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We consider rotating black hole solutions in five-dimensional Einstein-Maxwell-Chern-Simons theory
with a negative cosmological constant and a generic value of the Chern-Simons coupling constant λ. Using
both analytical and numerical techniques, we focus on cohomogeneity-1 configurations, with two equal-
magnitude angular momenta, which approach at infinity a globally anti-de Sitter background. We find that
the generic solutions share a number of basic properties with the known Cvetič, Lü, and Pope black holes
which have λ ¼ 1. New features occur as well; for example, when the Chern-Simons coupling constant
exceeds a critical value, the solutions are no longer uniquely determined by their global charges. Moreover,
the black holes possess radial excitations which can be labelled by the node number of the magnetic gauge
potential function. Solutions with small values of λ possess other distinct features. For instance, the
extremal black holes there form two disconnected branches, while not all near-horizon solutions are
associated with global solutions.
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I. INTRODUCTION

The study of black hole (BH) solutions with a cosmo-
logical constant Λ < 0 has enjoyed recently a tremendous
amount of interest. The natural ground state here is the
Anti-de Sitter (AdS) spacetime, which, from a mathemati-
cal viewpoint, can be regarded as fundamental as the
Minkowski one, possessing the same number of Killing
vectors [1]. Therefore, finding less symmetric solutions and
contrasting the situation with the Minkowskian counter-
parts is an interesting problem in itself, which ultimately
may lead to a beter understanding of the real-world BHs.
However, the main motivation for the study of BHs with
AdS asymptotics comes from the proposed correspondence
between physical effects atssociated with gravitating fields
propagating in AdS spacetime and those of a conformal
field theory (CFT) on the boundary of AdS spacetime [2,3].
According to this conjecture, the AdSD BHs would offer
the possibility of understanding the nonperturbative struc-
ture of some CFTs in (D − 1) dimensions.
Restricting to a globally AdS background and D ¼ 5

spacetime dimensions, one remarks that the asymptotically
flat Myers-Perry BH [4] possesses a generalization which
has been studied by various authors, starting with the work
by Hawking et al. [5]. However, the situation is more
patchy in the presence of an (Abelian) gauge field. The only
Einstein-Maxwell solution which is known in closed
form is the (electrically charged, spherically symmetric)
Reissner-Nordström (RN)-AdS BH. The basic properties of
its rotating generalization have been studied in Ref. [6] by

using numerical methods, for the particular case of two
equal angular momenta jJ1j ¼ jJ2j, while the general
solutions with J1 ≠ J2 are still unknown.
However, in five spacetime dimensions, the Maxwell

action may be supplemented by a Chern-Simons (CS) term.
This makes no difference to static configurations, but it
does affect the class of stationary solutions. Rather than
being merely an extension of the Einstein-Maxwell model,
the inclusion of a CS term is motivated by its presence (with
a particular coefficient λ ¼ λSG ¼ 1) in the bosonic sector
of D ¼ 5 minimal gauged supergravity. Several exact
solutions of this supergravity model describing charged
rotating BH solutions have been reported in the literature.
Of main interest here are the BH solutions found in Ref. [7]
by Cvetič, Lü, and Pope (CLP). These are the most general
asymptotically AdS BHs which rotate in two planes with
equal-magnitude angular momenta and are free of pathol-
ogies. As such, they possess three global charges: the mass
M, the electric charge Q, and the angular momenta
jJ1j ¼ jJ2j ¼ J. The parameters M, Q, and J are subject
to some constraints, such that closed timelike curves and
naked singularities are avoided. The BHs in Ref. [7] also
possess an extremal limit which preserves some amount of
supersymmetry [8] (note that these solutions present non-
vanishing angular momentum). Generalizations of these
configurations with more matter fields and/or unequal
angular momenta have been constructed in Ref. [9].
The main purpose of this paper is to answer the question

of how general the CLP solution is. For example, when
taking a value λ ≠ λSG of the CS coupling constant and
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imposing the assumptions (i) AdS5 asymptotics, (ii) two
equal angular momenta, and (iii) the absence of patholo-
gies, do we recover the same qualitative features as
in Ref. [7]?
Although a CS term does not contribute to the Einstein

equations, its presence breaks the charge reversal invari-
ance. Moreover, a value λ ≠ 0 introduces a nonlinearity at
the level of the Maxwell-Chern-Simons equations; thus,
varying λmay lead to new features of the solutions. Indeed,
as discussed in Refs. [10–12], the asymptotically flat limit
of these BHs possesses a variety of new properties when the
Chern-Simons coupling constant is large enough [starting
above the supergravity (SUGRA) value]. Perhaps the most
unusual feature there is that the BHs form sequences of
radially excited solutions, that can be labeled by the node
number of the magnetic gauge potential function.
Moreover, the solutions there exhibit nonuniqueness, and
one finds extremal and nonextremal BHs with the same sets
of global charges and different bulk geometries.
It is likely that some of the new features in Refs. [10–12]

will survive in the presence of a negative cosmological
constant. Thus, one can predict that the CLP solution (which
possesses a nodelessmagnetic gauge potential function)will
fail to provide an accurate qualitative description for large
enough λ. However, the situation is less clear for small
enough values of the CS coupling constant.
To answer the questions above, we consider the same

framework as in the CLP case (in particular the same
boundary conditions at infinity) and study Einstein-
Maxwell-Chern-Simons (EMCS) BHs with λ ≠ λSG, a task
which, to our knowledge, has not been yet undertaken in the
literature. Our results show that new qualitative features
occur both for small and for large enough values of the CS
coupling constant. Then, one cannot safely extrapolate the
features of the CLP solutions to the case of a generic λ. In
particular, all unusual features found in [10–12] for asymp-
totically flat BHs in EMCS theory survive in the presence of
a negative cosmological constant. Moreover, new features
occur as well for a small λ.
The paper is organized as follows. In Sec. II, we introduce

the general framework. The squashed AdS2 × S3 solutions
of the EMCS model are discussed in Sec. III in conjunction
with the near-horizon formalism. Such configurations are of
interest since in principle they could emerge as a near-
horizon limit of the extremal global solutions. The BH
solutions are discussed in Secs. IVand V. Several values of λ
are considered there, the situation being contrasted with the
λ ¼ 1CLP case.We endwith a brief conclusion and outlook
in Sec. VI. The Appendix contains a discussion of the basic
properties of the exact CLP solution.

II. FRAMEWORK

The action for D ¼ 5 Einstein-Maxwell theory with
negative cosmological constant Λ ¼ −6=L2 and a CS term
is given by

I ¼ −
1

16πG5

Z
M

d5x

� ffiffiffiffiffiffi
−g

p �
Rþ 12

L2
− FμνFμν

�

þ 2λ

3
ffiffiffi
3

p εμναβγAμFναFβγ

�
; ð1Þ

where R is the curvature scalar andG5 is Newton’s constant
in five dimensions; in the following, to simplify the
relations, we consider units such that G5 ¼ 1. Also, Aμ

is the gauge potential with the field strength tensor
Fμν ¼ ∂μAν − ∂νAμ, and λ is the CS coupling constant.
For the value λ ¼ λSG ≡ 1, the action (1) coincides with the
bosonic part of D ¼ 5 minimal gauged supergravity.
The field equations of this model consist of the Einstein

equations

Gμν þ Λgμν ¼ 2

�
FμρFρ

ν −
1

4
FρσFρσ

�
; ð2Þ

together with the Maxwell-Chern-Simons equations

∇νFμν þ λ

2
ffiffiffi
3

p εμναβγFναFβγ ¼ 0: ð3Þ

The general EMCS rotating BHs would possess two
independent angular momenta and a topology of the event
horizon which is not necessarily spherical.1 Thus, a generic
ansatz would contain metric functions and gauge potentials
with a nontrivial dependence on more than one coordinate.
However, this is a very hard numerical problem which we
have not yet solved.
The problem is greatly simplified by assuming that the

solutions have two equal-magnitude angular momenta and
an event horizon with spherical topology. This factorizes
the angular dependence of the problem, leading to a
cohomogeneity-1 ansatz, the resulting equations of motion
forming a set of coupled nonlinear ordinary differential
equations (ODEs) in terms of the radial coordinate only2

For such solutions, the isometry group of the line element is
enhanced from Rt × Uð1Þ2 to Rt ×Uð2Þ, where Rt denotes
the time translation.
An ansatz with these symmetries is built in terms of the

left-invariant 1-forms σi on S3, with a line element

ds2 ¼ F1ðrÞdr2 þ
1

4
F2ðrÞðσ21 þ σ22Þ

þ 1

4
F3ðrÞðσ3 − 2WðrÞdtÞ2 − F0ðrÞdt2 ð4Þ

1Vacuum BHs with an S2 × S1 event horizon topology in a
global AdS5 have been constructed recently in Ref. [13]. One
expects these solutions to possess generalizations in EMCS
theory.

2Note that a similar approach has been used by various authors
to numerically constructD ¼ 5 spinning BHs, for various models
where an exact solution is missing; see e.g. Refs. [14–21]
(perturbative exact solutions have been constructed as well within
the same approach; see e.g., Refs. [22–25]).
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and a gauge field

A ¼ a0ðrÞdtþ aφðrÞ
1

2
σ3; ð5Þ

where σ1 ¼ cosψdθ̄ þ sinψ sin θ̄dϕ; σ2 ¼ − sinψdθ̄þ
cosψ sin θ̄dϕ; σ3 ¼ dψ þ cos θ̄dϕ; and θ̄, ϕ, and ψ are
the Euler angles on S3.

III. SQUASHED AdS2 × S3 SOLUTIONS
AND THE ATTRACTOR MECHANISM

Some analytical expressions together with a partial
understanding of the properties of extremal EMCS BHs
can be achieved by considering solutions with a squashed
AdS2 × S3 geometry. In this case, the r-dependence of the
problem factorizes such that the field equations reduce to a
set of algebraic relations.
Such solutions are found by taking a particular expres-

sion of the general ansatz (4) and (5) with

F1 ¼
v1
r2

; F0 ¼ v1r2; F2 ¼ v2; F3 ¼ v2η;

W ¼ αr; a0 ¼ −qr; aφ ¼ p: ð6Þ

The resulting geometry describes a fibration of AdS2 over
the homogeneously squashed S3 with symmetry group
SOð2; 1Þ × SUð2Þ × Uð1Þ [26]. In the above relations, v1,
v2, η, α, q, and p are six constants subject to four
constraints which result from the EMCS equations (2), (3),

v1 ¼
L2v2

4ðL2 þ 3v2Þ
; η ¼ L4ð2p2 − v2Þ

v2ðL2 þ 3v2Þ2 − L4
;

q ¼ L

4
ffiffiffi
3

p
�
2 −

L2ðL2 þ 6p2Þ
ðL2 þ 3v2Þ2

−
L2

L2 þ 3v2

−
18α2L2ð2p2 − v2Þ

2α2ðL2 þ 3v2Þ2 − L4Þ
�

1=2
; ð7Þ

together with

p ¼ α
ffiffiffi
η

p
qv22

4v1ð ffiffiffi
η

p
v1 þ 2ffiffi

3
p λq

ffiffiffiffiffi
v2

p Þ : ð8Þ

A simple solution of the above equations exists in two
limiting cases. First, in the absence of a gauge potential
(p ¼ q ¼ 0), one finds

η ¼ 2

�
1þ v2

L2

�
; v1 ¼

v2
4ð1þ 3v2

L2 Þ
;

α ¼ 1

2ð1þ 3v2
L2 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2v2

L2

1þ v2
L2

s
: ð9Þ

This solution describes the near-horizon geometry of the
extremal Myers-Perry (MP)-AdS BHs.
For q ≠ 0, a simple analytic solution can be written for

λ ¼ 0 only (i.e., pure EM theory), with

v1 ¼
L2v2

4ðL2 þ 3v2Þ
; η ¼ 4ð6v2 þ 4L2Þv21

L2ð4v21 þ α2v22ÞÞ
−
16ðL2 þ 3v2Þ2

L4v2
q2;

q ¼
ffiffiffiffiffiffiffi
3v2

p
4ðL2 þ 3v2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4α2ð3v22ð5L2 þ v2Þ þ L4ðL2 þ 7v2ÞÞ − L4ðL2 þ 2v2Þ

p
16α4ðL2 þ 3v22Þ4 − L8

: ð10Þ

For λ ≠ 0, writing a solution similar to (10) reduces to
solving a sixth-order algebraic equation, a task which is
approached numerically. Thus, we are left with a two-
parameter family of solutions, which we found convenient
to parametrize in terms of v2 and η. These constants
measure the radius of the round S2 and the squashing of
the S3 part of the metric, respectively.

A. Charges

The solutions of the algebraic system (7), (8) are
expected to describe the near-horizon limit of asymptoti-
cally AdS5 extremal BHs in EMCS theory. Thus, they are
of particular interest in conjunction with the entropy
function formalism [27–29]. For example, this formalism
allows us to find the expression for some quantities of
interest for the global extremal solutions without

integrating the field equations in the bulk; it also leads
to some predictions for the structure of those BHs.
The analysis is standard, and a detailed computation has

been given in Ref. [11], for the same framework, although
in the absence of a cosmological constant. Thus, we shall
present here the basic steps only. Following the usual
approach, we consider the action functional of the model
(with L the EMCS Lagrangian)

hðα; v1; v2; η; p; qÞ ¼
Z

dθ̄dφdψ
ffiffiffiffiffiffi
−g

p
L

¼ 4π2
� ffiffiffiffiffiffiffi

ηv2
p

v1

�
4 − ηþ 6v2

L2
þ α2ηv22

4v21

�

þ v1

ffiffiffiffiffi
η

v2

r �
v22q

2

v21
− 4p2

�
−
16λp2q

2
ffiffiffi
3

p
�
:
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The entropy function is the Legendre transform of the
above integral with respect to the parameters α and q,

S ¼ 2πð2α~J þ ρ ~q − hÞ; ð11Þ

where ~J and ~q are related to the angular momentum and the
electric charge of the solutions, respectively.
Within this approach, the Einstein equations

correspond to

∂h
∂v1 ¼ 0;

∂h
∂v2 ¼ 0;

∂h
∂η ¼ 0: ð12Þ

Note that in the presence of the CS term in the action, the
corresponding analysis for the gauge potentials is more
intricate [30], and recovering the relations for ðp; qÞ in (7)
and (8) requires some care.
Within the entropy function formalism, the considered

configurations are characterized by two independent
parameters, for which we would like to choose the angular
momentum and electric charge. In order to calculate them,
one can employ the Noether charges approach [30–33].
Then, the expression of the total angular momentum is [11]

J ¼ 4π
v3=22

v1

ffiffiffi
η

p
pðρþ pαÞ þ π

v5=22

v1
η3=2α −

16

9

ffiffiffi
3

p
πp3λ;

ð13Þ

a result which is also obtained from the equation

∂h
∂α ¼ ~J ≡ 16πJ: ð14Þ

The corresponding expression of the electric charge is [11]

Q ¼ −4π
v3=22

v1

ffiffiffi
η

p ðρþ pαÞ þ 8π
ffiffiffi
3

p

3
λp2; ð15Þ

which is equivalent to

∂h
∂ρ ¼ q̂ ¼ −Q −

8π
ffiffiffi
3

p

9
λp2: ð16Þ

Then, the solutions have an entropy,

S ¼ AH

4
; ð17Þ

where

AH ¼ 1

4

Z
dθ̄dϕdψ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j detðgð3ÞÞj

q
¼ 16π2v3=22

ffiffiffi
η

p ð18Þ

will be identified with the horizon area of the global
extremal solutions. For the purposes of this work, it is

also of interest to consider the horizon angular momentum
JH, which can be calculated using the standard Komar
formula (with the Killing vector τ≡ ∂ψ − ∂ϕ)

JH ¼ 1

64π

Z
dθ̄dϕdψ

ffiffiffiffiffiffi
−g

p ð∇rτt −∇tτrÞ

¼ π
v5=22

v1
η3=2α: ð19Þ

Note that, although the cosmological constant is not
explicitly found in the above expressions, it enters via
the relations (7) and (8).

B. Branch structure and predictions
for the global solutions

If we fix the CS constant λ and the AdS length scale L,
the near-horizon solutions only depend on the angular
momentum J and the electric charge Q. Unfortunately, the
relations (13) and (15), together with (7) and (8), are very
complicated, and thus it is not possible to give an explicit
expression for the entropy S as a function of Q and J (the
same holds for the horizon angular momentum JH).
However, it is a straightforward problem to compute

those expressions numerically. This reveals a rather com-
plicated picture, with the possible existence of several
branches of solutions.

1. λ= 0 case

Let us start by addressing first the λ ¼ 0 limit of the
solutions, [i.e., Einstein-Maxwell (EM)-AdS theory], in
which case partial analytic results are at hand [see
Eqs. (10)]. In agreement with our physical intuition, one
finds two different branches of solutions, corresponding to
two different possible ways to generate extremal EM-AdS
global solutions. One of the branches contains the near-
horizon geometry of the extremal RN-AdS BH as the J ¼ 0
limit. Then, a whole branch is generated when adding spin
to that limiting solution. Therefore, we call this set the RN
branch. The second branch contains the near-horizon
geometry of the extremal MP-AdS BH as the uncharged
limit. In this case, the whole branch is generated when
electric charge is introduced into that near-horizon geom-
etry. As such, this set is called the MP branch.
These two branches are shown in Fig. 1, with a ðJH; AHÞ

diagram (left) and a ðJ; JHÞ diagram (right) (note that the
electric charge is fixed there; also, all results in this section
are found for an AdS length scale L ¼ 1). Interestingly,
these two branches never intersect; i.e., there are no
attractor solutions connecting them. This leads us to predict
that the global solutions will also be on disconnected
branches. Thus, for a fixed value of the electric charge,
we shall find two branches of extremal BHs, which,
however, cannot be connected by global solutions of which

JOSE LUIS BLÁZQUEZ-SALCEDO et al. PHYSICAL REVIEW D 95, 064018 (2017)

064018-4



the near-horizon geometry is described by a squashed
AdS2 × S3 metric.

2. Generic picture

The picture for λ ≠ 0 (i.e., an EMCS-AdS theory) is
more complicated. First, in this case, if we fix the CS
coupling λ, the sign of the electric charge becomes relevant.
In the following, we will assume λ > 0 without any loss of
generality and show results for several small values of λ.
For the discussion, we shall fix jQj ¼ 0.044 and the AdS
length to L ¼ 1, although we have explored other values of
these parameters, and the features described below are
generic.
Let us start with the positive Q case. Then, for the

Q ¼ 0.044 and 0 ≤ λ < 0.0305, the branch structure is
similar to that of the pure EM-AdS case, and one finds
again two separated branches of near-horizon solutions
[see Fig. 1(a)]. One of them, the RN branch, contains the
near-horizon limit of the extremal RN-AdS BH. The other
one, the MP branch, contains the near-horizon geometry of
the extremal MP-AdS BH. Moreover, both branches are
disconnected. Then, the prediction above for the global
solutions still holds for these EMCS solutions.
However, this structure changes drastically for λ≥ 0.0305,

where a bifurcation happens. For this specific value,
both branches connect at some particular configuration
which does not seem to possess special properties. When
λ > 0.0305, one finds again two disconnected branches after
the bifurcation. These features are shown in Fig. 1(a), for
λ ¼ 0.031 (purple curve) and λ ¼ 0.1 (cyan curve).
Now, let us continue with the negative Q case, which

presents very different properties. There, it is more con-
venient to show the branch structure by plotting the horizon
angular momentum JH vs the total angular momentum J, as

we do in Fig. 1(b). The main feature always present in
Q < 0 solutions is the appearance of a critical near-horizon
solution with vanishing horizon area (marked with a square
in the figure). This near-horizon solution is always sepa-
rating the near-horizon geometry of the extremal MP-AdS
BH from the near-horizon geometry of the extremal
RN-AdS BH. Hence, a prediction of the near-horizon
formalism is that in this case we always find (at least)
two branches. For fixed Q, this critical solution has a certain
value of angular momentum Jc, which increases as λ goes to
zero (in fact, one finds Jc → ∞ as λ → 0). The horizon
angular momentum of the critical solutions also vanishes.
For small enough values of λ, we observe also other

interesting features. For instance, consider 0 < λ < 0.25.
Then, the MP branch can have more than one solution with
the same angular momentum. In Fig. 1(b), this can be seen
for λ ¼ 0.1 (cyan curve), where a vertical line of constant J
can intersect up to three times with the curve. However, as λ
increases, this behavior is lost; see the λ ¼ 0.25 curves in
Fig. 1(b). Yet another interesting behavior can be observed
on the RN branch. In Fig. 1(b), one can see that the
near-horizon formalism predicts the existence of counter-
rotating solutions. For instance, consider the curves with
λ ¼ 0.1 (cyan) and λ ¼ 0.25 (red). It can be seen that for
large enough J, and for solutions satisfying J < Jc, the
horizon angular momentum goes from positive to negative.
In fact, for λ > 0.5, the RN branch always has negative
horizon angular momentum, JH < 0.
We have also studied solutions with 0.5 < λ < 2, and it

turns out the (qualitative) picture described above for λ ¼
0.5 holds in that case, in particular the existence of a critical
configuration with AH ¼ 0. A discussion of this property
for the λ ¼ λSG case is given in Appendix A, based on the
analytical CLP solution.

 0.1

 0.2

 0  0.001  0.002

A
H

JH

Q>0

EM-AdS
λ=0.025
λ=0.03

λ=0.031
λ=0.1

(a)

 0

 0.002

 0.004

 0  0.004  0.008

J H

J

Q<0

Near-horizon , λ=0.5
Near-horizon , λ=0.25
Near-horizon , λ=0.1

Near-horizon , EM-AdS

(b)

FIG. 1. (a) Area vs horizon angular momentum JH for near-horizon solutions with fixed positive electric charge Q ¼ 0.044 and
several values of λ. (b) Horizon angular momentum JH vs angular momentum J for near-horizon solutions with negative electric charge
Q ¼ −0.044. The squares mark the critical solutions. In both figures, we include pure EM near-horizon solutions for reference. Also,
the AdS length scale is L ¼ 1.
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However, new features occur for λ > 2, in which case
the branch structure becomes qualitatively similar to that
of the asymptotically flat case [11]. Essentially, for
Q < 0, the near-horizon geometry of the extremal
RN-AdS BH is no longer the only solution with
J ¼ 0, but there is a J ¼ 0 near-horizon solution, which
is not static. We will comment more on that later, when
discussing the global aspects of these solutions. The
discussion of the branch structure for λ > 2 can be found
in Ref. [11] (flat case), and, since it is recovered here, we
refer the reader to that paper.

IV. BLACK HOLES IN EMCS-ADS THEORY:
GENERAL PROPERTIES

A. Parametrization and equations of motion

To make contact with the previous numerical work on
the D ¼ 5 EM(CS) system [6,11], we introduce the new
angular coordinates

θ̄ ¼ 2θ; ϕ ¼ φ2 − φ1; ψ ¼ φ1 þ φ2; ð20Þ

where θ ∈ ½0; π=2�, φ1 ∈ ½0; 2π�, and φ2 ∈ ½0; 2π�. Also, we
fix the metric gauge and reparametrize the functions in (4)
by taking

F0ðrÞ ¼ fðrÞNðrÞ; F1ðrÞ ¼
mðrÞ
fðrÞ

1

NðrÞ ;

F2ðrÞ ¼
mðrÞ
fðrÞ r

2; F3ðrÞ ¼
nðrÞ
fðrÞ r

2; WðrÞ ¼ ωðrÞ
r

;

where

NðrÞ ¼ 1þ r2

L2
;

is a “background” function employed to enforce AdS
asymptotics (note that the AdS5 spacetime is recovered
for f ¼ m ¼ n ¼ 1, ω ¼ 0). For completeness, we give the
corresponding expression of the line element

ds2 ¼ −fðrÞNðrÞdt2 þmðrÞ
fðrÞ

�
dr2

NðrÞ þ r2dθ2
�

þ nðrÞ
fðrÞ r

2sin2θ

�
dφ1 −

ωðrÞ
r

dt

�
2

þ nðrÞ
fðrÞ r

2cos2θ

�
dφ2 −

ωðrÞ
r

dt

�
2

þ
�
mðrÞ − nðrÞ

fðrÞ
�
r2sin2θcos2θðdφ1 − dφ2Þ2;

ð21Þ

while the corresponding expression of the gauge
potential is

Aμdxμ ¼ a0ðrÞdtþ aφðrÞðsin2θdφ1 þ cos2θdφ2Þ: ð22Þ

With this ansatz, the Einstein equations reduce to a set of
four second-order ODEs for the metric functions f, m, n,
and ω,

f00 −
2f
r2

�
1 −

4

3N

�
þ f0

�
5m0

m
þ 2n0

3n
−
3f0

2f
þ N0

N
þ 4

r

�
þ f

�
N0

3N

�
m0

2m
þ n0

n

�
−

m0

3m

�
n0

n
þ m0

2m
þ 4

r

��

−
2

3r

�
n0

n
þ n
rNm

�
−
7nðω − rω0Þ2

6r2fN
þ 2f
L2N

�
1 −

2m
f

þ L2N0

r

�
−
2f2

r2

�
4a2φ
r2Nm

þ 5ðra00 þ wa0φÞ2
3f2N

þ a2φ0

3n

�
¼ 0;

m00 þmf0

rf

�
1þ rN0

2N
þ rn0

3n

�
þm0

3

�
4

r
þ f0

2f
þ 5N0

2N
−
5m0

2m

�
−
mn0

3rn

�
1

N
þ rm0

2m

�

−
4mnðω − rω0Þ2

3r2f2N
þ 8m
r2N

�
r2

L2

�
1 −

m
f

�
−
1

3

�
1 −

n
m

��
−

8m
3r2fN

�
ðra0 þ ωa0φÞ2 þ

Nf2a2φ0

2n

�
¼ 0;

n00 þ nf0

rf

�
1þmN0

2N

�
−
m0n
3m

�
N0

2N
þm0

m
þ 5

r

�
þ n

3

�
2f0m0

fm
−
f0n0

2fn
−
m0n0

2mn

�
þ n0

�
8

3r
þ 7N0

6N
−

n0

2n

�

þ 8n
r2N

�
2

3

�
1 −

n
m

�
þ r2

L2

�
1 −

m
f

��
−
n2ðω − rω0Þ2Þ

3r2f2N
þ 8f
r2N

�
1

3
Na2φ0 −

2n
r2n

a2φ −
n
3f2

ðra00 þ ωa0φÞ2
�

¼ 0;

w00 þ w
r

�
−
3

r
þ 5f0

2f
−

m0

2m
−
3n0

2n

�
þ w0

�
3

r
−
5f0

2f
þ m0

2m
þ 3n0

2n

�
−
4faφ0

rn

�
a00 −

w0aφ
r

�
¼ 0; ð23Þ

together with the first-order constraint equation
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m0n0

mn
−
f0n0

fn
−
f0m0

fm
−
3f0N0

4fN
þ
�
4m0

rm
þ 2n0

rn
−
3f0

rf

��
1þ rN0

4N

�
þ m02

2m2
þ nðω − rω0Þ2

2r2f2N

þ 2

r2N

�
n
m
−
6r2n
L2f

�
−
2ðL2 − 6r2Þ

r2L2N
þ 2

r2N

�ðra00 þ ωa0φÞ2
f

−
fNa2φ0

n
þ 4fa2φ

r2n

�
¼ 0: ð24Þ

The gauge potentials a0 and aφ satisfy the second-order ODEs

a000 þ
wa0φ
r2

�
1 −

rN0

N
þ rn0

n
−
2rf0

f

�
þ nω

rN

�
a00ðrω0 − ωÞ

f2
þ 4aφ
r2m

−
ω2a0φ
rf2

�

þ a00

�
3

r
−
3f0

2f
þ m0

2m
þ n0

2n

�
þ a0φω0

r

�
1þ nω2

f2N

�
− λ

8aφ
r3

ffiffiffiffiffiffiffiffiffiffiffiffi
3fmn

p
�
nω
N

ðra00 þ ωa0φÞ − f2aφ

�
¼ 0;

a00φ −
4aφn

r2Nm
þ a0φ

�
1

r
þ N0

N
þ f0

2f
þ m0

2m
−

n0

2n
þ nω
rf2N

ðrω0 − ωÞ
�
þ na00
f2N

ðω − rω0Þ þ λ
8aφðra00 þ ωa0φÞ

r2N
ffiffiffiffiffiffiffi
3fm
n

q ¼ 0: ð25Þ

The equations for a0 and w have a total derivative structure,
which implies the existence of the first integrals

a00 þ
ω

r
a0φ −

4λffiffiffi
3

p f3=2a2φ
r3

ffiffiffiffiffiffiffi
mn

p ¼ 2f3=2ffiffiffiffiffiffiffi
mn

p
r3π

Q;

8Q
π

aφ þ
16λ

3
ffiffiffi
3

p a3φ −
n3=2

ffiffiffiffi
m

p
r3

f5=2
ðrω0 − ωÞ ¼ 16

π
J; ð26Þ

with the constants of integration Q and J, corresponding to
the angular momentum and electric charge of the solutions,
respectively [see the relations (29) and (30)].

B. Far field asymptotics and global charges

The far field expression of the solutions can be con-
structed in a systematic way, the first terms of the expansion
at infinity being

fðrÞ ¼ 1þ α

r4
−

2

21

9L2π2α− 12L2Q2 − 2π2μ̂2

π2r6
þ :::::;

mðrÞ ¼ 1þ β

r4
−

1

21

15L2π2α− 20L2Q2 − 8π2μ̂2

π2r6
þ :::::;

nðrÞ ¼ 1þ 3ðα− βÞ
r4

−
5

21

3L2π2α− 4L2Q2þ 4π2μ̂2

π2r6
þ :::::;

ωðrÞ ¼ Ĵ
r3
−
4q
3

μ̂

r5
þð2β− αÞ Ĵ

r7
þ :::::;

aφðrÞ ¼
μ̂

r2
þ 1

9

2L2
ffiffiffi
3

p
Qλμ̂− 3QL2Ĵþ 3παμ̂− 6πβμ̂

πr6
þ :::::;

a0ðrÞ ¼ −
Q
πr2

−
1

9

2
ffiffiffi
3

p
πλμ̂2 þ 3μ̂ Ĵ πþ 3Qβ

πr6
þ :::::: ð27Þ

The expression of the higher-order terms is rather
complicated, and it has not been possible to identify a
general pattern for the coefficients. Here, we mention only
that this asymptotic expansion contains five undetermined

parameters fα; β; Ĵ; μ̂; Qg, which encode the global charges
of the solutions.
The total angular momenta of the BH can be calculated

using the standard Komar integral

JðkÞ ¼
Z
S3∞

β̂ðkÞ; ð28Þ

where β̂ðkÞμ1μ2μ3 ≡ ϵμ1μ2μ3ρσ∇ρησðkÞ (with ηðkÞ ≡ ∂=∂φðkÞ).
These configurations have equal-magnitude angular
momenta, jJðkÞj ¼ jJj, k ¼ 1, 2. Then, one finds the
following expression:

J ¼ π

4
Ĵ: ð29Þ

The computation of the electric charge is also standard, Q
being obtained from

Q ¼ −
1

2

Z
S3∞

�
~F þ λffiffiffi

3
p A∧F

�
; ð30Þ

with ~Fμ1μ2μ3 ≡ ϵμ1μ2μ3ρσF
ρσ .

The computation of the total mass M, however, requires
special care, since the result from a naive application of the
Komar integral diverges already in the vacuum case without
the gauge field. However,M can be computed e.g. by using
the Ashtekar-Magnon-Das conformal mass definition [34],
which results in

M ¼ −
π

8

ð3αþ βÞ
L2

: ð31Þ

M can also be computed by employing the boundary
counterterm approach in Ref. [35], wherein it is the
conserved charge associated with Killing symmetry ∂=∂t
of the induced boundary metric, found for a large constant
value of r. This results in the same expression (31), plus a
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constant Casimir term M0 ¼ 3π
32
L2 [35], which we shall

ignore in what follows. We mention that J can also be
computed by using the approach in Ref. [34] or the one in
Ref. [35], the results coinciding with (29). Let us also note
that M and J are evaluated relative to a frame which is
nonrotating at infinity.
The solutions possess also a magnetic moment μmag

which is fixed by the constant μ̂ which enters the asymp-
totic expansion of the gauge potential aφ,

μmag ¼ πμ̂: ð32Þ

Thus, one can define a gyromagnetic ratio g,

μmag ¼ g
QJ
2M

: ð33Þ

C. Properties of the event horizon

In the quasi-isotropic coordinates we are employing, the
BH horizon H resides at r ¼ rH ≥ 0 (where the function f
vanishes) and rotates with angular velocity ΩH. This is a
Killing horizon, since the Killing vector

ζ ¼ ∂t þ ΩHð∂φ1
þ ∂φ2

Þ

becomes null and orthogonal to the other Killing vectors on
it, ðζ2ÞjH ¼ 0, ðζ · ∂tÞjH ¼ 0, ðζ · ∂φðkÞ ÞjH ¼ 0.
For nonextremal solutions, the following expansion

holds near the event horizon,

fðrÞ ¼ f2ðr − rHÞ2 − f2

�
1

rH
þ 3rH
L2 þ r2H

�
ðr − rHÞ3

þOðr − rHÞ4;

mðrÞ ¼ m2ðr − rHÞ2 − 3m2

�
1

rH
þ rH
L2 þ r2H

�
ðr − rHÞ3

þOðr − rHÞ4; ð34Þ

nðrÞ ¼ n2ðr − rHÞ2 − 3n2

�
1

rH
þ rH
L2 þ r2H

�
ðr − rHÞ3

þOðr − rHÞ4;
ωðrÞ ¼ ω0 þ

ω0

rH
ðr − rHÞ þOðr − rHÞ2;

a0ðrÞ ¼ að0Þ0 þ að2Þ0 ðr − rHÞ2 þOðr − rHÞ3;
aφðrÞ ¼ að0Þφ þ að2Þφ ðr − rHÞ2 þOðr − rHÞ3; ð35Þ

where ff2; m2; n2;ω0; a
ð0Þ
0 ; a0;2; a

ð0Þ
φ ; að2Þφ g are numerical

coefficients subject to the constraint

�
54r4H þ 71

2
L2r2H þ 29

4
L4

�
f2m2 þ 10L2ðL2 þ 2r2HÞf2n2

þ 12r2HðL2 þ 2r2HÞm2
2 − L2r2Hð5L2 þ 13r2HÞw2

m2n2
f2

− 8L2r4Hðað2Þ0 þΩHa
ð2Þ
φ Þm2

þ 4L2ð5L2 þ 9r2HÞ
r2H

að0Þ2φ f22 ¼ 0: ð36Þ

Note that for extremal BHs the event horizon is located at
rH ¼ 0, in which case the near-horizon expansion is more
complicated [11]. Also, this results in a different expression
of the horizon quantities as compared to the one above.
Restricting to the nonextremal case, the area of the

horizon AH and the Hawking temperature are given by

AH ¼
Z
H

ffiffiffiffiffiffiffiffiffiffi
jgð3Þj

q
¼ 2π2r3H

m2

f2

ffiffiffiffiffi
n2
f2

r
;

TH ¼ 1

2π

�
1þ r2H

L2

�
f2ffiffiffiffiffiffi
m2

p : ð37Þ

The horizon angular velocity is obtained in terms of the
inertial dragging

ΩH ¼ ω0

rH
: ð38Þ

Further, the horizon electrostatic potentialΦH is defined by

ΦH ¼ ζμAμjr¼rH
¼ að0Þ0 þ ΩHa

ð0Þ
φ ; ð39Þ

being constant at the horizon.
It is also of interest to compute the horizon massMH and

the horizon angular momenta JHðkÞ, which are given by the
standard Komar integrals (with α̂μ1μ2μ3 ≡ ϵμ1μ2μ3ρσ∇ρξσ):

MH ¼ −
3

2

Z
H
α̂

¼ 3

16
πr3H

ffiffiffiffiffiffiffiffiffiffiffi
m2n2
f32

r �
2f2

�
1þ r2H

L2

�
−
2rHn2ΩHw2

f2

�
;

ð40Þ

JHðkÞ ¼
Z
H
β̂ðkÞ ¼ −

1

8
π

ffiffiffiffiffiffiffiffiffiffiffi
m2n32
f52

s
r4Hw2: ð41Þ

In the case we are interested in here, both horizon angular
momenta have the same magnitude, so we can refer to them
simultaneously as the horizon angular momentum JH,
with jJHj ¼ jJHð1Þj ¼ jJHð2Þj.
Note that the quantities above satisfy the horizon Smarr

formula

JOSE LUIS BLÁZQUEZ-SALCEDO et al. PHYSICAL REVIEW D 95, 064018 (2017)

064018-8



2

3
MH ¼ κAH

8π
þ 2ΩHJH: ð42Þ

However, different from the asymptotically flat case, no
simple Smarr-type relation can be written for asymptoti-
cally AdS configurations, in particular for the solutions in
this work. A proposed generalized Smarr-type relation
could include the cosmological constant as a negative
pressure term [36]. This possibility has been explored
for MP-AdS, RN-AdS, and CPL BHs in Refs. [36,37].
Finally, we mention that the EMCS charged spinning

BHs satisfy the first law of thermodynamics,

dM ¼ 1

4
THdAH þ 2ΩHdJ þΦHdQ: ð43Þ

An extra term involving variations of the cosmological
constant (ΘdΛ≡ −VdP) can also be added to this formula
[36,37]. The conjugate variable to the pressure P can be
identified with the volume V of the spacetime outside the
event horizon. However, in our calculations, we will always
consider families of configurations with a fixed value of the
cosmological constant. The extension of the results in
Refs. [36,37] for numerical solutions (in particular for those
in this work) remains an interesting open problem.

V. BLACK HOLES IN EMCS-ADS THEORY:
NUMERICAL RESULTS

A. General remarks

1. Method

Unfortunately, no exact EMCS-AdS closed-form solu-
tion is known apart from the CLP one (with λ ¼ 1) with its
RN-AdS (J ¼ 0) and MP-AdS (Q ¼ 0) limits. The basic
features of this special solution are discussed in the
Appendix.
The BHs with λ ≠ 1 are found numerically. The numeri-

cal methods we have used are similar to those used in the
literature to find numerically other D ¼ 5 BH solutions
with equal-magnitude angular momenta, e.g. those in
Refs. [11,14,18,19]. In our scheme, we choose to solve
a system of four second-order differential equations
(ODEs) for the functions ðf;m; n; aφÞ (23), (25), together
with the two first-order ODEs for ω, a0 (25). Thus, in the
generic case, the input parameters are λ and L together with
rH, J, and Q. The equations are solved by using the
software package COLSYS [38], subject to appropriate
boundary conditions compatible with the asymptotics (27),
(35). This solver employs a collocation method for boun-
dary-value ordinary differential equations and a damped
Newton method of quasilinearization. A linearized problem
is solved at each iteration step, by using a spline collocation
at Gaussian points. The package COLSYS possesses an
adaptive mesh selection procedure, such that the equations

are solved on a sequence of meshes until the successful
stopping criterion is reached.
The solutions reported in this work have a typical relative

accuracy of 10−10. The number of mesh points used in
our calculation was around 104, distributed nonequidis-
tantly on x, where x ¼ 1 − rH=r is a compactified radial
coordinate employed in the nonextremal case [for extremal
solutions, we have used x ¼ r=ð1þ rÞ].

2. Profile of solutions and some generic features

The profiles of three typical solutions3 with λ ¼ 0.5,
λ ¼ λSG ¼ 1, and λ ¼ 1.5 and fixed values Q ¼ −0.044,
J ¼ 0.00148, and rH ¼ 0.4, L ¼ 1 are shown in Fig. 2.
Varying λ does not seem to lead to new qualitative features;
in particular, the metric functions f, m, and n always
exhibit a monotonic behavior. Also, we have noticed that
the difference between solutions’ profiles for different λ
and the same Q, J, rH becomes more transparent when the
BHs are close to extremality.
We mention that all solutions reported in this work have

gtt ¼ −f < 0, for any r > rH, while m and n remain
strictly positive. Thus, t is a global time function, and the
BHs are free of closed timelike (or null) curves [39]. Also,
they show no sign of a singular behavior4 on the horizon
or outside of it, that would manifest itself in the Ricci or
Kretschmann scalars (which were monitored for most of
the solutions). In addition, all the solutions we have
analyzed present an ergoregion, inside of which the
observers cannot remain stationary and will move in
the direction of rotation. The ergoregion is located
between the horizon and the ergosurface r ¼ rc, with
gttðrcÞ ¼ 0, i.e.

nðrcÞ
fðrcÞ

ω2ðrcÞ − fðrcÞ
�
1þ r2c

L2

�
¼ 0 ð44Þ

(note that, in contrast to D ¼ 4 Kerr-like BHs, the
ergosurface does not touch the horizon).
The determination of the full domain of existence of the

solutions would be a huge task. In this work, we will only
attempt to sketch its shape by analyzing the pattern of
solutions on some generic surfaces in the space of param-
eters. Also, to simplify the study, we set the AdS length
scale L ¼ 1, such that all quantities are given in these units.
Moreover, without any loss of generality, we consider
values λ ≥ 0 for the CS coupling constant, only (as such,
we have to consider both signs for the electric charge). We
have considered solutions with a large set of λ ranging
between 0 and 50. However, solutions with larger λ are very

3As discussed below, for large enough values of λ, new sets of
excited solutions occur, with a node structure for both aφ and ω.

4The exception here appears to be the gap set of extremal
solutions discussed in Sec. V C.
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likely to exist, and we conjecture the absence of an upper
bound for the CS coupling constant.
We mention also that the numerical results exhibited in

the figures in Sec. V B were found by extrapolating to the
continuum the results from discrete sets of around 1000
solutions for each λ. The solutions there were found by
considering first a fixed angular momentum (Sec. V B 1)
and then a fixed electric charge (Sec. V B 2). Those plots
are (typically) projections of 3D surfaces which encode the
dependence of the Hawking temperature TH on two other
quantities which enter the first law (43).
As such, viewed together, they provide a description of

the thermodynamics of the solutions, together with the
domain of existence. For example, one can consider the
thermodynamic stability in the canonical ensemble, where
the charge and angular momentum are fixed parameters, the
response function being the heat capacity C ¼ THð∂AH∂TH

Þ
J;Q

.

We have found that for any value of λ, the solutions with
small values of jJj, jQj exhibit the pattern of the
Schwarzschild-AdS BHs [40], only the large size BHs
possessing a positive specific heat C > 0. However, the
solutions become more thermally stable as jQj and/or jJj
increases, with C > 0 for large enough values of these
charges even for small size BHs.
Apart from the quantities displayed in the figures in

Sec. V B, we have also considered the gyromagnetic ratio g
as resulting from (33). A known result here is that, unlike in
four dimensions, the value of g is not universal in higher
dimensions [41], while the AdS asymptotics further intro-
duces new features [42]. We have computed the gyromag-
netic ratio for a large part of the solutions reported in this
work and could not identify any clear pattern, with g taking
a large range of values.
Finally, let us mention that in the numerical study we

have paid special attention to extremal BHs, which have

been constructed directly. Such configurations are impor-
tant in and of themselves; they are also interesting as a test
of the predictions in Sec. III within the near-horizon
formalism.

B. Three values of λ: A comparison

To clarify the question asked in the Introduction on how
general the features of the CLP solution are, we shall
present in what follows the results for three intermediate
values of the Chern-Simons coupling constant. Apart from
the SUGRA case λ ¼ 1, we shall exhibit results for a
smaller value, λ ¼ 0.5, and also for a larger one, λ ¼ 1.5.

1. Fixed angular momentum: The generic picture

Starting with extremal BHs with a Q > 0, one finds one
single branch of solutions which connects continuously the
extremal MP-AdS BH (Q ¼ 0) with the extremal RN-AdS
BH (in the limit Q → ∞). This fact agrees with the
prediction from the near-horizon formalism in Sec. III.
For Q < 0, the situation changes drastically. In agree-

ment with the prediction from the near-horizon formalism,
this set is characterized by the existence of two different
branches, the MP one and the RN one, separated by a
critical solution. The MP branch starts with the extremal
MP-AdS solution (Q ¼ 0) and extends for Q ∈ ðQ0; 0�,
where Q0 < 0. In particular, for J ¼ 0.0295, one finds
Q0 ¼ −0.0522 for λ ¼ 0.5, Q0 ¼ −0.0659 in the SUGRA
case and Q0 ¼ −0.0755 for λ ¼ 1.5. On the other hand, the
RN branch exists for Q ∈ ð−∞; Q0Þ.
These features are shown in Fig. 3 where we give the

ðAH;Q;THÞ plot for BHs with J ¼ 0.0295. One can see
that, in all cases, the horizon area is minimized by the
set of extremal solutions. One can also notice the different
behavior of the TH ¼ 0 BHs with positive and negative Q.
For extremal solutions with Q > 0, the area always
increases with the electric charge. However, for Q < 0,
the horizon area becomes zero at the critical solution, which
is reached for some critical electric charge Q0.
Let us discuss now the nonextremal solutions. In Fig. 3,

we can see that all three cases possesses a local maximum
of the temperature. This local maximum is at TH ¼ 0.68
and is always found for the Q ¼ 0 MP-AdS set. However,
for higher values of the horizon area, the temperature
increases again (not displayed in these figures). Also, there
is no upper bound for the area. Another interesting feature
that one can see in Fig. 3 is that it is possible to define
closed sets of charged BHs with the same temperature
(isothermal). These sets can only be found around the local
maximum of temperature.
From these figures, we conclude that the general

behavior of the area does not change much with respect
to the SUGRA solution. The effect of changing λ reduces to
a modification of the position of the critical solution
(essentially, increasing λ leads to a larger magnitude of
the electric charge of this configuration).

-1
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 1
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 0  0.5  1

fu
nc

tio
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x

n(x)

f(x
)

2 m
(x

)
ω(x)+1

aϕ(x)

λ=0.5
λ=1.0
λ=1.5

FIG. 2. The profiles of typical charged rotating black holes with
several values of λ and Q ¼ −0.044, J ¼ 0.00148, and rH ¼ 0.4,
L ¼ 1 are shown as a function of the compactified coordinate
x ¼ 1 − rH=r.
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In Fig. 4, we show the ðM;Q;THÞ plot for the same BHs
with J ¼ 0.0295. Similarly to the horizon area, the mass is
minimized in the extremal case. Here, however, the mini-
mum mass is reached for the extremal MP-AdS
BH (Q ¼ 0). For negative Q, two different branches of
extremal BHs can be identified at both sides of the critical
solution. However, the mass always increases with the
absolute value of the electric charge, contrary to what
happens for AH.
Nonextremal solutions show a similar behavior for the

mass as for the horizon area, and we can clearly identify
the local maximum of temperature in the MP-AdS set.

The mass of the nonextremal solutions with fixed J can be
increased to infinity (which also increases the temperature
and the horizon area).
The main difference between the solutions with different

λ is found close to the critical solution. Here, we see a jump
on the slope of the M −Q curve; this jump becomes more
pronounced when increasing the value of the coupling
beyond the SUGRA value. Below λ ¼ 1, the figure is
softened (and the general behavior becomes more sym-
metric in Q).
Turning now to the horizon quantities, we present in

Fig. 5 the plot for ðJH;Q;THÞ for the same set of

(a) (b) (c)

FIG. 3. Horizon area AH vs electric charge Q with different temperatures TH for black holes with fixed angular momentum J ¼
0.00296 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The lower bound of the area is given by the set of T ¼ 0
extremal solutions. Extremal solutions with negative electric charge possess a critical solution with AH ¼ 0 at Q ¼ Q0, where
Q0 ¼ −0.0522, −0.0659, −0.0755 for λ ¼ 0.5, SUGRA, and λ ¼ 1.5, respectively.

(a) (b) (c)

FIG. 4. Total massM vs electric charge Q with different temperatures TH for black holes with fixed angular momentum J ¼ 0.00296
and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The lower bound of the mass is given by the set of extremal solutions.
The value of the mass of the extremal solutions always increases with the absolute value of the electric charge. The critical solution with
zero area at Q0 < 0 can be identified here at the point where the lower bound exhibits a kink.
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configurations. This plot is interesting because it gives us
an idea about the full domain of existence of the global
solutions. For instance, consider Figs. 5(a) and 5(c). The
lower bound of the horizon angular momentum is given by
the set of extremal solutions. The upper bound is given by
the line of constant JH ¼ J ¼ 0.00296. This line is reached
asymptotically as the mass of the nonextremal BHs is
increased to infinity. To better understand these aspects, we
present in Fig. 5(b) the 3D plot ðJH;Q;THÞ for solutions in
the SUGRA case. Then, one can see more clearly that, close
to JH ¼ J ¼ 0.00296, the temperature drops from the local
maximum and then it increases again without limit. The
mass and the horizon area also increase, and the nonex-
tremal BHs become more and more massive. Moreover,
they have almost all the angular momentum stored behind
the horizon (hence reaching the limit JH ¼ J). Note the
surface degenerates into a single line at Q ¼ 0, J ¼ JH,
with T ∈ ½0;∞Þ, where the full set of MP-AdS BHs is
recovered for the three considered cases.
Concerning the extremal solutions, it is interesting to

note the difference between the Q > 0 and Q < 0 cases.
For positive electric charge, adding Q to an extremal MP-
AdS solution decreases the horizon angular momentum,
and it goes to zero as the electric charge goes to infinity. For
negative electric charge, however, the two extremal
branches present different properties. In the MP branch,
the electric charge can be increased only up to the critical
solutions with Q ¼ Q0, and JH decreases with jQj. At
Q ¼ Q0, the horizon angular momentum vanishes.
Combining this result with the Q > 0 case, one can say
that the horizon angular momentum of extremal solutions
with Q ∈ ðQ0;∞Þ satisfies the relation 0 < JH ≤ J, satu-
rating the relation only at Q ¼ 0.

Another interesting feature one can notice in Fig. 5 is
the existence of counter-rotating configurations (this holds
for all considered values of λ). For example, take the
extremal solutions on the RN branch (Q < Q0). They have
J > 0; however, JH is negative. Moreover, this is not
unique to extremal solutions; BHs with TH > 0 can also
become counter-rotating for low enough temperatures
and Q < Q0.
Changing the coupling λ has a particularly relevant effect

on these counter-rotating configurations. Note that in the
figure we can see how reducing the coupling below
SUGRA reduces the size of the space of solutions with
counter-rotation (we will comment on this again in the
following sections).
We continue with Fig. 6, where we show the

ðMH;Q;THÞ plot. One interesting feature of the λ ¼ 0.5
set is the existence of solutions with negative horizon
masses. In the extremal case, this happens for solutions on
the RN branch and Q < Q0. Also, some nonextremal
solutions close to this set share the same property.
Moreover, one can notice that the horizon mass of the
critical solution is always zero, independently of the value
of λ. Surprisingly, in the SUGRA case, the extremal
solutions on the RN branch (Q < Q0) always have
MH ¼ 0, as one can see in Fig. 6(b).
Hence, the main effect of changing the coupling in this

case is on the behavior of the horizon mass of the Q < Q0

solutions: below SUGRA, we can find MH < 0 configu-
rations, and beyond SUGRA, the horizon mass is positive.
SUGRA is a very particular case in whichQ < Q0 extremal
black holes have MH ¼ 0.
In Fig. 7, we present the ðΩH;Q;THÞ diagram for the

same configurations. An interesting behavior occurs here

(a) (b) (c)

FIG. 5. Horizon angular momentum JH vs electric charge Q with different temperatures TH for black holes with fixed angular
momentum J ¼ 0.00296 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). Note that the lower bound of the horizon
angular momentum is given by the set of extremal solutions. But now we can see an upper bound, at the line JH ¼ J ¼ 0.00296. This
line is reached asymptotically as the mass and temperature of the nonextremal black holes are increased. The critical solution with zero
area at Q0 < 0 can be identified here at the point where the horizon angular momentum is zero.
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for large enough values of λ. For example, as seen in
Fig. 7(b) for the SUGRA case, the extremal BHs on the RN
branch (Q < Q0) always have ΩH ¼ 0. However, solutions
on the MP branch have positive angular velocity. This
indicates the existence of a discontinuity in the angular
velocity at the critical solution. This discontinuous behav-
ior is also present for λ ¼ 1.5; see Fig. 7(c). Along the RN
branch (Q < Q0), the BHs have a counter-rotating horizon:
the horizon angular velocity is negative, despite the total

angular momentum being positive. However, extremal BHs
on the MP branch have positive angular velocity. Hence,
one again sees a discontinuous behavior in the angular
velocity. Note that nonextremal solutions are not discon-
tinuous; both extremal branches can be joined by almost
extremal solutions, for which very small variations of the
electric charge cause very large (but continuous) modifi-
cations of the angular velocity, and can even change the
sense of rotation for big values of λ.

(a) (b) (c)

FIG. 7. Horizon angular velocity Ω vs electric charge Qwith different temperatures TH for black holes with fixed angular momentum
J ¼ 0.00296 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The three cases present very different properties in their
extremal limit. Note that Ω for extremal solutions in λ ¼ 0.5 (a) is continuous. This is no longer the case in SUGRA λ ¼ 1 (b) and
λ ¼ 1.5 (c), where the RN branch has Ω ¼ 0 and Ω < 0, respectively. Since the MP branch has always positive Ω, there is a
discontinuity around the critical solution in the angular velocity in the T ¼ 0 limit for these two cases.

(a) (b) (c)

FIG. 6. Horizon mass MH vs electric charge Q with different temperatures TH for black holes with fixed angular momentum
J ¼ 0.00296 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The main difference between these values of λ is in the
horizon mass of the extremal and near-extremal configurations. In particular, the difference is found in the RN branch: note that in (a),
whenQ < −0.0522, the horizon mass can be negative; in (b), whenQ < Q0 ¼ −0.0659, it is always zero; in (c), whenQ < −0.0755, it
is positive and increases with the absolute value of the electric charge.
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In these figures, for the angular velocity, we can see that
once again changing the CS coupling has a very important
effect on the properties of the solutions, in particular for
Q < Q0. SUGRA is a special case where these solutions
have null angular velocity, but increasing the value λ
beyond SUGRA makes this set counter-rotate in the
angular velocity.
Finally, in Fig. 8, we show the electrostatic potential ΦH

vs the electric charge Q and the temperature TH. In this
case, the boundary of the domain of existence is charac-
terized by the set of extremal solutions and the line Φ ¼ 0,
which is reached as we move away from extremality by
increasing the mass and the temperature.
Similarly to what happens in the angular velocity,

changing the coupling λ has a specially relevant effect
on the Q < Q0 solutions. While in the SUGRA case the
electrostatic potential is discontinuous and jumps to a larger
value when moving from Q > Q0 to Q < Q0, our calcu-
lations show that in non-SUGRA the behavior is softened
around Q ¼ Q0.
Let us now summarize the main features of

these configurations with fixed (positive) total angular
momentum:

(i) For any λ, there is an asymmetry between solutions
with positive and negative electric charges. For
positive CS couplings, the Q < 0 set possesses a
critical solution with chargeQ0, which separates two
different extremal branches. This feature is absent
for Q > 0. The critical solution has AH ¼ MH ¼
JH ¼ 0 and is approached with a discontinuity in
both ΩH and ΦH. An analytical understanding of
this behavior is given in Appendix A 2, for λ ¼ 1.
Also, note that the value of jQ0j increases as λ
becomes larger.

(ii) Extremal solutions with Q < Q0 present very differ-
ent horizon properties depending on the value of the
CS coupling. For instance, in SUGRA, this branch
possesses MH ¼ ΩH ¼ 0 and separates the λ < 1
case, with MH < 0, ΩH > 0, from the λ > 1 case,
where the sign changes to MH > 0, ΩH < 0.

(iii) Nonextremal black holes withQ < Q0 can possess a
counter-rotating horizon (JH < 0), but the size of
this set of solutions contracts when decreasing λ.

(iv) Black holes with ΩH < 0 can be found for λ > 1. In
particular, and since ΩH is discontinuous in the
extremal branch, around the critical solution, one
can see that small changes in the electric charge
cause large variations of the horizon angular veloc-
ity, even changing the direction of rotation. On the
contrary, for λ < 1, the angular velocity is always in
the direction of the angular momentum.

2. Fixed electric charge: The generic picture

A complementary picture is found when fixing the
electric charge and varying both J and TH. The counter-
parts of the plots in the previous subsection are shown in
Figs. 9–14, for a fixed electric charge Q ¼ −0.044 and the
same values of λ.
Again, the global extremal solutions possess two differ-

ent branches, the MP branch and the RN branch, which
agree with the prediction from the near-horizon formalism.
The RN branch contains the static configuration with J ¼ 0
and extends for J ∈ ð−J0; J0Þ. At J ¼ �J0, we find the
critical solution with AH ¼ 0. The MP branch connects
with the uncharged and rotating black hole and is found for
jJj > jJ0j. In what follows, we shall present results for
positive values of the angular momentum only, since all
properties are symmetric under a change of sign in J.

(a) (b) (c)

FIG. 8. Electrostatic potential ΦH vs electric charge Q with different temperatures TH for black holes with fixed angular momentum
J ¼ 0.00296 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The behavior of the electrostatic potential is similar to the
angular velocity, with the main differences being in the extremal and near-extremal situations.
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We start with Fig. 9, where we show the ðAH; J;THÞ
diagram. The lower boundary of the AH-domain is found
for the extremal solutions. Hence, one can say that the
TH ¼ 0 configurations possess the lowest possible horizon
area, like in the constant J case. At J ¼ 0, we find the set of
RN-AdS BHs. Note, however, that the extremal RN-AdS
solutions do not have the minimum possible entropy.
Spinning up an extremal RN-AdS BH while keeping
TH ¼ 0 makes the area decrease down to zero, a point
where the critical solutions are reached. These critical
solutions separate the extremal branch originating in the
RN solution (0 ≤ J < J0) from the extremal branch

connecting with the MP solution (J > J0). Moreover,
although in the RN branch, the horizon area decreases
with the angular momentum, in the MP branch, AH
increases with J. An interesting consequence here is that,
for given Q, it is possible to obtain EMCS nonextremal
spinning and charged BHs with a horizon area lower than
the area of the extremal RN-AdS BH.
Concerning the nonextremal solutions, in Fig. 9, we can

see that the solutions present a local maximum of the
temperature. This local maximum is always found for
J ¼ 0, TH ¼ 0.73. For higher values of the area, the
temperature increases again (not displayed in these figures).

(a) (b) (c)

FIG. 10. Total massM vs angular momentum J with different temperatures TH for black holes with fixed electric chargeQ ¼ −0.044
and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). Note that the properties of the extremal set (lower boundary) depend on
the CS coupling. When λ ≥ 1, the extremal RN solution is no longer the black hole with minimum mass.

(a) (b) (c)

FIG. 9. Horizon area AH vs angular momentum J with different temperatures TH for black holes with fixed electric charge Q ¼
−0.044 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The lower bound is given by the set of extremal solutions. The
critical solution with AH ¼ 0 is found at J ¼ J0, where J0 ¼ 0.00233, 0.00164, 0.00133 for λ ¼ 0.5, SUGRA, and λ ¼ 1.5,
respectively.
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For instance, in the three cases, there is no upper bound for
the entropy. Also, one can see in Fig. 9 that it is possible to
define closed sets of isothermal rotating and charged BHs.
The main effect of changing the CS coupling is on the

value of J0: increasing λ reduces J0 and shrinks the
extremal RN branch.
In Fig. 10, we show the ðM; J;THÞ plot. The local

maximum temperature is obtained for a nonextremal
RN-AdS configuration (J ¼ 0). The existence of this local
maximum of temperature implies the existence of a set of
thermally unstable configurations with negative thermal
capacity. Around this set, isothermal sets are closed. This
means that the mass-angular momentum relation is

bounded. This is not the case for isothermal sets far away
from the local maximum.
The extremal solutions present very different behavior

depending on the value of λ: for λ ¼ 0.5 [Fig. 10(a)], we
can see that extremal BHs on the RN branch (J < J0) have
total mass increasing with the angular momentum. This
means that the minimum mass is obtained for the extremal
RN-AdS BH. Extremal BHs along the MP branch (J > J0)
have total mass increasing with the angular momentum. For
λ ¼ 1 [Fig. 10(b)], this is different; all extremal BHs on the
RN branch have the same (minimal) mass. The mass only
starts increasing when J > J0 (J0 ¼ 0.00164). Again,
extremal BHs along the MP branch have the total mass

(a) (b) (c)

FIG. 11. Horizon angular momentum JH vs angular momentum J with different temperatures TH for black holes with fixed electric
charge Q ¼ −0.044 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). Note that we can find extremal and nonextremal
configurations with JH < 0. Extremal black holes on the MP branch approximately satisfy (JH ≈ J − J0).

(a) (b) (c)

FIG. 12. Horizon mass MH vs angular momentum J with different temperatures TH for black holes with fixed electric charge
Q ¼ −0.044 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). Note that SUGRA is a particular case in which the RN
branch always has MH ¼ 0. This feature is lost when changing the value of the coupling.
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increasing with the angular momentum. For λ ¼ 1.5
[Fig. 10(c)], this changes again, and extremal BHs on
the RN branch (J < J0) have the total mass decreasing with
the angular momentum. But extremal BHs along the MP
branch have the total mass increasing with the angular
momentum. This means the minimum mass is reached at
the critical solution with J0 ¼ 0.00133.
This situation contrasts with the one presented in Fig. 3

for the fixed J case, where the minimum mass was always
found at the extremal uncharged solution. Here, it clearly

depends on the value of the CS coupling being below or
beyond the SUGRA case.
In Fig. 11, we show the diagram for ðJH; J;THÞ. One can

see that the upper bound there is given by the line JH ¼ J.
These solutions are reached as the mass of the BHs
increases. This means that all the angular momentum of
these solutions is stored behind the horizon, with a
vanishing contribution from the gauge field. The lower
bound contains the extremal solutions. In these three cases,
the critical solution with fixed Q has JH ¼ 0. Extremal

(c)(a) (b)

FIG. 13. Horizon angular velocity ΩH vs angular momentum J with different temperatures TH for black holes with fixed electric
charge Q ¼ −0.044 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.5 (c). The extremal limit has very different properties in
each case. Note that ΩH for extremal solutions in λ ¼ 0.5 (a) is continuous but is discontinuous in the other two cases. For SUGRA
λ ¼ 1 (b) and λ ¼ 1.5 (c), the RN branch has ΩH ¼ 0 and ΩH < 0, respectively, and the MP branch always has positive ΩH . This is
equivalent to Fig. 7.

(a) (b) (c)

FIG. 14. Electrostatic potential ΦH vs angular momentum J with different temperatures TH for black holes with fixed electric charge
Q ¼ −0.044 and L ¼ 1, for λ ¼ 0.5 (a), SUGRA λ ¼ 1 (b), and λ ¼ 1.0 (c).
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BHs on the RN branch always present negative horizon
angular momentum. However, extremal BHs on the MP
branch have positive horizon angular momentum, and it is
approximately given by JH ≈ J − J0.
The RN branch having negative horizon angular momen-

tum means the solutions are counter-rotating, a feature
which, in fact, is also shared by whole sets of nonextremal
BHs. Even more, one can find nonextremal solutions with
zero horizon angular momentum but nonzero total angular
momentum. For such solutions, the angular momentum is
stored in the gauge field.
The variation of the coupling λ has an important effect on

these counter-rotating configurations: reducing the cou-
pling below SUGRA again reduces the size of the space of
solutions with counter-rotation.
In Fig. 12, we present the ðMH; J;THÞ plot. The minimal

value of the horizon mass is reached for extremal solutions.
The static extremal MP-AdS BH at J ¼ 0 has zero horizon
mass. In the three cases, the horizon mass of the critical
solution is also zero. But the properties close to extremality
of the nonstatic solutions depend considerably on the value
of λ. As seen in Fig. 12(a), the solutions with J < J0
(extremal solutions on the RN branch or near-extremal
solutions close to it) can have negative horizon mass.
However, one can see in Fig. 12(b) that this is no longer the
case for SUGRA BHs, and the extremal RN branch always
has zero horizon mass. In Fig. 12(c), we can see that the RN
branch has positive horizon mass when λ ¼ 1.5. In fact, it is
interesting to note that the horizon mass of the extremal RN
branch increases up to a maximum, and then it decreases
again to zero.
In Fig. 13, we show the ðΩH; J;THÞ diagram. The

differences there occur especially close to extremality.
As seen in Fig. 13(a), the angular velocity of the extremal
RN branch is positive and matches with the angular
velocity of the extremal MP branch. Consider now the
CPL solution in Fig. 13(b). Note that there is a disconti-
nuity in the angular velocity at zero temperature: the
extremal BHs connecting with the RN solution have zero
angular velocity. At the critical solution, the angular
velocity jumps up to a positive value, where the MP branch
starts. Then, the angular velocity decreases with the angular
momentum. The λ ¼ 1.5 case [Fig. 13(c)], also presents a
discontinuity in the angular velocity. New features occur
here as well. For example, note that the horizon angular
velocity of the extremal RN branch is negative. This means
one finds counter-rotating solutions. Such BHs can be
nonextremal, too. Also, note that the angular velocity of
nonextremal solutions close to the critical solution presents
very steep changes with respect to small changes in the
angular momentum. Hence, if one perturbs the angular
velocity of one of these solutions slightly, the angular
velocity and even the direction of the rotation can change
drastically. Nevertheless, other quantities (e.g., mass and
horizon area) do not change much.

In Fig. 14, we show the ðΦ; J;THÞ diagram. Again, the
properties of the extremal solutions depend on the particu-
lar value of the CS coupling λ, although the features of BHs
far from extremality are rather similar. Note that in the CPL
solution, Fig. 14(b), on the branch connecting with the MP
BH, the electric potential depends on the angular momen-
tum, while on the branch connecting with the RN solution,
the electric potential is constant. In the other two cases,
Figs. 14(a) and 14(c), the particular dependence of J on the
electrostatic potential on the RN branch depends on the
coupling λ.
Finally, let us summarize the main features of the

configurations with fixed negative electric charge:
(i) For every λ, one can find a critical solution with

angular momentum J0, which separates two differ-
ent extremal branches: the RN branch with J < J0
and the MP branch with J > J0. The critical solution
has AH ¼ MH ¼ JH ¼ 0 and a discontinuity in ΩH
and in ΦH. The value of J0 decreases with increas-
ing λ.

(ii) The RN branch properties depend on the value of the
CS coupling. For instance, in the SUGRA case, the
RN branch possesses a constant mass, but for λ < 1,
the mass increases monotonically with J, while for
λ > 1, it decreases. For SUGRA, the RN branch
satisfies MH ¼ ΩH ¼ 0, while for λ < 1, one finds
MH < 0, ΩH > 0, and for λ > 1, the behavior
changes to MH > 0, ΩH < 0.

(iii) Nonextremal black holes with J < J0 can present
counter-rotation (JH < 0). The size of this set
reduces when we decrease λ.

(iv) Similar to BHs with fixed J, ΩH < 0 can be found
only for λ > 1, and the angular velocity of nonex-
tremal BHs can change abruptly around the critical
solution under small changes of the angular mo-
mentum, affecting even the direction of rotation.

C. Solutions with a small Chern-Simons coupling

We have also studied families of solutions with values of
CS coupling constant λ < 0.5, which was the minimal
considered value in the previous subsection. We recall that
the attractor solutions in Sec. III predict in this case the
existence of new features of extremal BHs, with a bifurcat-
ing branch structure. Indeed, our numerical results for
global solutions show that this is the case, and the picture
discussed in the Sec. VA fails to capture some properties of
the BHs with small enough λ. This holds in particular for
extremal BH solutions, the study of which will allow us to
better understand how generic the predictions of the near-
horizon formalism in Sec. III are.
The generic picture found in this case is shown in

Fig. 15, for a ðJH; JÞ diagram of solutions with a fixed Q.
Both near-horizon and global solutions are shown there.
One can see that, starting at J ¼ JH ¼ 0 extremal RN-AdS
solutions, one finds a branch of BHs that ends at a limiting
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solution with some nonzero values of J, JH (the point P1).
A second branch of global extremal BHs is found coming
from large values of J, JH and ending at the point P2 ≠ P1.
Note that these two branches are in agreement with parts of
the branches predicted by the near-horizon formalism. The
points P1 and P2 are connected by a particular set of
extremal solutions (blue dashed line), which is called the gap
set in what follows. These solutions emerge as the limit of
near-extremal global configurations and appear to possess
some pathological properties. For example, the Kretschmann
scalar takes very large values at the horizon, which makes the
direct construction of the extremal solutions connecting P1

and P2 difficult. The global nonextremal solutions exist in

a domain bounded below by the global extremal BHs
connected by the gap set. Another important feature one
can see in Fig. 15 is that a part of the near-horizon solutions
does not have global counterparts.
Numerical results supporting the above picture are

shown in Fig. 16, where we consider extremal solutions
with a fixed electric charge Q ¼ j0.044j and several values
of λ (qualitatively similar pictures have been found for
other values of Q). The case Q > 0 is shown in Fig. 16(a).
The grey, orange, and pink curves there correspond to near-
horizon solutions with λ ¼ 0, λ ¼ 0.025, and λ ¼ 0.1,
respectively. Note that these solutions have been presented
already in Sec. III, where we have noticed the existence of
two different branches of near-horizon solutions for small
enough values of λ (in particular for λ ¼ 0 and λ ¼ 0.025),
which bifurcate at λ ¼ 0.0305. In the same Fig. 16(a), we
add the corresponding sets of global extremal solutions
(for example, the red thin line represents global extremal
BHs in pure EM-AdS theory). A similar structure is found
for other small enough values of the CS coupling constant,
in particular for λ ¼ 0.025; see Fig. 14. One can see that
when λ > 0.0305 the space of configurations no longer
presents a gap set. For instance, consider in Fig. 16(a) the
blue line. This is the set of global extremal solutions with
λ ¼ 0.1, and it matches perfectly (in one-to-one correspon-
dence) with the near-horizon solutions (pink line).
Let us consider now the negative charge case, Q < 0.

Some results in this case are shown in Fig. 16(b). One can
see that the qualitative picture discussed above for Q > 0
still holds. For example, consider the pure λ ¼ 0.1 case
(blue curve). Then, one finds again the existence of a
gap set (dashed blue line) connecting two disconnected

 0
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J

Gap

global (non-extremal)

P1

P2

global (extremal) + near horizon

near horizon

FIG. 15. The generic relation between near-horizon and global
solutions found for small enough values of λ is shown in a ðJH; JÞ
diagram.
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FIG. 16. Horizon angular momentum JH vs angular momentum J for extremal black holes with fixed electric chargeQ ¼ j0.044j and
L ¼ 1, for small values of λ. Thick curves in gray, orange, and pink represent near-horizon solutions. Thin curves in red, blue, and green
represent global extremal black holes. The corresponding dashed curves represent near-extremal solutions. The dots and triangles
represent the limiting solutions separating the extremal branches and the squares the critical solutions. One can see that not all near-
horizon solutions correspond to a global configuration.
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branches of BHs that end at two different limiting solutions
(blue dot and blue triangle). As a consequence, not all near-
horizon solutions for this value of λ (pink line) correspond
to global solutions. The critical solution with JH ¼ 0
cannot be reached for this value of λ. The situation changes
when λ > 0.25, in which case the gap disappears (see the
curve for λ ¼ 0.5). The two branches of extremal BHs
(green line) are now joined at the critical solution with
JH ¼ 0 (green rectangle). Interestingly, in this case with
λ ¼ 0.5, all near-horizon solutions (orange line) correspond
to a global solution. However, in the other cases, this is not
true. Hence, we conclude that also forQ < 0 there are cases
for which near-horizon solutions do not correspond to
global solutions.
To summarize, the solutions with a small enough value

of λ show a number of features which are not captured by
the knowledge of the CLP BHs (e.g., the existence of a
gap set).

D. Large Chern-Simons coupling: Discrete sets of
radially excited extremal black holes

New features occur as well for a large enough value of λ.
For example, we have considered solutions with λ ¼ 5 and
found an overall picture which is qualitatively similar to the
one obtained in the asymptotically flat case [11]. The most
interesting new feature here is the appearance of a set of
nonstatic extremal BHs with vanishing total angular
momentum, J ¼ 0. This special set contains a large number
of distinct solutions, possibly an infinite one.5 Its members

can be labeled by an integer n ≥ 1, which can be identified
with the the number of nodes found in the profiles of the
metric function ωðrÞ and of the magnetic gauge potential
aφðrÞ. The solutions reported in the previous section are the
fundamental ones, with n ¼ 1 [since they still possess a zero
ofωðrÞ,aφðrÞ, reached as r → ∞]. Themass of the solutions
increases with n, the numerics indicating that the extremal
RN-AdS BH mass would be approached as n → ∞. Other
quantities, like the horizon angular momentum and horizon
angular velocity decrease with the n number.
The profiles of the magnetic gauge potential aφ are

shown in Fig. 17(a) for some typical set of J ¼ 0 extremal
BHs with n ¼ 1; :::::; 6. The number of nodes leaves an
imprint also in the invariant quantities. For example, in
Fig. 17(b), the square of the gauge field tensor, F2 ¼FμFμν,
is shown for the same configurations. The “oscillations”
there are found also for the components of the energy-
momentum tensor. As such, the excited solutions (n > 1)
possess a “layer structure,” with n distinct radii where the
energy density concentrates. The more nodes, the more
layers the solution develops in the bulk.
However, although a number n > 1 modifies the proper-

ties of the BHs in the bulk, the nodal structure is not seen in
the near-horizon behavior. That is, in that limit, they are still
described by the same squashed AdS2 × S3 solutions
discussed in Sec. III. Then, we conclude that, similar to
the asymptotically flat case [11], a given near-horizon
configuration can correspond to more than one global
solution (likely an infinite set).
The nonextremal BHs possess also excitations, in which

case, however, we noticed the existence of a maximal value
of n. Moreover, as expected, excited solutions exist also for
TH ¼ 0 and a nonzero J.
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FIG. 17. (a) The profile of the magnetic gauge potential aφðrÞ is shown vs the compactified radial coordinate for a sequence of
extremal black holes with a different nodal structure. (b) The invariant F2 ¼ FμνFμν is shown vs the compactified radial coordinate for
the same set of solutions; the corresponding profile for the extremal RN-AdS solution is also included for reference. These solutions
have J ¼ 0, λ ¼ 5, L ¼ 10, and Q ¼ −2.72.

5So far, we have constructed solutions with the highest node
number n ¼ 40. However, it is natural to conjecture the existence
of solutions with arbitrarily high values of n.
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A detailed analysis of the excited configurations, with a
full study of the branch structure and thermodynamic
properties, will be presented elsewhere [43].
Finally, we mention that, unfortunately, no such excited

solutions could be found in the special λ ¼ 1 case. In
principle, in the absence of a uniqueness proof of the CLP
solution, their existence cannot be excluded. However, for
all input parameters we have considered so far, the nodal
structure disappears for values of λ smaller than the
SUGRA value.

VI. CONCLUSIONS

This paper has presented a discussion of the basic
properties of charged rotating BHs in a D ¼ 5 EMCS-
AdS theory with an arbitrary value of the CS coupling
constant λ. The considered solutions have two equal-
magnitude angular momenta, possess no pathologies on
nor outside of an event horizon of spherical topology, and
approach at infinity a globally AdS background. So far, the
only known solutions of the EMCS-AdS model compatible
with these assumptions are the BHs found in Ref. [7] by
Cvetič, Lü, and Pope for λ ¼ 1, i.e. a minimal gauged
supergravity model. The main questions we have tried to
answer were how general the properties of the CLP solution
are and if there are new features for other values of λ.
The main conclusion of our study is that the intuition

based on the CLP BHs cannot be safely extrapolated to
solutions of a generic EMCS model. New unexpected
features occur for sufficiently small values of λ (in
particular for an EM model) and for also for large λ.
The comparison with the SUGRA exact solutions is most

easily done in the extremal case. This limit reduces the
parameter space of solutions and also allows for a partial
analytical understanding based on results within the attrac-
tor mechanism.
For sufficiently small values of λ, the most interesting

new feature (which is absent in the SUGRA case), is the
existence of two disconnected branches of extremal BHs.
The bridge between these BHs is provided by a set of
extremal solutions which appear to possess pathological
properties. Also, this gap set cannot be described within the
attractor mechanism.
New properties occur aswell for large λ. Themost striking

one is the existence of excited solutions, which are labeled by
the number of nodes n of the metric function ωðrÞ [or of the
magnetic gauge potential aφðrÞ]. This nodal structure does
not exist in the SUGRA case, where we could not (numeri-
cally) find other solutionswhich in principle could exist apart
from the n ¼ 1 in Ref. [7]. Also, it cannot be captured by the
near-horizon configurations. In fact, the relation between the
solutions found within the attractor formalism and the global
ones is quite intricate. For example, a given near-horizon
solution can correspond to oneglobal solution,more thanone
global solution (possibly even an infinite set), or, more
strikingly, no global solution at all.

Other, less spectacular differences, which occur when
varying λ, are discussed in Sec. V B.
However, there are also a number of features which seem

to be generic for any λ. For example, the presence of a CS
term always implies the occurrence of a critical set of
extremal solutions with a vanishing event horizon area,
AH ¼ 0. Also, the overall thermodynamical behavior of the
solutions is well captured by the exact CLP solution, the
BHs possessing a positive heat capacity for large enough
values of J and Q. Moreover, the solutions with large
temperatures are less sensitive to changes in λ.
The solutions obtained in this paper may provide a fertile

ground for the further study of charged rotating configu-
rations in EMCS theory with a negative cosmological
constant. For example, their generalization to include more
scalars is straightforward. Also, in principle, by using the
same techniques, there should be no difficulty in construct-
ing similar AdS solutions in D ¼ 2N þ 1 dimensions, with
N > 2 equal-magnitude angular momenta. Also, it would
be interesting to find applications of the solutions in this
work in an AdS=CFT context. However, the fact that all
λ ≠ 1 solutions do not solve a supergravity model makes it
more difficult to obtain a CFT description.
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APPENDIX A: λ = 1 CVETIČ-LÜ-POPE
BLACK HOLES

1. Solution

The most general charged rotating BH solution with two
equal angular momenta of the EMCS-AdS equations,
which is known in closed form, has been reported by
Cvetič, Lü, and Pope in Ref. [7] (see also Refs. [45–47] for
further investigations of it).
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The expression of this solution within the ansatz (4) and (5) reads

1

F1ðrÞ
¼ 1 −

2mð1 − a2

L2Þ − 2q

r2
þ 2a2mþ ð1 − a2

L2Þq2
r4

þ r2

L2
; F2ðrÞ ¼ r2;

F3ðrÞ ¼ r2
�
1þ 2a2m

r4
−
a2q2

r6

�
; F0ðrÞ ¼

1 −
2mð1−a2

L2
Þ−2q

r2 þ 2a2mþð1−a2

L2
Þq2

r4 þ r2

L2

1þ 2a2m
r4 − a2q2

r6

;

WðrÞ ¼ að2m − q − q2

r2Þ
r4
�
1þ 2a2m

r4 − a2q2

r6

� ; aφðrÞ ¼ −
ffiffiffi
3

p
aq

2r2
; a0ðrÞ ¼

ffiffiffi
3

p
q

2r2
; ðA1Þ

where a, q, and m are three constants. To make contact with the approach in this work, we express m as a function of the
event horizon radius rH [with 1=F1ðrHÞ ¼ F0ðrHÞ ¼ 0]:

m ¼
r4H
2L2 þ ðqþr2H

2r2H
Þ2 − a2q2

2L2r2H

1 − a2ð 1
L2 þ 1

r2H
Þ : ðA2Þ

Working again in a nonrotating frame at infinity, the quantities which enter a thermodynamic description of the solutions, as
expressed in terms of rH, a, and q, read

M ¼ π

8

r2H
ð1 − a2ð 1

L2 þ 1
r2H
ÞÞ
��

3þ a2

L2

��
1þ r2H

L2

�
þ q
r4H

�
q

�
3 −

a4

L4
−
2a2

L2

�
þ 2a2

�
3þ 4r2H

L2

���
;

Q ¼
ffiffiffi
3

p
π

2
q; ΦH ¼

ffiffiffi
3

p
q

2r2H

1 − a2

r2H
ð1þ r2H

L2Þ
1þ a2q

r4H

; ΩH ¼ a
L2

1þ L2ðqþr2HÞ
r4H

1þ a2q
r4H

;

J ¼ πa
4

2
64
r4H
L2 þ ðqþr2HÞ2

r2H
− a2q2

L2r2H

1 − a2ð 1
L2 þ 1

r2H
Þ − q

3
75; AH ¼

2π2r3Hð1þ a2q
r4H
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − a2ð 1
L2 þ 1

r2H
Þ

q ;

TH ¼ 1

2πrH

ð1þ a2q
r4H
Þ−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − a2ð 1
L2 þ 1

r2H
Þ

q ��
1 −

2a2 þ q
r2H

��
1þ q

r2H

�
−
a2ða2q2 þ 2r4HÞ

L4r4H
þ 2ðr6H þ a2ðq2 − 2r4HÞ

L2r4H

�
: ðA3Þ

The corresponding expressions for mass and angular momentum of the horizon are

MH ¼ π

4

a2qþ r4H
L2

2þ a2q
r4H

�
1þ

�
1þ L2

r2H

��
1þ q

r2H

��
þ L2

r2H

�
1 − q2

r4H

�
1 − a2ð 1

L2 þ 1
r2H
Þ ;

JH ¼ −
π

8

aða2qþ r4HÞ
L2

�
1þ L2

r2H

��
2þ 2a2q2

r6H
þ L2q

r4H

�
2 − q

r2H

��
1 − a2

�
1
L2 þ 1

r2H

� : ðA4Þ

The parameters ðrH; a; qÞ are subject to the condition

�
1 −

2a2 þ q
r2H

��
1þ q

r2H

�
−
a2ða2q2 þ 2r4HÞ

L4r4H
þ 2ðr6H þ a2ðq2 − 2r4HÞ

L2r4H
≥ 0: ðA5Þ

If the inequality in the equation above is saturated, the horizon is degenerate, and we get an extremal BH. With q ¼ 0, the
CLP solutions reduce to MP-AdS spinning BHs with equal angular momenta [5]. Another limit of interest corresponds to
a ¼ 0, in which case one recovers the RN-AdS BHs.
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2. Extremal limit and the critical solutions

In discussing the TH ¼ 0 limit of these solutions, it is
convenient to reparametrize the constants a and rH as

a ¼ Lx; rH ¼ Lxyffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ; ðA6Þ

with 0 ≤ x < 1, 1 ≤ y < ∞. Then, the condition TH ¼ 0 is
written as

q ¼ q� ¼ L2x2

ð1 − x2Þ2
�
−1� ðy2 − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2y2x2

q �
; ðA7Þ

which reveals the existence of two branches of extremal
solutions, in terms of the parameters ðx; yÞ. In particular,
BHs with TH ¼ 0 can be found for any value of ðQ; JÞ.
The extremal BHs possess an interesting limit with a

zero event horizon area, corresponding to the λ ¼ 1 critical
solution discussed above. This limit is approached for

y ¼ rH
a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

a2

L2

r
→ 1; ðA8Þ

on both branches of solutions. Interesting enough, the �
global charges are the same as y → 1,

M� →
L2π

8

x2ðx4 − 3x2 þ 6Þ
ð1 − x2Þ3 ; J� →

L3π

4

x3

ð1 − x2Þ3 ;

Q� → −
L2π

2

x2

ð1 − x2Þ2 < 0; ðA9Þ

while the � expressions of electrostatic potential and
horizon angular velocity are different,

ΦH� → −
ffiffiffi
3

p

2ð2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x2

p
Þ ;

ΩH� →
1

L
1þ x2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x2

p

xð2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2x2

p
Þ : ðA10Þ

This shows the existence of a discontinuity in both ΦH and
ΩH as the limit y → 1 is approached, with different limiting
values for these quantities on each branch (although the
global charges are equal).
The solution with y ¼ 1 has an interesting closed-form

expression. After replacing (A6) and (A8) in (A1), one
finds

F0ðrÞ ¼
r2ð1 − x2Þ

L2

×
ðr2ð1 − x2Þ þ L2ð1þ x2ÞÞðr2ð1 − x2Þ − L2x2Þ

r4ð1 − x2Þ3 þ r2L2x2ð1 − x2Þ2 þ L4x4
;

F1ðrÞ ¼
L2r4ð1 − x2Þ3

ðr2ð1 − x2Þ þ L2ð1þ x2ÞÞðr2ð1 − x2Þ − L2x2Þ2 ;

F2ðrÞ ¼ r2;

F3ðrÞ ¼
r6ð1 − x2Þ4 þ r2L4x6ð1 − x2Þ − L6x6

r4ð1 − x2Þ4 ;

WðrÞ ¼ L3x3

r4ð1 − x2Þ3 þ r2L2x2ð1 − x2Þ2 þ L4x4
;

aφðrÞ ¼
ffiffiffi
3

p
L3

2r2
x3

ð1 − x2Þ2 ;

a0ðrÞ ¼ −
ffiffiffi
3

p
L2

2r2
x2

ð1 − x2Þ2 : ðA11Þ

A direct inspection shows that this describes a BH
spacetime, with standard AdS asymptotics. The event
horizon is located at

r ¼ rH ¼ Lxffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ≥ 0: ðA12Þ

Despite possessing a zero horizon area, this configuration
shows no (obvious) signs of a pathological behavior. For
example, both the Ricci and Kretschmann scalar are finite
on and outside the horizon.
Its near-horizon expansion r → rH reads

F0ðrÞ ¼
2

L

ffiffiffiffiffiffiffiffiffiffiffiffi
1− x2

p
ð1þ 2x2Þ

xð3− 2x2Þ ðr− rHÞ þ :::::;

1

F1ðrÞ
¼ 4

L2

1þ 2x2

x2
ðr− rHÞ2 þ :::::;

F2ðrÞ ¼ r2H þ :::::; F3ðrÞ ¼ 2L
xð3− 2x2Þ

ð1− x2Þð3=2Þ ðr− rHÞ;

aφðrÞ ¼
ffiffiffi
3

p
L

2

x
1− x2

þ :::::; a0ðrÞ ¼ −
ffiffiffi
3

p

2

1

1− x2
þ :::::;

wðrÞ ¼ −
1

L
1

xð3− 2x2Þ þ :::::; ðA13Þ

which, to leading order, describes an AdS3 × S2 geometry.
Other properties of this special solution have been already
reported in the main text.
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