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We consider rotating black hole solutions in five-dimensional Einstein-Maxwell-Chern-Simons theory
with a negative cosmological constant and a generic value of the Chern-Simons coupling constant 1. Using
both analytical and numerical techniques, we focus on cohomogeneity-1 configurations, with two equal-
magnitude angular momenta, which approach at infinity a globally anti-de Sitter background. We find that
the generic solutions share a number of basic properties with the known Cvetic¢, Lii, and Pope black holes
which have 4 = 1. New features occur as well; for example, when the Chern-Simons coupling constant
exceeds a critical value, the solutions are no longer uniquely determined by their global charges. Moreover,
the black holes possess radial excitations which can be labelled by the node number of the magnetic gauge
potential function. Solutions with small values of A possess other distinct features. For instance, the
extremal black holes there form two disconnected branches, while not all near-horizon solutions are

associated with global solutions.

DOI: 10.1103/PhysRevD.95.064018

I. INTRODUCTION

The study of black hole (BH) solutions with a cosmo-
logical constant A < 0 has enjoyed recently a tremendous
amount of interest. The natural ground state here is the
Anti-de Sitter (AdS) spacetime, which, from a mathemati-
cal viewpoint, can be regarded as fundamental as the
Minkowski one, possessing the same number of Killing
vectors [1]. Therefore, finding less symmetric solutions and
contrasting the situation with the Minkowskian counter-
parts is an interesting problem in itself, which ultimately
may lead to a beter understanding of the real-world BHs.
However, the main motivation for the study of BHs with
AdS asymptotics comes from the proposed correspondence
between physical effects atssociated with gravitating fields
propagating in AdS spacetime and those of a conformal
field theory (CFT) on the boundary of AdS spacetime [2,3].
According to this conjecture, the AdS; BHs would offer
the possibility of understanding the nonperturbative struc-
ture of some CFTs in (D — 1) dimensions.

Restricting to a globally AdS background and D =5
spacetime dimensions, one remarks that the asymptotically
flat Myers-Perry BH [4] possesses a generalization which
has been studied by various authors, starting with the work
by Hawking et al. [5]. However, the situation is more
patchy in the presence of an (Abelian) gauge field. The only
Einstein-Maxwell solution which is known in closed
form is the (electrically charged, spherically symmetric)
Reissner-Nordstrom (RN)-AdS BH. The basic properties of
its rotating generalization have been studied in Ref. [6] by
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using numerical methods, for the particular case of two
equal angular momenta |J;| = |J,|, while the general
solutions with J; # J, are still unknown.

However, in five spacetime dimensions, the Maxwell
action may be supplemented by a Chern-Simons (CS) term.
This makes no difference to static configurations, but it
does affect the class of stationary solutions. Rather than
being merely an extension of the Einstein-Maxwell model,
the inclusion of a CS term is motivated by its presence (with
a particular coefficient 1 = Ag; = 1) in the bosonic sector
of D=5 minimal gauged supergravity. Several exact
solutions of this supergravity model describing charged
rotating BH solutions have been reported in the literature.
Of main interest here are the BH solutions found in Ref. [7]
by Cveti¢, Lii, and Pope (CLP). These are the most general
asymptotically AdS BHs which rotate in two planes with
equal-magnitude angular momenta and are free of pathol-
ogies. As such, they possess three global charges: the mass
M, the electric charge @, and the angular momenta
|[J1| = |J»| = J. The parameters M, Q, and J are subject
to some constraints, such that closed timelike curves and
naked singularities are avoided. The BHs in Ref. [7] also
possess an extremal limit which preserves some amount of
supersymmetry [8] (note that these solutions present non-
vanishing angular momentum). Generalizations of these
configurations with more matter fields and/or unequal
angular momenta have been constructed in Ref. [9].

The main purpose of this paper is to answer the question
of how general the CLP solution is. For example, when
taking a value A # Agg of the CS coupling constant and
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imposing the assumptions (i) AdSs asymptotics, (ii) two
equal angular momenta, and (iii) the absence of patholo-
gies, do we recover the same qualitative features as
in Ref. [7]?

Although a CS term does not contribute to the Einstein
equations, its presence breaks the charge reversal invari-
ance. Moreover, a value 1 # 0 introduces a nonlinearity at
the level of the Maxwell-Chern-Simons equations; thus,
varying 4 may lead to new features of the solutions. Indeed,
as discussed in Refs. [10-12], the asymptotically flat limit
of these BHs possesses a variety of new properties when the
Chern-Simons coupling constant is large enough [starting
above the supergravity (SUGRA) value]. Perhaps the most
unusual feature there is that the BHs form sequences of
radially excited solutions, that can be labeled by the node
number of the magnetic gauge potential function.
Moreover, the solutions there exhibit nonuniqueness, and
one finds extremal and nonextremal BHs with the same sets
of global charges and different bulk geometries.

It is likely that some of the new features in Refs. [10—12]
will survive in the presence of a negative cosmological
constant. Thus, one can predict that the CLP solution (which
possesses a nodeless magnetic gauge potential function) will
fail to provide an accurate qualitative description for large
enough 1. However, the situation is less clear for small
enough values of the CS coupling constant.

To answer the questions above, we consider the same
framework as in the CLP case (in particular the same
boundary conditions at infinity) and study Einstein-
Maxwell-Chern-Simons (EMCS) BHs with 4 # Ay, a task
which, to our knowledge, has not been yet undertaken in the
literature. Our results show that new qualitative features
occur both for small and for large enough values of the CS
coupling constant. Then, one cannot safely extrapolate the
features of the CLP solutions to the case of a generic 4. In
particular, all unusual features found in [10-12] for asymp-
totically flat BHs in EMCS theory survive in the presence of
a negative cosmological constant. Moreover, new features
occur as well for a small A.

The paper is organized as follows. In Sec. II, we introduce
the general framework. The squashed AdS, x $* solutions
of the EMCS model are discussed in Sec. III in conjunction
with the near-horizon formalism. Such configurations are of
interest since in principle they could emerge as a near-
horizon limit of the extremal global solutions. The BH
solutions are discussed in Secs. IVand V. Several values of 1
are considered there, the situation being contrasted with the
A = 1 CLP case. We end with a brief conclusion and outlook
in Sec. VI. The Appendix contains a discussion of the basic
properties of the exact CLP solution.

II. FRAMEWORK

The action for D =5 Einstein-Maxwell theory with
negative cosmological constant A = —6/L? and a CS term
is given by
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where R is the curvature scalar and G5 is Newton’s constant
in five dimensions; in the following, to simplify the
relations, we consider units such that Gs = 1. Also, A,
is the gauge potential with the field strength tensor
F,, =0,A,-9,A,, and / is the CS coupling constant.
For the value 1 = Agg = 1, the action (1) coincides with the
bosonic part of D = 5 minimal gauged supergravity.

The field equations of this model consist of the Einstein
equations

1
G, +Ag, = Z(FM,FF’” - ZF/,(,FP ) (2)
together with the Maxwell-Chern-Simons equations
vV, F# 4 mwapr L Fg, =0 3
v +m£ val py — Y- ( )

The general EMCS rotating BHs would possess two
independent angular momenta and a topology of the event
horizon which is not necessarily spherical.l Thus, a generic
ansatz would contain metric functions and gauge potentials
with a nontrivial dependence on more than one coordinate.
However, this is a very hard numerical problem which we
have not yet solved.

The problem is greatly simplified by assuming that the
solutions have two equal-magnitude angular momenta and
an event horizon with spherical topology. This factorizes
the angular dependence of the problem, leading to a
cohomogeneity-1 ansatz, the resulting equations of motion
forming a set of coupled nonlinear ordinary differential
equations (ODEs) in terms of the radial coordinate only2
For such solutions, the isometry group of the line element is
enhanced from R, x U(1)? to R, x U(2), where R, denotes
the time translation.

An ansatz with these symmetries is built in terms of the
left-invariant 1-forms o; on S, with a line element

1
ds* = F,(r)dr* + ZFz(r)(a% +03)

L F() 03 = 2W()d0? ~ Fo(r)d (4

'Vacuum BHs with an $2 x S! event horizon topology in a
global AdSs have been constructed recently in Ref. [13]. One
expects these solutions to possess generalizations in EMCS
theory.

Note that a similar approach has been used by various authors
to numerically construct D = 5 spinning BHs, for various models
where an exact solution is missing; see e.g. Refs. [14-21]
(perturbative exact solutions have been constructed as well within
the same approach; see e.g., Refs. [22-25]).

064018-2



CHARGED ROTATING BLACK HOLES IN EINSTEIN- ...

and a gauge field

1
A = ay(r)dt +a,(r) 203 (5)
where 6, = cosydf + siny sin@dgp; o6, = —sinydo +
cosy sin@dep; o3 = dy + cosOdegp; and 6, ¢, and y are
the Euler angles on S°.

III. SQUASHED AdS, x S* SOLUTIONS
AND THE ATTRACTOR MECHANISM

Some analytical expressions together with a partial
understanding of the properties of extremal EMCS BHs
can be achieved by considering solutions with a squashed
AdS, x $3 geometry. In this case, the r-dependence of the
problem factorizes such that the field equations reduce to a
set of algebraic relations.

Such solutions are found by taking a particular expres-
sion of the general ansatz (4) and (5) with

F, =2
1=
rz’

W = ar,

F0:7)1r2, F2:1)2, F3:’1]27’],

ap = —qr, a, = p. (6)

The resulting geometry describes a fibration of AdS, over
the homogeneously squashed S® with symmetry group
SO(2,1) x SU(2) x U(1) [26]. In the above relations, v,
v, N, a, ¢, and p are six constants subject to four
constraints which result from the EMCS equations (2), (3),
|

L2U2

4(6vy + 4L%)v}
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together with
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A simple solution of the above equations exists in two
limiting cases. First, in the absence of a gauge potential
(p = g = 0), one finds

U3 Uy
r]:2<1+—2>, V)= ——5—,
L 4(1 4+ L;)

1 1422

20479V 1+

©)

This solution describes the near-horizon geometry of the
extremal Myers-Perry (MP)-AdS BHs.

For g # 0, a simple analytic solution can be written for
A =0 only (i.e., pure EM theory), with

16(L2 + 3U2)2 )

T ML 3y

= L% (40} + a*13)) B

3’

L41}2

v 31)2

V42 (303(5L% + vy) + LY(L? + Tvy)) — L*(L? + 20,)

1= 4(L2 —+ 3112)

For A4 # 0, writing a solution similar to (10) reduces to
solving a sixth-order algebraic equation, a task which is
approached numerically. Thus, we are left with a two-
parameter family of solutions, which we found convenient
to parametrize in terms of v, and 7. These constants
measure the radius of the round S? and the squashing of
the S3 part of the metric, respectively.

A. Charges

The solutions of the algebraic system (7), (8) are
expected to describe the near-horizon limit of asymptoti-
cally AdS5 extremal BHs in EMCS theory. Thus, they are
of particular interest in conjunction with the entropy
Sfunction formalism [27-29]. For example, this formalism
allows us to find the expression for some quantities of
interest for the global extremal solutions without

16a*(L* + 3v3)* — L8

. (10)

[
integrating the field equations in the bulk; it also leads
to some predictions for the structure of those BHs.

The analysis is standard, and a detailed computation has
been given in Ref. [11], for the same framework, although
in the absence of a cosmological constant. Thus, we shall
present here the basic steps only. Following the usual
approach, we consider the action functional of the model
(with £ the EMCS Lagrangian)

h(aavl1v27napvq) :/dédqﬂdlllql—gﬁ

6 20002
= 472 (\ioyw, (4= + 2+ 212
L 4oy

2.2 2
n (v3q 5 164Ap~q
—|—=—-4 - .

Jrvl\/”z(”% p) 2V/3
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The entropy function is the Legendre transform of the
above integral with respect to the parameters o and ¢,

S = 2z(2aJ + pg — h), (11)

where J and § are related to the angular momentum and the
electric charge of the solutions, respectively.

Within  this approach, the Finstein equations
correspond to
oh oh oh
v, ov, on

Note that in the presence of the CS term in the action, the
corresponding analysis for the gauge potentials is more
intricate [30], and recovering the relations for (p, ¢) in (7)
and (8) requires some care.

Within the entropy function formalism, the considered
configurations are characterized by two independent
parameters, for which we would like to choose the angular
momentum and electric charge. In order to calculate them,
one can employ the Noether charges approach [30-33].
Then, the expression of the total angular momentum is [11]

3/ )/ 16
J=A4r—2_ \/ﬁp(p + pa) + 7[27,73/205 _ E\/gﬂlﬁl’
U1 U1
(13)
a result which is also obtained from the equation
Oh -~
—=J=16nJ. 14
Oa 4 (14)

The corresponding expression of the electric charge is [11]

3/2
v 8ﬂ\/§
0= —4n "2 ilp + pa) + 5 dph (15

which is equivalent to

oh 873
—=4=-0—-—"1p% 16
9 Q——5—4p (16)
Then, the solutions have an entropy,

S 9
4

(17)
where

1 _
Ay =3 / dBdpdy/ | det(g™)| = 1622057 iy (18)

will be identified with the horizon area of the global
extremal solutions. For the purposes of this work, it is
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also of interest to consider the horizon angular momentum
Jy, which can be calculated using the standard Komar
formula (with the Killing vector 7 =9, — 9,)

1 _
—_ 9 — Vr t_VI r
Ju i d0dgdy\/—g(V't ")
5/2
=12 pla. (19)
Uy

Note that, although the cosmological constant is not
explicitly found in the above expressions, it enters via
the relations (7) and (8).

B. Branch structure and predictions
for the global solutions

If we fix the CS constant 4 and the AdS length scale L,
the near-horizon solutions only depend on the angular
momentum J and the electric charge Q. Unfortunately, the
relations (13) and (15), together with (7) and (8), are very
complicated, and thus it is not possible to give an explicit
expression for the entropy S as a function of Q and J (the
same holds for the horizon angular momentum Jg).

However, it is a straightforward problem to compute
those expressions numerically. This reveals a rather com-
plicated picture, with the possible existence of several
branches of solutions.

1. A=0 case

Let us start by addressing first the 4 = 0 limit of the
solutions, [i.e., Einstein-Maxwell (EM)-AdS theory], in
which case partial analytic results are at hand [see
Egs. (10)]. In agreement with our physical intuition, one
finds two different branches of solutions, corresponding to
two different possible ways to generate extremal EM-AdS
global solutions. One of the branches contains the near-
horizon geometry of the extremal RN-AdS BH as the J/ = 0
limit. Then, a whole branch is generated when adding spin
to that limiting solution. Therefore, we call this set the RN
branch. The second branch contains the near-horizon
geometry of the extremal MP-AdS BH as the uncharged
limit. In this case, the whole branch is generated when
electric charge is introduced into that near-horizon geom-
etry. As such, this set is called the MP branch.

These two branches are shown in Fig. 1, with a (Jy, Ay)
diagram (left) and a (J, Jy) diagram (right) (note that the
electric charge is fixed there; also, all results in this section
are found for an AdS length scale L = 1). Interestingly,
these two branches never intersect; i.e., there are no
attractor solutions connecting them. This leads us to predict
that the global solutions will also be on disconnected
branches. Thus, for a fixed value of the electric charge,
we shall find two branches of extremal BHs, which,
however, cannot be connected by global solutions of which
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(a) Area vs horizon angular momentum Jy for near-horizon solutions with fixed positive electric charge Q = 0.044 and

several values of A. (b) Horizon angular momentum J vs angular momentum J for near-horizon solutions with negative electric charge
Q = —0.044. The squares mark the critical solutions. In both figures, we include pure EM near-horizon solutions for reference. Also,

the AdS length scale is L = 1.

the near-horizon geometry is described by a squashed
AdS, x $3 metric.

2. Generic picture

The picture for 4 #0 (i.e., an EMCS-AdS theory) is
more complicated. First, in this case, if we fix the CS
coupling 4, the sign of the electric charge becomes relevant.
In the following, we will assume A > 0 without any loss of
generality and show results for several small values of 4.
For the discussion, we shall fix |Q| = 0.044 and the AdS
length to L = 1, although we have explored other values of
these parameters, and the features described below are
generic.

Let us start with the positive Q case. Then, for the
0 =0.044 and 0 <1 < 0.0305, the branch structure is
similar to that of the pure EM-AdS case, and one finds
again two separated branches of near-horizon solutions
[see Fig. 1(a)]. One of them, the RN branch, contains the
near-horizon limit of the extremal RN-AdS BH. The other
one, the MP branch, contains the near-horizon geometry of
the extremal MP-AdS BH. Moreover, both branches are
disconnected. Then, the prediction above for the global
solutions still holds for these EMCS solutions.

However, this structure changes drastically for 4 > 0.0305,
where a bifurcation happens. For this specific value,
both branches connect at some particular configuration
which does not seem to possess special properties. When
A > 0.0305, one finds again two disconnected branches after
the bifurcation. These features are shown in Fig. 1(a), for
A =0.031 (purple curve) and A = 0.1 (cyan curve).

Now, let us continue with the negative Q case, which
presents very different properties. There, it is more con-
venient to show the branch structure by plotting the horizon
angular momentum J g vs the total angular momentum J, as

we do in Fig. 1(b). The main feature always present in
0O < 0O solutions is the appearance of a critical near-horizon
solution with vanishing horizon area (marked with a square
in the figure). This near-horizon solution is always sepa-
rating the near-horizon geometry of the extremal MP-AdS
BH from the near-horizon geometry of the extremal
RN-AdS BH. Hence, a prediction of the near-horizon
formalism is that in this case we always find (at least)
two branches. For fixed Q, this critical solution has a certain
value of angular momentum J ., which increases as 4 goes to
zero (in fact, one finds J. — o as A — 0). The horizon
angular momentum of the critical solutions also vanishes.

For small enough values of A, we observe also other
interesting features. For instance, consider 0 < 4 < 0.25.
Then, the MP branch can have more than one solution with
the same angular momentum. In Fig. 1(b), this can be seen
for A = 0.1 (cyan curve), where a vertical line of constant J
can intersect up to three times with the curve. However, as 4
increases, this behavior is lost; see the 4 = 0.25 curves in
Fig. 1(b). Yet another interesting behavior can be observed
on the RN branch. In Fig. 1(b), one can see that the
near-horizon formalism predicts the existence of counter-
rotating solutions. For instance, consider the curves with
A =0.1 (cyan) and A = 0.25 (red). It can be seen that for
large enough J, and for solutions satisfying J < J,., the
horizon angular momentum goes from positive to negative.
In fact, for 4 > 0.5, the RN branch always has negative
horizon angular momentum, J, < 0.

We have also studied solutions with 0.5 < 1 < 2, and it
turns out the (qualitative) picture described above for A =
0.5 holds in that case, in particular the existence of a critical
configuration with Ay = 0. A discussion of this property
for the 1 = Ag5 case is given in Appendix A, based on the
analytical CLP solution.
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However, new features occur for 4 > 2, in which case
the branch structure becomes qualitatively similar to that
of the asymptotically flat case [11]. Essentially, for
Q <0, the near-horizon geometry of the extremal
RN-AdS BH is no longer the only solution with
J = 0, but there is a J = 0 near-horizon solution, which
is not static. We will comment more on that later, when
discussing the global aspects of these solutions. The
discussion of the branch structure for 1 > 2 can be found
in Ref. [11] (flat case), and, since it is recovered here, we
refer the reader to that paper.

IV. BLACK HOLES IN EMCS-ADS THEORY:
GENERAL PROPERTIES

A. Parametrization and equations of motion

To make contact with the previous numerical work on
the D =5 EM(CS) system [6,11], we introduce the new
angular coordinates

0=20, d=m-p. w=¢ +@ (20)
where 6 € [0,7/2], ¢, € [0,2x],and ¢, € [0, 2x]. Also, we
fix the metric gauge and reparametrize the functions in (4)
by taking

PHYSICAL REVIEW D 95, 064018 (2017)

where

r2

N(r) =1+,

is a “background” function employed to enforce AdS
asymptotics (note that the AdSs spacetime is recovered

for f = m = n = 1, w = 0). For completeness, we give the
corresponding expression of the line element
r) [ dr?
ds*> = —f(r)N(r)df* + m( ( + r2d92>
f(r) \N(r)

(r)

r

2
dt)

+ ;E:; rZsin? 6?<d(p1 -

2
+ = n(r) r200529<dg02 - @dz)
f(r) r
m(r) =n(r)\ 5. 0p 2 2
—_— Ocos“0(dp, — de,)~,
+< 0 >r sin“Ocos*0(dgp, — dp,)
(21)
while the corresponding expression of the gauge

potential is

m(r) 1 A dx* = ay(r)dt + a,(r)(sin’0dg, + cos’0dg,).  (22)
Fol) = FONG). R =" : ”
With this ansatz, the Einstein equations reduce to a set of
Fy(r) = m(r) 2 F5(r) @ 2, W(r) = (r) , four second-order ODEs for the metric functions f, m, n,
f(r) f(r) r and w,
J
2f 4 5m' 2n' 3f N’ n m (n' m 4
" __ ) 1 o A v _ R B _ _
4 2( 3N>+f<m+3n 2f+N+ +f 2m+n AV
2 n_’+ n\ _Tn(w-ro)? 2f 1_2_m+L2N’ 2f% ( 4al +5(ra0’+waf/,)2+ai/ o
3r\n  rNm 6r2fN L’N f r 2 \*Nm 32N 3n ’
//+mf’ 1+rN’_|_rn + 4+ S +5N’ S5m’ mn' (1 +rm
m — —_— i — f— — —
rf 2N  3n 2f 2N 2m 3rn \N 2m
_4dmn(w - ro')” 1 n 8m Nfa,
) —=(1-= . ’1\2 %4 — 0’
(2 ()51 )) s (o8
! ! ! 0, !, !,/ !/ !
w4, mN i m .3 + m _jw_my (8 IN
rf N m fm  2fn 2mn 3r 6N 2n
8n (2 n m —ra')?)  8f (1 2n n
TN (5 (1 B 5) ( ?)) 3r2f2N 2n 3Ny ~ 2, G~ 3 (ra + 0y ) =0,
5 m'  3n 3 5 m 30\ 4fa¢ w'a
A Tt A ) _ I _ ?) — 0, 23
v < r+2f 2m  2n W r 2f+ +2n rn o r (23)

together with the first-order constraint equation
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m'n' f/n/ f/m/ Sf/N/ 4m’ o' 3f/ N’ m/2 n(w _ rw/)Z
- +Fl—F =1+ + —
mn fn  fm 4fN rm o rf 4N 2m? 2r2 2N
L2 (n_6rn\ _2L2-67) 2 ((ray+oa,) fNa, PR AYEN (24
»N\m L rPL’N N f n r’n)
The gauge potentials a, and a,, satisfy the second-order ODEs
, . wa, rN' ' 2rf"\  no (ay(re’ —w) 4a, o’d,
B T S (2 ) e T e
o+ r? ( N * f + rN 12 rPm rf?
3 3 m n a,a nw? 8a nw
12D o - @ 1 et R 14(/’ e / A7) — O,
+“°(r o Tam ) T T ) A A \ W U T ) =
4a,n 1 N f w n e na, 8a,(ray + wa,)
" [ / / 0 / [ 0 [
- =t =t —— - - A——————=0. (25
f r2Nm+a"’<r+N+2f+2m 2n+rf2N(m) w)>+f2N(a) ra) + (25)

The equations for a, and w have a total derivative structure,
which implies the existence of the first integrals

4 3/2 2 2 3/2
PRRLPLE W W W)
r V3riy/mn  /mnriz
80 161 32 /mr3 16
%yt 3% =L ) =20 )

with the constants of integration Q and J, corresponding to
the angular momentum and electric charge of the solutions,
respectively [see the relations (29) and (30)].

B. Far field asymptotics and global charges

The far field expression of the solutions can be con-
structed in a systematic way, the first terms of the expansion
at infinity being

a 2 9L°7%a—12L*Q? - 27%j? N

f(r) = F—Zl 7[27'6 ..... .
p 1 15L%7%a—20L>Q% — 8n%ji?
m(r) :1+F_ﬁ 5 + s
— L2 2 _4L2 2 4 2n2
n(r)—1+3(a p)_53Lra 9+ LR
rt 21 zr®
J 4qp J
a)(r) F—?ﬁ—l—(Zﬁ—a)ﬁ—l— ..... s
") ﬁ+12L2\@Q,m—3QL2?+3mﬁ—6nﬁﬁ+
" o T ,
Q 12\B3zM* +3pTn+30p
ao(}’) :—m—g 7[}"6 + ...... (27)

The expression of the higher-order terms is rather
complicated, and it has not been possible to identify a
general pattern for the coefficients. Here, we mention only
that this asymptotic expansion contains five undetermined

2N, [3m
n
[

parameters {a, 8, J, it, O}, which encode the global charges
of the solutions.

The total angular momenta of the BH can be calculated
using the standard Komar integral

| b
Sk

where S o, ;eﬂlﬂzﬂ3ﬂ6vpn?k) (with 7y = 0/9,,,)-
These configurations have equal-magnitude angular
momenta, |J| =[J|, k=1, 2. Then, one finds the
following expression:

J (28)

7=27

1 (29)

The computation of the electric charge is also standard, Q
being obtained from

1 ~ A
—— F+—ANAF |,
2/520( V3 )
with F =¢c

Fro
Hipaps Hip2H3p0 :
The computation of the total mass M, however, requires

special care, since the result from a naive application of the
Komar integral diverges already in the vacuum case without
the gauge field. However, M can be computed e.g. by using
the Ashtekar-Magnon-Das conformal mass definition [34],
which results in

(30)

_7[(3a+ﬂ).

M:
8 L?

(31)
M can also be computed by employing the boundary
counterterm approach in Ref. [35], wherein it is the
conserved charge associated with Killing symmetry 9/0¢
of the induced boundary metric, found for a large constant
value of r. This results in the same expression (31), plus a
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constant Casimir term M, =3%L* [35], which we shall
ignore in what follows. We mention that J can also be
computed by using the approach in Ref. [34] or the one in
Ref. [35], the results coinciding with (29). Let us also note
that M and J are evaluated relative to a frame which is
nonrotating at infinity.

The solutions possess also a magnetic moment g,
which is fixed by the constant z which enters the asymp-
totic expansion of the gauge potential a,,,

Hmag = L. (32)
Thus, one can define a gyromagnetic ratio g,

oJ

e (33)

Hmag = 9

C. Properties of the event horizon

In the quasi-isotropic coordinates we are employing, the
BH horizon H resides at r = ry > 0 (where the function f
vanishes) and rotates with angular velocity Q. This is a
Killing horizon, since the Killing vector

(=0,+Qy4(0, +9,,)

becomes null and orthogonal to the other Killing vectors on
it, (%)l =0, (€ 0|y =0, (- Dy )y = 0.

For nonextremal solutions, the following expansion
holds near the event horizon,

) = falr = ) = £ (1 +3”’> (r = ra)?

ry L?+ r%i
+O0(r—rg)*,
1 rH

m(r) = my(r—rg) my (”H + RS

)=y

+O0(r—ry)4, (34)
5 1 ry 3
n(r) = ny(r —ry)* = 3n, (a‘i‘m) (r—ry)
+O0(r=ry),
or) = o+ 2 (r = rig) + O(r = ry)”

ay(r) = aé()) + aéz)(r —rg)?+ O(r—ry),

a,(r) = al) +aP (r = ry)? + O(r = ry)%, (35)

0 0 .
where {fz,mz,nz,a)o;a(()),aoqz,a((,),af,,)} are numerical

coefficients subject to the constraint
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71 29
(54/}, + 5 L+ IL4> famy +10L2(L? + 2r) f2n

myny

/2

+ 1272, (L2 4 2123 )m3 — L?r%,(5L% + 13r%)w,

- 8L2r‘},(a[()2) + QHaff))mz

N 4L2(5L* 4 9r)
72
H

ay” 13 =0. (36)
Note that for extremal BHs the event horizon is located at
ry = 0, in which case the near-horizon expansion is more
complicated [11]. Also, this results in a different expression
of the horizon quantities as compared to the one above.
Restricting to the nonextremal case, the area of the
horizon Ay and the Hawking temperature are given by

m n
A :/ A/ g | = 22%r Ry e
"= J V19 ANE

1 2
TH—§<1+%> f;_z (37)

The horizon angular velocity is obtained in terms of the
inertial dragging

2]

Qy = (38)

'y

Further, the horizon electrostatic potential @ is defined by
0 0
QH - C”All|r:rH = a(<) ) + QHaE/’ >’ (39)

being constant at the horizon.

It is also of interest to compute the horizon mass My and
the horizon angular momenta J ), which are given by the
standard Komar integrals (with & VrEoy:

Hi1H2H3
3
My=-=] a
g 2/H“

3 5 [myn, ry 2ryn, Quw,
= 2f (1 4 AT
67 M g f2 ’

(40)

N 1 myn3
Jaw = | Paw = —37 22w, (41)
M \ /3

In the case we are interested in here, both horizon angular
momenta have the same magnitude, so we can refer to them
simultaneously as the horizon angular momentum Jy,
with [Jy| = [Tl = Vue)l-

Note that the quantities above satisfy the horizon Smarr
formula

= €ﬂ1ﬂ2ﬂ3l’°’
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2 A
Smy, =" 00,7, (42)
3 8

However, different from the asymptotically flat case, no
simple Smarr-type relation can be written for asymptoti-
cally AdS configurations, in particular for the solutions in
this work. A proposed generalized Smarr-type relation
could include the cosmological constant as a negative
pressure term [36]. This possibility has been explored
for MP-AdS, RN-AdS, and CPL BHs in Refs. [36,37].

Finally, we mention that the EMCS charged spinning
BHs satisfy the first law of thermodynamics,

1
dM = TydAp +2Qpd] + ©dQ. (43)

An extra term involving variations of the cosmological
constant (®dA = —VdP) can also be added to this formula
[36,37]. The conjugate variable to the pressure P can be
identified with the volume V of the spacetime outside the
event horizon. However, in our calculations, we will always
consider families of configurations with a fixed value of the
cosmological constant. The extension of the results in
Refs. [36,37] for numerical solutions (in particular for those
in this work) remains an interesting open problem.

V. BLACK HOLES IN EMCS-ADS THEORY:
NUMERICAL RESULTS

A. General remarks

1. Method

Unfortunately, no exact EMCS-AdS closed-form solu-
tion is known apart from the CLP one (with 4 = 1) with its
RN-AdS (J = 0) and MP-AdS (Q = 0) limits. The basic
features of this special solution are discussed in the
Appendix.

The BHs with A # 1 are found numerically. The numeri-
cal methods we have used are similar to those used in the
literature to find numerically other D =5 BH solutions
with equal-magnitude angular momenta, e.g. those in
Refs. [11,14,18,19]. In our scheme, we choose to solve
a system of four second-order differential equations
(ODEj) for the functions (f,m, n, a,) (23), (25), together
with the two first-order ODEs for w, ay (25). Thus, in the
generic case, the input parameters are A and L together with
ry, J, and Q. The equations are solved by using the
software package COLSYS [38], subject to appropriate
boundary conditions compatible with the asymptotics (27),
(35). This solver employs a collocation method for boun-
dary-value ordinary differential equations and a damped
Newton method of quasilinearization. A linearized problem
is solved at each iteration step, by using a spline collocation
at Gaussian points. The package COLSYS possesses an
adaptive mesh selection procedure, such that the equations
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are solved on a sequence of meshes until the successful
stopping criterion is reached.

The solutions reported in this work have a typical relative
accuracy of 107'°, The number of mesh points used in
our calculation was around 10*, distributed nonequidis-
tantly on x, where x = 1 — ry/r is a compactified radial
coordinate employed in the nonextremal case [for extremal
solutions, we have used x = r/(1 + r)].

2. Profile of solutions and some generic features

The profiles of three typical solutions® with A = 0.5,
A=2sc =1, and A = 1.5 and fixed values Q = —0.044,
J =0.00148, and ry = 0.4, L =1 are shown in Fig. 2.
Varying 4 does not seem to lead to new qualitative features;
in particular, the metric functions f, m, and n always
exhibit a monotonic behavior. Also, we have noticed that
the difference between solutions’ profiles for different A
and the same Q, J, ry becomes more transparent when the
BHs are close to extremality.

We mention that all solutions reported in this work have
g'=—f <0, for any r > ry, while m and n remain
strictly positive. Thus, 7 is a global time function, and the
BHs are free of closed timelike (or null) curves [39]. Also,
they show no sign of a singular behavior* on the horizon
or outside of it, that would manifest itself in the Ricci or
Kretschmann scalars (which were monitored for most of
the solutions). In addition, all the solutions we have
analyzed present an ergoregion, inside of which the
observers cannot remain stationary and will move in
the direction of rotation. The ergoregion is located
between the horizon and the ergosurface r = r., with

gu(re) =0, ie.

w0 o (1B
M) -se(1475) =0 @

(note that, in contrast to D =4 Kerr-like BHs, the
ergosurface does not touch the horizon).

The determination of the full domain of existence of the
solutions would be a huge task. In this work, we will only
attempt to sketch its shape by analyzing the pattern of
solutions on some generic surfaces in the space of param-
eters. Also, to simplify the study, we set the AdS length
scale L = 1, such that all quantities are given in these units.
Moreover, without any loss of generality, we consider
values 4 > 0 for the CS coupling constant, only (as such,
we have to consider both signs for the electric charge). We
have considered solutions with a large set of A ranging
between 0 and 50. However, solutions with larger 4 are very

3As discussed below, for large enough values of A, new sets of
excited solutions occur, with a node structure for both a, and w.

“The exception here appears to be the gap set of extremal
solutions discussed in Sec. V C.
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FIG.2. The profiles of typical charged rotating black holes with
several values of 1 and Q = —0.044, J = 0.00148, and ry = 0.4,
L =1 are shown as a function of the compactified coordinate
x=1—ry/r.

likely to exist, and we conjecture the absence of an upper
bound for the CS coupling constant.

We mention also that the numerical results exhibited in
the figures in Sec. V B were found by extrapolating to the
continuum the results from discrete sets of around 1000
solutions for each A. The solutions there were found by
considering first a fixed angular momentum (Sec. VB 1)
and then a fixed electric charge (Sec. V B 2). Those plots
are (typically) projections of 3D surfaces which encode the
dependence of the Hawking temperature 7 on two other
quantities which enter the first law (43).

As such, viewed together, they provide a description of
the thermodynamics of the solutions, together with the
domain of existence. For example, one can consider the
thermodynamic stability in the canonical ensemble, where

the charge and angular momentum are fixed parameters, the

response function being the heat capacity C = Ty (gATZ)J o

We have found that for any value of A, the solutions with
small values of |J|, |Q| exhibit the pattern of the
Schwarzschild-AdS BHs [40], only the large size BHs
possessing a positive specific heat C > 0. However, the
solutions become more thermally stable as |Q| and/or |J|
increases, with C > 0 for large enough values of these
charges even for small size BHs.

Apart from the quantities displayed in the figures in
Sec. V B, we have also considered the gyromagnetic ratio g
as resulting from (33). A known result here is that, unlike in
four dimensions, the value of ¢ is not universal in higher
dimensions [41], while the AdS asymptotics further intro-
duces new features [42]. We have computed the gyromag-
netic ratio for a large part of the solutions reported in this
work and could not identify any clear pattern, with g taking
a large range of values.

Finally, let us mention that in the numerical study we
have paid special attention to extremal BHs, which have
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been constructed directly. Such configurations are impor-
tant in and of themselves; they are also interesting as a test
of the predictions in Sec. III within the near-horizon
formalism.

B. Three values of A: A comparison

To clarify the question asked in the Introduction on how
general the features of the CLP solution are, we shall
present in what follows the results for three intermediate
values of the Chern-Simons coupling constant. Apart from
the SUGRA case 4 =1, we shall exhibit results for a
smaller value, A = 0.5, and also for a larger one, 4 = 1.5.

1. Fixed angular momentum: The generic picture

Starting with extremal BHs with a Q > 0, one finds one
single branch of solutions which connects continuously the
extremal MP-AdS BH (Q = 0) with the extremal RN-AdS
BH (in the limit Q — oo0). This fact agrees with the
prediction from the near-horizon formalism in Sec. III.

For Q < 0, the situation changes drastically. In agree-
ment with the prediction from the near-horizon formalism,
this set is characterized by the existence of two different
branches, the MP one and the RN one, separated by a
critical solution. The MP branch starts with the extremal
MP-AdS solution (Q = 0) and extends for Q € (Q,, 0],
where Qg < 0. In particular, for J = 0.0295, one finds
Qo = —0.0522 for A = 0.5, Qy = —0.0659 in the SUGRA
case and Oy = —0.0755 for 4 = 1.5. On the other hand, the
RN branch exists for Q € (—o0, Q).

These features are shown in Fig. 3 where we give the
(Ay, Q;Ty) plot for BHs with J = 0.0295. One can see
that, in all cases, the horizon area is minimized by the
set of extremal solutions. One can also notice the different
behavior of the T = 0 BHs with positive and negative Q.
For extremal solutions with Q > 0, the area always
increases with the electric charge. However, for O <0,
the horizon area becomes zero at the critical solution, which
is reached for some critical electric charge Q.

Let us discuss now the nonextremal solutions. In Fig. 3,
we can see that all three cases possesses a local maximum
of the temperature. This local maximum is at 7z = 0.68
and is always found for the Q = 0 MP-AdS set. However,
for higher values of the horizon area, the temperature
increases again (not displayed in these figures). Also, there
is no upper bound for the area. Another interesting feature
that one can see in Fig. 3 is that it is possible to define
closed sets of charged BHs with the same temperature
(isothermal). These sets can only be found around the local
maximum of temperature.

From these figures, we conclude that the general
behavior of the area does not change much with respect
to the SUGRA solution. The effect of changing A reduces to
a modification of the position of the critical solution
(essentially, increasing A leads to a larger magnitude of
the electric charge of this configuration).
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Horizon area Ay vs electric charge Q with different temperatures 7'y for black holes with fixed angular momentum J =

0.00296 and L =1, for A = 0.5 (a), SUGRA A =1 (b), and 4 = 1.5 (c). The lower bound of the area is given by the set of 7 =0
extremal solutions. Extremal solutions with negative electric charge possess a critical solution with Ay =0 at Q = Q,, where
0y = —0.0522, —0.0659, —0.0755 for 1 = 0.5, SUGRA, and A = 1.5, respectively.

In Fig. 4, we show the (M, Q; Ty) plot for the same BHs
with J = 0.0295. Similarly to the horizon area, the mass is
minimized in the extremal case. Here, however, the mini-
mum mass is reached for the extremal MP-AdS
BH (Q = 0). For negative Q, two different branches of
extremal BHs can be identified at both sides of the critical
solution. However, the mass always increases with the
absolute value of the electric charge, contrary to what
happens for Ag.

Nonextremal solutions show a similar behavior for the
mass as for the horizon area, and we can clearly identify
the local maximum of temperature in the MP-AdS set.

The mass of the nonextremal solutions with fixed J can be
increased to infinity (which also increases the temperature
and the horizon area).

The main difference between the solutions with different
Ais found close to the critical solution. Here, we see a jump
on the slope of the M — Q curve; this jump becomes more
pronounced when increasing the value of the coupling
beyond the SUGRA value. Below A =1, the figure is
softened (and the general behavior becomes more sym-
metric in Q).

Turning now to the horizon quantities, we present in
Fig. 5 the plot for (Jy, Q;Ty) for the same set of

0.00 0.05 -0.1

Q
(@) x=05

-0.10 -0.05

(b) SUGRA

0.00 0.05

Q
() x=15

0.0 -0.10 -0.05

Q

FIG. 4. Total mass M vs electric charge Q with different temperatures T for black holes with fixed angular momentum J = 0.00296
and L =1, for 4 = 0.5 (a), SUGRA 1 =1 (b), and 4 = 1.5 (c). The lower bound of the mass is given by the set of extremal solutions.
The value of the mass of the extremal solutions always increases with the absolute value of the electric charge. The critical solution with
zero area at Qp < 0 can be identified here at the point where the lower bound exhibits a kink.
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Horizon angular momentum Jy vs electric charge Q with different temperatures 7 for black holes with fixed angular

momentum J = 0.00296 and L = 1, for 2 = 0.5 (a), SUGRA 1 =1 (b), and A = 1.5 (¢). Note that the lower bound of the horizon
angular momentum is given by the set of extremal solutions. But now we can see an upper bound, at the line J5; = J = 0.00296. This
line is reached asymptotically as the mass and temperature of the nonextremal black holes are increased. The critical solution with zero
area at O, < 0 can be identified here at the point where the horizon angular momentum is zero.

configurations. This plot is interesting because it gives us
an idea about the full domain of existence of the global
solutions. For instance, consider Figs. 5(a) and 5(c). The
lower bound of the horizon angular momentum is given by
the set of extremal solutions. The upper bound is given by
the line of constant J; = J = 0.00296. This line is reached
asymptotically as the mass of the nonextremal BHs is
increased to infinity. To better understand these aspects, we
present in Fig. 5(b) the 3D plot (J, Q; Ty ) for solutions in
the SUGRA case. Then, one can see more clearly that, close
to Jy = J = 0.00296, the temperature drops from the local
maximum and then it increases again without limit. The
mass and the horizon area also increase, and the nonex-
tremal BHs become more and more massive. Moreover,
they have almost all the angular momentum stored behind
the horizon (hence reaching the limit J; = J). Note the
surface degenerates into a single line at Q =0, J = Jy,
with 7 € [0, 00), where the full set of MP-AdS BHs is
recovered for the three considered cases.

Concerning the extremal solutions, it is interesting to
note the difference between the Q > 0 and Q < 0O cases.
For positive electric charge, adding Q to an extremal MP-
AdS solution decreases the horizon angular momentum,
and it goes to zero as the electric charge goes to infinity. For
negative electric charge, however, the two extremal
branches present different properties. In the MP branch,
the electric charge can be increased only up to the critical
solutions with Q = Qy, and Jy decreases with |Q|. At
QO = Qy, the horizon angular momentum vanishes.
Combining this result with the Q > 0 case, one can say
that the horizon angular momentum of extremal solutions
with Q € (Qg, o0) satisfies the relation 0 < J < J, satu-
rating the relation only at Q = 0.

Another interesting feature one can notice in Fig. 5 is
the existence of counter-rotating configurations (this holds
for all considered values of A). For example, take the
extremal solutions on the RN branch (Q < Q). They have
J > 0; however, Jy is negative. Moreover, this is not
unique to extremal solutions; BHs with 75 > 0 can also
become counter-rotating for low enough temperatures
and Q < Q.

Changing the coupling 4 has a particularly relevant effect
on these counter-rotating configurations. Note that in the
figure we can see how reducing the coupling below
SUGRA reduces the size of the space of solutions with
counter-rotation (we will comment on this again in the
following sections).

We continue with Fig. 6, where we show the
(My, Q;Ty) plot. One interesting feature of the A = 0.5
set is the existence of solutions with negative horizon
masses. In the extremal case, this happens for solutions on
the RN branch and Q < Qy. Also, some nonextremal
solutions close to this set share the same property.
Moreover, one can notice that the horizon mass of the
critical solution is always zero, independently of the value
of A. Surprisingly, in the SUGRA case, the extremal
solutions on the RN branch (Q < Q,) always have
My = 0, as one can see in Fig. 6(b).

Hence, the main effect of changing the coupling in this
case is on the behavior of the horizon mass of the O < Q,
solutions: below SUGRA, we can find My < 0 configu-
rations, and beyond SUGRA, the horizon mass is positive.
SUGRA is a very particular case in which Q < Q, extremal
black holes have My = 0.

In Fig. 7, we present the (Qy, Q; Ty) diagram for the
same configurations. An interesting behavior occurs here
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FIG. 6. Horizon mass My vs electric charge Q with different temperatures T for black holes with fixed angular momentum
J =0.00296 and L = 1, for A = 0.5 (a), SUGRA A =1 (b), and A = 1.5 (c¢). The main difference between these values of 1 is in the
horizon mass of the extremal and near-extremal configurations. In particular, the difference is found in the RN branch: note that in (a),
when Q < —0.0522, the horizon mass can be negative; in (b), when Q < Qo = —0.0659, it is always zero; in (c), when Q < —0.0755, it
is positive and increases with the absolute value of the electric charge.

for large enough values of A. For example, as seen in
Fig. 7(b) for the SUGRA case, the extremal BHs on the RN
branch (Q < Q) always have Qg = 0. However, solutions
on the MP branch have positive angular velocity. This
indicates the existence of a discontinuity in the angular
velocity at the critical solution. This discontinuous behav-
ior is also present for 4 = 1.5; see Fig. 7(c). Along the RN
branch (Q < Q,), the BHs have a counter-rotating horizon:
the horizon angular velocity is negative, despite the total

-0.10 -0.05 0.00 0.05

(a) x=05

(b) SUGRA

angular momentum being positive. However, extremal BHs
on the MP branch have positive angular velocity. Hence,
one again sees a discontinuous behavior in the angular
velocity. Note that nonextremal solutions are not discon-
tinuous; both extremal branches can be joined by almost
extremal solutions, for which very small variations of the
electric charge cause very large (but continuous) modifi-
cations of the angular velocity, and can even change the
sense of rotation for big values of 4.

0 0.2

0.4 0.6

H

(c) A=15

FIG. 7. Horizon angular velocity Q vs electric charge Q with different temperatures T’ for black holes with fixed angular momentum
J =0.00296 and L = 1, for 2 = 0.5 (a), SUGRA 1 =1 (b), and 4 = 1.5 (c). The three cases present very different properties in their
extremal limit. Note that Q for extremal solutions in 4 = 0.5 (a) is continuous. This is no longer the case in SUGRA 1 =1 (b) and
A= 1.5 (c), where the RN branch has Q =0 and Q < 0, respectively. Since the MP branch has always positive Q, there is a
discontinuity around the critical solution in the angular velocity in the 7 = 0O limit for these two cases.
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In these figures, for the angular velocity, we can see that
once again changing the CS coupling has a very important
effect on the properties of the solutions, in particular for
0 < Qy. SUGRA is a special case where these solutions
have null angular velocity, but increasing the value A
beyond SUGRA makes this set counter-rotate in the
angular velocity.

Finally, in Fig. 8, we show the electrostatic potential @y
vs the electric charge Q and the temperature 7. In this
case, the boundary of the domain of existence is charac-
terized by the set of extremal solutions and the line ® = 0,
which is reached as we move away from extremality by
increasing the mass and the temperature.

Similarly to what happens in the angular velocity,
changing the coupling 1 has a specially relevant effect
on the Q < Q, solutions. While in the SUGRA case the
electrostatic potential is discontinuous and jumps to a larger
value when moving from Q > Q, to Q < Q,, our calcu-
lations show that in non-SUGRA the behavior is softened
around Q = Q,.

Let us now summarize the main features of
these configurations with fixed (positive) total angular
momentum:

(i) For any 4, there is an asymmetry between solutions
with positive and negative electric charges. For
positive CS couplings, the Q < 0 set possesses a
critical solution with charge Q, which separates two
different extremal branches. This feature is absent
for Q > 0. The critical solution has Ay = My =
Jy =0 and is approached with a discontinuity in
both Q4 and ®4. An analytical understanding of
this behavior is given in Appendix A 2, for 4 = 1.
Also, note that the value of |Qg| increases as 4
becomes larger.

PHYSICAL REVIEW D 95, 064018 (2017)

(i) Extremal solutions with Q < Q, present very differ-
ent horizon properties depending on the value of the
CS coupling. For instance, in SUGRA, this branch
possesses My = Qy =0 and separates the 4 < 1
case, with My < 0, Qg > 0, from the 4 > 1 case,
where the sign changes to My > 0, Q5 < 0.
Nonextremal black holes with O < O, can possess a
counter-rotating horizon (/5 < 0), but the size of
this set of solutions contracts when decreasing A.
Black holes with Q4 < 0 can be found for 4 > 1. In
particular, and since Qp is discontinuous in the
extremal branch, around the critical solution, one
can see that small changes in the electric charge
cause large variations of the horizon angular veloc-
ity, even changing the direction of rotation. On the
contrary, for 4 < 1, the angular velocity is always in
the direction of the angular momentum.

(iii)

@iv)

2. Fixed electric charge: The generic picture

A complementary picture is found when fixing the
electric charge and varying both J and Ty. The counter-
parts of the plots in the previous subsection are shown in
Figs. 9-14, for a fixed electric charge Q = —0.044 and the
same values of A.

Again, the global extremal solutions possess two differ-
ent branches, the MP branch and the RN branch, which
agree with the prediction from the near-horizon formalism.
The RN branch contains the static configuration with J = 0
and extends for J € (=Jy,Jy). At J = +J,, we find the
critical solution with Ay = 0. The MP branch connects
with the uncharged and rotating black hole and is found for
|[J| > |Jo|- In what follows, we shall present results for
positive values of the angular momentum only, since all
properties are symmetric under a change of sign in J.

0 0.2
TH

0.00 0.05

Q
(a) x=05

-0.05

-0.10

FIG. 8.

(b) SUGRA

0.4 0.6

0.00 0.05

Q
A=15

-0.05

-0.10

(©

Electrostatic potential @y vs electric charge Q with different temperatures 7 for black holes with fixed angular momentum

J =0.00296 and L = 1, for A = 0.5 (a), SUGRA 1 = 1 (b), and 4 = 1.5 (c). The behavior of the electrostatic potential is similar to the
angular velocity, with the main differences being in the extremal and near-extremal situations.
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FIG. 9. Horizon area Ay vs angular momentum J with different temperatures T for black holes with fixed electric charge Q =
—0.044 and L = 1, for 1 = 0.5 (a), SUGRA 1 =1 (b), and 4 = 1.5 (c). The lower bound is given by the set of extremal solutions. The
critical solution with Ay =0 is found at J = J,, where J, = 0.00233, 0.00164, 0.00133 for 4 = 0.5, SUGRA, and 1= 1.5,

respectively.

We start with Fig. 9, where we show the (Ay,J;Ty)
diagram. The lower boundary of the Ay-domain is found
for the extremal solutions. Hence, one can say that the
Ty = 0 configurations possess the lowest possible horizon
area, like in the constant J case. At J = 0, we find the set of
RN-AdS BHs. Note, however, that the extremal RN-AdS
solutions do not have the minimum possible entropy.
Spinning up an extremal RN-AdS BH while keeping
Ty = 0 makes the area decrease down to zero, a point
where the critical solutions are reached. These critical
solutions separate the extremal branch originating in the
RN solution (0 <J < Jy) from the extremal branch

connecting with the MP solution (J > J;). Moreover,
although in the RN branch, the horizon area decreases
with the angular momentum, in the MP branch, Ay
increases with J. An interesting consequence here is that,
for given Q, it is possible to obtain EMCS nonextremal
spinning and charged BHs with a horizon area lower than
the area of the extremal RN-AdS BH.

Concerning the nonextremal solutions, in Fig. 9, we can
see that the solutions present a local maximum of the
temperature. This local maximum is always found for
J =0, Ty =0.73. For higher values of the area, the
temperature increases again (not displayed in these figures).

0 0.2 1, 0.4 0.6

0.004 0.001

0.002
J

(a) x=05

015
M 0-10
0.05

0

(b) SUGRA

0.15
0.10
M
0.05
0

0.0‘02
J J

0.002 0.003

(c) Ax=15

FIG. 10. Total mass M vs angular momentum J with different temperatures 7' for black holes with fixed electric charge Q = —0.044
and L =1, for 1 = 0.5 (a), SUGRA 4 =1 (b), and 4 = 1.5 (c). Note that the properties of the extremal set (lower boundary) depend on
the CS coupling. When 4 > 1, the extremal RN solution is no longer the black hole with minimum mass.
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(a) x=05

FIG. 11.

(b) SUGRA

(c) A=15

Horizon angular momentum Jy vs angular momentum J with different temperatures 7'y for black holes with fixed electric

charge Q = —0.044 and L = 1, for 1 = 0.5 (a), SUGRA 1 =1 (b), and 1 = 1.5 (c). Note that we can find extremal and nonextremal
configurations with Jy < 0. Extremal black holes on the MP branch approximately satisfy (/5 ~J — J).

For instance, in the three cases, there is no upper bound for
the entropy. Also, one can see in Fig. 9 that it is possible to
define closed sets of isothermal rotating and charged BHs.

The main effect of changing the CS coupling is on the
value of J: increasing A reduces J, and shrinks the
extremal RN branch.

In Fig. 10, we show the (M,J;Ty) plot. The local
maximum temperature is obtained for a nonextremal
RN-AdS configuration (J = 0). The existence of this local
maximum of temperature implies the existence of a set of
thermally unstable configurations with negative thermal
capacity. Around this set, isothermal sets are closed. This
means that the mass-angular momentum relation is

bounded. This is not the case for isothermal sets far away
from the local maximum.

The extremal solutions present very different behavior
depending on the value of A: for A = 0.5 [Fig. 10(a)], we
can see that extremal BHs on the RN branch (J < J) have
total mass increasing with the angular momentum. This
means that the minimum mass is obtained for the extremal
RN-AdS BH. Extremal BHs along the MP branch (J > J))
have total mass increasing with the angular momentum. For
A =1 [Fig. 10(b)], this is different; all extremal BHs on the
RN branch have the same (minimal) mass. The mass only
starts increasing when J > J, (Jo = 0.00164). Again,
extremal BHs along the MP branch have the total mass

0 0.002 0.004 0 0.001

J
(a) A=05

0.002 0.003 0.002

J J
(b) SUGRA ()

A=15

FIG. 12. Horizon mass My vs angular momentum J with different temperatures 7 for black holes with fixed electric charge
Q0 =-0.044 and L =1, for A = 0.5 (a), SUGRA 4 =1 (b), and 1 = 1.5 (c). Note that SUGRA is a particular case in which the RN
branch always has My = 0. This feature is lost when changing the value of the coupling.
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Horizon angular velocity Qg vs angular momentum J with different temperatures 7' for black holes with fixed electric

charge Q = —0.044 and L = 1, for A = 0.5 (a), SUGRA A =1 (b), and 4 = 1.5 (c¢). The extremal limit has very different properties in
each case. Note that Q4 for extremal solutions in 4 = 0.5 (a) is continuous but is discontinuous in the other two cases. For SUGRA
A=1(b) and 2 = 1.5 (c), the RN branch has Qy = 0 and Q4 < 0, respectively, and the MP branch always has positive Q. This is

equivalent to Fig. 7.

increasing with the angular momentum. For 1= 1.5
[Fig. 10(c)], this changes again, and extremal BHs on
the RN branch (J < J;) have the total mass decreasing with
the angular momentum. But extremal BHs along the MP
branch have the total mass increasing with the angular
momentum. This means the minimum mass is reached at
the critical solution with J, = 0.00133.

This situation contrasts with the one presented in Fig. 3
for the fixed J case, where the minimum mass was always
found at the extremal uncharged solution. Here, it clearly

depends on the value of the CS coupling being below or
beyond the SUGRA case.

In Fig. 11, we show the diagram for (Jy, J; Ty). One can
see that the upper bound there is given by the line Jy = J.
These solutions are reached as the mass of the BHs
increases. This means that all the angular momentum of
these solutions is stored behind the horizon, with a
vanishing contribution from the gauge field. The lower
bound contains the extremal solutions. In these three cases,
the critical solution with fixed Q has Jy = 0. Extremal

0 0.2

0 0.002
J

(a) A=05

0.004

(b)

0.4 0.6

Ty

0.002
0.004 J

SUGRA () A=15

FIG. 14. Electrostatic potential @, vs angular momentum J with different temperatures 7' for black holes with fixed electric charge
Q0 =-0.044 and L =1, for 2 = 0.5 (a), SUGRA A =1 (b), and 2 = 1.0 (¢).
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BHs on the RN branch always present negative horizon
angular momentum. However, extremal BHs on the MP
branch have positive horizon angular momentum, and it is
approximately given by Jy = J — Jj.

The RN branch having negative horizon angular momen-
tum means the solutions are counter-rotating, a feature
which, in fact, is also shared by whole sets of nonextremal
BHs. Even more, one can find nonextremal solutions with
zero horizon angular momentum but nonzero total angular
momentum. For such solutions, the angular momentum is
stored in the gauge field.

The variation of the coupling 4 has an important effect on
these counter-rotating configurations: reducing the cou-
pling below SUGRA again reduces the size of the space of
solutions with counter-rotation.

In Fig. 12, we present the (M, J; T;) plot. The minimal
value of the horizon mass is reached for extremal solutions.
The static extremal MP-AdS BH at J = 0 has zero horizon
mass. In the three cases, the horizon mass of the critical
solution is also zero. But the properties close to extremality
of the nonstatic solutions depend considerably on the value
of A. As seen in Fig. 12(a), the solutions with J < J,
(extremal solutions on the RN branch or near-extremal
solutions close to it) can have negative horizon mass.
However, one can see in Fig. 12(b) that this is no longer the
case for SUGRA BHs, and the extremal RN branch always
has zero horizon mass. In Fig. 12(c), we can see that the RN
branch has positive horizon mass when 4 = 1.5. In fact, it is
interesting to note that the horizon mass of the extremal RN
branch increases up to a maximum, and then it decreases
again to zero.

In Fig. 13, we show the (Qp,J;Ty) diagram. The
differences there occur especially close to extremality.
As seen in Fig. 13(a), the angular velocity of the extremal
RN branch is positive and matches with the angular
velocity of the extremal MP branch. Consider now the
CPL solution in Fig. 13(b). Note that there is a disconti-
nuity in the angular velocity at zero temperature: the
extremal BHs connecting with the RN solution have zero
angular velocity. At the critical solution, the angular
velocity jumps up to a positive value, where the MP branch
starts. Then, the angular velocity decreases with the angular
momentum. The 4 = 1.5 case [Fig. 13(c)], also presents a
discontinuity in the angular velocity. New features occur
here as well. For example, note that the horizon angular
velocity of the extremal RN branch is negative. This means
one finds counter-rotating solutions. Such BHs can be
nonextremal, too. Also, note that the angular velocity of
nonextremal solutions close to the critical solution presents
very steep changes with respect to small changes in the
angular momentum. Hence, if one perturbs the angular
velocity of one of these solutions slightly, the angular
velocity and even the direction of the rotation can change
drastically. Nevertheless, other quantities (e.g., mass and
horizon area) do not change much.

PHYSICAL REVIEW D 95, 064018 (2017)

In Fig. 14, we show the (®, J; Ty) diagram. Again, the
properties of the extremal solutions depend on the particu-
lar value of the CS coupling 4, although the features of BHs
far from extremality are rather similar. Note that in the CPL
solution, Fig. 14(b), on the branch connecting with the MP
BH, the electric potential depends on the angular momen-
tum, while on the branch connecting with the RN solution,
the electric potential is constant. In the other two cases,
Figs. 14(a) and 14(c), the particular dependence of J on the
electrostatic potential on the RN branch depends on the
coupling 4.

Finally, let us summarize the main features of the
configurations with fixed negative electric charge:

(i) For every 4, one can find a critical solution with

angular momentum J,, which separates two differ-
ent extremal branches: the RN branch with J < J,
and the MP branch with J > J,,. The critical solution
has Ay = My = Jy = 0 and a discontinuity in Qy
and in ®4. The value of J, decreases with increas-
ing A.

(i) The RN branch properties depend on the value of the
CS coupling. For instance, in the SUGRA case, the
RN branch possesses a constant mass, but for 1 < 1,
the mass increases monotonically with J, while for
A > 1, it decreases. For SUGRA, the RN branch
satisfies My = Qy = 0, while for 4 < 1, one finds
My <0, Qy >0, and for 1> 1, the behavior
changes to My > 0, Qg < 0.

(iii) Nonextremal black holes with J < J, can present
counter-rotation (Jy < 0). The size of this set
reduces when we decrease A.

(iv) Similar to BHs with fixed J, Qy < 0 can be found
only for 4 > 1, and the angular velocity of nonex-
tremal BHs can change abruptly around the critical
solution under small changes of the angular mo-
mentum, affecting even the direction of rotation.

C. Solutions with a small Chern-Simons coupling

We have also studied families of solutions with values of
CS coupling constant A < 0.5, which was the minimal
considered value in the previous subsection. We recall that
the attractor solutions in Sec. III predict in this case the
existence of new features of extremal BHs, with a bifurcat-
ing branch structure. Indeed, our numerical results for
global solutions show that this is the case, and the picture
discussed in the Sec. V A fails to capture some properties of
the BHs with small enough A. This holds in particular for
extremal BH solutions, the study of which will allow us to
better understand how generic the predictions of the near-
horizon formalism in Sec. III are.

The generic picture found in this case is shown in
Fig. 15, for a (Jy, J) diagram of solutions with a fixed Q.
Both near-horizon and global solutions are shown there.
One can see that, starting at J = Jy = 0 extremal RN-AdS
solutions, one finds a branch of BHs that ends at a limiting
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| global (extremal) + near horizon |

Jn

FIG. 15. The generic relation between near-horizon and global
solutions found for small enough values of 1 is shown ina (J, J)
diagram.

solution with some nonzero values of J, Jy (the point P;).
A second branch of global extremal BHs is found coming
from large values of J, J5 and ending at the point P, # P;.
Note that these two branches are in agreement with parts of
the branches predicted by the near-horizon formalism. The
points P, and P, are connected by a particular set of
extremal solutions (blue dashed line), which is called the gap
set in what follows. These solutions emerge as the limit of
near-extremal global configurations and appear to possess
some pathological properties. For example, the Kretschmann
scalar takes very large values at the horizon, which makes the
direct construction of the extremal solutions connecting P
and P, difficult. The global nonextremal solutions exist in

0.004
Near-horizon , A=0.1
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Near-horizon , EM-AdS
Global, EM-AdS ——
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0 0.004 0.008

(a Q>0
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a domain bounded below by the global extremal BHs
connected by the gap set. Another important feature one
can see in Fig. 15 is that a part of the near-horizon solutions
does not have global counterparts.

Numerical results supporting the above picture are
shown in Fig. 16, where we consider extremal solutions
with a fixed electric charge Q = |0.044| and several values
of A (qualitatively similar pictures have been found for
other values of Q). The case Q > 0 is shown in Fig. 16(a).
The grey, orange, and pink curves there correspond to near-
horizon solutions with 1 =0, 4 =0.025, and 1= 0.1,
respectively. Note that these solutions have been presented
already in Sec. III, where we have noticed the existence of
two different branches of near-horizon solutions for small
enough values of 4 (in particular for A = 0 and 4 = 0.025),
which bifurcate at 4 = 0.0305. In the same Fig. 16(a), we
add the corresponding sets of global extremal solutions
(for example, the red thin line represents global extremal
BHs in pure EM-AAS theory). A similar structure is found
for other small enough values of the CS coupling constant,
in particular for 1 = 0.025; see Fig. 14. One can see that
when 4 > 0.0305 the space of configurations no longer
presents a gap set. For instance, consider in Fig. 16(a) the
blue line. This is the set of global extremal solutions with
A = 0.1, and it matches perfectly (in one-to-one correspon-
dence) with the near-horizon solutions (pink line).

Let us consider now the negative charge case, Q < 0.
Some results in this case are shown in Fig. 16(b). One can
see that the qualitative picture discussed above for Q > 0
still holds. For example, consider the pure 4 = 0.1 case
(blue curve). Then, one finds again the existence of a
gap set (dashed blue line) connecting two disconnected

0.004

Near-horizon , A=0.5
Global, A=0.5 ——

Near-horizon , A=0.1
Global, A=0.1 ——

Near-horizon , EM-AdS
Global, EM-AdS ——

Q<0

= 0.002 |

0 0.004 0.008

(b)) @<0

FIG. 16. Horizon angular momentum J vs angular momentum J for extremal black holes with fixed electric charge Q = |0.044| and
L = 1, for small values of A. Thick curves in gray, orange, and pink represent near-horizon solutions. Thin curves in red, blue, and green
represent global extremal black holes. The corresponding dashed curves represent near-extremal solutions. The dots and triangles
represent the limiting solutions separating the extremal branches and the squares the critical solutions. One can see that not all near-

horizon solutions correspond to a global configuration.
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FIG. 17. (a) The profile of the magnetic gauge potential a,(r) is shown vs the compactified radial coordinate for a sequence of

extremal black holes with a different nodal structure. (b) The invariant F> = F wF* is shown vs the compactified radial coordinate for
the same set of solutions; the corresponding profile for the extremal RN-AdS solution is also included for reference. These solutions

have /=0,1=5, L =10, and Q = -2.72.

branches of BHs that end at two different limiting solutions
(blue dot and blue triangle). As a consequence, not all near-
horizon solutions for this value of A (pink line) correspond
to global solutions. The critical solution with Jy =0
cannot be reached for this value of . The situation changes
when A > 0.25, in which case the gap disappears (see the
curve for A = 0.5). The two branches of extremal BHs
(green line) are now joined at the critical solution with
Jy = 0 (green rectangle). Interestingly, in this case with
A = 0.5, all near-horizon solutions (orange line) correspond
to a global solution. However, in the other cases, this is not
true. Hence, we conclude that also for Q < 0 there are cases
for which near-horizon solutions do not correspond to
global solutions.

To summarize, the solutions with a small enough value
of A show a number of features which are not captured by
the knowledge of the CLP BHs (e.g., the existence of a

gap set).

D. Large Chern-Simons coupling: Discrete sets of
radially excited extremal black holes

New features occur as well for a large enough value of 4.
For example, we have considered solutions with 4 = 5 and
found an overall picture which is qualitatively similar to the
one obtained in the asymptotically flat case [11]. The most
interesting new feature here is the appearance of a set of
nonstatic extremal BHs with vanishing total angular
momentum, J = 0. This special set contains a large number
of distinct solutions, possibly an infinite one.” Its members

’So far, we have constructed solutions with the highest node
number n = 40. However, it is natural to conjecture the existence
of solutions with arbitrarily high values of n.

can be labeled by an integer n > 1, which can be identified
with the the number of nodes found in the profiles of the
metric function w(r) and of the magnetic gauge potential
a,(r). The solutions reported in the previous section are the
Jfundamental ones, with n = 1 [since they still possess a zero
of w(r),a,(r),reachedas r — oo]. The mass of the solutions
increases with n, the numerics indicating that the extremal
RN-AdS BH mass would be approached as n — oo. Other
quantities, like the horizon angular momentum and horizon
angular velocity decrease with the n number.

The profiles of the magnetic gauge potential a, are
shown in Fig. 17(a) for some typical set of J = 0 extremal
BHs with n =1, .....,6. The number of nodes leaves an
imprint also in the invariant quantities. For example, in
Fig. 17(b), the square of the gauge field tensor, F> = F e
is shown for the same configurations. The “oscillations”
there are found also for the components of the energy-
momentum tensor. As such, the excited solutions (n > 1)
possess a “layer structure,” with n distinct radii where the
energy density concentrates. The more nodes, the more
layers the solution develops in the bulk.

However, although a number n > 1 modifies the proper-
ties of the BHs in the bulk, the nodal structure is not seen in
the near-horizon behavior. That is, in that limit, they are still
described by the same squashed AdS, x S° solutions
discussed in Sec. III. Then, we conclude that, similar to
the asymptotically flat case [11], a given near-horizon
configuration can correspond to more than one global
solution (likely an infinite set).

The nonextremal BHs possess also excitations, in which
case, however, we noticed the existence of a maximal value
of n. Moreover, as expected, excited solutions exist also for
Ty =0 and a nonzero J.
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A detailed analysis of the excited configurations, with a
full study of the branch structure and thermodynamic
properties, will be presented elsewhere [43].

Finally, we mention that, unfortunately, no such excited
solutions could be found in the special 1 =1 case. In
principle, in the absence of a uniqueness proof of the CLP
solution, their existence cannot be excluded. However, for
all input parameters we have considered so far, the nodal
structure disappears for values of A smaller than the
SUGRA value.

VI. CONCLUSIONS

This paper has presented a discussion of the basic
properties of charged rotating BHs in a D =5 EMCS-
AdS theory with an arbitrary value of the CS coupling
constant 4. The considered solutions have two equal-
magnitude angular momenta, possess no pathologies on
nor outside of an event horizon of spherical topology, and
approach at infinity a globally AdS background. So far, the
only known solutions of the EMCS-AdS model compatible
with these assumptions are the BHs found in Ref. [7] by
Cveti¢, Lii, and Pope for 4 =1, i.e. a minimal gauged
supergravity model. The main questions we have tried to
answer were how general the properties of the CLP solution
are and if there are new features for other values of A.

The main conclusion of our study is that the intuition
based on the CLP BHs cannot be safely extrapolated to
solutions of a generic EMCS model. New unexpected
features occur for sufficiently small values of A (in
particular for an EM model) and for also for large A.

The comparison with the SUGRA exact solutions is most
easily done in the extremal case. This limit reduces the
parameter space of solutions and also allows for a partial
analytical understanding based on results within the attrac-
tor mechanism.

For sufficiently small values of A, the most interesting
new feature (which is absent in the SUGRA case), is the
existence of two disconnected branches of extremal BHs.
The bridge between these BHs is provided by a set of
extremal solutions which appear to possess pathological
properties. Also, this gap set cannot be described within the
attractor mechanism.

New properties occur as well for large 4. The most striking
one is the existence of excited solutions, which are labeled by
the number of nodes n of the metric function w(r) [or of the
magnetic gauge potential a,,(r)]. This nodal structure does
not exist in the SUGRA case, where we could not (numeri-
cally) find other solutions which in principle could exist apart
from the n = 1 in Ref. [7]. Also, it cannot be captured by the
near-horizon configurations. In fact, the relation between the
solutions found within the attractor formalism and the global
ones is quite intricate. For example, a given near-horizon
solution can correspond to one global solution, more than one
global solution (possibly even an infinite set), or, more
strikingly, no global solution at all.
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Other, less spectacular differences, which occur when
varying A, are discussed in Sec. V B.

However, there are also a number of features which seem
to be generic for any A. For example, the presence of a CS
term always implies the occurrence of a critical set of
extremal solutions with a vanishing event horizon area,
Ay = 0. Also, the overall thermodynamical behavior of the
solutions is well captured by the exact CLP solution, the
BHs possessing a positive heat capacity for large enough
values of J and Q. Moreover, the solutions with large
temperatures are less sensitive to changes in A.

The solutions obtained in this paper may provide a fertile
ground for the further study of charged rotating configu-
rations in EMCS theory with a negative cosmological
constant. For example, their generalization to include more
scalars is straightforward. Also, in principle, by using the
same techniques, there should be no difficulty in construct-
ing similar AdS solutions in D = 2N + 1 dimensions, with
N > 2 equal-magnitude angular momenta. Also, it would
be interesting to find applications of the solutions in this
work in an AdS/CFT context. However, the fact that all
A # 1 solutions do not solve a supergravity model makes it
more difficult to obtain a CFT description.

ACKNOWLEDGMENTS

J.L.B.S. would like to thank Robert Mann and Carlos
Herdeiro for helpful comments and discussions. We grate-
fully acknowledge support by the DFG Research Training
Group 1620 “Models of Gravity.” E.R. acknowledges
funding from the FCT-IF program. This work was also
partially supported by the H2020-MSCA-RISE-2015 Grant
No. StronGrHEP-690904 and by CIDMA Project No. UID/
MAT/04106/2013. J.L.B. S. and J. K. gratefully acknowl-
edge support by the grant FP7, Marie Curie Actions, People,
International Research Staff Exchange Scheme (Grant
No. IRSES-606096). F.N.-L. acknowledges funding from
Complutense University under Project No. PR26/16-20312.

Note added.—Recently, we received communication from
M. Mir and R.B. Mann concerning their research in
Ref. [44], which overlaps with some of the results presented
here. However, the approach in Ref. [44] is complementary
to that in our work, Mir and Mann presenting closed-form
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APPENDIX A: A=1 CVETIC-LU-POPE
BLACK HOLES

1. Solution

The most general charged rotating BH solution with two
equal angular momenta of the EMCS-AdS equations,
which is known in closed form, has been reported by
Cveti¢, Lii, and Pope in Ref. [7] (see also Refs. [45-47] for
further investigations of it).
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The expression of this solution within the ansatz (4) and (5) reads
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m(1-9)-2g  2amt(1-5)¢
2a°m  a*q? 1- L I
=72 p— r r L
F%(r) r <1 + 4 r6 ’ FO(r) - 1+ 2iim uig2 ’
am—q-% 3 3
Wiy =S o YRy Y30 (a1)
4 28m _ a’¢ ’ 2r? 2r?
r (1 + =5 - T)

where a, g, and m are three constants. To make contact with the approach in this work, we express m as a function of the
event horizon radius ry [with 1/F(ry) = Fo(rg) = 0]

q+rH 2 aq’
2L2 + ( ) T2
m =

1—“2(ﬁ+r1;,)

(A2)

Working again in a nonrotating frame at infinity, the quantities which enter a thermodynamic description of the solutions, as
expressed in terms of ry, a, and ¢, read

2 2 2 4 2 2
P ry ry q at 2a 2( 4rH>>]
VA E— PR N R R Oy A S P YRY W A R
8<1—a<;+g>>[< L>< L2> ri,<q< L LQ) L7
r2 r
NEY: ﬂql_fj(l""LH) a1+L<Z“+H)
0=——q, Oy =->5 — ; Qy=— 3
2 g 1+ O
"n "
r2)2 242 2
ra |12 ((H&,H) _% A 2”2”?1(1"‘[1_;)
= — I q . H: ,
4| 1-a(H+t -G+ )
2 —
Ty —— G {(1—2“2“1) <1+i>_“2(a2q2+2r‘}1) A+ =2r)] g
2nry 1 —a?(L+ L) ry ry L*r, L*r},
H

The corresponding expressions for mass and angular momentum of the horizon are

H i
4 L2

H

l—az(#—l-%) ’

N (B | e 2% 1))

"H
8 L?

. A4
— (HL) (A4)
L? r%,

082050 (08)(109) 1613
H =7

The parameters (ry, a, q) are subject to the condition

2 20,22 4 6 20,2 _ 0,4
<]_2a 2—|—q><]+cg)_a(aq4i—2rH)+2(rH+a2(Z 2rH)20.
Ty Ty L*ry, Lry

(AS)
If the inequality in the equation above is saturated, the horizon is degenerate, and we get an extremal BH. With ¢ = 0, the

CLP solutions reduce to MP-AdS spinning BHs with equal angular momenta [5]. Another limit of interest corresponds to
a = 0, in which case one recovers the RN-AdS BHs

064018-22



CHARGED ROTATING BLACK HOLES IN EINSTEIN- ...

2. Extremal limit and the critical solutions

In discussing the Ty = 0 limit of these solutions, it is
convenient to reparametrize the constants a and ry as

Lxy

a = Lx, ry = , A6

e (49

with0 <x < 1,1 <y < oo. Then, the condition Ty = 0 is

written as

LZ 2

g=q. — (17"%2 (—1 + (2= 1)4/1 —|—2y2x2), (A7)
- X

which reveals the existence of two branches of extremal
solutions, in terms of the parameters (x,y). In particular,
BHs with Ty = 0 can be found for any value of (Q, J).
The extremal BHs possess an interesting limit with a
zero event horizon area, corresponding to the 4 = 1 critical
solution discussed above. This limit is approached for

_ru @

p 2 1, (A8)
on both branches of solutions. Interesting enough, the +
global charges are the same as y — 1,

L’z x?*(x* = 3x2 4+ 6) L’z X3
VR L S
T8 T 1-2) ST -2y
L’z x*
Qiﬁ—7m<0, (A9)

while the + expressions of electrostatic potential and
horizon angular velocity are different,

Py, - — \/§ )
2(2i\/1+2x2)

QHi_}ll%—xzj:\/l—l-sz‘
x(2 4+ V1 +2x?)

(A10)

This shows the existence of a discontinuity in both ® and
Q as the limit y — 1 is approached, with different limiting
values for these quantities on each branch (although the
global charges are equal).

The solution with y = 1 has an interesting closed-form
expression. After replacing (A6) and (AS8) in (Al), one
finds

PHYSICAL REVIEW D 95, 064018 (2017)

(1 —x?)
FO(r) :T
(P =)+ L2(1 4 2)) (P (1 - %) — L2x%)
(1= x2)3 + PPL2x% (1 — x?)? + Lx* ’
L2 (1 = x%)3
Fi(r) =— 2 2 ( 2 2) 22
(r2(1 = x2) + L*>(1 + x2))(r?(1 = x%) — L?x*)*’
Fy(r) =12,
61_24 2L461_2_L66
Fyr) = TLZ A L 20 2L
(1 —x%)
L3x3
W(r) = N3 L 2722 N2 44
r*(1=x*)° + r*L*x*(1 — x*)* 4+ L%
(=L _*
a,(r) = —————,
¢ 2rr (1 =x%)?
V3L? X2
= —— . All
aO(r) 27’2 (l — X )2 ( )
A direct inspection shows that this describes a BH
spacetime, with standard AdS asymptotics. The event
horizon is located at
Lx
r=ry= > 0. Al2
" iee (812

Despite possessing a zero horizon area, this configuration
shows no (obvious) signs of a pathological behavior. For
example, both the Ricci and Kretschmann scalar are finite
on and outside the horizon.

Its near-horizon expansion r — ry reads

Fo(r):%\/l—x_;fjlz;fxz)(r—r,i)—F ..... ,

I 41420 i

F) 12 2 (r=ru)*+.....

Fa) =y s B =202 (),
w(r)—gl_"xz ..... , ao(r)——\fl_lx2 ..... ,
W(r)— %m—i— ..... , (A13)

which, to leading order, describes an AdS; x S? geometry.
Other properties of this special solution have been already
reported in the main text.
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