..., ax. The blow-up of ¥ at C is the stellar subdivision
by the vector v = Zle a;. We also say that ¥ is obtained from ¥/ by a blow-down.

The reason why we call this a blow-up is that the toric variety of the fan Y’ is the
blow-up of the variety of ¥ at the torus-invariant orbit corresponding to the cone C'. (See
[8, Definition 3.3.14 and Proposition 3.3.15], or [17, Definition 7.1]).

Theorem 2.15 ([8, Theorem 11.1.9|, [17, Theorem 8.5], |23, Section 2.6]). Let 3 be any
rational complete fan in R™. Then there is a sequence of stellar subdivisions producing a
unimodular fan X' that refines X.

Proof. In a first step we refine X to be simplicial. One systematic way of doing this is using
the barycentric subdivision, which can be expressed as a sequence of stellar subdivisions,
one with a 7 chosen in the relative interior of each cone of any dimension of >, and
performed in decreasing order of dimension.

Once we have a simplicial and still rational fan, each cone has a well-defined multiplicity.
As mentioned above, the multiplicity of a simplicial cone C' with primitive generators
ai, ..., q is the index of 2% | a,Z as a sublattice of the lattice lin(C') N Z". This equals
the number of lattice points in the half-open cube

k
Z[O, 1)041 cC.
1=1

Hence, if the multiplicity of C' is greater than one, there is a v € Z" \ {0} which can be

expressed as
k
Y= E iy,
i=1

with A\; € [0,1) for every i. Under these conditions, a stellar subdivision by ~ lowers
the multiplicity of all the cones involved. More precisely, with the notation after Defini-
tion 2.12, each cone D of a certain multiplicity m is substituted by & cones D; of respective
multiplicities A;m < m, for i € {1,...,k}. Of course, the number of cones increases, but
iterating as follows we can make all the resulting cones unimodular: if we call M > 1
the maximum multiplicity among the cones of ¥, performing a stellar subdivision with ~
chosen in the half-open cube of a cone of multiplicity M we make the number of cones
of that multiplicity decrease, and do not introduce cones of higher multiplicity. Hence,
eventually we get a fan with maximum multiplicity M’ < M. Iterating this process, we
eventually get a unimodular fan. O

Observe that by Proposition 2.13, if ¥ is polytopal then ¥’ is polytopal too. We often
use the following immediate consequence of this theorem.

Corollary 2.16. Let >y, ..., X, be rational complete fans in R™. Then, there is a uni-

modular fan X' that refines every 3;.
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2.2.2. Corner chopping and blow-ups. In what follows two subsets X, Y of R" are called
AGL(n, Z)-congruent if there exists ¢ € R" and A € GL(n,Z) such that Y = A(X) + c.

Definition 2.17. The rational length of a line segment I C R™ of rational slope is the
unique number ¢ € [0, 00) such that I is AGL(n,Z)-congruent to an interval of length ¢
on a coordinate axis. It is denoted by length([7).

Definition 2.18. Let P be a Delzant polytope in R”. Let v a vertex of P. Let

be the set consisting of edges emanating from v, where the vectors uy, ..., u, generate
Z™ and ¢; = length(u;) for every i € {1,...,n}. Let € > 0 be smaller than all the ¢;’s.
We define the corner chopping of size € of P at v is the polytope P’ obtained from P by
intersecting it with the half space

n n
i=1 i=1
Let us translate this operation into the normal fan.

Proposition 2.19. Let P be a Delzant polytope in R™. Let v a vertex of P and let P’
be obtained from P by a corner chopping of size ¢ at v. Let ay,...,qa, be the primitive
normal vectors of P at the facets containing v and let a; = (o, v) be the corresponding
right-hand sides for the facet inequalities. Then

<iai,x> = iai—i—g}.
i=1 i=1

Proof. With the notation of Definition 2.18, observe that the bases {u;}; of V and {«;};
of V* are dual to one another; that is, (a;,u;) = 6; ;.

Since any vector z € V' can be written uniquely as © = v + >, t;u; we only need to
check that the inequality v+ >  tu; | >, t; > ¢ from the definition is equivalent to
the inequality <Z?:1 oy, x> > ", a; + ¢ in the statement. This follows from

P’—Pﬂ{xev

n n

OIEIEYO SRR I ED SITHED SUED 8D S
i=1 i=1 j=1 i=1 i=1 i=1 i=1

That is to say, the normal fan of P’ is constructed from that of P by inserting the ray
Yo a; in N(P,v) = Cone{ay, ..., o}

Corollary 2.20. If a Delzant polytope P’ is obtained from another one P by a cor-
ner chopping then its normal fan N (P') is obtained from N (P) by a blow-up at a full-
dimensional cone C € N'(P).

The converse is also true, in the following sense:

Corollary 2.21. Let P’ be a Delzant polytope in R™. If its normal fan N(P') is the
blow-up of a certain unimodular fan 3 at a full-dimensional cone then there is a Delzant
polytope P with N'(P) =X and of which P’ is a corner chopping.

Proof. Let ay,...,a, and ag = Y. | o, be the rays of ¥’ involved in the blow-up, and
let by, by, . ..,b, be the corresponding right-hand sides in the inequality description of P’.
Observe that all the cones C; in the definition of blow-up automatically have the same
determinant as the cone C' generated by aq,...,a,. In particular the blow-down fan X

is unimodular, since ¥’ is.
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The facet of P’ corresponding to o is an (n — 1)-simplex, since it has n vertices, cor-
responding to the n cones C; in the definition of blow-up. Removing from the inequality
description of P’ the inequality (oo, x) > by gives a polytope P in which that facet dis-
appears and the adjacent n facets (corresponding to the rays aq,...,«a,) are enlarged,
producing a unique new vertex v, the intersection of the hyperplanes {{a;,x) = b;},
i € {1,...,n}. The normal cone of v, generated by {a,...,a,}, is unimodular as said
above. Hence, P is Delzant and P’ is obtained from it as in Proposition 2.19, that is, by
a corner chopping. O

2.2.3. Classification of Delzant polygons. A two-dimensional fan is uniquely determined
by its set of rays, since each two-dimensional cone is bounded by two rays and the rays
must appear in their cyclic order. This easily implies that all two-dimensional fans are
polytopal: if oy, ..., q, are generators for the rays of the fan 3 and we identify R? and
(R?)* via the standard scalar product, then the polytope defined by the linear inequalities
(v, x) < ||| has X as its normal fan.

Any unimodular two-dimensional fan can be obtained by the following recursive recipe.

Lemma 2.22 (Oda [45, Theorem 8.2|. See also |8, Theorem 10.4.3],[17, Theorem 6.6|,[23,
Section 2.5 and Notes to Chapter 2|). Let 3 be a complete unimodular fan in R?.

(1) If ¥ has only three rays then it is GL(2,Z)-equivalent to the fan of the projective
plane, with rays (1,0), (0,1) and (—1,—1).

(2) If ¥ has four rays then it is GL(2,Z)-equivalent to the fan of the Hirzebruch
surface Hy, with rays (0,—1), (0,1) (—=1,0), and (1,k), for some k € Zy.

(3) If ¥ has more than four rays then it is an iterated blow-up of some unimodular
fan with four rays.

The following translation of Lemma 2.22 into Delzant polygons is formulated in [36,
Lemma 2.16].

Corollary 2.23. Let P be a Delzant polygon in R2.

(1) If P has exactly three edges then there exists a unique A > 0 such that P is
AGL(2,7Z)-congruent to the Delzant triangle

P)\ ::{(x1,$2)€R2| 1'120, 1'220, $1+$2<>\}

(2) If P has exactly with 4 edges, then there exists k € Zso and positive numbers
a,b > 0 with 2a > bk such that P is AGL(2,Z)-congruent to a Delzant polygon
obtained from the Hirzebruch trapezoid

b b
—§<ZE2<§, 0<x1<a—km2},
by a sequence of s corner choppings (as defined in Definition 2.18).
(3) If P has 4 + s edges for s > 1 then it is obtained from a Hirzebruch trapezoid by

a sequence of s corner choppings.

Ha,b,k = {(Il,l'g) € R?

The parameters in H, ; ; have the following interpretation: b is the height of the trape-
zoid, a is its average width, and the integer k governs the difference in slopes between
the two non-parallel edges (with the trapezoid being a rectangle if £ = 0). Observe also
that Hop, is a corner chopping of (a translation of) the triangle P, b See Figure 2 for

a picture of Hz/o 1 o.

Remark 2.24 (The maximum area of a Delzant polygon). One interesting question

is how big can the area of a Delzant polygon be in terms of its number k of vertices
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(equivalently, edges) and its perimeter ¢. Here, the perimeter is the sum of lengths
of edges, with length as in Definition 2.17. The following results answer this question
asymptotically.* Then:

(1) Every Delzant polygon with k vertices and perimeter ¢ has area bounded above
by ¢?*¢2, where ¢ = %5 is the golden ratio |7, Theorem 28|.

(2) There are Delzant polygons with & vertices and perimeter ¢ with area > ¢2*/3(% 7,
Example 30].

A lower bound in terms of k& and ¢ alone makes no sense: one can construct Delzant
polygons with a pair of parallel edges and arbitrarily many additional edges. Making
the two parallel edges very long and the rest of edges very short one can keep ¢ and k
arbitrarily large, yet make area go to zero.

Remark 2.25. Via Delzant’s correspondence, Lemma 2.22 and Corollary 2.23 imply a
classification of (compact) toric integrable systems in dimension 4. We refer to [51, 52| for
an analogue classification in the semitoric case, and |33, Theorem 1.3| and [34, Theorem
1.1] for a discussion of these concepts (fan, etc.) in that case. The topology on the moduli
space of semitoric integrable systems was defined by Palmer [46].

2.3. Infinitely many minimal Delzant 3-polytopes. In dimension three and higher,
corner chopping alone can certainly not produce all Delzant polytopes from a finite list of
combinatorial types of them. Consider, for example, the prism obtained as the Cartesian
product P x I of a Delzant m-gon P and a segment I. This is a Delzant 3-polytope with
m + 2 facets, none of them triangular (unless m = 3), hence it is not a corner chopping
of any Delzant polytope with less facets.

However, in this example we can still say that if m > 5 then P is a corner chopping of a
Delzant (m — 1)-gon P’, and then P x [ is an “edge chopping” of P’ x I. Equivalently, we
have that the normal fan of P x I is a blow-up of the fan of P’ x I at a non-fulldimensional
cone, in the sense of Definition 2.14.

The following two constructions show more drastically that one should not hope any
analogue of Lemma 2.22 or Corollary 2.23 in dimension three or higher. In the first
example we show not only that there are arbitrarily large 3-dimensional unimodular
fans that do not admit blow-downs, but also that such examples cannot be considered
“sporadic”, since any given fan can be refined to one of them. In the following proof we call
valency of a ray in a 3-dimensional fan the number of full-dimensional cones containing
it.

Theorem 2.26. Let ¥ be any rational complete fan in R3. Then, there is a unimodular
fan X that refines ¥ and such that X' is not the blow up of any unimodular fan. If ¥ is
polytopal then Y can be obtained polytopal too.

Proof. By Theorem 2.15 we may assume without loss of generality that > is already
unimodular. We proceed in two steps, illustrated in Figure 5.

Let ¥” be the unimodular fan obtained from ¥ by blowing up all its 3-dimensional
cones. These blow-ups double the valency of each ray of . Since all rays in a complete
3-dimensional fan have valency at least three, all the original rays of ¥ have valency at
least six in X", while the rays introduced by the blow-ups have valency three.

4The statements in [7] assume the Delzant polytopes in question to have only integer vertices, but the
proofs go through without this assumption.
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We now define 3’ subdividing each full-dimensional cone Cone{ay, as, az} € 3" into
the following six cones:

Cone {041, 12, a13}, Cone {042, 12, 0423}, Cone {043, 13, 0423}7
Cone {0412370412,0413 , Cone {23, 12, a3, Cone 041237041370423}7

where «;; := o; + a; and aj93 := a1 + ag + a3. Since the o;; and i3 are primitive and
the six 3-dimensional cones are unimodular, ¥’ is again a unimodular fan. The rays of
Y keep their valency in Y, while the new rays have valency three if they are of the form
a123 and valency eight if they are of the form ;. (For the latter, let ;; be one of them;
Since X' is complete, «;; lies in the common boundary of two three-dimensional cones of
¥, and is contained in four of the six three-dimensional cones refining each).

E E//

FIGURE 5. The refinement constructed in the proof of Theorem 2.26. Left:
A 3-dimensional cone of the original fan 3, represented as a triangle, via an
intersection with an affine plane. Center: its blow-up in ¥”, consisting of
three 3-dimensional cones separated via three new two-dimensional cones
(dashed lines) with one new ray (center dot). Right: In ¥’ each 3-cone from
¥" is subdivided into six 3-cones, introducing several new 2-cones (pointed
lines) and new rays of two types: one along each 2-cone of X", denoted «y;
in the proof, and one in each 3-cone of ¥”, denoted «;jj, in the proof.

To show that Y is not the blow-up of any unimodular fan we observe that the new ray
in a blow-up of a three-dimensional complete fan has valency three or four, depending
on whether the blown-up cone is 3-dimensional or 2-dimensional. That is, only rays of
valency three or four in ' are candidates to be blown-down. By the discussion above, Y/
has no rays of valency four, and two types of rays of valency three:

(1) The rays introduced in the blow-ups from ¥ to ¥”. Let « be one of them, and let
B,7,6 be its neighbors in X", so that « = 4+ v + 0. The three neighbors of « in
Y are o+ 3, a + 7, and o + §. Since their sum is 4, o cannot be blown down.
(Combinatorially it may look like it can, but the cone Cone{a + 3, a + v, a + d}
obtained by this supposed blow-down has multiplicity four, not one).

(2) The rays of the form j;, introduced when going from X" to ¥’. These have the
same problem; blowing down a;23 would produce the cone Cone{as, @12, a3}, of
multiplicity 2. U

In dimension two, a unimodular fan is a blow-up if and only if it is the refinement of
another unimodular fan. In dimension three, the fans of the previous theorem do not
admit blow-downs but they still are refinements of unimodular fans. Thus, one could
perhaps hope that an analogue of Lemma 2.22 can exist in dimension three except the
refinements needed in the classification are a more complicated list than only blow-ups.

The following examples kill this hope, in any dimension n > 3:
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Theorem 2.27. In any dimension n > 3 there are complete unimodular polytopal fans
with arbitrarily many rays which are not proper refinements of any other unimodular fan.

Proof. We first construct them for n = 3. Let V,, be the following set of k + 6 rays in R3,
for an arbitrary k£ € N:

ay =(0,0,1), a-=(k+1,1,-1),
B2 =(0,-1,0), f-3=(1,0,0),
B;=(i,1,0), ie{-1,... k}.
We consider the following complete simplicial fan N, in it, with 2k + 8 maximal cones:
Cone {6,3, g, a,}, Cone {5k, g, a,},
Cone {Bi_l, Bi, a+}, Cone {Bi_l, Bi, a_}, 1=-2,...,k.
Observe that the configuration and the fan are invariant under the unimodular involution
R — R
(21, T2, w3) +— (21 + (k+ 1)xs, 2+ 3, —23)

which exchanges a; and a_ and fixes the rest of V.

FIGURE 6. The configuration V, and complete fan AN proving Theo-
rem 2.27, pictured for £ = 5. The picture shows it sliced with the hy-
perplane H = {z3 = 0} containing all generators except o, and «_; the
vector ay +a_ € H isnot in Vy, but it is shown to represent the intersection
of H with the 2-face Cone{ay,a_} € N;.

One crucial property of this construction is that all the f; lie in the plane H := {x3 = 0}
and the other two generators o, and o lie in opposite sides of it. This allows us to picture
V., and N, in two dimensions, by intersecting them with H, as we do in Figure 6. In fact,
the fan N, can be understood as follows: start with the unimodular two-dimensional
complete fan of Figure 6 (including the ray a; + «_), which is clearly unimodular.
Take the cones of it with both a; and a_, which gives a unimodular complete fan
in R? with four maximal cones surrounding the ray o, 4+ a_. Then, blow-down o +
a_; that is, remove the four maximal cones containing it and insert Cone{S_3, oy, a_}
and Cone{fy,a,,a_} instead. This description shows that N is indeed a complete
unimodular fan.

We claim that if A/ is a complete unimodular fan refined by N, then N/ = N,. For
this:

(1) The rays a, and a_ must be used in N since each of them is the only element

of V; in a certain open half-plane (namely, the half-planes x3 > 0 and z3 < 0).
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(2) This implies that the cone C' = Cone{ay, a_} must be in N’ too. Indeed, C' must
be contained in some cone C’ of N and since the generators of C' are used in N’
and C” is simplicial, C must be a face of C".

(3) The only f;’s that form a unimodular cone together with Cone{a,,a_} are 5_3
and fi. In order to check this, observe that the determinant of Cone{f;, ay,a_}
as a 3-dimensional cone is the same as that of Cone{;, ay+a_} as a 2-dimensional
one. We conclude that

Cone {8_3, ay,a_}, Cone{By,ay,a_} € N".

(4) Once we know this, all the other maximal cones must be of the form Cone{g;, 5;, a4 }
for some 7, 7 and some choice of sign for a,.. Hence, the rest of the fan must con-
sist of two-dimensional cones in H joined to both o, and a_, and the cones used
in H must be unimodular themselves. An easy inspection of Figure 6 shows that
the only way to complete the unimdular fan is exactly as N, does.

Once the statement is proved for n = 3 we prove it for any n > 4 by induction. Hence,
we assume that for every k there is a full-dimensional complete polytopal unimodular fan
¥, with at least k rays in R”~! that is not the proper refinement of any unimodular fan.
We consider the suspension of ¥, defined as:

susp(Xy) = {U x {0} ‘ o€ Ek} U {0’ x [0, oo)‘a € Ek} U {0‘ X (—00,0] ‘0 € Zk}.

Put differently, from each cone Cone{ay,...,a,} in ¥; (including the 0 cone, generated
by the empty set) we have the following three cones in susp(Xy):

Cone {cf,...,a;}, Cone{d],...,aj,e,}, Cone{a},...,a) —e,},

where o, :=a; x {0}, i =1,..., L.

susp(2) is an n dimensional complete unimodular fan with 2 more rays than ;. It
is not a refinement of any fan since any such fan would need to be of the form susp(X’)
where Y, refines 3. It is polytopal since it is the normal fan of P x [0, 1] for any polytope
P with normal fan ;. ]

Remark 2.28. The example in the first part of the proof of Theorem 2.27 is based on the
one-point suspension construction, described for example in [12; Section 4.2.5]. We say
that a configuration )V of dimension n is a one-point suspension if there are two vectors
ap,a_ € V such that V' := V\ {ay,a_} U {a; + a_} is (n — 1)-dimensional. Every
simplicial fan A/ with generators contained in V (called a “triangulation of V" in the
language of [12]) is obtained as the example in the proof: starting with a triangulation
N’ of V' do the following to each maximal cone C' of it:

o If o, + a_ is a generator of ', substitute oy + a_ by o, and a_ as generators.
o If ay + a_ is not a generator of C', cone C' separately to ;. and to a_.

The suspension used in the second part of the proof is the case ay +a_ = 0.

3. TOPOLOGY OF THE SPACE OF DELZANT POLYTOPES

In this section we study natural geometric structures (metric, topology) on the spaces
of Delzant polytopes of any dimension.

3.1. Two metrics and corresponding topologies on the space of convex bodies.
Following Gruber [24] we denote by C(n) the space of all convex bodies (i.e., compact
convex sets) in R™ and by C,(n) the subset of proper ones; that is, those with non-empty

interior or, equivalently, with positive volume. Also, we denote by P(n) the subspace of
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perhaps not full-dimensional polytopes, and by Pg(n) the subspace of polytopes with ra-
tional edge directions (or, equivalently by Lemma 2.7, those with rational facet normals).

Definition 3.1. We consider the following two functions
§V, 0% . C(n) x C(n) — Ry,
called respectively the symmetric difference distance and the Hausdorff distance:
8V (P,Q) == Vol(P\ Q) + Vol(Q\ P),
s1(P,Q) = { dist dist(y, P }
(P, Q) := max | maxdist(z, Q), max dis (v, P) ¢,

where

dist(z, )) = min ||x — y||.
(,Q) = minlx ~ y|

Observe that for §" to be a distance function we need to restrict ourselves to C, since in
it every two improper convex bodies are at distance zero. Alternatively, we can consider
6" defined on C, U {0}, where “0” denotes the class of all non-proper convex bodies.

The following is immediate.

Proposition 3.2. The pairs (C, U {0},6") and (C,5™) are metric spaces.

Restricted to C,, " and " are not equivalent as distances; for example, the sequence
of rectangles [0, m] x [0,1/m?], with m € N is a Cauchy sequence with respect to §" since
the volume of the rectangles, hence of their symmetric differences, goes to zero. However,
it is not Cauchy with respect to 8 since the Hausdorff distance between any two of these
rectangles is at least 1.

Pelayo-Pires-Ratiu-Sabatini |50, Section 2.1| consider the space of Delzant polytopes
with the topology induced by §¥. We here will primarily work with 6% since it relates
better to normal fans. Fortunately, the two distances define the same topology, which
gives us a well-defined space of Delzant polytopes:

Proposition 3.3 (67 versus V). The following statements hold.

(1) Restricted to Cp(n) the Hausdorff distance and the symmetric difference induce
the same topology, which is locally compact.

(2) C,(n) is not complete for any of the two distances. Its completion for 6% is C(n)
and its completion for 6" is Cy(n) U {0}.

Proof. That 6 and ¥ induce the same topology is proven in [58] (see also |50, Remark
10]), and that the topology induced by 6 is locally compact is [24, Theorem 6.4].

That the completion of 67 is C(n) appears in [24, Theorem 6.4, where it is moreover
proved that C(n) is boundedly compact (stronger than being complete).

That the completion for 6" is C,(n) U {0} can be derived as follows (the case of n = 2
is [50, Theorem 7|, with a different proof): let (P, )men be a sequence of polytopes that
is Cauchy in 6. Since we only need to find a convergent subsequence, there is no loss of
generality in assuming that for every m € N and m’ > m

8 (P, Ppy) <27™,

For each m let

Qm: U Py

m'>m
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This is not a convex body but it is a measurable set and this is enough in order for 6"
to be well-defined. We have that

V(@ Pm) < D 6Y (P, ) <277
m/>m
Hence, the sequence (P,,)men converges if, and only if, the decreasing sequence (Qy;)men
converges. We claim that the latter converges to

Q= () Qm

meN

and that @) either has volume zero or is a convex body. For the first part:
0 (Qm, Q) = Vol(Qn \ Q)
< Y Vol(Qu \ Qui)

m'>m
> Vol(P \ Prr4)
m’'>m

< 2—m+1.

N

For the second part, suppose that () has positive volume, so its interior is not empty. We
first claim that the interior of () is convex. For this, let p and ¢ be two interior points,
so that there are balls B(p,¢) and B(q, ) contained in ), that is, contained in infinitely
many of the original P,,. Since the original sequence was Cauchy, B(p,/2) and B(q,/2)
must be contained in all but perhaps finitely many of the P,, and, by convexity of P,,,
the same happens for the segment pq.

We now claim that ) equals the closure of its interior, and hence it is convex. For this,
let ¢ € @ and p € Q°. Choosing as before a ball B(p, ) contained in ), we have that ¢
lies in the closure of the interior of Conv {B(p,e) U{q¢}}, which in turn is contained in
the closure of the interior of Q).

Finally, since @) is a closed convex set with non-empty interior and of finite volume, it
must be bounded, hence a convex body. U

P g

In what follows we denote by C(n),C,(n) respectively the quotients of C(n),C,(n) by
the action of AGL(n,Z), with the quotient topology, and consider the map

—

0V Cp(n) x Cy(n) — R>o
(1) ([PLIQ)  — inf 0"(P,Q"),

where [P] and [@Q] denote the orbits of P and Q.

Lemma 3.4. For any proper convex body P € C,(n) and any bounded set K there are
only a finite amount of elements o € AGL(n,Z) such that o(P) C K.

Proof. Since P is proper, there is an N € N such that P contains an affine basis B of
~Z". Now, %Z” is invariant under AGL(n,Z) and knowing o|p completely determines
each 0 € AGL(n,Z), so the number of possible ¢ with ¢(P) C K is bounded above by
the number of (n + 1)-tuples of points of +~Z" in K, which is finite. O

The following example, which as far as we know is new, shows that Lemma 3.4 does
not hold for improper convex bodies. In particular, it shows that the quotient topology

on C(n) is not Hausdorff.
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Proposition 3.5. Any neighborhood of the origin contains infinitely many distinct AGL(2,Z)
images of the segment S joining (0,0) and (¢, —1).

Proof. Consider the unimodular matrices

Fyp  Frn
Fiy1 Fryo
where the F}, are the Fibonacci numbers. They take S to segments of lengths going to zero

as k goes to infinity, so that there is an infinite amount of them in every neighborhood
of the origin. O

The following result shows that the infimum in expression (1) is really a minimum and
it implies that the distance between different orbits is positive. This is also proved in [22,
Proposition 4.6] but we want to emphasize that our proof is considerably shorter.

Lemma 3.6. Let P,Q € Cy(n) be proper convex bodies. Then ;5\‘7([P], [Q]) equals 6V (P, Q')
for some Q' € Q).

Proof. We first prove the following claim: let m, M € Ry, with M > m, and consider the
boxes B,, = [-m,m|" and By, = [-M, M|". Then, every convex body K not contained
in B), has at least a fraction of

(M — m)" /(M + m)"

of its volume outside B,,.
To prove the claim, let p = (p1,...,pn) € K \ By, so that at least one coordinate
of p is strictly larger than M in absolute value. Suppose without loss of generality that

p1 > M. Let
$1:m},

and let K; be the following bounded affine cone with apex at p:

KO:KH{(xl,...,xn)eR"

K= {p+Aa—p) | g€ Ko A= 0f n{(1,...,2,) €R”

—méxl}.

Observe that the fraction of volume of K; contained in {(x1,...,z,) € R"|x; > m} is
exactly (M —m)"/(M + m)™. The claim follows then from the fact that

KﬂBmCKlm{<$1,...,fEn)€Rn

1 < m},
KO (Ba\ By) O Klﬂ{(xl,...,xn) GR”‘xl >m}.
To prove the lemma first observe that
§V(P', Q') = Vol(P') + Vol(Q') — 2 Vol(P' N Q’).

Since volume is invariant under AGL(n,Z), the first two terms are independent of the
representatives P’ and )" chosen. Hence, we only need to understand

sup  Vol(P'N@Q).
P’e[Pl,Q'€[Q]

Invariance under the action of AGL(n,Z) also shows that this supremum equals

sup Vol(PN Q).
Q'elq]
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If Vol(P, Q") = 0 for every Q' € [Q] then there is nothing to prove, so we assume that we
have a representative Qo € [@Q] with Vol(P N Qo) > 0. Let m, M € R be such that P is
contained in the box o + B,, for some point o and such that

(M —m)" < Vol(Q) — Vol(P N Qo)
(M +m)n ~ Vol(Q)

Such an m exists since P is bounded, and M exists since the left-hand side in this equation
goes to 1 as M goes to infinity with m fixed, while the right-hand-side is smaller than 1.
Observe that this right-hand side equals the fraction of volume of )y outside P.

By the claim, any convex body not contained in o+ By, has less fraction of its volume
intersecting o + B,, (and hence even less intersecting P) than Qy. Now, every Q' in [Q)]
has the volume of ) and only finitely many of them are contained in Bj; by Lemma 3.4,
so only finitely many polytopes in [@)] can have a larger intersection with P than Q. O

Corollary 3.7 (|22, Theorem 3.2]). (C/pz/n), 5\‘7) is a metric space.

Proof. Lemma 3.6 implies that different orbits [P] and [@Q] have strictly positive distance
SV ([P],[Q]), and it also implies the triangular inequality:

OV ((PL1Q) + 6V (@) [R) = inf 6"(P'.Q) + inf 57(Q,R)

P'e[P] €[R]

= inf (6"(P,Q)+6"(Q.R))
P’elP],
R'€[R]

g

Remark 3.8. There are several obstacles to generalizing these results on the quotient
metric to the Hausdorff distance 6*. The first one is that one would like (at least if we

want to understand the completion of C(n) as we do next) to deal also with improper

convex bodies but, as shown by Proposition 3.5, the quotient space C(n) is not Hausdorff.

But even for proper convex bodies, where the quotient topology of the metric spaces
(C(n),8Y) and (C(n),d") coincides, the distance 6% between two different orbits can be
zero. Consider for example the standard triangle P = Conv{(0,0),(1,0),(0,1)} and the
unit square @ = [0, 1)2. Then

P" = Conv {(0,0),(1,0), (k,1)} and Q"= Conv {(0,0),(1,0), (k—1,1),(k, 1)}
are representatives with 67 (P’ Q') = 1/v/k2 + 1, which goes to zero as k goes to infinity.

Related to this, Macbeath proved [40, Theorem 1| that the quotient of C,(n) by the
action of AGL(n,R) is compact and metrizable, with the distance between P and @ de-
fined essentially as |log(Vol(Q")/ Vol(Q'))| where @) and Q" are the biggest and smallest
(respectively) elements of the orbit of ) with Q' C P C Q".

The following is an analogue of Proposition 3.3 for quotient spaces by the AGL(n, Z)-
action. Part (1) is |22, Theorem 3.3], and part (2) allows us to solve Problem 5.2 in the
same paper (Theorem 3.19).

Proposition 3.9. The following statements hold.
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(1) The metric topology of (C,(n), (/5\‘;) coincides with the quotient topology induced on
Cp(n) by the action/o;\‘;AGAI:(n,Z) on Cp(n).
(2) The metric space (Cy(n), V) is not complete. Its completion is Cp(n) U {0}.

—_—

Proof. In order to show that the topologies coincide we need to show that the identity
map between the quotient and metric topologies in (% is continuous and open. For this,
observe that a ball B([P],e) C C/p(\/n) with respect to the metric 5V lifts, by Lemma 3.6,
to Upreip|B(P, €); since the latter is open in Cp(n) the former is open in the quotient
topology. Conversely, if a UcC C/p_z/n) is open in the quotient topology then U lifts to an

open and AGL(Z, n)-invariant set U in C,(n). For each P with [P] € U we have that
there is a ball B(P,¢) contained in U and, by invariance of U, the same ¢ satisfies that

B(P',¢) C U for every P’ € [P]. Hence, U contains the ball B([P], ).
For the completion, we extend ¢V to Cy(n) U {0} defining
6V ([P],0) = Vol(P).
Since we know C,(n) U {0} to be the completion of (C,(n),§") (Proposition 3.3, (2)) we
only need to show that every Cauchy sequence in C,(n) lifts to a Cauchy sequence in
Cp(n).
Let ([Py])ren be a Cauchy sequence and, by taking a subsequence if needed, assume

that .
V([P [Pen]) <27, VEeN.

Thanks to Lemma 3.6, we can then choose one by one representatives P; in each orbit
[Pg] in such a way that for every k we have

8V (Pl Plyn) = 8V ([P [Pent)) <274, VEEN,
which gives us a Cauchy sequence (P})ien in Cp(n). O
3.2. Minkowski paths prove that D(n) is connected. We now formally introduce
the spaces of Delzant polytopes.

Definition 3.10.

(i) We denote by D(n) the space of all Delzant n-polytopes in R™, with the topology
induced by either 6 or §V.

(ii) We denote by 15(\77) the quotient of D(n) by the action of AGL(n,Z), with the
quotient topology.
In order to analyze the topology of D(n) and its relation to C(n) the Minkowski sum

operation is very useful. Recall that for given sets P, ) C R" their Minkowski sum equals

P+Q:= {x+y‘x€P,y€Q}.

Minkowski sum preserves convexity, boundedness, and compactness so it is well-defined
on C(n). Together with Minkowski sum we consider multiplication by a scalar and, more
generally, Minkowski combinations. That is, for given A, u € [0,00) and P,Q € C(n) we
consider

AP+ 1@ = {Ax#—,uy‘xGP,yEQ}.
Minkowski sum is very well behaved with respect to support functions. Recall that the
support function he : (R")* — R of a convex body C' C R" is defined by
heo(a) == Iileagda,x).
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Proposition 3.11 (|24, Theorem 6.1, Proposition 6.2, Theorem 4.3]).

(1) With the operations of Minkowski addition and multiplication by a scalar C(n) is
a semigroup (with identity {0}) and a cone.

(2) h)\PJrMQ = )\hp + MhQ.

(3) A function h : (R™)* — R is the support function of some (and then a unique)
convex body if and only if it s positive homogeneous and subadditive. That is, if
and only if

Va,B € (R")* and YA\, u>=0: h(Aa) = M(a), h(Aa+ pp) < Ah(a) + Ah(B).

That is to say, algebraically, Minkowski combinations allow us to think of C(n) as the
subcone of positive homogeneous and subadditive functions in the vector space of func-
tions from R™ to R. This analogy carries over to the topology of C(n) under the following
setting. Let us call uniform norm, and denote || f||«, of a positively homogeneous con-
tinuous function f : (R™)* — R the supremum norm restricted to the unit sphere. That
is:

[flloe =" sup [f(a)].

lall2=1

Then we have that:

Theorem 3.12 (|56, Theorem 1.8.11]). For any two convex bodies C, D € C(n) with
support functions he,hp @ (R")* — R we have

§7(C,D) = |h¢ — hplle = ‘max (max(a,a:) — max(oz,:r)) .

lallz2=1 \ zeC z€D

Corollary 3.13. Let C(S"™1) be the space of continuous functions from the unit sphere
S"=t C R™ to R, with the supremum norm. Then, C(n) is homeomorphic (in fact, iso-
metric) to the subspace of C(S"™1) consisting of functions whose positive homogeneous
extension is subadditive.

The support function of a polytope is linear within each normal cone and, in fact, this
characterizes polytopes: a convex body C' is a polytope if and only if its support function
he is piecewise linear. Together with the fact that hp, g = hp+hg, this implies that when
P and @ are polytopes P + @ is also a polytope and the normal fan of N'(P + Q) is the
common refinement of N'(P) and NV (Q) (that is, cones in N (P + Q) are the intersections
of a cone from AN(P) and one from N (Q)).

The main property of Minkowski sums that we need is the following:

Lemma 3.14. For every P,Q € C(n) the map

[0,00)* — C(n)
(A 1) = AP + pQ,

is Lipschitz with respect to 8, hence uniformly continuous.

Proof. Let K be the radius of a ball centered at the origin and containing both P and @
and consider two Minkowski sums A = AP + uQ and B = NP + p/Q, with \, N, u, p/ €
[0, 00).

Assume that the Hausdorff distance 6% (A, B) is attained by the distance to B from a

certain point Az + uy € A, where x € P and y € . Since the point Nz + p'y is in B we
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have that

§"(A,B) = 6"T(AP+pQ, NP+ Q)

= dist(Az + py, NP + 1/'Q)

< A2+ py — No — ply|

< =Nzl + e = w1yl

< K(A=X|+p—p])

= KA p) =X i)l
where the last equality is by definition of the norm || - ||;, which is equivalent to the
standard norm in [0, 00)?]. O

Throughout this paper a path in a topological space X is a continuous map f : [a,b] —
X from a compact interval [a,b] C R , with a < b. The points f(a), f(b) € X are the
extreme points of the path and we often say that f is a path from f(a) to f(b).

Corollary 3.15. For every P,Q € C(n) the map
[0,1] — C(n)
A AP+ (1 - \)Q
is a path from P to @Q in C(n).

Definition 3.16. We call the path of Corollary 3.15 the Minkowsk: segment from P to
@ and denote it by PQ.

The Corollary implies that C(n) is path-connected and, in fact, contractible. (For the
latter, fix a convex body K and consider the homotopy (P, t) — (1—t)P+tK). The same
holds for any subset of C(n) closed under Minkowski addition and scaling, for example
for C,(n), P(n), and Pg(n).

It does not directly imply that D(n) is path-connected, since the Minkowski sum of
two Delzant polytopes is in general not Delzant, or even simple. E.g., the Minkowski sum
of the standard triangle with vertices (0,0), (1,0), (0,1) and its reflection on the vertical
axis is a non-Delzant pentagon. However, there is an easy way around this issue.

Lemma 3.17. Let P and Q) be two polytopes in R™ and suppose that the normal fan of
P refines that of Q) then

N(P) if X\ 0,
N(Q) if A= 0.

In particular, if P and Q are both in D(n) then the Minkowski segment between them
stays in D(n).

Proof. N(AP + (1 — \)Q) is the common refinement of N'(AP) and N((1 - \)Q). O

NAP+(1-X0)Q)) = {

Part (2) of our next Theorem 3.18 and part (1) of Theorem 3.19 were proved in [50,
Theorem 2| for the case of n = 2 using the classification Corollary 2.23. We here extend

—_—~—

both results to arbitrary n and to D(n).

Theorem 3.18.
(1) D(n) is path-connected.
(2) D(n) is not locally compact, but it is dense in Cy,(n). Hence, its completion is the

same as that of Cy(n) (namely Cy(n) U{0} for 8" and C(n) for 7).
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Proof. In order to prove part (1) we simply note that for given Py, P, € D(n) there is, by
Corollary 2.16, a Delzant polytope ) whose normal fan refines that of P, + P, hence it
refines the normal fans of both P, and P,. By Lemma 3.17, concatenating the Minkowski
segments from P; to @ and from @ to P, we get a path from P; to P, that stays in D(n).

In part (2), the fact that D(n) is neither complete nor locally compact is proved in |50,
Theorem 2| for n = 2 and the proof carries over for higher n.

In order to show that D(n) is dense in C,(n) let K € C,(n) and let us show how to
approach K via Delzant polytopes, in two steps:

e K can be approached via (perhaps not Delzant) rational polytopes. This is classical
and easy to prove. For example, let

K,, := Conv <K N iZ”) ,
m

which is a rational polytope contained in K for each m € N. Since every neigh-
borhood of each # € K contains points of K, for every sufficiently large m, we
have that

lim 67 (K,,, K) = 0.

m—0o0
Here we are implicitly using compactness of K, which allows us to cover K by
finitely many arbitrarily small neighborhoods of points x € K.

e Fvery rational polytope () can be approached by Delzant polytopes. Let P be a
Delzant polytope such that N(P) refines N (Q), which exists by Theorem 2.15.
Then the path AP + (1 — \)@ from P to @ consists only of Delzant polytopes
with the normal fan of P, except at its origin A = 0 where it equals (). U

Theorem 3.19.
(1) The metric topology of (2%, (/5\‘7) coincides with the quotient topology of D(n) by
the action of AGL(n,Z).
(2) D(n) is path-connected.

P P

(3) (D(n),0Y) is not locally compact, but it is dense in Cy(n). Hence, its completion

—_~— —_~—

is the same as that of C,(n), namely C,(n) U {0}.

Proof. Part (1) follows from the same result for C(n) and C(n) (Proposition 3.9) and part
(2) is obvious from path-connectedness of D(n).
Part (3) is also immediate from the same result for D(n) together with Lemma 3.6. [

The last part of Theorem 3.19 solves a problem posed by Fujita-Ohashi [22, Prob-
lem 5.2] in 2018. We later solve Problems 5.3 and 5.5 of the same paper.

3.2.1. Local and global complexity: comments on the proof of Theorem 5.18. Let us call
a path in C(n) a Minkowski path if it is a finite concatenation of Minkowski segments.

Our proof of connectedness for D(n) shows that any two Delzant polytopes P, and P,
can be connected by a Minkowski path P;QQ P, consisting of two segments. Metrically,
this path can be made as close to the Minkowski segment from P; to P, as one wishes,
via the following trick. As in the proof of the theorem, let () be a Delzant polytope whose
normal fan refines those of P, and P,. Now, for each £ € (0,1) let

Qe =(1—e)P +eqQ,
which has the same normal fan as ) but is very close to P; if € is very small. Then, the

path P,Q.P,, which is contained in D(n), is very close to the Minkowski segment P, P,.

However, our proof does not give a bound for the following two measures of complexity.
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Local complexity. Let us call complexity of the Minkowski segment P() the number of
rays of NV/(P) that are not in N (Q) plus the number of rays of N (Q) that are not in
N (P). Equivalently, this is the number of rays of the intermediate normal fan (which is
the same in the interior of the path) that are not common to P and @. Let us call local
complezity of a Minkowsk: path the maximum complexity of its Minkowski segments.

For example, a Minkowski segment between two Delzant polytopes has complexity 1
if and only if P is a blow-up of @, or viceversa. Hence, a Minkowski path has local
complexity 1 if and only if it is a sequence of blow-ups and blow-downs. Our proof of
Theorem 3.18 does not give any bound on the local complexity of the path, but the
following result does:

Theorem 3.20 (Weak Factorization Theorem [59, Theorem A], see also [4]). Every two
unimodular fans can be joined by a sequence of blow-downs and blow-ups.

Corollary 3.21. Every two Delzant polytopes can be joined by a Minkowsk: path of local
complexity one.

Observe that our proof of path-connectedness is elementary and self-contained, while
the Weak Factorization Theorem and its proof are far from elementary, as shown by its
history of claimed proofs that turned out to be incorrect.

Remark 3.22. There is also the Strong Factorization statement, asserting that every
two unimodular fans can be joined by a sequence of blow-ups followed by a sequence of
blow-downs. This was conjectured by Hironaka (1960) [31] and Oda (1978) [45]. Morelli
(1996) [43] claimed to have a proof, but gaps in the proof were later discovered. The
recent preprint [2| contains a proof of a version where stellar subdivisions (Definition 2.12,
sometimes called weighted blow-ups) and their inverses are allowed. That is, the paper
proves that any two rational complete simplicial fans admit a common stellar subdivision
refinement.

The weighted versions of the Factorization Theorems are important in the (toric) Min-
imal Model Program. In this program one starts with a quasiprojective toric variety X
and a given divisor D and wants to modify (X, D) to a toric variety X and a nef divisor
D via “elementary moves”. At the level of fans, the elementary moves allowed are com-
binatorial and correspond to bistellar flips, where a bistellar flip is the composition of
a stellar coarsening (i.e., a weighted blow-down) and a stellar refinement with the same
center . See |8, Chapter 15| or [20].

In dimension 2, Corollary 3.21 easily follows from Lemma 2.22, as follows:

(1) By the Lemma, we can go from any Delzant polygon other than a triangle to
a quadrilateral by a sequence of blow-downs. Such quadrilaterals are GL(Z, 2)-
equivalent to Hirzebruch quadrilaterals Hgp .

(2) The Hirzebruch quadrilaterals with consecutive parameters k£ and k + 1 can be
joined by a blow-up followed by a blow-down (see [50, Figure 4]).

(3) The Hirzebruch quadrilateral with £ = 1 is a blow-up of the standard Delzant
triangle

{($1,$2) ‘ 120,22 20,21 + 72 < 1}-

(4) Any two different Delzant triangles can be joined by a sequence of blow-ups and
blow-downs. This follows easily from the fact that GL(2,Z) is generated by the

. . . (1
transposition of coordinates plus the matrix (1 (1)>
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In fact, these statements (without the last one) are essentially the proof of path-

—_~—

connectedness of D(n) in [50, Theorem 5.

Global complexity. By global complexity of a path we mean the total number of rays used
along the whole path apart of those at the end-points. The global complexity of the
Minkowski path from any Delzant polygon to the quadrilateral that it refines is zero, so
only the path between two quadrilaterals needs to be considered.

Let P and () be the two Delzant quadrilaterals that we want to join by a path, and
consider their normal fan P + (). In dimension two there is a unique minimal way to
desingularize N (P + @), namely introducing the rays that belong to the Hilbert basis of
each cone. The size of the Hilbert basis of a two-dimensional rational cone is bounded
by its determinant, so we can get a path from P to ) with global complexity bounded
by the sum of the determinants of the cones of P + (). This can be arbitrarily large if P
and () are very “skew” with respect to one another, but we can consider this skewness to
be the natural parameter if we want to measure the “global distance” between N (P) and

N(@Q).
3.3. The stratification of D(n) by normal equivalence.

3.3.1. The secondary fan of a vector configuration, and the secondary cone of a fan N'. We
say that two polytopes P and @) are normally equivalent if they have the same normal fan.
Normal equivalence gives a natural stratification of the space of all polytopes. Restricted
to Po(n) and hence also to D(n), it has countably many strata.

To make this more clear, let V = {aq,...,a,} C (R™)* be a finite number of vectors
positively spanning (R™)*, that is, with ConeV = (R™)*. We will later assume that the
«; are integer and primitive, but for the time being we don’t need that.

Let us denote by P(V) C P(n) the space of all polytopes {P(V,b) | b € RV} where

2) P(V,b) := {x eR" | (o, ) < bi, i € {1,...,m}},

and RY = R™ denotes the space of possible right-hand sides of the defining inequalities.
P(V) contains the full-dimensional polytopes whose facet normals are contained in V, but
it also contains lower-dimensional polytopes and, in fact, it contains all points. Indeed,
for each p € R", taking b; = («;, p) we have that P(V,b) = {p}.

Not every vector b € RY defines a polytope, since the corresponding system of inequali-
ties may be infeasible. Also, if one of the equations in the system defining P(V, b) happens
to be redundant then increasing the value of the corresponding b; does not change the
polytope. Hence, we can assume without loss of generality that the b we use equals the
support function of P(V,b) at the vectors «; of V. With this assumption we have a
bijection between P(V) and the subset of RY obtained by restricting to V' the support
functions of polytopes in P(V). Since we show below (Theorem 3.31) that this bijection
is in fact an isometry, we can slightly abuse notation and identify P(V) with that sub-
set. This subset is a cone, whose explicit description can be derived from part (3) of
Proposition 3.11 with the help of Farkas’ Lemma.

Lemma 3.23 (Farkas’ Lemma [60, Proposition 1.7]). Let aq, ..., am, € (R")* andb € R™.
Then, the system of inequalities {a;, x) < b;,i € {1,...,m}, is infeasible if and only if
there are A1, ..., A\ = 0 such that

1=1 =1
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Theorem 3.24. Let V = {ay,...,an} C (R™)* be a finite number of vectors positively
spanning (R™)*. The set P(V) C RY of vectors b that are support functions of polytopes
with normals contained in V is the cone defined by the following two types of inequalities:

(1) For each nonnegative linear dependence y ;- N\io; = 0 among the vectors in V,
(that is, linear dependence with all \; > 0) the inequality Y N\ib; = 0.
(2) For each equality Y ;" N, = o with all \; >0, the inequality . \ib; = bj.
Moreover, only the linear dependences and combinations with minimal support (which are
finitely many) are needed.

Proof. For each b € RY, let us denote
=[Nz e R"|{as, ) < bii € {1,...,m}}.
i=1

That the inequalities are satisfied for every b € P(V) follows from part (3) of Proposi-
tion 3.11. Indeed, if we have Z;il Aia; = 0 for some nonnegative \;’s then:

0 = hp(y(0) = ey (D N ) < Z b () Z Aibi.
i=1

Similarly, if > Aoy = «; then

by = by () = by (D N ) < Z Aihpy () Z Aibi.
=1

Conversely, suppose that we have a certain b ¢ 73( ). That is, elther the polytope P(b)
is empty, or it is not empty but there is a j for which b; is strictly larger than hp)(a;).

If the first thing happens, that is, if the system (;“,{z € R"|(a;,z) < b;} is infeasi-
ble, then Farkas’ Lemma (Lemma 3.23) directly says that there is a linear dependence
Yo A = 0 for which the inequality > 7" | \;b; > 0 is violated. If the second happens,
then the following system is infeasible:

(aj,x) <b; Vie{l,...,m}, (—qj,z)<—b;.

Hence, Farkas’ Lemma tells us that there are nonnegative Ay, ..., Ay, psuch that Y " | Ao —
po; =0 and Y%, N\ib; — pb; < 0. If o happens to be zero, we are again violating one of
the inequalities in part (1). If 4 > 0 then we can assume without loss of generality that
p =1 and we are violating the inequality > ", A\;b; > b; in part (2).

This proves that the inequalities of types (1) and (2) indeed define the cone P(V). That
the ones with minimal support are enough is easy. Suppose, for example, that we have an
inequality of type (1) for which the corresponding nonnegative linear dependence does not
have minimal support. Thus, there is another nonnegative dependence » ", pr;c; = 0
with strictly smaller support. Let ¢ > 0 be the greatest number such that the vector
N —tp; =0 for every i € {1,...,m}. Then, > 1" (N —tp;)ou = 0 is another nonnegative
dependence with support strlctly contained in that of the original one, and the inequalities
for the dependences 1 and a — tyu imply the original inequality for A. The proof for the
inequalities of the second type is similar. O

Remark 3.25. We need to allow for b;’s that produce polytopes with fewer than m facets
(implying that some of the inequalities in (2) become redundant) in order for P(V) to be
a closed cone. For example, the b;’s defined by b; = (a, p) for a fixed p € R™ produce, as
mentioned above, the 0-dimensional polytope {p}. The vectors b of this form are a linear
subspace of dimension n of RY, namely the image of the linear map R” — RY whose

matrix has a1, ..., a,, as columns, and this linear subspace is the lineality space of P(V).
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If b,/ € P(V) then the polytope produced by b + ' is the Minkowski sum of the
polytopes of b and of &'. In particular, if one of them, say b is in the lineality space, adding
b to a b’ corresponds to translating the polytope. That is, modding out the lineality space
of P(V) considered as a cone in RY corresponds to modding out translations from P (V)
considered as a space of polytopes.

Example 3.26. Let )V be the set of rays in the Hirzebruch fan, that is, V consists of
a; = (0,-1),a0 = (0,1),a3 = (—1,0), a4 = (1, k),
where k is a positive integer. See Figure 2. We are looking at the polytopes of the form
—xy < by, 2 < by, —x1 < b3, @1 + kg < by,

for different choices of (by, ba, b3, by).
According to Theorem 3.24 the inequalities that define the cone P(V) come from the
following linear equations among the «;:

a1 +as =0, kag+az+as=0, a3+ as=kas,
producing according to Proposition 3.11 the inequalities
by +by >0, kby+b3+bs >0, bs+by=> kb,

The first inequality is easy to understand. Since we have —b; < z9 < by among the
inequalities defining our polytopes, we need —b; < b, for the polytope to be non-empty.
The second inequality is redundant since it is derived adding to the third k£ times the
first. Hence we have

P(V) = { (b1, b5, by, by) € R!

m+@>q@+@>%%.

Let us relate this with the description of Hirzebruch trapezoids in Corollary 2.23.
Observe that, as said above, P(V) has a lineality space of dimension two, namely

ﬂm&bme€R4bﬁ4&:0$@+ﬁy+m:0}:«QQL—UJL—Lamy

Modding out this subspace is equivalent to modding out translations in our space of
polytopes. There are different ways of doing it, one of which is taking b; = b, and b3 = 0.
This corresponds to having the origin as the mid-point of the left edge of the trapezoid, as
we did in Corollary 2.23. Once this is done, the parameters a and b from that description
correspond to our by and 2b; = 2b,. Hence, the inequality b3 + by > kby that we have
now corresponds exactly to the inequality 2a < bk that we had there, except for the fact
that we are now including the equality case in the cone. This equality case corresponds
to the trapezoid degenerating to a triangle. There is another degeneration associated to
the inequality b; 4+ by > 0: when it is met with equality the two parallel edges of the
trapezoid coincide so the trapezoid becomes a segment. When both inequalities become
equalities we are in the lineality space, corresponding to the trapezoid degenerating to a
point.

The cone P(V) gets stratified into a finite number of subcones corresponding to the
possible complete polytopal fans that we can obtain using the rays V.

Definition 3.27. Let N be a complete fan with set of ray generators contained in V =
{a, ..., am} C (R™)*. We call secondary cone of N the closure of

{b eRY ‘ the polytope ﬂ {{E e R" | {a;, ) < bi} has normal fan N} c P(V) C R".
i=1
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We show below that the stratification of P(V) into the secondary cones of the finitely
many possible fans with rays in V is itself a fan called the secondary fan of V. This
stratification is quite well understood in geometric combinatorics and is one of the main
objects in the book [12] (see, e.g., Theorem 9.5.6 in [12]). Observe that in the language of
[12] the complete fans with rays contained in V are called polyhedral subdivisions of V, with
polytopal ones being called regular subdivisions and simplicial ones called triangulations.

This stratification also plays a role in toric geometry. If A is a fan with set of rays
V then RY can naturally be identified with the space of torus-invariant Weyl divisors,
tensored with R, on the toric variety X. Under this identification, the (open) secondary
cone of N is the cone spanned by ample Cartier divisors in X and its closure is spanned
by nef divisors. Because of this the secondary cone of N is called the nef cone of Xy in
[8, Chapter 6].

In particular, the following statement is a rewriting of [12, Corollary 5.2.7]. Its coun-
terpart in toric geometry is |8, Theorem 4.2.8 and Lemma 6.1.13]:

Theorem 3.28. Let N be a full-dimensional simplicial fan in (R™)* with set of ray gen-
erators V = {ay,...,an}. Then the secondary cone of N is a relatively open polyhedral
cone in R™ defined by the following inequalities:
(1) For each linear dependence Y. | \icy; = 0 with support contained in a cone of N,
the equality > ;" | \;b; = 0.
(2) For each linear combination y .- | N\;c; with support contained in a cone of N and
producing as a result a certain o, the inequality Y " N\ib; < b;.
Moreover, only the linear dependences and combinations with minimal support (which are
finitely many) are needed. The secondary cone is obtained by turning the strict inequalities
in part (2) into equalities.

Proof. This is just a rewriting of [12, Corollary 5.2.7]. OJ

In Example 3.26 the secondary cone of the Hirzebruch trapezoid is the whole cone
P(V), since the Hirzebruch fan is the only simplicial fan using all the rays of V. We
leave it to the reader to check that the systems of inequalities of Theorems 3.24 and
Theorems 3.28 are in this case equivalent (when in the second one the inequalities are
taken nonnstrict). In fact, the same is true for every two dimensional example, since a
two-dimensional complete fan is fully characterized by the rays it uses.

Remark 3.29. It must be noted that our treatment of redundant inequalities is different
from the one in [12]. Here we insist on those values to equal the support function of the
polytope P(V,b), so in particular the b; of redundant inequalities are determined by the
rest. There, the values b; corresponding to redundant inequalities are not determined (as
long as the corresponding inequalities stay redundant). This means that what we call
secondary fan is actually a subfan of the one in [12]. For us only the (polytopal) simplicial
fans using all the vectors from V as rays give full-dimensional secondary cones, while in
[12] all polytopal simplicial fans with rays contained in V give full-dimensional cones.
This can be seen in that the analogue in [12] of our Theorem 3.24 is [12, Theorem
4.1.39|, which has only the inequalities of type (1) and hence defines a larger cone.

The following summarizes the main results about secondary fans and secondary cones.
We refer to [12] for the proofs.

Theorem 3.30 (|12, Proposition 5.2.9 and Theorem 5.2.11|). Let V be as above:

(1) The secondary cones P(N) for the different complete fans N with rays contained
inV form a fan covering P(V).
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(2) The face poset of this fan is isomorphic to the refinement poset of fans. That is,
N refines N if and only if the secondary cone of N is a face of that of N
(3) The secondary cones of non-simplicial or non-polytopal fans are never full-dimensional.
(4) The secondary cone of a polytopal simplicial fan with m' rays has dimension m’.
In particular, full-dimensional secondary cones correspond bijectively to simplicial
polytopal fans with set of rays exactly V.

Theorem 3.12 implies that the || - || metric that P (V) inherits from RY is equivalent

to the Hausdorff metric. More precisely, they are the same metric, modulo rescaling each

coordinate i of RY by the norm of the corresponding «;. Hence:

Theorem 3.31. Let V C (R™)* be a configuration of m non-zero vectors positively span-
ning (R™)*. Then P(V), considered as a closed polyhedral cone in R™ with the description
of Theorem 3.2/, is isometric (modulo rescaling of coordinates) to P(V) considered as a
subspace of (P(n), ).

Corollary 3.32. Let N be a complete simplicial fan in (R™)*, with m generators. Then,
the subset of P(n) consisting of polytopes whose normal fan equals N is homeomorphic to

R™. More precisely, it is isometric to the interior of a full-dimensional polyhedral cone in

R™ with a lineality space of dimension n, where R™ is considered with the || - || metric.

3.3.2. Hausdorff dimension of the space of Delzant polytopes. We can now answer Prob-

lems 5.3 and 5.5 from Fujita-Ohashi [22|. For m,n € N let Df*(n) and D}*(n) denote the
spaces of Delzant n-polytopes with m facets, with and without AGL(n,Z) equivalence.

Theorem 3.33.

—_—

(1) The Hausdorff dimension of both Df*(n) and Df*(n) is exactly m.

—_—~—

(2) The Hausdorff dimension of D(n) and D(n) is cc.

Proof. Both statements follow easily from the fact that the Hausdorff dimension of a
countable union of sets equals the supremum of the Hausdorff dimensions of the individual
sets.

For part (1), D™(n) is the union of the sets from Corollary 3.32 for the different

unimodular normal fans with m rays. There is a countable amount of such fans, and the

stratum for each fan has dimension m. In the case of Df*(n) the stratum of a certain fan
N is the quotient of its stratum in D}*(n) by the finite group of GL(n, Z)-automorphisms
of NV, so the quotient does not change dimension.

—_—~—

For part (2) simply observe that D(n) and D(n) are the countable unions of Df*(n)
and Df*(n) with m € N. d

Fujita-Ohashi [22, Problems 5.3, 5.5 ask about the dimension of the spaces DY (n) and

Dt(n) of Delzant n polytopes with ¢ vertices, rather than facets. In order to translate

Theorem 3.33 to this setting we only need to know what the maximum number of facets
of a Delzant n-polytope with ¢ vertices is.

Lemma 3.34 (Lower bound theorem for simple polytopes [6] (see also, e.g., [60, Corollary
8.38])). Let P be a simple n-polytope with m facets. Then, P has at least

m+1)+(m—-n—-1n-1)=m-n)(n—1)+2

vertices, with equality if, and only if, the normal fan of P is obtained from that of an

n-simplex by m —n — 1 stellar subdivisions at full-dimensional cones.
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Corollary 3.35. The Hausdorff dimension of both D%(n) and D:(n) is at most

+€—2
n [
n—1

with equality if and only if ¢ =2 (mod n — 1).

Proof. By the argument in the proof of Theorem 3.33 the Hausdorff dimension equals the
maximum number of facets in a Delzant polytope with m vertices. By Lemma 3.34 this
is at most n + % with equality only for iterated stellar subdivisions of a simplex, which
necessarily have ¢ = 2 (mod n — 1) and include iterated corner choppings of Delzant
simplices. U

Remark 3.36. In dimension two Df*(2) = D!(2) is connected, except for the Hirzebruch

case m = 4 and the case m = 3 (the latter is a point in D(2) and a discrete space in
D(2)). In dimension three or higher we expect every (or infinitely many) of the D™ (n)
to be not connected.

3.4. The fundamental group of D(n). As mentioned above, the space P(n) of all
polytopes is contractible, since we can homotope the identity map to the constant map
P(n) — P by Minkowski segments, where P is any n-polytope. The same is true for
Pgy(n) but not, at least not obviously, for Delzant polytopes. In what follows we look at
the fundamental group of D(n):

Suppose that a path v : [0,1] — D(n) has finite complexity; that is, the number of
rays (equivalently, the number of normal fans) that arise along the path is finite. Then,
by Corollary 2.16, there is a polytope () whose normal fan refines that of ~(¢) for every
t and by Lemma 3.17 we have the following well-defined homotopy:

[':]0,1] x [0,1] — D(n)
(t,s) — (1 —s)v(t) + sQ.
Corollary 3.37. Loops of finite complezity in D(n) are null-homotopic.

Proof. It ~ is a loop of finite complexity with v(0) = ~(1) = P, the homotopy I'
above shows that v is homotopic to the Minkowski path PQQ P, which is obviously
null-homotopic. O

A similar argument can be applied to the following class of paths.

Definition 3.38. We say that a path v : [0,1] — D(n) is locally refining if for every
to € [0, 1] there is an e such that the fan of every polytope (t) with |t — ¢y| < € refines
that of (o).

Theorem 3.39. Locally refining loops in D(n) are null-homotopic.

Proof. By compactness, there are 0 = {5 < t; < --- < t; = 1 such that each interval
[ti—1,t:], 1 € {1,...,k}, contains a point 7; such that the normal fan of v(¢) refines that
of y(r;), for every t € [t;_1,t;]. This makes the following homotopy to be well-defined in
D(n):
Ir: [tifl,ti] X [0, 1] — D(n)
(t,5) — (1= s)y(t) + s7(r).

Hence, each subpath ~|,_, ) is homotopic to the Minkowski path ~(t;—1)v(r;)v(t;) and
the whole loop 7 is homotopic to a loop of finite complexity, which is null-homotopic by

Corollary 3.37. O
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Locally refining loops are a more general class than loops of bounded complexity, but
they do not include all loops:

Lemma 3.40. Every loop of finite complexity is locally refining.

Proof. Suppose that a loop v has finite complexity, so that along the loop only a finite
number of normal fans, say N, ..., N} arise. Observe that this does not imply that the
fan changes only at a finite number of values of ¢, since we can alternate infinitely many
times between two or more fans.

Suppose, to seek a contradiction, that ~ is not locally refining. That is, there is a
to € [0,1] such that in every interval (o — e, %y +¢) a fan that does not refine that of ()
arises. Call the latter . By finiteness of the number of fans, there is a particular fan N
not refining Ny and a sequence (t;);en converging to to such that the normal fan of v(t;)
equals \V for every t;. Let V be the set of primitive generators of rays in N. Then, the
secondary cone of N in the cone P(V) of Section 3.3, which is closed in P(n) since it is
complete, contains y(tp) in its boundary. This contradicts the fact that the boundary of
the secondary cone of A/ consists of the secondary cones of fans refined by N, while A
is not refined by V. O

Example 3.41 (A loop that is not locally refining). Let
P = Conv {(0,0,0), (1,0,0),(0,1,0),(0,0,1)}
be the standard tetrahedron in R?. Consider the following perturbations of it, with & € N:
P, = Conv {(0,0,0),(1,1/(k + 1), —1/k),(0,1,0),(0,0,1) }

Since the Hausdorff distance between two polytopes is attained at a vertex of one of them,
and P and P, have all but one vertices in common, we have that

§7(P, P, < ||(1,0,0) — (1,1/(k + 1), —1/k| < 2/k.

Of course, P is not a Delzant polytope. The crucial property that we need is that its
normal fan contains the 2-dimensional cone C}, generated by the vectors

(—=1,0,—k) and (1,—k — 1,0).
This cone has multiplicity one for every k since it is a face of a unimodular cone:

-1 0 —k
1 —k-1 0 |=1
1 1 E+1

The relative interior of Cy intersects the relative interior of Cone{(0, —1,0), (0,0, —1)} at
the ray generated by (0, —k —1, —k). In particular, no fan containing C}, as a cone refines
the normal fan of the standard tetrahedron P.

Now, let QQr be a Delzant polytope whose normal fan refines that of P, obtained by
the method in Theorem 2.15; that is, by a sequence of stellar subdivisions at rays lying
in the relative interior of cones of multiplicity greater than one. Then, the polytope Qx
still contains the cone C} in its normal fan, so the normal fan of (), does not refine that
of the standard simplex P. We also assume that

6H(P7 Qk) < 2/k7

which is no loss of generality since 67 (P, P;) < 2/k and the Minkowski segment between
any () and P, gives us polytopes with the same normal fan as (J; and arbitrarily close
to P, k-
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Finally, let Ry be an arbitrary Delzant polytope whose normal fan refines that of both
Qr and Qx_1, and assumed to still be at distance at most 2/k from both P.

We are now ready to define the path 7. Restricted to each interval [1/k,1/(k —1)] we
define v as the Minkowski path going from @i to R; and then from Rj; to QQr_;. The
concatenation of this infinitely many paths defines a path v : (0,1] — D(3), and the fact
that all the polytopes in the k-th interval are at distance < 2/k from P implies that we
can extend this path to [0, 1] by simply defining v(0) = P. The path so constructed is
not locally refining since in every interval [0, ¢) infinitely many of the normal fans of Q)
appear, and none of them refines that of P = 7(0). Concatenating v with any Minkowski
path from (1) to P we get a loop that is not locally refining.

Remark 3.42. The path v constructed in Example 3.41 shows that Theorem 3.39 is not
enough to conclude the simple connectedness of D(n) but the path itself is null-homotopic
by the following argument. Let R} be a fan refining that of P and of Ry, and still assumed
to be at distance strictly less than 2/k of P. We can homotope v to the path ~ that uses
R}, instead of Ry in each interval [1/k,1/(k—1)], and then homotope 7' to a path v”; this
substitutes the polytope @), that we now have between Rj and Rj; ., by a polytope Q)
whose fan refines that of Rj and R)_ ,, hence that of P. This produces a path homotopic
to v but in which all normal fans refine that of P.

However, for n = 2 we have the following result, stronger than [21, Theorem 5.1.5]:

Theorem 3.43. If a sequence (Py)ren of Delzant polygons converges to a Delzant polygon
P then there is a ko such that the normal fan of Py refines that of P for every k > kg.

Proof. Since N (P) has finitely many rays it is enough to concentrate on a particular
normal ray «p of P and show that there is a ko such that every N (P;) with k& > kg
contains that ray. Without loss of generality, let oy = (1,0).

By [21, Corollary 5.1.4] there must be a ray «y in each N'(Fy) such that the sequence
(a)k = (ag, by converges to ap. (Here convergence is meant as rays, not as generators;
that is, their slopes by /ay converge to zero). This is because Py needs to have an edge,
or a path of them, converging to the edge of P having oy = (1,0) as normal vector.

This a may have positive or negative slope, but we can take a subsequence where the
slopes have the same sign, and assume it positive. That is, the ray has a; > 0, b > 0 and
b /ax converging to zero. Moreover, there is no loss of generality in assuming that oy is
the last ray in N'(P), in clockwise order, with these properties, since any ray between oy,
and the ray (1,0) would have a smaller slope and would still give a sequence with slopes
converging to zero.

Then, the ray of N'(P;) after oy in clockwise direction is of the form 8y = (—cx, —dy)
with dy > 0. For the corresponding cone to be unimodular we need apd, — cpbr = 1,
which implies that ¢, is also positive and that ¢ /dy converges to infinity too. That is,
the rays [y lie in the negative quadrant and have slopes converging to zero.

Now, let 5 = (e, —1) be the next ray after (1,0) in the normal fan of P, in clockwise
order (e can be positive or negative). The contradiction is that the polygons Py need
to also have rays converging to 3, but this is impossible by the presence of the cone

Cone{ay, B} in N(Py). O
Corollary 3.44. All paths in D(2) are locally refining.

Proof. By Theorem 3.43, each Delzant polygon P has a neighborhood in D(2) such that
the normal fan of every polygon in the neighborhood refines that of P. U

Corollary 3.45. D(2) is simply connected.
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Proof. Every loop in D(2) is locally refining by the Corollary 3.44, and locally refining
loops are null-homotopic by Theorem 3.39. O

Question 3.46. Is the fundamental group of D(n) trivial?

3.5. The CW topology on D(n). Since P(n) is the union of the subsets P(N) for
the different complete fans N and since each P(N) is isometric to a finite dimensional
polyhedral cone, the stratification by normal equivalence is a cell decomposition of P(n)
into the uncountably many strata P(N') for the possible fans. The closure of each cell is
isometric to a closed polyhedral cone in some R™ with its face structure being the poset
structure of the finitely many fans refined by NV. In order to make these closures compact,
we only need to take the quotient of P(n) by translations and positive scaling.Indeed, the
quotient by translations removes the common lineality space of all closed cells, turning
them into pointed cones, and the quotient by positive scaling makes these pointed cones
compact; indeed, homeomorphic to polytopes, and preserving their face structure. That
is:

Proposition 3.47. The quotient of P(n) by translations and positive scaling has a natural
structure of regular CW complex in which closed cells of dimension m correspond to
secondary cones of dimension m +n + 1 and the face poset structure of the CW complex
1s that of refinement of normal fans.

In this structure Pgy(n) is a subcomplex with countably many cells, and D(n) is a union
of open cells, but not a subcomplex.

We call the topology induced on any of P(n), Pg(n) and D(n) spaces by the CW
structure their CW topology. Observe that a priori this is defined on a quotient space,
but it can be lifted to the original space via the following considerations:

e One canonical way to choose a representative from each class in the quotient is
to translate and dilate every polytope other than a single point (a 0-polytope)
so that its circumball is the unit ball. The circumball or smallest enclosing ball
exists and is unique for every bounded subset of R™ [24, p. 49]. This shows that
the (llio/tient space is also a subspace.

e Let P(n) denote the quotient of P(n)\{0-polytopes} by translations and dilations.
The following map is a bijection:

—_~—

Pln)\ {O—polytopes} — P(n) x R™ x (0, 00)
P — (P, ¢(P), x(P))

where ﬁ, ¢(P) and r(P) denote, respectively, the class of P, the center, and the
radius of the circumball of P.

Via this bijection, we can lift the CW topology of P(n) to P(n), and to its
subspaces Pg(n) and D(n). Since R"™ x (0, 00) is contractible, the homotopy type
of D(n) and its quotient is the same.

Regarded from this perspective, the fans constructed in Theorem 2.27 correspond to
open cells that are in D(n) but with empty boundary in D(n). Also, this provides another
way of expressing why connectivity by blow-ups/blow-downs as we have for n = 2 is nicer
than the one we have for n > 3: for n = 2 there are paths that move only through cells
of consecutive dimensions.

However, it must be noted that the CW topology obtained in this way is not the metric
topology of P(n) that we are considering in the paper, coming from 6% or 6. In fact,

we have the following:
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Lemma 3.48. The CW topology on P(n) (or on Pg(n), or on D(n)) is not metrizable.
Hence, it does not coincide with the topology coming from 5V o 6.

Proof. A metrizable CW complex must be locally finite, i.e., every point must lie only in
finitely many closed cells. In our case every polytope P lies in the infinitely many cells
corresponding to fans that refine N'(P). O

Proposition 3.49. The CW topology on P(n) (or on Pgy(n), or on D(n)) is strictly finer
than the metric topology coming from 5% o 6.

Proof. In the CW complex a set is, by definition, open (respectively, closed) if and only if
its intersection with each closed cell is open (respectively, closed). Since the closed cells
of the CW complex are closed also in the metric topology, the CW topology is finer. It is
strictly finer since, for example, Pgy(n) is closed in P(n) with respect to the CW topology
(as is any union of closed cells in a CW complex) while it is dense in the metric topology
(cf. Theorem 3.18). O

However, for every finite, or even locally finite, subcomplex the CW topology and the
metric topology in P(n) coincide.

As another proof that the topologies are different, Example 3.41 shows a path - in D(3)
with respect to the metric topology in which every neighborhood of Py = v(0) contains
polytopes whose fan does not refine that of 7. In the CW topology, the union of cells
corresponding to polytopes that refine N (P) are, by definition, a neighborhood of P.
More strongly, in the CW topology all paths have finite complexity:

Lemma 3.50. Let n € N and let X be a compact topological space. A map f : X — D(n)
is continuous with respect to the CW topology in D(n) if and only if:

(1) It is continuous with respect to the metric topology, and
(2) f(X) intersects only finitely many cells.

Proof. Necessity of (1) follows from Proposition 3.49 and necessity of (2) from the fact
that f(X) is compact and every compact subspace in a CW complex is contained in a
finite subcomplex |28, Proposition A.1].

In order to prove sufficiency, suppose that f intersects only k cells, corresponding to the
unimodular fans ¥, ..., ;. Let X be a common unimodular refinement of them and let
V the finite set of rays used in 3. Then f can be considered as a map X — f(X) C P(V)
and in P(V) the CW topology and the metric topology coincide. O

Recall that a space with all homotopy groups trivial is called weakly contractible.
Corollary 3.51. D(n) with its CW topology is weakly contractible.

Proof. Let f : S¥ — D(n) be a continuous map from the k-sphere S to D(n). We need to
show that it is homotopic to a constant map. By [28, p. 346| to show that a homotopy
group is trivial we can forget basepoints. By Lemma 3.50 there is a Delzant polytope
Q whose normal fan refines f(z) for every x € S¥. We consider the following homotopy,
similar to the one in Corollary 3.37 and Theorem 3.39:

I:S*x[0,1] — D(n)
(x,s) +——(1—39)f(z)+sQ.

This map is continuous with respect to the metric topology and its image intersects only

the cells which f(S*) intersects plus the cell corresponding to Q. O
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Remark 3.52. A weak homotopy equivalence between two topological spaces is a con-
tinuous map inducing isomorphisms in all homotopy groups. Whitehead’s Theorem |28,
Theorem 4.5] says that a weak homotopy equivalence between CW complexes is in fact a
homotopy equivalence, so weakly contractible CW complexes are contractible. We cannot
apply this directly to D(n) since it is a union of open cells, but not a subcomplex, of

P(n).

4. TRANSLATION TO SYMPLECTIC TORIC MANIFOLDS

In this section we translate the main result from Sections 2 and 3 into the language of
symplectic toric manifolds.

4.1. Symplectic toric manifolds: basic theory. For an introduction to symplectic
geometry and Hamiltonian torus actions we refer to Cannas da Silva [10], Guillemin-
-Sjamaar [26] and Pelayo [19]. The origins of symplectic geometry can be traced back
to classical mechanics, see Abraham-Marsden [1], De Leén-Rodrigues [11] and Marsden-
Ratiu [41] for texts with an emphasis on this point of view.

4.1.1. Definition of symplectic toric manifold. We start reviewing the concept of sym-
plectic manifolds, which is the mathematical model of the phase space of physics.

Definition 4.1. A symplectic manifold (M,w) is a pair consisting of a smooth manifold
M and a symplectic form w, i.e., a non-degenerate closed 2-form on M. We denote by
Sympl(M) the group of symplectomorphisms (i.e. symplectic diffeomorphisms) of M.

Throughout this section we wtrite
T" .= (TH" = (R/Z)"

for the n-dimensional standard torus. Denote by t the Lie algebra Lie(T™) of T" and by
t* the dual of t. Let exp: t — T™ be the exponential map of Lie theory.

Let T" x M — M, (t,m) — t-m be a symplectic action (i.e. an action by symplec-
tomorphisms) of the n-dimensional torus T" on (M,w). Let X € t. Then X generates
a smooth vector field X;; on M, called the infinitesimal generator of the action, defined
by

d
Xp(m) = T exp(tX) - m.
t=0

We write tx,,w = w(Xy, ) € Q' (M) for the contraction 1-form.

Definition 4.2. Let (-,-) : t* x t — R be the duality pairing.” The T"-action on (M, w)
is said to be Hamiltonian if there exists a smooth T"-invariant map p: M — t*, called
the momentum map or moment map, such that for all X € t we have tx,,w = d{u, X).

In order to simplify the presentation we are going to assume that the momentum map
takes values in R, where n is the dimension of t*. This will allow us to work and reason
with Delzant polytopes etc in R", as we did in the previous sections, instead of with the
abstract space t*. This is a standard simplification (which on the other hand represents
no loss of generality) done via the following non-canonical procedure. Let us choose an
epimorphism F: R — T, for instance, z — €2"V~1*. This Lie group epimorphism has
discrete center Z and the inverse of the corresponding Lie algebra isomorphism is given by

5In previous sections we used the same notation for the pairing in general real vector spaces or in R™.
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Lie(T!) > 2 + L € R. Therefore, for T" = (T")", we obtain the following isomorphism
of Lie algebras
Lie(T") =t — R"
0 - 1
— —e
a.’L’k 2 w
where e is the kth standard basis vector in R™. Choosing an inner product on t, we
obtain an isomorphism t — t*, and hence taking its inverse and composing it with the
isomorphism t — R"™ described above, we get an isomorphism Z : t* — R”. In this way,
we obtain a momentum map
= puz: M — R"

Definition 4.3. A symplectic toric manifold is quadruple of the form
(M7 w? Tn? /’1/)7

where (M, w) is a compact connected symplectic manifold of dimension 2n endowed with
an effective Hamiltonian action of an n-dimensional torus T" admitting a momentum
map 4 : M — t*. Via the (non-canonical) isomorphism t* = R™ the map p gives rise to
a map M — R™ which, to simplify notation, we also denote by p: M — R™.

Often symplectic toric manifolds are referred to as (compact connected) toric integrable
systems. Essentially a toric integrable system on a 2n-dimensional symplectic manifold
(M,w) is a smooth map p: (M,w) — R™ which is an integrable system in the usual sense
(see for instance [53| for the basic definitions and properties) in which all components
wi: M — R generate periodic flows of the same period. Usually one does not require the
manifold to be compact when speaking of toric integrable systems, unlike in the case of
symplectic toric manifolds, but other than that they are the same object.

Symplectic toric manifolds also have the structure of a toric variety; see Delzant [14] for
this connection and Duistermaat-Pelayo [16] for explicit coordinate formulas explaining
it. For surveys concerning symplectic geometry from the point of view of Hamiltonian
torus actions and integrable systems, including symplectic toric manifolds, we refer to
[53, 49].

4.1.2. Isomorphisms and weak isomorphisms of symplectic toric manifolds.

Definition 4.4. Let (M, w, T", ) and (M’,w’, T™, i) be 2n-dimensional symplectic toric
manifolds endowed with effective symplectic actions p: T" — Sympl(M,w) and p': T" —
Sympl(M';w"). We say that (M,w, T" u) and (M’ &', T", 1') are:
e isomorphic if there exists an equivariant symplectomorphism ¢: M — M’ such
that ¢/ o ¢ = p.
o weakly isomorphic if there exists an automorphism h: T™ — T" and an h-equivariant
symplectomorphism p: M — M’, i.e., the following diagram commutes:

T x M LM
(h,so)l %Ol
™ x M L M,
where p*(z,m) := p(x)(m) for every x € T", m € M and p’* is defined analogously.

Since the automorphism group of T" is the general linear group GL(n,Z) we have that

h is represented by a matrix A € GL(n,Z).
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4.1.3. Atiyah-Guillemin-Sternberg Convexity Theorem. Let (M,w) be a symplectic man-
ifold of dimension 2n and let (T')* be a torus of any dimension & < n acting on M
Hamiltonianly with momentum map p: M — RF. A seminal result proven indepen-
dently by Atiyah [5] and Guillemin-Sternberg [27] says that the momentum map image

(M) C R”

is equal to the polytope P C R* obtained by taking the convex hull of the images
of the fixed point set of the (T!)*-action on M. In our case, since we are interested
in symplectic toric manifolds, the relevant case is k = n. So if (M,w,T" u) is a 2n-
dimensional symplectic toric manifold then p(M) is a polytope in R™.

This general result by Atiyah and Guillemin-Sternberg has some important precedents
in the work of Horn [32], Kostant [37] and Schur [57].

4.1.4. Definition of the spaces of symplectic toric manifolds.

Definition 4.5 (Sections 1.2 and 1.3 in [50]). Assuming the previous conventions for T"
and that the identification Z: t* — R" is fized, we define:

o M(2n) := M(2n)? as the set of equivalence classes of 2n-dimensional symplectic
toric manifolds under the equivalence relation given by isomorphisms®.

e M(2n) as the set of equivalence classes of 2n-dimensional symplectic toric mani-
7

folds under the equivalence relation given by weak isomorphisms’.
To simplify the notations we often write (M, w,T", 1) identifying the representative
with its equivalence class [(M,w, T™, 1) in M(2n).

4.1.5. Delzant correspondence: from symplectic toric manifolds to Delzant polytopes. We
saw in Section 4.1.3 that if (M,w,T", 1) is a 2n-dimensional symplectic toric manifold
then p(M) is a polytope in R™.

A famous theorem by Delzant showed that the polytopes that arise this way are exactly
the Delzant polytopes (Definition 2.10) and that the Delzant polytope of a symplectic
toric manifold is a complete invariant of its isomorphism type. This was complemented
by Karshon-Kessler-Pinsounnault [36, Proposition 2.3 (2)] who gave the analogous result
for weak isomorphisms:

P

Theorem 4.6 (Delzant [14], Karshon-Kessler-Pinsounnault [36]). Let D(n) and D(n) be
the space of Delzant n-polytopes and its quotient by AGL(n, Z)-equivalence, as defined in
Section 3.1. Then

e The map
(3) M(2n) — D(n).
(M, w,T", p)] — p(M).

is a bijection between M(2n) and D(n).
e This bijection descends to a bijection

—~— —~—

(4) M (2n) — D(n).

6Tf we choose a different identification Z’: t* — R", then M(2n)T and Mrn are in general different
as sets. However they are in bijective correspondence by a bijection which preserves the structures with
which we are concerned in the present paper.
"Two weakly isomorphic toric manifolds are isomorphic if i is the identity and p' o p = p.
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Example 4.7 (See Corollary 2.23 and Figure 2).
Py={(z1,22) €R* | 21 20, 2520, 214+ 32 <A},
is the image under this map of the standard T? action on CP? endowed with the Fubini-

Study symplectic form multiplied by A. The Hirzebruch trapezoid,

b b
—§<$2<§, 0<x <a—kxyyp,

is the image under this map of the standard toric action on a Hirzebruch surface.

Hopr = {(351,@) € R?

4.2. Geometry and topology of the space of symplectic toric manifolds.

4.2.1. Symplectic interpretation of Theorems 2.26 and 2.27. Theorem 2.26 and Theo-
rem 2.27 imply that, unlike in dimension 4, there is no collection of “toric minimal mod-
els" for symplectic toric manifolds in dimension 6 or higher. We refer to Delzant [14]
and Duistermaat-Pelayo [16] for the relation between a symplectic toric manifold and the
underlying toric variety.

Theorem 4.8. Let (M,w) be a 6-dimensional symplectic toric manifold. Then there
exists another 6-dimensional symplectic toric manifold (M’ ') such that:

e there is a toric equivariant eptmorphism between the underlying toric varieties
M — M,

o (M' W) is not equivariantly symplectomorphic to the toric equivariant blow up of
any other 6-dimensional symplectic toric manifold.

Corollary 4.9. Given any collection F of 6-dimensional symplectic toric manifolds there
exists another 6-dimensional symplectic toric manifold which cannot be obtained by a finite
sequence of toric equivariant symplectic blow ups from an element of F.

Theorem 4.10. Let n > 3. There is an infinite family (My,wy)ren of pairwise non-
homeomorphic 2n-dimensional symplectic toric manifolds with the property that any toric
equivariant epimorphism to another 2n-dimensional symplectic toric manifold My — M
18 a homeomorphism.

—_—

4.2.2. Metric and topology on the moduli spaces M(2n) and M(2n). The bijection (3) of
Theorem 4.6 allows us, following [50] to define a metric on M(2n) as the pullback of the
metric 6V defined on D(n) (Section 3.1), thereby getting the metric space (M (2n),d).
This metric induces a topology v on M(2n) and it makes the map of Theorem 4.6(1) a
homeomorphism.

We also endow M (2n) with the topology v induced by (4), that is, with the quotient
topology coming from M (2n), which makes Theorem 4.6(2) a homeomorphism too.

The metric 6" is very closely related to the famous Duistermaat-Heckman measure
mpy on R™ from [15]: if p: (M,w) — t* =~ R" is the momentum map of a symplectic
toric manifold then the Duistermaat-Heckman measure on t* ~ R" is given as follows: if
U C t* ~ R" is a Borel set then mpyu(U) is (up to a constant, depending on conventions)
the volume of u~'(U) with respect to w", that is, the symplectic volume f,u_l(U) e
Because the toric case is so especial, in terms of the Euclidean volume (Lebesgue measure
on R™) we have that mpu(U) = Vol(UNu(M)) (in general for Hamiltonian actions of tori
of lower dimension m < n, the expression of mpy is given by the integral of a function
which is a polynomial of degree at most n — m on each component of the regular values

of p, this being a famous result by Duistermaat-Heckman).
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4.2.3. Main Theorem describing the geometry and topology of M(2n) and M(2n). It
follows from the work we have described in this section that Theorems 3.18 and 3.19 are
equivalent to the following.

Theorem 4.11. Let M(2n) and M(2n) be the moduli spaces of toric 2n-dimensional
manifolds, under isomorphisms and equivariant isomorphisms, respectively. Then:

—_——

(i) M(2n) and M(2n) are path connected.

(ii) M(2n) is not locally compact, but it is dense in Cy(n) in the sense of identifying
M(2n) with D(n) via (3). Hence, its completion is the same as that of Cy(n)
(namely C,(n) U{0} for 8" and C(n) for §%).

(ili) (M(2n),8Y) is not locally compact, but it is dense in Cy(n) in the sense of iden-

—_— e~

—~—

tifying M(2n) with D(n) via (4). Hence, its completion is the same as that of
Cy(n), namely C,(n) U {0}.

Theorem 4.11 essentially solves a problem proposed by the first author and Vi Ngoc |54,
Problem 2.42| in 2012.
Similarly, Corollary 3.45 implies:

Proposition 4.12. M(4) is simply connected.
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